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Poland

Entanglement witnesses (EWs) are a col-
lection of observables that can characterize
separable states and, experimentally, estimat-
ing EWs can verify entangled states. In this
work, we show that a fixed measurement set-
ting on a multipartite entangled state, which
we introduce as a network state for the pur-
pose, can estimate EWs. Namely, entangled
states can be fully verified in a measurement-
based manner, in which experimenters do
not necessarily change measurement settings.
We present a fixed measurement setting and
network states for estimating decomposable
EWs, equivalent to the partial transpose cri-
teria. We also consider non-decomposable
EWs that detect bound entangled states be-
yond the partial transpose criteria. The results
can be extended to multipartite states such
as graph states, a resource for measurement-
based quantum computing, and readily ap-
plied to distributed settings such as quantum
metrology or sensor networks where multipar-
tite entangled states are resourceful.

1 Introduction

Entangled states are a key resource in quantum in-
formation processing, in particular, to achieve quan-
tum advantages in computation and communication
tasks. A higher level of security in cryptographic
protocols [1], higher level of quantum certification
[2, 3, 4, 5] and higher network channel capacities [6, 7]
can be achieved by exploiting entangled states. Ef-
ficient computation with quantum resources can be
realized by local measurements and entangled states
only, called measurement-based quantum computa-
tion (MBQC) [8, 9].

Entanglement witnesses (EWs) [10, 11] are versatile

Jaemin Kim: jeamink@es.aau.dk

Anindita Bera: aninditabera@bitmesra.ac.in
Dariusz Chruscinski: darch@fizyka.umk.pl
Joonwoo Bae: joonwoo.bae@kaist.ac.kr

tools to detect entangled states both theoretically and
experimentally. They correspond to observables that
are non-negative for all separable states but negative
for some entangled states [12, 13, 14, 15, 16]. Hence,
negative expectation values of EWs unambiguously
conclude the presence of entangled states. In practice,
multiple measurement settings may be necessary for
estimating EWs.

In this work, we show that a fixed measurement
setting can detect entangled states, together with the
preparation of a multipartite state, which we call a
network state. To be precise, we present a framework
for detecting entangled states such that a fixed mea-
surement over a network state N and a state p can
find if the state p is entangled, where a network state
N is obtained from an EW. Thus, entangled states can
be verified in a measurement-based (MB) manner. In
fact, the framework is closely connected to the acti-
vation of entanglement in that it finds if a state p is
entangled if a joint state IV ® p is more entangled than
a state N [17].

We show how network states can be obtained
from EWs. We present the construction of net-
work states for decomposable EWs, which are equiv-
alent to the partial transpose criteria, and also for
non-decomposable EWs that detect bound entangled
states beyond the partial transpose criteria, such as
the Bell-diagonal EWs [18, 19| from the Choi map [20]
and its various generalizations [21], and the Breuer-
Hall EW [22, 23]. The results are extended to mul-
tipartite systems: graph states [24], a resource for
MBQC [8], can be detected by network states and a
fixed measurement. ~ We discuss the connection of
our work to the entanglement activation [17] and the
measurement-device-independent entanglement wit-
nesses [3].

The importance of our results is threefold. Firstly,
one can circumvent the need for precise control of
measurement settings required to implement stan-
dard EWs. Note that imprecise control of measure-
ment settings may cause errors in the realization of
EWs. Our results show that preparing quantum states
and performing fixed measurements are an experi-
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mentally feasible alternative to control of measure-
ment settings, in a similar vein to MBQC which re-
places quantum gates with state preparation and local
measurements. Secondly, it is of fundamental interest
to find that entangled states with a fixed measure-
ment are a resource that can be replaced with observ-
ables. Note that MBQC shows that entangled states
and local measurements can serve as an alternative
for realizing quantum state transformations. Finally,
the framework for estimating EWs in an MB man-
ner finds various usefulness of distributed settings,
such as distributed quantum metrology over networks,
e.g., [25, 26, 27, 28|: estimation of joint observables
enables distributed quantum information processing,
e.g., [29, 30, 31].

Experimental progress in preparing multipartite
entangled resource states and implementing Bell-
state-measurement-based protocols suggests that the
present framework is relevant for near-term plat-
forms. In particular, Smolin-type four-partite states
have been realized experimentally [32, 33, 34|, and
Bell-state measurements are a standard primitive
in entanglement-swapping and networked quantum-
information experiments [35]. Recently, entanglement
pumping [36], also a type of activation of entangle-
ment, has been realized experimentally [37].

2 Entanglement detection

Let us begin by describing an experimental scenario of
verifying entangled states, where the scenario is com-
mon in various experimental settings. We consider
two quantum systems A and B on a Hilbert space
H ® H. Interestingly, observables exist, denoted by
W = WT, such that, for all separable states Osep)

tr[Wogep] > 0 and tr[Wpent] < 0

for some entangled states pens [10, 11]. All entan-
gled states can be verified by estimating some observ-
ables, which are called entanglement witnesses (EWs).
In experiment, EWs can be estimated by altering
measurement settings in general: negative expecta-
tion values unambiguously conclude entangled states
[13]. They can be also used to verify other properties,
other than entanglement, such as a fidelity in the state
preparation [38, 39].

3 Measurement-Based Estimation

We here show that observables can be generally esti-
mated in a measurement-based manner. We focus on
EWs, a particular collection of observables for detect-
ing entangled states. We devise multipartite quantum
states, called network states, for estimating observ-
ables of multipartite quantum systems.
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N(23) —
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Figure 1: A four-partite network state Na3z is prepared on
AzA3B2B3 to detect an entangled state on A;B;. Bi-
interactions and measurements in the computational basis
can construct EWs, see also Eq. (4) in the text. Gray boxes
denote a measurement in the basis |¢™), which is equivalent
to a measurement in the computational basis after applying
of a controlled-NOT gate followed by a Hadamard gate.

