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Recent work highlighted the importance of higher-order correlations in quan-
tum dynamics for a deeper understanding of quantum chaos and thermalization.
The full Eigenstate Thermalization Hypothesis, the framework encompassing
correlations, can be formalized using the language of Free Probability theory.
In this context, chaotic dynamics at long times are proposed to lead to free
independence or “freeness” of observables. In this work, we investigate these
issues in a paradigmatic semiclassical model — the kicked top — which exhibits a
transition from integrability to chaos. Despite its simplicity, we identify several
non-trivial features. By numerically studying 2n-point out-of-time-order cor-
relators, we show that in the fully chaotic regime, long-time freeness is reached
exponentially fast. These considerations lead us to introduce a large deviation
theory for freeness that enables us to define and analyze the associated time
scale. The numerical results confirm the existence of a hierarchy of dilerknt
time scales, indicating a multifractal approach to freeness in this model. Our
findings provide novel insights into the long-time behaviour of chaotic dynam-
ics and may have broader implications for the study of many-body quantum
dynamics.
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1 Introduction

The study of quantum chaos and the mechanisms by which isolated quantum systems
approach thermal equilibrium has fundamentally reshaped our understanding of quantum
theory. Recently, attention has shifted toward more refined probes of chaos, with a par-
ticular focus on the role of higher-order correlations in quantum dynamics. This shift is
motivated by developments at the intersection of various fields. In quantum information
theory, higher-order moments play a crucial role in n-designs, ensembles of unitaries that
approximate the statistical properties of uniformly random unitaries up to the n-th moment
[1-3]. This framework has inspired the study of thermalization through higher moments of
state ensembles, such as those generated via time evolution or projected ensembles [4-13].
New insights into the correlation properties of time-evolved states have also been achieved
recently by studies on the statistics of energy eigenstates [14-20].
Concurrently, multi-time correlation functions of physical observables A have gained promi-
nence for their importance in higher-order hydrodynamics beyond the linear response
regime [21-25] or for the study of quantum information scrambling, quantified by out-of-
time-order correlators (OTOCs) hA(t)AA(t)Ai [26-29]. These correlators, which involve
unconventional time orderings between times, are known to provide insights into quantum
chaos that go beyond standard two-time correlators. For example, in the case of underly-
ing chaotic semi-classical dynamics, the OTOCs encode the quantum Lyapunov exponent
at short intermediate times [30, 31]. To address properties among 2n times, the so-called
2n-OTOCs

hAMA)" ®
have been intensively studied [32-36]. These account for n-designs information [32], and
may encode the generalized quantum Lyapunov exponents [37-39].

The established framework for understanding quantum dynamics of observables Ais the
Eigenstate Thermalization Hypothesis (ETH) [40-42]. ETH assumes that matrix elements
of A in the energy eigenbasis look like pseudorandom matrices with smooth statistical
properties. To describe multi-time correlation functions such as in Eq. (1), a complete ver-
sion of ETH has been introduced, named full ETH, which encompasses correlations among
the matrix elements [43]. The significance of these correlations has attracted substantial
interest across fields [44-60]. A recent development in this area has been the formalization
of full ETH using Free Probability Theory [61]. Free probability is an extension of tradi-
tional probability theory to non-commuting variables [62-64], which introduces powerful
tools for understanding the statistical properties of large matrices, such as those that arise
in chaotic quantum systems. Originating in planar field theory [65-67], free probability has
also played a role in describing correlations in other branches of many-body physics, such
as quantum information theory [68], tensor networks [69-72], disordered systems [73-78],
and gravity [79-83].

The connection between ETH and free probability provides a mathematical structure to
describe correlations through noncrossing partitions, and the so-called free cumulants, con-
nected correlation functions that generalize classical cumulants. In particular, free cumu-
lants between observables at 2n times, i.e. Kon(t,0,...,t,0), provide a means to system-
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atically study the 2n-OTOC in Eq. (1). This approach leads to the proposal that chaotic
dynamics shall result at long times in “free independence” or freeness of observables, which
suggests that observables become statistically independent in a specific, non-classical sense
as the system evolves over time [57, 84]. While these ideas are mathematically appealing,
their application has been primarily explored in systems evolving with random Wigner
matrices [84] or in fine-tuned models, such as dual-unitary circuits [85]. The physical im-
plications of long-time freeness in realistic chaotic systems remain largely unexplored.

In this work, we address the emergence of freeness at long times by investigating the
kicked top, a paradigmatic semiclassical model of quantum chaos [86, 87]. The kicked top
describes a system of spins driven periodically in time via collective interactions. Thanks
to the latter, the system has a well-defined classical limit, corresponding to the thermody-
namic limit, and the dimension of the Hilbert space scales only linearly with the system
size, which makes it amenable to exact numerics. Furthermore, this model exhibits a tran-
sition from integrability to chaos, making it an ideal setting for investigating the interplay
between chaotic dynamics, freeness and its breakdown. Despite its simplicity, the kicked
top captures many essential features of chaotic quantum systems, allowing us to identify
several features that apply to many-body non-integrable systems.

Let us summarize here our main findings:

Emergence of freeness in the chaotic regime By investigating numerically the

free cumulants, we demonstrate the emergence of asymptotic freeness at long-times in
the chaotic regime of the kicked top. In contrast to integrable and mixed phase-space
regions, where free cumulants saturate to a non-zero value, in the chaotic regime they
reach a value that vanishes with the inverse of the size of the Hilbert space D, i.e.

Kon(t,0,...,1,0) O(D 1), t 1.

This provides direct evidence for the asymptotic long-time freeness of observables.
In this regime, the long-time dynamics of the 2n-point out-of-time-order correlators
are governed by free cumulants. In particular, we find at long-times

h@Ao(t)A0)"i ' K 2n(t,0,...,t,0),

where Ay is a traceless observable. Furthermore, at long times, free cumulants decay
exponentially fast for this class of models.

In the chaotic regime, we further explicitly show that the 2n-OTOC are encoded by
ETH-free cumulants (defined below), which account for the matrix elements corre-
lations. We also show that the ETH-free cumulants describe the leading dynamics
of the square-commutator, but in this semiclassical model, they fail to reproduce its
earliest time behaviour, which encodes the Lyapunov exponent.

Large Deviation Theory of Freeness For systems with exponentially decaying
free cumulants, we develop a large deviation approach to freeness, inspired by stan-
dard approaches to multifractality in turbulence [88, 89], chaos theory [90, 91], and
wavefunction localizations [92-94]. When the 2n-OTOCs decay exponentially, one
can define a “freeness time-scale” through the quantities t,, obtained as

hBo®Ao)"i exp -t

n
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Tn, are indicators to quantify how fast freeness at order n is reached. Under a large
deviation assumption, we show that these quantities shall increase monotonically
with n and that they shall be larger than a typical value, i.e.

If the times are all equal, it would indicate the absence of fluctuations and a sort of
monofractal behaviour. On the other hand, if the freeness time-scale changes with n,
this implies a multifractal structure of the approach to freeness.

We apply this large deviation perspective to the kicked top, where our numerical
results reveal a hierarchy of freeness time-scale 1, that increases with n, indicating
a multifractal behaviour of the approach to freeness in this generic low-dimensional
model of quantum chaos. We also observe the presence of a shift in time of the
2n-OTOC only for even n, related to the existence of a “Lyapunov regime” for this
class of models.

The rest of the paper is structured as follows. In Section 2 we recall the model of the
kicked top and we introduce the main concepts of Free Probability - free cumulants and
freeness - connected to the full Eigenstate Thermalization Hypothesis. In Section 3, we
focus on the dynamics of free cumulants; we observe the emergence of long-time freeness
only in the chaotic regime and we highlight the relevance of free cumulants for describing
specific correlators like the 2n-OTOCs and the square-commutator. In Section 4, we
present the definition of a time scale for the onset of freeness, developing a large deviation
theory for freeness in Section 4.1. Finally, in Section 4.2, we study numerically the freeness
time-scale, showing freeness multifractality in the model analyzed. At last, Section 5 is
devoted to the conclusions and the open questions.

