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Classical shadows provide a versatile frame-
work for estimating many properties of quan-
tum states from repeated, randomly chosen
measurements without requiring full quantum
state tomography. When prior information is
available, such as knowledge of symmetries of
states and operators, this knowledge can be
exploited to significantly improve sample effi-
ciency. In this work, we develop three classi-
cal shadow protocols for Z, lattice gauge the-
ory, where a dual formulation enables a rigor-
ous analysis of resource requirements, includ-
ing both circuit depth and sample complexity.
Our approaches can offer exponential improve-
ments in sample complexity over symmetry-
agnostic methods, albeit at the cost of in-
creased circuit complexity. While our analysis
is restricted to Z, lattice gauge theory, our ap-
proach offers a blueprint for similar protocols
for more general lattice gauge theory models
which are currently at the forefront of quan-
tum simulation efforts.

1 Introduction

Programmable quantum simulators and computers
enable the investigation of large many-body systems,
for instance, opening new routes for studying systems
out-of-equilibrium [1-9] or discover emergent phases
of matter [10-13] that elude classical algorithms. A
key point is that one can not only simulate such com-
plex quantum states, but also characterize them at
scale. This includes both the extraction of observ-
ables to study the properties of these systems [14, 15],
but also verification and benchmarking of the compu-
tational devices themselves [16-23].

A broad range of methods have been developed to
characterize quantum states, from tomography proto-
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cols that aim to reconstruct the full state [18, 24-30]
to randomized measurement schemes [31-36], includ-
ing classical shadows [15, 37—48], which bypass full to-
mography and often allow efficient estimation of many
properties directly from measurement data. The lat-
ter are especially popular in experiments [13, 35, 48—
56], since many variants can be realized on current de-
vices using only simple operations and computational-
basis measurements.

Randomized measurement protocols are designed
to be general and state-agnostic, following the philos-
ophy of “measure first, ask questions later” [57]. This
flexibility, however, can increase the learning cost un-
necessarily. In practice, prior knowledge about the
structure of unknown states or relevant observables
can guide measurement pre-processing [58, 59]. Key
examples include symmetries—such as particle num-
ber or permutation symmetry—arising from the tar-
get state, the observables, or hardware constraints on
measurement operations [32, 39, 60-64]. A common
feature is that exploiting prior knowledge reduces the
measurement cost but can increase circuit complexity.

Systems with [local symmetries, such as Lattice
Gauge Theories (LGTs), exhibit distinctive Hilbert
space structures and state properties. Quantum sim-
ulation of LGTs is a key application for quantum com-
puters and simulators [65], owing to their central role
in describing high-energy and nuclear physics [66—
70], condensed matter systems [71-74], fermion-to-
qubit mappings [75-77], and because of connections
to quantum error correction [78-80]. We will show
that incorporating prior knowledge when designing
randomized measurement schemes for LGTs leads
to especially pronounced trade-offs between sample
complexity and circuit complexity. The common
eigenspace of local symmetry constraints is exponen-
tially smaller than the full Hilbert space used in the
simulation (though still exponentially large in sys-
tem size) and this can enable large, even exponen-
tial, improvements in sample complexity. However,
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Figure 1: Sample-efficient measurements of gauge-invariant observables in Zy LGT. (a) Illustration of Z2 LGT in (24 1)D and
its Ising dual. For the LGT qubits reside on links [ of the lattice and Gauss law constraints G5 are associated with sites s. The
Hamiltonian consists of plaquette (magnetic) terms W = Hlem o; and on-site (electric) terms o7’. In the dual description as
a (24 1)D Ising model the qubit degrees of freedom are associated with the plaquette. There is a one-to-one correspondence
between operators and states within the physical Hilbert space of the LGT, independent of boundary conditions: the magnetic
terms map to Pauli-Z operators on the Ising qubits and the electric terms map to two-body Pauli-X terms acting on the qubits
across the relevant link. In the inverse map from the Ising model to the LGT, single X operators on the Ising side of the duality
map to a string of o” operators along some path ~ to an arbitrary reference plaquette 0p. For PBC, the dual Ising model obeys
a global parity constraint and such single-body X operators are unphysical. (b) We introduce three symmetry-aware random
measurement protocols—Global and Local Dual Pairs and Dual Product—designed to estimate gauge-invariant observables
efficiently, leveraging prior knowledge that expectation values of gauge-variant operators vanish. For Global Dual Pairs, random
pairs of Ising qubits are chosen and random two-body symmetry-respecting unitaries associated with these degrees of freedom
are mapped back to the LGT side of the duality as the randomizing operations prior to measurement. Local Dual Pairs is similar
but leverages a promise of geometric locality in the observables of interest to limit the choice of pairs to local patches. Finally,
the Dual Product protocol is constructed from the standard Product Protocol applied to the dual Ising model. This protocol
slightly breaks symmetry when we have periodic boundary conditions (PBC) since such operations are not parity-respecting.
A trade-off exists between sample complexity and circuit depth. Symmetry-aware protocols offer exponential improvements in
sampling efficiency at the cost of increased circuit depth over the standard symmetry-ignorant Product Protocol.

such schemes require more complex circuit implemen-
tations, and analytical tasks—particularly the anal-
ysis and inversion of the associated shadow chan-
nels—become challenging.

In this manuscript, we introduce three protocols for
sample-efficient measurement of gauge-invariant ob-
servables in Zs LGT in (241)D, for which a dual Ising
formulation allows rigorous analysis. We analyze the
trade-offs between sampling and circuit complexity,
provide an analytic inversion of the quantum channel
underlying the shadow protocol, and establish rigor-
ous performance guarantees. The three variants are:

a. Dual Pairs Protocols. These are inspired by the
“All-Pairs” approach of Ref. [62], where shot-
wise random connectivity between qubit pairs
is used to implement particle-number-preserving
randomization. Our protocols additionally lever-
age the LGT-Ising duality: most components

are analyzed ‘virtually’ via the duality, while
physical operations are carried out on the LGT
state realized on the device. Unlike Ref. [62],
where particle-number-preserving randomization
was introduced primarily for hardware reasons,
here it directly reduces sampling cost. We de-
velop two variants in Section 3:

i. The Global Dual Pairs Protocol, applica-
ble to arbitrary gauge-invariant observables,
exponentially improves sampling efficiency
over standard protocols.

ii. The Local Dual Pairs Protocol is tailored
for geometrically local gauge-invariant ob-
servables, yields further improvements in
sampling efficiency and reduces both sam-
pling and circuit complexity compared to
the Global Dual Pairs Protocol.
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b. The Dual Product Protocol exploits the
Ising-LGT duality without relying on an all-
pairs structure. It achieves the best sampling
efficiency among our protocols but is also the
most demanding in terms of circuit resources,
requiring depth O(V?) (with V the system
volume) and an additional ancilla qubit for
periodic boundary conditions; it is discussed in
Section 4.

All protocols are benchmarked against the ‘stan-
dard’ classical shadow protocol, the Product Pro-
tocol, which applies single-qubit Clifford randomiza-
tion [15], and which uses no prior information about
the state or the observables to be predicted.

Our work also complements recent studies of deep-
randomization circuits, i.e., approximate symmetric
unitary k-designs, for LGTs [61]. In contrast to these
deep-randomization results, which primarily target
the estimation global properties such as entanglement
entropies, the shallow protocols developed here are
tailored for efficient estimation of gauge-invariant ob-
servables, and they are substantially simpler to im-
plement in near-term quantum devices. Moreover,
while Ref. [61] is numerical, our work provides rig-
orous asymptotic performance guarantees.

The paper is organized as follows: In Section 2,
we introduce the Zy LGT and its duality to the Ising
model. Section 3 presents the two variants of the Dual
Pairs Protocol—the Global Dual Pairs and Local Dual
Pairs protocols. In Section 4, we describe the Dual
Product Protocol. Numerical demonstrations of all
protocols are given in Section 5. Finally, in Section 7,
we discuss the implications of our results and outline
future directions, including extensions to other LGTs,
potentially beyond the Abelian case.