3.1 Example

Let us begin with an illuminating example of an MB
estimation of an EW. Note that the proposed MB es-
timation applies to all observables, and we here focus
on EWs for verifying entangled states. Throughout,
Bell states are denoted by |¢*) = (|00) + [11))/v/2
and [¢p*) = (|01) £ |10))/+/2. We consider an EW in
the following,

1

W:
4

1+X0X+Y®Y+2Z282) (1)
where X,Y and Z are Pauli matrices. Eq. (1) shows
that an EW can be estimated by various measurement
settings. Note that a Bell state |¢7) is detected by
an EW above.

The MB framework for estimating an observable in
Eq. (1) can be achieved by a four-partite state, called
a network state, constructed as follows,

Nos = 0 7)amld 7] @ 167 s (97 +
1
12

on sites As A3 Bs B3, see Fig. 1. We then place a state
p of interest at A; By, denoted by p; := p(AlBl), which
we want to learn if it is entangled. Estimating an
observable W := WA1B2) with respect to the state
p1 can be equivalently seen in terms of the network
state and a projection as follows,

tr[p1 W1] =

16 tr[pl & Ngg(%]l - |¢+>A333 <¢+|) ® P(H)KS)

where P12 = ‘¢+>A1A2 <¢+| ® |¢+>BlB2<¢+|' We
write by the singlet fraction of a state 7 as the over-
lap (¢|7|¢") with a maximally entangled state |¢T),
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Figure 2:  An elementary single-qubit gate operation in
MBQC is realized by local measurements on a 5-qubit cluster
state, and the realization can be rephrased similarly to the
MB framework for estimating EWs. (Blue box) Firstly, four
qubits are prepared in a state |+)®* by applying Hadamard
gates (H) on a state |0)®*. Applying CZ gates creates a
4-qubit cluster state that is a resource. (Gray box) A CZ
gate is applied between a state |¢)) and the 4-qubit clus-
ter state, preparing a 5-qubit state. Then, local measure-
ments are performed on the first four qubits in the basis
{(J0) + e*°|1))/v/2} where § = 0,a,3,7. An update of
the measurement outcomes («, 3,7) on the cluster state can
implement a rotation gate on the last qubit. The resources
needed to realize a single-qubit gate in MBQC can be sum-
marized as 4-qubit cluster states (blue box), CZ gates (gray
box), and local measurements. The resources may be com-
pared to the estimation scheme in Fig. 1.

with which the relation above can be simplified as fol-
lows,

4585 (@ T tr1a[p1 © Nog PU2)]|67) s,

= ¢~ il (4)
The first line in Eq. (4) can be obtained by preparing
a network state followed by a fixed measurement. A
state p; is entangled if the singlet fraction is greater
than 1/8 since tr[ogep W] > 0 in Eq. (4) for all separa-
ble states osp. Once a Bell measurement reports an
outcome P12 a singlet fraction is estimated from the
probability of having outcome |¢+) on A3Bs. Thus,
it is shown that an EW can be estimated in a fully
MB manner.

In fact, all EWs can be realized in an MB manner
as shown above. Namely, one can construct a network
state when an EW is provided, which is to be shown in
Subsection 3.5 in detail. The scheme to find a network
state from an EW is also constructive.

3.2 Resources for the implementation

Experimental resources to realize the MB framework,
i.e., the implementation of Eq. (4), are equivalent to

those for MBQC. To clarify the equivalence, let us
identify resourceful states that enable the MB tasks.
Free resources are local measurements, that is, mea-
surements on individual systems and classical com-
munication that updates measurement outcomes to
realize next quantum operations.

Let us first consider the estimation of EWs in an
MB manner, where resources are a network state and
a joint measurement on bipartite systems, as shown
in Fig. 1. Note also that a network state is entangled,
i.e., with respect to the bipartition A; A3 : BoBs. The
detection scheme needs a measurement in the basis
|¢p*), which is equivalent to a controlled-NOT gate,
a Hadamard gate, and a fixed-measurement in the z-
direction; see also Fig. 1.

Then, MBQC can be implemented by local mea-
surements on a cluster state [8, 9]. A cluster state,
or generally a graph state, can be created by apply-
ing controlled-Z (CZ) gates on qubits including a sys-
tem of interest, which one wants to transform, and
ancillary qubits on which local measurements are to
be performed. To this end, CZ gates are applied on
a state |1)|+)®" for some n and a system state of
interest |¢). As it is shown Fig. 2, a cluster state
for a single-qubit gate is generated by CZ gates on
[9)|+)®4. A single-qubit rotation on a state |1) can
be implemented by local measurements.

We here point out that resources of MBQC can be
factorized into an n-qubit cluster state |C,,), created
by CZ gates on |+)®", and an additional CZ gate,
to be applied later to connect the cluster state to a
state of interest |1). In Fig. 2, the former is in a blue
box and the latter is in a gray box. We can identify
|C}) as a resource state and apply CZ gates on a state
[1)|+)®" to perform local measurements which realize
MBQC.

Therefore, we have shown that resources for MBQC
and the framework of MB estimation are equivalent:
large-size entangled states such as graph or network
states, respectively, and additional controlled-U gates
connecting a resource state to a system state of in-
terest. Similarly to graph states that have been ex-
perimentally realized [40, 41], it is worth mention-
ing that a network state in Eq. (2) is a variation
of a Smolin state, a four-partite bound entangled
state [42], which has been implemented in experiment
[32, 33, 34]. Hence, a realization of the presented MB
framework is readily available in an experiment.

3.3 EWs via entanglement activation

We here observe that the construction of EWs in an
MB manner can be equivalently seen as a form of
activation of entanglement. If a state can activate
the entanglement of another state, the state must be
entangled, since separable states can activate none of
the quantum states. In this subsection, we review the
activation of entanglement in Ref. [17].
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To be precise, one can define an entanglement mea-
sure as Ey, a maximal singlet fraction, for a state NV
acting on a space Ha, 4, ® Hp,B,, as follows

E4[N] = sup (¢F|F[N]|pF) for a local filtering F
f

Ki® KgNK! @ K
F[N] = - L, (5)
tr[K§ Ky ® KL, KpN]

where K4 @ Ha,a, — C? and Kg : Hp, B, — Ce.
Then, a state N having F4[N] < n may be activated
by an entangled state o such that

Eq4lo @ N| >, (6)

for some n € [1/d,1).