All numerical codes and datasets used in this work are openly available on Zenodo [95].

2 Modeling Chaos: Kicked Top, full ETH and Free Probability

In this section, we recall the definition of the quantum kicked top and we provide a ped-
agogical review of the Free Probability approach to the full Eigenstate Thermalization
Hypothesis, which we will examine in the subsequent analysis. Readers who are familiar
with these topics may proceed directly to our results in Sec. 3 and Sec. 4.

2.1 Kicked Top

As a paradigmatic example of semiclassical chaos, we consider a driven system: the kicked
top. It is an ensemble of N spins 1/2, which is driven periodically in time via collective
interactions as

~ ~ b3
A = pd, + 152 3(t Tn) @)
N n=1
where J; is the collective angular momentum operator in the direction i = x,y,z, i.e.

[j\i,j}] = ily Jk. The parameter p expresses the precession of the collective spin around
the y axis, and y represents the kicking strength. It is convenient to restrict the discussion
to the total symmetric subspace, preserved by the dynamics. The latter is characterized
by maximum total angular momentum j = N/2, fixing the Hilbert space dimension to
D =N + 1. Here T is the period of the periodic kick, which is set to T = 1.
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Figure 1: Transition between regular and chaotic regimes for the classical kicked top. The classical
variable is the rescaled angular momentum (X,Y,Z) 2(J «,Jy,Jz)/N which lies on a unitary sphere.
Here 253 random initial conditions with Yo > 0 are evolved for 250 kicks through the classical equations
of motion®.

The time evolution operator over one period is the Floguet operator
- - X .
el Iy =" eV ajyiihvgj ®3)

a

U =e Wifei
whose spectrum is given by the Floquet quasi-energies fv g, which are 21 periodic; the
choice vq 2 [ M, M), 8a is made.

The quantum system is characterized by a well-defined classical limit obtained for the
Planck e [edtive constant

Tl = N72

going to zero. Throughout the work, we set ~ = 1 such that the thermodynamic limit
N ! 1 corresponds to the semiclassical one.

By increasing the kicking strength y, the system undergoes a transition between regular
and chaotic dynamics: the periodic drive introduces energy into the system, making it
chaotic. See Fig. 1 for an illustration of the classical phase-space for dilerknt y. Being a
paradigmatic model of quantum chaos, the classical [86, 87] and quantum [96, 97] features
of this transition have been extensively studied, including its OTOC dynamics [98-102].

The kicked top, as a many-qubit system governed only by collective interactions, is
studied through the e [edtive single large-spin description. The investigation of long-time
freeness in the presence of local interactions is left for future work.

2.2 Free Probability in chaotic dynamics

Here, we introduce the full Eigenstate Thermalization Hypothesis and the Free Probability
tools - free cumulants and freeness - which can be applied to multi-time correlation func-
tions. Since we study a periodically driven system, we will concentrate on the description of
Floquet systems, which possess a constant density of states. Thus, we will use equilibrium

%The stroboscopic classical evolution is given by the following:
X%=(Xcosp+Zsinp)cos(yZz 9 Y sin(yz 9
Y%= (Xcosp+2Zsinp)sin(yz %+Y cos(yz?
z%=Zcosp Xsinp.
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infinite-temperature averages
hi= & ,
D
where D is the dimension of the Hilbert space, and focuses on the quasi-energy eigenbasis.
For discussions involving the energy eigenstates, as well as canonical and microcanonical
averages, we refer the reader to Refs. [58-61].

2.2.1 Full Eigenstate Thermalization Hypothesis

According to the Eigenstate Thermalization Hypothesis [40-42], the matrix elements Aqp =
hwy ,&iji of a physical observable A in the quasi-energy eigenbasis behave as pseudoran-
dom matrix with smooth statistical properties. The full ETH [43] extends the standard
formulation to multiple-point correlations between matrix elements. Specifically, statistical
averages® of products with distinct indices a; 6= e6= ... 6=,cread

AciarAcraz - Aara; =D FO 0giaps e Wany an (4a)

where F(™ are some smooth functions of the eigenenergies di [erences Wora; = Va; V ay
that define the observable. For n = 1, 2 one recovers the standard ETH [41], where in the
Floquet basis F® = hAi is the constant equilibrium average and F @ (w) = jf()j? is the
dynamical correlation function. When indices are repeated, the average of the products
factorizes at the leading order in D as

— 1
Aalaz .. 'Aaml 01A010m+1 ‘e .Agnal - Aalaz .. 'Aaml [°¢1 Aqlqm+1 .. .Aqnal"’o D

(4b)
The full ETH ansatz is needed to study equilibrium multi-time correlation functions,
where products of many-matrix elements naturally appear, i.e.

~ ~ ] 1 X .
M(tl) e A(tn)l = 6 e(m EI'A\C(j_c(z e AGn a1 (5)

Wlth @: (walaz,...,wunul) y B (tl,,tn)

As a result of the smoothness of the matrix elements and of the scaling with D in Eq. (4),
Ref. [43] showed that the correlation functions at each n are organized in terms of sums
over distinct indices as
1 X .
Kn(Bl= = e EACXlCXZ - Adgpay - (6)

D 016=...6=¢

These are referred to as ETH simple loops because, in the diagrammatic representations of
the full ETH, they correspond to diagrams where energy indices appear as dots arranged in
a single loop. For completeness, a detailed discussion of ETH diagrams and the derivation
of this result is provided in App. A. Furthermore, according to Eq. (4a), the simple loops
can be written as

Z
Kok dae® 'FO @y,

which states that ETH smooth functions are linked to the Fourier Transform of K, (£
In summary, within ETH the building blocks of multi-time correlations are given by simple

loops K (B

! Although matrix elements are completely determined by the eigenvectors of a fixed Hamiltonian, they
behave pseudo-randomly, and the statistical average shall be intended over a “fictitious ensemble” that
can be defined heuristically in several ways, such as averaging over a small window of energies or adding a
small disordered term to the Hamiltonian and averaging over it, see e.g. [43, 103]. In practice, the average
shall be valid “typically” and ETH can be understood as a self-averaging property of matrix elements.
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2.2.2  Free Cumulants

The simple loops K, in Eq. (6) appearing in ETH description of multi-time correlators can
actually be identified as free cumulants, a familiar object in the theory of Free Probability
[64], see Refs. [104, 105] for an introduction.

Free cumulants kK, are connected correlation functions defined from moments of n
variables. Let us here consider the case of a time-dependent observable at di Lerknt times:
,&(ti) i = 1,...,n. Free cumulants are defined implicitly and recursively through the
moments-free cumulant formula [64]:

~ ~ X ~ ~
hA(t1) ... A(ty)i = Kn(A(ty), ..., A(ty)) , (7
12N C(n)

where m 2 NC(n) are noncrossing partitions of a set of n elements. The Ky is the
product of free cumulants, one for each block B of the partition, based on the number of
elements of the block, i.e.
|
- ~ Y wyo_o
Kn(A(t), ..., A(ty)) = Kigj Aty 8
B2m g=1

where g counts the number of terms in each block from 1 to its length jBj. As an example,
the first free cumulants for equal-times observables A(tj) = A are defined by

hAI = K1

R2i _ 2
A% = K + K]
hA%i = K3 + K§ + 3K1Ko )

T 4 2 2
A" = K4 + K] + 6K]K2 + 4K1K3 + 2K5

with the notation Kk, K n(A,...,A). 2

While Eqg. (7) is just an implicit definition of free cumulants in terms of moments, when
ETH applies, the free cumulants correspond to the ETH simple loops K, defined in Eq. (6)
namely [61]

kn A(t),...,Alt)) =K.(B*+O((D?). (10)

This follows from the ETH properties (1,2) discussed in App. A, which show that
multi-time correlations have exactly the combinatorics of noncrossing partitions and that
they can be rewritten only in terms of simple loops. In the example of n = 4, the free
cumulants are defined through Eq. (9), while the expression of the equal-time correlation
function through ETH is given in Fig. 9 in the App. A; these two formulas have the same
structure. This can be generalized 8n, allowing the identification of free cumulants K, with
ETH simple loops K,,, from now on called ETH-free cumulants. Therefore, free probability
provides the combinatorics needed for the calculation of multi-time correlations, when ETH
is applied.

