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We construct a local decoder for the 2D toric code using ideas from the hierarchical
classical cellular automata of Tsirelson and Géacs. Our decoder is a circuit of strictly
local quantum operations preserving a logical state for exponential time in the presence
of circuit-level noise without the need for non-local classical computation or commu-
nication. Our construction is not translation invariant in spacetime, but can be made
time-translation invariant in 3D with stacks of 2D toric codes. This solves the open
problem of constructing a local topological quantum memory below four dimensions.
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1 Introduction

Fault tolerant quantum computation is a necessary ingredient for building a scalable quantum
computer. The first proof of fault tolerance with a constant threshold, due to Aharonov and Ben-
Or [1, 2] as well as Knill, Laflamme, and Zurek [3], involved encoding a quantum circuit with a
concatenated code. Later, topological codes like the surface and toric code [4, 5] were introduced for
storing quantum information, and have since remained one of the leading practical schemes thanks
to high thresholds, low-weight stabilizers, and simple prescriptions for fault-tolerant gates. More
recently, gLDPC codes with superior encoding rates and distances were proposed [6] and provide
promising alternatives for architectures operating on some amount of geometric non-locality.

However, none of the existing approaches, apart from circuit concatenation [7], are currently
known to be truly scalable in three or fewer spatial dimensions while remaining fault tolerant. For
true scalability, locality and speed limitations in classical computation and communication need
to be included. For example, in an architecture that supports non-local connections, the amount
of time needed to implement these operations (such as bringing atoms together to implement a
gate in cold atom/trapped ion architectures) may not be able to compete with the noise rate in
the limit of infinite system size.

Thus, the interplay between fault tolerance and locality has remained a fundamental question
that has not been addressed in full generality. This paper focuses on understanding whether
a topological quantum memory can operate in a geometrically local way in three dimensions or
below and preserve encoded information for a long time. While we approach this question from
a purely theoretical point of view, its resolution has potentially important practical implications,
since backlogs due to the need for global decoding [8] has increasingly become a problem in current
quantum devices.

One of the existing end-to-end fault-tolerant quantum computation schemes is due to Aharonov
and Ben-Or [1, 2], who use concatenated codes [9, 1]. Their construction becomes fully local
when classical computation responsible for error correction is treated as a part of the circuit to
be concatenated. Many of the details are fleshed out by Gottesman [7], and additional details
regarding classical locality are discussed in his upcoming book Ref. [10]. A crucial feature of the
concatenated codes prescription is that it relies on procedures like fault-tolerant measurement,
which requires a qubit overhead whose function is to store intermediate information needed to
infer measurement outcomes. These qubits must then be incorporated in the next level of circuit
concatenation, resulting in a rather complicated local fault-tolerance scheme.

It could be possible to have a model where quantum information is encoded in a topological code.
A paradigmatic example of a topological code is the Kitaev’s surface code [4]. In four dimensions
and higher, some topological codes are passive self-correcting quantum memories (such as the 4D
toric code [5, 11]). Such a memory can encode logical information at a non-zero temperature and
usually admits a local fault tolerant scheme (also known as a local decoder) via a set of explicitly
local rules which preserves the encoded logical qubit for a time diverging in the limit of large
system size even in the presence of noise. However, local decoders are only known for topological
codes that possess exclusively membrane-like excitations, which so far is only known to be possible
in an unphysical number of spatial dimensions (four and higher). While topological memories in
lower spatial dimensions are generally believed to not be finite-temperature quantum memories,
this does not rule out the existence of a local decoder for such memories.

A reason to believe that low-dimensional topological codes can possess local decoders is due
to results in the field of reliable local classical computation. In the past, several schemes of local
rules have been proposed to stabilize a classical bit of information in the presence of noise. The
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problem of reliable classical computation from unreliable components was first introduced by von
Neumann [12], who proposed a solution based on self-simulating automata (also referred to as a
universal self-replicating machine) [13], although this construction was non-local.

The most famous example of a local scheme that realizes a reliable classical memory is Toom’s
rule [14] which preserves the classical bit encoded in a 2D classical repetition code. This rule has
been adapted to construct local quantum decoders for the 4D toric code [15, 16] since the errors
that create islands of membranes can be shrunk similarly to the error domains in the 2D repetition
code. However, in the 2D toric code, errors can be revealed only through their point-like defects,
which is more similar to the 1D classical repetition code. Unfortunately, the “entropy versus
energy” argument in statistical mechanics forbids the existence of a finite-temperature ordered
phase in 1D. However, these arguments do not rule out the possibility of reliably storing a bit
of information using non-thermalizing dynamics, which do not obey detailed balance and thus
do not equilibrate to a Gibbs state. An example of such a 1D dynamical system was shown by
Gécs in a beautiful paper [17] and [18]*, which relied on hierarchical (renormalization group-like)
methods to eliminate islands of errors. Gacs’s construction has other striking properties, such as
being translation invariant, being stable to asynchrony of local clocks (and thus implementable
in continuous time), and possessing a constant encoding rate. However, the details of Gacs’s
construction are rather complicated and the local state space requires, as a rough estimate, between
224 and 249 states [19]. It remains an outstanding open challenge to propose a quantum scheme
that is similar to Gécs’s, and operates in a physical number of spatial dimensions (three or less).
The only other example of a fault-tolerant classical memory in one dimension that is known to us
is the lesser-known Tsirelson’s automaton [20] that was proposed prior to Gacs’s construction and
was the inspiration, along with the Gacs automaton, for the quantum fault tolerance theorem using
concatenated codes [2]. Tsirelson’s automaton, which features heavily in our work, preserves one
bit of information in a repetition code for a long time, but strongly breaks translation symmetry
in space and time.

From the physics perspective, having a new example of a local fault-tolerant quantum memory
would have interesting implications for non-equilibrium quantum phases of matter. Geometric
locality is an important assumption for physical systems. Unlike zero-temperature gapped phases
of matter in low dimensions, where phase equivalence has been relatively well understood and a
conjectured classification has been put forward, very little is known about low dimensional stable
phases of matter in the non-equilibrium setting (circuit or Lindbladian dynamics), such as general
no-go theorems, notions of phase equivalence, and a conjectured classification. Géacs automaton,
in particular, should constitute a stable phase under any valid classification, but it has not been
studied from this perspective because of its complexity; Tsirelson’s automaton has not been either.
A fully local quantum fault-tolerant memory (that remains local even without needing to reliably
store classical bits on the side) is another especially interesting example of a stable non-equilibrium
quantum phase of matter.

In this paper, we use Tsirelson’s automaton [20], which provides a simpler starting point than
Gécs’s automaton, and generalize it to construct a local “quantum automaton” for the 2D toric
code. Operationally, our decoder consists of small local components that measure checks of the toric
code in a local region at each time step and apply local feedback?. The measurement outcomes are
discarded a constant number of timesteps after having been collected, and thus our construction
does not require the help of a reliable classical computer to process or store the measurement
outcomes. These local operations are composed in such a way that the same action is simulated
(via “self-simulation”) at a growing hierarchy of length scales, thus, implementing error correction
at all scales. As we discuss in “Comparison with earlier literature”, Subsec. 1.2, we are not aware
of another quantum construction in fewer than four dimensions where this is the case.

Our 2D decoder lacks translation invariance in both space and time, i.e. the entire hierarchy
of operations in the circuit is “hardwired”. However, we show how to get rid of the hardwiring by
making our construction time-translation invariant in 3D using a stack of 2D toric codes. This

1See also the newer and improved version at https://arxiv.org/abs/math/0003117.

2Note that measurements perform the role of “cooling” the system, since it is known that unitary/reversible
operations alone do not suffice for reliably preserving a quantum memory [21]. To avoid measurements entirely, one
could replace local measurement-and-feedback framework with local unitary gates and ancilla reset.
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constitutes the first example of a local fault tolerant scheme for a topological memory in below four
spatial dimensions. Moving forward, it should be possible to eventually turn the 3D construction
into a fault-tolerant and universal local quantum computer based on topological codes, as we discuss
in the “Outlook” section 1.3 below.

1.1 Overview of main results and structure of the paper

We will provide an informal but self-contained discussion of the main results in the paper and
reference appropriate sections where these results are proved.

Starting point: one-dimensional automaton

In Sec. 2, we discuss Tsirelson’s classical automaton, which stores one bit of information encoded
in a repetition code and is built using a few elementary gadgets and a recursive substitution rule.
We briefly review Tsirelson’s original results in Subsec. 2.1. We then show that, with a minor
modification, we can interpret this automaton as repeated circuit concatenation, see Subsec. 2.2.
This modern approach makes it easy to see why Tsirelson’s automaton is fault-tolerant, and also
allows one to borrow the methods from quantum concatenated codes [22, 23]. We provide a very
concise proof that Tsirelson’s automaton is fault-tolerant in Subsec. 2.3.
The elementary gadgets of Tsirelson’s automaton are:

l X <

7
bit (1.1)

where the left gadget acts as an identity, the middle gadget swaps the state of two bits, and the
right gadget performs a majority vote Maj on a 3-bit block and copies the output three times.
All three operations are treated as gates; the third operation is treated as a gate but also as an
error-correction (EC) gadget.

One then constructs a concatenated circuit repeatedly concatenating the circuit with a 3-bit
repetition code and replacing gates in the circuit with “fault-tolerant” versions F'T'(-), shown below:

FT(Maj)

FT(I) FT(SWAP)

(1.2)

The logical action of FT'(G) on 3-bit code blocks acts as an encoded version of G and can tolerate
any single qubit fault within it. A level-n fault-tolerant simulation of any circuit is then defined
in the standard way:

Definition 1.1 (Fault tolerant simulation; informal). A fault-tolerant simulation of a circuit of
elementary gadgets C, denoted FT(C), is a circuit wherein each gate G is replaced with its fault-
tolerant version FT(G), and a layer of EC gadgets is inserted between layers of fault-tolerant
gates. A repeated fault tolerant simulation of a circuit C, denoted FT™(C), is the circuit formed
from the recursion FT™(C) = FT(FT"~1(C)).
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Tsirelson’s automaton is defined as the circuit consisting of T applications of F'T™(I). Denoting
the system size to be L = 3™, this automaton is fault-tolerant under the bit-flip noise:

Theorem 1.1 (Informal, Tsirelson [20]). Let s(t) denote a bit string describing the value of each
bit after T repetitions of Tsirelson’s automaton on L bits. At a low enough rate of (bit flip) noise
and starting from the initial state where Vi, s;(0) =1, we have

P(D(s(T))=1)>1—T-exp (—aL”) (1.3)

where D(-) : {0,1}F — {0,1} is a decoder that implements a hierarchical magjority vote to determine
the logical state, with o and § = logs 2 positive constants.

We prove this statement in Subsec. 2.3, and extend the result to a more general noise model. We
estimate the threshold numerically in Subsec. 2.4.

Repetition code as a stabilizer code

Tsirelson’s automaton is a promising starting point because it is a local circuit preserving the
codestate of the classical 1D repetition code for superpolynomial in I duration of time. The 1D
repetition code has an important similarity to 2D topological codes in that its error syndrome can
be viewed as a set of points that have to be matched for decoding. However, in the quantum case,
one cannot use an automaton that directly reads off the state of each qubit before operating on
them. Instead, we need to use a logical information-non-revealing approach called “measurement
and feedback model”.

Definition 1.2 (Informal, stabilizer quantum automaton). A (noisy) stabilizer quantum automa-
ton for a stabilizer code is a sequence of local operations that, at each timestep: (a) measures
stabilizer generators of the code, thereby obtaining syndromes, (b) applies local Pauli feedback op-
erators which only depend on a local (O(1)) neighborhood of syndromes, (c) discards syndromes
and applies local stochastic noise.

We show that Tsirelson’s automaton can be formulated in this way by recasting the classical
1D repetition code as a stabilizer code with stabilizer group generated by Z;Z;,1. Placing qubits
on edges of a 1D lattice, the presence of a nontrivial syndrome at a vertex is denoted below:

41
o

/

ZiZipn = —1 (1.4)

We can rewrite elementary gadgets so that they operate by measuring syndrome and applying
feedback:

e 7j: identity gate;

e 7o: “splits the error”. If a nontrivial syndrome is present at vertex v, this gadget applies a
Pauli-X operator to two qubits adjacent to the vertex:

To
—  xex— (1.5)

One can check that in the computational basis, this operation is identical to SWAP.

e Mj: a“matching” operation, which applies X to an edge if both endpoints contain nontrivial
syndrome (thereby merging the two syndrome points):

My
== (1.6)
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The measurement-and-feedback version of the earlier Maj (error correction) gadget will now be a
composite gadget that we call Ry (“recovery” operation), that is decomposed in 5 steps:

Ro
(3 — &3 /C3— —tF3— { —) € F—

We can now define a new version of Tsirelson’s automaton where the elementary gadgets I, SWAP
and Maj are replaced with Zy, 7o, and M. We also write down fault tolerant simulations FT'(Zy),
FT(Tp), and FT(My). This version of the 1D construction is explained in detail in Subsec. 3.3. We
also prove its fault-tolerance in Sec. 4, wherein we also establish some of the new proof techniques
that will be needed for our toric code automaton.

A useful intuition about the operation of the automaton can be gained by considering the
following example. Consider an input with some bits flipped (shown in red); and act on it with
a noiseless implementation of gadgets Ry that cover the lattice (which is roughly equivalent to
FT(Zy)), and its higher-level simulations, FT(Ro) and FT?(Rg). This is shown below:

noisy input —e—e— ——— ——— >——o — oo — —— @ ———————

9
R%@ = e ]

Output ————————— S — S ——
noisy input —e-—e— ——— ——— ——o — o6  — —  G——————a
o R e e P e R

output ——— ——— ———  ——— ——— S ——
noisy input —e—e— ——— ——— > oo  — —  e————a

FIMR) (] ——— —_— — ——
output ——— ——— ——— -

In each case, the output consists of blocks of codewords of a concatenated repetition code. In the
top figure, it is a 3-bit repetition code, in the middle figure a 9-bit repetition code, and in the
bottom figure a 27-bit repetition code. As a consequence, the syndrome in the output state is
pinned to the closest syndrome configuration of a superlattice corresponding to the concatenation
level. We call this a coarse-graining action that occurs at all levels of the construction. The reader
may draw some parallels with the real-space renormalization methods.

Quantum automaton: summary of assumptions
Let us start this section by clarifying several key assumptions that we make throughout the paper:

(1) We assume a p-bounded gadget error model (a local stochastic noise model), where an arbi-
trary error channel can act in the support of each elementary gadget during its operation.

See Def. 2.8 for the classical automaton and Def. 3.3 for the quantum one. This error model only
requires that the probability of a particular configuration of errors is suppressed exponentially in
the size of the configuration. It also automatically incorporates the effects of measurement errors,
because in a local automaton, the effect of a measurement error is equivalent to failing the output of
an elementary gadget. In addition, since the toric code is a CSS code, we can split error correction
into separate phase-flip and bit-flip correcting processes. Therefore, when explaining how error
correction works, we focus on the bit-flip (Pauli-X') part of noise. The phase-flip correction works
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analogously, except on the dual lattice. Both operations are then combined to run in parallel,
resulting in the full quantum automaton.
Another assumption is:

(2) The qubits are located on the links of a square lattice, the bit-flip noise syndrome points live
on the vertices of the lattice, and the face-flip noise syndrome points live on the faces.

which we believe is inessential, and that there should exist a generalization of our automaton for
any self-similar cellulation. Generalizing our construction to this case, as well as to more general
cellulations and codes, is an interesting problem for future research. Finally, we make the following
assumption:

(3) In all dimensions, our decoders are assumed to be run in discrete time, with all sites of the
automaton updating in unison at each time step.

This is an important assumption, and generalizing our construction to continuous time/local clocks
will require ideas from Gacs’s automaton; we discuss this in the Outlook, Subsec. 1.3. Nevertheless,
we believe it should be possible to achieve this.

Our construction in two dimensions will be a hardwired circuit, similarly to Tsirelson’s automa-
ton in 1D. We then show how to obtain a time-translation invariant (but not spatially translation
invariant) automaton by introducing one extra spatial dimension.

Hardwired rule: 2D toric code automaton

Although the toric code cannot be obtained from code concatenation, there is still a simple way
of understanding how the fault-tolerant simulation operates. Similarly to Tsirelson’s automaton
action on syndrome points, our automaton can be understood to dynamically coarse-grain the error
configuration. We assign superlattices in the square-lattice toric code that correspond to each level
of the simulation hierarchy. We define a level-k superlattice to be a square lattice whose primitive
cells have size 3 x 3%, and level-k coarse-grained error syndromes to be syndromes restricted to
live on vertices of a level-k superlattice:

| HEE [] levelo

level 1

level 2

A suitable dynamics for coarse-graining in the toric code is one where errors continuously evolve
to the closest coarse-grained configuration at each scale, while performing error correction at lower
scales, as illustrated below. At the smallest 3 x 3 scale, we will have a generalized R gadget whose
output must be coarse-grained at level 1, i.e.:

(T R [T [ ” [ [ R |
— — —
R, R, R,
| — — B —

7 | u | L
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where the black dots correspond to locations of vertex syndrome points (violation of vertex stabi-
lizers of the toric code, of the Z®* type), and the edges highlighted red have been acted upon by
X-type noise. Then, at all levels, we expect to observe the following behavior:

noisy input

RE? FT(Ry)

At the largest scale, with probability close to 1, an initial error pattern must eventually be cleaned
up, assuming it is sampled from a p-bounded noise model for sufficiently small p.

Inspired by this intuition, we can now formulate a simple set of criteria according to which a
candidate for a fault-tolerant toric code automaton should operate:

(1) We require an “error correction” gadget Ry defined on a 3 x 3 patch of cells and built from
elementary gadgets that involve local measurement and feedback. This gadget has to be able

to clean up small enough errors and otherwise output a configuration coarse-grained at level
1.

(2) To simulate this operation at larger scales, we must design fault-tolerant gadgets FT'(-) for
each elementary gadget, defined as circuits built out of elementary operations. Their action
should be a scaled-up version of that of the respective elementary gadget. To control error
spread, we also require them to satisfy additional properties.

(3) The automaton is obtained by iterated fault-tolerant simulation of a given circuit of elemen-
tary operations F'T"(C).

These are quite generic and are also required of any concatenated circuit-based construction (such
as Tsirelson’s automaton). The main elements of our construction (which satisfy (1-3) above and
exhibit the desired coarse-graining dynamics) are below:

e 7j: elementary identity gadget, acting on a given qubit.
° 76h/ Y. horizontal /vertical syndrome “splitting”. On a two-dimensional square lattice, we
now have two versions of some types of gates for two possible orientations. If a nontriv-

ial syndrome is present at vertex v, this gadget applies a Pauli-X operator to two qubits
horizontally /vertically adjacent to the vertex:

—=—) — XX

° /\/lg /¥ horizontal /vertical “matching” operation, which applies X to an edge if both endpoints
contain nontrivial syndrome (thereby merging the two syndrome points on a horizontal /ver-
tical link):

My
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e Ry: error correction (“recovery”) gadget. We first define auxiliary vertical/horizontal gadgets
RS/ h pictorially as:

1 2 3 4 5 6
N o o
Bo LU0 | = L =
— I o — — ‘ =3
ot o2z 3 4 5 6
1 | = [ |
h o] n_Mm m € )
Ry | I o o O
2 T CE A P

In the pictures above, the sequence of gates in RS/ " acts in six steps displayed from left to
right. In terms of these gadgets, Ry can be expressed as the following 48-step operation

Ry = (R o Rl o RY o RY)”. (1.9)
This gadget has the action that we depicted in Eq. 1.7.

e We also construct the F'T(-) version of each elementary gadget. This is done in a very similar
way to the one-dimensional case. We do not summarize this here but direct the interested
reader to Sec. 3.

e Our choice of gadgets has the following property: syndromes within and on boundaries of
gadgets do not have any effect on syndromes outside the gadget. This property is imposed
because in 2D, neighboring gadgets can interact on a one-dimensional boundary, and we
would like to minimize the spread of correlations.

Thus, we can consider a circuit C which is expressed through elementary operations Zy, 76h/ Y and

Mg/ Y, and the error correction gadget Ro. We define fault-tolerant simulation F'T%(C) similarly
to Def. 1.1. The toric code automaton is then a repeated application of circuit FT"(Zy) T times,
where n = log; L, and the circuit operates on a L x L torus.

We prove fault tolerance of our construction in Sec. 5. We find that to achieve error suppression
from a p-bounded error model to an O(p?)-bounded error model, we need to perform a constant
number k levels of fault-tolerant simulation. Every time we perform k levels of simulation, we say
that we implement a single step of an outer simulation. We call the simulation that is performed
within these k levels the inner simulation. To make proofs easier, we slightly modify how we
perform the inner simulation in comparison to the outer one, which we explain in detail in Sec. 3.
However, the main idea explained above does not change.

For the proof of fault tolerance, we introduce a modification of the exRecs method, which is
necessary due to the fact that neighboring gadgets have overlapping support and that the toric code
cannot be viewed as a concatenated code®. We then introduce the notion of gadget nilpotence (see
Def. 4.4), which determines how many levels £ of simulation one must go up for a single elementary
gadget failure to not affect the operation of the simulated gadget. With the help of an exhaustive
computer-aided search (the full code is available at [25]), we find that gadget nilpotence must hold
at ¢ = 6, which is likely a loose upper bound. We then show that the error model changes from
p-bounded noise to O(p?)-bounded noise every time we go up some constant number k levels up
in the hierarchy, i.e. every time we perform k iterations of the (inner) fault-tolerant simulation
procedure, where the number £ is a constant related to the nilpotence level. For the toric code
automaton, a generous analytical estimate is k < 34. However, in reality, a much smaller number
of levels would suffice (our tentative numerical results suggest that for an i.i.d. Pauli X and Z
qubit error model, one could have k£ = 2, and accounting for measurement errors might lead to
k = 3). The construction and proof in the paper are intended to be a proof of principle result, and
optimizing the proof (and the performance of the automaton) is an interesting future direction.

3Colloquially speaking, our approach can be viewed as a hybrid between the exRecs method and Gécs’s sparsity-
based method [17, 24].
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The main theorem that we prove can be summarized as follows:

Theorem 1.2 (Informal, fault tolerance of toric code automaton). Construct the iterated fault
tolerant simulation of it FT'°%: L (T,). Assuming a p-bounded gadget error model, there exist positive

constants A,~y such that the logical error rate is (ApV)LL(logS 2™ _bounded where k < 34.

From this suppression, we then show that the logical failure probability remains suppressed on
the order of exp(—aL?) for some positive constants a, 3 for an exponential amount of time in L?
so long as the noise rate is below O(A~'/7). We remark that during this time, the state evolved
under our automaton has the following unusual property: if it is fault-tolerantly terminated by
destructive on-site Pauli measurements, the logical state can be correctly recovered from these
measurements without needing the spacetime history of past measurements. This is strikingly
different from logical state readout with the usual methods (which, in addition, would require
storing a spacetime measurement record for time proportional to the distance of the code). Thus,
the logical state remains efficiently recoverable even after an exponentially long time. In addition,
we show that a toric code logical state can be fault-tolerantly initialized in poly(L) time.

Numerical simulations of the noisy operation of our construction are shown in Sec. 5.5; these
results are tentative because the spacetime volume of the circuits grows exponentially with the
level of the hierarchy, and we did not optimize our construction for performance. Nevertheless,
already after few iterations of the simulation, one can see the suppression of the effective logical
error rate as one increases the hierarchy level.

Time-translation invariant construction in 3D

Finally, in Sec. 6 we make our construction time-translation invariant by going to three spatial
dimensions. For this, we consider 27 layers, each hosting a different toric code state, stacked in
three dimensions with periodic boundary conditions. The even-numbered layers (with index 2t)
are equipped with idle gadgets that act at each timestep, while the odd-numbered layers (with
index 2t + 1) apply the gadget action of a 2D toric code automaton corresponding to timestep ¢.
After applying either the gadget or an idle, we then transversally swap the pair of layers 2¢ and
2t+1 (and transversally swap 2t + 1 and 2t + 2 during the next timestep). This is shown in Fig. 12.
The result is that the O(L) toric code states move through the third dimension while effectively
experiencing the action of the 2D toric code automaton, but with a time-independent operation
applied at each site. The reason this construction is fault-tolerant is that the additional SWAP
gates are transversal, and a failure of such a gate, followed by measurements of stabilizers of each
toric code, can be absorbed into a p-bounded gadget error model. This construction is capable of
encoding O(T) logical qubits, which matches the encoding rate of the 2D toric code.

1.2 Comparison with earlier literature

We now provide a brief comparison between the decoder constructed in this work and the earlier
literature. To this end, we first summarize below the most relevant aspects of our construction:

1. The results of stabilizer measurements are used immediately and locally to perform feedback,
and are then discarded, i.e. measurement results are communicated only an O(1) distance
in both space and time.

2. In 2D, our decoder is “hardwired”. This means that each site of the automaton has access to
a reliable read-only classical memory (“instruction set”) on each site with O(log L) bits. In
3D, no such hardwiring is required.

3. In all dimensions, our decoders are assumed to be run in discrete time, with all sites of the
automaton updating in unison at each time step.

For the 2D toric code, we emphasize that the O(log L) bits per site needed to store the instruction
set for the gates can be computed in advance once and for all: no new computation needs to be
done during the working of automaton, which after initialization proceeds in an entirely parallelized
way (as any truly scalable decoding scheme must). Our first example is what is achievable using
concatenated circuits:
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e The approach of concatenated codes by Aharonov et al. [1, 2, 7] implies the existence a
“hardwired” fault-tolerant quantum computer already in 1D. By using the trick explained at
the end of the previous subsection, this gives a time- (but not space-) translation-invariant
scheme in 2D.

To the best of our knowledge, all existing approaches in the literature that use topological codes
require either classical computation that uses an additional O(log L) bits per qubit, or makes use
of classical feedback acting non-locally in time over a time scale at least as long as O(log L).*
We now briefly review earlier work on decoders for topological memories, highlighting the most
relevant proposals, and focusing on codes in three or fewer spatial dimensions.

e In Ref. [26], a local cellular automaton decoder was proposed for the 3D toric code only for
the membrane (flux) sector of the code and not the charge sector. Thus, this example does
not constitute a decoder for a full quantum memory.

In the 2D toric code (or in the charge sector of the 3D toric code), the standard algorithm used for
decoding is minimum weight perfect matching (MWPM). This achieves a threshold quite close to
optimal [5], but requires nonlocal information about all syndromes as input, and has a worst-case
time complexity scaling polynomially in L, since it is not fully parallelizable. Decoding schemes
that attempt to parallelize MWPM [27] are more local from a practical standpoint but still require
classical communication that leads to a poly(L) slowdown.

Several other constructions combine renormalization group ideas and matching [28, 29, 30], and
are more relevant for the purposes of comparison with our construction:

e Of particular note is the decoder introduced by Harrington in Ref. [28], which was also
analyzed in detail in Ref. [16]. This is a renormalization group-based decoder based on
Gray’s simplified model of the Gacs automaton [19] which operates assuming a constant
speed of classical communication, but requires an unbounded density of classical bits per
qubit and assumes noiseless classical computation. In particular the construction utilizes
O(log L) classical bits per qubit that are used to make decisions and employ feedback over a
time window of O(log L)°. Harrington’s decoder is also no longer fault tolerant if the values
stored in these classical bits experience errors. It was speculated that some of these issues
could be overcome by employing more sophisticated ideas from Gécs’s construction, but no
explicit proposal was put forward. Furthermore, the argument in Ref. [28] does not appear
to rigorously prove fault tolerance in the presence of transient faults (a proof of a simpler
version which makes the additional assumption of instantaneous classical communication was
given in Ref. [31]). Numerical studies appear to indicate a threshold [28, 16] assuming the
classical part of the decoder is noiseless.

e Other decoders based on renormalization group ideas, such as those of Refs. [29, 30], operate
non-locally in space on a scale of size O(log L).

e A rather different line of approach is found in “field-based decoders”. These decoders operate
according to a dynamics that uses a local field updated according to a Poisson equation which,
when the field is updated quickly enough, causes long-range attractive interactions between
syndromes, thus preventing them from moving far apart and causing a logical error. This
tactic was first suggested in Ref. [5] and was studied numerically in [32]. In this construction,
a 2D (or 3D) cellular automaton is used to induce the attractive interaction by mimicking
a discretized “gravitational” field. In order for the interaction to be long-ranged enough to
produce sufficient suppression of logical errors, the processing speed of this automaton was
shown to necessarily diverge polylogarithmically in L.

4The ubiquity of O(log L) factors in these constructions usually stems from the fact that in a p-bounded noise
model, the largest size errors one needs to correct in order to ensure a threshold are of size O(log L).

5The fact that Harrington’s decoder requires access to a read/write memory—as opposed to our read-only
memory—also implies that unlike our model, Harrington’s does not appear to admit a straightforward time-
translation-invariant extension in three dimensions (for reasons discussed in Sec. 6).
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We note that we do not know how to modify any of these constructions to be fault tolerant,
local, and time-translation invariant even if we allow to go up by one dimension. This feature
further distinguishes our construction from the existing ones.

1.3 OQutlook and discussion

Our work opens up many new avenues for local decoders in quantum codes and for studying
the fundamental interplay between fault tolerance and locality in quantum systems. Below, we
highlight several classes of interesting questions.

(1) Further generalizations of the toric code automaton.

A simple starting point would be to generalize our construction to the surface code on manifolds
with different cellulations (for example, the triangular lattice) and to open boundary conditions.

It also appears that there can be generalizations to subsystem topological codes [33] as well as
Floquet codes [34], which would be interesting as the local decoder would not be simply measuring
commuting checks of a stabilizer code; likely the ideas in Ref. [35] could help construct these
generalizations. Another generalization would be to other Abelian topological codes, and more
interestingly, to non-Abelian topological codes. In the latter case, a good starting point would be
non-Abelian topological models based on solvable groups, whereby repeatedly fusing a collection
of anyons allows one to eventually fuse to the vacuum. A local decoder (even a hardwired one) for
such a non-Abelian topological code would have the same advantage over the Harrington decoder-
inspired construction in [31] as our construction has to Harrington’s decoder.

An intriguing possibility would be a local decoder (perhaps even a translation invariant one)
for Haah’s cubic code [36], where logical operators have a fractal-like structure. Additionally, it
might be possible to design a simpler rule for the 2D toric code on a hyperbolic manifold (a very
simple rule for the 4D hyperbolic toric code was presented in Ref. [37]).

(2) An automaton for practical local error correction.

It remains to estimate the threshold of our automaton under various types of realistic error models.
Under the i.i.d. on-site Pauli noise of strength p, the threshold noise strength p. appears to be
rather small, with the numerics of Sec. 5.5.2 suggesting® p, < 1074,

Our construction was designed for the purpose of proving fault tolerance, not necessarily to
optimize p.. Thus, in the future it will be important to explore how large one can make p.. In
addition, there is a big space of possible schemes that should have similar properties to ours but
could have much better performance, especially at smaller scales. For example, one could construct
error correction procedures on a slightly larger unit cell which could provide larger suppression
of the error rate and a simulation scheme that achieves error suppression for every level of the
hierarchy (rather than every k levels). In addition, it is of practical benefit to find constructions
that work on system sizes that are not powers of a given integer as well as to adapt the construction
to different lattices and architectures.

(3) A quantum version of Gdcs’s automaton.

The construction of a local quantum automaton generalizing Géacs’s classical automaton is an open
problem. Any fault-tolerant local quantum automaton in three dimensions or less that possesses
even some of the following features on top of our construction would constitute an important
advance toward solving this problem: (i) translation invariance in both space and time; (ii) con-
stant encoding rate; (iii) operating in continuous time; (iv) a local model for universal quantum
computation. Each of these points is an important open challenge.

We are optimistic about (ii) being readily achievable if spacetime translation invariance is
allowed to be violated. Some progress towards (ii) and (iv) was made in Ref. [38] using code
concatenation (a local and constant rate reliable classical memory is required for the operation of
this proposal but one was not constructed).

6The fact that our automaton is naturally defined only on systems of linear sizes that are powers of 3 makes it
difficult to pinpoint p. using only the modest system sizes considered in Sec. 5.5.2.

Accepted in {Yuantum 2026-04-28, click title to verify. Published under CC-BY 4.0. 12



Our construction might possibly be extended to realize (i) and (iv) in the future. The spacetime
structure of the rules of our automaton resembles self-similar tiling which could be possible to
generate in a local and translation-invariant way [39]. However, the bits needed to generate this
structure must also be reliable, which poses a significant challenge.

To make progress towards (iv), a universal local quantum computer, one can use the 3D version
of our automaton, which can be modified to allow for the implementation of constant-depth local
unitary gates. Achieving the real part of Clifford gates this way is relatively simple; for complex
Clifford gates, one would need to modify our construction to work in the presence of boundaries. For
a non-Clifford gate, which would complete a universal set of gates, the most natural approach would
be to use a two-dimensional spacetime protocol [40, 41] implementing a logical non-Clifford gate
on copies of toric codes. It may be possible to achieve local error correction in these protocols by
constructing generalizations to D4 topological order in the presence of domain walls and boundaries.
This would be an interesting future direction.