All entangled states can be used to activate some
other state: in Eq. (6) a state o is entangled if and
only if it can activate some other entangled state N
[17]. Hence, the phenomenon of activating entangle-
ment can verify entangled states. From Eq. (6), it
is straightforward to derive a general form of an EW
in terms of a network state N := N(42B24385) and a
parameter 7 € [1/d, 1),

WAsz =1tra;B, [N(UH - |¢;F>A333 <¢;r|)}a (7)

where [¢}) = Z?;S 175)/Vd. We reiterate that all
EWs can be derived by the phenomenon of entangle-
ment activation, and vice versa.

3.4 Detection protocol from entanglement ac-
tivation

We exploit the scenario of activating entanglement as
a framework for detecting entangled states and relate
it to the verification of entangled states in an MB
manner. Namely, a state p is entangled if it can be
used to activate a state N. To this end, we consider
a local filtering operation ® as follows,

(I)(p@ N) =1trA, B, A, B, [P(lQ)p(AlBl) ® N(AszAsBs)]'

where PU?) is the projection onto maximally entan-
gled states as follows,

PO = |6y 4 4 (6F | ® |67) 5y 5y (0] (8)

The singlet fraction after the filtering operation is
given by,

(0412(p® N)|og)
tr[@(p@ N)|
With the specific local operation, the singlet fraction

of a network state N can be computed as,

E4(N)= sup Fg(oc®N), (9)
oceSEP

Fs(p@N) =

where SEP denotes the set of separable states. It
is clear that F4(N) < E4(N) since a specific local
operation is considered. Note also that for n € [é, 1),
there exists a state N such that Eq(N) = Eq(N) =n
[17]. It holds that a state p is entangled if we have
F3(p® N) > 7 for N such that Eg(N) < 7.

3.5  General construction of network states

We present a scheme for finding a network state when
an EW is given. The scheme is constructive and ap-
plies to all EWs. It only relies on a decomposition of
an EW in terms of positive operators.

Let us begin with a decomposition of an EW on
d ® d as follows,

W => a;W(;)" with W(j) > 0and a; € R.  (10)
J

Note that, clearly, a decomposition above is generally
not unique. One can choose normalized non-negative
operators {II(¢) > 0} and real constants {c; > 0} to
construct a network state Nog,

Naog = ZCjW(j)AQB2 ®H(j)A333‘ (]‘1)
J

For instance, one can exploit general measure-
ment operators, positive-operator-valued measure, for
{II(¢) > 0} up to a normalization.

Note that coefficients {c;} in Eq. (11) are deter-
mined by using the relation in Eq. (7). To be precise,
we relate a network state N in Eq. (11) and an EW
as follows,

Wo = ktra[Ngg (1 — |63) asn, (041, (12)
for some 1 > 1/d and k > 0; note here that a precise
value k is not related to the capability of detecting
entangled states since it matters to find if the expec-
tation value of W5 is negative. From relations in Egs.
(10) and (11), one can find {a;} and {c;} are related
such that, a; = k¢;(n— (6 [1L(7)l6))-

Let us consider a state detected by an EW W. The
detection scheme can be demonstrated by a network
state, denoted by p; = p(41B1) on sites A1B;. We
have that

0 > tr[pW] = d*tr[py ® Wi P1?)]
o trlpr @ Nog PUP @ (91 — |67 ) agm, (65 )](13)

From above, it follows that

n < A3B3<¢;|A(1_>3)[p1]|¢;>A333
 tria[p @ Nag PU2)]
T tr[py @ N P(12)]

where A1) [p4] (14)
Note that the construction above applies to all EWs
in general. In Appendix A, we reproduce a network
state in Eq. (2) by applying the general construction
above.

Ezistence of network states for all EWs. A straight-
forward way to construct a network state from an EW
is to exploit positive and negative projections in its de-
composition in Eq. (11). Since an EW is not positive
in general, it always has such a decomposition, from
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Figure 3: The framework of MB estimation can be extended
to a multi-node network. A tripartite state N3/N5/N4 can be
manipulated to a bipartite state of N3/N4. The framework of
MB estimation applies to verify entanglement between nodes
N3Ny, for which a network state at nodes N1 N2 N3Ny can be
exploited such that parties N1 N2 estimate the singlet fraction
and can find if the state N3Ny is entangled.

which one can find the existence of network states for
all EWs. For an EW, we find a decomposition,

W=aW! —aWw?

with coefficients a+ > 0 and quantum states Wy (i.e.,
Wi > 0 and tr[Wi] = 1). We choose n = 1/d and
find a network state as follows,

L — [¢g Xod
No = e Wy 0 200w sty
where
(d — 1)a+ a—
= d = .
“ (d—1ay+a_ and ¢ (d—1ay+a_

We have presented a straightforward one by exploit-
ing a spectral decomposition of an EW. Note that
an EW generally admits a decomposition above and,
consequently, a network state for an EW can also
be constructed accordingly. We also stress that a
network state is not unique for an EW.

3.6 Applications in a quantum network

The framework for estimating EWs with network
states can be applied naturally in a quantum network
that contains multiple nodes sharing large-sized en-
tangled states. In a network, one can identify a mul-
tipartite state of interest and also a network state,
and detect entanglement of the state of interest re-
motely through the network state. For instance, as
shown Fig. 3, a state of interest may lie at nodes
N3Ny resulting after a local measurement at N5. It
may be teleported to nodes Ny N, through a network
state N3NyN1 Ny and measurements at N3Ny, where
N7 and N5 may be closer and can estimate a singlet

fidelity. Hence, entanglement shared between nodes
N3N, may be verified remotely at N1 N, by LOCC.

The network protocol for detecting entangled states
does not require varying measurement settings, which
may be essential to a standard scenario of EWs. Fixed
settings for Bell measurements and LOCC suffice to
transfer the cost of varying measurement settings to
the preparation of a network state, which may be in
fact favorable or well-suited once quantum repeaters
or entangled networks.