2The definition is based on the combinatorial aspects of partitions of a set of n elements; in the same
way as the classical cumulants are related to the lattice of all partitions, free cumulants are related only to
the lattice of noncrossing partitions. In the example (9), cumulants for the classical theory of probability
would have been defined in the same way apart from hA'i = hA“i +k 3, for the contribution of one
crossing partition (there are no crossing partitions for n < 4).
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2.2.3 Freeness

A central concept in Free Probability is free independence, or freeness, which generalizes
the classical notion of independence from commuting to non-commuting variables. Two
large D D matrices A and B are said to be asymptotically free if all their mixed free
cumulants (defined in Eq. (7)) vanish 8n:

kn(A,B,...)=0, (11)

where “asymptotically” indicates that this condition holds as the matrix dimension D
diverges. The dots denote additional arguments, the term mixed indicates that at least
one entry dilerk from the others, without any constraint on their arrangement. When
A and B are free, their mixed moments can be computed from their individual moments
only 3,

If the vanishing of free cumulants in Eq. (11) holds only up to a certain order n, then
A and B are termed asymptotically n-free. Important examples of free variables can be
found in random matrix theory [62, 106], specifically when considering randomly rotated
deterministic matrices B and AY = UYAU. When U is sampled from the Haar ensemble,
AY and B are asymptotically free [106]. If U is sampled from an n-design (an ensemble
of unitaries reproducing moments of the Haar measure up to order n), then AY and B
are asymptotically n-free [23], though the converse is not generally true; the precise re-
lation between approximate designs and approximate freeness remains an active area of
research [107].

The definition of freeness naturally leads to the question of whether chaotic time evolu-
tion results in asymptotic n-freeness of physical observables at long times, in the thermody-
namic limit. Such a behaviour would suggest that chaotic time evolution at infinite times
is as e[edtive as a n-design in inducing freeness among observables. While this holds for
random matrices [84], it shall follow for generic many-body Hamiltonians as a consequence
on the Eigenstate Thermalization Hypothesis [57]. Indeed, for quantum observables ,&(t)
and B satisfying ETH, the infinite-time average of their mixed free cumulants vanishes
with the Hilbert-space dimension, when taking into account finite-size e Ledts:

q T o )
[kn], 1M T . dt Kk, (A(1),B,...)=0(D1!). (12)

Furthermore, the infinite-time average of the temporal fluctuations are also suppressed:

K2, [knali OMD ?). (13)

3For example, consider the implicit definition in Eq. (7) for alternating free variables A, B:

hABi =k 1(A)k 1(B) +K 2(A,B) with K 2(A,B)=0
I hABi = hAihBi ,

hABABi =K 4(A,B,A,B)+K 3(A)K3(B)+4K 1(AK 1(B)K 2(A, B)
+K2(AK 2(B) + K 2(B)K 2(A) + 2k 1(A)K 3(B, A, B) + 2k 1(B)K 3(A, B,A)
+2K5(A,B) with K n(A/B,...)=0
| hABABI = hA%i hAi 2 hBi%+hAi?hB? .
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These results are derived using i) the ETH, which expresses free cumulants as sums of sim-
ple loops, and ii) a no-resonance condition between eigenvalues, believed to hold generically
in non-integrable systems [41, 108], see App. B for details on the proof.

Since the temporal fluctuations of the expectation value of the observable are suppressed
with system size, in the large D limit, at almost all times, the free cumulants Ky (t) vanish.
In a physical system, it is conjectured that asymptotic n-freeness is reached at a finite
long-time, that is

Kn A(t),B,..., OMD '), for t 1. (14)

This should be understood as an approximate notion of freeness, defined in the long-time
limit and asymptotically in the system size.

Egs.(12)-(14) are a consequence of ETH, hence they remain, up to now, an hypothesis.
One of the goals of this work is to investigate numerically whether this regime is reached,
and to properly define the time scale associated with freeness, which generically depends
on n and that shall quantify how fast freeness is achieved.

In general, the calculation of the free cumulants follows from the recursive definition in
Eqg. (7). To simplify the calculations, we will often consider traceless observables, i.e.

Ao =A h Ail, (15)

in order to have KL(AAO) =AhAA\oi = 0. The free cumulants of Ag can be recursively computed
starting from K1(Ag) = hAgi =0, as

Ka(t, 0) = hAg(t)Aoi , (16a)

Ks(t, 0, t) = hAg(t)AoAg(t)i , (16b)

Ka(t, 0,t,0) = MAg(t)AcAo(H)Aci 2k 3(t,0) , (16c)

Ks(t,0,t,0,t) = MAg(t)AcAo(t)AcAo(t)i 5K o(t, 0)Ks(t,0,t) , (16d)
Ks(t,0,t,0,t,0) = hAg(t)AcAc(t)AcAo(t)Agi 5k 3(t,0) + 3k3(t, 0, 1)

6K 2(t, 0)K4(t,0,t,0) , (16e)

and so on. The higher-order cumulants are evaluated via symbolic computation; the ex-
pressions can be found in [95].

Alternating free cumulants Among all possible mixed free cumulants, we focus on al-

ternating free cumulants, namely those with alternating arguments in Eq. (11), kon (A, B, ...

When A and B are free, the alternating moments admit a compact expression, given by

[106] X

h(AB)'i = Krn(A,...,A)hB"i , an
2N C(n)

where hB"i is the product of moments, one for each term of the partition 1 , known as
the Kraweras complement (or dual) of the partition m 4.

In this work we want to probe asymptotic freeness through the study of free cumulants of
out-of-time order correlators such as

Kon(£,0,...,1,0) K 2n(AD),A, ..., A1), A) .

4The Kraweras complement 1 of a partition 1t is defined by the property that the blocks composing
11 are the maximal blocks (polygons) with vertices on “B” that do not cross the blocks of Tt.
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This choice is motivated by the fact that they are related to 2n-OTOC, which are of
physical interest, and by the fact that the alternating free cumulants exhibit the slowest
dynamics between all the mixed free cumulants and, consequently, determine the freeness
scale at order n. Numerical justifications of this statement can be found in App. C.
Long-time asymptotic freeness implies that out-of-time order correlators at late times can
be computed using established properties of Free Probability [106] such as the factorization
of Eq. (17). For instance, the OTOC between A(t) and B at long-times t 1 is given by:

hA(H)BA()BI = ko(A, A)Bi? + hAi2B%i+0(D 1) . (18)

In the case of traceless observables hAi = hBi = 0, this quantity vanishes as O(D ! ).

3 Free cumulants dynamics

Let us now present our results for the dynamics of alternating free cumulants in the kicked-
top model.