2 Lattice Gauge Theory

Lattice Gauge Theories (LGTs), are models in which
the local degrees of freedom, on links (i.e. edges of
the lattice graph), are associated with elements of a
group, subject to a set of local symmetry operators
imposing constraints on the Hilbert space that in-
volves their neighbors. These operators, Gauss laws,
may not mutually commute (they do for LGTs based
on Abelian groups), but commute with the Hamilto-
nian ensuring invariance of eigenstates under gauge
transformations, see e.g., Refs. [81-83] for reviews.

A simple example is the Zs LGT [84, 85] in 2+1
spacetime dimensions. The underlying Abelian group
Zo has two elements, corresponding to local states
encoded in spin-i degrees of freedom (qubits) resid-
ing on the links of a rectangular IV, x N, lattice; see
Fig. 1(a). The Hamiltonian is given by

H=-Y Wa-g)» of, (1)
0O l

where Wg := [[,cq 07 is the plaquette operator and
o"* are Pauli operators acting on link I. Gauss law
operators are defined at each site s (node of the lattice
graph) as

G.=]]ot, (2)

les

where [ € s denotes links emanating from a site.
These operators commute with the Hamiltonian,
[H,Gs] = 0, and thus label superselection sectors;
that with G|¢) = |¢) Vs is usually of interest (called
the “physical” subspace). Gauge-invariant operators
are invariant under local symmetry transformations

U=[[G)*, (3

ses

UOgU' = Og,

and their expectation value non-zero in a physical
state. Here, a(s) is an integer for cyclic groups such
as Zo (a(s) € {0,1} for Zs), and S denotes the set of
sites (or links between sites) on which Og has support.
For LGTs with continuous groups, Gy are replaced
by exponentiated Gauss law generators, Gy — e*“s
with real, continuous «(s); multiple non-commuting
Gauss law operators exist per site in the non-Abelian
case [81-83].

A lattice can feature different boundary conditions,
which can lead to additional superselection sectors.
For periodic boundary conditions (PBCs), discussed
in the main text, two additional operators V, =
[liep, 0fs and Vy = [[,cp of define superselection
sectors; the periodic paths 751 /y are shown in the right
panel of Fig. 1(a) in blue and red, respectively. Other
boundary conditions, such as fixed boundary condi-
tions (FBC) are discussed in Appendix B.

The Z, LGT is dual to an Ising model in the fol-
lowing sense: Let L£(?) denote the space of bounded
linear operators acting on the (physical) LGT Hilbert
space Hphys. A fixed (V;,V,) sector can be mapped
exactly onto a dual Ising model [84-87], using the
map, ® : L(Hphys) = L(Haual), with dual (qubit)
d.o.f.s placed at the centers of plaquettes o,

®(Wo) =20,  ®(0f) =XoXora, (4)

where, w.olg, V, =V, =1, Xp and Zp are Pauli
operators, and o + a are the plaquettes adjacent to
link [. The inverse map is

o (Xo)=[[eF- )

leng

& HZy) = Wh,

Here ~ is a path from a reference plaquette o, to o,
as depicted in the bottom left panel of Fig. 1(a). The
choice of o, is arbitrary and no observable depends
on it. The corresponding dual Hamiltonian is

o= _ Z Zo — QZ(XDXD—:i + XoXo-g), (6)
[m] O

a (2+1)D transverse field Ising model with PBC; o—%
(b — §) are the plaquette to the left (below) of o.
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For PBC (but not for other boundary conditions),
the product of plaquette operators satisfies the op-
erator identity [[ Wy = 1. This maps, on the Ising
side, to a parity constraint [[, Z5 = 1 required for
the duality to hold. A counting of degrees of freedom
confirms the exactness of the duality: the LGT has
2NN, qubits (one per link), subject to NN, — 1
independent Gauss law constraints. Including the de-
composition into sectors labeled by V, and Vj,, this
results in N, N, — 1 physical degrees of freedom per
sector—precisely matching the number of d.o.f.s in
the parity-constrained Ising model. Thus, the phys-
ical Hilbert space within a given V,,V, sector is of
dimension 2V+Ny—1 whereas the full Hilbert space is
exponentially larger with dimension 22V+Nv, The du-
ality, which can be generalized to arbitrary boundary
conditions, will allow us to design several symmetry-
respecting random measurement protocols, and to de-
rive explicit performance guarantees, in the next two
sections.

3  Dual Pairs Protocols

Here, we present two protocols—the Global Dual
Pairs and Local Dual Pairs schemes—for estimat-
ing gauge-invariant observables. Both protocols im-
prove sample complexity compared to the symmetry-
ignorant standard Product Protocol [15], which ap-
plies local Clifford randomization, here, to the 2.V, IV,
qubits associated with the links of the Zs LGT. The
advantage arises because the Product Protocol ran-
domizes the exponentially larger full Hilbert space,
whereas our protocols randomize only over the phys-
ical subspace. The Global Dual Pairs protocol is the
most general, requiring only that the target observ-
ables be gauge-invariant, and achieves an exponen-
tial reduction in sampling complexity relative to the
Product Protocol. The Local Dual Pairs protocol,
designed for geometrically local gauge-invariant ob-
servables, provides additional improvements in both
sampling and circuit complexity.

3.1 Global Dual Pairs Protocol
3.1.1 Overview

The Global Dual Pairs protocol for estimating gauge-
invariant observables, without additional restrictions,
is illustrated schematically in Fig. 2. For simplicity
of presentation, we assume that both N, and N, are
even, although this is not a requirement. The sys-
tem realized in experiment, where measurements are
performed, is the LGT; the dual Ising model serves
purely as a conceptual tool for constructing the pro-
tocol and a computational tool for the classical pre-
and post-processing. It is applied to a physical input
state in the LGT, i.e., a simultaneous +1 eigenstate
of all Gauss law operators. The protocol proceeds as

follows:

Step 1 (Classical Pre-processing): Consider the
dual Ising model consisting of V' = N, - IV, spins. Se-
lect, uniformly at random, a pairing 7 that partitions
all spins into disjoint pairs. For each pair [ij] € m,
choose a random two-qubit unitary Uj;;;. For systems
with PBCs, a technical, but non-essential, require-
ment is that Up;; respects the Zy parity symmetry,
as detailed below. No such constraint applies e.g. for
FBCs. This Ising-side random unitary factorizes as

Ur = ® Ulij)- (7)

Step 2 (Quantum Measurement): Perform the
random measurement on the quantum state on the
Zo LGT side of the duality associated with the dual
unitary corresponding to Eq. (7):

Uy = D1 (U,). (8)

A circuit decomposition of U, can be computed from
U, with classical time complexity O(V) by apply-
ing Eq. (5) to each of the Pauli rotation gates in
the circuit decomposition of U,. Following this rota-
tion, perform computational basis measurements on
all LGT qubits to obtain a bit string s € {0,1}2".

Step 3 (Classical Post-processing): Map the bit
string s to an associated Ising dual bit string b €
{0,1}V for classical post-processing on the Ising side
of the duality. In particular,

[b) (b] := @ ([s) (s]) - 9)

Mapping from a bit string s to a bit string b reduces to
determining the parity around each plaquette and can
be performed with classical time complexity O(V).
Details can be found in Section 3.1.3.

Finally, invert the shadow channel M defined on
the Ising side of the duality as

Mod(p) = (}[j:b [UT|b) (b U], (10)

where o denotes the composition of linear maps and
U is the Ising-side unitary generated in Step 1. Here,
p is the state of the system as on the LGT side of the
duality and @ (p) is the associated state in the dual
picture. This channel can be easily inverted to obtain
an Ising-side classical shadow

@ (p) = ML (U [b) (b1 V), (11)

associated with each sampled U,b. The details are
described below. Using these shadows, expectation
values of local observables can be computed once the
observables of interest have also been mapped to the
dual picture, again with a classical cost € O(V).
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Figure 2. Schematic overview of the Global Dual Pairs protocol with periodic boundary conditions (PBC). Step 1. A pairing,
m, of dual lattice sites is chosen uniformly at random. For each pair, a random unitary Uj;; is constructed in the Ising
formulation. Step 2. For each pair [ij] € 7, the dual unitary U};;; = ®'[Up;;] is implemented on the LGT side of the duality
and a computational basis measurement is performed. Step 3. The output bit string is mapped back to the dual Ising theory,
where efficient shadow channel inversion is performed to estimate expectation values of gauge-invariant observables O.