As for (iii), i.e. a continuous time version of our construction, it could be possible to use Toom’s
rule (which itself does not rely on synchronicity) to synchronize neighboring clocks in 2D and thus
fight possible errors that arise due to asynchrony [42]. In addition, some interesting attempts that
were not based on hierarchical methods were presented in 3D in Ref. [43] which used some older
techniques in Ref. [44].

(4) Constraints on local and scalable fault tolerance.

One interesting question would be whether there are fundamental bounds we can place on quantum
systems that are locally fault tolerant. For example, the quantum extension of Gacs construction
would yield a system undergoing local dynamics which encodes a constant rate of quantum infor-
mation fault tolerantly. This would get around the Bravyi-Poulin-Terhal (BPT) bound [45] for
local stabilizer models by virtue of the stabilizers in such a construction not being local. The con-
struction in Ref. [38], if implemented locally, would overcome this bound by the same argument.
Thus, we know that spatial locality likely does not place any fundamental limit on the encoding
rate. However, this still remains to be rigorously shown.

It is also an interesting question whether all low-dimensional and local schemes of fault tolerance
necessarily require a hierarchical construction. One early proposal for a non-hierarchical classical
one-dimensional memory was the Gacs-Kurdyumov-Levin automaton [46], but this was shown to
lack a threshold in the presence of generic noise [47|. Finally, if we want to develop a physical
model for local fault tolerance, we would want such a system to be governed by some kind of
universal Linbladian which robustly encodes an input program and fault tolerantly performs a
computation. Understanding how to move towards such a result would (we believe) constitute an
important advance in the theory of quantum fault tolerance.

(5) Consequences for non-equilibrium physics.

Our results also have interesting implications for quantum many-body physics, where geometric
locality is a natural physical constraint. Our construction provides an example of a completely
stable open quantum system below four dimensions, and we are currently unaware of any other
examples that are stable to arbitrary (but weak) noise. It will be interesting to see how this example
fits into a more general classification of stable phases in open quantum systems, the definition and
understanding of which is still in its infancy (see e.g. [48]).

An important comment is that the dynamics implemented by our circuit is fundamentally non-
equilibrium in character, in that it does not satisfy detailed balance, and does not have a thermal
steady state. This is an example of how (both classical and quantum) systems that break detailed
balance can exhibit ordered phases in lower dimensions than systems undergoing thermalizing
dynamics, which obey detailed balance. Classically, we are aware of an example obeying detailed
balance which robustly stabilizes a single bit of information in 3D (the classical Ising gauge theory,
see Ref. [49]) which can be decoded using ideas in Ref. [50]. It would be interesting to prove a no-go
theorem in lower dimensions or to understand how exactly detailed balance must be broken to lead
to ordered phases. In the quantum case, it would interesting if one could construct a self-correcting
quantum memory below four dimensions, either by constructing a 3D topological stabilizer code,
or by studying random Hamiltonians with non-commuting terms.
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From the perspective of non-equilibrium statistical mechanics, one interesting question is the
nature of the phase transition that occurs in Tsirelson’s automaton when the noise strength is
tuned across the threshold value p.. Since there is no ordering in 1D (locally-interacting) models
of equilibrium statistical mechanics, such a transition in the non-equilibrium setting is rather
exotic. With symmetric noise, this transition is associated with the spontaneous breaking of the
Zso spin-flip symmetry in the system’s non-equilibrium steady state. Numerics finds this transition
to be continuous, likely corresponding to a new critical point that will be explored in future work.

2 Tsirelson's automaton and proof of its fault tolerance

In this section, we review the construction of a fault-tolerant one-dimensional automaton by
Tsirelson [20] that will inspire our toric code decoder. We then modify Tsirelson’s original con-
struction slightly, which allows us to provide a fault tolerance proof using the extended rectangles
method introduced by Aliferis, Gottesman, and Preskill [22, 23]. This proof is much simpler than
the original approach taken by Tsirelson and provides a framework for the rest of the paper. The
local automaton that Tsirelson proposed operates on a one-dimensional line of interacting bits and
can reliably store a single logical bit for an exponential amount of time in a power o > 0 of the
system size. Though the construction is rather simple, it lacks translation-invariance in both space
and time, and operates in discrete time.

We now introduce a number of basic definitions which will be used in the remainder of this
work. In this section, we will let £ denote a finite 1D lattice of bits, with one bit living at each
site of L.

Definition 2.1 (State). A classical state is a configuration of bit values s € {0,1}*1, where | L] is
the total number of bits. We will write s(t) = (s1(t), s2(t), ..., 52| (t)), where each s;(t) € {0,1}. A
t-history of classical states Hy 4oy is a set of states {s(0),s(1),---,s(t)} up to time t.

Definition 2.2 (Classical noise). A classical noise model is given by the conditional PDF p(-,t|H;_
which is a distribution over spatial locations x at fixed time t conditioned on the t-history of states
Hy_1 50y = (5(0),8(1),5(2),--- ,s(t—1)). The noise model operates by assuming that the state s(t)
is noisy at locations Ty, Xz, -+ , @, with probability distribution p(x1, T2, -, Tn,t|Hi_1 40))-

An i.i.d. noise model is one where p(-,t|H;_1 50)) = p(-,t) and p(x1, 22, -, Tn,t) =[] ¢,
where q; is the probability of flipping the bit at x;.

Throughout the paper, we will refer to the set of spacetime points where the noise occurs as
FE, and will say that F constitutes a particular “noise realization”.
We will use the word “gadget” to refer to the operation of some rule with noise.

Definition 2.3 (Gadget). A classical gadget over a spatial region R C L is a map G : {0, 1}IRI x
E — {0, 1}'73‘, which locally rewrites the values of bits in region R according to a predetermined
rule, subject to noise flipping bit values in E. The region R will be referred to as the spatial support
of gadget G.

Definition 2.4 (Composition of gadgets). Gadgets can be composed one after another in a se-
quence. The gadget G 0o Gy : {0,11Rl x E — {0,1}Rl is a map, where R is the union of the
spatial supports of G1 and Ga, such that G1 is applied to the input, and is then followed by G.
Note that the ordering of a sequence of gadgets in all expressions will always be read from right to
left (in figures, however, time will run either bottom to top or left to right).

If two gadgets Gy and Gy occur at the same time and their actions on an input can be paral-
lelized, then we will write their combined action as G1 ® Gs.

Definition 2.5 (Automaton). A classical automaton Ac is a circuit of (classical) gadgets, each
having spatial support of size O(1), where the union of spatial supports of the gadgets cover the
lattice L. The gadgets are generally assumed to be noisy. As a depth-t circuit of gadgets, a classical
automaton (subject to a particular noise realization) maps an input classical configuration s(0) to
an output configuration s(t).

Definition 2.6 (Damage). Consider a classical automaton Ac of depth t with noise realization
E and another automaton Ac that is a noiseless version of Ac. For a given input s(0) and time
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0 < tg < t, let the states obtained by running these automata up to time ty be s(ty) and 5(to),
respectively. The damage at time ty with respect to noise realization E is defined to be the set
{z| s(x,t9) & 5(x, to) = 1}.

We will refer to an automaton as hardwired if it applies gadgets in a non time-translation
invariant way:

Definition 2.7 (Hardwiring). We say that an automaton A is hardwired if the elementary gadgets
G € A of the automaton are applied in a time-dependent manner. The instruction set specifying
this time dependence is always assumed to not be subject to noise.

In this paper, we will work with p-bounded noise models (also called local stochastic noise
models), which are more general than i.i.d. noise models:

Definition 2.8 (p-bounded classical noise). For an automaton of depth t, let a classical noise
realization E be a random subset of the set of spacetime coordinates £ x[0,t] (since time is discrete,
it is understood that [0,t] = [0,t] N Z). The noise model is said to be p-bounded if for any A C L,
we have

P[A C E] <pH. (2.1)

In the paper, we will be using several p-bounded noise models. One of them will act on
individual (qu)bits, in which case £ will be the spacetime lattice of (qu)bits, and the other one
will be a gadget noise model, where each gadget can experience an arbitrary error, in which case
L will denote the set of spacetime coordinates of all gadgets. The use of p-bounded noise (rather
than i.i.d. noise) is essential because the operation of the automata introduce noise correlations
that cannot be captured with an i.i.d. noise model.

2.1 Tsirelson’s automaton

A non-hardwired fault tolerant 1D classical automaton was found by Gécs in the seminal work [17,
18], which refuted the ‘positive rates’ conjecture in statistical mechanics and dynamical sys-
tems [51]. While Gacs’ automaton is extremely complicated, the task of fault tolerantly storing a
single bit in 1D turns out to be significantly simplified if one allows for hardwiring. This was first
noticed by Tsirelson [20], who constructed a hardwired automaton defined by a set of ‘substitu-
tion’ rules. His construction is designed to be hierarchically self-simulating, in a way we will make
precise below.

Definition 2.9 (Elementary gadgets). The elementary gadgets of Tsirelson’s automaton consist
of an ‘idle’ gadget Xg, a ‘swap’ gadget Yy, and an ‘error correction’ gadget Zy. In the absence of
noise, their actions are defined as follows:

Xo(s1) =s1,  Yo(s1,82) = (s2,51) (2.2)
and
ZO(Sla 52, S3> = (Maj(517 52, 53)7 Maj(slv 52, 53)7 Maj(sla 52, 53))5 (23)

and are pictorially denoted below:

Xo Yo Zo
| X D 24

Thus Xg acts as the identity, Yy swaps its inputs, and Zy performs a majority vote of its inputs
and broadcasts three copies of the result.

Tsirelson then defined higher-level gadgets (X, Yy, Z,), which are built from elementary gad-
gets and behave the same way as the elementary gadgets but at a larger ‘scale’. The higher-level
gadgets are defined recursively through the following substitution rules:
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Definition 2.10 (Simulated gadgets). The simulated gadgets of Tsirelson’s automaton at level n,
denoted by X, Y., and Z,, are defined through X,_1, Yn_1, and Z,_1 via the substitution rules
(where time progresses from bottom to top)

| X X 1 X X 1 X 17

|| | ] | X 1 X1

DM X D D DM

“— 2x3"— 3x3— (2.5)

These substitution rules uniquely determine (X, Yy, Z,) in terms of the elementary gadgets (Xo, Yo, Zo).
We will call n the level of the respective gadget.

The pattern of Y,,_; swaps appearing in the substitution rule for Z,, is designed to redistribute
the bits so that the majority vote at higher scales can be implemented in a local way
Finally, we can define Tsirelson’s automaton:

Definition 2.11 (Tsirelson’s automaton). Given a 1D line of L bits, denoting n = logs L (or
n = logs 2L, n =logs L + 1, respectively), Tsirelson’s automaton for X, Y or Z gadget consists of
applying the simulated gadget X,,, T,, or Z, repeatedly in time.

The depth of the circuit implementing Tsirelson’s automaton when X, is repeated T times is
Llo86/1083 .7 Tt is the same for the automaton corresponding to Y;, or Z,,. The bit that Tsirelson’s
automaton stores is encoded using the recursive majority function (which is the function computed
by a noiseless Z,, gadget).

Definition 2.12 (Decoder for Tsirelson’s automaton). The decoder for Tsirelson’s automaton is
a noiseless circuit D,, - {0,1}3" — {0,1} which performs recursive majority vote on bit strings of
length 3™. Ezplicitly, D,, acts on bit strings via

D1 (s1, 82, 83) = Maj(s1, 52, 53)
Dk:(sla ...,S3k) = Dl(Dk,1<51, ceny 831@—1>7Dk;71(83k—1+1, ...,82X3k—1),Dk71(82X3k—1+17 ...78319)

(

Assuming a local p-bounded error model where the noise is supported on bits (this noise model
is defined in Prop. 2.1), Tsirelson [20] proved a stronger version of the following statement:

N —

6)

Theorem 2.1 (Tsirelson [20]). Denote s;(t) to be the value of the ith bit after T repetitions of
Tsirelson’s automaton applied to the initial state s;(0) = 1Vi. Then under a p-bounded noise
model, provided p is smaller than some value p.

P(D(s(T)) =1)>1—T-exp (—aL”) (2.7)

for positive constants o and (3.
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Figure 1: The evolution of an input state with randomly chosen damage under a noise-free level-2 error correction
gadget Z>. As in other figures, time goes from bottom to top. White squares represent 0 and and gray squares
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By symmetry, this also holds if the initial state is s;(0) = 0. This implies that Tsirelson’s
automaton can remember a bit of information for infinite time in the limit L — oo.

This theorem was originally proved in Ref. [20] by explicitly studying how the joint distribution
of errors evolves under the automaton. It is likely that this method does not readily generalize for
other constructions. Thus, of the goals of this section is to provide a simpler, more modern, and
generalizable proof that makes use of the extended rectangles formalism, which was also originally
used to provide a simpler proof of fault tolerance for the concatenated code scheme [22]. Before
proceeding with the proof, let us provide some informal intuition for why Tsirelson’s construction
works.

First, we need a more general discussion of stable cellular automaton dynamics. In order to
stabilize a certain logical state, such an automaton must be able to correct domains of errors
created by the noise. For a generic configuration of noise, the largest spatial domain of errors
observed at any given time can scale with the system size L as ~ log L, which diverges as L — oc.
In two (or more) dimensions, there exist ways of locally correcting these large domains quickly
enough. One way is to use Toom’s rule [14], which shrinks domains in a time proportional to their
linear size. The reason this can be done locally is because boundaries of error domains form loops,
and the curvature of these loops can be determined locally.

However, in one dimension, an analogous rule is not possible given that boundaries of error
domains are point-like (this is also the reason why there are no ordered phases in 1D classical
locally-interacting systems in equilibrium). Thus, Tsirelson’s automaton must operate based on a
different rule: rather than trying to shrink domains of errors, it instead operates using a “divide
and conquer” strategy. The only error domains eliminated directly by the automaton are those of
length 1 (which are cleaned up by local majority votes). Larger domains, instead of being directly
shrunk, are instead fragmented into smaller domains which are then isolated from each other.
These domains recursively continue to be fragmented and isolated until they become small enough
to be directly corrected (see Fig. 1).

Consider first how the gadgets operate at low levels. Every operation X; consists of a Zj
followed by three columns of Xy. This means that X; takes three bits as an input, computes their
majority vote (i.e. error corrects), and then broadcasts this value to all three outputs. Y; starts
by applying a Z; to two blocks of three bits, and then swapping both blocks. This is equivalent
to implementing a fault tolerant swap operation on a pair of encoded bits. Finally, Z; starts
with applying Zy to three blocks of qubits and redistributing the output via swaps so that each
output block contains one bit from each input block. As an explicit example, consider the action
of a clean Z; on the input state ‘000101000’. Applying majority votes (Zy gadgets) turns this
into ‘000111 000°, and the redistribution performed by the pattern of swaps then turns this into
‘010010010°. The action of Z; thus fragments the minority domain of errors into three pieces,
which are distributed among each of the three output blocks. Following this with a final layer of
local majority votes (Zy gadgets) completely eliminates the minority domain.

The elimination of errors at larger scales occurs in a self-similar fashion, repeating the same
action at each scale recursively (‘hierarchically’). An illustration of how an input error configuration
gets self-similarly cleaned up at level 2 is shown in Fig. 1.

2.2 A modification of Tsirelson's automaton

We will now introduce a minor modification of Tsirelson’s construction, which is readily amenable
to the extended rectangles method [22, 23] for proving fault tolerance. This modification also allows
us to define the notion of a fault tolerant simulation and interpret the action of the automaton as
repeated fault tolerant simulation of a 3-bit repetition code.

Each gadget in the modified automaton is analogous to a ‘gate’ from quantum computation,
with higher-level gadgets being defined in a way resembling transversal application of lower-level
gadgets:

Definition 2.13 (Modified elementary and simulated gadgets). Define the modified elementary
gadgets Xo = Xo, Yo = Yy, and Zy = Zy to be the same as in Tsirelson’s original construction.
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Define the (modified) gadgets X1, Y1, and Z; to be

X Wi

(2.8)
We call X, Y, and Z-type gadgets ‘gate gadgets’.

In the new notation (note the difference in the typeface), Xp, Vo and Z; are now viewed as
1-, 2-, and 3-bit gates, respectively. The new A&} and ); are the same as in Tsirelson’s original
construction, except that they lack the first layer of Z, gadgets. Z; is the same as Tsirelson’s
gadget repeated twice, with the first layer of Z; gadgets removed. The reason why we define
Z, differently from Tsirelson’s Z; is that, as previously mentioned, Z; is designed to operate
analogously to transversal gates. Namely, the level-1 majority vote is implemented by performing
majority votes between encoded inputs in a bitwise manner (i.e. the first majority vote acts on
the first bit of each of the encoded inputs). To do this completely locally, we first use a sequence
of swaps to bring the desired bits together, apply the majority vote, and send the bits back to
their original locations. The transversal nature of this operation ensures that an error confined to
a single block of 3 bits does not affect the logical output.

We note that the circuits for X; and ); gadgets have depth 6, while that for Z; has depth 11.
Nevertheless, as we will see, an automaton compiled from these gadgets will have well-defined depth
despite the gadgets having different depth, because Z-type gadgets never occur simultaneously with
X or Y-type gadgets. If this were not the case, one can always add extra idle steps to equalize the
depths.

Nest, we define the notion of a fault tolerant simulation of a circuit C.

Definition 2.14 (Fault tolerant simulation). Define ECy = Zy. A fault tolerant simulation of a
circuit C comprised of Xy, Vo, and 2y gadgets, denoted FT(C), is a circuit wherein (a) each bit in C
is replaced by a block of 3 bits, (b) each Xy is replaced with FT(Xy) = EC10X10ECh, (c) each Yy is
replaced with FT(Yy) = EC10Y10ECY, and (d) each Zq is replaced with FT(Zy) = EC10Z,0ECY,
and finally (e) one of the two ECy gadgets is removed between each pair of consecutive gate gadgets.

Definition 2.15 (Repeated fault tolerant simulation). A repeated fault tolerant simulation of a
circuit C, denoted FT™(C), is a new circuit formed from the iteration FT™(C) = FT(FT"~1(C)),
with FT(C) = C and FT*(C) = FT(C).

We emphasize that the adjective in the term “fault tolerant simulation” is used to indicate
that the simulation’s aim is produce a circuit with same logical action as the original one that
can tolerate certain faults (for example, sparse single-qubit or single-gadget faults), but the fault
tolerance in the conventional meaning of this term is only achieved upon repeated simulation and
is a property that we subsequently prove.

We also introduce an element that we call the ‘ideal decoder’. The ideal decoder is a noise-free
gadget which performs ideal error correction. It will play an important role in the proofs.

Definition 2.16 (ideal decoder). An ideal decoder on 3*-bit state s = (s1, ..., s31) is defined to be
Dy, from Eq. (2.6). D1 will be schematically shown as

& o
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For a noiseless input state where each three bits is viewed as a 3-bit encoded noiseless input, the
following graphical identity holds for the ideal decoder acting after noise-free simulated gadgets,
which illustrates the self-similar nature of the construction:

(2.10)

(2.11)

To further illustrate how self-simulation works, let us show how a hierarchical application of
the ideal decoder can reduce the circuit level by level. One application of an ideal decoder reduces
FT"™(C) to FT" 1(C). An explicit example of this is shown in Fig. 2. In this example, the input
circuit is FT?(Zy); upon pushing a layer of ideal decoders through the circuit, we obtain F'T(Zy).
Pushing another layer of ideal decoders through the circuit yields Zy. Thus, pushing layers of the
ideal decoder through repeatedly reveals which circuit is being simulated at every level.

In our subsequent proof, we replace Tsirelson’s original X,,, Y, and Z,, with FT™(Xy), FT™ (o)
and FT™(Zy), respectively, which we call the modified Tsirelson automaton:

Definition 2.17 (Modified Tsirelson’s automaton). Given a 1D line of L bits, denoting (or n =
logs 2L, n = logg L + 1, respectively), the modified Tsirelson’s automaton for X, Y or Z gadget
consists of applying the simulated gadget FT™(XT), FT™(Y{) or FT™(ZL) where T is the number
of repetitions.

This modification is rather minor, amounting to repeating each Z, twice as compared to
Tsirelson’s original construction. However, as we show in the next subsection, one can prove
fault tolerance by directly using the exRecs method for quantum concatenated codes.

2.3 Proof of fault tolerance

We will now prove that the modified Tsirelson’s automaton is fault tolerant using the extended
rectangles (exRecs) method. Because in this section we use the exRecs method in its unchanged
form, we only provide a brief summary of the most used concepts in App. B. We encourage the
reader to revisit the literature [22, 23] for a more comprehensive introduction’. In particular, we
will be extensively using the following concepts from this method: Gate and EC properties, good
and correct exRecs, bad exRecs and truncation, ideal and *-decoders, as well as the techniques

7A comprehensive introduction can also be found in notes written by Gottesman that will eventually be published
in the form of a book [10].
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used to prove Theorem B.1. When proving fault tolerance for the toric code automaton we will
need to modify the exRecs method, for which the appropriate definitions will be provided when
needed.

Let us start by considering the same error model as in Tsirelson’s original paper and show that
exRec properties hold for our modified gadgets. Let us refer to the states of the bits at spacetime
locations corresponding to the inputs and outputs of each elementary gadget as wires (gadgets
have both incoming and outcoming wires). In the wire error model, errors occur only in the wires
between consecutive gadgets.

Proposition 2.1 (Properties of modified Tsirelson’s gadgets under wire error model). Assume a
p-bounded error model (the “wire error model”) where

o Any wire can fail (including the input and output wires in Xy, Yo and 2y gadgets);

o The action of all level-0 gadgets is perfectly reliable.

Then, the gate gadgets X1, V1 and 2, satisfy Gate A and Gate B properties with t = 1, and the
EC gadget Zy satisfy EC A and EC B properties with t = 1 (these properties are defined in Def.
B.2).

Proof. All the properties can be seen by inspecting respective gadgets. One can also see that if we
did not choose to change the action of the original Z, the property Gate B would not hold for it;
an explicit example of this can be seen by considering the gate B property with an error-free Z;
acting on the input state 111 100 000. O

Under this noise model, one can think about errors as occurring between the application reliable
(noiseless) elementary gadgets. We will now prove fault tolerance of Tsirelson’s automaton under
the wire error model:

Theorem 2.2 (FT of modified Tsirelson’s automaton with wire error model). Consider a classical
circuit C defined on 1 bit consisting of T idle operations, i.e. C = XJI. Construct the repeated
fault-tolerant simulation FT™(C). Assuming the error model in FT™(C) to be the wire error model
from Prop. 2.1, then it achicves fault-tolerant simulation of C with a (Ap)?" -bounded wire error
model for some constant A. The probability that the initial logical state s(0) in the simulated circuit
C will get corrupted in time T is bounded by

P(Dy(s(T)) # Da(s(0))) < T - (4p)*" (2.12)

Proof. Consider the situation where an exRec for either X7, Vp, or Z; is bad. For a Xj-type
exRec, the minimal event causing it to be bad has probability O(p?). For a Y;-type exRec, the
minimal event also has probability O(p?). However, while for ); the minimal event failing any
of the simulated wires (i.e. the encoded output state on one of the triples of outgoing wires) has
a probability O(p?), the minimal event failing both simulated outputs has a probability O(p*).
Thus, pulling a *-decoder through a bad exRec containing )); corresponds to a simulation of )
with an A’p?-bounded error model.

Let us similarly determine the error model resulting from pulling a *-decoder through a Z;-type
bad exRec. By direct verification, we note that the failure of a single simulated wire (in either
the input or output) occurs with probability O(p?). To check consistency with a A’p?-bounded
wire error model, we need to show that two simulated wires fail with probability O(p*). However,
naively it seems like there are events where two wire failures can cause two simulated wire failures.
For example, consider the scenario where the encoded input is 111 000000; then an error with
probability p? can cause an output (after the ideal decoder) of 111111111. The output in the
absence of the error would be 000000000. Thus, the outputs in the presence and absence of the
error differ on all three encoded bits. However, this error is equivalent to simply failing an additional
input wire. This is because, such an input failure, which occurs with probability p? would cause
the input 111110000, which exits the gadget as 111111 111. This is still consistent with an A’p?-
bounded error model. Further examination shows that an error with probability at most O(p*)
can cause two simulated wires to fail, even taking into account the kinds of equivalences described
above. Thus, the error model experienced by the simulated Z; is majorized by a A’p?-bounded
wire error model.
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Now that we know that the wire failures in each bad exRec obey an A’p?-bounded error model,
we need to show that the error model for the entire simulated circuit F7"(C) is Ap*-bounded for
some constant A. Upon pulling a layer of #-decoders through, if a simulated wire has an error,
it must have been a part of a bad extended rectangle. For a given set W of locations on wires,
call Ey an event where there is a failure in each location w in W. Suppose that Ey was caused
by a set {R,} of exRecs being bad. There are many possible choices for such a scenario because
different noise realizations lead to different truncations (determined by Algorithm 2 in App. B,
which determines the assignment of good and bad exRecs), and thus, to the different coverings of
the circuit with exRecs. Therefore, we can sum over all such scenarios:

P(Ew) = Z P (Ew occurred due to badness of R,,) (2.13)
{Ruw}

All bad exRecs can be chosen to be disjoint by the truncation procedure (see App. B for a more
detailed discussion). Because the noise model is A’p?-bounded for each bad exRec, we can upper
bound the sum of probabilities on the right-hand side as

P(Ew) < 30 AWV < AW, (214
{Ruw}

where in the second inequality we used the fact that the possible number of truncations of any
exRec is at most 2¥ with k < 3 because Tsirelson’s construction requires at most 3-bit gates.
Therefore, the error model for the entire circuit is Ap?>-bounded for A = 8A’.

Having proved that one level of simulation results in error suppression, we iterate the FT
simulation n times (sequentially pulling decoders past the circuit at higher and higher levels).
Upon doing so, the new error model is a pg-bounded wire error model after k iterations, with

pr <Api_1; po=p (2.15)

Solving this recurrence gives Ap, < (Ap)?". Since the error model for C is (Ap)2"-bounded
(removing the extra factor of A=! since A > 1), the probability of a logical failure upon union
bounding over T repetitions of the simulated X, gate completes the proof. O

Above, we proved fault tolerance only for the FT"(X{) automaton; however, a proof for the )y
and Zjp-generated automata is completely analogous. The result above implies a threshold value of
p for the modified Tsirelson automaton which is lower bounded by A~!. Tsirelson’s Theorem 2.1
for the modified automaton is reproduced by setting n = O(logs L).

Next, let us now assume a more realistic noise model where both wires and gadgets can fail,
and the noise is p-bounded (when a gadget fails, it is allowed to produce an arbitrary output, and
p-boundedness means that if M is a set of gadgets that fail in a certain noise realization, then that
noise realization occurs with probability < p/™!). We call this error model a gadget error model.
Then we can show the following:

Corollary 2.1 (FT of modified Tsirelson automaton with gadget error model). Consider the same
circuit C = X&' as in Theorem 2.2. Assuming a p-bounded gadget error model for the circuit
FT™(C), for n > 1, the simulated circuit C experiences a (Ap)zn_l—bounded wire error model for
some constant A.

Proof. We will show that for any circuit C’, a FT(C') with gadget failure model simulates C’
with wire error model instead. By expressing FT™(C) = FT (FT"'(C)), and identifying C' =
FT"1(C), we see that the n levels of noisy-gadget simulation of the original circuit are analogous
to n — 1 levels of noisy-wire simulation of the original circuits instead, for which we then can use
Prop. 2.1 and Theorem 2.2.

A single simulation F'T(C) operates effectively with ¢ = 0 (where the definition of ¢ is provided
in App. B). Therefore, any exRec containing even one error is bad. The gate and EC conditions
hold only when there are no errors at all. Consider a bad exRec containing one of the gadgets. For
X1, the minimal event has simply O(p) probability. For )i, by inspection, one sees that the bad
exRec induces an error model in the simulated Yy that is A’p-bounded on the wires. For exRec
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containing Z;, by a similar consideration to Theorem 2.2, we get A’p-bounded error model on the
wires. Thus, we have shown that FT(C’) simulates C’ with the A’p wire error model instead, which
concludes the proof. O

Finally, we remark that Tsirelson in fact proved a stronger result for his automaton in [20],
namely, that the state input into the automaton is preserved at each site i with some constant
probability (which he bounds by 3/4 from below). A similar result could likely be derived from
our Thm. 2.2 by considering an (inverted) discrete lightcone of gadgets extending to the past from
the point 7 at a given time ¢, similarly to Tsirelson’s original proof.

2.4  Numerics for Tsirelson's automaton

In this subsection we provide a numerical estimate of the threshold in Tsirelson’s original automaton
by simulating its performace with Monte Carlo numerics.® Our numerics will employ the “wire
error model” of Prop. 2.1 which we model at the circuit level as an i.i.d. noise of strength p.
Explicitly, at a given time ¢ of the circuit evolution, we 1) noiselessly apply the gates applied by
the automaton between times ¢t and ¢ + 1, and then 2) apply noise: with probability p, each spin is
replaced by a Bernoulli random variable with mean (1 4+ 7)/2, with the noise being biased towards
the s; =0 (s; = 1) logical state if 7 > 0 (n < 0). See [25] for code generating the data in the plots
to follow.

2.4.1 Decoding fidelity
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Figure 3: Logical fidelities in Tsirelson’s automaton after T' = 50 repetitions of the error-correcting gadget X,
subjected to iid wire noise, shown for unbiased noise (n = 0, left) and maximally biased noise (n = 1, right).
Changing the value of T does not appreciably shift the threshold point, but does modify the value of F' at which
the crossing occurs. The initial state in the maximally biased case is chosen to be the logical state disfavored
by the bias of the noise.

The threshold value p. is easiest to establish by initializing the system in a logical state and
computing the expected time over which the system retains the memory of its initial conditions.
To this end, we define the logical fidelity F/(T') as the probability for ideal decoding to succeed
after T repetitions of X,,:

F(T) = minP(D(s(T)) = D(s(0))). (2.16)
Here the minimum over initial states is needed in the case of biased noise, where it selects out the
logical state with the shortest lifetime.

A threshold can be deduced from the L dependence of F measured after a fixed (L-independent)
number of applications of X,,, where n = logs(L). As shown in Fig. 3, for unbiased noise we find
a transition at pc|,=o =~ 0.0144, while for maximally biased noise the threshold is approximately

8The numerics to follow are run for Tsirelson’s original automaton, rather than our modified version, which
requires larger circuit depth, making it less convenient for numerical study.
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halved: p¢ly,=1 =~ 0.0065. In an ii.d. gadget failure model with rate p, we observe a similar
threshold of p¢|gadges == 0.008.

2.4.2 Relaxation time
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Figure 4: Relaxation times near threshold in Tsirelson's automaton for unbiased noise. The dashed lines are fits
to the scaling given in (2.18).

To evaluate the lifetime of the memory at noise rates below the threshold, we define the re-
laxation time %, as the average time, measured in a number of applications of X, rather than in
circuit depth (the time measured in circuit depth will be T times an exponential in n, which will
be poly(L,T)), at which ideal decoding fails:

trel = E[H%(I)I)l min{T" : D(s(T)) # s(0)}], (2.17)
S
where E is taken over noise realizations. Below threshold, the relaxation time scales as t.q =

(pe/ p)LA for constant A > 0. For Tsirelson’s automaton with a wire error model our fault tolerance
theorem gives A = In(2)/In(3), producing the scaling behavior

_ologg (L)

(2.18)

trel ~ P

Fig. 4 shows that this functional form is indeed obeyed quite well when p < p..

2.5 Generalization to other codes

We will briefly discuss a generalization of the modified Tsirelson’s automaton by replacing the
majority vote procedure with error correction of a different code. Let C' be a (small) classical
linear code with parameters [n, k, d], and define the operation EC(s1, S2,-* ,S,) to be an error
correction operation that maps the input bit string s1, s2,- - , s, to the closest codeword specified
by the parity check matrix H of the code. As in Tsirelson’s construction, define Xy to be an idle
operation, )y to be a swap of two bits, and Zy = EC(s1, s2,- - , s,) which acts on blocks of n bits.
By performing a similar fault tolerant simulation as before, we will obtain a concatenation scheme
for the code C. This will result in a hierarchical decoder for the code with the parity check matrix

HRI®I..oI
LRHRI..®I
H=|LeLeH.aI (2.19)

L®L®L..®H

where ® denotes the tensor product for parity check matrices and L is the logical generator matrix.
This corresponds to a classical tensor-product code (not to be confused with tensor products of
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chain complexes frequently used in quantum codes) with parameters [n’, k, d‘] if the simulation
is iterated ¢ times.

Let us construct the fault-tolerant gadgets. We define EC, = Zy. FT(Xp) is defined on n
bits and is a circuit of idles for depth 2n — 1. FT())) is defined on 2n bits and is a pattern of
swaps and idles designed to function in a transversal way, i.e. the operation results in a bitwise
swap of the first block of n bits with the second. Similarly to Tsirelson’s construction, it will be a
‘diamond-shaped’ pattern of swaps whose depth is 2n — 1.

Finally, the gadget FT(Z;) acts on n blocks of n bits. The first part of this gadget brings the
j-th bit of block s to the s-th location in j-th block for all j and s using a pattern of swaps and
idles”. The gadget then applies Z on each resulting n-bit block. Finally, the circuit performs the
same sequence of swaps and idles as in the first step. This way, it implements Z, transversally
(bitwise) between each block. The fault tolerant simulation procedure then follows from Def. 2.14
and the discussion afterward.