3.7 Measurement-device-independent activa-
tion of entanglement

The proposed framework for detecting entan-
gled states shares structural similarities with
measurement-device-independent entanglement wit-
nesses (MDI-EWs) [4, 3]. We discuss the framework
from the MDI perspective and show how to relax as-
sumptions about the measurements to realize the pro-
tocol in an MDI manner.

The proposed framework contains measurements
in the activation stage and the estimation of a sin-
glet fraction. The assumption of Bell measurements
may be relaxed, and the protocol can be realized in
an MDI manner as follows. Let us consider a sep-
arable state ¢ = >, pr7i ® & and a threshold 7.
Let QA142) and R(B1B2) denote unknown positive-
operator-valued-measure elements that may describe
detection events of untrusted measurement devices.
It suffices to show that o cannot increase the singlet
fraction of N larger than the threshold 7. This means
that,

tr[(Q(A1A2) ® R(B1Bz)0-1 ® W2T] >0

for all @ and R, see also W4 in Eq. (12). We then
have:

Do putrl(@U ) & RO (M @ )iy
k

o Zpktr[(@T ® ﬁT)W] >0
k

since

QU = tra, [QU ) (o)™ @ 149))] > 0,
R(B2) — trp, [R(B1B2)(§I(§Bl) ® ]1(132))] >0

and an EW is non-negative for all separable states.
Hence, we have shown that untrusted measurements
on A1 A, and B Bs can also unambiguously conclude
entangled states, while the estimation of a singlet frac-
tion is with trusted measurements. Hence, the proto-
col in the present form can be rephrased to be semi-
MDI.

In an MDI scenario, practical implementations of
trusted quantum states may suffer from errors arising
during state preparation. On the one hand, preparing
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a network state enables circumventing multiple error-
prone steps to prepare a collection of trusted states in
MDI-EWs. On the other hand, a single-copy network
state is a multipartite entangled state, which may be
more demanding to implement.

4  Examples

Let us apply the general construction of network
states and present network states for EWs known
so far, such as decomposable and non-decomposable
instances, the latter of which are highly non-trivial
in quantum information theory. Identifying all EWs
is equivalent to characterizing the set of separable
states, which is a challenging mathematical problem
[43]; the computational complexity also belongs to
NP-Hard [44]. The construction of network states ap-
plies to all EWs. In what follows, we apply the general
construction of network states to non-trivial EWs.

To this end, let Py; denote a projection onto a Bell
state, for s,t =0,...,d — 1, in a dimension d,

d—
Py = |pst)(¢st| where |psi) = Z K 17)|7 +s)
§=0
(15)
where w = e2™/4. Projectors onto symmetric and

anti-symmetric subspaces are denoted by Sy and Ay,
respectively,
1+TF 1-F

and Ay = —5 (16)

Sq =

where F = dPJ, is a flip operator and I' denotes
the partial transpose [45]. Note that tr[A4] = d(d —
1)/2 and tr[Sq] = d(d + 1)/2. Interestingly, high-
dimensional Bell states and projections onto symmet-
ric and anti-symmetric subspaces suffice to construct
network states for known non-decomposable maps.

4.1 Decomposable EWs: the partial transpo-
sition

Firstly, we consider a decomposable EW W = Q" for
Q@ > 0 and tr[Q] = 1, for which a network state can
be constructed as follows. We write by A := max; |\;]

where {\;} are eigenvalues of an EW W and a network
state is obtained as,

@
QF
Nos = (Ad2—1 @ Py

@) 3)
AL+ QT 1 Py
AATY 1
+CQ(>\d2+1> ®<d21 ()

where superscript (j) stands for systems A;B; and

—1)(d?>X+1)

X —1 (d
BA+d—2

Clzm and Cy =

In the other way around, from a network state Nog in
Eq. (17) one can reproduce a decomposable EW, see

Eq. (7)

2(d — 1)

21— go0) ass (00])] = mQF

trs [N23(d

Hence, the partial transpose criteria [46] can be gen-
erally realized by preparing a network state with a
fixed measurement.

As an instance, a network state for the decompos-
able and optimal EW W = P} can be found as

1 Ay @) 3)
— P,
d+2 <trAd> @ Foo
Ldt1( S (2>® 1— Py\®
d+2 \trSy d? -1 '
The network state above is known as a symmetric
state being UUV V*-invariant, and has been used to
activate entanglement distillation with an infinitesi-

mal amount of bound entanglement [47]. The detailed
construction is provided in Appendix B.2.

4.2 Non-decomposable EWs

Secondly, to construct network states for mnon-
decomposable EWs, we introduce paired Bell-diagonal
(PBD) states as follows,

d—1 -
NEEPI () =37 A, ZPQ PP, (18)

=0 tO

, Ad—1) and ZZ;& As = 1.

"

where X = (Ao, ...

Bell-diagonal EWs

A network state in Eq. (18) can be used to estimate
expectation values of Bell-diagonal EWs [18],

d—1 d—1
= Z)\SHS — Py, where II, = ZPst. (19)
s=0 t=0

Note that the Choi map and its generalizations are
well-known instances. Then, PBD network states con-
struct Bell-diagonal EWs as follows,

Ao <

*W2[] =

; tra[Ng5 ") (X) (Ao — [bo0) s B (Goo])]-

Hence, it is shown that all entangled states character-
ized by Bell-diagonal EWs can be detected by a fixed
measurement and state preparation.

Choi EWs

Instances of Bell-diagonal EWs for d = 3 contain the
Choi map [20] and its generalizations [21, 48], that de-
tect PPT entangled states. As it is shown in Eq. (14),
once a filtering operation with a PBD network state in
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Figure 4: A tripartite graph state can be detected by prepar-
ing a network state, Bell measurements, and a fixed measure-
ment. Entangled states of arrayed qubits can be detected by
state preparation and a fixed measurement.

Eq. (18) is successful, entangled states are concluded
by finding a singlet fraction. For the Choi map, entan-
gled states are detected if the singlet fraction is larger
than 2/3. The proof is provided in Appendix B.3.