At this point, it is important to remind the reader
that the experiment, including the states, unitary op-
erations, and measurements,is implemented on LGT
states (in Step 2), while the Ising duality is only a
conceptual and (classical) numerical tool for defining
the unitaries and efficiently inverting the associated
channel.

3.1.2 Random Symmetry-Respecting Unitaries

In this section, we detail the structure and cost of
implementing the random symmetry-respecting uni-
taries U, constructed in the Ising picture in Step 1
and implemented on the LGT states in Step 2. For
systems with PBCs, we choose each local unitary U,
to respect parity symmetry. In the absence of a sym-
metry constraint, U};; instead is simply chosen as a
generic two-qubit Haar-random unitary. Specifically,
for the case with parity symmetry, we consider a de-
composition,

U[zj] = Usad D Ueven, (12)
where Uyqq, Usven are Haar random 2 x 2 unitaries in-
dependently drawn from a circular unitary ensemble
(CUE) acting on the relevant parity sector. Such uni-
taries can be parameterized, up to an irrelevant global

phase, as [35]

e @) cos(B)

—e =7 sin(B)

e~ "= sin ()

13
e+ cos(B) (19

Usaa) =

even

for appropriate choices of «, S, and ~, with circuit
realization

v.(9)

(14)
where U () = exp{ig(Yin + X,Y;)} correspond to
the even/odd parity sectors. (We work in the even
sector.) To translate this circuit to the LGT side of
the duality, we use

o (Zn) = Wa, o€ {ij} (15)
and
oYX, £ X,Y;) =
i [] o T[ i i [[ o I o7 (16)

leyi;  lVen; levi; — len;

where ;; is some choice of path between plaquettes ¢
and j, as depicted in Fig. 3 for the Y; X; term of this
operator.

Eq. (16) implies that implementing ®~1(UL(8)) re-
quires a unitary rotation with Pauli weight that scales
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Ising LGT

Figure 3: LGT—Ising duality for mapping a (parity-respecting)
entangling operation ®~*(Y;X;). While this operation is
two-body on the Ising side (top panels), it corresponds to
an extended operation in the LGT (bottom panels) acting
between plaquettes ¢ and j along a path ;;, which is arbitrary
except for its fixed endpoints.

with the distance between the plaquettes 7,j. As the
Pauli weight of a rotation directly determines the cir-
cuit depth of a decomposition into a standard gate set,
this results in a higher circuit depth when compared
to the standard Product protocol; for the Global Dual
Pairs protocol it is O(V). Another consideration is
the choice of paths ;;, which determine how the uni-
taries U};; are implemented in parallel. In practice,
a reasonable, though not necessarily optimal, solution
to this path selection problem can be obtained using a
greedy algorithm [88] that identifies non-intersecting
paths for each pair [ij] € 7.

As an upper bound, without parallelization, the cir-
cuit depth scales as O(V?): one factor of V arises from
the number of such pairs, and the second from the
decomposition of each high-weight Pauli rotation into
elementary gates. In Section 6.2 we shall see that the
large circuit depth for the Global Dual Pairs protocol
compared to the Product protocol is counteracted by
a large reduction in sample complexity.

3.1.3 Mapping of Measurement Outcomes

In this subsection, we discuss the first part of Step 3
of the Global Dual Pairs protocol where we map mea-
surement outcomes s € {0,1}2 to dual bit strings
b € {0,1}V as described in Eq. (9). The mapping is
relatively simple: the parity of the measurement out-
comes around a given plaquette corresponds to the
measurement outcome that would result if we had di-
rectly measured Z5 on that same plaquette in the dual
Ising theory. Thus, computing the parity of s for each
plaquette allows us to determine the bit string b that
results from a computational basis measurement in
the dual picture. This process requires classical time
complexity O(V). After this mapping, we treat the
inversion of the channel purely as a classical shadows
scheme in the dual picture, as elaborated further in
the following section.

3.1.4 Inverting the Channel

In this subsection, we discuss the second part of Step
3 of the Global Dual Pairs protocol—the inversion of
the channel defined in Eq. (10). We focus on the case

with PBCs, where the Ising dual retains a global par-
ity constraint. Our approach to analyzing the chan-
nel inversion adapts techniques originally developed
in Ref. [62] for systems with particle number conser-
vation. Other boundary conditions, where no such
symmetry remains on the Ising side, lead to some-
what different (but simpler) inversion procedures and
are discussed in Appendix B.

Let Py denote the set of all pairings of the N, N, =
V sites of the dual lattice (centers of plaquettes in the
original lattice). Assuming that N, and N, are both
even, V is also even so that all sites can be paired up.
The number of pairings is |Py| := (V — 1)!l. Formu-
lated on the Ising side of the duality, the Global Dual
Pairs channel is given as an average over channels de-
fined for each of the possible pairings © € Py (as each
pairing is selected with uniform probability):

= 7 2 Ml ()
w€ Py

Then, M (p) decomposes into a product over chan-
nels acting non—trivially on each pair [ij] € 7 yielding

Z H Mz (- (18)

7r€PV [ijlem

Finally, these pairwise channels act on the Ising-side
state ®(p) as

Misj0@ (p) = J1bibs) (bibg| Vg | (19)

Ulij):besb; [ [¢3]
where U[;;) are two-qubit unitaries selected according
to Eq. (12) and b;,b; are the measurement outcomes
mapped to the dual qubits ¢, j, as described in the
previous section.

Because of the parity symmetry, the image ® (p)
block diagonalizes into even and odd parity sectors as

@ (p) = @ (P)even @ P (P)oaa - (20)

The same decomposition occurs for the channel M(-).
Thus, we can evaluate Mj;;; o ®(p) as a direct sum
over the even and odd parity blocks. Using that
Usdd, Usven are sampled from a 2-design, the com-
bined action of channel and isomorphism on the state
p is [89]

M[ij] od(p) = @

pEeven,odd

(‘I’ (p), + Tr Kz (P)p}) :

(21)

Any gauge-invariant observable can be written on the
Ising side of the duality in the basis of Pauli strings
S e{l,Z,X,Y}®V with an even number of X,Y op-
erators. Using Eq. (21), we evaluate the action of
M(;;) on substrings S;S;,

Wl =

M[Z]] [SISJ] =
SZ‘SJ', SzS] E{II,ZZ}
1885, S:S; e {1z, ZzIy u{X,Y}? (22)
0, otherwise
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Figure 4: Overview over the Local Dual Pairs protocol.

The Local Dual Pairs protocol is a variant of our scheme for

geometrically local gauge-invariant observables that have support on a patch of at most L x L. Step 1 consists of picking
a random tiling 7 € 7 and, then, picking a random pairing repeated within each patch of the tiling in order to construct an
associated random unitary U,. Step 2 consists of applying the associated unitary U, on the LGT side of the duality, followed
by measurement in the computational basis. Step 3 is the post-processing step, which proceeds essentially identically to the
Global Dual Pairs protocol restricted to a given patch of a tiling, where the data is filtered to a single choice of tiling according

to the support of a given target variable.

indicating that M is diagonal, making inversion al-
most trivial: the non-trivial component of the inver-
sion is all contained in the Ising duality. In particular,
for a Pauli string S,

fa

= 3’vay/2 ?

M(S) (23)

where wxy = wx + wy is the total number of X
and Y operators in the string S, f is the fraction of

o b ff (;)m

N |Pw1+wz| m=0 s.t.

m=wz(mod 2)

where wz and wy are the number of Z and I operators
in the operator string S respectively, and V = wxy +
wz + wy. The sum in Eq. (25) is over the number of
pairs m of Z operators with I operators, where the
notation indicates that m increments by two for each
term in the sum, starting from either 0 or 1 depending
on the parity of wyz. As seen in Eq. (22) these pairings
are the pairings that yield a non-trivial contribution

pairings 7 € Py for which M,.(S) # 0,

| IPV*U)XY|

Byl (24)

f = |way

where |P,,| is the number of pairings of m objects,
and « is an amplitude associated with permutations
of the Z and I operators within S:

m (25)

Wz wr
>< )m! |Pu)Z—m||PU)I—m| )
—_—

num. of ZZ, II pairings

num. of IZ pairings

to the amplitude. If w, = 0, then o = 1.