As mentioned at the beginning of Sec. 2.2, Tsirelson’s automaton corresponds to choosing C'
to be the 3-bit repetition code. Since in general the information will be encoded in a [n*, kf, d‘]
code, by choosing the code C' that encodes more than one logical bit, i.e. k£ > 1, we obtain a
one-dimensional classical memory encoding a power-law number of bits.

The proof of fault tolerance using the exRecs method goes through essentially unchanged re-
gardless of C'9, and one can prove that the probability of incorrectly decoding a logical bit is

P(D(s(T)) # D(s(0))) < T - (Ap)+1)', (2.20)

where A is a constant, ¢t = |(d—1)/2], and the x-decoder D is defined by a hierarchical application
of EC in complete analogy to (2.6).

3 The toric code automaton

In this section, we introduce the toric code automaton. We start by defining the measurement
and feedback model that will be used in the rest of the paper. We show that a general p-bounded
error model can be reduced to studying a p-bounded gadget error model for Pauli-X and Z errors
separately. We refer to this error model as a decoupled error model. For the rest of the paper, we
will be studying the automaton under the decoupled error model.

After a brief high-level discussion of the construction, we show how to recast Tsirelson’s au-
tomaton in terms of the measurement and feedback model and use this perspective to construct a
basis of elementary gadgets for the toric code automaton. Finally, we describe how the toric code
automaton can be assembled from these elementary gadgets.

3.1 Measurement and feedback automaton and decoupled error model

Here, we will informally present the most important definitions and results from Appendix A,
which contain all of the details and proofs justifying the noise model that we study in the rest of
the paper.

The main model for the quantum automaton that we study is the measurement and feedback
model, whereby at each time step we measure all stabilizer generators, apply a feedback operator
depending on syndromes, and apply a quantum noise channel.

9More precisely, let the n? bits be arranged on a line with the bit positions indexed by an integer j € {0,...,n% —

1}. Writing j = jin + j2, with 51,2 € {0,...,n}, the circuit of swaps and idles sends the bit at location jin + j2 to
the location jan + j1. The specific way in which this circuit is implemented is not important, but one such ‘greedy’
implementation yields a depth (2n2 — 4n + 3 + (—1)"*1)/2.

10We remark that this approach also straightforwardly generalizes to the case when we concatenate error correction
circuits for several classical codes C; = {C1,C2,...}. For this, one would need to introduce a family of error

correction gadgets Zéi). It may be possible that the fault tolerance property could still hold if one takes a family
of codes with growing parameters such that the resulting tensor-product code has a constant rate, similarly to
Refs. [18] and [38]. We leave this question as well as its generalization to the quantum setting to future work.
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Definition 3.1 (Measurement and feedback model; informal). A measurement and feedback model
is a quantum dynamical system that takes a stabilizer group S and at time step t:

(a) Measures all stabilizer generators, obtaining syndromes o,
(b) Applies the feedback operator Fi(o) conditioned on the syndrome measurements,
(¢) Discards the syndrome measurement outcomes, and

(d) Applies noise channel &;.

The measurement and feedback model does not yet reference locality. For this, we define the
notion of a stabilizer quantum gadget, which is an operation that consists of a O(1)-sized region of
stabilizer measurements followed by feedback that only depends on measurement outcomes in this
region, followed by noise (see Defs. A.6 and A.7 for the formal definition). We can then define a
stabilizer quantum automaton by chaining together the action of many local stabilizer quantum
gadgets.

Definition 3.2 (Stabilizer quantum automaton; informal). A stabilizer quantum automaton for
a stabilizer code S = (g;) and a given noise model is a depth-t circuit of local stabilizer quantum
gadgets associated with S that evolves an initial density matriz p(0) to a density matriz p(t).

We will simply call the stabilizer quantum automaton an “automaton”. In App. A, we argue
that due to stabilizer measurements being performed at every timestep, the effect of general noise
can be reduced to studying a simpler model where the noise applies a Pauli operator O, at timestep
t and the feedback operator Fi(o) is also a Pauli operator. Furthermore, for noise that can be
described as a p-bounded qubit or p-bounded gadget error model, the effective Pauli error model
after this simplification can be described by what we call a p-bounded decoupled gadget error
model. We provide definitions of p-bounded gadget error model and the p-bounded decoupled
gadget error model below:

Definition 3.3 (p-bounded gadget error model; informal). A gadget error model is p-bounded if,
given noise realization with a set of noise locations E, an associated set of failed gadgets Fg, and
any subset of gadget locations Ay, it satisfies

P[A, C Fg] < pl4sl. (3.1)

Definition 3.4 (p-bounded decoupled gadget error model; informal). Consider a noise realization

with noise locations E and noise operator history {O1, 02, ,Or} with Oy = (’)t(X)O,gZ). We
partition E = Ex UFEy so that Ex and Ez denote sets of the spacetime locations of qubits marked

for being possibly acted upon by X and Z operators, respectively, and J, supp(Ot(X)) C Ex and

U, supp(Of?) C E.

Specify sets of failed elementary gadgets Fg, = {Fl(X), FQ(X)7 .. ,F}X)} and Fg, = {Fl(Z)7 FQ(Z)7 ..

such that each individual gadget fX/%) ¢ Ft(X/Z) shares support with Ex 7, and Ex 7 is contained
in the union of supports of the gadgets in Fg, ,, .

For each time step t, we can choose a decomposition C’)t(X/Z) =11 (’)Ef/z)

contained in the support of ft(f/z) € Ft(X/Z). The corresponding noise model is a p-bounded decou-
pled gadget noise model if, for any subsets of spacetime locations of X -type and Z-type elementary
gadgets Ax and Az,

where each ng/z) is

P[(Ax C Fiy) A (Az C Fgy)) < plixlFiazl, (3.2)

As a technical note, the p-bounded gadget error model and p-bounded decoupled gadget error
model should also include the adjective “approximate error model”, see Def. A.1. An approximate
error model will have a noise history (see Lemma A.1 for a definition) that never applies a logical
operator at any fixed time step. From standard percolation arguments, we can prove that an
approximate error model is close in total variation distance to the non-approximate error model.
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Later on in the text, we may use the adjective “approximate error model” to reinforce this technical
subtlety.

The gadgets of the toric code automaton will be chosen to be X-type and Z-type, see Def. A.15.
For X (Z)-type gadgets, one makes Z(X )-stabilizer measurements in some O(1)-sized region, and
performs X (Z) Pauli feedback based on these measurement outcomes. Moving forward, we will be
heavily relying on (a quantum) notion of damage:

Definition 3.5 (Damage). Call |¢) the initial logical state of a stabilizer automaton with stabilizer
group S. Consider a state |t) = O|¢) where O is a Pauli operator. We call any operator O’ such
that O'O € S the damage of the state |1)).

Since we only need to study the toric code automaton under a decoupled noise model, the
following fact holds:

Fact 1. Run the toric code automaton with X and Z-type gadgets experiencing a decoupled gad-
get noise model for T time steps. Sample a noise realization with a history of noise operators

{01,043, ,Or}, and assume that the initial state is a toric code state of the form @i(f)O(Z) 1)

in
where ng/z) are the input damage operators and |1) is a syndrome-free initial logical state of the
toric code.
Then, the total operator applied by the automaton (i.e. due to both its feedback and the noise)
under this noise realization can be determined by running the X and Z-type automata whose outputs
give the operators Oéi’)T and OEQT, and multiplying these operators together.

This reduces the analyzes to studying two separate X and Z automata, which significantly
simplifies the ensuing analysis.

3.1.1 Classical gadget maps

While we defined gadgets of an automaton to be quantum operations that measure stabilizers and
apply feedback on the system, let us introduce a slightly different way of describing their action
which we will extensively use throughout the paper. We focus on an X-automaton operating under
a p-bounded decoupled gadget error model. We can map it to a classical problem corresponding to
the dynamics of X-error syndromes on the lattice. The following definition and proposition makes
this precise:

Definition 3.6 (Classical gadget map). Consider a state p; with definite syndrome o experiencing
a noise realization E with syndrome €. Define pi,, to be the state after applying the noisy ele-
mentary gadget G. We note that, under a decoupled gadget error model, the state p;,, will have
definite syndrome, which we denote o’. Then, we define G[o, €] to be a classical map acting on o
that produces o’.

For any pair of neighboring gadgets G1 and Gs, their joint operation is determined by running
them simultaneously and following the prescription above. For a non-elementary gadget G, we
define the associated classical action Glo, €| to be one that composes the classical actions of its
constituent elementary gadgets.

We will also use the notation Go] = G[o, D] to refer to the noiseless gadget operation on a
state with syndrome o.

We will use both the operator and the syndrome picture to analyze the properties of the toric
code automaton and its gadgets. For the syndrome picture, we will utilize the classical maps
associated with gadgets.

3.2 Basic idea behind the construction

Let us now discuss the high-level idea behind our construction. Unlike in a classical automaton,
it is impossible to directly measure the state of an individual qubit in a quantum code without
affecting the stored logical state. Instead the automaton can only measure stabilizers, thereby
revealing information about the errors, but not the logical state of the code. Therefore, the
measurement and feedback model is the most natural model which will not destructively measure
the underlying quantum state.
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In fact, one can recast Tsirelson’s automaton as a stabilizer measurement and feedback model,
which we do explicitly in Subsec. 3.3. The corresponding stabilizer code is simply the classical
repetition code. We then introduce the concepts of a coarse-grained lattice for each level that the
automaton operates at, and we will see that the EC' gadget either cleans up an error if it is small
enough or otherwise coarse-grains it to live on a lattice of a larger scale. This process then repeats
self-similarly. Assuming a low noise rate, repeating this map at higher and higher scales cleans
up error configurations. To show that the probability of a logical error is small, we can appeal to
probabilistic properties of p-bounded noise at low noise rates by using methods similar to Géacs’
sparsity bound [17, 24]. In particular, with high probability, an error configuration sampled from a
p-bounded noise model can be hierarchically grouped into clusters, where each level-¢ cluster has a
characteristic size growing with ¢, and different clusters are sufficiently separated from one another.
A fault-tolerant automaton should be able to handle large clusters at a given level even when new
smaller clusters of errors are dynamically appearing. To do this, it must eliminate smaller error
clusters at a faster rate than larger ones.

Notice that these ideas are very general; they are not specific to Tsirelson’s automaton and are
independent of the spacetime dimension. Therefore, we can use them as a framework for building
an automaton for the toric code, wherein error configurations in X and Z sectors simultaneously
undergo a similar coarse-graining action described above.

We will construct the X-type automaton, and our goal will be to consider the X-type noise and
protect the state against the X-type logical errors. As discussed before, the Z-type automaton will
be defined analogously except on a dual lattice and will have the same properties. To explain how
our toric code automaton functions, we begin by defining the primitive gadgets that appear in its
construction. One naive starting point for building such an automaton would be to independently
run appropriate analogues of the 1D Tsirelson automaton along each row and column of the lattice.
This approach fails to be fault tolerant for reasons explained in Sec. 3.5.1. We have not been able
to find a way to implement a fault tolerant toric code automaton with (the measurement and
feedback versions of the) 1D swap and majority vote gates.

Our construction instead departs from this naive idea in two places. The first place is by
decomposing the 1D majority vote gate used in the measurement and feedback version of the
Tsirelson’s automaton into the syndrome-operating analogue of the ‘swap’ gate and a new type of
‘match’ gate, which pairs up nontrivial syndromes on neighboring sites. The second place is in
defining an EC' gadget which acts on 3x3 cell groups of the toric code lattice. Our EC gadget is
constructed by running a version of Tsirelson’s Zy gadget vertically and horizontally, and coupling
the two operations with match gates inserted at certain times. This EC gadget will be designed to
either eliminate errors in its support or to send syndromes to the corners of the 3 x 3 cell. We will
then describe how to make this construction hierarchical, using two procedures we call the inner
and outer simulations.

3.3 Stabilizer approach to Tsirelson's automaton

Tsirelson’s automaton performs error correction of a repetition code:

Definition 3.7 (1D repetition code). A repetition code on a one-dimensional line of L qubits is a
stabilizer code, with the stabilizer group generated by A;11/o = Z;iZiy1, where i labels an edge and
i+ 1/2 labels an adjacent vertex.

In the spirit of quantum stabilizer codes, we will also formally use the term ‘qubit’ instead of
‘bit’, even though the repetition code is classical.

In the measurement and feedback approach, the SWAP gate is analogous to a new elementary
gate gadget we will refer to as To(v). We will use the notation G(x) where x is either a spatial or
a spacetime coordinate associated with the gadget (depending on the context), which should not
be confused with the usage of square brackets to indicate the classical gadget action as in G[o, €]
from Def. 3.6. This gate gadget is defined as follows:

Definition 3.8 (7 for modified Tsirelson’s construction). Let v+ 1/2 denote the edge to the right
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from the vertex labeled v on the 1D lattice. The action of the To(v) gadget is:

Tow) =1 Btz = 5.)
val/QXv+1/2 Zf Zv71/2Zv+1/2 -1

Namely, it (i) measures the Z,_y/3Z,41/2 check, (i) applies X,_1/2Xy41/2 if the measurement
outcome was —1, and (iii) does nothing otherwise. Given the Fo-valued syndromes, we can alter-
natively define the associated classical action To(v)[o, @] in the syndrome picture as

(vahavaa—v«kl); ifo,=0
(OU—1@17U’U7U’U+1@1), ifO'»U =1

To(v)[9,2]

(Uv—lao—vao—v+l) — { (34)

One can directly verify that in terms of bits, this action is equivalent to the action of the ‘swap’
gate Yp(v). We schematically depict the nontrivial action of this gate gadget as:

T
— e (3.5)

where the black dot denotes the presence of a nontrivial syndrome.

Next, we discuss the majority vote gadget. Unlike in Tsirelson’s construction, rather than using
SWAP and majority as a basis, we will use a different (and equivalent) basis of gates. As mentioned
above, this is done because it is not natural to perform error correction in the 2D toric code using
only 1D majority vote gates. Instead, we will perform error correction in 2D by starting with a
grid of intersecting 1D Tsirelson automata, decomposing each 1D majority vote into a sequence of
swap and the new ‘match’ gates, and then adding match gates coupling different rows / columns
during the action of each 1D majority vote. How exactly this is done will be explained in Sec. 3.5.1.
First however, we will define the match gate.

A match gate My(e) centered on the qubit labeled e is defined as follows:

Definition 3.9 (M, for modified Tsirelson’s construction). The elementary Mo(e) gadget is de-
fined as

X, ifZerZo=—-1and Z.Zeir = —1

. (3.6)
I otherwise

Mo(e) = {

i.e. if two nontrivial syndromes are present from measuring checks sharing qubit e, the syndromes
are matched by flipping the value of the qubit shared by both of the checks. In terms of syndromes,
the associated classical action My(e)[o, D] is defined as:

Mo(e)[o,2 0,0 if O =0, =1
(0—6—1/2)0—6+1/2) o) ! ( ) f 1/2 +1/2 (37)
(Ue—1/2a06+1/2) otherwise

We schematically depict the nontrivial action of this gate as:

My
—f—e— — X (3.8)

Note that instead of showing the action of 7y and M, in spacetime like was done earlier, we just
show one time step at a time. This new notation will be useful for the toric code case where the
circuits are two-dimensional and a direction illustration of their spacetime action is not feasible.

Definition 3.10 (Support of a gadget: 1D repetition code). Define the location of a syndrome in
a 1D repetition code to be the vertex e4+1/2 for which the syndrome is the measurement outcome of
stabilizer generator ZeZ.y1. The support of a gadget G, denoted supp(G), is the set of spacetime
locations that the gadget nontrivially depends on.

Fact 2. The majority gate Zy can be written in terms of Ty and Mg as

Maj(e — 1,e,e + 1) = Zg(e — 1,e,e + 1) = Mo(e) To(e + 1/2) Mo(e) To(e — 1/2) Mo(e)  (3.9)
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Schematically, this looks like

Z,
EO = /3 /(33— —tF3— —f—— 33—
(3.10)

Finally, we denote the elementary ‘idle’ gate gadget as Z,. We emphasize that the action of the
Zy, To and Z on product states is identical to that of Xg, Yy and Zy, respectively. Thus, using the
measurement and feedback paradigm, we can write the modified Tsirelson’s automaton in terms
of the new gadgets Zy, 7o, and My (with Z; replaced with the decomposition shown above) with
otherwise the same substitution rules introduced in Sec. 2.

In the following, we will also use the following interpretation of the majority vote gadget. This
gadget removes any single-bit error (a pair of domain walls separated in space by distance 1)
within its support. If there is only a single domain wall inside its support, the gadget will move the
domain wall to its nearest end. We call the latter action “coarse-graining the error configuration” (a
concept that we discuss more formally shortly). This accounts for all possible input configurations
because there are only two possible locations for domain walls within the support of Zj.

This almost completes the new fault-tolerant prescription for expressing a circuit C as defined
in Def. 2.14. The definitions of Z; and 77 as well as EC remain the same as those of X; and )
when interpreted as a substitution rule. We define FT(My) = EC; M1 EC, where M is defined
as:

M

(3.11)

with each blue rectangle in the middle of the circuit denoting an Mg gadget. It operates similarly
to the modified Z7, except the sixth step is now an application of Mgz>3 rather than Z6®3. Similarly
to Z-type gadgets in the original construction, M-type gadgets only occur simultaneously with
the gadgets of the same type, and are never combined with Z or 7 gadgets. Therefore, we do not
need to require that the M gadgets have the same depth as Z and T.

Finally, the fault-tolerant simulation is defined in the same way as in Sec. 2.

3.4 Basic definitions for the toric code automaton

As mentioned previously, we will discuss only the bit-flip (X) error correcting part of the automaton
in the rest of the paper since the phase-flip error correction has an identical implementation after
passing to the dual lattice and exchanging X <> Z. Therefore, the only stabilizer measurements
featured here will be the A,-stabilizer measurements, and thus, £y will be from now on the set of
all vertices on the lattice. We will use the notation v = (v, v,) for the coordinates of the vertex
v, and denote qubits adjacent to the vertices by half-integer coordinates, such as (v, +1/2,v,) for
a qubit on a horizontal edge adjacent connecting (vg,vy,) with (vy + 1,v,). We will also use e to
denote qubit locations when convenient.

We start by introducing the basis of gadgets for our automaton, which are very similar to the
T and M gadgets that we introduced for the stabilizer-based treatment of Tsirelson’s automaton.
The difference is that the 7y and M gadgets now live in two dimensions, and we define a horizontal
(‘h’) and vertical (‘v’) action for them. They are designed so that, expressed through their action
on syndromes, they have the same action as their one-dimensional counterparts.
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Definition 3.11 (Elementary 7 gadget for the toric code). The action of the Tg*(w) gadget, where
w € Ly is defined as

I if Aw =1

: (3.12)
mefl/Z,wawqul/Q,wy Zf Aw =-1

Namely, it (i) measures the A, stabilizer and (ii) applies a horizontal X, 172w, Xw,+1/2,w,
operator if the measurement outcome was —1 and does nothing otherwise. In the syndrome picture,
we can define the associated classical action TJ'(w)|o, @] as

72 (@)p.]

(szfl,wyvsz,wyvawﬁl’wy) (szfl,wy D Ow,wys Twe,wy > Cwy+1,w, D wa,wy) (3.13)

Ty is defined as a m/2-rotated version of 7, so that x and y are exchanged in the above
definition; the ‘h’ (horizontal) or ‘v’ (vertical) superscript accordingly stands for the orientation of
the feedback action. Intuitively, the action of 77*(v) broadcasts information about the syndrome
present at location v to its left and right neighboring vertices (and for 7y (v), to the the top and
bottom vertices neighboring v).

We now define the “match” gate for the toric code.

Definition 3.12 (Elementary M gadget for the toric code). The M (e) gadget is defined as

Xe  ifAu 1/ =1 and A t1/ne. = —1
Mh(e):{ i Aerr/2iey GG Leot1/2ey (3.14)

I otherwise

i.e. if two nontrivial syndromes are present from measuring the two checks sharing qubit e, the
syndromes are matched by applying X to the qubit. In terms of syndromes, the associated classical
action Mb(e)[o, @] is defined as:

( ) Mg(e) 0,9] (070) Zf Uex—l/Q,ey = CTeﬂ,,—‘,-l/Z,ey =1
0’6171/2,6.970.61-4*1/2,61, th .
Ocp—1/2.e,> Tent1/2,e,) Otherwise

(3.15)
Pictorially, the gadgets 74* and M} have the following nontrivial action:
76/:,
= —  Xex
v
€ ) — —X—
(3.16)

M is defined as a m/2-rotated version of Mp. One can see that these gadgets are defined very
similarly to the case of the repetition code, except that stabilizers A, that are measured also have
support on adjacent vertical qubits.

We note that these new gadgets, although mimicking certain properties of Tsirelson’s gadgets
from the perspective of syndromes, no longer have the same interpretation in terms of their action
on error configurations. In particular, while Tsirelson’s 7y operation is equivalent to swapping the
states of two bits, ’76h/ Y in the toric code no longer has this interpretation: this is because the
syndrome no longer detects the difference between two qubits, but rather whether the parity of the
states of four neighboring qubits is even or odd. Consider an example of 7* acting on an input
configuration containing a horizontal error string:
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HEEEEE HEEEEE (3.17)

In fact, the action shown above is equivalent to the outcome of the syndrome-operating version
of Yy in Tsirelson’s automaton because the error is restricted to the same 1D line as the gadget’s
feedback.

However, consider an example with a different input operator corresponding to the same syn-
drome configuration:

A N I A A . I (3.18)

In this case, the effect of T} creates an additional perpendicular string. Note that the two input
error configurations in the examples above are equivalent since they are related to one another
by application of a stabilizer. This example illustrates that, because the error strings acting on
the codestates of the toric code can be deformed by stabilizers without affecting the state, it is
more meaningful to analyze the evolution of syndromes under the automaton than the evolution
of operators.

3.5 The construction

To build a hierarchical automaton for the toric code, we need to introduce a hierarchy of scales
for the toric code first. In the earlier sections, the discussion was similar in spirit to concatenated
codes, wherein a 3% qubit repetition code stabilized by Tsirelson’s automaton could be viewed as
a k-fold concatenation of 3-qubit repetition code with itself. This was necessary in order to apply
the exRecs method for proving fault tolerance of the construction. However, there is no obvious
analogous point of view of the toric code as the toric code cannot be viewed as code concatenation
of a number of small codes. Therefore, our hierarchy will be based on the spatial structure of error
configurations instead.

Definition 3.13. Consider the toric code defined on a square lattice as in Def. A.1/. We define
the following hierarchy of cells:

e Plaquettes of the lattice are called 0-cells and denoted Cy p, where p = (pg,py) is the coordi-
nate of plaquette p;

o Colonies of neighboring 3x 3 groups of 0-cells, such that the 0-cell Cy (3p, +1),(3p,+1) S located
at the center are called, 1-cells and denoted C1 p;

o Colonies of neighboring 3x3 groups of (k—1)-cells, such that the (k—1)-cell Cy,_1 (3p, +1),(3p, +1)
is located at the center, are called k-cells and denoted Cy, p.

We also define a k-link to be the set of locations on a side of a k-cell. The collection of vertices at
the corners of all 0-cells of the lattice is denoted X, and the collection of vertices at the corners
of all k-cells of the lattice is denoted Xy,. We will refer to the lattice formed by vertices in Xy and
the collection of all k-links as the k-frame.

Definition 3.14 (Coarse-graining). A coarse-grained state at level k is a state whose nontrivial
syndromes lie entirely in Y. We also call such a state a “level-k encoded state”. A gadget is said
to have a coarse-graining action at level k if a noise-free version of it maps a state with nontrivial
syndromes in g to a state with nontrivial syndromes entirely in Xj,.
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3.5.1 A two-dimensional “majority vote”

The toric code is a two-dimensional code; however, since error syndromes are point-like, they
bear some resemblance to the syndromes of the repetition code, which are also point-like. As
such, we would like to construct an error correction gadget that will play a role analogous to
that of the error correction gadget FCy = Z, featured in Tsirelson’s automaton. In Tsirelson’s
construction, this was achieved by majority vote, but for quantum codes like the toric code, there
is no natural ‘majority vote’ operation. We instead need a gadget whose action mimics the action
of the majority vote from the perspective of its action on error syndromes. The desired gadget,
which we call ECy; = Rq (R for ‘recovery’), is defined through its action on a 1-cell. In particular,
we require that it erase single errors that are within its support, defined to be the 1-cell it operates
on, together with its boundaries. Otherwise, the remaining syndrome is coarse-grained to the next
level. This Ry is thus in some sense a natural two-dimensional generalization of Z.

Let us now construct the Ry gadget with the desired action as a circuit of Zo, 7g"/" and Mp/"
gate gadgets. There is no unique choice for Ry, but we endeavored to make a choice which is
simple, and for which proving fault tolerance is not too complicated.

Definition 3.15 (Ry). Define the auziliary gadgets Rg/h pictorially as

1 2 3 4 5 6
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In the pictures above, the gadget is shown together with its qubit support, and the sequence of gates
n Rg/h acts in six steps displayed from left to right.
In terms of these gadgets, Ry is the following 48-step operation

Ry = (R o Rfj o R o RY)? (3.20)
Remark 1. The alternative definition
Ry =R} oR)oR}oRy (3.21)

which is simply half of Ry, would also be a suitable EC gadget. However, using the doubled version
of R’ greatly simplifies the proof of the EC A condition for the toric code automaton (Prop. 5.3).
This is the only place where the difference between R’ and R will be important: apart from the
proof of the EC' A condition, all properties shown in this paper for R-type gadgets also hold for
R'-type gadgets.

Because of the overlap of the support of neighboring gadgets, for composite gadgets, we will
adopt a new definition of their action that reflects the fact that the gadgets always tile the entire
lattice:

Definition 3.16 (Action of a non-elementary gadget). Consider the automaton at time step t,
which can be represented as a set of gadgets spatially covering the entire lattice. The action of
gadget G at time t is the operation of the entire automaton at time t restricted to the support of

G.

This definition differs from simply performing the operation of the elementary gadgets compris-
ing the non-elementary gadget; in particular, we also include the effect of the neighboring gadgets
on the boundaries of the non-elementary gadget. For example, the operation of a single composite
gadget (say Ry) is normally defined so that no level-0 gadgets act on its north and east boundaries.
This is done such that we can tile the entire lattice with gadgets in a well-defined way. However,
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when analyzing properties of gadgets (which will be done extensively in Sec. 5), we always assume
that these gadgets are part of a layer of gadgets spatially covering the lattice, and thus, we cannot
ignore the level-0 gadgets in the composite gadget’s north and east boundaries. Thus, we will
always be assuming operation of level-0 gadgets on all boundaries of higher-level gadgets when
analyzing their properties.

The action of Ry cleans up a single 0-link input error and has a level-1 coarse-graining action
otherwise. Let us illustrate this with a few input-output configurations (computed assuming no
errors occur during the action of Ry):

Ry [ | || R, R,
— — —
1 ry [ ] | R, | | R, |
| — | | | — \ B \
\ HER \ \ \ \ | (3.22)

To summarize, any single input O-link error is removed, as shown in two examples in the first
column. The second column shows two examples of ‘corner errors’ (this is an error caused by two
X errors that form a right angle so that the syndromes lie on diagonally opposing corners of a
0-cell). These are either completely erased or turn into errors on 1-links. Finally, the third column
shows two examples of larger sized input errors which get coarse-grained to the nearest sites in 3.

Let us provide an informal explanation of how the Ry gadget operates. In our explanation
we will instead consider the shorter gadget R as opposed to Ry, ignoring the artificial doubling
following Remark 1. If we ignore steps 3 and 6, Rj is a set of disjoint vertical majority votes on
three columns. A direct application of such a one-dimensional majority vote would not behave well
in two dimensions: it would turn some of the corner errors into corner errors with syndromes on
Y1. This is undesirable because a self-similar gadget operating like this would indefinitely grow a
single corner error. Steps 3 and 6—rounds of Mg gadgets oriented perpendicularly to the preceding
rounds of Tp—are introduced to treat specifically this issue.

As an explicit example, let us consider a version of Ry where the additional rounds of M are
skipped, and run this on a corner-shaped input error:

Ry (skip perp. M)

input 1 2 S, 4 18

where we show the syndromes of the output state as well as the total operator acting on the state
at the end of each indicated time step (eliminating closed loops as they correspond to stabilizers).
At step 4, the syndromes are already too far separated to be corrected afterwards. Let us consider
the action of the actual Ry gadget on the same input state to see the effect of M{ in step 3:

Ry

e

~

input

[~
Do

‘ M

The perpendicular applications of M bring the syndromes close to one another by step 4, allowing
them to be eventually annihilated. One can gain further intuition for the operation of Ry by
examining its action on different input syndrome configurations. Two repetitions of R (and
similarly, R%) are needed to properly coarse-grain errors in two dimensions. For example, a corner
error will undergo some nontrivial change under the first R§ but the syndromes will not be fully
coarse-grained until the second R§ has been applied.

M

3
:‘-\r-\r-\
= | |

1
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oy tr
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Remark 2. An exhaustive numerical search [25] reveals that Ry acting on a syndrome-free input
state with a single link error anywhere in its spacetime support, followed by a noise-free application
of Ry, yields a syndrome-free state. The same property holds for the shorter version Ry.

Finally, let us remark that, unlike in Tsirelson’s automaton, the spatial supports of the neigh-
boring R, gadgets covering the entire lattice overlap on the boundaries of the 1-cells'!, which is
impossible to avoid. This makes the analysis more difficult than in the one-dimensional case, where
neighboring majority votes had disjoint support. As noted in Def. 2.4, we will still use the ® sym-
bol to compose overlapping gadgets in space (at a fixed point in time) so long as their operation
can be parallelized.

3.5.2 Fault-tolerant simulation: inner simulation

We will now define the (X part of the) fault-tolerant simulation for the toric code automaton.
It will be based on the error-correcting gadget Ry and fault-tolerant versions of the gate gadgets.
However, the fault tolerant prescription will not be as simple as the one discussed in Sec. 2. Instead,
the simulation is divided into two parts. First, from the level-0 error correction and gate gadgets,
we construct error correction and gate gadgets at some fixed level k using a prescription we call the
inner simulation. The EC and gate gadgets obtained from the procedure will be shown to satisfy
certain EC and gate properties that we will discuss in later sections. We then use these gadgets as
primitives for an outer simulation (the language is borrowed from inner and outer codes from code
concatenation), which is a conventional fault-tolerant prescription for the circuit, corresponding to
a generalization of the procedure in Sec. 2. The inner simulation scheme is used because we need
to go k levels up at a time to suppress the error rate from p to (Ap)?, while the outer simulation
scheme is used to provide further error suppression similarly to standard circuit concatenation'?.

For the rest of the paper, we will refer to Z, T, and M-type gadgets as gate gadgets or simply
gates (not to be confused with unitary gates). We also have conditions similar to the Gate A and
Gate B conditions in mind when designing these gadgets: this will be discussed in detail in Sec. 5.

We start by discussing inner simulation. First, we define Z;, 7'1/”/ " and MT/ ", 7, is defined
simply as a repetition of Zy gadgets layered over a single 1-cell for 5 time steps. 7IU/ " and /\/111}/ h

are defined such that their action restricted to configurations on k-frame is analogous to that of
76”/}1 and ./\/lg/h7 respectively (see below).

Definition 3.17. 7" is defined to operate in the same way as 3 parallel rows of Tsirelson’s Ty
applied horizontally (c.f. Def. 2.13). Pictorially, it is:

1 2 3 4 5
Y e Y A Y O B B A
T 1 O [
N LT | B [

(3.23)
Similarly, TV is defined to be three parallel columns of Tsirelson’s Ty applied vertically'. In the
pictures above, the gadget is shown together with its qubit support.

Next, we define the M gate.

H1n spacetime, the supports of their constituent level-0 gadgets do not overlap — this is why Ro gadgets can tile
the entire space and do not require additional staggering in time.

121t is quite likely that we do not need two separate types of simulations and can get away with just using the outer
simulation at all levels. This would clearly be much more elegant. Then, one would simply perform k iterations
of the outer simulation to achieve error suppression p — Ap? and continue to perform outer simulation to further
amplify the error suppression. Unfortunately, by the time we realized this, circa 50 pages of existing proofs that
were tailored to the inner and outer simulation prescription would need to be rewritten. Thus, we decided to leave
this modification as an exercise for the interested reader.

130ne may observe that since coarse-grained syndrome configurations only lie on the corners of the 1-cell, it
is unclear whether 7p’s acting in the bulk of the gadget is necessary. However, this is in fact important because
we want the operation of 7’1h to be unaffected in the presence of single-qubit transient errors. If this error acts
perpendicularly to the action of Tp’s, it has support in the bulk and can result in large output damage due to the
operation of 7’1h. To avoid this, it turns out the additional 7p’s are required in the bulk.
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Definition 3.18. M" is defined to be 3 parallel rows of Tsirelson’s My (Eq. (3.11)) applied hori-
zontally. Similarly, M7 is defined to be three parallel columns of Tsirelson’s My applied vertically.
The qubit support of this gadget is defined in Def. A.7.

Having introduced Z;, 7'1@/ " and le/ " we now define the inner simulation, which shows how

to construct higher-level gate gadgets Z,, 7;”/ " and ./\/lfl/ h, as well as error-correcting gadgets EC,,
at different levels for n < k. We will call k£ the level of inner simulation.