EWs from the Breuer-Hall map
The Breuer-Hall (BH) map shown in Refs. [22, 23]
derives highly non-trivial non-decomposable EWs,

Apn(p) = ——(tx(p) L — p—UpTUT)  (20)

d—2

where U is a skew-symmetric unitary operator satis-
fying UUT = 1 and UT = —U. Then the BH EW is
obtained as follows,

1 1 1
WeH = —— (51 — Poo — E]Fl)7 (21)
where ' = (1@ U)F(1®UT). Note that the BH EW
is optimal [22, 23].
A network state for the BH EW is obtained as fol-
lows,

d—1d—1
BH 2 3)
N2(3 = €o gzzps(t)@])s(t
s=0 t=0
1+ (2) 3
+Cl<d2—|—d) ®P0(O)
1-TF\® 1— Py (3)
v () o (ar) @
where
o= 2d? —2d and o — d+1
07 342 —3d+2’ YT 32 —3d+ 2

and ¢o = 1 —¢g—c¢p. One can find that, from Eq. (12)

Wi oo tealVED (21 1g00)ayms (G0 (23)

d

Once a filtering operation in Eq. (14) is successful,
entangled states are detected if a singlet fraction of
a resulting state on AzBs is larger than 1/d. See
Appendix B.4 for the derivation.

Figure 5: The estimation of entanglement witnesses for mul-
tipartite graph states.

Multipartite bound entangled states as a network state

\_{Ve also observe that a PBD state for d = 2 with
= (1/2,1/2) corresponds to a Smolin state [42],

Z Ps(tAsz) ® Ps(:le,Bs).
s,t=0,1

The state is invariant under permutations of
Ay A3BsBs and remains PPT in any bipartite split-
ting: it is called a four-partite unlockable and undis-
tillable entangled state. A Smolin state can be used
to activate distillation of entanglement.

A Smolin state can be generalized to higher dimen-
sions, with X = (1/d,...,1/d),

1d—

d—
# 1 (Asz) (ASBB)

However, a Smolin state in a higher dimension d >
2 no longer remains PPT in the bipartite splitting

AsAs : ByBs. The network state then realizes an
EW,
14 1
W:fE Iy, — Pyo = =1 — P, 24
ds:o 00 = 7 00 (24)

which is decomposable. It is also an EW that is de-
rived from a reduction map [49]. Note that a Smolin
state corresponds to a network state that realizes a
reduction EW for d = 2.

4.3  EWs for multipartite systems

Thirdly, entanglement detection by state preparation
can be extended to multipartite quantum states. We
here, in particular, consider graph states, a class of
states as a resource for MBQC [8]. Let us again
present an instance for a three-qubit graph state,
a Greenberger—Horne—Zeilinger (GHZ) state [¢)) =
(]000) + [111))/+/2 [50], see Fig. 4. An EW to de-
tect a GHZ state may be given as,

W= 21 )] (25)
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Figure 6: Estimation of an EW in Eq. (1) can be realized in a circuit, where a network state in Eq. (2) is realized and

measurements in the computational basis are applied, see also Eq. (3). (1) A state for detecting entanglement,

P7), is

generated in registers A1 B1. (2) A network state from an EW is prepared to detect entanglement generated in A1 B1. (3)
A projection onto a state |¢) is realized by collecting outcomes 00 in registers A;Aa. (4) A projection onto a state |¢) is
realized by collecting outcomes 00 in registers By Bz. (5) Given outcomes 0000 in registers A, By Az Bo, the singlet fraction is
estimated in A3Bs: a state in register A; B is entangled if the probability of outcomes 00 in A3Bs is larger than 1/2.

A network state for an EW above can be constructed
as

)

1
1 (A2 B3Cs) (A3B5C5)
Nay=g 30 el )

where ’l/}abc = |wabc><wabc|7
[thape) = Z% @ X° @ XC|p), a,b,c€{0,1}  (27)

with Pauli matrices X and Z. It holds that

11
— — gtrleW],

A3B3C3<w|pl ®N23 P(12)‘w>A33303 = 16 )

which shows detection of a genuinely multipartite en-
tangled state p by finding that the left-hand-side is
greater than 1/16.

The framework can be generalized to n-qubit graph
states, see Fig. 5. The detailed derivation is provided
in Appendix C.

4.4  To construct non-decomposable EWs

Finally, let us investigate two entangled states
defined by an EW, where one is an entangled state p;
detected by an EW, and the other Na3 that realizes
an EW for the detection in an MB manner, as shown
in Eq. (7). Let us recall the result in Ref. [17],
see also Subsection 3.3, that an EW detects a set
of entangled states which can activate its network
state. That is, an entangled state o activates N
such that E4[c ® N] > n whereas E4[N]| < n, where
n € [1/d,1). Then, we have E4[lc ® N| > 1/d from
which one finds that ¢ ® N is distillable since Ej

computes the singlet fidelity [49], meaning that o @ N
is not PPT, also signifying that either o or N should
be non-PPT. It is also clear that if both ¢ and N
are PPT, then a state 0 ® N remains PPT under
LOCC. Note that distillable entangled states must
be non-PPT although the converse remains open;
it has been a long-standing open question whether
non-PPT states are distillable [45, 51].  Stated
equivalently, a PPT entangled state can activate a
non-PPT state, but not another PPT state. Hence,
a network state Noz to detect a PPT entangled
state p; should be non-PPT. We thus conclude
that multipartite non-PPT entangled states can
construct non-decomposable EWs, which are highly
non-trivial. Note that non-PPT states can construct
both decomposable and nondecomposable EWs, as
shown in the example of reduction EWs, see Eq. (24).

5 Robustness

The framework for detecting entangled states in the
subsection 3.5 contains elements, the preparation of a
network state and a fixed measurement for estimating
a singlet fraction. We reiterate the relation between
the estimation of an EW and the framework with a
network state,

tr[pW] = a tr[pr @ Nos P12 (n1 — |6 1) (07 ])s], (28)

for some o > 0. We here investigate the effect of
noise on the preparation of a network state and a
fixed measurement and show that the framework can
unambiguously detect entangled states. That is, for
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separable states, the framework with noisy resources
gives a non-negative expectation value.