Upon inverting M, the number of samples v needed
for predicting, with high probability, the expectation
values of M observables {O; }JM:1 of interest up to an
additive error e can be bounded as [15],

€0 (IOEQM max Var(oj)> , (26)
J
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where o; = Tr[th[Z]O], where CIT[\p] is the (Ising side)
shadow as given in Eq. (11). The operator variance
can be bounded as (see Appendix A):

way/Z

fa
Thus, to reach constant error € a number of samples
scaling as 3“X¥/2/(fa) are needed. While the expres-
sions for f and « in Egs. (24) and (25) are somewhat
unwieldy, it is easy to determine whether the scaling
is polynomial or exponential in system size. In par-
ticular, under the assumption that, asymptotically in
system size, wy = O(V) and wxy + wz = O(1), we
can use Stirling’s approximation to show that

Var(o;) < 105112 - (27)

far=© (Ve ha/2), (28)

Note that wz < kqual. Thus, for constant norm ob-
servables, a polynomial number of samples in the sys-
tem size are needed to reach a constant error €. The
full costs of this protocol, including the O(V') costs
of performing the mappings between the LGT and
Ising models and the poly(V') costs of computing the
coefficients f and «, are summarized in Table 1.

3.2 Local Dual Pairs Protocol

In this section, we introduce a variant of the Global
Dual Pairs protocol, referred to as Local Dual Pairs
protocol, designed for the measurement of geomet-
rically local observables rather than general k-local
ones. This modification exploits the assumption that
all observables of interest act non-trivially only on lo-
cal patches of the lattice with constant size L x L.
Under this locality constraint, the sample complex-
ity, classical cost of channel inversion, and the Pauli
weight of the required quantum circuits are all signif-
icantly reduced.

For simplicity, we assume that N, and N, are divis-
ible by L. We consider the set 7 of all distinct tilings
of the lattice into adjacent L x L patches. As shifting
a given tiling by L units in either the z or y direction
on the lattice recovers the same tiling, the number of
tilings is | 7| = L?. With this setup, the Local Dual
Pairs protocol proceeds as follows:

Step 1 (Classical Pre-processing): Pick a ran-
dom tiling 7 € 7. Then, pick a pairing of 7 € P2
of sites in a single tile and consider that same pair-
ing in each tile. The set of all such pairings P2 per
tiling 7 € T has size |Pr2| = (L? — 1)!l. As in the
Global Dual Pairs protocol, construct a unitary U
associated with the pairing 7.

Step 2 (Quantum Measurement): As in the
Global Dual Pairs protocol, apply the unitary U, =
® (Ur) on the Zg side of the duality and make a com-
putational basis measurement.

Step 3 (Classical Post-processing): Again, as in
the Global Dual Pairs protocol, map the output bit
string to its corresponding bit string b in the Ising
dual. Repeat the above sequence of steps a total of v
times. To estimate a geometrically local observable O,
we filter the dataset to retain only those samples cor-
responding to a single 7 € T for which O is supported
within one of its patches. This filtering is efficient as
the number of tilings is L?. From this subset, we re-
strict the corresponding dual output bit strings b and
the unitaries ®patches U, to the patch on which O
acts non-trivially. Using this restricted data, we per-
form the post-processing as in the Global Dual Pairs
protocol on the local patch. For data restricted to this
patch, the associated channel M coincides with that
of the Global Dual Pairs protocol and can therefore
be inverted in the same manner.

Given the filtered data of a single relevant tiling
7 € T, the fraction fiocar of pairings that contribute
in the Local Dual Pairs protocol
‘ |PL2

—wxy |
XY
Pl 29

flocal = |way
and the coefficient o are calculated as in Eq. (25), but
with wy replaced by the number of identity operators
in a given basis operator string S within the relevant
patch.

A diagram summarizing this protocol can be found in
Fig. 4 and a summary of the cost of the protocol can
be found in Table 1.

4  Dual Product Protocol

At this stage, the reader may have noticed that the
parity symmetry, and the associated “all-pairs” struc-
ture on the Ising side, are not essential for an effi-
cient measurement scheme (indeed, no parity symme-
try exists under other boundary conditions). The im-
provement in sampling complexity arises solely from
exploiting the LGT-Ising duality which eliminates
the exponential overhead between the gauge-invariant
subspace and the full Hilbert space.

This suggests an alternative approach: (virtually)
applying the standard Product Protocol on the Ising
side of the duality, which we refer to as the Dual Prod-
uct Protocol. The scheme is conceptually straightfor-
ward, apart from one important caveat: For PBC, the
protocol mixes the even and odd parity sectors of the
dual Ising theory, where only the even sector is dual
to the LGT. On the LGT side, the parity constraint
appears as an operator identity, [[, Wp = 1, rather
than a symmetry: there is no component of the full
LGT Hilbert space corresponding to the odd sector.

To obtain a one-to-one correspondence between the
full Ising theory (including both parity sectors) and
an (extended) LGT, we introduce on the LGT side
an ancilla qubit a to control the lattice boundary
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Figure 5: An ancilla enables mixing PBC (even parity) and
tPBC (odd parity) sectors. (a) Adding an ancilla a to a ref-
erence link r allows us to enforce either PBC or tPBC in the
Zs LGT. (b) In the Dual Product protocol, the z-component
of the state of the link 7 is “copied” to the ancilla a via a
CNOT. The randomizing unitaries, chosen according to the
usual Product Protocol, but applied to the Ising degrees of
freedom, then mix between the PBC and tPBC sectors on
the LGT side of the duality. In the right panel, we show how
the plaquette and Gauss law operators change with the an-
cilla a: The plaquette operators no longer share a link, while
the Gauss law operator is effectively extended by a fifth leg,
or — oror.

condition, as shown in Fig. 5. Picking an arbitrary
reference plaquette o, and selecting one of its four
boundary links r, we designate that link as the con-
trol and the ancilla a, initially in the state |0), as
the target of a CNOT,._,, operation. As illustrated
in Fig. 5, this operation effectively “copies” the mag-
netic (z-basis) state of link r into the ancilla, while
leaving the electric basis unchanged. The two pla-
quettes that originally shared link r are thereby sep-
arated: one now contains r, and the other contains
the ancilla a. The plaquette identity [[, Wy = 1
then becomes [[ Wn = oZ0Z. Thus, we have effec-
tively promoted the operator identity [[, Wn =1 to
a symmetry [[ Wp = oZo7 with the original theory
without the ancilla corresponding to the sector where
ool =1

Introducing the ancilla also affects electric op-
erators (defined in the x-basis). In particular,
CNOT,40fCNOT,_,, = oF0%, so that every elec-
tric operator involving the reference link r—including
Gauss-law and ribbon operators—is effectively modi-
fied as o — ofo¥. For example, the two Gauss-law
operators that originally shared r now each become
five-legged, see Fig. 5.

The states of the original Z, LGT with periodic
boundary conditions are mapped by the CNOT,_,,
operation to the extended system including the an-
cilla where the original z-state of link r is encoded
in the two-qubit subspace [00) ,|11) of the pair (r,a).
Crucially, however, the ancilla allows the boundary

condition to be dynamically controlled by the state
of a, enabling superpositions of PBC ([[, Wn = 1)
and twisted PBC (tPBC, [[ Wn = —1). In this en-
larged formulation of the LGT-Ising duality the en-
tire Ising space can now be represented on the LGT
side: %07 =1 (PBC) corresponds to the even-parity
sector, while o207 = —1 (tPBC) corresponds to the
odd-parity sector.?

The Dual Product protocol now consists simply of
single-qubit Clifford rotations on the Ising side, which
mix the parity sectors. On the LGT side of the duality
this mixes the [[, Wn =1 (PBC) and [[ Wy = -1
(tPBC) sectors. By virtue of the initial state being
in the [[ Wp =1 (PBC) sector the shadow protocol
that breaks this symmetry will still yield an estimate
of [[5 Wa =1, in expectation.

In detail, the steps of the Dual Product Protocol
are as follows:

Step 1 (Classical Pre-processing): Select a uni-
tary operator Uproq on the dual Ising qubits of the
form Uproa = @ y U; where each Uj is a random sin-
gle qubit Clifford gate acting on site j (i.e. Hadamard
or S gates, which may be generated by single qubit
X and Z rotations).