Moving forward, we will introduce the notation C[G(1), G(?), ...] as a shorthand where C[a, b, |
is some fixed circuit composed of basis operations {a,b,c..}, and C[G(),G?),..] is obtained by
substituting {a,b,c..} with gadgets GV, G ... . A circuit C[g,ﬁl),gf),gf’), ...] composed only

from gadgets at level k will often be shorthanded as G[Gy].
For the definition below, the relevant circuits will be the level-1 gadgets defined in Defs. 3.17
. o h/v h/v h/v _ 4h/v h/v h/v
and 3.18 via elementary gadgets, namely 7y = Z1[Zo, 7y ', My, 1" =T, [Zo, Ty, My ],
M’f/v = ./\/l}f/v [Zo, %h/v, ./\/lg/v]7 and the error correction gadget Ry = Ro[Zo, 75h/v, ./\/lg/v].

Definition 3.19 (Inner fault tolerant simulation). Define the level-1 error correction gadget to be

ECy = Ro[To, T3, MIY). (3.24)
We recursively define the gate and EC gadgets at level n < k to be
EC, = Ry[ECX7 0T, 1, ECZNT o T,, 1, ECZEM o M,,_1] 0 EC®?, (3.25)

where Kg is the number of 0-cells in the support of the level-0 version of the associated gadget
Gn_1. We can write this in shorthand as

EC, = Ry[ECZ"¢ oG]0 EC®?,, (3.26)
For the simulated gadgets:
G = GI[ECERE 0 Gl _\] 0 ECPYK9. (3.27)

One can interpret these definitions as a substitution rule where gadgets at level n are formed by
constructing the sequences Ry[-] and G1[] using level n—1 gate gadgets (instead of level O gadgets),
and inserting level n — 1 EC' gadgets in between consecutive level n — 1 gate gadgets.

We remark that the inner simulation is slightly different from the conventional fault tolerant
simulation FT(-) defined in Sec. 2. In particular, the recursive construction of gadgets (Egs. (3.26)
and (3.27)) used in the inner simulation is slightly different. The inner simulation and the conven-
tional fault tolerant simulation are identical if the inner simulation is comprised of precisely one
level (i.e. n = 1); however, when one compares FT"~1(G;) and G,, (the latter corresponding to
n levels of inner simulation), as well as FT""1(EC,) and EC,, for n > 1, the gadgets obtained
using the F'T'(-) prescription and the inner simulation differ by the inner simulation’s additional
repetitions of EC; (i < n —2) gadgets in between certain gates. With these additional repetitions,
the proofs of certain properties are slightly simpler than they would be otherwise.

Definition 3.20 (Supports of level-n gadgets: toric code). Define the qubit supports of level-0
gadgets supp,(Go) to be the qubits whose relative position is shown in the following figure:

_Ro(p)_
LU

O LI [
|

S

z T
I T O

The supports of Ty (v) and My(e) can be obtained by a 90° rotation of that of Tq'(v) and M} (e),
respectively.
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We also define the vertex support supp, (Go) of the gadget to be the set of all vertices appearing
in the figures above for gadget Gj.

The qubit (vertex) supports of a level-n gate suppq(v)(gn) and a level-n error-correction gadget
suppq(v)(EC'n) are the set of all the level-0 links (vertices) contained in the qubit (vertex) support
of all level-0 gadgets that comprise the level-n gadget.

Notice that, in this context, when we talk about gadget support we mean spatial support, i.e.
set of locations in space at a fixed point in time.

Our definition of gadget support is counter-intuitive to some extent as it is tailored to correctly
capture the effect of noise on the simulated gadgets. To explain this, consider the definition of level-
0 gadget support. First, the qubits that enter the stabilizer measurements required for the gadget
do not appear in the support. This is because we assume that, while the measurement outcome
can be erroneous, it does not explicitly apply errors on the qubits involved in the measurement.
Next, the support includes qubits that the gadget applies the feedback to as well as additional
qubits. This is because the action of the gadget at some higher level k involves qubits on more
k-cells than O-cells in the corresponding level-0 gadget. Thus, when ‘renormalized’ to level 0, the
possible errors that a level-k gadget failure can induce necessarily fit in a larger qubit support.

In the automaton, the elementary gadgets always tile the plane, as we have already discussed
in Def. 3.16. The non-elementary gadgets of the inner simulation are defined in a way that the
action of neighboring gadgets can be parallelized, and therefore we can also introduce layers of
non-elementary gadgets:

Definition 3.21 (Layer of gadgets). We define L(G,,) to be a layer of level-n gadgets in the au-
tomaton corresponding to covering the space with the level-n gates G, or error correction gadgets
EC,.

We note that the actions of neighboring gadgets can be parallelized and do not require staggering
in time. We will often be abusing notation, when, for example, part of the plane is tiled with nh/ Y
gates and another is tiled with Z,, gates, in which case the notation for such a layer could be
L( T/ ") or L(] T/ Y. Z,]) (and similarly for T-gate layers); the former notation will be adopted
whenever this will not cause ambiguity.

We also define a restriction of a syndrome configuration to a region, which will be used in later
sections:

Definition 3.22 (Restriction). For o € IF‘QLO‘, the restriction of o to the spatial region V', denoted
olv € IF'QZ:O' is defined such that

olx), TV,
€r) = 3.29
(@) {0, Ty (3.29)

For e € F‘zﬁo‘ x [0, T, the restriction of € to the region V over the course of time t € [0,T],
denoted €|y is defined such that

(=, t), (x,t) €V x[0,T],
elv(z,t) = {0, (@) ¢V x [0.7]. (3.30)

For a layer of gadgets L(G)[o, ] (where each gadget G is a circuit of elementary gadgets of depth
T ) with input syndrome o and noise realization €, the restriction of the layer of gadgets to the region
V' over the course of its operation, denoted L(G;V)|[o,¢] is defined to be the output syndrome of
a modified operation of gadgets where the input syndrome is restricted to V, and at each time
step t € [0,T], all constituent elementary gadgets are applied, the operator to the corresponding
noise realization is applied (without restricting to V'), and all syndromes outside of V are set to 0.
Namely, the entire operation of the layer of gadgets is restricted to the spatial support given by V,
and not just the output. Note that by definition, L(G;V)[o, €] |V = L(G;V)|o,e]. Similarly, we can
define a restriction of an operation of a single gadget G|o, €] to V, which we denote as (G; V)]0, e].

The following Lemma establishes an important property of level-n gadgets of the inner simula-
tion:
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Lemma 3.1. Acting on an arbitrary input state, the first half of the noiseless gadget EC,, (under-
stood in terms of the action of a layer of these gadgets restricted to the support of a single EC,,,
see Def. 3.16) will coarse-grain the input so that all non-trivial syndromes have support in %,,.

Furthermore, the noiseless gadgets ./\/lz/v and ﬁh/v, restricted to their support, map coarse-
grained states at level n to coarse-grained states at level n so that scaled-down (by factor 3™)

versions of the syndromes effectively undergo the action of ./\/lg/v and 7Bh/v.

Proof. We provide the proof of the statement for n > 1 in Subsec. 5.1 after introducing additional
tools that will make the proof much simpler. The full proof will be inductive, but here we will
prove the base case, corresponding to n = 1.

For the base case, we study the first half of the EC gadget, i.e. (EC})1/2 = Ry = Rl o R} o
R§ o Ry. First, let us show that after two repetitions of Ry, all the syndromes will be moved
to the top and bottom 1-links. We verify that the syndromes on the left and right 1-links will
be coarse-grained to their corners already after one application of Rj since the operation of the
gadget on these two links is identical to Tsirelson’s Zy and the syndromes away from these links
will not add or remove any additional syndromes on these links during the operation of Rj. In
addition, the syndromes that are already on the top and bottom 1-links, will either remain there
or be cleaned up and will not affect the rest of the gadget. A brute-force computer search then
shows that input syndromes on the middle 4 vertices of the gadget will be supported on the top
and bottom 1-links after two rounds of Rf.

Next, two rounds of Rg are applied to an input state whose syndromes are all on top and
bottom 1-links. However, the operation of R} on those 1-links is identical to Tsirelson’s Z and
thus all syndromes will be coarse-grained to ;. Moreover, if the input syndrome configuration
has already been coarse-grained to lie in 1, the output syndrome configuration will be the same.

In addition, we verify through a brute-force computer search that 7'1h/ Y or M;L/ Y acting on a
syndrome configuration with nontrivial syndromes in ¥; will also output a syndrome configuration

with nontrivial syndromes in ¥;, with their action corresponding to the respective action of 76h/ Y

and MQ/“. This proves the base case. O

In addition, the first half of the EC,, gadget self-similarly reproduces the behavior of the R},
gadget albeit at a proportionally larger scale (for the definition and discussion of Ry, see the
discussion following Def. 3.15). This means that EC,, does not simply bring the syndromes to the
locations in ¥,,, but also, for small enough deviations of the input syndrome configuration from
Yn, will bring the configuration to the closest coarse-grained one.

3.5.3 Fault-tolerant simulation: outer simulation

Having defined the inner simulation and fixing some level k for it, we can now finally define the
outer simulation, associated with the fault tolerant prescription FT(-), where the tilde is used to
emphasize that this prescription, unlike the F'T'(-) prescription from Sec. 2, relies on the gadgets
obtained from the inner simulation.

Definition 3.23 (Outer fault tolerant simulation). Given a circuit C = C[Zo, Oh/v, ./\/lg/”}, we use
the shorthand C[Go| similarly to Def. 3.19. Assuming the inner simulation level is k and using it

to define the corresponding gate and EC gadgets Gi and ECy, the outer fault-tolerant simulation
of C is defined as

— — ®Kg — QK
FT(C)=C[EC oGglo EC (3.31)
where EC = ECy and K is the number of 0-cells in the support of the circuit C. This definition

can be understood as the original circuit with the level-0 gate gadgets replaced with the level-k gate
gadgets from the inner simulation, and EC} inserted between consecutive level-k gate gadgets.

A repeated fault tolerant simulation of a circuit C, denoted ﬁn((}), is a new circuit formed
—n — ——n—1 —0 —1 —
from the iteration FT (C) = FT(FT  (C)), with FT (C) =C and FT (C) = FT(C).

Now, we can finally define the toric code automaton based on the inner and outer fault tolerant
simulations:

Accepted in {Yuantum 2026-04-28, click title to verify. Published under CC-BY 4.0. 39



Definition 3.24 (2D toric code automaton). Given an inner simulation level k and a positive

integer T', the toric code automaton is a n-fold outer simulation ﬁn(Ig) (with the simulated
circuit being I ) that operates on an L x L torus where L = 3™,

By construction, the toric code automaton is a local measurement and feedback automaton.
Ignoring the difference in the choice of error correction and gate gadgets, the outer simulation is
otherwise analogous to the usual fault tolerant simulation in Sec. 2. We note that if k = 1, FT
becomes the usual fault tolerant prescription of Defs. 2.14 and 2.15.

We also emphasize that the inner and outer fault tolerant simulation procedures are slightly
different: the outer simulation is built similarly to the inner one, except that by design, there are
no extra repetitions of FC gadgets at any level of the simulation. For the inner simulation, we
instead assume fixed circuits for gadgets Gy, EC} that are then composed together to construct
higher-level circuits, which incurs extra repetition of lower-level EC gadgets. The fixed-circuit
convention is convenient when proving some of the properties of these gadgets. As an illustration,
consider the inner simulation circuit for Zs preceded and followed by ECy (because Zy will always
appear flanked by ECy for any higher-level inner simulation):

ECy0Ty0ECy = ECy0 (ECE 0 IP°)° 0 EC?Y 0 EC, (3.32)

compared to a k = 1 outer simulation (i.e. the usual fault-tolerant simulation) repeated twice
(where EC = ECh):

FT?*(Zy) = FT (EC o T, 0 EC)

= EC[EC*¢ 0 Gy] o (EC®° 0 I??)° 0 EC[ECK9 0 Gi] 0 EC®°. (3.33)
These circuits are only partially expanded for brevity. However, they already illustrate the following
point: the circuit for the inner simulation shown in Eq. (3.32) is identical to the circuit for the
usual fault-tolerant simulation in Eq. (3.33) except that some of the layers of EC; gadgets are
now repeated. This is seen, for example, by recalling that FCs must also start and end with EC}
layers and it is additionally either preceded or followed with EC; in Eq. (3.32). At higher levels
of simulation, this repetition occurs at higher levels as well.

As discussed in an earlier footnote, we expect that it should be enough to introduce the outer
simulation with & = 1 (which is the standard fault tolerant simulation prescription) which is then
repeated nk times as opposed to n times to account for needing k iterations to obtain p — Ap? error
suppression. However, in this paper, we will be using the inner and outer simulation formalism.

3.5.4 ldeal decoder

In this subsection, we will define the (X-type) ideal decoder used for the toric code automaton.
Let us first define an ideal decoder that works for a usual fault tolerant prescription FT'(-) for
the toric code (i.e. k = 1), which already requires nontrivial generalization in comparison to
concatenated codes. We then generalize this definition upon incorporating inner simulation with
k > 1. First, we need to discuss a map that performs a coarse-graining action, which we will refer
to as a pushforward map. We note that the pushforward map and the ideal decoder are not actual
operations that appear in the automaton, but rather are tools that will help us carry out the fault
tolerance proof.

Definition 3.25 (Pushforward map). Assume that we are given a toric code state in Han ygn that
can be written as Ox |¢), where |¢) is a syndrome-free initial logical state of the toric code on a
lattice of size 3 x 3N, and Ox is a tensor product of Pauli X operators such that the syndromes
o of Ox ) are supported on E?NX?’N (i.e. are coarse-grained to level 1; the superscript 3N x 3V
indicates the size of the lattice). A wvalid pushforward map © : Hanyan — Han-1y538v-1 1S one
which outputs a new toric code state O |1') such that

1. [¢) is a syndrome-free logical state of the toric code on a lattice of size 3V 1 x 3N~1 that
is the same logical state as |)) (expressed as a superposition in a chosen logical basis, say of
logical Z operators, of a toric code on the appropriate-sized lattice);
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N—1><3N71

2. Syndromes of O, which we denote by o’ € Eg , correspond in location with o;

3. The operator O is chosen such that the operator ¢(O%)Ox is an element of the stabilizer
group, where © denotes a natural pullback from lattice of size 3N =1 x 3V=1 to the 1-frame of
a 3N x 3N lattice. The natural pullback, for example, maps the operator X acting on a 0-link
of the 3N—1 x 3N=1 [attice to X ® X ® X acting along the associated 1-link of the 3% x 3N
lattice.

Informally speaking, the pushforward map implements a coarse-graining procedure: assuming a
toric code state with nontrivial syndromes on 31, we shrink the lattice by a factor of 3 but maintain
the same pattern of syndromes (now on Xg), while making sure that no non-trivial logical operation
was applied during this process (see point 3 above). An example of a configuration of syndromes
and the corresponding action of the pushforward map is shown below:

- ..
= Ox P ‘ i ‘
..... _o —>+ |
O o T e, |
NN

(3.34)

We first define an ideal decoder D; that would work for a conventional prescription for fault
tolerant simulation. From it, we define a level-k decoder, which we will show to be appropriate for
our modified prescription based on inner and outer simulations.

Definition 3.26 (Ideal decoder for £ = 1 inner simulation). Assume a noisy toric code state
|3n gn ) defined on a lattice with linear dimension 3N whose X -error syndromes we denote as

3N x3N By (N) . . ) ..
o€ . A level-1 ideal decoder Dy’ : Han ygv — Han-1438-1 1S a two-step map consisting

of:
. . . _ ®3N71><3N—1 . .
1. Application of noiseless L(EC,) = ECY gadgets to the input toric code state

N3~ ) producing a new state L(EC, N3N ) with syndromes o1 € EsNXSN error cor-
3N x3n) p g 3N x3 ) 1
rection), and

2. A pushforward map ® (Def. 3.25) applied to L(ECY) |3n 3n) (coarse-graining).

An ideal level-n decoder is defined to be a hierarchical application of n levels of ideal decoder D+,
i.e.

DN = pN=rt o o DY), (3.35)

Mowing forward, we will keep the superscript (N) implicit to indicate that the ideal decoder tiles
the entire toric code lattice. We will also use the following notation to indicate the two-step action
of the ideal decoder:

Dy =®L(ECY) (3.36)

More informally, the first step of the ideal decoder cleans small enough errors fitting in the sup-
port of Ry and otherwise coarse-grains the error configuration to have syndrome support in ;. A
pushforward map is then applied. This process is repeated until the lattice is shrunk to some small
size. Therefore, this operation hierarchically eliminates errors at different scales, first eliminating
errors at small scales before doing so at larger scales. As reviewed previously, similar approaches
such as renormalization group-based decoders have been proposed for topological codes (see e.g.
Refs. [30, 29]), but these constructions assume instantaneous and reliable classical computation,
thus suffering from a large amount of non-locality.

Finally, we define the ideal decoder that will be used for the outer simulation.
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Definition 3.27 (Ideal decoder for the outer simulation for the toric code). Assuming an inner
simulation with fized k > 1, define the ideal decoder for the outer simulation using a similar
procedure to that in Def. 3.27. In particular, the ideal decoder D is defined to be

D = ®*L(EC) (3.37)

and the associated hierarchical decoder of level n is defined to be a repeated application of the ideal
decoder n times:

D,=Do---0D=&L(EC)o---0®*L(EC) (3.38)
where the sizes of the tiling and the domain of action of ® change appropriately to reflect the
change of the size of the lattice as in Def. 3.27.

This is an appropriate decoder for the outer simulation as it is designed to coarse-grain by
k levels at a time. When formulating the generalization of the exRecs method for the toric code
(which we do in Sec. 5), we will be pulling levels of hierarchical D through the system, corresponding
to each outer fault tolerant simulation applied to the circuit.

We once again emphasize that the pushforward is not a physical operation but rather a con-
venient tool for analyzing the automaton in the presence of noise. In particular, the point of this
map is to reduce the size the size of the lattice on which the state is defined while preserving the
logical state and downscaling the operators acting on it. To achieve this for the toric code, the map
needs to be global and “omniscient” it cannot be expressed through disjoint local operations and
requires knowledge of the encoded logical state. Similarly, the ideal decoder should not be viewed
as an actual decoder in the canonical sense, but rather as a mathematical tool that first performs
an operation of coarse-graining to level k before applying a k-fold pushforward map. These tools
are useful for the proofs, as they will allow us to compute the noise model that the automaton
experiences as we “undo” levels of the simulation. We note that, in contrast to the toric code, the
ideal decoder for concatenated codes can be decomposed into a tensor product of local actions,
resulting in a much simpler analysis.

3.6 Summary of remainder of the paper

From here on, we will consider a toric code that is initialized in a clean logical state on an L x L
lattice (we will discuss fault-tolerant initialization and readout later in Sec. 5.4), and we apply the
toric code automaton 7' times (defined as simultaneous operation of type-X and type-Z circuits

ﬁn(IOT ) obtained by an outer fault tolerant simulation). The simulation used to construct the
circuit makes use of level-k gadgets that are determined by the inner fault tolerant simulation.

In subsequent sections, we will prove the fault tolerance of this automaton in the presence of
p-bounded gadget noise. In particular, we show that at small enough p, the probability of a logical
error occurring at at time step t is less than ¢ times an exponentially small quantity in L® with
some constant « > 0. For this, we will consider the X-type automaton separately first and will
show that it is fault tolerant in its logical sector (i.e. it protects against X-type logical error)
under a p-bounded decoupled gadget error model. Showing this will constitute the majority of
subsequent sections and the majority of the proof as well. Finally, we will show a simple corollary
showing that the full quantum toric code automaton is fault tolerant.

To prove the fault tolerance of the X-type automaton, we will develop a modification of the
exRecs method. We will then show for some constant k corresponding to the level of the inner
simulation, the outer fault tolerant prescription F'T'(-) simulates a noisy circuit with O(p?)-bounded
(X-type) gadget noise, i.e. achieving error suppression.

The strategy of the proof will be slightly different than the one we used for Tsirelson’s au-
tomaton. In addition, parts of the proof will be performed by computer-aided search following a
very simple algorithm that we explain in detail. The domains of operation of neighboring gadgets
overlap, and separate blocks of code do not directly make sense as small codes in the context of the
toric code. Therefore, extra care is put into dealing with the effect of overlapping gadget supports.
In addition, the action of each level of the hierarchical ideal decoder is global for the toric code
(specifically, the pushforward map requires global information about the state to properly operate),
which is very dissimilar to Tsirelson’s automaton and to concatenated codes.
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To determine k, we introduce the notion of gadget nilpotence, which formalizes the notion that
an elementary-level gadget failure inside another gadget G, at some level £ with a coarse-grained
input will not disturb the operation of the gadget. We will provide a computer-aided proof of
this property for Z,7 and EC gadgets at level greater or equal to 3 and for the M gadget at
level greater or equal to 6 (which is probably a loose upper bound). Once gadget nilpotence is
established, we use this property along with a modification of the exRec method to provide an
estimate of k and show that it is O(1) (our very loose estimate gives k¥ < 34 but in reality the
required value is likely much smaller, e.g. 3 or 4 based on the trends seen in numerics). Our
modification of the exRecs method treats extended rectangles as overlapping in both space and
time since neighboring gadgets in the toric code have overlapping support'4. We also modify filters
used in the original exRec method to m-cell filters, which project onto states with damage operator
confined to a m-cell, as opposed to projecting onto states that are simply some distance from a
codeword. This bears some resemblance to the sparsity-based proof method of Gécs [17], which
utilizes a decomposition of an error set into burst errors at different scales.

Moving forward, we first test a simple version of this approach on the measurement and feedback
version of Tsirelson’s automaton in Sec. 4. This introduces some parts of our method on a simpler
example before taking on the more complicated task of proving fault tolerance of the toric code
automaton, which we do in Sec. 5. It also proves some important results that will be used in
Sec. 5.

4 Fault tolerance of measurement and feedback Tsirelson automaton

This section serves as a warm-up for the proof of fault tolerance of the toric code automaton.
Here, we approach the construction of the automaton for the repetition code in a largely analogous
way to that for the toric code. We consider a measurement and feedback automaton for the
stabilizer description of the repetition code, and follow an analogous inner and outer fault tolerant
simulation prescription as for the toric code. While the approach is more cumbersome, it will form
the necessary skeleton for the proof in the toric code case. In addition, some of the results in this
section will also be used in the main proof for the toric code automaton.

We will use the elementary gadgets and level-1 gadgets presented in Sec. 3.3. The basis for
the gates is now formed by the elementary gadgets Zy, 7o, and My; we also use specifically the
composite gadget Zy shown in Eq. (3.10), consisting of 5 steps of application of My and To-
type gadgets. The inner simulation is defined analogously to Subsec. 3.5.2, except with EC; =
Zo[Zo, To, My] and using the gadgets of Tsirelson’s automaton as opposed to those of the toric
code. The outer simulation Ff() is defined as in Subsec. 3.5.3, with similar changes to adapt
it for Tsirelson’s automaton, and removing the layer notation in the definition (namely, every
occurrence of a layer of gadgets £(G) is now simply replaced with a standalone gadget G).

We assume some fixed level k of inner simulation, which is used to obtain the gadgets G,, and
&, with n < k. We then slightly modify the (standard) Gate and EC conditions used in the exRecs
method to apply it to the outer simulation. In particular, we will need to introduce a filter that
selects out states with damage that is constrained to a bounded spatial region, which we will call
a cell filter:

Definition 4.1 (Cell filter on k-cells). An m-cell filter is the map that projects onto states s € ]F|2£|

on a k-cell that such that there exists a codeword ¢ € ]Flfl where non-zero bits of s® c are supported
in a single m-cell.

We also use the same definition (with appropriately removed layer notation) for the ideal
decoder as in Def. 3.27. In figures, we will use the same symbol for it, except with a label k
standing for the level of inner simulation.

Definition 4.2. (Gate and EC conditions with cell filters) For a fized level of inner simulation k
and fized integer m, we define the following gate conditions for level-k gate gadgets Gy (where Gy

14This would not be true for concatenated codes
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is a K-qubit gate for some K ), and with circuit diagrams being read from left to right):

(Gate A)g.m (Gate B)gm

m; +sm
Im1 s Iml )¢ Izl: ' Im1

My gk — ;mK gk Z m; +sm :Im:K
N

with Y, mi +sm < m as well as m; € {0,m} and s € {0,1}. The m-cell filters are shaded dark to
distinguish them from regular filters. For EC = ECYy, we define the (EC' A/B)y.m conditions via

(EC A)km (EC B)k,m

mol— = @ [ e H— = {o—

with s € {0,1}. In both conditions, s labels the number of level-0 gadget failures inside a given
element. Here and in the rest of the paper, the equality between circuit diagrams holds up to an
application of an operator in the stabilizer group of the code to the output state.

In the definition above, we distinguish these new conditions from the old versions in App. B
by the subscripts in (ECA/B)y m and (Gate A/B)y . Throughout the rest of the paper, we will
often omit these subscripts, in which case the reader should always assume that we are using the
conditions for cell filters.

The following proposition indicates that the new EC and Gate conditions are still sufficient for
showing goodness of exRecs:

Proposition 4.1. The following identity holds for s + s’ + s <1 for any single-qubit gate Gy:

=EESS Eé;‘}— — =E‘C’¢

and for Y . s; +s' + 3 .57 <1 for a K-qubit gate Go:

"
51

Defining a truncated extended rectangle as one without one or more of the trailing EC' gadgets,
the following identity holds for s + s’ < 1:

=73‘5~5 = =E‘é

There are several scenarios for truncated rectangles for multi-qubit gates, which schematically
can be summarized as follows:
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and

/

S1 K

for>2isi+s'+3,87 <1

Proof. The chain of equalities outlined in App. B can be used in this case, with the old FC and
Gate properties replaced with the new ones. For the truncated case, one can replace the missing EC'
gadgets with noiseless ones as described in App. B, and the remainder of the proof is identical. [

The concept of an x-decoder and its action when an exRec is bad (i.e. when there are two or
more gadget failures) is also adopted from the original exRec formulation (see App. B) with the
change D — D.

Lemma 4.1 (Error suppression). Consider an inner simulation for Tsirelson’s elementary gadgets
for fized k and associated outer simulation FT(-), and assume that the gate and EC gadgets Gy
and EC satisfy (Gate A/B)km and (EC A/B)gm for some k and m < k. Then, for a classical

circuit C, if the error model in FT(C) is a p-bounded gadget error model, then the resulting circuit
simulates C with an (Ap)?-bounded gadget error model for some constant A.

Proof. Same as the proof in App. B if we treat FT as the fault-tolerant simulation with new fault
tolerant gate and EC prescriptions, except using the new Gate and EC' conditions. ]

Definition 4.3. Gadget G (which can be either gate G, or EC,, withn <k, or a composite gadget
comprised of them) is said to act linearly on a subset ¥ of syndrome locations if, for any input

syndrome o € IF‘;UPP”(G” and any other syndrome pattern T € IF'QSUPP’J(G)‘, the following property
holds:

Glo,e] = G[1]s] @& G[7]x @ 0,¢], (4.1)

where & denotes vector addition in Fo. If a given verter v is a location where G acts linearly, v is
said to be a linear vertex of G.

As we will see below, for many of the level-k gadgets appearing in our automaton, all or most
of the level-k coarse-grained vertices are linear vertices. The upshot of this is that the linearity
property then guarantees that the effect of the noise on the operation of gadgets will not depend
on the level-k coarse-grained part of the input state, as long as the syndromes are at linear points.
This fact will considerably simplify the proof of fault tolerance for the toric code automaton.

Proposition 4.2 (Linearity properties). The following properties hold:

(1) EC,, and I,, act linearly on the set of level-n syndrome locations;
(2) Tn acts linearly on the set of level-n syndrome locations;

(3) M., acts linearly on a subset of level-n syndrome locations, which are the two endpoints of
its support.

Proof. We will first prove (1) and (3) together with a weaker version of (2) where we show that
T, acts linearly on a subset of level-n syndrome locations corresponding to the two endpoints.

To prove this, we will need the following fact. Suppose that during the operation of some non-
elementary gadget GG, a particular vertex v is always an endpoint of any constituent elementary
gadget appearing during the operation of G whose support includes v. In this case, we claim that
v is a linear vertex. To show this, we define the notion of control vertices of an elementary gadget,
which are vertices whose syndromes influence the feedback operator that the elementary gadget
applies. It is clear that the control vertices for the 7; and M, gadgets are the middle vertex
and the middle two vertices, respectively. The presence or lack of syndromes at the endpoints
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of these gadgets does not affect what feedback operator the elementary gadget applies (so that
these vertices are linear vertices of 7o and My, respectively). Then, for any such vertex v, the
total feedback operator applied by G is independent of the syndrome at this vertex. Denoting the
vertex by v,

Glo,e|l = G[7|,] ® G|, ® 0,¢], (4.2)

thus proving linearity for this vertex.

Next, we provide a proof by induction that EC,,, M,,, T,, and Z,, act linearly on their endpoints;
in particular, that the endpoints satisfy the above criterion. We have already seen that this is true
for the endpoints of the level-0 gadgets. To prove the induction step, we assume the statement is
true for level-n gadgets and prove it for level-n + 1 gadgets. To do so, we write the level-n + 1
gadgets in terms of the level-n gadgets. We note that by inspecting the recursive substitution
rule, the endpoints of level-n + 1 gadgets are always endpoints of level-n gadgets. Therefore, if the
endpoints of the level-n gadgets are always non-control vertices for elementary gadgets, the same
must hold for the level-n + 1 gadgets, completing the proof.

We finally will prove that the midpoint level-n vertices of 7,, are also linear vertices; this case
needs to be analyzed separately because some of the 7,_1 gadgets appearing in 7, have these
vertices in their interior (in other words, these are their “control” vertices, i.e. the feedback of
the gadgets can be conditioned on the syndromes in these vertices). We will first use the fact
that, from its definition, 7y is a reversible gate, and satisfies the property that Tolo; @ o2,e] =
Tolo1, @)@ Toloz, @)@ To[0, €]. Similarly, for a circuit C of purely Ty gates, Cloy @02, €] = Clo1, @]
Cloz, @] @ C[0,e]. Our induction hypothesis will be that

Talrls, ® 0,6l = Talrlz,] @ Talo, €],

and we will prove an analogous property at level n+ 1. We have already shown the base case when
n = 0. Using the substitution rule for the modified Tsirelson’s automaton, we may write 7,41 in
terms of 7, with layers of FC,, inserted in between. By the induction hypothesis and due to the
fact that Z,, has linear vertices at its endpoints, for each layer of 7,, and Z,, gates (denote one such
layer by [Z,, -+ ,7n]), we can write

Zn, - Tallr

pI. @0751] = [ITL) 77;L][T

5.] @ [Ty, Tallo &1, (4.3)

where €1 denotes restriction of noise to that particular time step, and where the first term impor-
tantly has support only on the level-n vertices (due to the coarse-graining action of 7, and Z,).
During the layers of EC),,, linearity holds at the level-n vertices, so an identical statement to the
above equation can be made about such layers.

Applying layer by layer and repeating this identity, we find that 7,11 [7|s, @0, e1] = Tny1[7]s, |®
Tn+1lo,€1], and further restricting 75, to 7[s, ,, proves the induction step.'? O

In addition to linearity, another important idea that we will utilize in the fault tolerance proof
is the idea of gadget nilpotence, which essentially quantifies how good gadgets are at performing
error correction:

Definition 4.4 (Gate nilpotence). Let Gy be a K-qubit gate. A gate gadget Gy is said to be nilpotent
if for e = syn(O) where O is a Pauli operator supported within a single level-0 gadget located in
Ge, and for o = o|g,, we have

(EC?K ° gf)[av 5] = gg[d],

where EC?K are assumed to be noise-free. A gadget G is said to be nilpotent at level ¢ if Gy is
nilpotent.

More informally, if a gadget is nilpotent at level ¢, a single level-0 gadget failure within a level-¢
version of the gadget (assuming the input syndrome configuration is coarse-grained at level ¢) is
eliminated, either during the operation of the gadget or by the subsequent noiseless error correction
gadgets afterward. Note that the nilpotence level ¢ refers to the number of iterations of the inner
simulation needed for the desired error suppression.

151n fact, this proves an even stronger property for the 7, gadgets, in particular, that all points in ¥, _1 are
linear.
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To prove fault tolerance, we will need to establish the nilpotence (ideally at as low a level as
possible) of the distinct gates that make up the error correction gadgets. The following lemma
establishes this:

Lemma 4.2. The following gadgets are nilpotent: (a) T is nilpotent at level 1, (b) T is nilpotent
at level 1, (¢) T is nilpotent at level 2, (d) T is nilpotent at level 2, and (e) M is nilpotent at level
2.

Proof. We will be using the terms “clean input” or “damage-free input” to denote a configuration
of syndromes with no nontrivial syndromes.

First, we show the following fact. If a gate G (where Gy is a K-bit gate) is nilpotent at level
¢ and Gy is a part of a different gadget G/ with ¢ > £, then a single level-0 gadget failure located
within the support of G; in an otherwise noise-free gadget G/ cannot change the output of G/. To
prove this, we can write G/ in terms of level-¢ EC and gate gadgets. Since the Gy where the failure
occurs is preceded by a noise-free EC’?K gadget, then the input syndromes to this G, must be
coarse-grained at level £. Next, because ¢ > ¢, Gy must be followed by EC}X’K which is noise-free by
assumption that there is only one fault in G.. Thus, by nilpotence, we can replace G;[o, e] — Gy[o]
and the gadget failure will not affect the output of G..