Noisy network states

Suppose that the network states IV is noisy such that

N

1
(1-p)N JFPdQﬁa

with some noise fraction p. It follows that,

a trlpy ® Nos P2 (1 — |65 ) (05 ])s]
= (1-p)tr[pW]+ apd%din(nd" -1)
> (1 -p)te[pW].

Note that the term apart from tr[pW] in the second
line is not negative since n > 1/d. Hence, noisy net-
work states can be used to detect entangled states
unambiguously.

White noise in singlet fraction estimation

Suppose that a fixed measurement setting for estimat-
ing a singlet fraction is noisy,

1
(1 - a)loi)ef |+

with some noise fraction q. It follows that

o trlpr © Ny PUD 1 — (1~ 9)163) (6~ a-27)s]

1 1
= (L= q)r[oW] + ag (n = ol N])
> (1—q)tr[pW].
Thus, when a fixed measurement setting is noisy, the

framework gives non-negative expectation values for
separable states.

6 Realization in quantum circuits

The framework of detecting entangled states by a
fixed measurement can be realized in a quantum cir-
cuit. Here, we demonstrate the realization of a net-
work state and the estimation of an EW with an ex-
ample in Eq. (1). To facilitate the construction of
a quantum circuit, we exploit a decomposition of the
network state in the following,

Nog = i(lw_x'(/)_lbez ® ¢ X" | 4,8,
+ ‘7p+><1/}+‘14232 & |¢+><1/1+\ASB3
+ 1@ ND | Ay, @ @ KD |a5Bs
+ |0 No Ay, ® [0=XU — |a,8,), (29)

which is identical to the state in Eq. (2). Then, a
circuit for realizing the network state is shown in Fig.

1

1

i 0.82 + 0.08
1

1

i °

—-==Threshold = 0.50
0.4 0.5 0.6 0.7 0.8 0.9 1.0

Singlet fraction

Figure 7: Proof-of-principle demonstration of the circuit
in Fig. 6 has been shown. The circuit was run on
ibm_marrakesh from 2026-03-23 to 2026-03-26. The sin-
glet fraction is estimated from 10 independent runs of 10, 000
shots each. Note that the threshold is 1/2 with a dashed line.
The average probability is 0.82 and the standard deviation is
obtained 0.08. Hence, the results confirm the detection of
entangled states on a noisy quantum processor.

6, where blocks (1)-(5) describe realizations of a net-
work state, projection on a state |¢)+>, measurements
of estimating the singlet fraction. We remark that a
fixed measurement setting is used for estimating an
EW.

Considering the effect of noise in Section 5, one
may expect that the framework can be realized in
a noisy implementation of quantum information pro-
cessing. We then implemented the circuit in the
ibm marrakesh in March, 2026. The results are pre-
sented in Fig. 7, demonstrating the robustness of the
proposed framework for estimating EWs in a realistic
setting. Although noise is present, the estimation of
an EW shows a singlet fraction 0.82 higher than the
threshold 1/2, detecting the presence of an entangled
state in registers A1 Bj.

7 Conclusion

In conclusion, we have established an MB framework
for estimating observables, in particular EWs, and
shown the construction of network states for observ-
ables. It is also of fundamental interest to find that
entanglement demonstrates elements of quantum the-
ory, both dynamics, i.e., MBQC and observables. Our
results shed new light on detecting and manipulating
entangled states in a realistic scenario where precise
controls via quantum gates are yet limited, such as
an array of superconducting qubits, neutral atoms,
or photons, where the preparation of a multipartite
state and a fixed measurement are readily experimen-
tally feasible. The results also open a new avenue
of exploiting entangled states in distributed quantum
information processing such as computing and metrol-
ogy where entanglement is resourceful and quantum
estimation per se corresponds to computing or metrol-
ogy.

In future directions, it would be interesting to real-
ize the estimation of EWs via network states experi-
mentally by considering the effects of noise in a real-
istic setting. Note that some network states, such as
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Smolin, have been realized in experiment [32, 33, 34].
It is also interesting to exploit network states in a
network and security scenario such as a measurement-
device-independent scenario, see Refs. [4, 3], so that
observables such as EWs are estimated by relaxing as-
sumptions on joint measurements; estimation of EWs,
as well as detection of entanglement, is achieved in a
higher level of robustness against imperfect implemen-
tations. In addition, it would be interesting to extend
the framework with a network state to the verification
of other quantum resources other than entanglement,
such as quantum steering [52, 53] and quantum mem-
ories [54].
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Appendix

A Entanglement detection by state preparation for two-qubit states

We here reproduce a network state for two-qubit EWs. Let [¢*) = (]00) £]11))/v/2 and |1/*) = (]01) £]10))/v/2
denote four Bell states. We show how to construct a network state for an EW

1 -
W =[¢T)(¢*|" = SR AU
One may find a decomposition of the above EW in the following way
1 o, 1, ., _
W= S [p) ) — ),

where two non-negative operators are obtained as [t~ ) (17| and (I — |[¢v7){x)7|)/2. A network state may be
written as

N23 = cl|'(/}_>Asz<w_‘ ®HA333(1)+
C2 - —
g(]l - W) >A232 W D ® HAaB?, (2)5
for some positive constants ¢;, ¢ = 1 — ¢; > 0 and non-negative normalized operators II(1), TI(2) > 0. To

realize entanglement detection of a state of interest p using an entanglement witness W, one may seek No3 that
satisfy

tr[p1 W] = 16 tr[py ® Nas(nl — |¢) 4,5, (67]) @ PU?],
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with n = 1/2, since all two-qubit entangled states are distillable. The goal is now to find the parameters
1, ¢z, II(1) and TI(2) that satisfy the relation in the above. The left-hand-side (lhs) is given by

ths = 2 — (47 [ph ),

and the right-hand-side (rhs) by

rhs = 2tr[py Nas] — 4tr[p @ [ ) ()™ | Nag]
2 4
= s - SN + Lol ),
where
L = a2-4e"[I1))e")) +
2 4
02(—§ + §<¢+|H(2)\¢+>)~
From the lhs and the rhs, one can find that
2 4 1
02(5 - §<¢+|H(1)\¢+>) =3 and L = —1,
from which
a2~ 4T MOl = —
1
= AT Rprmen) -4

For convenience, we choose TI(1) = |¢™)(¢™| although it is not a unique choice. It follows that ¢; = 1/4 and
c2 = 3/4. The consequence is that (¢*|I1(2)|¢T) = 0. Thus, we have

1(2) = (1 |67)(67))
All these conclude a network state
Nos = 107)amd97| @ 167 aum (0t +
(L W) a0 @ (1= [67) 4,5, (67))

Note that a network state for an EW is not unique.