Step 2 (Quantum Measurement): Introduce the
ancilla @ in the LGT state and apply CNOT,_,,, ef-
fectively “copying” the o*-basis value of an arbitrary
link 7 into a, while also transforming o¥ — o¥0?. The
original state is preserved, now embedded in a slightly
larger Hilbert space. Then, use Uproa = P (Uprod)
to apply operations on the LGT state: the general-
ized duality is understood to map two neighboring Z
operators on the Ising side to separate plaquettes on
the LGT side—one containing r and the other con-
taining a. Simultaneously, every occurrence of o is
replaced by oZ0? when mapping electric operations
(i.e., those involving X in the Ising dual). These op-
erations mix the parity-even and parity-odd sectors
of the Ising dual and create superpositions between
PBC and tPBC in the LGT (see Fig. 6 for an illustra-
tion). Following this we perform computational basis
measurements to obtain a bit string s.

Step 3 (Classical Post-processing): Map the bit
string s to the corresponding Ising dual bit string b
for channel inversion. Compared to the previously dis-
cussed protocols, s is now one bit longer due to the
ancilla, but the mapping follows Eq. (9): the parity
around each plaquette is determined, with the key dif-
ference that plaquette o, no longer shares a link with
its neighbor. As a result, the parities of the bit strings

2This is analogous, e.g., to how ancillas can induce disorder-
free localization without explicitly breaking lattice symme-
tries [90, 91].
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Figure 6: Schematic overview of the Dual Product protocol with periodic boundary conditions (PBC). Step 1. Randomly
choose a unitary Uproa consisting of a single qubit Clifford gate on each Ising qubit. Step 2. The dual unitary Uproa = P[Uprod|
is implemented on the LGT side of the duality and a computational basis measurement is performed. Step 3. The output bit
string is mapped back to the dual Ising theory, where efficient shadow channel inversion is performed to estimate expectation

values of gauge-invariant observables O.

associated with each plaquette are now completely in-
dependent. Once b is obtained, post-processing re-
duces to the standard Product protocol applied to
the Ising degrees of freedom, with a straightforward
shadow channel inversion as outlined in [15].

We emphasize once more that the protocol effec-
tively estimates the LGT (magnetic) boundary con-
dition (i.e., the parity on the Ising side), thus effec-
tively discarding previously known information, with
periodic boundary conditions appearing only in ex-
pectation. The protocol can estimate arbitrary gauge
invariant observables for which its sample complexity
can be better than the Global Dual Pairs protocol: In
particular,

Var(o;) < 4k |02, (30)

where kqua1 is the locality of the operator of interest
in the dual theory, and ||O|| is evaluated on the dual
Ising Hilbert space [15]. Thus, via Eq. (26), the sam-
ple cost is constant in system size for gauge invariant
observables that are kquai-local on the Ising side of the
duality, while for Global Dual Pairs the sample cost
is polynomial in system size.”

For costs beyond sample complexity, the dominant
classical computational cost is due to the mapping be-

9Here, we use locality in the sense that a k-local operator
acts non-trivially on k qubits (has Pauli weight k), in contrast
to the notion of geometric locality leveraged in the Local Dual
Pairs protocol.

tween the Ising theory and the LGT, which is linear
in system size. Finally, the required circuit depth to
implement the unitary rotations on the LGT side is
quadratic in the system size due to the need for ro-
tations generated by ribbon operators starting at the
reference qubit 7.

5 Numerical Demonstrations

To enable the use and testing of our protocols, we
provide Python code to perform the analysis for
Global Dual Pairs and the Dual Product proto-
col [92]. To demonstrate the accuracy and sampling
costs of the symmetry aware protocols (Global Dual
Pairs and Dual Product) compared to the standard
symmetry-ignorant Product protocol for estimating
gauge-invariant observables, we numerically simulate
the protocols applied to the ground state of the Zo-
LGT Hamiltonian in Eq. (1) for various system sizes
and couplings g. We estimate both ribbon opera-
tors Or with ®[Ogr] = X;X; and loop operators
Or = I, of » where L is a closed loop, as pictured in
Fig. 7a. Our protocols accurately recover the expecta-
tion values of these observables, and perform a system
size scaling analysis. As predicted by the analysis in
the previous section, for observables with extensive
non-trivial support on the LGT side of the duality,
we observe exponential (in system size) sample com-
plexity improvements of the Global Dual Pairs versus
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Figure 7: Numerical Demonstration. (@) Examples of a ribbon (blue) and loop (red) operator on both the Zs LGT and Ising
side of the duality. (b) Estimates of ribbon (of maximal length) and loop operator (two plaquettes) expectation values on
a minimal lattice of size N; = 3, N, = 2 with PBC via Global Dual Pairs, Dual Product, and Product protocols, compared
to the exact solution for the ground state of the Zs LGT as a function of the coupling g. Error bars represent the standard
deviation of the median of means estimator over 50 experimental repetitions of v = 1000 shots each. (c) Average relative
error €ave (see Eq. (31)) versus number of samples v for the same loop and ribbon operator as in panel (b) for the Product,
Dual Product and Global Dual Pairs protocols for the ground state corresponding to coupling g = 0.5. (d) Average relative
€rror €avg Vversus volume for loop and ribbon operators of fixed weight and operators with extensive weight for the Global Dual
Pairs and Dual Product protocols. In particular, for the ribbon operators the extensive weights are 2,4,6, and 8 and for the
loop operators they are 2,4,4, and 6, for systems sizes V' = 4,6, 7,10. The average is taken over 50 experimental repetitions of
v = 1000 shots each using the ground state of the Zy LGT with coupling g = 0.5. The sample cost of the Global Dual Pairs
protocol depends both on the operator weight in the dual Ising theory and the size of the lattice, whereas the Dual Product

protocol depends only on operator weight.

the Product protocol.

Fig. 7b shows a minimal example comparing Global
Dual Pairs, Dual Product, and Product estimation
for both a ribbon operator and loop operator as com-
pared to the true values as a function of the coupling
strength ¢ for a fixed system size (N, Ny) = (3,2).
We consider (i) a ribbon operator of the form Og =
ofof and (ii) a single plaquette loop operator of the
form Op = [[;cno0;. The estimates for these ex-
ample observables are computed using a fixed num-
ber of experimental shots v = 1000 for all protocols.
The plots show the mean and standard deviation of
these estimates over 50 runs of the experiment. In
each experiment, we employ a median-of-means esti-
mator with block sizes of approximately /v, which
is the standard choice in this setting as it suppresses
the effect of outliers in the shadow table data [15].%

4While we used median of means estimation for easy com-
parison with much of the classical shadows literature, we note
that, consistent with Ref. [52], empirically, we saw no real dif-

The true expectation values of the observables are also
shown, and we see that all protocols provide accurate
estimates with comparable standard deviation of the
mean. As expected, the error bars for a fixed number
of shots for the Global Dual Pairs and Dual Prod-
uct protocols compared to the Product protocol de-
pends on the relative weight of the observables on the
LGT side versus the Ising side of the duality. For in-
stance, for the particular ribbon operator considered,
on the Ising side of the duality the operator weight
is kqual = 2, whereas on the LGT side of the duality
the operator weight is k = 3, and, consequently, the
error bars are slightly worse for the Product protocol
than the symmetry-aware protocols. For the loop op-
erator considered, the difference in error between the
two protocols is more pronounced, as kqual = 2 and
k = 6, and the error bars for the Product protocol are
significantly larger for the same number of shots.

ference between median of means estimation compared to the
simple sample mean.
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The expected behavior of the relative error for fixed
samples is shown in Fig. 7c, where we compare the
Global Dual Pairs, Dual Product and Product proto-
cols, showing the scaling of the average relative error
over M experimental repetitions

M
c _: i Z ‘<O>shadow,m - <O>exact|
avg - M P |<O

>exact |

, (31

as a function of the number of samples v (per exper-
iment) for fixed V' and fixed coupling g = 0.5 for the
same representative loop and ribbon operator as in
Fig. 7b. Although all protocols exhibit the expected
1/4/v shot noise scaling with sample number N, the
Global Dual Pairs and Dual Product protocols achieve
significantly lower errors than the Product protocol
for any fixed v, in agreement with our analytical pre-
dictions.