Due to the linearity of endpoints of gadgets, the proof for statements (a-d) does not depend
on the syndromes at the linear points. Calling o the input syndromes and o, the input syndromes
restricted to linear points, we can evolve the gadget G assuming the input o @ gy, and Fy add the
gadget action G[oy] at the end.

(a) Consider ECy0Z4 [0, e]. The only gate failures in the support of Z; that are possible are those
of Zy gadgets; therefore, the output damage is limited to at most one bit (i.e. whose syndromes
are contained in a 0 cell). This is cleaned up by the noiseless ECy at the end. Together with the
linearity of Z; on the level-1 coarse-grained syndromes, this gives (a).

(b) Next, consider EC’1®2 o Tilo,€]. Similarly, the possible failures in the support of 7; are
limited to either Zg or Tp. In the former case, one finds that the output damage is limited to
one bit; in the latter, the output damage has support on two bits, with each bit belonging to a
different 1-cell. As a result, the noise-free EC{? at the end restores the correct coarse-grained
configuration.

(c) We can write

ECy0Ty = ECy 0 (EC®? 0 IP%)5 0 EC®? (4.4)

One possible level-0 gadget failure occurs within the support of an Z;; from (a) and the fact from
beginning of this proof, such failures are inconsequential. Another possible level 0 failure is within
EC, (excluding the last layer of EC}), which will produce damage whose support is at most on a
single 1-cell; the support of the damage is left unchanged by Z;s and is coarse-grained to level 1 by
the subsequent noise-free £C;s. Finally, it is eliminated by the noise-free ECy at the end. If the
level 0 failure occurs within the last ECY, the damage due to this failure will also be supported in
at most a single 1-cell and will be erased by the subsequent noise-free ECs.
(d) We can write

EC$? 0Ty = ECS? o (ECP% o [T4,...T1])? 0 ECE® (4.5)

where (EC’?E‘O[L, ...T1])® stands for layers where I; and T} gadgets are applied in some combination
that we do not specify. If the failure occurs in the support of Z; or 77, by properties (a) and (b)
and the fact from the beginning of the proof, the damage is cleaned by the subsequent layer of
EC{@G. If one of the gadgets within the support of EC; fails, the output damage will still have
support within a 1 cell after the subsequent Z; or 7; gadgets'®. The damage will finally be coarse-
grained to level 1 by the subsequent EC4, and will remain coarse-grained at level 1 and fitting
within a 1-cell until it is eliminated by the final noise-free EC5. Similarly to part (c), if the level 0
failure occurs within the last EC1, the damage due to this failure will be erased by the subsequent
noise-free EC5.

16Ty see this, note that by direct verification, a single gadget failure in ECy will lead to damage with support on
a l-cell. A single layer of clean Z; and 77 following this will at most transport the damage to a different 1-cell.
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(e) We can write
EC$? 0 My = ECS? o (ECE? 0 [14,..T1])% 0 ECY? 0o M$? 0 (ECY? 0 [T4,...T1])° 0 ECS?  (4.6)

where, as before, (EC? o [;,...T1])® denotes (now different) layers of level-1 identity and swap
gates. We are not able to use the linearity property anymore to remove non-trivial input syndromes
in Yo because these syndromes can be located where M acts non-linearly.

If a level-0 gadget failure occurs at any point after the layer of M%m, then the damage right
after any subsequent layer of ECf99 (or the noise-free layer of EC5) will be coarse-grained at level
1 and will fit in a 1-cell. Then, same considerations as in previous parts apply, since the remaining
gates to be applied consist entirely of Z;, 71, and ECY.

If the failure occurs at any point before the layer of ./\/l‘lg’?’, we note that the damage before
the layer of M??’ will always fit in an 1-cell. This is because the gadgets Z; and 77 are nilpotent
against level-0 failures within them, and failure of any of the EC; gadgets produces damage
contained within a single 1-cell (which we call m = 1 damage). We note that m = 1 input damage
continues to remain m = 1 damage under any sequence of clean 7, 71, and EC} (since the action
of a single one of these gadgets does not grow the size of the damage beyond a 1-cell). Hence this
case — as well as the final remaining case where the level-0 failure occurs within the M$? layer —
reduces to studying the M?S layer with either input damage fitting in a 1-cell or a clean input
with a single level-0 gadget failure inside M?B. By explicitly checking all possible scenarios of
this, we find that in all of them, the output damage will have support at most the size of a single
M; gadget (which is the size of a 2-cell). After the following layer of EC, gadgets, the resulting
damage will be coarse-grained to level 1 and will fit in a single 2-cell. Thus, we can reduce the
level by 1, mapping the problem of considering Ms with a level-2 input and a single failed M; in
the middle layer to considering an M; gadget with a level-1 input and a single failed Mj in the
middle layer. Such a failure is cleaned up after running the rest of the gadget and following with
a noise-free FC' and we thus find that Mo is nilpotent. O

We emphasize that while M is nilpotent, M is not; this is the reason why our proof of fault
tolerance in this setting must go up by several levels. As an explicit example demonstrating this,
consider EC’1®3M1 acting on the input state 111000000, with a fault occurring in the first 7
gate to be applied (c.f. the circuit for M; given in (3.11)). This produces the state 111001 100
after the first layer of the circuit constituting Mj. The action of the rest of EC{W’ o M; on this
configuration produces the output 111111000, which contains a logical error (a similar problem
does not afflict My due to the nilpotence of 77).

We are now ready to prove the Gate and EC' conditions for the present set of gadgets.

Proposition 4.3. Assume an inner and outer fault tolerant prescription where all elementary
gadgets undergo p-bounded gadget error model (where each of the gadgets Iy, To, and My can fail).
Then:

1. The gate gadgets Iy, Ty and My, satisfy (Gate A)y . and (Gate B)y ., properties and

2. The EC = ECy, gadget satisfies (EC A)g,m and (EC B)gm properties
for k>3 and m =1 (c.f. Def. 4.2).

In the following, we will split the proof into separate parts, one for each property. In several
places we will prove slightly stronger results with k& = 2.

Proof (EC B). We will show EC B for k = 2, and m = 1. The definition of the EC B property
allows for either a single or no level-0 gadget failures to occur within the support of the EC gadget;
in the former case, the input can be taken to be properly coarse-grained at level k.

Consider first the case where the failure occurs inside the FC' gadget. Since the input syndromes
are supported on X; and EC} acts linearly on these locations, and since EC[o|s,] = oy, , for
the purposes of demonstrating EFC B we can assume that we are given a clean codeword as input.
We can write ECy as

ECy = ECP? 0o My 0 ECY3 0 TiTy 0 EC¥3 0 My 0 EC¥3 0 )T 0 EC¥? 0o My 0 ECP? (4.7)
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If the level-0 failure occurs in the support of one of the 7; or Z; gate gadgets, it is inconsequential
because of their nilpotence (Lemma 4.2). If it is located inside any of the ECy or M; gadgets,
one can directly verify that the output damage of EC5 is contained within a single 1 cell (the fact
that the input is coarse-grained at level 2 is necessary for this to be true). This damage will be
cleaned up by an ideal level-2 decoder.

Now let us consider the case when s = 0 and m = 1. The first layer of ECY? inside of ECy will
coarse-grain this damage to level 1. Then, treating this as an input, the operation of the remainder
of the gadget is equivalent to level reducing by 1, in which case the damage fits in a 0-cell and the
remaining operation of the gadget is equivalent to EC7 which cleans up such an input. This is
again consistent with a 1-cell filter acting on the output, which proves EC B for k =2, m = 1.

Finally, let us show (EC B)3 . is true given that (EC B)qs; is true. First, EC3[o, €| can be
expressed through level 2 gates and EC gadgets. When s = 1, m = 0 and the failure occurs inside
one of the level 2 gates, it is inconsequential because of the nilpotence property (Lemma 4.2). If
the error occurs within any of the ECy gadgets, we use the fact that (EC B)a; holds. Therefore,
the failure either has no effect or it causes 1-cell damage at the output of the FC5 gadget. If this
is the last EC5 in the circuit for £C35, this proves the claim. Otherwise, the damage is input into
the subsequent level-2 gate, wherein it is coarse-grained to level 1 by the first layer of clean EC}
in the level-2 gate. Therefore, we can formally reduce the level by 1 and consider this damage as
level-0 input damage to a level-1 gate. If the gate is Z or T, the output damage still fits in a 0-cell,
which means (going back up one level) it is cleaned up by the subsequent EC5. If the gate is M,
one can explicitly check that the damage is either cleaned up or remains unchanged, in which case
it will be cleaned up by the subsequent EC,. This concludes the proof of (EC B)s 1. O

Proof (Gate A). We first will show a stronger property, namely (Gate A)s 1. We will assume the
gate gadget acts on K bits. Consider first the case s = 1, and m; = 0 for i = 0,--- , K. By
Lemma 4.2, T, T and M are nilpotent, i.e. ECy o Ty[o,¢] = To[o], ECY? 0 Ta[o,¢] = Ta[o] and
EC$3 0 Mylo,e] = Ms|o]. According to the same logic as in the proof of EC' B, if £ occurs before
the last layer of EC in either of the gate gadgets, then Tz[o,e] = T2[o] and Ms[o,e] = Ms[o]. If
€ occurs during the last layer of EC] in either of the gate gadgets, then it causes damage confined
to at most a single 1-cell, consistent with an 1-cell filter acting on the output.

We now consider the case s = 0, and m; = 1 for some i, i.e. when the input damage (relative to
the nearest level-2 coarse-grained configuration) is contained within a single 1-cell. After the first
layer of EC, the syndromes lie entirely in ;. The operation of the remainder of both gadgets can
be then understood by reducing the level by 1, i.e. by considering 77 and M; with input damage
contained in a O-cell. The output will have damage contained at most in a 0-cell per each 1-cell,
which when going back up 1 level is consistent with m = 1.

Finally, (Gate A)s 1 property follows from (Gate A)s2 1 by similar considerations to those in the
proof of EC' B. O

Proof (Gate B). Assume the gate gadget acts on K bits. For the case s = 1, and m; = 0 for i =
0,---, K, this condition follows from nilpotence of all gates at level 2 together with (EC' B)2 ; and
considerations from the proof of Gate A. The output state is thus equivalent to having undergone a
noiseless gate with possible 1-cell damage at the end. The ideal decoder can eliminate this damage.
The case s = 0, and m; = 1 can be similarly analyzed. O

Proof (EC A). First, we express EC5 through level-2 gadgets only, assuming a single level-0 gadget
failure and now an arbitrary input state. The circuit starts with a layer of ECSZ)Q, and we denote
to to be the point in time right after this layer.

Consider first the situation when the level-0 gadget failure occurs after t3. In that case, the
first layer of EC’?3 is error-free, and the state at tg is coarse-grained at level 2. A level-0 gate
failure then must occur in the support of one of the subsequent level-2 gates Go or inside one of
the subsequent layers of ECSQ?’. From Lemma 4.2, we know that in the former case, the state
is not changed. If the failure occurred in the support of one of the ECSZ’3 layers, we combine
considerations for k = 2 from the proofs of (EC' B), 1 and (Gate A)z 1 to find that the damage is
limited to the support of a 1-cell after each gate or ECy layer. This is consistent with adding a
1-cell filter at the end.
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Consider now the case when the level-0 gadget failure occurred before tg (i.e. in the support of
one of the ECs gadgets). For reference, this gadget is written out in Eq. (4.7). If the level-0 gadget
failure occurred within the first layer of EC1®97 the output of one of these EC; gadgets contains
arbitrary damage in its support and the damage is coarsed-grained to level 1 for the other EC;
gadgets. A brute-force computation (by a computer algebra software; see App. C.1) shows that
the output of the subsequent EC; o M; gadget has the property that there exists (a non-unique)
input configuration which is coarse-grained to level 1 that would cause the same output. Let us
refer to this property as producing a reversible output. Choosing a level-1 coarse-grained input
with such an output, the action of the gadget with the level-0 failure can be replaced by the action
of the gadget on this input, which will be coarse grained at level 3, fulfilling the FC' A condition.

Next, consider the case when the gadget failure occurs within the first layer of EC’SZ’?’, in
particular after the first layer of EC’%99 and before the last layer of EC{@Q. Because the first layer
of ECy gadgets is noise-free, if the fault occurs either in the support of subsequent Z; or 77, due to
the nilpotence of those gates, it has no consequence. If it occurs elsewhere, the damage will fit in
a 2-cell and after the last layer of EC®? (which is noise-free) the damage is coarse-grained to level
1. Considering the entire EC5 gadget, we see that the input to the first My is now coarse-grained
at level 2 apart from one 2-cell where the input is coarse-grained at level 1. This reduces to the
consideration in the previous paragraph upon reducing the level by one, i.e. we replace My with
My and EC5 with EC5. The M;j in question produces a reversible output, which is equivalent to
a level-1 coarse-grained input to EC5 and a noise-free operation of EC5. This damaged is clearly
coarse-grained at level 2, which upon undoing level reduction, corresponds to being coarse-grained
at level 3.

Finally, if the error occurred in the last layer of EC1®9 (within the first layer of EC?S), the
output is unchanged under an 1-cell filter. After the next gate followed by the next layer of EC5 the
additional damage will be cleaned up, as per the (Gate A)s 1 and (EC B)a,1 properties. Therefore,
(EC A)g,m holds for k =3 and m = 1.

This proves the Proposition.

O

Having established the EC and Gate properties, fault tolerance readily follows:

Corollary 4.1. Consider a classical circuit C on 1 bit which consists of T idle operations. Con-
struct a fault-tolerant circuit corresponding to n repetitions of the outer simulation (F'T)™(C) with
inner simulation level k = 3 and m = 1. Assuming a p-bounded gadget error model in (Ff)"(C),
C experiences an error model that is a (Ap)Qn—bounded wire error model for some constant A. The
probability that the initial logical state b(0) will get corrupted in time T is

P (Du(s(t =T)) # Da(s(t =0)) < T (4p)*" (4.8)

Proof. With k = 3 and m = 1, both EC and Gate properties are satisfied by the previous Lemma.
Consider a circuit C and its fault tolerant simulation FT(C). Proposition 4.1 indicates that if the
gadget error model in ﬁ(C) is p-bounded, adding a layer of ideal decoder and pulling it through
the circuit, the gadget error model for C is Ap?-bounded. Starting from (ﬁ)”(C) and iterating
this n times as done in the first proof of fault tolerance for the modified Tsirelson’s automaton gives

a (Ap)?"-bounded gadget failure model. By a union bound, P (5n(s(t =T)) # Dy (s(t = 0))) <

T - (Ap)?". Selecting n = (logs L)/k = (logy L)/3 shows that the memory lifetime is exponential
in a power of L. [

5 Fault tolerance of the toric code automaton

The full toric code automaton is constructed in Sec. 3. It is a measurement and feedback circuit
consisting of simultaneous action of a layer of X- and Z-type elementary gadgets which, according
to Remark 6, can be defined to operate under a general p-bounded gadget error model. From the
analysis in Appendix A, see Sec. 3.1 for a summary of the results, we can reduce this to studying
a decoupled gadget error model. In this error model, the X-gadgets apply X-type feedback and
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noise operators only, and Z gadgets, similarly, apply Z-type feedback and noise. Fact 1 shows
that under this error model the operation of the full toric code automaton can be reduced to
considering separate X and Z automata. At the end of this section in Corollary 5.4, we finally
explain how fault tolerance of the full toric code automaton follows from that of the X and Z
automata separately.

Therefore, most of this section will be devoted to showing the fault tolerance of the X part of the
toric code automaton, which is comprised of X-type gadgets that apply Pauli X feedback only and
experience Pauli X noise. To construct this automaton, we use the inner and outer fault tolerant
simulation prescription. We then develop a modification of the extended rectangles method, prove
that it can be used to derive the appropriate error suppression as a function of the number of fault
tolerant simulations, and use this show the fault tolerance of the X-type automaton.

The rest of this section is structured as follows. The main difficulty in proving the fault
tolerance of X-type automaton is that the supports of neighboring gadgets must overlap, which
can cause interactions between the operations of the gadgets and enable errors to spread (this
is not an issue for standard circuit concatenation). In Subsec. 5.1, we explore a property we call
syndrome confinement, which allows us to show that the interaction between any pair of neighboring
gadgets in our construction is limited to the boundary between them, and moreover, this region
of interaction cannot influence error syndromes in the rest of space. This property is needed to
adapt the extended rectangles method to the setting of the toric code automaton. In addition, the
ideal decoder has to operate in a global way for the toric code (due to the global nature of the
pushforward map), while the ideal decoder for Tsirelson’s automaton is local. To deal with these
challenges, we introduce the notion of spatial truncation and appropriately adapt the concepts of
x-decoders and the Gate and EC conditions. This is done in Subsec. 5.2.

Having developed a modified exRecs formalism for the toric code, we show that fault tolerance
follows from Gate and EC conditions, and finally, in Subsec. 5.3, we show that these conditions
hold for the gadgets comprising the toric code automaton. To show that these properties hold,
we use the strategy partially developed in the previous section via the measurement-and-feedback
version of Tsirelson’s automaton. Namely, we introduce the notion of nilpotence for the toric code
gadgets and provide a computer-aided proof of this property. We show that there exists a level
k for the inner simulation such that the associated outer simulation achieves error suppression.
Upon a single iteration of the outer simulation, the original circuit is simulated with p-bounded
noise, where p ~ (Ap)?. Repeated outer simulation thus achieves (quasi)exponential suppression
of the logical error rate with the system size. Finally, we also discuss fault-tolerant initialization
and readout in Subsec. 5.4, and discuss some preliminary numerical results in Subsec. 5.5.

5.1 Confinement of syndromes

For the reasons explained above, we will focus on X-type gadgets and drop the X label for the
remainder of the text unless otherwise specified. To deal with gadgets that act on overlapping
domains, we introduce a property that we call confinement. In our proof, we interchangeably work
with physical operators (which are supported on qubit locations, i.e. the links of the lattice) and
error syndromes (located on the vertices of the lattice). This is because some of the arguments are
easier to formulate using operators, while others are easier to formulate using syndromes.

It is more natural to think of confinement in the syndrome language. Intuitively speaking, the
input syndromes and the syndromes created due to noise in a confinement region cannot affect
the syndromes outside of it. If the overlap of the supports between two neighboring gadgets is a
confinement region, then the gadgets can “interact” in this region, but what happens in this region
cannot influence syndromes elsewhere. Such a property will limit how neighboring gadgets can
affect each other’s operation and thus will play an important role in proving fault tolerance. The
gadgets that we introduced for the toric code automaton were designed so that any two neighboring
gadgets overlap on confinement regions only.

Definition 5.1 (Confinement). Consider a layer of gadgets L(G) of some level n within the toric

code automaton. A subset A € Ly of syndrome locations is called a confinement region if for input

[Lol
2

syndrome o € F and Pauli noise realization with syndrome €, we have

L(G)[o,e] =n|, ® L(G; Lo\ A)[o, €] (5.1)
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where 77|A = L(G)]o, sHA. Recall that the notation L(G; Lo\ A) is defined in Def. 3.22. Syndromes
in A are said to be confined.

If A is a confinement region for a layer £(G) of the toric code automaton, we will often simply
say that A is a confinement region for G.

The “non-communication” property between the neighboring gadgets that overlap on confine-
ment regions will be made more precise below. Although the confinement region can be arbitrarily
shaped, for simplicity of presentation, we restrict ourselves to the case (relevant for the toric code
automaton) where any two level-n neighboring gadgets overlap on n-links, which are confinement
regions for the associated layer of gadgets.

Remark 3. From this point on, we assume that the gadgets of the toric code automaton (i.e. the
gate G,, and EC, gadgets) have support on connected regions and that neighboring gadgets can
overlap on a union of n-links or on points in ¥,. We also assume that that overlap between any
two gadgets is a confinement region for the associated layer of gadgets and the corners of any
gadgets are linear vertices; this is proved in Prop. 5.1 for the toric code automaton.

Fact 3 (Confinement separates the bulk from the boundary). Consider a layer of level-n gates
L(G) as well as a certain level-n gadget Gy in this layer with vertex support A1 and boundary OA;.
Assume that overlap between Gy and any other gadget G; in the same layer overlaps on a set of
boundary n-links that we denote as Ay;, i.e. supp,(G1) Nsupp,(Gi) = A1;. We also assume that
the boundary of the gadget G1, denoted OAy = U;A14, is a confinement region. Then, we have

L(G)[o,e] = nlon, ® (G1; M1\ OA1)[o,e] ® L(G; Lo \ A1)[o, €] (5.2)
where n0ar, = L(G)[o,]|oa, -
Proof. Because 0A; is a confinement region, we can write by definition
L(G)[o,e] = 77|8A1 ® L(G; Loy \ OA)]o, €] (5.3)

Because of the assumption that all gadgets overlap on boundaries only, for any gadget G; # Gy,
we can write supp,(G1) N supp, (Gi) N (Lo \ 0A1) = &. Thus, the operation of L(G; Ly \ OA1)
factors as such:

L(G; Lo\ OMN)[o,e] = (G1;A1 \ OA1)[o,e] @ L(G; Lo\ Ar)[o, €. (5.4)
This proves the fact. O

Fact 4 (Confinement implies non-communication). Consider a layer of level-n gadgets L(G) and
any two meighboring level-n gadgets G1 and Go in this layer, which have vertex supports Ay and
Ao respectively. The pair of gadgets overlap on boundary n-links only and each such n-link is a
confinement region with respect to L(G). Call A1 and 0Ny the set of boundary vertices of the two
gadgets respectively. Then,

‘C(G)[U’ E] = 77|5A1U3A2 @ (G1; Ay \8A1)[07 E] ©® (GQ;A? \ aA?)[07 E] & u‘ﬁo\(AlUAQ) (55)

where n and | are some syndrome vectors that generally depend on the input syndromes, noise,
and the operation of the layer of gadgets. The supports are illustrated below:

OAy N AN,
/

Al \ 8./\1 A2 \ 8A2

8A1 BAZ
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Proof. Using the previous fact with respect to the gadget G1, we can write
L(G)[o,e] =1 |an, ® (G1;A1\ OMy)[o,e] D L(G; Lo \ Av)[o, €] (5.6)
where 7 |ga, = L(G)[o,€]|on,- Therefore,
L(G)[o,€]|anon, = (G1; A1\ OAy)[o,€]. (5.7)
Analogously, for the second gadget, using the same logic gives
L(G)[o,€]|anon, = (G2; Ao \ OA2)[0,€]. (5.8)
Finally, we can write

L(G)|o,e] = L(G)[o,€]lan,von, ® L(G)]o,€]|anan, © L(G)]o,€]anon, D L(G)]0,€]|co\(Ar0As)
= nlon,uon, © (G1; A1\ OA1)[0, €] © (Ga; Mg \ OA2)[0, €] @ 1o\ (A uAs)
where in the first equality, we simply decomposed the output of a layer of gadgets over non-
overlapping regions. In the second equality, we used Eqs. (5.7) and (5.8) and defined 7|ga,uoa, =

L(G)[o,€]lanvan, and 0|\ (a,ur.) = L(G)[0, €]l 2o\ (A,unz)- This completes the proof of the fact.
O

As stated above, boundary segments of every gadget in the toric code automaton are confine-
ment regions. We will now prove this fact:

Proposition 5.1. Consider the toric code gadgets obtained from inner simulation described in
Subsec. 3.5.2, and recall the definition of gadget linearity in Def. 4.3. The following statements
are true:

1. Each n-link X in the support of EC,, is a confinement region with respect to a layer L(EC,).
2. The EC,, gadget is linear on all n-frame vertices 3, in its support.

3. Each n-link (or union of links) highlighted in blue in the picture below is a (separate) con-
finement region for layers of T,,, T, and M" gadgets, respectively:

Z T M,

n

where the links that are shown in gray are the (n—1) links of the lattice. Note that confinement
regions corresponding to the top and bottom links T,* and M! are a union of two or three
horizontal n-links. For T,Y and M}, the confinement regions are found similarly by a 90°
rotation.

4. I, T and M! act linearly on the n-frame vertices shown below:

where the links that are shown in gray are the (n — 1) links of the lattice. For T,Y and MY,
the linear points are obtained by a 90° rotation.
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Proof. We first will prove the claim regarding linearity. In the proof of Prop. 4.2, we first proved
that if during the operation of some non-elementary gadget a particular vertex is always an endpoint
of any constituent elementary gadget, then such a vertex is a linear vertex. This fact is also true for
the toric code for the same reason as given in Prop. 4.2, except that endpoints of gadgets become
their corners.

First, we show that the corner vertices of the level-n gadgets Z,,, T, and M,, are linear vertices.
We show the aforementioned fact using induction on n. When n = 0, this is true by definition
of elementary gadgets. We then assume that this is true for n. We write Z,, 11, Try1, and My, 41
in terms of Z,, T,, and M,, and note that corner vertices of Z,, 11, Tn+1, and M,, 1 are always
corner vertices of Z,,, T, and M,,, thus proving the induction step.

Finally, we prove that for 7T, the two remaining level-n vertices are linear vertices. We follow
the proof in Prop. 4.2. However, now one must write 7,41 in terms of a 2D circuit of 7,, and Z,
interspersed with layers of EC,; noting that the corner vertices of EC,, are linear vertices, the
proof follows otherwise identically to that in Prop. 4.2.

Next, we prove the claim about confinement regions. We first show the following fact. Consider
a subset of vertices A during the operation of a layer of gadgets £(G,,). For an elementary gadget
Go, define the feedback support supp (Go) to be the three vertices in the bottom border of 77",
the four vertices in the bottom border of M! and the two vertices in the bottom border of Zy as
shown in the figure in Def. 3.20. For vertically oriented gadgets, the feedback support is rotated
accordingly. The use of the term ‘feedback support’ refers to the set of sites where syndromes can
be modified due to the action of the gadget. We claim that A is a confinement region with respect to
a layer of G, if any elementary level-0 gadget Gy during the operation of a layer of G,, gadgets with
supp;(Go) A has the property that supp ;(Go) N\ is a subset of corners of Go. In other words, this
means that the feedback support of Gy is either contained in A or overlaps with it on linear vertices
of Go. Assuming this, calling X the complement of A\, we have L£(Go)lo,e]lx = L(Go)[ols, el5]l5-
Applying the same logic layer by layer, after the entire operation of £(G,,), we get

L(Gn)lo,e] = (L(Gn); Mo, €] & L(Gn) o€, (5.9)

and setting n|x = £(Gy)[o,€]|x, this proves that A is a confinement region.

Next, we will show that the above property is true for the boundary n-links of each of the
gadgets, thereby proving the proposition. This can be shown by induction. First, consider £(G)
for Gy = 71,71, My. By direct inspection, the boundary 1-links of these gadgets have the property
that any elementary gate that applies feedback at this boundary is either M and 7Ty whose feedback
is contained entirely in a 1-link; otherwise, it is a level-0 gadget whose corners are contained in the
1-link. This also holds for EC;, thereby proving the base case. Then, suppose the fact is true for
L(G,) where G, =T, T,, M,,. We may write £(G,,+1) in terms of £(G,,) interspersed with layers
of L(EC,). The boundaries of the level-n + 1 gadgets are always boundaries of the constituent
level-n gadgets, and therefore the fact must be true for the level-n + 1 gadgets. This proves the
induction step, and thus the claim regarding confinement regions.

O

We now have all the tools needed to complete the proof of Lemma 3.1, which states that the

first half of a noiseless EC,, gadget coarse-grains input syndromes to X,,, and that MZ/ Y, nh/ Y act

on coarse-grained states in a way analogous to the action of ./\/lg/ v oh/ Y. We complete this proof
below, and additionally show the statement of the Lemma in the case when the gadgets tile the

entire lattice.

Proof. (Proof of Lemma 3.1)

First, we will show the base case for n = 1 except now for the case when the lattice (or some
connected subregion) is tiled with level-1 gadgets rather than for a single gadget restricted to its
support. Suppose we tile the lattice with EC; gadgets. Then, the set of 1-links are confinement
regions for EC; (as well as R and R}) and therefore, one can evolve the syndromes in the bulk
of these gadgets independently of syndromes on the boundaries of these gadgets and assume an
arbitrary syndrome configuration on the boundary. After the first Rj there will be no syndromes
remaining in the bulk as per the simpler argument (for part of the base case of Lemma 3.1) from
Sec. 3. The remaining syndromes will be confined to the boundaries, and the next round of Rj
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will coarse-grain these syndromes to level-1 vertices for the vertical boundaries, since the action of
R restricted to the boundary is the same as that of Tsirelson’s 1D error correction gadget. The
remaining syndromes on the horizontal boundaries will be coarse-grained at level 1 by the next
two rounds of R{. The base case for the gadgets 77 and M; is much simpler: these gadgets are
either stacked horizontally or vertically and correspond to stacks of gadgets that apply feedback
(similar to that of Tsirelson’s gadgets) on 1D lines each, which will send a level-1 syndrome input
to a level-1 syndrome output corresponding to the action of a stack of appropriate level-0 gadgets.

Next, we show the induction step. We can write EC), in terms of a sequence of gate gadgets
Gn—1 and a layer of EC,,_; gadgets covering the lattice between each gate gadget. By the induction
step, after the first layer of EC,,_1, the syndromes are coarse-grained to level-(n — 1). Thus, we
can study the action of the rest of the gadget by “reducing the level” by n — 1. By the induction
hypothesis, G,,_1 on such a coarse-grained input will keep the syndromes coarse-grained at level
n — 1 and the action will correspond to the action of Gy. Thus, level reduction allows us to
formally view (n — 1)-level frame as an effective level-0 lattice, where each gate G,_1 is replaced
with a corresponding level-0 gate, and each EC,,_; gadget has no effect, and thus can be ignored.
Upon performing level reduction on the entire EC,,, we obtain an effective circuit for £C; which
coarse-grains the syndromes by the analysis in the base case.

Finally, we must prove that MZ/ Y and 7;Lh/ ? will have the correct operation on coarse-grained
syndrome configurations assuming the induction hypothesis. Once again, we write MZ/ Y and ﬂh/ v
in terms of Mz/f by 7;}1/ 1, and EC,_;. Since the nontrivial syndromes are coarse-grained to live in
>, we can perform an analogous form of level reduction by n — 1 levels to show that this analysis

is equivalent to that of M}/" and 7;"/", which is dealt with by the base case. O

Finally, we prove the following fact for the toric code automaton which will be very useful later
on.

Fact 5. Consider a covering of the lattice with level-n gadgets corresponding to a particular step
of the toric code automaton. Call two neighboring gadgets G1 and G and Aqo the vertices they
overlap on. Call the supports of the two gadgets R1 and Ro. Then,

[’(G)[U7 €HA12\3A12 = (Gl ® GQ; (Rl U RQ) \ a(Rl U RQ))[O-’ 6]|A12\5A12 (510)

Proof. We first note that each boundary of a level-n gadget is a separate confinement region for
level-n gadgets by Prop. 5.1. Furthermore, if A; and As are the union of all boundary segments of
gadgets G7 and Ga, then A; UA5 is a confinement region. This follows directly from the arguments
in Prop. 5.1. In addition, calling R; U Re = R, we can write the outer boundary for the pair of
gadgets as (OR1UIR2)\ (OR1NIR2) = IR. It is a confinement region as it is a union of boundary
segments of G and Gbs.

Applying Fact 4, with this choice of confinement region, we find

L(G)[o,e]l =1 ® (G1 ® G2; (R1UR2) \ OR)[o,¢] ® L(G; Lo\ (R1 UR2\ IR))]o, €], (5.11)
where n = L(G)[o, €]|ar. Restricting the output to A1z \ OA12 C R\ OR proves the fact. O

This implies that the syndromes on a boundary between two gadgets (minus the endpoints of
the boundary) can be reconstructed only by knowing the syndromes in the bulks of both of the
gadgets.

5.2 Modification of the exRecs method
5.2.1 Main definitions

Now, we will define the technology needed to extend the exRecs method to the (X-part of the)
toric code automaton. We will assume a fixed level k for inner simulation throughout. Let us first
establish some definitions that we will use to count the number of faults due to noise:

Definition 5.2 (Failure in the support of a gadget). We say that a level-0 gadget failed in the
support of a ECy,, or G, gadget if a failure occurred on this level-0 (elementary) gadget and the
gadget’s support lies entirely within the support of the EC,, or G, gadget.

Accepted in { Yuantum 2026-04-28, click title to verify. Published under CC-BY 4.0. 55



Definition 5.3 (exRec). Assuming some fized level k for inner simulation, an exRec for a gate

— QK — QK
Gr consists of a spacetime region corresponding to the operation EC~ o Gy o EC where K s
the number of k-cells in the spatial support of Gi.. We say that such an exRec is centered at gadget
Gr. We call suppq(R) the spatial qubit support of an exRec R.

Definition 5.4 (Good/bad exRecs). An exRec is good if the number of level-0 gadget failures in
its spacetime support is < 1. Otherwise, it is bad.