B Network states for high-dimensional EWs
B.1 The framework

Recall that for a given EW W, we are looking for a network state Nog = N(A2B243B3) which are separable in
As B> : A3 B3, satisfying the following condition:

W2T 0.8 tI‘g[N23(17]l - Poo)g], (30)
for some n € [1,1). It is easy to see that the following relation holds:

trlpyWh] = dPtr[py © Wy PU?)] (31)
X tr[p1 & N23 P(12) ® (77]- - POO)S]v (32)

where P(12) — Pég‘ 142) ® Péf 1B2) denotes the Bell measurements on both sides. The scheme can be understood
as follows. First, a filtering operation A=) teleports the state p; to AsBs, leaving a result state A(p):

 tria[p1 ® Nag PU?]

(1—=3)
AT tr[py ® NogP(12)]

(33)
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Then the singlet fraction, or the overlap with the Bell state Pyg, of the resulting state A(p) is checked whether
it is higher than 7 or not.

The singlet fraction can also be estimated with a fixed measurement on individual quantum systems. The
main idea is to place unitary interactions before a measurement. A d-dimensional Hadamard gate and a d-
dimensional CNOT gate may be obtained as,

T
)

H= ezmjk/d\j)(kL and
=0

X

J
d— d—1
Uonor = Y 1)@ > |k + i)kl
=0 k=0

<.

Note that a maximally entangled state can be generated, |poo) = Ucnor(H ® 1)|00). Then, instead of a
joint measurement, one can first apply (H' ® ]I)UéNOT to a resulting state A'73)(p) and then perform a
measurement in the computational basis. The probability of having outcomes 00 gives the singlet fraction
{doo|A(p)|doo). Tt holds that {poo|A(p)|doo) > 71 if and only if tr[pW] < 0, which certifies that a state p given
in the beginning is entangled.

B.2 Decomposable EW

Consider a decomposable EW W = Q' for Q > 0 and tr[Q] = 1. Let A := max; |\;| where {)\;} are eigenvalues
of W. Then, a network state for the EW is obtained as

(2)
dec )\]l_QF 3
g = (Adl) ©F

(2) (3)
AL+ QT 1— Py
ATx 4
+C2()\d2+1> ®<d2—1 ’ (34)

with the threshold value 1 = é,

d’\—1 (d—1)(d*X+1)

A= Fatd_2 M e=TEa

The superscript (j) stands for the composite space A;B; for j € {1,2,3}. From the equation

2(d — 1)

1 _ r
tFS[N23(g1 — Poo)s| = m@ .

it holds that

tI‘[pW] =k tI‘[pl & N23 P(12) ® (%]]. — P00)3],
(do0|A(p)|doo) > 7 <= tr[pW] <0, (35)
d(d3 \+d—2)
2(d—1) *
Hence, the partial transpose criteria can be realized by preparing a network state in Eq. (34). In particular,
a network state for the decomposable EW

where k =

F
W =Py, = - (36)
which is proportional to the flip operator IF that detects entangled Werner states, can be found as
(2)
@p _ 1 (1-F (3)
N23 - d+2<d2—d ®POO
LAl (LHFN® 1 P\ (37)
d+2 \d?>+d dz -1 '

Note that this network state is invariant under Ua, ® Up, ® Va, ® Vp_ for any unitary operation U, V. This
network state is positive under the partial transpose AsAs : By Bs, so it is undistillable. This state (37) has
been used in the activation of non-PPT entangled states and proved to be PPT in [47].
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B.3  Bell-diagonal EW

The next examples are Bell-diagonal witnesses W(X), which are decomposable or non-decomposable depending
on the parameter A = (Ag, ..., Ag—1):

d—1
W(X) = AL — P, (38)
s=0

where A; > 0 Vs and Zf;é As = 1. Note also that W[X] in Eq. (38) is an EW if a vector X satisfies the cyclic
inequalities in the following,

d—1
t2

>

d—1 2 —
s Doso A stits
for all tg,...,tq > 0. The value Ag is critical in implementing this witness with state preparation, as shown

below. To construct a network state for a Bell-diagonal EW, we use paired Bell-diagonal (PBD) states:

d
NEPP () =37 A,

|
—

d—

,_.

@ P

st

(39)

W

I

o
SN

t=0

with the threshold value n = Ag. Then the following holds:

tr[pW ()] = k trlpy @ Nyg ™ (X) PU2 @ (oL — Poo)al,
(D00l A(p)|doo) > No == tr[pW (X)] < 0.

where k = d®/\o. It is possible to achieve (¢go|A(c)|poo) = Ao With a separable state o:

tI‘lz[O'l X N23P(12)]

A(1~>3) _
(0') tr[al ®N23P(12)} )
d—1
1 11,
h _ 1p
where o P 00 + — d d

In particular, EWs from a reduction map and the Choi map can be written in the form of Bell-diagonal witness
and can be implemented by preparing the correspondlng PBD state. A decomposable EW from the reduction

map corresponds to a Bell-diagonal EW with X = ( ey é):
-1 1
Wiea = dH — Py = &]1 Foo, (40)
s=0
d—1d—1
Mg = LY S RRe (41)
s=0 t=0

with the threshold value n = é.