As previously noted and further analyzed below,
the relative accuracy of the protocols depends on the
operator weight of the observables being considered.
To demonstrate how the errors of the Global Dual
Pairs and Dual Product protocols depend on the op-
erator weight of the observables being estimated in
the Ising picture, we compute the relative error aver-
aged over M = 50 experimental repetitions, €,yg, as a
function of system size V for two different representa-
tive loop and ribbon operators, shown in Fig. 7d. In
particular, we show results for observables where the
observable weight (on the Ising side) is constant and
extensive in V. We use a fixed number of samples per
experiment (v = 1000) and fixed coupling g = 0.5.
The system sizes we can simulate numerically are too
small to reliably verify the asymptotic scaling given
by the error bounds of Eq. (27), but the qualitative
behavior matches the expectations from our analytic
results, namely, the cost of the Global Dual Pairs and
Dual Product protocols increase with the Pauli weight
of the observables on the Ising side of the duality. In
the numerical examples shown, the size of systems for
which we show data is limited by the classical emula-
tion of the Zo LGT input state, not by the complexity
of our protocols.

6 Protocol Comparisons

The cost of shadows protocols are character-
ized in terms of their asymptotic performance for
generic observables, typically depending on the Pauli
weight of the target observable.  For standard,
symmetry-ignorant schemes, observables represented
by constant-length Pauli strings are independent of
system size, but for arbitrary Pauli strings, such as
arise for generic gauge-invariant observables, the Pauli
weight grows with system size. The sampling-cost re-
ductions achieved by our protocols stem from the fact
that, for a given target observable, the effective Pauli
weight can differ non-trivially between the two sides

of the duality. Here, we discuss the relative perfor-
mance of the various protocols in more detail for spe-
cific classes of observables

6.1 Comparing symmetry-aware protocols:
Dual Pairs versus Dual Product Protocols

The Global Dual Pairs protocol and the Dual Prod-
uct protocol accomplish the same goal, measuring any
gauge invariant observable. The sample cost of the
Dual Product protocol for gauge invariant observ-
ables with kqua = ©O(1) is significantly better, at least
asymptotically, than the Global Dual Pairs protocol,
i.e. constant as opposed to polynomial in system size.
This asymptotic gain is largely free: the classical costs
per sample are both dominated by the mapping be-
tween the dual Ising theory and the LGT, yielding a
polynomial in system size cost. The circuit depths
for implementing the random unitaries are also both
O(V?). However, the constant factors are slightly bet-
ter for the Global Dual Pairs protocol since, unlike the
Dual Product protocol, the unitary rotations can be
parallelized.” Thus, since the Dual Product protocol
suffers from only a constant factor worsening of circuit
depth to move from polynomial to constant sample
complexity, in the asymptotic regime it is simply the
better protocol when compared to Global Dual Pairs.
However, this may not hold for small systems or for
all observables.

When comparing the Dual Product and Local Dual
Pairs protocols, and assuming geometrically local ob-
servables, the Local Dual Pairs protocol is superior.
Even for geometrically local observables, the Dual
Product scheme requires implementing rotations gen-
erated by ribbon operators extending to a reference
plaquette, which prevents any reduction in the circuit
depth of the randomizing unitaries. It is important
to emphasize that these conclusions change in minor
ways when we consider alternative boundary condi-
tions; see for instance Appendix B for a discussion of
fixed boundary conditions.

6.2 Comparing symmetry-aware to symmetry-
ignorant protocols: Dual Pairs and Dual Prod-
uct versus Product Protocols

The standard approach for measuring k-local observ-
ables is the Product protocol, applied directly to the
experimentally realized LGT system. Here, we com-
pare this approach to the three symmetry-aware pro-
tocols developed in this work that make use of a vir-
tual Ising system, without restrictions regarding the
geometric locality of the observables of interest.

SParallelization is not possible for the Dual Product proto-
col because all rotations are generated by a ribbon operator
that intersects with the reference plaquette O, that defines the
duality.
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Arbitrary Gauge-Invariant Observables

Circuit Depth Classical Cost per Sample

Number of Samples

Protocol

Global Dual Pairs (this work) o(V?)
Dual Product (this work) o(V?)
Product [15] 1

O (poly(V)) O (&poly(V))
o) >
O(k) c O(V) O (54%) c 0 (£4Y)

Geometrically Local, Gauge-Invariant Observables

Protocol Circuit Depth Classical Cost per Sample Number of Samples
Local Dual Pairs (this work) O(L%) O (poly(V)) O (Spoly(L))
Dual Product (this work) O(V?) ow) 4

Product [15] 1 O(k) C O(L?) O (£4F) c O (£45)

Table 1: Summary of costs for estimating the expectation value of a gauge-invariant observable O with ||O||_, = 1 to an
additive error e. We assume that O is k-local on the LGT side of the duality or kaual-local on the Ising side and, also, assume
that kqual € ©(1). Recall that V = NN, is the size of the (dual) lattice and, for the Local Dual Pairs protocol, L is the
dimension is the size of the geometrically local patches considered. Circuit depths for implementing the random rotations in
the Dual Pairs and Dual Product protocols are based on the standard decomposition of Pauli rotations into two qubit gates

and assume no parallelization of the randomizing unitaries.

Figure 8: (a) An illustration of an example loop operator of
the sort considered in the discussion in Section 6.2. (b) An
illustration of an example (set of ) ribbon operators of the sort
considered in the discussion in Section 6.2. The way in which
one picks paths to connect the end points is arbitrary, as all
choices are equivalent up the action of Gauss law operators.

Compared to symmetry-aware protocols, the Prod-
uct protocol offers a significantly lower circuit depth:
it requires only a single layer of single-qubit unitaries,
whereas, e.g., the Global Dual Pairs protocol involves
©(V?) high-weight Pauli rotations, each acting on
O(V) qubits. However, this simplicity comes at the
cost of exponentially increased sample complexity for
the worst case observables. To see the origin of the
difference in sample complexity, recall that for the
Product protocol, Var(o;) < 4% ||O||i07 where k is the
locality of the operator in the LGT, and ||O]|  is eval-
uated on the full Hilbert space of the LGT [15] absent
any gauge constraints. In contrast to the Product pro-
tocol, the Global Dual Pairs and Dual Product proto-
cols have a sample cost that depends on the operator
locality in the dual Ising theory, kqual-

In the worst case (for a symmetry-ignorant pro-
tocol), gauge invariant observables have k > kqyal.
For instance, for an observable of the form X;X; (in
the Ising picture), kqua = 2, but the corresponding

observable on the LGT side of the duality can have
k ~ V if the plaquettes i, j are separated by a distance
of the order of the system size. Consequently, for such
observables, the Product protocol requires a number
of samples exponential in the system size, whereas
the Global Dual Pairs protocol requires only polyno-
mial samples in the system size and the Dual Product
protocol requires constant samples. Intuitively, these
improvements are due to the exponential reduction in
dimension from the full to the physical Hilbert space
of the LGT.

Beyond this extreme example, the difference in
sample complexity between the Product protocol and
the symmetry-aware protocols will depend on the par-
ticular observable(s) considered. To illustrate this, we
examine how the locality of gauge-invariant observ-
ables differ on either side of the duality for several
representative examples. In what follows, we let w;
for i € {X,Y, Z} stand for the number of 0%, 0¥, 0*
operators, respectively, for some operator on the LGT
side of the duality. Thus, k = wx + wy + wz. Sim-
ilarly, we let w; denote the same for X, Y, and Z
operators, respectively, on the Ising side of the dual-
ity, such that kqua = Wx + Wy + Wz.

Our first example is the Wilson loop illustrated
in Fig. 8a: a closed product of magnetic variables,
[Isep, 07> which, in any Abelian LGT, can be equiv-
alently expressed as the product of plaquette opera-
tors enclosed by the loop. We consider two limiting
cases: (i) a rectangular Wilson loop of size Nj, x N,
where Nj, and N, denote the horizontal and verti-
cal extents of the loop, respectively; and (ii) a "line"
of adjacent plaquettes of size N; x 1, as illustrated
in Fig. 8a. This may include the worst-case scenario
where N, N, « V| the total system volume. The cor-
responding Pauli weights are as follows: for case (i),
the LGT-side weight is k = wz = 2(N,, + N,,), while
the Ising-side weight is kquai = W, = NpN,. Thus,
for these observables, the Global Dual Pairs proto-
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col yields a sampling advantage only when N, N, <
2(Np + N,), which holds when either Ny, or N, is less
than or equal to 2. In contrast, for case (ii), the LGT-
side weight is k = wz = 2N, + 2, while the Ising-side
weight is kqual = Wz = N},. Both examples show that
symmetry-aware schemes are not universally optimal
for all observables.