__ We will utilize exRecs to prove the error suppression property for the fault-tolerant prescription
FT(-) corresponding to inner simulation. Notice that the exRecs for the toric code gadgets overlap
not only in time but also in space, specifically on k-links. Thus, in addition to dealing with spatial
truncation, we will also need to utilize a modified procedure for dealing with temporal truncation.
Temporal truncation as well as the prescription for “pulling” the *-decoder through the layers of
simulation will be explained in Subsec. 5.2.3.

We first introduce the concept of spatial truncation:

Definition 5.5 (Spatial truncation). A spatially truncated exRec for gadget Gy is one where one
or more k-links or sites in Xy, are removed from the exRec’s spatial support throughout the temporal
duration of the exRec.

Denoting by A the spatial region that is removed and the set of times corresponding to the
operation of the exRec by T, the truncation region of an exRec is a spacetime region of removed
links and sites A X T.

Definition 5.6 (Good/bad truncated exRecs). Consider a spatially truncated exRec R centered
around gadget Gi,. Count the faults belonging to this exRec in the following way. For each failure

of an elementary gadget Qéz) fully contained in E\E@K oGy o EZ'®K, consider the restriction of
the associated operator O applied by these gadgets (including noise) to the truncated boundary X
with the bad exRec that is causing truncation. If supp(Q) C A, we formally count the fault of this
gadget towards the neighboring bad exRec that caused the truncation. Otherwise, we count this fault
towards the truncated exRec under consideration.

We will use the following algorithm for exRec assignment:

Algorithm 1 (Assigning support to exRecs). Assume a fized level k for the inner simulation and
let the associated outer simulation applied to circuit C yield the simulated circuit ﬁ(C) Call T
the depth of C. We use the time index t to enumerate the layers of the simulated level-k gates Gy,
associated to the gates in C. Then:

1. Construct exRecs associated with gates Gy at a specific time slice t < T.

2. Pick an arbitrary order to traverse the exRecs in space at this time slice. If a given exRec is
bad, spatially truncate all surrounding exRecs at the same time slice which have overlapping
spatial support with the given bad exRec.

This assigns support and good and bad labels for the last layer of exRecs in a given simulated circuit
(illustrated in Figure 5).

As we will see shortly, in order to pull layers of the hierarchical ideal decoder (Def. 3.27) through
a simulated circuit, we first use the algorithm above to assign supports of exRecs and mark them
as good and bad and then pull the ideal decoder through this layer. We then repeat this process
layer by layer.

To explain this in more depth, we need to introduce the *-decoder, which will work analogously
to its operation in the usual exRecs method (see Def. B.6 and discussion afterwards), except that
now it is applied to an entire layer of exRecs at once:

Definition 5.7 (x-decoder for the toric code). Assume a fized level k for the inner simulation and
the associated outer simulation prescription that we use to obtain a simulated circuit FT(C) and

run Algorithm 1 to label good and bad exRecs and perform truncation. We append a *x-decoder D~
at the end of the circuit and define its operation to be:
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truncated
Figure 5: Schematic showing an outer simulation for the toric code automaton and the outcome of one appli-
cation of Algorithm 1. The truncation region is schematically shaded dark. In this figure and in the rest of the
paper, the crossed wires are used to schematically denote multiple qubits in the support of the operations.

(a) For the layer of exRecs that directly precedes the decoder, the decoder stores the syndromes
of the noise operators applied in their spacetime support in its classical register, and

(b) applies an ideal decoder D.

The output of the x-decoder is the output of the ideal decoder D together with a classical register
containing the data in (a). Partial tracing out the classical register, this defines a quantum channel
supported on qubits of the outputs of bad exRecs.

Similarly to the ideal decoder, the x-decoder is not an actual physical operation but rather
a mathematical tool that we will use to ‘undo’ levels of simulation in the toric code automaton.
Schematically, the *-decoder’s operation can be summarized as follows:

where the block on the left stands for the layer of exRecs, and the blue outgoing wire stands for
the register with classical information. On the right, the operation of the star decoder can be
written as an ideal decoder that consists of applying a noiseless layer of EC followed by a k-fold
pushforward map ®* (which is just & applications of ®), along with the relevant classical register.

We will also need to define a different notion of a filter than the one used for concatenated
codes. Recall that the role of a filter is to project onto a subspace of states that are not too “far”
from a codestate at the corresponding level of the simulation. A natural way to define this for
the toric code is to compare the state with a level-k coarse-grained version obtained by applying
L(ECy). Thus, for each k-cell, we define an m-cell filter (with m < k — 1) to project on the
subspace of states that differ from their coarse-grained version by an operator (call it O@’) whose
support fits in an m-cell. We also define a @-filter as the filter that forbids the state to differ from
a level-k coarse-grained state.

However, the definition that we present below is somewhat more involved than this description
to account for the fact that neighboring k-cells share boundaries. In this case, we first need to
specify which filters are assigned to all neighboring cells (if any). Considering boundaries of a
specific k-cell C, with an m-cell filter, there are several scenarios. For a given boundary, if there
is no filter on the other k-cell that shares this boundary, then we allow anything to happen on
the boundary. If there is another m-cell filter or @-filter on the other k-cell, the m-cell within Cy
containing O’ is allowed to touch the shared boundary. This applies to every k-cell with a filter.
All these scenarios are summarized in the definition below and in Fig. 6.

Accepted in { Yuantum 2026-04-28, click title to verify. Published under CC-BY 4.0. 57



C](;) C]gi+1)

m-cell filter m-cell filter m-cell filter m-cell filter m-cell filter m-cell filter

] o o
D g] :]m

m

m

v X X

@-cell filter m-cell filter a-cell filter m-cell filter a-cell filter m-cell filter

%] %] :] m

m m

v X X

Figure 6: A pair of k-cells Cl(f) and C,(CH'I) with various types of cell filters. The type of the cell filter imposed
on C,(f) and C,(CHI) cell is indicated at the top. All other k-cells (i.e. outside of the ones depicted) have no
filter assigned to them. The check marks indicate that the state passes the appropriate filter, and the cross
marks indicate that it does not. For the examples that pass the filter configuration, for each cell with an
m-cell filter, there exists a relative damage operator O’ at level k (i.e. an operator relating the state to its
level-k coarse-grained version) that fits inside an m-cell, shaded in red. For the examples that do not pass the
filter configuration, any relative damage operator violates the filter conditions. The red boxes show m-cells
containing the support of a relative damage operator.

Definition 5.8 (m-cell filter at level k for the toric code). We say that a layer of filters has been
added or assigned to a toric code state |1) with syndrome o if each k-cell with k > m'" has been
assigned an m-cell filter, @-cell filter, or no filter. Fach filter associated with a given k-cell Cy is a
projector onto the subspace of states that satisfy the conditions below. We will say a state “passes”
the filter if it is in the image of the associated projector.

Suppose the state |v) is related to the initial logical state |p) of the toric code by |¢) = O |p),
with syndrome configuration o. Assuming a filter assignment, we obtain a level-k coarse-grained
syndrome configuration by applying a noiseless error correction layer L(ECYy)[o]. We denote by Oy
the product of all feedback operators applied by L(EC}). Define an equivalence class of operators
[Ocgl = {0 : OO, € S}. For the filter conditions under a given filter assignment to be met, we
require that there exists an operator O' € [Og4] with qubit support M, such that the following is
satisfied.

For each cell Cy, that has an m-cell filter:

o M N (Cy\ OCk) fits within an m-cell. Here, supports are taken to be on qubits rather than
vertices.

e For every boundary A between Ci, and a neighboring cell C},:

(1) If the neighboring cell C;, has an m-cell filter, then there exist m-cells Cy, € Ci and
C,, € C,, such that:
MNA=(MnNC,)U(MNC,))NA. (5.12)

(it) If the neighboring C;, has a &-cell filter, then there exists an m-cell Cp, € Ci, such that:
MNA=(MnCp)NA. (5.13)

e If there is no filter on the neighboring cell C;,, no condition is imposed on the boundary A.

For each cell Cy, that has a @-cell filter:

17Unless otherwise specified, k coincides with the level of inner simulation for the toric code automaton.
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e MN(C,\OCk) =2
o For every boundary A between Ci, and a neighboring cell C},:

(i) If the neighboring cell C;, has an m-cell filter, then there exists an m-cell C,, € C;, such
that:
MnNA=(MnNC,)NA. (5.14)

(it) If the neighboring C;, has a @-cell filter, then
MnA=g. (5.15)

(iii) If there is no filter on C;,, no condition is imposed on A.

We will use a convention where m = 0 will stand for @-filter, whereas m > 1 will stand for an
m-cell filter. The operator Oy in the definition above relates the syndrome configuration of the
state |1} to the level-k coarse-grained version of this syndrome configuration.

Thus, in the presence of a layer of filters, all k-cells can be grouped into a set of contiguous
clusters where each k-cell in a cluster is covered by either an m-cell or F-cell filter, and k-cells
not in any cluster do not have a filter assignment. The conditions in Def. (5.8) are imposed on
the syndrome configuration in the interior of each contiguous cluster minus its boundary, since no
constraint is imposed on boundaries of clusters or k-cells not in any cluster. A cluster formed by
two k-cells C,(;) and C,(;H) is shown in Fig. 6 along with examples of damage configurations that
either pass or do not pass a pair of adjacent filters of a given type.

Moving forward, when a state |¢)) = O|¢) from the definition above passes an m-cell filter,
we will also say that the damage O passes the m-cell filter. We will refer to the operator O’
from the definition above as relative damage at level k. When we say that the damage has been
“removed” or “cleaned up” at level k, we mean that a correction operation " has been applied by
the automaton so that 0’0" € S.

We can now define the EC and gate properties for the toric code automaton:

Definition 5.9 ((Gate)yn and (EC)y ., conditions for toric code). Consider o layer of level-k
gadgets. For the (Gate A)g.., conditions, as well as the (Gate B)g m and (EC B)y n conditions,
we assume a layer with & or m-cell filters present on each k-cell in the input state (see Def. 5.8).

The (Gate A)gm and (EC A)g m conditions append a layer of cell filters after the layer of level
k gadgets via

(Gate A)gm (EC A)m
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where we schematically show the input and output qubits as doubled lines (which, in reality, include
qubits shared between the supports of neighboring k-cells). @) denotes the number of failures of

elementary gadgets within the corresponding level-k gadget and m'Y e {0,m} determines the size
of the cellﬁlter imposed on the j-th k-cell in the support of i-th gadget. In addition, we require that
ZKz(l) m’ + 50 <1 for each gadget in (Gate Ay and s < 1 in (EC A)y . If this holds, a

._m m(.l) + sWm) -cell filter is assigned to the output cells of each gate Q(z). For the (EC A)g.m
;(—1 J k )

condition, a (s(i)m)—cell filter is assigned to the output k-cell for each EC gadget.
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For the (Gate B)k,m and (EC B)y ,, conditions, each gate or EC gadget in the layer satisfies
the following conditions:

(Gate B)gm (EC B)rm
" i N
i ug(t) (i) L—/
1 £ ‘.\ my m(:) 8(1) m( )
\ = — I 5o — -
(@) @) (i) \ g(l) .
I]"lr\' k e \ 0 mli+! g(i+1) m+D
va \ —
] =&H= b - EC k = k
) —r - R NS—
m+) . R == ) i 42 (+2) )
A= = 9 -} Fo |— DE.
m(l'“ ’\:/\ §(1+2) 1(1y+2 ‘,"s ’\;j
#g= I
1 i+2 / i+2 T
g;il ) / : g(()l )
N / T~

where the triangle represents the ideal decoder. For the (Gate B)y m, we assume that the condition
@) m® .
f:1 mrfl + 5 < 1 is fulfilled for each gate gadget. For the (EC B)g,m condition, we similarly

assume that % + s <1 4s fulfilled for each gadget.

The A-type condition is imposed on a whole layer of gadgets at once because all cell filters are
determined simultaneously (since information about which filter to place depends on neighboring
filters). In addition, because the ideal decoder is global, its action cannot be separated into disjoint
blocks, and, as a consequence, the B-type condition is also imposed on the entire layer.

Note also that for the FC' B and Gate B conditions (we will largely omit the subscript k, m for
convenience) one pulls the entire layer of gadgets through the ideal decoder as opposed to pulling
one codeblock at a time like for concatenated codes'®.

5.2.2 Confinement in the operator language

For the proof of our main theorem, we will need to translate ideas like confinement to the operator
perspective. In this subsection, we discuss what the confinement property implies for operators
that are applied due to the action of the gadget.

Recall that an elementary gadget acting at time ¢ applies local Pauli feedback F; conditioned
on the syndromes of the input state in its support, followed by the application of the Pauli noise
operator P, restricted to its support. The total operator applied as a consequence of the gadget
action is their product P;F;. In the toric code automaton, elementary gadgets are defined such that
a whole layer of them at time ¢ can operate simultaneously. As a consequence, to determine the
result of their operation, we can consider each of them independently and then add their outputs.
This cannot be done for composite gadgets because they share boundaries. As a result, we can still
define the operator applied due to the action of a composite gadget but now we have to consider
an entire layer of gadgets at once:

Definition 5.10 (Operator applied by composite gadget). Consider a layer of gadgets, denoted
L(G). Define t = tg to be the start of the layer of gadgets and t = t1 to be the end. For a
noise realization H with operator history P = {P1,...Pr} (see Def. A.10) and an input state with
syndrome o, call {F;(oy) il:to to be the Pauli feedback operators applied by the layer of gadget at
each timestep (which depend on the gadgets, input syndrome and the noise).

Define the operator Olo, P; L(G)] to be H?:to P,.Fy(o), which is the cumulative operator applied
by the operator history and the gadget feedback. We will often omit the argument L(G) since it can
usually be deduced from the context.

18 An alternative definition of EC' B and Gate B condition where one pulls the action of separate gadgets through
the ideal decoder (which would look much more similar to the one in the original exRecs method) could also work.
However, it requires a set of careful definitions because the supports of gadgets overlap. As we will shortly see, the
layer-wise definition of these conditions adopted here is sufficient and provides a simpler framework for proving fault
tolerance.
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We will also denote O|o, P; L(G)] to be the restriction of the operator Olo, P; L(G)] to the

qubits in the region R. In particular, we can write it as H:;to Pt}RFt o |R

Recall that, unless otherwise specified, we assume all operators applied due to noise and feed-
back are of the Pauli-X type.

Definition 5.11 (Restriction of operator arguments). Consider an input state with syndromes o
and noise realization H with noise operator history P= {Py, -, Pr}. Consider also a spatial
region Q. Define O [U’Q,
suming that input syndromes are restricted to the vertices in Q and the noise is restricted to the
qubits in Q. The notation P|Q stands for {Pl|Q7 e ,PT|Q}.

ﬁ’Q;E(g)] to be the operator applied by the layer of gadgets L(G) as-

Note that restricting operator arguments to a given region is not the same as performing the
restriction at the end.

Lemma 5.1 (Operator confinement part 1). Consider a layer of level-k gadgets L(Gy) of the toric
code automaton acting on an input state with syndromes o along with a noise realization H with
operator history P. Call R; the qubit support of a gadget gfj’. Fizing a particular gadget g,(j), let
A be the set of k-links in the boundary of R;, define the extended operator support Q; of Q,(:) to be

Qi =R;U U =R (5.16)

JiR;NR;CA
where we introduce the notation R; = R; \ OR;. Then
Or, [0, B; £(G1)] = O, oo . Pl o s LG (5.17)

Proof. The proof is split into two steps. First, we show that the operator Oz [o, P; L(Gy)] only
depends on syndromes and noise realization restricted to R;. Then we show that the operator
O, o, P; £(G)] supported on the boundary Aij (which is a set of k-links) between R, and R,
only depends on syndromes and the noise in the region R;UR;U\;;. The Lemma then immediately
follows because

Og, = O [0, P; L(G4)] ®OM P L(Gy)]

To show the first step, we write O [o, P; L(Gr)] = t to Pt’R Ft‘R We first argue that the

feedback operators in the qubit support of R; only depend on syndromes in this region. Any level-0
constituent gadget which is a part of higher-level gadget of the toric code automaton either (a) is
conditioned on vertices in region R; and applies feedback with qubit support in this region or (b) is
conditioned on vertices in one of the boundary A;; and applies feedback with qubit support on A;;
(an induction-based proof of this is essentially given in the proof of Proposition 5.1). Restricting
to R;, we see that the total feedback operator must be conditioned on syndromes supported in R;.

The syndromes in this region at each time step will depend on the input syndromes in R; and the
syndromes of the noise operators P; for t = [tg, ;] restricted to R;, which we denote R, - Because

£, can be uniquely determined by restricting the operator itself to R; (i.e. P we have

=)
O, |0, P L(Gr)] = O, [o]%.. Pl : £(Gr)]- (5.18)

Next, we argue that Oy, o, P; £(Gr)] depends only on syndromes in R; U R; U \ij. First, we
note that endpoints of \;; are linear vertices of all gadgets of level s < k by Proposition 5.1, and
thus the operator that is applied along the link does not depend on syndromes at these points.
Using Proposition 5.1, we note that the region OR; UOR; \ \;; is a confinement region. Therefore,
using Fact 3 for this region as well as the observation that the level-0 gadgets that apply feedback
supported on qubits in /\Z-j are only conditioned on syndromes in A;;, we write

1j [UlﬁiUﬁjU)\ij ’ P|ﬁiuﬁ]U>\jj ) E(gk)]
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Finally, using that the union of the regions R; Uﬁj UA;; for all j (i.e. corresponding to all gadgets
g,(j ) neighboring Q,(:)) is Q;, we obtain the statement of the Lemma. O

Lemma 5.2 (Operator confinement part 2). Under the assumptions of the previous Lemma, con-

sider instead the truncated support of the gadget Q,(f) defined as R; = R; \/N\ where A = {\;} is the
subset of the set of four boundaries that are truncated. Then, the following holds:

Oﬁl [0, P; L(GE)] = 0751 [U‘éi,P‘éi,ﬁ(gk)] (5.20)
where the “truncated” extended operator support is defined as

2,=9\ U R (5.21)

§:RiNR,;CA

Namely, we remove the supports of gadgets that neighbor with Q,(:) over the truncated boundaries.

Proof. First decompose

Oz =Orpom, @ | @) Ox,
ihi €A
and apply considerations from the proof of previous Lemma to each of the operators in the tensor
product. O

5.2.3 Proof of the modified exRecs method

In this subsection, we will finally prove that, given a circuit C for the X-type automaton, one
iteration of X-type outer fault tolerant simulation F'T'(C) which experiences a p-bounded decoupled
gadget error model will result in an Ap2-bounded decoupled gadget error model for C. This will
be shown assuming that the automaton gadgets satisfy the Gate and EC conditions from Def. 5.9
for some k,m. The proof will require us to heavily use the operator language rather than the
syndrome language, and the results of the previous subsection will be useful. In general, iterating
this fault tolerant simulation will ensure exponential logical error suppression and a threshold. In
the next subsection, we will prove that the particular gadgets that we use satisfy the gate and EC
properties, and after combining the X and Z sectors of error correction together, will then prove
a threshold for the full quantum automaton.

Proposition 5.2. Consider an inner simulation and an associated outer simulation ﬁ'\f() As-
sume that the gate and error correction gadgets satisfy (Gate)g,m and (EC)gm for some k corre-
sponding to the inner simulation level and some m.

Consider a layer of level-k gates along with leading and trailing layers of the level-k EC gadget,
which we will denote L(EC) o L(Gy) o L(EC). Follow this layer by an ideal hierarchical level-k

decoder which we denote D. If all exRecs covering E(EC/’) o L(Gg) o C(E’E’) are good, then
Do L(EC) o L(Gy) o L(EC) = L(Go) o D o L(EC) (5.22)

where each level-0 gate gadget in L(Gy) on the right hand side is the level-reduced and noiseless
version of the associated level-k gate gadget.

Proof. As reviewed in Prop. B.1, the proof from [23] can be adapted almost verbatim to prove this
proposition: specifically, EC' and Gate conditions are applied in the same way as in the proof of
Prop. B.1. The only difference is that an entire layer of gadgets is pulled through the ideal decoder
simultaneously whenever EC B or Gate B conditions are applied. O

Before proving a version of the above result that allows for some bad exRecs to be present, we
need an additional definition that will suitably modify the operation of a layer of gadgets whenever
the layer intersects with the support of bad exRecs. This procedure replaces the usual truncation
procedure in the conventional exRecs formalism, which is discussed in App. B.
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Definition 5.12 (Temporal truncation). Assume a fault-tolerant simulation of circuit C of ele-
mentary gates using the inner and outer simulation prescription of Secs. 3.5.2 and 3.5.3.

Consider a layer of exRecs corresponding to L (EC) o L(Gy) o Cle(EC), where we label the
leading and trailing layers of error correction gadgets as ‘le’ and ‘tr’, respectively. Assume that
the L(Gy), L1 (EC), and the succeeding layer of level-k gates (not contained in the layer of exRecs
under consideration) are start at times to, t1 and to, see Fig. 7. The following procedure proceeds
backward in time.

Suppose that ty labels the latest time slice for which exRecs centered at this timeslice have not
been temporally truncated. We run Algorithm 1 to label and spatially truncate the exRecs in this
layer. We then define temporal truncation as a procedure that removes all level-0 gadget failures
in all bad exRecs centered at time ty. We denote this by replacing EtT(EC’) 0 L(Gk) o Li.(EC) with

Lho (E/E') o [:tvo(gk) o L} (N) 1f, upon performing this procedure from later times to earlier ones,
the last L1.(EC) was instead /Jt2 (EC) (i.e. having been modzﬁed by temporal truncation at t2'9),

the result after temporal truncation at to is denoted as Eto’tz (EC’) o Llo (Gk) o Eto (EC)

Let us provide some intuition behind the temporal truncation procedure. To determine the
error model in the simulated circuit and show the error rate suppression, we will “pull” the *-
decoder backward in time through the circuit. Similarly to concatenated codes, this first requires
us to introduce some notion of truncation such that the spacetime supports of bad exRecs do not
overlap with any other exRecs (we have already introduced the notion of spatial truncation, which
does not fully solve this issue). In addition, unlike for concatenated codes, “pulling” the *-decoder
through a single exRec is not well-defined. Instead, we pull the *-decoder through an entire layer
of exRecs at a time.

For the toric code, we will need to use temporal truncation to appropriately pull the x-decoder
through the circuit; see Theorem 5.1 for a more precise description of this. For all bad exRecs
in a given layer, we will determine the effect of faults in them as compared to the output of the
temporally truncated circuit. The difference is captured by some operator . Thus, the output
after this layer of exRecs is equivalent to the output of a temporally truncated layer of exRecs
and subsequent application of @. We then move the operator O past the x-decoder to obtain a
coarse-grained operator (0'. We are left with a temporally truncated layer of exRecs (which are
now all good) followed by the *-decoder, and we can pull the x-decoder past the layer of gadgets
inside these exRecs by Prop. 5.2. In the remaining circuit, the last layer of EC gadgets (i.e.
immediately followed by the x-decoder) is now temporally truncated. However, the EC gadgets
that experience the effect of truncation have the same effect as the subsequent noiseless EC within
the *-decoder. Thus, the outcome is analogous to what one would obtain using conventional
truncation for concatenated codes. A more precise understanding of why this method works is
provided in Theorem 5.1 and its proof.

Fig. 7 provides an illustration of temporal truncation being implemented twice, once at timestep
to followed by another time at timestep tg.

Now, we are finally prepared to prove the main result of this subsection. Recall that we are
restricting our attention to either an X-type or Z-type automaton. Consider a circuit C for one
of these automaton and its fault-tolerant simulation FT(C), the latter of which is subjected to
a p-bounded gadget error model. We will show that after appending a *-decoder to the end of
FT(C), and pulling the x-decoder through exRecs layer by layer, the resulting circuit simulates C
with an Ap?-bounded gadget error model, where A is a constant. For this, let us first show the
result for a single iteration of pulling the decoder.

Theorem 5.1 (Pulling D+ through one layer of outer simulation). Assume a fault-tolerant sim-
ulatwn of circuit C of elementary gates using the inner and outer simulation of Secs. 5.5.2 and

5.8. Assume FT(C) operates with noise realization H (and associated noise operator history P)
sampled from a a p-bounded gadget error model. Assume also that the assumption in Remark 3
holds and (Gate A,B)k.m and (EC A,B)g.m conditions from Def. 5.9 are satisfied for some k
corresponding to the inner simulation level and some m.

9Note also that temporal truncation will lead to reassignment of good/bad exRecs during the next iteration of
the algorithm.
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Figure 7: lllustration to Def. 5.12 of temporal truncation. We start with (a) a simulation where timestamps
to,t1 and t2 are indicated and the leading and trailing EC layers are shown for one of the gate layers. Starting
temporal truncation from the latest time in the circuit as described in the definition, we eventually arrive at (b),
showing the layer of gates at time t2 and the preceding layer of error correction truncated according to exRecs
at the associated time. (c) Next, the truncation is performed for time ¢y, which involves leading and trailing
error correction layers. Since E(E\é) participates in exRecs centered at both times to and t2, it is truncated at
each of these times accordingly.
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Consider the last layer of simulation centered on gates at time slice to (where the succeeding

layer of gates occurs at time ta) consisting of £ff,(E/\C/’) o L(Gy)o Ele(ié) with the last layer of EC
gadgets temporally truncated. If to is the last layer of the entire simulation, no ty truncation is
assumed.

Run the Algorithm 1 to label exRecs centered at gates at time to as good or bad, and perform

spatial truncation. Add a x-decoder after this layer of exRecs, resulting in D* o Lif_(ﬁé) o L(Gg) o
Li.(EC). Pulling the layer of x-decoder past L12(EC) o L(Gi) results in:

(1) The layer of gates L(Go) following the x-decoder, followed by application of some noise op-
erator supported on each of the spatial regions corresponding to bad exRecs.

(2) The layer of leading gadgets truncated due to bad exRecs centered at time slice to; i.e., this
layer of gadgets is replaced by L}° (EE’),

(3) If the original circuit experiences a p-bounded gadget error model, the resulting gadget error
model acting after £(Go) is an Ap?-bounded gadget error model for some constant A.

Therefore:
D* o L2(EC) 0 £(Gr) 0 L1.(EC) = L(E(Go)) 0 L(Go) 0 D* o L (EC) (5.23)
where € is an Ap?-bounded gadget error model (discussed in point (3) above).

Before proceeding with the proof, let us make a remark regarding why we replace the layer of EC

gadgets before the ideal decoder with a temporally truncated one, i.e. Eii(E\é) o L(Gy)o Ele(E‘\é).
Consider the full circuit C and add a *-decoder to this circuit at the end, in which case the trailing
layer of EC gadgets will not be truncated. Pulling the *-decoder according to Thm. 5.1 once
will result in a new and shortened circuit where the EC layer before the #-decoder is temporally
truncated. In addition, the x-decoder is now followed by a layer of reduced-level gates experiencing
a noise model with suppressed error rate. We then repeat this process and pull the x-decoder layer
by layer through the entire circuit. From Thm. 5.1, we thus obtain the simulated circuit with an
Ap?-bounded error model. This last conclusion will be formalized in a Corollary after the proof of
the Theorem.

|Vin) [41) |2)

b = o

Figure 8: Layers of gadgets L!? (E’E) o L(Gk) o £16(E\5) followed by a x-decoder £(Dy;). Also shown are the
state of the toric code at the various timesteps that are utilized in the proof of the Theorem. The temporally
truncated layer of error correction gadgets is shaded in gray.

Proof. We will show that we can pull all bad exRecs in a given layer past the x-decoder simulta-
neously, inducing an error model for the simulated level-0 gadgets in these regions. Pulling the
remaining (good) exRecs past the x-decoder produces noiseless level-0 gadgets. In this proof, where
it does not cause ambiguity, we will use notation for regions to denote their qubit support.
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Denoting an input stabilizer state to the entire layer £2(EC) o £(Gi) o Lie(EC) by |tn) (see
Fig. 8 for reference), we write:

1) = LR(EC) 0 L(Gs) o L1c(EC) ) = Ouxun £42™ (EC) 0 L10(G) o C(EC) ), (5.24)

where Oy is some operator whose properties we will determine momentarily 2°

Comparing the exRecs in Eq. 5.24, we see that they differ only by removing faults in the
spacetime supports of bad exRecs centered at time ty3. Consider connected regions of good exRecs
and note that each connected region must have its boundary truncated. Using Lemma 5.2, we then

conclude that the restriction of the total operator applied by the circuit Eii(EZ’) o L(Gx)o L (E\C/')
to any such connected region of good exRecs can only depend on the syndrome and noise in its

. . . . . . . . . . . to,t2 / T
interior. However, the syndrome and noise in its interior is the same in the circuit £;°""*(EC) o

E?O(gk) o E;g (E\C/'), and thus, we conclude that Oy, is supported in the union of supports of all
bad exRecs. We can thus decompose this operator as:

Otrun ® OB( ) (525)

bad

where Bbad is the spatial support of i-th bad exRec and we assume that some arbitrary resolution
has been picked for every pair of operators that share support, and each operator OB@ is supported
bad

in Bbad Operators O are, by definition, any operators that produce the decomposition in

By
equation above. According to Lemma 5.1, each of these operators must exhibit the following
dependence:

OB’(“ = OB(i) [U|Q(i) ,ﬁt2 ’Q(i) ] (5.26)

where, assuming that the boundary of B bad 15 A, Qbad is the extended spacetime support associated
with the i-th bad exRec, defined in the equation below:

Qbad = ba)d U U Ri |, (5.27)
3: RiNBL CA;
where as before R; = R;\OR;, and R; is the spatial support of the j-th exRec (good or bad). The
notation P2 denotes an operator history where the level-0 gadget errors associated with temporal
layer truncation at ¢ have been removed.

We will now consider the action of the x-decoder on the state |1)1). We start by decomposing the
x-decoder into an action of a layer of [,(E\C/'), followed by a k-fold pushforward map ®* (Def. 3.25),
ie. D* = @kﬁ(ﬁé) (which is schematic notation since we have not included components like the
classical register). The action of the noiseless L(Eé) layer which is the first part of x-decoder
yields (see Fig. 8 for reference):

th2) = L(EC) ) = Opy L(EC) o L2 (EC) 0 L0(Gi) o £ 12 (EC) [thm) (5.28)

where Oy, is an operator whose syndromes are coarse-grained at level k and which has the same
support as Ogrun. We now will argue that Of,,, in fact has support in bad exRecs only. To
see this, note that [¢1) and the reference state Oy [t01) (which cancels the Oty appearing in
Eq. 5.24) have syndromes differing only in the support of bad exRecs. Upon applying E(E\é),
we know from Lemmas 5.1 and 5.2 that the operator applied in the support of good exRecs
(whose boundaries shared with bad exRecs have been spatially truncated) only depends on the
input syndromes restricted to the (truncated) good exRec and bulks of neighboring good exRecs.
Therefore, comparing the operator applied by E(EC) to |11) and the one applied by L:(EC’) to
Otrun |¥1), we see that they must differ in the support of bad exRecs, implying the same for Of

trun-

20 As a notational aside, we do not use o for multiplication of operators, as o is specifically used for composition
of gadgets.
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We consider the action of ®¥ on [t)) and pull the operator O through the pushforward

map. The effect of this is

/
trun

rO!

trun

=0 ,0F (5.29)
where, using the definition of the pushforward map, we can write ¢*(O! )0t € S with S the
toric code stabilizer group and ¢* a k-fold pullback map. From the arguments above, Ol.q can be

chosen so that _
spD (Ofeq) € [J Bo'haa (5.30)

where Béfiad is a region on the reduced lattice associated with B](ai)d on the original lattice.
We can now write

BF 1h5) = BFL(EC) [th) = OlegD* 0 LI (EC) 0 L0(Gy) 0 LI (EC) [thn) (5.31)

Using the fact that since all exRecs on the right hand side are now good, Prop. 5.2 can be used to
pull the layer of level-k gates and EC gadgets through the ideal decoder, to obtain

D* o £i9"2 (EC) 0 £ (Gy) o LI2(EC) [9nn) = £(Go) o D0 L (EC) ). (5.32)
Combining everything together, we obtain:

BF [1h5) = 0!y £(Go) 0 D* 0 LI (EC) [thn)

Z, ) o (5.33)
.y <£(go>; UB&,Lad> oL (go;caed \ UB&,Lad> o D* 0 L}2(EC) [¢1n)

where we absorbed the effect of O/, into the error channel £(Gy), and the reduced lattice is denoted
by Lifd. The error £ denotes the effect of the new simulated gadget error model (see Def. 3.4).
In the simulated error model, the failed simulated gadgets Fg , are in one-to-one correspondence
with bad exRecs. The operator O, 4 is the total operator applied due to the operator history as
well as the action of the gadget at time ¢, and we can assign a set of failed gadgets corresponding
to this operator by partitioning its support over those of the failed gadgets.

What remains now is to determine whether the simulated noise model is Ap?-bounded. The
probability of any extended rectangle being bad is < Ap? where A is a constant determined by the
maximum number of sites within any type of exRec and the number of possible truncations of an
exRec. The probability that all gadgets in a given set By = {Qéz)} are faulty is the probability that
all exRecs corresponding to these gadgets are bad, which is < (Ap?)!Pol. This proves the theorem.