To study the dynamics at stroboscopic times, we perform an exact diagonalization of the
Floquet operator given in Eq. (3), with the parameter fixed at p = 4n/7. Since the
Hamiltonian in Eq. (2) is invariant under m-rotations around the y-axis, we restrict our
analysis to the positive-parity subspace, which has a dimension of D = N/2 + 1 when
j = N/2 is even®. For concreteness, we focus on the dynamics of the observable

J2

) (19)

A= N2

which has a finite average of k1 = PAi = 1/3+ 0 D! . We have confirmed that the
qualitative behaviour of our results is robust to this choice of observable. Indeed, being
the kicked top a system in which locality plays no role, all the collective spin observables,
apart from the conserved quantity, display the same dynamics for the 2n OTOCs and
the free cumulants, up to observable-dependent prefactors, and satisfy ETH in the chaotic
regime.

We begin by discussing long-time asymptotic freeness in the regular, mixed and chaotic
regimes (Sec. 3.1). Secondly, we focus on the chaotic limit, and we show that the dynamics
at long times of 2n-OTOCs of traceless observables is given only by the highest-order
free cumulant Kon(t,0,...,t,0) (Sec. 3.2). Finally, we confirm the validity of ETH in the
chaotic regime, showing explicitly the decomposition of multi-time correlation functions in
ETH-free cumulants; moreover, we pinpoint the inadequacy of the ETH prediction when
it comes to describing the early-time behaviour of the square-commutator (Sec. 3.3).

3.1 Long-time freeness and chaos

We find that long-time asymptotic freeness is achieved only in the regime associated with
full chaos in the classical limit. This is evident already at the level of the fourth-order free
cumulant Kq4(t, 0,t,0), expected to vanish in the presence of asymptotic freeness for large
D, as Ka4(t,0,t,0) O(D ). In Fig. 2(left), we report the numerical evaluation of the
free cumulant, calculated using Eq. (16¢), for dilerent system sizes across three regimes:
regular (upper panel, y = 1), mixed (center panel, y = 4), and fully chaotic (bottom panel,

SWhen j = N/2 is odd the dimension is D = N/2, while if j = N/2 is half-integer the dimension is
D= 1(N+1).
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Figure 2: Numerical study for investigating the presence of asymptotic long-time freeness in the kicked
top (2), for the traceless observable Ay obtained from A in Eq. (19).

(left) Evolution in time of K4(t,0,t,0). Three regimes are displayed: regular for y = 1 in the upper
panel, mixed for y = 4 in the central panel and fully chaotic for y = 6 in the bottom panel. In every
panel, diCerknt system sizes are shown (N 2 [600, 1400, 3000, 6000], from light to dark colors).

(right) Saturation value at long-times of the free cumulants in the chaotic case y = 6, as a function of
n, for dilerent system sizes (N 2 [300, 600, 1400, 2000, 3000, 4000, 6000], from light to dark colors).
Kzn Is obtained averaging Kon (t,0,...,t,0) between t = 25 and t = 50 as shown in the inset on the
left, for n = 2.

y = 6). The data show that in the regular and mixed phase-space regimes, the saturation
value remains constant with increasing system size, indicating the absence of long-time
freeness. In contrast, for y = 6, at long times the free cumulant fluctuates around a value
that decreases as the Hilbert space dimensionality D increases, as predicted by Eqg. (14)
for B = ,&(O). The absence of late-time freeness in the regular and mixed phase-space can
be attributed to the failure of the Eigenstate Thermalization Hypothesis, which is instead
satisfied in the chaotic regime, as we discuss in more detail in Sec. 3.3.

As we discuss in Sec. 4.2, we find that the decay towards the plateau in the chaotic
and mixed phase occurs after the Ehrenfest time. It is interesting to see what hap-
pens before this time, i.e. in the classical regime. We observe that at short times, the
free cumulant reaches a constant value given by K»(0,0)ka(t,t) = k3(0,0). This value
is indicative of classical independence®: indeed, the fourth free cumulant dilers from
the classical fourth cumulant by precisely this factor, coming from the crossing partition
Ka(t, 0, t,0) = k§@ssie(t, 0, t,0) + k3(0,0). Under classical independence the fourth classi-
cal cumulant vanishes, so that k4 K 3. This happens till the Ehrenfest time, when the
finite-dimensional semiclassical system exhibits classical behaviour: in the first few steps
the quantum states spreads all over the Hilbert space, compatibly with classical chaos,
and shows classical independence. However, as time progresses, quantum e [edts emerge,

SIndependence between two commuting (classical) variables x,y is referred to as “classical inde-
pendence” and it is associated by the vanishing of all joint (classical) mixed cumulants [109], i.e.
Kﬁlassical (X Y, .. ) =0.

Accepted in { Yuantum 2026-05-19, click title to verify. Published under CC-BY 4.0. 11



leading to a gradual departure from classical independence, and eventually to the onset of
freeness. These two conditions, classical independence and freeness, indeed, cannot coexist,
but instead appear sequentially in time. A similar behaviour is observed also in the mixed
regime, where classical independence is present even in the absence of freeness. It would
be worthwhile to investigate this aspect further, and to better understand the value of the
final plateau. We leave this task for future work.

To quantitatively characterize the emergence of asymptotic freeness in the chaotic

regime, we focus on y = 6, and we analyze the long-time saturation value of the free
cumulants Ko, (t,0...,t,0) as n and the system size D are changed. We compute the exact
time evolution, using Eq. (16), up to n = 6 /. In Fig. 2(right) we consider the time-average
Kzn, Obtained averaging Kon(t,0,...,t,0) over time, between t = 25 and t = 50. Free cu-
mulants saturate to a value that vanishes as D! , as encoded in Eq. (12). This is a known
feature characterizing long-time dynamics of out-of-time ordered correlators [110]. In the
case of free cumulants as well, this value stems from the fluctuations of matrix elements,
and as such, it is not presently captured by the full ETH in Egs. (4).
The data show that the plateau is also decreasing with the order of the power n, propor-
tionally to e2" . While the scaling with D originates from the fluctuations of the matrix
elements and is universally valid for all observables obeying the ETH, the scaling with
n can be written as a", where the value of a < 1 is observable-dependent and unrelated
to asymptotic freeness; this feature, indeed, does not impact the general validity of the
subsequent results, which are observable independent. Overall, we find

n
Kon D (20)
Since it will enter the discussion below, one should notice that, as an immediate conse-
quence of Eq. (20), products of a free cumulants scale as D@ . After the saturation to
D!, one may eventually expect signatures of level repulsion at even longer time scales,
see e.g. Ref. [33, 35]. A more detailed understanding of this phenomenon is left to future
investigation.

3.2 Free cumulants and 2n out-of-time order correlators

Free cumulants play a crucial role in the dynamics of the 2n-out-of-time order correlation
hA(t)A)"i, as shown in Refs. [58, 111] for the standard OTOC at n = 2. We will now
discuss it for an arbitrary order of n. In particular, we focus on the case n = 4, but
the same results have been obtained for di[lerent values of n. We consider 2n-OTOCs of
traceless observables, as in Eqg. (15); we will restore the eledt of a finite first moment in
Sec. 3.3 below. Having traceless operators hAgi = 0 implies that the 2n-OTOCs should
asymptotically vanish to zero over a long-time since the time-independent plateau has been
shifted to zero, see the right-end side of Eq. (18).

In Fig. 3, we compare the evolution of the 8-OTOC, with the various free cumulants
of Ag which appear in its decomposition, namely

h@Ao(t)Ag)*i = Kg(t,0,...,t,0) + 4Kk3(t,0,,0) + 8Ke(t, 0, 1,0, t, 0)ka(t, 0)+

+ Ks(t, 0, 1,0, D)K3(t, 0, t) + 28K3(t, 0)K4(t, 0, t, 0)+
+ 28Ko(t, 0)K3(t, 0, t) + 14K5(t, 0) . (21)

"Numerically, for evaluating the free cumulant k 2, , we calculate the respective 2n OTOC and subtract
all the products of powers of lower-order free cumulants, following exactly the moments-cumulants (22).
The exact expressions for all the orders up to n = 6, for traceless observables, can be found in [95].
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Figure 3: Dynamics of the 8-OTOC compared with the free cumulants in which it can be rewritten
(Eg. (21)). The traceless observable A, is obtained from A in Eq. (19), for the kicked top (2) in the

chaotic case y = 6, for N = 6000. The generalized Ehrenfest time for these parameters is around

(4
tEhr 6.