The large advantage of the Global Dual Pairs over
the Product Protocol is driven mostly by “electric”
observables, i.e., those involving electric operators oj
in the LGT (X operators in the Ising dual). More
generally, consider observables that are products of p
pairs of Pauli X (and Y, which are products of elec-
tric and magnetic observables) operators on the Ising
side, with kqua = Wx + Wy = 2p, see Fig. 8b for
illustration. For the case of p pairs X; X, the map-
ping to an operator in the LGT is not unique—all give
the same expectation value in the gauge invariant sec-
tor. In practice, on the LGT side, one would optimize
by finding a collection of configurations with minimal
cumulative Manhattan distance, resulting in a weight
k= Z{la}a<p lo, while the Ising side weight is simply
the smaller p. Considering Y operators corresponds
to products of electric and magnetic operators in the
LGT with an even greater Pauli weight, while the cor-
responding weight in the Ising dual stays the same.

This shows that, unsurprisingly, the largest individ-
ual gains are observed for electric gauge-invariant ob-
servables rather than magnetic ones, since the Gauss
laws—responsible for reducing the physical Hilbert
space—are defined in the electric basis ¢. For context,
the key advantage of classical shadows is the abil-
ity to estimate multiple (non-commuting, i.e., with
different eigenbasis) observables with the same sam-
ples. Thus, while sample complexity improvements
may not be present for selected individual observables,
provided we want to be able to estimate many arbi-
trary gauge invariant observables the upper bounds
on sample complexity that we provide in Table 1 ac-
curately reflect the sample complexity for estimating
M arbitrary gauge-invariant observables, up to the
log(M)/€? factor in Eq. (26).

The classical computational cost (per sample) of in-
verting the shadow channel is comparable between the
Product protocol, and the symmetry-aware Global
Dual Pairs and Dual Product protocols. For both
protocols the per sample classical cost is dominated
by the € O(poly(V)) due to computing the mapping
from the measurement outcomes to dual bit strings
(i.e. the mapping s — b). For Global Dual Pairs, one
must also pre-compute f and « for a given observable,
as described in Section 3.1. An overall comparison of
the (worst case) resource costs for the Product, Dual

6One could therefore argue that no advantage exists if mea-
surements are restricted to magnetic observables only. How-
ever, in that case, any random measurement protocol would
be entirely unnecessary, as all such observables commute and
could simply be measured in the same fixed basis.

Product, and Dual Pairs protocols is given in Table 1.

7 Discussion and Outlook

In this manuscript, we introduced three variants of
randomized measurement schemes tailored for sys-
tems with local (gauge) symmetries. We analyzed
their use for estimating gauge-invariant observables
in Zo LGT, leveraging a LGT-Ising duality which
enables detailed analysis and the derivation of for-
mal guarantees. We systematically determined, for
any given set of observables, a practical advantage
over symmetry-agnostic alternatives, and provide ex-
plicit algorithms supported by numerical implemen-
tations [92].

As with most protocols that make use of prior
information—in this case, local (gauge) symmetry—
a tradeoff between a reduction in sampling and an
increase in circuit complexity arises. For NISQ-era
devices, circuit complexity is most often quantified
by CNOT depth: while the standard Product pro-
tocol [15], can be achieved in constant depth, the
(Global) Dual Pairs and Dual Product protocols we
propose require entangling (although still shallow) cir-
cuits. For instance, for the Global Dual Pairs proto-
cols, the required unitary rotations for a given pairing
requires a depth of 2N — 2, where N is the number
of plaquettes between any two pairs, implying a to-
tal CNOT depth of O(V?), shown in Table 1. Sim-
ilar circuit depths are required for the Dual Prod-
uct protocol due to the need for ribbons going to
the reference plaquette o, for all rotations. For ge-
ometrically local observables, this can be reduced by
the Local Dual Pairs protocol to O(L*), while main-
taining an exponential improvement (in L) in sam-
ple complexity over the standard Product protocol.
In the near-to-intermediate term whether or not the
polynomial increase in circuit depth associated with
tailoring shadow protocols is worth the exponential
gains in sample complexity will depend on the plat-
form and the ability to implement circuits of suffi-
cient depth without incurring large errors due to im-
perfect gates. However, in fault-tolerant quantum
processors—assuming that the timescales for imple-
menting logical gates are comparable to or better than
those for measurement and readout—the potential ex-
ponential reduction in sample complexity constitutes
an unalloyed advantage when simulating Zo LGT di-
rectly.

Nonetheless, in practice, the same Ising-LGT du-
ality that allows us to rigorously analyze the perfor-
mance of the shadows protocols could be used to di-
rectly simulate the dual Ising model [6] instead of the
LGT, and avoid the large circuit depth overheads re-
quired. In this case, the sample complexity for our
shadows schemes would be identical, but the circuit
depths would be significantly smaller. Our work, thus,
should not be primarily understood as an explicit sim-
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ulation protocol for Zy LGT, but rather the key com-
ponents are (a) a rigorous analysis of a constructive
shadows protocol for an explicit model, demonstrat-
ing the circuit depth-sample complexity trade-off in-
trinsic to symmetry-preserving shadows [63] that is
expected for LGTs; and (b) a blueprint for analyz-
ing more general LGTs, including non-Abelian LGTs
relevant to high energy and nuclear physics such as
SU(2) and SU(3) LGTs even if dualities may be hard
to find or do not exists.

Indeed, while the central insight of our work relies
on the Ising—LGT duality specific to Zy (and by ex-
tension Zy, and in the appropriate limit, U(1) [85])
LGTs, many elements of our protocols generalize nat-
urally. All steps of the protocols considered can be
cast fully in the language of the LGT, rather than
the dual Ising model. In this sense, the Zy LGT
case serves as a useful starting point, as the pres-
ence of a duality allows for a rigorous analysis of
the channel and shadow protocol. Building on this
foundation, one can move beyond this simple set-
ting by using these insights as a blueprint for more
general LGTs—particularly to non-Abelian LGTs or
models whose local Hilbert spaces do not resemble
qubits (including LGTs based on compact groups)—
where the corresponding gauge-invariant randomiz-
ing operations follow directly. However, what chan-
nels these randomizing operations represent and if
(and how efficient) they can be inverted is remains
a major challenge. We presently are not aware of
a simple analogous approach for non-Abelian LGTs
for which dualities, so far, are challenging to con-
struct [93-99]. This raises the question of whether
similar sampling-efficient protocols can be devised
for arbitrary LGTs, and whether their existence im-
plies an underlying Ising-like duality, or their absence
indicates its nonexistence. An interesting develop-
ment in this context is the recent demonstration of
charge-singlet measurements in quantum simulations
of SU(N.) LGT [100, 101]. In the absence of a duality,
one could study the corresponding channels numeri-
cally in small-scale instances, but extracting scaling
from this is a challenge. Overcoming these hurdles is
a primary goal for future work.

A variety of alternative approaches to symmetry-
respecting shadows have been recently proposed. One
promising direction [102] employs classical shadows to
learn unknown symmetries of quantum systems, po-
tentially offering a potential "bootstrap" method for
constructing symmetry-respecting classical shadows.
Ref. [63] introduces a general framework to construct
symmetry-respecting shadows under the assumption
of oracle access to a unitary that block diagonalizes
the system in the irrep basis of the associated sym-
metry. Another established approach uses symmetric
approximate unitary k-designs for LGTs [61], which
allow simple channel inversion once the symmetry-
sector dimensions are known but require deep random

circuits. Recent results on log-depth approximate uni-
tary k-designs could extend to random circuits with
symmetries [103-105]. Applying such constructions to
systems with gauge symmetries is likely to be highly
favorable when estimating properties of the state be-
yond k-local observables [106, 107]. Finally, there
exist other symmetry-ignorant shadow tomography
schemes that occupy an intermediate regime between
the Product and Dual Pairs protocols in terms of both
sampling cost and circuit complexity. Notable exam-
ples include the locally entangled schemes of Ref. [108]
and the shallow shadow schemes of Refs. [42, 48]. The
potentially exponential advantages observed in our
setting stem from explicitly exploiting gauge symme-
try and, thus, will extend to these settings.