O

Corollary 5.1. Consider a circuit C[Zy, To, Mo], and construct the fault tolerant simulation /ﬁ(C)
following the prescription outlined in Secs. 3.5.2 and 3.5.3. Assume that the assumptions of The-
orem 5.1 are satisfied. Insert a layer of x-decoder at the end of the circuit. If the gadget error
model for FT(C) is p-bounded, then pulling the circuit through the x-decoder produces the simulated
circuit C experiencing a gadget error model that is Ap?-bounded for some constant A.

Proof. We push the circuit through the decoder layer by layer. Note that due to the truncation
procedure, if an elementary gadget failure is assigned to a bad exRec, it cannot be assigned to
any good exRecs. Using the results from the last theorem, a noise model will be induced on gates
in C corresponding to bad exRecs in F'T(C). The probability that a given exRec is bad is < Ap?
for some constant A, and utilizing a similar argument to that of the previous theorem as well as
the fact that a failure cannot be assigned to multiple bad exRecs, the gadget error model in C is
Ap?-bounded. O

Thus, an automaton made out of gadgets satisfying the Gate and EC conditions simulates a
circuit whose noise rate is reduced doubly-exponentially quickly as one goes to higher and higher
levels of simulation. To establish fault tolerance of our toric code automaton, it remains to show
that the EC and Gate conditions are satisfied for the toric code gadgets constructed in Sec. 3.5.
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5.3  Proof of EC and Gate conditions for toric code automaton

Similarly to the analysis of Tsirelson’s automaton in Section 4, in order to prove the FC and Gate
conditions, we will need a suitable generalization of nilpotence for the gadgets in the toric code
automaton. First, we will define the notion of an isolated fault:

Definition 5.13 (Isolated faults). An elementary gadget fault of gadget Gy at spacetime location
x is isolated at level £ if one of the following is true:

e There is a composite gadget EC?K oGpo EC?K such that the fault is located either within
the leading ECy gadgets or within Gy, and there are no other faults in the composite gadget
as well as any of the neighboring composite gadgets. In addition, the input state must pass
through a @-cell filter acting on £-cells of the composite gadget and its neighboring composite
gadgets. We call the isolation region of this fault the union of spacetime supports of the
composite gadget ECI@K oGy OEC?K containing the fault and the supports of the neighboring
composite gadgets.

o The fault is located within an ECy gadget that belongs to the very last layer of level-£ gadgets of
the toric code automaton, and there are no other faults in this ECy gadget and in neighboring
EC, gadgets. The input state to this layer of gadgets is assumed to pass through a @-cell
filter in the support of the EC; gadget with the fault and its neighboring EC, gadgets. We
call the isolation region of this fault the union of spacetime supports of the composite gadget
EC, containing the fault and the supports of the neighboring composite ECy gadgets.

An m-cell damage input to a gate or EC gadget is said to be isolated at level £ > m if there
are D-cell filters in the supports of its neighbors, and there are no faults in this gadget and its
neighboring gadgets.

Next, we define the nilpotence conditions for the toric code automaton.

Definition 5.14 (Gate and EC nilpotence for the toric code). A gate gadget Gy is said to be
nilpotent if for coarse-grained input syndrome o = oly,, we have

L(BECy) o (L(Ge) 0 LIECY)) [0,€] = L' (ECy) o L(Ge)[o, = & <o), (5.34)

where we assume the noise restricted to the spacetime support of the above circuit to be an isolated
elementary gadget failure in Gy that is associated with syndrome g, and the prime on the last layer
of ECy gadgets denotes that the layer is noise-free in the extended support of Gy. The argument
€ @ eg denotes the noise syndromes where the isolated gadget failure has been removed.

An EC gadget ECy is said to be nilpotent if for coarse-grained input syndrome o = olx,, we

have
L' (ECy) o L(ECy)[o,e] = L/ (ECy)[o,e ® &), (5.35)
under the same assumptions made above.
Note that there is a difference between this definition and the one used for Tsirelson’s automaton
in Def. 4.4 (which did not have the leading layer of ECys on the left hand side of (5.34)), and that
we have additionally separately defined the notion of nilpotence for the EC gadget. Below, we

will provide a much simpler and equivalent definition that we will be utilizing in the proofs of the
main statements.

Lemma 5.3 (Simplified nilpotence conditions). Define a simplified gate nilpotence condition for
Ge to be identical to Def. 5.14 except the first two layers L£(Gy) o L(ECy) are assumed to have
precisely one fault which is located in Gy and has syndrome eg, with the final layer of L'(ECY) is
noiseless. In particular, the simplified gate nilpotence condition is

L' (ECy) o (L(Ge) o LIECY)) [0,e0] = L (EC,) o L(Ge)o, 2] (5.36)
An analogous simplified EC nilpotence condition is

E(ECz) o E(EC@)[U, 50] = [:I(ECz)[U, @] (5.37)
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For the toric code automaton, where the assumption in Remark 3 holds, the simplified nilpotent
conditions are the same as the original nilpotence conditions (Def. 5.14) for both gate and EC
gadgets.

Proof. From Fact 4, the output of the gates in the spatial support of the isolation region is in-
dependent of the damage and noise syndromes outside of this region and vice versa. Thus, the
original definition of nilpotence splits into separate statements of Eqgs. (5.34) and (5.35) restricted
to be inside and outside the isolation region. Outside the isolation region, the RHS and LHS of
each of these equations are identical. Restricted to the isolation region, the statement is equivalent
to that of simplified Egs. (5.36) and (5.37). Thus, the original definition of nilpotence follows from
the simplified one. O

Moving forward, because the conditions in Remark 3 are indeed satisfied for the toric code
automaton, we will refer to the simplified nilpotence condition as simply the nilpotence condition
moving forward. While we can verify nilpotence by explicitly constructing the circuit of level-0
gadgets for G;, brute-force verification is computationally expensive even when going a modest
number (say, three) levels up. Instead, we will use analytical insight to reduce the search space
while still being able to provide a modest upper bound on the nilpotence level. This will be
discussed in the proof of the gadget nilpotence levels. In addition, some of these ideas are rather
general and can be used in future constructions of fault tolerant automata. Before this, we will
need a useful fact:

Lemma 5.4. If there exists { such that all gate and EC gadgets of the toric code automaton are
nilpotent at level £, then all gate and EC gadgets are nilpotent at all levels £ > (.

Proof. The proof follows from writing the gadgets Gy in terms of gadgets at level £. Nilpotence
at level ¢ shows that any single level-0 gadget failure in some Qéz) o ECél) will be cleaned up by
applying a noiseless layer of ECy, which is the subsequent layer of gadgets. In the case where
the fault resides in the last layer of level-¢ gadgets in G/, the subsequent clean layer of ECy (as
required from the definition of nilpotence) will clean the output damage. O

In addition, we will also need a useful definition that keeps track of the location of a level-0
gadget within a higher level gadget:

Definition 5.15 (Address). For a circuit ﬁ(C), define the address of an elementary gadget fault
to be a sequence of gadgets (either EC or gate) of ascending level, written as

Gk (zk), Gr—1(Tk—1), .., Go(x0)], (5.38)

where supp(G;—1) C supp(G;) and the argument of Gi(xx) denotes a canonical spacetime coordinate
for the location of the level-k gadget. The last element Gy specifies the faulty elementary gadget
and thus, can only be Io,%h/v or M’g/”. We will usually suppress the argument providing the
spacetime coordinate for simplicity.

Before proceeding, we will note a few properties of our construction that will simplify the
analysis. First, we will be proving nilpotence for an isolated fault within a level-/ gadget. In
particular, this means that we tile the lattice with level-¢ gadgets and restrict our consideration
to the support of a single level-¢ gadget, including level-0 gadgets from the neighboring gadgets
applied at its boundary. Since the surrounding gadgets are noise-free because of fault isolation
and the input is assumed to be level-¢ coarse-grained, then the neighboring level-¢ gadgets can at
most add syndromes at the corners of the level-¢ gadget under consideration. However, we can
neglect syndromes on the linear vertices (because of linearity property). Finally, it suffices to only
consider failures of level-0 gadgets whose support is fully contained within a given level-¢ gadget.

Lemma 5.5. Assuming a gadget error model, the gate gadgets I, T"/, and the EC gadget are
nilpotent at level 3 and above. The gate gadget MV is nilpotent at level 6 and above.

Proof. The proof is partially due to a simple computer-aided search that we designed, which we
expect to be relatively general purpose. We present the details of algorithms used for this search
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in App. C.2. In general, we refer the reader to the App. C.2 for a more technical description of
the approach; we will present a ‘big picture’ discussion here.

First, we show the nilpotence of the EC' gadget. For this, we consider an EC, gadget (with
£ > 1) containing a level-0 gadget failure isolated at level ¢, and assume that the input is coarse-
grained at level ¢, i.e. non-trivial input syndromes lie in ¥,. The address of the fault can be written
as:

[EC,, G|, gl glao)] (5.39)

where g}“” with £ > ¢ > 1 stands for either gate or EC gadgets, and we omit the spacetime
coordinates of each gadget. Additionally, the superscript (a;) keeps track of the associated gadget
type (namely, whether it is Z, 7/*, M"/¥ or EC-type gadget). Due to linearity of the EC gadget
on the corners of its support, we can assume that the input to FCy is syndrome-free and Fy add
the input syndromes to the corners of the output of the gadget at the end.

Assuming ¢ > 1, we can express FC; by a sequence of gadgets of the form g}‘“) o EC?K”1

(a1) . : fai 21
o 1- .
(where G, is a gate supported on K,, 1-cells) with a final application of a layer of EC; gadgets

Suppose that the level-0 failure occurs during the operation of a given gf‘“) o EC’? K‘”, which we

will denote as ( gal) o EC’?K‘”) [@, e0], where @ denotes a clean input and &y corresponds to

the level-0 gadget failure. This combination of gadgets will always be immediately followed by

a noiseless layer of ECy gadgets. Using a computer program, we then explicitly compute the
action of the circuit EC’?KCL1 o (Q%al) o EC’1®K”) [@, 0], with the last EC'?K“1 being noiseless, to

Y“), which we define as

determine the level-1 coarse-grained output in the spatial support of the G
€1.

Next, we treat this coarse-grained damage with syndrome e; as an effective transient error

inside a level-2 gadget gé‘“) ) EC’? Koz at a spacetime location indicated in the address. Because it
is coarse-grained at level 1, we can perform level reduction by 1 level, which maps the problem onto

studying a level-0 gadget failure eél) = ®(e1)?? within an effective level-1 circuit g§“2) o ECY Kax

@(gé‘”) o EC? K"Z). We subsequently iterate this process for each k and corresponding G(®*)
(which due to the level reduction is always analyzed as a level-0 gadget failure in a level-1 gadget)
to understand how the possible outcomes of gadget failures change as one goes up a level at a
time. Nilpotence is achieved if any input error £y eventually shrinks to nothing (i.e. 5[()0 = @) after
one passes through a finite number of levels . In our computer-aided search, we loop through all
possible level-0 gadget faults leading to £¢ as well as all possible addresses of the faults; let us now
present a formalism for handling all of these possibilities.

We formalize this procedure by defining a map I'[G1,e0] which is a function of the gadget Gy
and single failure ¢ of one of its constituent level-0 gadgets. The map outputs the gadget failure
581) = ®(e;) whose action is determined by evolving ECY" o (G; o ECF™) [@, £] and subsequently
applying the pushforward map ®. Then, for all types of gadget Gy, we define the sets Dg, to be
syndromes of all all possible damage outputs caused by the failing the gadget Gy (which can be
cither Zo, 77"/" or M™).

We then consider the address of a given failure (Eq. (5.39)) and start with the gadget failure
Qéo) located within level-1 gadget g§‘“) o EC®Ka1 Al possible ways to fail the given gadget gé‘“))
lead to the following set of effective failures of the gadget containing it:

Dg(al) = {6 1 deg € Dg(ao), F[gl,Eo] = 8}. (540)
1 0

This set collects all possibilities for the output damage syndromes due to any possible failure

occurring in a specific gadget gé“") located within QYH) o ECl®K“1, where the gate types and their

locations are specified by the fault address.

21 A similar decomposition exists of EC, into gﬁ,‘fm) o EC’S,%Kle and a final layer ECy,, with m < £.

22The pushforward map was originally defined to act on states, but this action can also be thought of as inducing
a map on syndromes of a state. Thus when we write ® as acting on a pattern of syndromes o = 0|y, the result of
this map is the syndromes of the coarse-grained output state ® |¢), where the input state |[¢)) has syndrome o.
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We then iterate this procedure by replacing Dg(ag) with D gles) (which we will henceforth
denote as Dg<a5) — D (ag ) and performing level reduction by one level each time. Upon iterating

this procedure, we ﬁnd the smallest integer ¢ such that D glao = @ for all possible addresses of the

fault. The result of the computer-aided search is detalled in App. C.2, which indicates that for
{ = 3, any level-0 gadget failure is always cleaned up. We thus can conclude that EC is nilpotent
at level £ = 3.

Next, let us determine the level of nilpotence for the gadgets Z, 7"/?, and M"/?. Note that if
a gadget failure occurs inside Z; and 7, then because all of the points in X4 are linear for both
gadgets, we can assume a clean input and afterwards Fs-add the syndromes obtained from the
clean versions of the same gadgets acting on the true input. Therefore, a completely analogous
approach to the one used for ECy can also be used to show nilpotence for both ’Dh/ Y and Z,. We
obtain that both these gate gadgets are nilpotent at £ = 3.

Finally, we need to check the nilpotence of M"/? for some level r > £. If the input syndromes
are restricted to lie on the linear points of M, h/v (which are the corners of the gadget), a computer-
aided search reveals that this gadget is also nilpotent at level £ = 3. However, there are 4 nonlinear
syndrome locations on the coarse-grained lattice, for which we cannot use linearity properties to
reduce the input to a syndrome-free one. Therefore, we cannot use the method described above
for the purpose of checking the nilpotence of M"/?.

To establish the nilpotence of M"?  we start with the combination M?/” o EC®3 with the
assumption that r > ¢ = 3, which we can use to simplify the problem. This is justified as we
will see shortly because the M gate gadget is not nilpotent at level 3 when there is an arbitrary
encoded input on the nonlinear points.

Consider first the scenario when the level-0 fault occurred in the spacetime support of one
of the preceding EC, gates. We note that this gadget is followed by a clean layer of EC,_;

gadgets that start the MZ}/ Y gate afterward. Because the input damage is coarse-grained at level
r by assumption, we can use linearity of the corner points of the EC,. gadget to move the action
of the input damage to after the first EC, layer has been applied. Then, the nilpotence of all
gadgets inside EC, at level r — 1 > £ (including Mfﬁ ‘| because the input has now been rendered
syndrome-free) implies that the effect of the level-0 fault is cleaned up.

What remains is to consider the case when the fault occurs during the operation of M
gadget. The address of such fault can be written as

[Mh/v g(ar 1) ”.’gé‘iqfrl) g aq) g(aq 1) il)’géao)] (541)

If one of the gadgets Q,E%) in the address is EC; and ¢ > 4, then we can use nilpotence and linearity
of EC, on points in ¥, from which it immediately follows that the fault will be cleaned up®?. If
there is no such EC gadget in the address, we use the following strategy. First, if there is an EC,
gadget present in the fault’s address with ¢ < 3, we consider the gadget G, that follows it in the
circuit as well as the subsequent layer of EC, gadgets that coarse-grain the output of G,. Due to
the coarse-graining, we can reduce the level by ¢, upon which the failure is that of a Gy gadget
located within level-reduced M, _,. By assumption, all the gadgets in the level-reduced address
must be gate gadgets only (and not EC). Thus, we reduced the problem to considering a level-0
failure of a gadget within M, _, that at each level is located within a gate (and not EC) gadget.
We then determine the value of r — ¢ under which the nilpotence is achieved in this problem. Let
us call this value a. Since g < 3, we have that » = 3 + « lower bounds the level of nilpotence of
the gadget M.

To formalize this search, we define a new map I'[G1, 0, ¢] which is a function of the gadget Gy,
the single level-0 gadget failure £y, and input damage with syndrome o € ¥;. This map outputs
the damage with syndrome 561) which is determined by performing a two-step procedure. First,
we compute G;[o,¢] and apply ® o EC¥ (where K is the number of 1-cells in the support of G;

23In fact, this reasoning also works for when Qéaq) is Zq or 7:1h/v; however, our computer code treats all gate
gadgets on the same footing and the EC gadget on a different footing (by expressing it through gate gadgets at
lower levels), and thus, we keep our explanation consistent to the operation of the code.
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and ECX is noiseless) which yields ¢/. Then, we separately compute G [0, @] and apply ® o ECX

1

which yields ¢”. Finally, ¢’ is determined by Fo-adding both outcomes: 561) = e

We then consider the address of a given failure (Eq. (5.41)) and analyze the failure of Qéao)
located within g§“1). We define D glao) o be all possible failures of the specific gadget gé‘“) (which
0

can be either Z, 76h/v or ./\/lg/v) and then proceed to define

Dgia” ={e:3g € Dgéao), 3o € 34[G] : T[G1, 0, 0] = €} (5.42)

where il[g] are the set of non-linear points of G. We then repeatedly iterate this procedure by
replacing D glaw — D glor- and performing level reduction by one level each time. Upon iterating

this procedure, we Want to find the smallest integer r such that for every possible address for the
level-0 gadget failure in Eq. (5.41), and every possible coarse-grained input syndrome o("~9) of
the overall gadget, we obtain D glor—a) = = @. Once again, this can be computed explicitly with a

computer program; the result in App C.2, indicates that for r —qg > 3, such a level-0 gadget failure
is always cleaned up. Thus, so long as r > 3+ 3 = 6, any level-0 gadget failure will be cleaned up,
therefore proving nilpotence of M at level 6.

O

Lemma 5.6 (Effective nilpotence level of Tsirelson’s automaton). Under the modified definition
of nilpotence in Def. 5.1/, the gadgets of Tsirelson’s automaton obtained using inner fault tolerant
simulation prescription are nilpotent at level {r = 3.

Proof. Follows directly from using FC and Gate conditions for Tsirelson’s automaton shown in
Prop. 4.3 at k={¢7r =3 and m = 1. O

The following lemma describes how syndromes, if they are restricted to the boundaries of level-
k gadgets are treated by the automaton, and will be used in our proofs of the modified EC and
gate conditions.

Lemma 5.7. Define an additional modification to the Tsirelson’s automaton (constructed using
inner and outer fault tolerant simulation prescription), which we will refer to as the boundary
Tsirelson automaton (which is the 1D automaton occurring along the boundaries of level-k gadgets):

o EC}. 5 to be the circuit LIECy; \,) restricted to any vertical (1) or horizontal (2) n-link
boundary A\, ;

e I, to be the circuit L(T,"; X3) restricted to any n-link vertical boundary A}, and

o I}, pq to be the circuit L(M; Xy) restricted to any n-link vertical boundary X5 ;
e T, to be the circuit L(T,"; \I') restricted to any n-link horizontal boundary A\ in the support
of any of the T, gadgets, and

o M!, to be the circuit LMD ; AV restricted to any n-link horizontal boundary A in the support
of any of the M" gadgets.

The gadgets of this automaton have the following properties. Restricting the supports of the noise
operators to A\, only, EC’;L;1 and EC;L;2 have the same coarse-graining property at level n as EC,,
EC A,B properties at k =3 and m = 1, as well as nilpotence at level {7 = 3.

The gate gadgets I;;T and I{l;M have the same coarse-graining action as I,; T, and M, have
the same coarse-graining action as T, and M,,. Note that T, T,, and M,, denote Tsirelson’s 1D
gadgets and not the toric code automaton gadgets. Additionally, they satisfy Gate A,B properties
at k=3 and m =1 (see Prop. 4.3), and nilpotence at level p = 3.

Proof. Considering the circuits in the definition, we see that they are identical to those of our
modification of Tsirelson’s automaton with an addition of idle steps and repeated application of
some of the M gadgets. We note that some of these idle steps appear due to the restriction of
the gadgets M"/? and T"/* of the toric code automaton to the boundaries that are perpendicular
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to gadget’s orientation; upon restricting to the boundary, the action of the gadget is an idle. In
addition, FC’ gadgets are doubled in comparison to the EC used in the modification of Tsirelson’s
automaton.

The proofs of the aforementioned properties of the gadgets of Tsirelson’s automaton do not
change upon an addition of extra idle steps and repetition of M gadgets. O

In what follows, recall that all gadgets of the toric code automaton are nilpotent at level £ = 6,
using the results of the previous Lemmas.

Proposition 5.3 (Level of fault tolerant inner simulation). Consider the fault tolerant inner and
outer simulations introduced in Subsecs. 3.5.2 and 3.5.3. Then, there exists a level k of inner
simulation and an integer 0 < m < k such that:

1. The gate gadgets Ty, ’7;;1/1} and MZ/U satisfy the (Gate A)k.m, and (Gate B)y ., properties,
and

2. The EC = ECy, gadget satisfies the (EC A)gm and (EC' B)y,, properties

defined in Def. 5.9. In particular, setting m = €+ 20y + 5 = 17 (£ denotes the level of nilpotence
of the toric code gadgets determined in Lemma 5.5 and {p denotes the level of nilpotence of the
gadgets of the modified Tsirelson automaton determined in Sec 4) and k = 2m = 34 satisfies the
conditions above.

We will split the proof into separate parts, one for each property. Our proof will share a lot of
similarities with the proof of Lemma 4.3 but will be more complicated. Instead of working with
the actual numerical values for m, we will instead use m = ¢ + 207 + 5, and k = 2m, assuming
that ¢ is the level at which all the gate and EC gadgets of the toric code are nilpotent and ¢ is
the nilpotence level for the Tsirelson’s automaton gadgets. The choice of k = 2m will be made to
ensure that failures in neighboring EC gadgets can also be properly cleaned up, as we will see in
the proof. Keeping k, ¢, and {1 as variables rather than specifying their numerical values will keep
the proof applicable in case a tighter upper bound on ¢ is found. Otherwise, one can set £ = 6,
{7 = 3 in accordance with Lemma 5.5 and Sec. 4 to obtain m = 17 and k = 34.

Proof (EC B). We begin by showing EC B, i.e. that an ideal decoder can “absorb” a layer of EC
gadgets if input damage and noise in the layer satisfy the conditions specified in the definition.
We note that nowhere in the proof of EC' B will doubling of the operation of the EC' gadget (see
Remark 1) be needed; therefore, this property would still hold if we assumed the “undoubled”
definition for the gadget. This property will be used to formulate a corollary appearing after this
proof.

We split the action of the ideal decoder into ®* o c(Eé), and denote the noisy layer of error
correcting gadgets in question as L. (Eé) Assuming that the input state |¢)i,) and the layer of
noisy EC gadgets satisfy the conditions of the (EC B)y n,, property, we will show that

L(EC) 0 L(EC) [tn) = LIEC) 0 L(EC) |h) = L(EC) [thin) - (5.43)

Here, the first equality directly states that the noise is inconsequential, and the second equality
simply uses the fact that the output of the first layer of noiseless EC' gadgets already coarse-grains
the input at level k, to which a second repetition of this layer would do nothing.

Using the linearity of vertices in ), with respect to the EC gadget (Prop. 5.1), we can formally
remove the syndromes in X;, and later Fy add them to the output. Thus we will be only concerned
with the case of a syndrome-free configuration, with no non-trivial syndromes in %

Within a layer of EC gadgets, the filters in the definition of the FC' B condition ensure that
each gadget contains either at most one level-0 gadget failure or its input contains damage which
fits in an m-cell. First consider the case when there is one level-0 gadget failure inside some gadget

EZ’(Z) isolated at level k and the input is clean in the spatial support of the isolation region, i.e.
si =1, m; =0, and s; = 0, m; = 0 for j neighboring ¢. By the confinement property (Fact 5),
this summarizes the situation of a configuration of faults in ﬁ(E\é) (acting on a syndrome-free
input) which are isolated at level k. We will then show what happens when there are faults in
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neighboring EC gadgets (which violates the isolation assumption) and also address the effect of
the input damage. Together, this analysis will prove (EC B)j .
We can schematically write:

EC = ECy = (ECp_1)®° 0 [MY_,, .. Tj—1] 0 (ECx_1)®° o [T} 1, .. Tj—1] 0 (ECj_1)®°

0..0 (ECk,l)(g’g o[Mj_q,..Tk-1] 0 (ECk,1)®9 (5:44)
where [g{j{ ‘- I—1] denotes spatially stacked layers of either M or T gate gadgets (along with Z
gadgets) which depend on the particular timestep (see (3.19) and (3.20) for the precise sequence of
gates). This circuit of gadgets is then followed by a noiseless layer of EC , whose application first
starts with a noiseless layer of EC}_1. Considering a fault that is isolated at level k and using the
assumption that k > ¢, by nilpotence and Lemma 5.4 (i.e. nilpotence at level ¢ implies nilpotence
at all higher levels), it follows that the effect of such a fault is completely removed by the end of
the noiseless layer of EC,‘?_Q1 gadgets at the latest.
__Now we generalize by considering the case when there are level-0 gadget failures in neighboring
EC gadgets, with the input state still assumed to be syndrome-free. Later, we will argue how the
analysis of input damage can be reduced to this case. Suppose a level-0 gadget failure occurred
in each of four interacting FC gadgets meeting at a corner as shown in Fig. 9. The four failures
are schematically labeled f1, fa, f3, f4 and they need not occur during the same time step. We will
now use the confinement properties (Prop. 5.1 and Facts 4 and 5) to understand the nature of
the interactions between neighboring gadgets in this case. The gadget failure within a given EC
can affect the state restricted to the support of this FC and its boundary which is a set of four
k-links. However, because of confinement (Fact 4), the syndromes at any of the k-links shared
by neighboring EC gadgets cannot affect syndromes in the interior of these gadgets. This means
that when faults occur in neighboring EC gadgets, the output syndrome configuration can only
differ from the syndrome configuration in the isolated case at the boundary between the gadgets.
Furthermore, due to Fact 5, the syndromes on a boundary k-link can be determined only from the
damage and noise in two gadgets it is a boundary of.

(1 N
Consider the effect of failure f; within the gadget EC( ). We can write the EC gadgets, along
with the noiseless EC gadgets that appear in the following ideal decoder, in terms of gadgets of a
lower level £. Let us assume that the fault f; occurred within some composite gadget ngI) o ECY K

in EC (1). If the fault f; is isolated at level £, its effect would be cleaned up by a similar argument
to that above, which requires a number of steps t; < 3t; (where ¢, is max(¢t(ECy),t(Gr)), and t(Gy)
denotes the maximum number of timesteps in any gate gadget G, at level 24, and an amount of
space that is at most the spatial support of gél) o ECEZ’K . Call this spatial region A;. We note

—(
that Ay Ndsupp,(EC ( )) is at most a segment of a k-link of length 3*1. This comes from the fact

that the longest side length of a level-¢ gadget is 3°T!, coming from M* gadget. By confinement
— (1
(Fact 3) and nilpotence at level ¢, nontrivial syndromes away from the boundary supp, (EC ( )) \
—(
6suppv(EC( )) will be cleaned up in time ¢;. However, there still may be syndromes remaining
on the boundary after this time. Thus, the effect of f; on the boundary can be summarized as

creating additional syndromes in A; N 8(56’(1)) for a duration of time ¢;.

From confinement Fact 5, the syndromes on each k-link depend only on the syndromes and
gadget operation on this link and in the bulks of the gadgets sharing this link (without the rest
of their boundaries). Therefore, each k-link can be considered independently and we focus on the

—(1 —(4 —(1 ——(4
k-link between gadgets EC( ) and EC’( ), namely Ay = supp(EC( )) N supp(EC( )) in Fig. 9.
Faults f; and f; can both affect the syndrome configuration on the boundary. The effect of each
of these faults deposits syndromes in the regions A; N A4 and Ay N A4 within temporal intervals

— (4
of length ¢; each (where A4 is defined analogously to A; except for EC( )). For A1 N A4 and
Ay N A1y to “interact” with one another, they cannot be spatially further than a distance 3 x 3¢

24The factor of 3 in t; < 3t; comes from the fact that an error in a level-¢ gadget, by nilpotence at level £, can
only be cleaned up after acting with a clean layer of ECy. Thus, a loose upper bound on the longest amount of time
an error will be cleaned up in is the depth of EC®X o G o EC®K | which is 3t,.
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from each other?®, and the temporal duration of their effects must overlap. This is because if the
damaged regions are further apart than this, the faults that caused them must have been isolated
at level ¢ and thus would then have been cleaned up by nilpotence. Under the operation of the

two neighboring level-k gadgets EC = and EC (4), call U the set of spacetime events corresponding
to when nontrivial syndromes are added to A14 due to the fault as well as the action of gadgets
oriented perpendicularly to A\14. By the arguments above, U fits in a spacetime box of dimension
at most (6ty); x (9 x 3%),. Additionally, while these syndromes are added to A14, operations along
A14 can additionally modify the syndrome configuration, and we must quantify how much the
spacetime support containing nontrivial syndromes will additionally increase by.

@ | oo s (b) ECW
=k "
/\1_4 D )\1—4
0 X
Ofs A4
el 5O B

Figure 9: (a) Four neighboring EC gadgets and level-O gadget failures fi_4 in their support. (b) Schematic
showing the effect of faults f1 and f4 on the link A14 between two EC gadgets.

We first observe that the action of the EC layer restricted to the k-link A4 is equivalent to
that of the “boundary” Tsirelson automaton of Lemma 5.7 at level k, as discussed in Lemma 5.7.
An important modification are the additional “idle” steps when no feedback operations occur
along the boundary but new syndromes can still be added to the boundary due to gadgets in
the bulk. Call U the set of spacetime events where syndromes are added to the A4 boundary
due to gadgets supported in the bulk. After the process of adding syndromes from these gadgets
onto the boundary has ended (which, as we discussed above, takes at most 6t, timesteps), we
consider the total operator acting on the state and further evolve it under the 1D automaton to
determine how much additional spacetime volume is needed to eliminate it. If both faults f; and
f1 occurred in gadgets whose support does not contain the corners of the support of EC, then the
total number of added syndromes must be even. This follows from the fact that each fault only
creates an even number of syndromes, each gadget action preserves the parity of the number of

(1 — (1
syndromes, and after time 6ty, syndromes have been removed from supp(EC( )) \8supp(EC’( ))

and supp(Eé’(4)) \ 8supp(E6(4)). Else, the number of syndromes on each k-link can be odd. In
both of these cases, it is possible for us to “clean” the resulting damage (via multiplication by
stabilizers) so that its support is contained entirely on boundary links. Call D;_4 the portion of
the damage supported on A14.

Now, we determine how large of a spatial box the damage D;_4 can fit in. Since U must fit
in a spacetime box of the size (6t7); x (9 x 3%),, we will show that the operation of gadgets along
the link will spread the D;_4 operator (we will continue to refer to it as the “damage operator”
throughout its evolution) to fit in the spatial support of two neighboring level-(¢ + 4) gadgets. It
will then be coarse-grained to level-(¢ + 4) by the soonest layer of level-(¢ + 4) EC gadgets. To
show this, let us utilize a simple “light-cone” argument. The time 6t, fits at most 6 gate gadgets
(i.e. not including EC gadgets). A layer of level-¢ gate gadgets with a layer of preceding level-¢ EC
gadgets spread the damage operator by at most 3 x 3¢. Therefore, during the time 6t,, the damage
operator can at most spread over a spatial extent of 2 x 6 x 3 x 3°. Therefore, the total resulting
damage operator will be contained in an interval of size at most 9 x 3¢ + 36 x 3¢ < 3/*4. Then,

25Here, ‘distance’ is defined as the minimum distance between a point in A1 N A14 and a point in Ag N A14.
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we assume that this operator fits in at most a pair of neighboring level-(¢ + 4) gate gadgets and
is coarse-grained to level-(¢ + 4) by the subsequent layer of FCyy4. We then use level reduction
+4—0and k — k— (£ +4), thus resulting in at most two neighboring level-0 gadget failures
inside a level k — (¢ 4 4) Tsirelson automaton.

Next, find the smallest value of integer ¢ for which both of the level-0 gadget failures reside
in the support of gadget G, (which could be gate or EC). The value of ¢ is clearly in the range
0<g<k—(£+4). We split the remaining analysis into two cases. First, suppose that ¢ > 7+ 1.
Since ¢ is the smallest possible level by definition, the faults must belong to supports of different
level-f1 gadgets. Using nilpotence (this time for the modified Tsirelson automaton, which has
nilpotence level ¢7 for all gadgets), we see that the faults are cleaned up separately. Next, suppose
that ¢ < ¢7. Then we assume that the output configuration of gadget G, fails arbitrarily, and is
subsequently coarse-grained at level q. We perform level reduction by ¢ levels, in which case the
fault becomes a single level-0 gadget failure within a level k — (¢ +4) —q > k — ({4 {1 + 4) gadget.
By nilpotence, this fault can be cleaned up if k— (¢ + {1 +4) > £7. Thus, we require k > {4201 +4
for EC B to hold (which is true for our choice m = £+ 2¢y + 5, and k = 2m).