We observe that at long times, the evolution of the 8-OTOC is given only by Kg(t, 0, ..., t,0),
while the other contributions decay to zero more rapidly. In other words, the higher free
cumulant constitutes the biggest contribution to the 2n-OTOC and one can identify the
two as

h@Ao()Ag)"i K 2n(t,0,...,t,0) for t 1. (22)

At long times, where the free cumulants reach a plateau, this feature is compatible
with the scaling observed in Eq. (20) for which products of a free cumulants saturates to
D ® . Hence, K2n, being the only contribution saturating to D * , dominates over the other
smaller terms and gives the plateau value of the 2n-OTOC.

Eqg. (22) is also valid in an intermediate regime at su [ciehtly long-times. Furthermore,
the numerical results in Fig. 3 show that for this model freeness is reached exponentially
fast

hGo®A0)"i K 2n(t,0,...,1,0) exp Tﬂt . (23)
n
The quantities T, so defined,
1 1 S s
— = —log h(Ae(t)Ag)'i for t 1, (24)
Tn nt

indicate how quickly freeness is achieved and can be referred as definition of a freeness time-
scale. Indeed, it provides an estimate of the time at which Ky, reaches its n-dependent
plateau a". We note that standard 4-OTOC was already found to decay exponentially fast
after the Ehrenfest time in chaotic single-body quantum systems with classical limits, see
e.g. Refs.[112, 113]. As we discuss in Sec. 4.2, we find that the exponential decay occurs
after the (generalized) Ehrenfest time for all even free cumulants. The goal of Sec. 4 will be
to interpret the decay rate for arbitrary n in a general way, from a large deviation theory.

3.3 ETH-free cumulants in the chaotic regime

At the beginning of this section, we stated that asymptotic freeness is achieved in the
chaotic regime as a result of the validity of the Eigenstate Thermalization Hypothesis.
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Focusing on the regime for y = 6, we now demonstrate how the correlations from ETH
serve as the fundamental building blocks for multi-time correlators in the large N limit.
For this purpose, we will consider the evolution of the observable A in Eq. (19) which
possesses finite average K; = hAi ’ 1/3.

OTOC decomposition and ETH-free cumulants We start by showing that the
building blocks of the dynamics are given by the ETH simple loops, in other words, that
the free cumulants correspond at the leading order to sums over di Lerknt indices, as stated
in Eq. (10), that is

Kn(t,0,...,1,0) =Kn(t,0,...,t,0,)+O(D?).

We study the exact dynamics of the out-of-time order correlator

N o~ 1X
PAMAAMDAI = 5 el@i AL Ay A A (25)
ik

and contrast it with the prediction obtained via ETH, namely:

PA()AA(®)AI et = Ka(t, 0,1, 0) + K + 4K 2K 5(t, 0) + 2K 2K (0, 0)+
+ 4K 1K 3(0, t, 0) + 2K3(t,0) , (26)

where we recall that K, are the ETH simple loops given by sums over diLerent indices as
in Eq. (6). In particular, one has K; = K3. In Fig. 4, we plot the exact result (25) and the
ETH prediction (26) for N = 6000, which shows an excellent agreement, confirming the
validity of full ETH in the chaotic regime.

We note that while K»(t,0) decays rapidly to zero, the dynamics of the OTOC are
dictated mostly by high-order connected correlation functions and, in particular, by the
fourth-order free cumulant, namely

hA(DAAMAI ' C + K 4(t,0,t,0) . (27)

This also shows that the late-time behaviour of the OTOC is encoded in Ky4(t,0,t,0); as
we saw above, this feature is generic and applies to arbitrary 2n-OTOCs.

At long times, the OTOC approaches a plateau given only by the time-independent
contributions since the time-dependent free cumulants decrease to zero, displaying freeness.
The value of the plateau C = K$ + 2K2K (0, 0) corresponds to the one predicted by Free
Probability for free-variables in Eq. (18) for B = A, i.e.

C =K2?hA% +K 32K, . (28)

Square-commutator and ETH free cumulants We now show that free cumulants
play a crucial role also in describing the dynamics of the so-called square-commutator,
defined as

hilA(Y), AliZi = 2h A)AA(DAI + 2hA%(HAZ (29)

which contains, in turn, out-of-time order correlators. In systems with a well-defined
classical chaotic limit, this object grows as [30, 31]

< 9 .
iIA@), A2 ~ 22, (30)
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Figure 4: Dynamics of the OTOC in Eq. (25) compared with the one calculated through the ETH
decomposition in Eq. (26). The contributions from di[erknt free cumulants are displayed with di [erent
colours. The observable chosen is A in Eq. (19), for the kicked top (2) in the chaotic case y = 6, for
N = 6000.

until the Ehrenfest time (also called scrambling time)
tene log~ 2 /A (31)

in the limit hgg ! 0. Beyond this time, quantum e [edts become significant, causing the
square-commutator to saturate. The rate A is often referred to as the quantum Lyapunov
exponent [26-29].

We now explore how well the ETH predictions apply to Eqg. (29). In the chaotic regime
the square-commutator can be decomposed in terms of ETH-free cumulants as follows

hj[A(t), AliZieth = 2K 4(t,0,1t,0) + 2K4(t,1,0,0) 2K 3(t,0) + 2K3(0,0) , (32)

where the OTOC in Eqg. (29) is expanded as in Eq. (26), and the time-ordered correlator
is factorized as®

hA2(t)A%igry = Ka(t, 1,0,0) + K§ + 4K 2K 5(t, 0) + 2K 2K (0, 0)+
+ 4K 1K 3(0, t,0) + K3(0, 0) + K3(t, 0) . (33)

In Fig. 5, we compare the numerical results of the exact square-commutator with its
ETH-free cumulants decomposition from Eq. (32), which shows very good agreement. By
examining the individual free cumulants, a clear hierarchy emerges in their contributions
to the square-commutator dynamics: i) K3(0,0) determines the saturation value, being the
only time-independent free cumulant, which serves as yet another manifestation of freeness;
i) K3(t,0) and K4(t, t, 0, 0) decay rapidly and fluctuate around zero; iii) K4(t, 0, t, 0) drives
much of the distinguishing dynamics of the square-commutator, particularly the evolution
towards the plateau. Since this term encodes correlations among di [erent matrix elements,
the results confirm the idea of ascribing the peculiar dynamics of the square-commutator
to the ETH correlations (see, e.g., Ref. [43]).

However, we note that the ETH alone is insu [cieht to fully capture the behaviour of
the square-commutator at very early times, as shown in the inset of Fig. 5. While the

8This decomposition highlights how certain ETH diagrams (see App. A), initially distinct between the
two correlators before applying ETH, factorize in the same way for large system sizes. They thus cancel
out at the leading order and give only subleading contributions to Eq. (32).
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Figure 5: The exact dynamics of the square-commutator in Eq. (29) (black line) is compared with the
ETH approximation in Eq. (32) (orange line). The dashed green line indicates the time-independent
plateau, while the violet line shows the contribution due to the ETH-free cumulant K4. In the inset,
we show the same data in a logarithmic scale at short times. The observable chosen is A in Eq. (19),
for the kicked top (2) in the chaotic case y = 6, for N = 6000.

square-commutator initially grows as ~§D D 2, the ETH decomposition is valid only
at O(D 1), leading to a parametric discrepancy between the two curves in the early-time
regime. Therefore, for this class of models, the early-time exponential growth is not solely
captured by Kyu(t,0,t,0), but rather involves subleading terms from both crossing loops
and the decomposition of noncrossing terms. This calls for a better understanding of the
subleading contributions and higher-order correction to the full ETH.