Significant progress has been made in understand-
ing the impact of noise on standard schemes [109-
112], and the development of derandomized vari-
ants [59]. These ideas are likely extendable to the
symmetry-respecting circuits. However, a particu-
larly interesting complication arises: noise can break
the very symmetries that these protocols are designed
to exploit. This symmetry breaking can lead to bi-
ased estimators and necessitates a fundamentally dif-
ferent error analysis. Relatedly, the impact of small
gauge violations in the input state on the performance
of our protocols remains an interesting open ques-
tion. On the other hand, symmetry-aware measure-
ment schemes can enable powerful error mitigation
schemes, as they allow to effectively project the mea-
sured state in to a symmetric subspace [113].
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A Details of Sample Complexity Bound

Here, we provide details for the derivation of the bound on sample complexity for the Global Dual Pairs protocol
for Zo LGT with PBC. In particular, we provide a derivation of Eq. (27). From Lemma S1 of [15], for a traceless
operator O, the variance of the corresponding shadow expectation value o;, where Eyyp(0;) = Tr(pO),

Var(o;) = Var (ﬂ [qT[;]o]) <|o|? (32)

shadow
where p is the unknown quantum state and, thus, qj[\p} is the Ising-side classical shadow of this state. The
so-called shadow norm is defined as

1O Zhaton = max Ey ) (b|UoU" |b) (b UM [O)UT b)?, (33)
be{0,1}"

where U are the random unitaries applied before measurement, b are the measurement outcomes (i.e. bit
strings), o is some quantum state, and M is the shadow channel (see Eq. (10)). To apply these expressions, we
must consider the operator O on the Ising side of the duality.

Without loss of generality, assume that O is a single Pauli string. Then, from Eq. (23), M acts proportionally
to identity and is trivial to invert yielding:

3wzy/2
fa

where we recall that wg, is the total number of X and Y operators in the (Ising-side) operator string O, f
is the fraction of pairings m € Py for which M,(0) # 0 (Eq. (24)), and « is an amplitude associated with
permutations of Z and I operators within the operator O (Eq. (25)). Thus, the shadow norm is bounded as

M(0)

(34)

Way /2
101200 = maxEgs (b UM OJUT [B)2 < 3f— 10J1% . (35)

shadow a

where we use that (b| UOUT [b)? < Apmax(0)2, Where Apax(O) is the largest eigenvalue of O. Substituting this
bound on the shadow norm into Eq. (35) yields Eq. (27).

B Protocols with Fixed Boundary Conditions

In this Appendix, we explicitly describe the duality with fixed boundary conditions (FBC) (Appendix B.1), i.e.
where the electric flux entering the system is fixed, and explain in detail the Global Dual Pairs protocol in this
formulation, including a numerical example (Appendix B.2). The Local Dual Pairs and Dual Product protocols
can be generalized along similar lines.

B.1 Duality with FBC

We now describe how the duality is modified in the presence of fixed boundary conditions (FBC). The case
of periodic boundary conditions (PBC) is discussed in the main text and, for reference, is also summarized in
Fig. 9a and b. The LGT-Ising duality under FBC is illustrated in Fig. 9¢ (LGT side) and d (Ising side).

A key difference from the PBC case is the absence of global superselection operators (V, V,,). With FBC,
there are N, (N, — 1) + Ny (N — 1) qubit degrees of freedom residing on the links of the lattice, and NN, —1
independent Gauss-law constraints. The subtraction by one arises from the identity [[, G5 = 1, which includes
both bulk and boundary sites s of the lattice. As a result, the number of remaining physical degrees of freedom
is Ny Ny — N — Ny + 1. This matches the number of degrees of freedom in the dual Ising system, which consists
of (N — 1)(N, — 1) dual spins located on the plaquettes. The explicit operator mapping is detailed in Fig. 9¢
and d. For clarity, we label operators as belonging to the bulk or the boundary, depending on their location.
The electric variables in the bulk, o}, and all magnetic terms W5 map to the dual theory just as in Eq. (4).
However, electric operators o’ on the boundary map to a single X operator. That is,

®(of) = Xp, (for I on boundary), (36)

where o is the single plaquette adajcent to the boundary link [; see Fig. 9b for an illustration. Equation (36)
implies that for o} operators located at the lattice corners, the two electric fields meeting at a corner both map
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Figure 9: Summary of LGT-Ising duality for PBC and FBC. (a) Hilbert space structure and operators for Zy LGT with PBC
and (b) for the corresponding Ising dual which is subject to a parity constraint. Spheres mark one local spin-1/2 d.o.f. (c) For
FBC, the LGT includes bulk and boundary Gauss laws, as well as plaquette and electric operators. (d) The dual Ising theory
for FBC is no longer parity constraint but electric operators dualize differently in bulk and on the boundary.

to the same dual operator Xg. This reflects that the corner of operators are equivalent up to the action of the
local Gauss law operator. The dual Hamiltonian for Zo LGT in 2+1d with FBC can be written as,

Hiol ==Y Zo—9 >, Xp—9 Y (XoXos+ XoXo ),
O l€boundary Oeblk

where 7; runs over plaquettes adjacent to I, o Nl # (. Unlike the PBC case, there is no parity symmetry
constraint in the dual, matching with the fact that on the LGT side it is no longer true that [[, Wp = 1.
B.2 Adapting the Global Dual Pairs Protocol to FBC

The Global Dual Pairs protocol with FBC is essentially identical to the PBC case discussed in the main text,
except that the parity symmetry constraint is no longer imposed. Accordingly, for each pairing 7, and for pairs
[ij] € m, we apply a randomizing unitary U};;; drawn from a full two-qubit (approximate) unitary 2-design, i.e.,
without enforcing parity symmetry. For these pairs [89)],

M [2lp]] = £ (2] + Tr[2[0]] ). (37

Thus, the action on an operator string S;S; € {I, X,Y, Z}®? is

S:S;, S;S; =11
Mi;)[9:95] = { 169 i (38)
£5i5j, otherwise.
Consequently, M is diagonal and easily invertible. That is,
M[S] = as, (39)

where & is the amplitude associated with S, defined as

Lkdual/2j
o) 1 1 kdual VvV — kdual
@ w Z Bkdual—m < om > | P (kdual B 2m> (kdqual — 2m)! (40)

m=0

double pairings single pairings
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Figure 10: Implementation of Global Dual Pairs with Fixed Boundary Conditions Example of a) loop and b) ribbon operators
for N, = 3 and N, = 3 with FBC via the modified Global Dual Pairs protocol, compared to the exact solution of the Zy LGT
ground state. Error bars represent standard deviation of the mean over a single experiment of v = 5000 shots.

where kgua1 is the number of non-identity operators in S (i.e. the Pauli weight of S), and where the sum is over
the number of pairings m that pair non-trivial operators with one another (“double pairings”). Unlike the PBC
case, all pairings contribute and, thus, there is no FBC equivalent to the fraction f in Eqgs. (23) and (24). Pairings
that pair a single non-trivial operator with an identity operator are denoted a “single pairing.” Assuming that
kdual = ©(1), and, using Stirling’s approximation we find that & ~ 1/poly(V'). Thus, following a computation
nearly identical to that in Appendix A, the sample cost remains polynomial in the system size, as in the PBC
case.

Figure 10 presents a numerical demonstration of the Global Dual Pairs protocol with FBC, implemented on
a (N, Ny) = (3,3) lattice. We estimate a loop operator Oy, in (a), and a ribbon operator Og in panel (b).
The FBC adaptation accurately reproduces the expected values across a broad range of coupling strengths.
In addition, the convergence to the exact result is quicker for the loop observable O compared to the ribbon
operator Og, which while having higher weight on the Zs side of the duality, has lower weight compared to Og
on the Ising side.
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