The PBD state NQ(?d) can be seen as a direct generalization of Smolin state [42] into d-dimension. In d = 2,
Smolin state is PPT in AyAs : ByBs. However, the state Nz(ged) is not PPT in higher dimensions d > 3 in
general. Smolin state in two-dimension is undistillable, but the distillability of Nz(ged) in higher dimensions is

unknown.
Although it can be generalized into higher dimensions [21, 48], the nondecomposable witness from Choi map

[20] is defined in d = 3 and corresponds to a Bell-diagonal witness with X = (g, é,O)

2 1
Wechoi = gHO + §H1 — Poo, (42)
2. 1<
Choi 2 3 2 3
N{SPD = 5 Z P? o P+ 5 S PR e P, (43)

t=0

with the threshold value n = %
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Figure 8: A graph state can be detected by preparing a network state, Bell measurements, and a fixed measurement.

B.4  Breuer-Hall EW
The Breuer-Hall map [22, 23| finds an EW,
1

Wgn = p

(1 —TF') — Py, (44)

where ' = (1 ® U)F(1 ® U') for any skew-symmetric unitary operator U such that UUT = 1 and UT = —U.
In even dimensions d = 2n, one can set U as

!
=@l
then it acts as Ul|i) = (—1)7|j) where j =i+ 1 for even i and j =i — 1 for odd i.

One can think of Wgy as a combination of reduction EW (40) and the flip operator from reduction map with
additional U. A network state for the BH EW is as follows,

d-1d-1
BH 1 2 3
VS o S Py
s=0 t=0
1+F\® 4
+cy <d2—|—d> ® PO(O)
1-F\? /11— Pyp\?
45
+02(d2d) ®(d21) ; (45)
with the threshold value n = %, where ¢y = 33%&312, c = 3(12d—7§}1+2’ and ¢ = ?fl;%?%. One can show that
BH o
trs[Ngg ) (1 = Poo)s] = 5 Wik, (46)

which leads to

tr[oWan] = k trfoy @ NF™ P12 @ (1 — Poo)s],
(b0l A(p)|doo) > 5 <= tr[pWgH] < 0,

where k = d*/c.

C Entanglement witnesses for graph states
A graph G = (V, E) is defined by a set of vertices V and a set of edges E:

V= {1,...,n}, where n is the number of vertices,

E = {(i,))]i,j € V,i < j,Vertex i and j are connected.}

Also define the neighborhood of vertex i: E; = {j € V|(i,j) € E or (j,i) € E}, which is a set of vertices
connected to vertex i.
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Figure 9: A graph consisting of a set of vertices and a set of edges uniquely defines the graph state. The graph state can be
obtained by preparing |+) = (|0) + |1))/+/2 at all vertices in V, and applying the controlled-Z (CZ) gats to all edges in E.
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Figure 10: The four-qubit linear cluster state on the graph Gcia. One can obatin the graph state |0000)0000|¢ by preparing
four |+) states and applying the controlled-Z gate to three edges.

The generators g; and the projectors 7; of a graph state determined by the graph G are given by
g9 = X H Z;,
JjEE;
v _ 1+ (-1
e = ( ' )"'9i

Note that the eigenvalue of g; is either 1 or -1, and the eigenvalue of ~; is either 1 or 0. Now we define an
orthonormal graph state basis consisting of 2™ states:

(47)

|%)(Z|q = nyi(””)7 where & = (x1,...,2,) € {0,1}".
i=1

The states |Z)s are the eigenstates of the generators and projectors:

gilT)e = (—1)"|¥)ea, (48)

(k)| = |f>(; if Ty = k),

, _ 49
% e {0 if 2y # k. (49)

A graph state, denoted by |0)(0|¢, corresponds to an eigenstate with eigenvalue +1 for all generators g; (i €
{1,...,n}). A state can be obtained by preparing |+) = (|0) + |1))/v/2 placed at vertices in V, and applying
the controlled-Z (C'Z) gate to all edges in E, see Fig. 9.

For instance, the four-qubit linear cluster state can be defined by a graph Gy = (Vi, Ecis), where Vy =
{1,2,3,4} and Ecyy = {(1,2),(2,3),(3,4)}, see Fig. 10. The generators define 16 graph states |[0000)(0000|¢, .. .,
and |1111)(1111|¢. The graph state |0000)(0000|¢ is detected by an EW in the following,

1 .
Wou = 5 D 18)(@la —10000}0000], (50)
reS
where S = {0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111, 1000, 1010, 1100, 1110}. Then the network state
for this graph state can be constructed by

cla L2 =y (3
Nyg'V = SIaKEE @ [#X S (51)
Tes
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It holds that

1
tr[py ® NI P12 g (51 — [0000}0000] ;)]
oc tr[pWeia), (52)

where

P2 = M)A, 4, (0T @ 67 BBy (87
®|¢+>C102 <¢+‘ o2y |¢+>D1D2 <¢+|

Then a four-qubit entangled state p is detected by Wiy when

1
a{0000[A[p][0000)G > 7, (53)

where the map A3 is defined as,

 triafpr ® NogPUY)]
~ tr[p ® NogPU2)]

A(1~>3)[ }

A typical decomposable EW can be written in the following form [55]:
1 i I
Wo = 5 3 |8 — 0Klo, (54)
res

where the set S C {0,1}" depends on W¢. Then the network states N$; for this entanglement witnesses are
given by

G 1o = (3
Ny =3 rgloNald @ 2@ (55)

zes
An n-qubit entangled state p is detected by W when

a(0Apl0)e > 3, (56)
for
triafpr ® NogP12)]
tr[p1 ® NogPU2)] 7
P2 = Q16T )i (@7,

veV

AV =

where V' denotes the set of vertices of the graph G, see Fig. 8.

The overlap ¢(0]A[p]|0)¢ can be estimated with a fixed measurement on individual qubits. Note that a graph
state is generated as follows, |0)¢ is obtained as |0)¢ = (Recr Ucz)(Q,ey H)|0)®™. Then, the estimation of a
singlet fraction can be achieved by applying an interaction (&), H)(&).cp Ucz) to a resulting state AC=3)[p]
and then performing a measurement in the computational basis. The probability of obtaining an outcome 00
gives the overlap ¢(0|A[p]|0)¢. It holds that ¢(0|A[p]|0)c > 3 if and only if tr[pW] < 0, which certifies that p
is entangled.
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