In conclusion, even if the ETH-free cumulants fail to reproduce the earliest dynamics,
the numerical data show that the behaviour of the square-commutator is predominantly
governed by the K4(t, 0, t,0) cumulant, stemming from the OTOC.

4 Time scale for the onset of freeness

In Section 3.2 we demonstrated that both 2n-OTOCs and 2n-free cumulants exhibit ex-
ponential decay in reaching long-time freeness, in the kicked-top model, meaning

h@o()Ao)"i exp Tﬂt fort 1. (34)

n

The quantities 1, quantify how quickly freeness is achieved. Building on these findings, we

develop a large deviation framework (Sec. 4.1) to understand this time scale, followed by

a numerical analysis (Sec. 4.2) in the context of the kicked-top model.

4.1 Large Deviation Theory for Freeness

We consider generic 2n-OTOCs of traceless observables that decay exponentially as
h@Ao(HA)"i e Rt fort 1, (35)

where for illustration purposes, we used Rn = n/t,. The 2n-OTOC can be seen as moments
of order n of the spectrum of the operator Ag(t)Ag: we call g; (t) its complex eigenvalues®

9Note that the eigenvalues of Ao(t) Ao come in conjugate pairs, ensuring that the trace of its moments
is a real number. This property follows from the fact that Ag(t) Ao is a pseudo-hermitian operator, i.e. it
obeys (Ao(D)A 0)Y =N(A oA o)n* with n=A o.
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and we assume that the modulus jgi(t)j has the time-dependent part given by e 1Ot
Specifically:

Gi(t) = GieP 101 @0 (36)

In a generic system, the decay rates p; (t) are distributed and fluctuate over time. Therefore,
probing their higher moments through 2n-OTOCs provides insight into their dynamical
distribution.

To describe their temporal fluctuations, we take inspiration from studies in multifrac-
tality, turbulence, and cl"lgos [88-94]. After defining the probability distribution of the
decay rates as P (pt) = % D5 (pr p i(t), we assume the existence of a typical value Ptyp
and a Large Deviation form at long-times for it:

P(p)/e Pt fort 1, (37)

where '(p;) is analogous to the Cramér function in large deviation theory, it is concave
and has its maximum at the typical value where it also vanishes, i.e., I'(pyp) = 0 and
I'O(pt)jptyp = 0. We now demonstrate that assuming a large deviation principle for the
spectrum of this operator yields specific properties for 1.

Indeed, from Eq. (37) we can derive the exponential time-decay:

R g L X 1X Ot Ain6
hPo®A)i= 5 o =5 Gle™ Oemi®
7 i i
Pmax re)t Mi O)
/ dp e (P T(P) g Min o(plENt (38)
Pmin

where the integral on the right-end side is solved using that, for t 1, the dominant
contribution comes from the inferior stationary point of the exponent function. Comparing
Eqg. (38) with Eqg. (35) we get that

Rn = Min, (np I'(p)) (39)

is a Legendre transform of ['(p); as a consequence, since I is a concave function of p, Ry
is also a concave function of n. Not only, R,,/n decreases monotonically with n, leading to
the inequality

Rn NP yp . (40)
where the typical value pyy is given by

Ry _0R,
ptyp—r!!lgn?_ an

. 41
i (41)

Coming back to the times T, = n/Ry, it follows that they are monotonically increasing
with n, and, setting Ty, = pyy, , they satisfy

Let us discuss some physical consequences. The decay rate of the 2n-free cumulants
(or equivalently, the 2n-OTOCs of traceless observables) quantifies how quickly freeness
emerges and can be viewed as a probe for the temporal fluctuations in the spectrum of
time-dependent observables. The freeness time-scale t,, defined in Eqg. (24), capture the

Accepted in { Yuantum 2026-05-19, click title to verify. Published under CC-BY 4.0. 17



Figure 6: Probability distribution P(p;) for the decay rates evaluated as logjg i(t)j/t, for t =
13,14,15, from the spectrum of Ao(t)Ao (see Eg. (36)). The traceless observable Ao is obtained
from A in Eq. (19), for the kicked top (2) in the chaotic case y = 6, for N = 6000.

average decay of these moments and provide a meaningful description of the dynamical
fluctuations, incorporating finite-time properties.

In the limit where fluctuations are absent'®, we find T, = Typ. Analogous to studies of
fractal dimensions in chaotic systems, systems exhibiting this property can be referred to
as monofractal. However, in general, we shall expect that the freeness time-scale 1, will
depend on n, implying a multifractal structure in the approach to freeness.

4.2 Freeness multifractality in the Kicked Top

Let us now turn to the numerical study of the onset of freeness in the chaotic regime of
the kicked top.

We have tested numerically that the large deviation ansatz in Eq. (37) is satisfied.
In Fig. 6 we show the probability distribution P (p;) for the decay rates p;j(t) defined in
Eq. (36), evaluated as logjg ;(t)j/t, for t = 13,14, 15. The distribution is compatible with
the large deviation ansatz in Eq. (37): it gives rise to a concave exponent function that
does not change in time and it is centered around a specific time-independent value pyy, .

We now report the study of the freeness time-scale 1, as defined from Eq. (24).
Fig. 7 we plot the rescaled 2n-OTOC

Llog h@o(®Ao)"

forn=1,2,3,4, from left to right. The plot shows that the 2n-OTOCs decay exponentially
fast in time, according to Eq. (34) (linear decay in this scale). The data suggest that
freeness is slower for increasing order n, as predicted by our large deviation theory in the
case of multifractal behaviour.

To qualitatively address this issue, we evaluate the freeness time-scale t, by performing
fits on the curves shown in Fig. 7, for N = 6000. The fits are conducted within an
intermediate regime, which is selected by omitting the initial time steps and extending up
to the point where the plateau is reached. Due to the noise in the data, the fitting window
was chosen individually for each n, after making an interpolation of the curves in time in
order to have more points. We show T, as a function of n in the inset of Fig. 7 (right-end
panel), up to n = 6 (the dynamics for n = 5,6 is not shown). The data shows that T,
is @ monotonic increasing function of n, thus confirming the expected behaviour from the
large deviation theory presented above, cf. Eq. (42). The extracted values of t, should be

0 This holds if the probability distribution in Eq. (37) is P(p) / 3(p p wp )-
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Figure 7: The quantity Iogjh(,&o(t),&o)”ij/n as a function of time for dilerknt n, from left to right
n =1,2,3,4. In each figure, the system size is increased as N 2 [300, 600, 1400, 3000, 4000, 6000],
from light to dark colors. In the inset the freeness time-scale T, as a function of n, obtained through
linear fits of the curves in an intermediate regime, for N = 6000. The traceless observable A, is
obtained from A in Eq. (19), for the kicked top (2) in the chaotic case y = 6.

regarded as indicative: the analysis is mainly intended to highlight the qualitative trend
rather than to quantify the functional dependence on n.

As discussed in Sec. 3.1 above, at longer times, the 2n-OTOCs display fluctuations
around a plateau O(D ! ) indicating freeness.

From Fig. 7, we also highlight a qualitative dilerence between even and odd powers.
In the case of even n, the 2n-OTOC display a time shift, which grows logarithmically with
the system size.

This is shown in Fig. 8, where we plot the time tgat which each 2n-OTOC reaches an
[Walue, as a way to quantify the shift. For definiteness, we fix [ 2.55 and calculate
tyas the first interpolated time for which log h(Ao(t)Ac)"i /n [for n=1,2,3,4. The
data show a clear logarithmic increase of tgfor even n, while the time is constant for odd
n. Furthermore, we also note that the time shift depends on the amount of chaos present
in the system. We calculate the time shift also for y =4 and n = 2 corresponding to the
mixed phase-space region discussed, see e.g. Fig. 2(left) in Sec. 3.1. In this case, the time
shift tgis bigger than the corresponding one for y = 6, indicating a smaller shift for more
chaotic systems.

In the case of models with a semiclassical chaotic limit ~g ! 0, the explanation for this
e [edt can be found in the early-time dynamics of the 2n-OTOCs. This behaviour has been
studied for single-body quantum chaos [112, 113], as well as for the Sachdev-Ye-Kitaev
(SYK) model [114], for n = 2. In this case, the OTOC is known to have a Lyapunov
regime at short intermediate times, meaning it is governed by the exponential growth of
the square-commutator (cf. Eg. (30)). In particular,

PAG)AA(DAI const. e 2ACt en) (43a)
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P |
Figure 8: ty defined as the first interpolated time for which %Iogj (Ag(t)Ag)" j < = 255 as

a function of the system size, for dilerent n. Points markers indicate the chaotic case y = 6; the
colors refer to the associated curves in Fig. 7. The purple-star curve, instead, indicates the case y = 4,
referring to Fig. 2. The traceless observable Ag is obtained from A in Eq. (19), for the kicked top (2).

forl t t gu, with the Ehrenfest time defined in Eq. (31). After this time the square-
commutator saturates.

For higher and even n = 2m, a similar behaviour to the one of Eq. (43a) is conjectured
to be valid at short intermediate times [37], i.e.

hA®A)Z™ const. e Lzt Ew (43b)

forl t t ,(Ezr:?) , Where Ly, are the rates accounted by the so-called generalized Lyapunov
exponents, which stem from the powers of the square-commutator hj[/&(t), A(O)]jzmi ~ Zmelamt,
One retrieves the square commutator for m = 1 (n = 2). This behaviour is valid until the
generalized Ehrenfest time t(EZhT) log~ 2™ /Lom, which is assumed to be increasing with
m, see also Refs.[38, 39]. After this time scale, the higher powers of the square-commutator
saturate. In the case of odd powers, this e [edt is not present, indeed, the odd powers of
the commutator usually do not have exponential growth due to a cancellation of signs.
The Lyapunov exponents obey a generalized bound to chaos, i.e. Loy 2mm/p~ [34, 37].
However, since the model under scrutiny does not conserve energy, i.e. it is at infinite
temperature, these bounds do not play a role for our discussions.

The behaviour described in Eq. (43b) holds up to t(Eer) , Which marks the saturation of
higher powers of the square-commutator and correspondingly the initial point after which

the 4m-OTOC exhibits the exponential decay. Since for this model ~elm D, this leads to

BRGNS (44)
2m

In summary, the observed time shift is explained through the Ehrenfest time: the expo-
nential decay of the 4m-OTOCs starts later for bigger D, and it is inversely proportional
to the amount of chaos, thus explaining the results in Fig. 8. As already noted in Sec. 3.1,
we observe that, also at the level of 2n-OTOC:Ss, classical independence emerges before the
onset of freeness. When the observables become classically independent, the 2n-OTOCs
factorize in a simple way, h(,&o(t),&o)”i = h,&giz, as if Ap and AAO(t) were commuting op-
erators. This corresponds to the plateau value reached by the 4n-OTOCs at short times,
up to the generalized Ehrenfest time, and is represented by the dashed line in Fig. 7. For
odd powers, h&Bi = 0 for the specific choice of observable considered here (e.g., due to its
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symmetric spectrum), and therefore no plateau is observed in those cases. As discussed
above, classical independence and freeness cannot coexist and instead appear sequentially
in time, as the semiclassical system of finite dimension transitions from classical behaviour
to a fully quantum regime.

5 Conclusions and Discussion

In this work, we explored the emergence of long-time freeness induced by chaotic dynamics
in the Kicked top, a prototypical model of quantum chaos. We established that long-time
freeness is reached exponentially fast in the chaotic regime. This led us to introduce a
large deviation theory for the approach to freeness and the associated time scale.

Our results indicate that Free Probability could have a wider range of applicability in
the study of many-body quantum systems. We conclude with a discussion of potential
future directions stemming from this work, which would be valuable to explore.

Large deviation theory of freeness. Guided by approaches in turbulence, chaos, and
eigenstate delocalization, in this work, we introduced a large deviation theory of free-
ness, which shall apply generically to exponentially decaying 2n-OTOCs. The associ-
ated freeness time-scale T, describe the time-dependent fluctuations of the spectrum
of time-evolving observables and indicate a multifractal behaviour if T, > Ty, depen-
dent on n, and a form of monofractality if T, = Ty, for every n. In chaotic single-
body quantum systems with classical limits, the exponential decay of the 4-OTOC
was interpreted from the point of view of mixing and associated with Ruelle-Pollicot
resonances by Refs.[112, 113], see also Ref. [115]. Within this framework, it would be
intriguing to explore whether the mono/multifractal behaviours in the large deviation
theory of freeness can be interpreted in terms of these resonances.

Although our analysis stems from chaos in single-body semiclassical systems, it
should extend to any context where freeness is achieved exponentially, including
many-body systems. For example, recent findings report exponential decay in free
cumulants of order n within dual-unitary circuits [85], suggesting promising direc-
tions for future exploration of the freeness time-scale in many-body settings.

Another potential future direction would amount to exploring the e [edts of locality in
the large deviation theory of freeness, leading to questions also about the (potentially
n-dependent) butterfly velocity and its behaviour in local systems, such as clean or
random circuits.

Finally, clarifying the precise relation between the dilerent timescales associated
with the emergence of freeness in chaotic quantum dynamics, recently investigated
from complementary perspectives in Refs. [116-119], represents an interesting open
direction for future work.

Beyond full ETH. Throughout this work, we have focused on expectation values,
whose leading behaviour is well described by ETH-free cumulants. However, ETH
predictions are accurate only at the leading order and do not fully account for sub-
leading e [edts, which appear at order O(D 1 ).

For instance, we have shown that the leading-order ETH predictions fail to capture
the early-time behaviour of the square-commutator (see Sec. 3.3) or the late-time
fluctuations of the free cumulants (see Sec. 3.1). This highlights the need to extend
ETH to account for finite system size corrections.

Accepted in { Yuantum 2026-05-19, click title to verify. Published under CC-BY 4.0. 21



Figure 9: Four-time correlation function. In the first row, pictorial representation: the sum in Eq. (5)
for n = 4 has been split in sums over all possible combinations of repeated indices or, in other words,
in all the possible ETH diagrams with four dots; the result is made of sums of simple, non crossing and
crossing loops. In the second row, simplification, as ETH is applied: non crossing diagrams factorize
in simple diagrams whose contribution is given by Eq. (6), whereas the crossing diagram is negligible;
thanks to these two conditions, K, are identified as free cumulants, for large D. Indeed, while the
decomposition in the first row is exact, the second one is true at the first order in the system size D.
One diagram and its factorization are indicated with the same color. We mention that some loops
have cyclic permutations, indicated by the numbers in front of the sums, which in general lead to free
cumulants with diCerknt time dependences (here we considered equal-time, for convenience).

Finally, we explored the development of freeness and free-cumulant dynamics up
to their O(1/D) saturation level. At even longer time scales, signatures of level
repulsion may appear. This e[edt is known at the level of the two-point function
[120-124], and it is also expected at higher orders [33, 35]. While this is consistent
with asymptotic long-time freeness, it invites further investigation into how higher-
order spectral fluctuations manifest in observable quantities.
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A Diagrammatic representation of the Full Eigenstate Thermalization
Hypothesis

The full Eigenstate Thermalization Hypothesis ansatz in Eq. (4) can be represented in
a pictorial way via ETH diagrams; the product of n matrix elements is drawn as a loop
with n dots, where every dot indicates an index and every arc of the circle between two
consecutive dots refers to the matrix element with the related indices. By convention, the
factors of the product are written down clockwise along the loop, starting from the upper
dot. In the presence of repeated indices, lines are drawn to connect dots with equal indices.
One recognizes three di Lerknt types of diagrams (simple loops, noncrossing, and crossing)
based on the drawn lines. Some examples of ETH diagrams for n = 6 are here represented:
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The full ETH ansatz permits to study equilibrium multi-time correlation functions, i.e.
~ ~ ) 1 X .
PA)... Alta)i = 5 e YAu s - Adnay » (45)
Wlth @: (waqz,...,wanul) y B (tl,,tn)

We now illustrate how within ETH the building blocks of multi-time correlations are K, (£}
as given in Eq. 6.

We start from the sum over the indices in the correlation: this can be split in one
sym with all dilerent indices (' q,6=_6=¢) Plus sums in which only one index is repeated
(' oy=a ,6=06=..6=¢ fOF instance), plus sums with two repeated indices and so on. In a
pictorial fashion, the correlation function is drawn through sums of n-dots loops with all
the possible contractions of lines: a sum over a n-dots simple loop plus sums over all
possible crossing and noncrossing loops (see Fig. 9 for the case n = 4). At this level,
the ETH diagrams have been used only as bookkeeping; their usefulness arises when one
applies the full ETH at the level of each sum:

the sum of a simple loop is given by

1 X .
Kn(@:z = et EAouorz o Adnag - (46)
016=...6=¢

R )
According to Eq. (4a), this quantity can be written as Ko(B1= "~ dae® H ™ (@)
which states that ETH smooth functions are linked to the Fourier Transform of
K, (B For instance,

(47)

the sum of a noncrossing loop factorizes in the sums of simple loops with lower
numbers of dots. For instance, according to Eq. (4b) applied on the product of
matrix elements

(48)

the sum of a crossing loop, instead, gives a negligible contribution at the first order
in the system size. For instance, according to Eq. (4b) applied on the product of
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matrix elements

(49)
and can therefore be neglected.

Summarizing, the full Eigenstate Thermalization Hypothesis can be reformulated as
the two ETH properties:

1. suppression of crossing diagrams, e.g.

2. factorization of noncrossing diagrams in simple loops, e.g.

at the leading order in the system size.

Hence, the simplified result for correlations calculated through ETH, for large system
sizes, is a sum of products of K, for dilerent n i.e. diagrams involving only sums over
di Lerknt indices; these building blocks of multi-time correlations are called plainly “ETH
simple loops” in the text. The explicit formula for the case n = 4 is reported in Fig. 9.

B Derivations of long-time freeness

We review the proof of Egs.(12)-(13) by keeping the finite size corrections. We focus on
Ko(t) = PA(DAI h Ai’, which can be re-expressed as [61]

1 X I 1 X 1 X 2
D AiA e B AR S A =
1 i6=j i i (50)
5 AiAieEEit+oD!),

Ko(t,0) =

where from the first to the second line we have used that Aiﬁ = ATZ + F@(w = 0)/D.
Taking the infinite-time limit we obtain

ka1 =0(D1Y), (51)
1 Z1 x
using that lim —  dt e'®i B i)t = 0. This is true due to the non-resonance condition.
' 0 6
We now evaluate the variances of such fluctuations:
141 1X - 2
K31 [k 25 =1dim = dt =  AjA;eEEDN +0oD2)=
T1 T o D __.
L X 16=] (52)
=§ AijAjiAijAji+O(D2)=O(D2).
i6=j
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From thf first to the second line we have used the non-resonance condition which implies
T .
TI'ilm = dte'®i B DHE «E mt = &, 5 + &m 8k . The last equality, instead, follows
! 0
from the full ETH scaling Aj Aji Aj Ajij D 2
The infinite-time average of Egs.(51)-(52) can be generalized to higher n, leading to
Eqgs.(12)-(13) of the main text. This is done by means of the full ETH, and of the gener-

alized non-resonance condition.

C Slowest dynamics of the alternating free cumulants

In the main text, we focus exclusively on alternating free cumulants, as we claim that they
exhibit the slowest dynamics and are therefore the most suitable, among all mixed free
cumulants, for defining a characteristic freeness time scale. The justification of this state-
ment lies in the number of phase factors appearing in the dilerent mixed free cumulants.
To clarify this point, we consider two extreme cases and evaluate the free cumulants as
sums over unequal indices, as in Eq. (6).

In the case of complete separation of times, K 2n(t,...,t,0,...,0), when expressing
this correlator in the energy basis, the n temporal phase factors, being consecutive,
combine into a single phase factor that depends only on the dilerence between the
first and the last energy. When summing, the phase factors from di [erknt terms of
the sum will become independent in a short time and cause the early decay of the
free cumulant.

In the alternating case K 2, (t,0, ..., t,0), the n temporal phase factors do not collapse
into a single contribution; instead, each depends on the dilerknce between consec-
utive energies. As a result, the phase factors in dilerent terms of the sum remain
correlated for longer times, requiring more time to dephase and cancel out, which
leads to a later decay of the correlator.

Intermediate cases display decay times that lie between these two extremes, which explains
why alternating free cumulants are the last to decay among all mixed ones.

One may also ask what happens for odd alternating free cumulants, for instance Kon+1 (1,0, ...,t,0,1).
Their decay behaviour is essentially the same as that of k»,(t,0,...,t,0), although their
magnitude is smaller. For this reason, we restricted our analysis to the even case, for which
it is also more straightforward to formulate a large deviation theory, with the understand-
ing that analogous arguments apply separately to the odd case. A similar picture holds
for the moments: alternating 2n-OTOCs decay slower than other mixed correlations, and
even and odd cases exhibit comparable decay rates, e.g. h(A(Y)A)"A(t)i decays similarly
to h(A(t)A)"i. However, in contrast to free cumulants, not all mixed moments decay to
zero; for instance, while K4(t, t,0,0) vanishes at long times, the corresponding moment
hAZ(t)A2i approaches a constant value, namely hAZ2i2.

We support these considerations with numerical results in Fig. 10. We analyse numeri-
cally the dynamics of the mixed fourth-order free cumulants and compare them together.
Specifically we consider K4(t, 0, t,0), Ka(t,t,0,0) and K4(t,0,0,0)(= K4(t, t, t,0)). Among
these free cumulants, the alternating one is the slowest to decay to zero. We also compare
the third-order alternating free cumulant with the second and the fourth orders, in order
to show that the decay rate of K41 (t,0,t) is essentially the one of Kx(t,0). Finally, we
plot all the respective mixed moments for comparison: while all the mixed free cumulants
decay to zero due to freeness of the entries, this is not the case for the mixed moments,
which instead reach the value predicted by Eq. (17). However, the relation between the
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Figure 10: Numerical evidence for the slowest decay of alternating free cumulants and moments among
all the mixed ones, in the kicked top (2), for the traceless observable Ag obtained from A in Eq. (19),
in the chaotic regime y = 6, for N = 6000.

(left) Top, among the fourth-order free cumulants, the alternating one is the last to decay. Bottom,
Ks(t, 0, t) exhibits a decay behaviour similar to that of Ky(t,0).

(right) Evolution in time of the mixed moments corresponding to the mixed free cumulants shown in
the adjacent panel, for comparison.

dynamics of the dilerent mixed moments is the same as for the free cumulants. In par-
ticular, bA(t)Ai, hA(t)A% and hA(t)A%i exhibit essentially the same dynamics, and they
vanish faster than hA(t)AA(t)AI.
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