So far we have shown that EC B holds in the case when there is strictly no input syndromes.
Let us now consider the case when the input syndromes are present (subject to the damage passing
through an m-cell filter for each gadget) but there are no spacetime faults in the (entire) layer.
Expressing EC through level-m gadgets, we see that the first layer of EC,, will coarse-grain the
damage operator to the corners of a single m-cell. Performing level reduction by m levels, each
input m-cell with non-trivial damage turns into 0-cell input damage within an effective level-(k—m)
EC gadget. If this input damage (which can be viewed as a failure of a level-0 gadget) is isolated
at level £ after the level reduction, from nilpotence, it is cleaned up (assuming k —m > £). If
it is not isolated, we use the same argument as in the previous paragraphs. We start with two
level-0 gadget faults within a layer of effective level-(k — m) EC gadgets. In order for a pair of
non-isolated faults to be cleaned up, the total level of the gadgets kK — m has to be no less than
£+ 201 + 4 (which is true if we choose m = £+ 267 + 5, and k = 2m).

Finally, we need to consider the case when there is a combination of faults and input damage,
i.e. some EC gadgets in L, (EC) are noiseless but there is input damage (i.e. s; = 0 and m; = m),
while others experience no input damage but instead have faults in their spacetime support (i.e.
s; = 1, m; = 0). The analysis can be simplified to analyzing the interaction between faults
and input damage for each pair of neighboring gadgets. We have already considered interactions
between pairs of faults and between pairs of gadgets with input damage. Thus, what remains is
to consider the joint effect of input damage that is not sufficiently isolated from a level-0 gadget
failure. Reducing the level by m, the input damage that passed an m-cell filter becomes equivalent
to failing a level-0 gadget in the reduced-level EC}_,,, gadget. In addition, the level-0 gadget failure
can at worst be a level-0 gadget failure in the reduced circuit after the soonest layer L(ECk_p,).
This reduces the problem to two level-0 gadget faults in an effective level-(k — m) layer of EC
gadgets. According to the earlier arguments, k > m+ £+ 207 + 4 is sufficient for the effect of these
two faults will be cleaned up.

This completes the proof of the EC B property. O

Before proceeding with proving the rest of the parts in Prop. 5.3, let us show a useful corollary
of the EC B property:

Corollary 5.2. Consider a state O,,O") [)), where |4b) is a logical state, the operator O,, 0%
passes an m-cell filter on all k-cells, and the operator OF) has syndromes coarse-grained at level

—(1/2
k. A noise-free layer E(EC( / )) acting on this state yields O |4)).

Proof. We use the remark at the beginning of the proof of EC B saying that the property also

holds for undoubled gadgets. In the proof of EC' B we show a stronger property that the m-cell
(1/2
input damage (in the case when s; = 0) is cleared up before the output of the layer of EC W )

which we can summarize as [,(EC( 2 ))Om(’) ) ) = OF) ). O

With this result, we will continue proving Prop. 5.3.
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Proof (Gate B). We now prove the Gate B property, which, informally, states that a layer of noisy
gates denoted by L.(Gx) is pulled through an ideal decoder to become noiseless level-reduced gates,
provided the noise and the input damage pass through the filters stipulated in Def. 5.9. Explicitly,

for each level-k gate gadget Q,(;) in the layer, denoting the( vflumber of m-cells containing damage
operator within a given k-cell in its spatial support as % € {0,1}, the total number of these
@) ,
cells in the input as Z]K:l mﬂ{b and the number of faults inside the gate as s(), the condition
()

Z]K=1 mT] + s < 1 must be satisfied.

We again split the action of the ideal decoder into @kﬁ(ﬁé), where the layer of error correction
gadgets is noiseless. Assume an input state Oy, [¢) where Oy, is the operator that, acting on a level-
k coarse-grained toric code state [¢), outputs damage that (together with the noise realization,
whose presence is denoted by the index ¢), is consistent with the Gate B condition. Then, we will
first show: - -

L(EC) © Lc(Gr) © O [¢h) = L(Gr) 0 LIEC) © O [¢) , (5.45)
where on the right-hand side, the layer of gates £(Gy) is noiseless and acts on a level-k coarse-
grained state due to the noiseless E(E‘E’) preceding it. Following this state by the pushforward

map ®F, we can move the layer of noiseless gates £(Gy) past the map, due to the state at this
point being coarse-grained at level k. This yields a level-reduced layer of gates £(Gyp), and thus

BL(EC) 0 Lo(Gr) 0 O [) = L(Go) 0 B*L(EC) 0 Osa 1) (5.46)

which would complete the proof.

Thus, we need to argue that Eq. (5.45) holds. We will use similar logic to the proof of the EC' B
condition. However, one difference consists of having to account for inputs which are coarse-grained
at level k (recall that in the analysis of EC B, we could assume a clean input due to linearity)
and also in having a different gadget action at the boundaries. Specifically, the action of gadgets
at the boundaries will be a modified Tsirelson automaton according to Lemma 5.7.

To deal with the coarse-grained input, we can neglect input syndromes at linear points of
level-k gadgets (as usual, we can then take these removed input syndromes, act with a noiseless
version of the respective level-k gadget, and Fy add the result to the output at the end), but we
cannot modify syndromes on nonlinear points. Despite this, the same arguments as in the proof
of EC B still hold in the presence of these syndromes. This is because the nilpotence property is
formulated in the presence of a level-k coarse-grained input and the nilpotence level 1 holds for all
gadgets. In particular, we can follow the proof of EC B — the analysis is essentially identical but
some arguments deserve some mention. First, the construction of the set U of spacetime events
is the same as before. The level reduction argument by £ + 4 is also true even in the presence of
input syndromes, and the syndromes from the set U become consecutive level-0 gadget faults after
level reduction. The argument for cleaning up these faults is also identical because definitions like
nilpotence work for coarse-grained input damage. Thus, the faults and the m-cell input damage do
not have any effect on the output after the application of the noiseless L(EC) layer in the decoder
(i.e. the left-hand side of Eq. (5.45)). The absence of the effect of the noise is captured by replacing
the original layer of gadgets with the noiseless layer of the same gadgets £(Gy), and the absence
of the effect of the m-cell input damage can be recast as replacing Ojy, 1) with E(Eé) o Oin |9)
(i.e. a layer of EC gadgets removes damage fitting in an m-cell, which is shown in Corollary 5.2).
Upon these replacements, we can additionally remove the last noiseless layer of E(E\é) as it has
no effect on the state that is already coarse-grained to level k. This shows equation Eq. (5.45) and
thus the Gate B property. O

Proof (Gate A). We now show the Gate A property for the toric code automaton, which states that
if m-cell filters are present before the action of a layer of gates, cell filters can also be added after
the action of the gates if the following condition on noise and input damage is satisfied. Consider
gate gadget Gi, whose spatial support consists of a number of k-cells which we denote with K. If
the number of m-cells containing input damage within the i-th k-cell of G is 7 € {0, 1}, then

the total number of m-cells containing input damage in the support of Gy (i.e., Zf; ZL;) and the
number of level-0 faults s in G, must satisfy Zfil % +s5<1.
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We will use similar logic to our proof of the EC' B and Gate B conditions, this time to show that
the damage will undergo limited spread (i.e. will fit within an m-cell where m = ¢+ 2{7+5) before
either exiting as an output or being cleaned up completely. There are additional considerations
that we will need to address, namely that we cannot assume a clean layer of EC gates coming
from the ideal decoder at the end (unlike in the EC B and Gate B conditions).

First, let us show that when the Gate A conditions are met, the presence of an input m-cell
damage in the support of a given gate g,(j) cannot lead to an output damage in the support of this
gate; this is true even if this m-cell damage is not isolated from damage or noise in neighboring
level-k gates. As we argued earlier, we can consider each boundary independently of the others.
We then can use a similar argument to that of the proof of EC/Gate B to show that if & is large
enough, the effect of the input damage will be cleaned up. First, we perform reduction by m levels,
causing input damage in the support of gfj), as well as noise or input damage in the supports of
neighboring gates, to turn into an effective level-0 gadget failure. Thus, we consider a level-0 gadget
failure at the very beginning of an effective Q,(Jlm gate that can possibly interact with neighboring
level-0 faults. First, if &k —m > £ 4+ 1, we note that the damage restricted to regions away from
the boundary of the gadget, such that the damage is isolated, will be cleaned up due to nilpotence
(the additional ‘41’ is because nilpotence can only be applied after expanding a level-(> ¢ + 1)
gate through level-¢ gadgets). Thus, what is left to show is that the damage at the boundary will
be cleaned up before the output.

Analogously to the proof of EC' B and Gate B, the set U (corresponding to spacetime events
of adding syndromes to the boundary due to level-0 gadgets supported in the bulk of neighboring
level-(k —m) gadgets) fits in a spacetime box of size (6t¢)¢ x (9 x 3%),.. A boundary Tsirelson gadget
of level k > (£ + 201 + 4) 4+ 1 acting along this boundary will be able to clean up the damage due
to events in U. To argue this, we first express this gadget through constituent level-(¢ + 207 + 4)
Tsirelson EC’ and gate gadgets. The presence of noiseless layers of EC} o0y 14 gadgets that follow
the initial layer of EC’ and gate gadgets allow us to use nilpotence and follow the same reasoning
as in the proof of EC/Gate B. This argues that the effect of the m-cell input damage in Q,(j) will
be fully cleaned up.

Thus, only level-0 gadget failures and their interaction with other level-0 gadget failures in
neighboring level-k gadgets can lead to output damage. Let us show that the spread of the output
damage within a given level-k gate will be contained within an m-cell for an appropriately chosen
value of m. First, if the level-0 gadget failure is isolated at level ¢, then its effect leads to damage
spreading so that it still fits in a square with side length at most 3 x 3¢, and thus, leads to output
damage fitting in an (¢ + 1)-cell. However, if a level-0 gadget failure within a given level-k gate
gadget is not sufficiently isolated from a fault within another level-k gadget, the damage along
the boundary may grow to have even larger support. As in the proof of FC B, we wait until
the damage from both faults becomes coarse-grained, which, by our loose bound, happens at level
£+ 4 (thus we already have to assume m > ¢ + 4). We then perform level reduction by ¢ + 4
levels, and consider a level-reduced Tsirelson automaton at the boundary with two neighboring
level-0 gadget faults. As before, we assume that there exists the smallest level g such that both
faults reside within the same gadget G,. If ¢ > ¢7 + 1, both faults are corrected independently
within level-¢7 gadgets. Then, the damage from each of the faults spreads such that it fits in at
most an ({7 + 1)-cell. This gives m > (¢ +4) + (6 + 1). Alternatively, ¢ < ¢r, in which case we
perform an additional level reduction by ¢ levels, and reduce the problem to a single failure of the
G, gadgets. This single failure may additionally spread by ¢7 + 1 levels before being cleaned up
due to nilpotence. Thus, m > (£ +4) + by + (br + 1) = £ + 2¢p + 5. This last lower bound is the
largest that we obtained so far, and it determines the acceptable value of m. O

Proof (EC A). Finally, we show EC A, which says that if i-th EC gadget in a layer £(E5')
contains s; € {0, 1} faults, its output passes through an s;m-cell filter. For this property, we have
to assume that the input state is arbitrary. Here is (the only place) where we will use the doubling
of the EC operation that naturally divides EC into two periods of its operation, as discussed in
Remark 1.

We will split our analysis into multiple cases. First, consider the case when faults occur only
during the second period of the operation of the entire layer of EC. Then, the first period coarse-
grains the input to level k¥ > ¢ by Lemma 3.1. Then, we consider the second period where faults
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fulfilling EC' A condition can occur. This situation is covered by the proof of Gate A (arguments
in which are also applicable to EC and not only gate gadgets). Let us now suppose that the faults
only occur during the first period of the entire layer of EC. In this case, regardless of what the
output after the first period was, the second period of operation is noiseless. By the coarse-graining
property of a half of the EC gadget, it will produce the output that is coarse-grained at level k,
which is also consistent with the statement of EC' A. Finally, we are left to consider a scenario
where faults occur during either period in different gadgets.

The case when the faults can occur at any time does not reduce to the first two cases only
if the faults in neighboring EC gadgets occurred in different periods, are not sufficiently isolated
in spacetime, and have occurred near the boundary between the gadgets. Due to Facts 4 and 5,

we can restrict our consideration to two neighboring gadgets Eé(l) and EC/’(Q), and we assume
without loss of generality that the fault in gadget E\é(l) occurred during the first period and the
fault in neighboring gadget Eé(g) during the second period.

First, let us consider the effect of the fault inside Eé'(l), which we label f;, keeping in mind
that it occurred not far from the boundary shared by E’\C/’(Q) and that there is no fault in E’E’(Q)
until the second period of operation. We label the fault inside Eé@) as fo, and also label the

—( — (1
boundary between the supports of EC( ) and EC( ) gadgets as A\12. Let us expand the action of
the layer of EC gadgets through constituent level-(k — 1) gadgets. We write:

L(EC) = [L'(ECy-1) 0+ 0 £(Gr1) 0 L (ECk-1)] 0 [£(Gr1) © LIEC 1) 0 -0 LIECy_1)], )
(5.47

where the first and second periods of operation are grouped into square brackets, and the layers
belonging to the second period are additionally marked £’. Consider first the case when f; occurs
before the last layer of ECy_, gadgets within the first period of operation. In that case, the
subsequent L(ECj_1) is noiseless and will coarse-grain its input to level k — 1 in its support,
including the boundary A3 (because there are no faults in the gadgets in the support of the

— (2
neighboring EC ® that occur during this coarse-graining). Therefore, at the start of second period,

the state is coarse-grained to level-(k — 1) in the bulk of the support of EC/’(l) and E\’C/’@), as well
as at A;2. Now, we consider the effect of fo on top of a level-(k — 1) coarse-grained input. If f,
occurred before the last layer of EC, gadgets within the last L'(ECk_1) layer, we can use the
fact that this last layer is noiseless, the fact that K — 1 > ¢, and that the input is thus coarse-
grained at scale > ¢ to apply nilpotence and argue that the fault will be cleaned up. Thus the
output syndrome configuration is the same as the one in which the f> did not occur during the
second period, thus being coarse-grained at level k due to the coarse-graining property of EC. If
f2 occurred in the last layer of EC, gadgets, the damage will simply spread to an ¢-cell, which is
consistent with EC A so long as m > /.

Finally, it is left to consider the case when the fault f; occurred within the last two layers
operating in the first period, i.e. within £(Gx—1) o L(EC)_1). The input to these layers must be
coarse-grained at level £k — 1 (in the region of interest) because the preceding layers must have
been noiseless and include £(ECj_1). We then use the same argument as in the proof of Gate
A, taking into account that the fault f> happens only in the second period which implies that the
output after the first period must pass through an m-cell filter. Thus, when the second period of
operation starts, the input is coarse-grained at least at level K — 1 up to an ¢-cell damage in the

support of EZ'(U, after which the fault fy occurs in the support of E\(/?(Q). Using the argument
from the proof of Gate A again, we conclude that the effect from the input damage and the fault
will be cleaned up (including at the boundary Aq2) as long as (k — 1) — ¢ > £+ 20y + 5 (which is
satisfied if we choose m = £+ 207+ 5, and k = 2m), with the output configuration passing through
the filters in the EC A condition.

This completes the proof of EC A and thus, the proof of the Proposition. O

Corollary 5.3. Consider a circuit C on a 0-cell that is T idle operations, i.e. C = I} . Construct
the fault tolerant simulation of it FT(C) satisfying the conditions of previous Proposition (5.3).
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Iterate this construction n times to form FT" (C) and apply it to a clean toric code state of size*®

L x L with L = 3. If the gadget error model for ﬁn(C) is p-bounded, then pulling the circuit
through a hierarchical *-decoder produces C with a gadget error model that is (Ap)?" -bounded for
some constant A.

Proof. With the values of k and m in the previous Proposition, both EC and Gate properties are
satisfied. Consider a circuit C and its fault tolerant simulation F'T(C). Corollary 5.1 indicates that
if the gadget error model in ﬁ(c ) is p-bounded, pulling k levels of hierarchical *-decoders through
the circuit yields a gadget error model in the simulated C which is Ap?-bounded. Starting from
ﬁn(C) and iterating this n times gives a (Ap)?"-bounded gadget failure model. From k = 34,

glogz L)/34

n = 3%1 logs L for an L x L lattice of qubits, which gives a gadget error model of (Ap)
(Ap)LO.OlS()'. D

Before presenting the final theorem, we note that we have thus far been only studying a classical
problem corresponding to the operation of X-type toric code automaton, which experiences X-type
errors only. We first need to combine this X-type automaton with the “dual” Z-type automaton:

Corollary 5.4. Consider a circuit C on a O-cell that is T idle operations, i.e. C = Il . Construct

both the X and Z automata corresponding to the simulation FT" (C) on a lattice of size L x L with
L = 3"k with the full toric code automaton corresponding to simultaneous operation of the X and
Z automata as discussed in Sec. 3.1. We run the full toric code automaton on a clean toric code
initial state, assuming a p-bounded decoupled gadget error model. The full toric code automaton
simulates C with a (Ap)?" -bounded decoupled approzimate gadget error model (see Def. A.16) for
some constant A.

Proof. Considering the full toric code automaton, we add hierarchical level-n *-decoders at the
end of X- and Z-type automata. We then simultaneously pull both types of decoders through the
circuit. _

Let us first discuss what happens when we pull one layer of the hierarchical *-decoders D of
X and Z type through the circuit. For each noise realization this is determined by pulling the
x-decoders for each automata separately and combining the outcomes as in Fact 1. Therefore,
pulling the X- and Z-type *-decoders through the entire circuit can be done independently and
this procedure is then repeated until we pull the hierarchical -decoders past the full circuit.

Consider a noise realization with Ex, Ez, Fg, , Fr, sampled from a p-bounded decoupled gad-
get error model. Upon pulling *-decoders past one simulation layer, we obtain a layer simulated
elementary gadgets also of X and Z type. Each failed gadget is in one-to-one correspondence to a
bad exRec of X or Z type respectively. Applying this to the outer simulation layer by layer, we
obtain a simulated circuit with decoupled gadget error model. The properties of this error model
are determined by the distribution of bad exRecs of X and Z type. Any X-type exRec is bad if
it contains at least two X-type gadget failures, and any Z-type exRec is then bad if it contains at
least two Z-type gadget failures. The probability that arbitrary sets of X and Z type exRecs Ax
and Az are bad is

P[(AX - FEX) A\ (AZ - FEz)} < Z P[ax and az] (548)

ax,az: min. sets

where ax and az are sets of level-0 X and Z gadget failures of minimal size causing all exRecs in
Ax and Az to be bad. Since the minimal event for each exRec is two failures, by p-boundedness

we have
Plax and az] < p2|AX‘+2|AZ|. (5.49)

There are < A4xI+142] guch events, with A a combinatorial factor related to the maximal space-
time volume of the exRecs. Thus

P[(Ax C Fx) A (Az C Fy)] < (Ap*)/AxI+1Az] (5.50)

26We assume that L is a power of 3¥ for simplicity in this proposition, but all the results here and below can be
readily generalized to the case when L is any power of 3 by inserting floor functions in appropriate places.
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thus consistent with an Ap?-bounded decoupled gadget error model. Iterating this n times to pull
the entire hierarchical *-decoder through proves the Corollary. O

The following corollary summarizes the fault tolerance result in a slightly more general way. In
particular, it states that if the toric code automaton is run for a superpolynomial amount of time,
the logical state can still be “efficiently recovered”.

Corollary 5.5. Assume a syndrome-free initial logical state 1) of the toric code on an L X L
lattice of qubits, where L = 3™ for some integer n. We apply the full toric code automaton
ﬁn(C) consisting of a simultaneous operation X and Z circuits as explained in Sec. 3.1 with
C = I¥, with the full automaton experiencing a general p-bounded gadget error model, and whose
respective X - and Z-type automata satisfy the assumptions of Prop. 5.35.

Run the automaton for a time t, and if the t did not occur right after a circuit ﬁn(IOT,) for
.,
some integer T' < T, append noiseless gates to complete the circuit to FT (Z1"). Then, act with

e p—1 —
a noiseless layer of FT" (EC) of both X and Z types, producing a state that we call p;. Then,
pt is a mizture of syndrome-free logical states of the toric code, and

lpe = 1)l < T'(Ap")

for some constant A, where k = 34 according to Prop. 5.3 and p’ = Cp" for some positive constants
C,y.

o(logs L) /k

(5.51)

Proof. By Lemma A.3, the true state p; is close in trace distance to the state we would obtain
under an approximate noise model (see App. A for the definition of the approximate noise model),
ie. ||pr—prapprlln < 21" exp(—KL). Thus, we will consider p; appr under a p-bounded approximate
gadget noise model. Furthermore, by Lemma A .4, the resulting approximate gadget noise model
is equivalent to p’ = Cp7-bounded decoupled gadget noise model, to which we can now apply
Corollary 5.4.

Due to the application of a noise-free layer of FT" 1(56') gadgets at the end, the state p; appr
is syndrome-free by the coarse-graining property in Lemma 3.1. This state can be written as a
mixture of syndrome-free states from the ensemble {|¢), L; [¢))} where L; denotes a logical Pauli
operator (which can be represented as a product of X and Z logical operators).

We now compute the probability that a state drawn from this ensemble is not |¢), which can be
used to upper bound the trace distance ||p¢appr — |¥)¥][|1. As mentioned above, if ¢ is not at the

end of a subcircuit FT' (zr ,) for some T”, we complete the circuit by adding noiseless gates. Since
the noise model is p-bounded for the noisy part of the circuit, this distribution is stochastically
dominated by a p-bounded noise model for the entire circuit that now includes the completion.

First, we notice that applying a round of error correction FT" 1(55') at the end (which is
noiseless, and thus, the X and Z sectors decouple trivially) can be viewed as applying *-decoders
of X and Z types without the pushforward maps. This is because we can alternatively write
D" = O*L(EC)o---0®*L(EC) = @”’“E(ﬁn_l(ﬁ)). According to Corollary 5.4, if we were to
apply the x-decoders to the output of the automaton, the rate of the error model in the simulation
is squared for every level of the outer simulation. In total, we obtain the simulated circuit C
with a (Ap')?"-bounded error model effectively acting on it. In the final simulated circuit, a fault
of one of the gadgets in C is equivalent to an X or Z-type logical operator, and its probability
must be < C'T"(Ap’ )2(10g3 “* by a union bound. This is true even if we remove the pushforward
map at the end. Once we remove the pushforward map, this becomes the probability that a
logical operator has been applied to the state, which is < C'T'(Ap')?". Thus, we obtain that

(logg L)/
[t appr = [0}l 11 < C'T (AT 21
Finally, we use Prop. A.1, Lemma A.3, and Lemma A.4 to obtain

e = [oX Il < llpe = prapprlls + lptappr — )11

< 2T exp(—KL) + C'T'(Ap')>""= """
< T/(Ap)2 (5.52)
for p’ = Cp" and suitable positive constants K, A, A’, C, . O
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5.3.1 Fault tolerance for the probabilistic quantum automaton

Until now, we assumed a deterministic quantum automaton model, not the probabilistic model
introduced in Def. A.13. Let us briefly discuss what happens in the probabilistic case and also
in a more general situation where we allow for measurements of operators other than the correct
stabilizer generators. Our arguments will not be rigorous, but one can readily make them rigorous
with more work by incorporating them into the formalism introduced in this paper.

Consider the set V' of spacetime locations of vertices associated with the locations of stabilizers
whose measurements have been skipped. If this set is drawn from a p-bounded distribution, with
high probability, one can hierarchically decompose this set into clusters, which, roughly speaking,
are constructed in the following way. Call an (r, R)-isolated cluster in V a set of points in V
that fit in a three-dimensional box with side r and are isolated from any other point in set V' by
distance at least R. We can choose positive constants a, S (subject to certain constraints) and
a hierarchy of scales r; < 1y < --- < r, < ... (where the scale growth is between exponential
and double exponential in the level n, ie. v < ™2 < ©(2¢") with some v > 0, 0 < £ < 2),

T

such that V' = (J,, V;, where V}, is the set of all poinnts belonging (ary,, Br,+1)-isolated clusters in
V\(U;:ll Vi) (i.e. where all the smaller scale clusters have been removed). This is known as sparsity
decomposition, and is due to Gécs [17, 24]. Moreover, the p-boundedness of the noise allows us
to upper bound the probability of occurrence of clusters inside each set V,,27. Consider any given
cluster V,SZ) in V,,. The measurements skipped in this cluster are preceded by the noise channels,
assuming there is an additional p-bounded gadget noise model that the automaton is experiencing.
The noise occurring before the measurements is not projected onto purely Pauli noise due to the
skipped measurements. In addition, for each cluster of events where no measurements occur, the
effect of this noise associated with a given cluster VTSZ) in V,, can spread due to a light cone argument
and will fit in a spacetime box of size a/r,. Let us call the associated spacetime qubit support
of this box Qg). We now require a new (a'ry,, 3'rp41)-sparse decomposition R = |J,, R,, of all
qubit locations in spacetime (such that the 8'r, 11 > 2a’r,) where each cluster R%j ) at level n in
this new decomposition covers at least one cluster QS). Consider a given Rslj ), and a timestep
that directly follows it. By definition, the measurements supported on all qubits contained in the
spatial extent of Rﬁf ) must have occurred. This projects the effect of skipped measurements and
the noise channels that occurred inside Rgf ) onto an approximate noise model associated with a
damage operator (’)7(3 ) supported in this spatial region. Then, one can show that there exists a
gadget error model such that (i) the set of gadget failures inside Rgf ) results in the same output
damage operator O%j ) in the spatial support of Rslj ), (ii) the number of such gadget failures is
proportional to the total number of failures in the original error model and finally, that (iii) this
gadget error model is p-bounded where p is polynomially related to p. This way, one can reduce
the PCA model to a p-bounded gadget error model.

A slightly more involved scenario happens when a gadget measures the wrong operator. As
mentioned in the discussion after Def. A.13, this assumption is unreasonable if measurements are
being made simultaneously, as only commuting operators can be simultaneously measured. A more
realistic scheme is to split each measurement round into several rounds. First, we measure a set of
stabilizers S; (with disjoint supports) and then measure another set of stabilizers Sy (with disjoint
supports) so that S USy = &’ (where &’ now can differ from the toric code stabilizer group S), and
then we finally apply the feedback. It is now reasonable to talk about errors due to measuring an
incorrect check. However, the same considerations as described above (namely, for a given cluster
we find the soonest slice in time when correct measurements are performed, and collapse the effect
of the noise in the cluster to a damage operator at that time step) should show that this model

27Probably the most elegant way to explain fault tolerance of a renormalization-group based automaton is through
the sparsity decomposition. Consider a decomposition for the set of all error locations E, which we decompose
E = Un E,,. For a given automaton, if we can find parameters such that any isolated cluster of size under ary, is
cleaned up in a spacetime volume that is less than 7,41 even in the presence of lower-scale clusters, then such an
automaton will correct errors in F,, at each level of decomposition. Thus, one needs to show that the automaton at
level n can (i) handle isolated error clusters of associated scale and (ii) can in addition tolerate transient smaller-scale
errors while doing so. It would be interesting to prove the fault tolerance of the toric code automaton using this
method, which could result in a significant simplification of the current proof.
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can similarly be reduced to a p-bounded gadget error model.

5.4 Fault-tolerant initialization and readout

For a fully end-to-end fault tolerant scheme, we need to address both fault-tolerant initialization
and readout for the toric code. In fact, both these operations in our construction are closely
related to the standard fault-tolerant initialization and readout of the toric code [5], except that
local initialization takes O(poly(L)) time. It is sufficient to show that we can fault-tolerantly
prepare logical states which are eigenstates of the logical Z operators. We show how to prepare
the |00) logical state (defined after Def. A.14). The other eigenstates are obtained by applying a
combination of logical X operators (discussed after Def. A.14 and we refer the reader to Ref. [5]
for a more in-depth discussion) which requires at most an additional depth-2 circuit and can thus
be fault-tolerantly implemented if |00) can.

To prepare the |00) logical state, we first start with the product state |O>®N (where N = 2L?
for an L x L lattice), and then run the 2D toric code automaton, whose operation starts with
measuring all stabilizers of the toric code. Upon measuring all stabilizers in the first round, we
obtain a state |¢) which has the property that X-type noise (detected by the measurements of
Z-type star stabilizers) is p-bounded. These errors can be effectively ‘absorbed’ into the first layer
of noisy X-type gadgets with an insignificant change to the noise model; thus, initialization in the
Pauli-X error sector can be essentially treated as noiseless. However, upon measuring the X-type
plaquette stabilizers, the state has an arbitrary distribution of Z-type noise, which need not be
p-bounded for small p.

By the results from Sec. 3.1 and the same arguments as in proofs of Corollaries 5.3 and 5.5, let
us assume a p-bounded decoupled gadget error model and restrict our attention to the operation
of the Z-type toric code automaton. We now show that at times following one full period of the
automaton, the state is effectively equivalent to that which would be realized if we instead started
with the perfectly clean logical state |00)®:

N .
N and run the toric code

Proposition 5.4 (Reliable noisy initialization). Start with the state |0)
automaton l?fn(C) where C = I1" under a p-bounded decoupled gadget error model, on an L x L
torus with L = 3™ . Call A = poly(L) the depth of circuit ﬁn(Io). Due to the assumption about
decoupled gadget error model and Fact 1, we only study the action of the X -type automaton under
a p-bounded gadget error model.

Call pa the state after time A; then, we have

pa =) _p(O)O[00)00|0 (5.53)
o

where O is a tensor product of Pauli-Z operators. Callm; =m+ (j — 1)k for j=1,--- ,n, where
m, k are constants that are chosen such that Prop. 5.3 holds. The probability distribution p(-) has
the following property. Sample O ~ p(-). Then, with high probability, there exists another operator
O’ such that O'O € S such that the following procedure succeeds:

1. Start with j =1

2. Find a subset of jk-cells such that the operator O’ restricted to the union of their support
passes a layer of mj-cell filters on each of them. Call Cy,; the set of mj-cells containing
non-identity Pauli operators in O within these jk-cells.

3. Remove non-identity Pauli operators inside these jk-cells, thus updating O’.

4. Increment j — j+ 1, and go to step 2.

28That it is this specific logical state with high probability follows from the standard argument from Ref. [5].
Namely, the starting product state is a 41 eigenstate of both logical Z operators. Further operation of the type-Z
automaton can only result in logical errors that possibly apply type-Z operators and thus do not change the logical
state. The X sector has p-bounded noise distribution from the start, and the probability of the logical failure is
close to 0.
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5. When j = n, terminate the algorithm.
We say that this procedure succeeds if the remaining operator O' = 1. Further, denote by C';nj an
arbitrary set of mj-cells. Then,

P(Cl,, C Cum,) < (Ap)° 1 (5.54)

for some constant A.

This proposition shows that the state pn obtained after running one period of the toric code
automaton differs from the perfect logical state |00)00| by an operator that obeys a certain cluster-
ing/sparsity property. In particular, the operator fits in a union of spacetime regions of increasing
scale; the probability that a region at scale k is needed to enclose the operator is ~ (Ap)Qk. This
property results in pa being essentially indistinguishable from a state one would have obtained by
running the noisy automaton on a perfect initial logical state |00)(00| for the same amount of time.

Proof. First, we will show that, upon removing the part of the damage supported in C,,, for i < j,
the myj-cell damage in jk-cells (corresponding to C,,;) occurs according to a (Ap)ZJ_l—bounded
distribution. We will do this by a hierarchical application of the EC' A property.

First, we show this for j = 1 and will then show how to reduce j > 1 to this case. The case
j = 1 follows from decomposing the circuit before the time ¢ in terms of level-k gadgets (which can

— f—~—n—1 —n—1
be done by viewing it as a FT (FT (Io)> where FT (Zy) is viewed as a circuit of elementary

gadgets) and considering the last layer E(EE’) We can add an m-cell filter or a @-cell filter to
the k-cells corresponding to EC gadgets that have at most one level-0 gadget failure. C,,, denotes
the set of m-cells within which the damage is confined. Because the noise is p-bounded, C,,, must
be sampled from an Ap-bounded distribution for a constant A that depends on the number of
elementary gadgets in EC.

Now, we want to prove the statement for j > 1. We show this by ‘removing’ j —1 levels of outer

simulation with the help of an *-decoder. For this, consider the last layer of gadgets L(ﬁj (Eé)) in
the circuit. Let us append (j—1) levels of a hierarchical application of an *-decoder to the end of the

i1 . i1 —
circuit. We use the form of the hierarchical decoder D** = q)(]’l)kE(FT] (EC)). Let us first

i1
argue that the application of the noiseless L(F' T’ (EC)) contained in the *-decoder eliminates
the same damage as the algorithm in the proposition run up to iteration j—1. This follows from the
iterated (and hierarchical) application of quollary 5.2 with appropriate level reduction. Consider

the layer of EC at the beginning of C(ﬁj 1(55’)) This layer eliminates damage supported in
Cm, and coarse-grains remaining damage to level k. Additionally, any damage in a k-cell remains
within this k-cell after EC due to the operator confinement properties. Next, consider the layer
of ﬁ(E\é) at the beginning of E(ﬁj_l(E\C/')), which eliminates damage supported in C,,, and
coarse-grains all other damage to level-2k. After repeating this j — 1 times, we obtain that all
damage in C,,, for ¢ < j —1 is removed, and the rest of the state will be coarse-grained to level k.
Because of confinement, the damage contained originally in a cell in C,,; will be coarse-grained at
level (j — 1)k but will still be supported at most within the same mj-cell. In addition, damage in
Jjk-cells that do not permit an mj-cell filter will be coarse-grained to level (j — 1)k but the supports
will remain confined within the same jk-cells. .

Upon pulling hierarchical *-decoder (j — 1) times through the circuit L(FT(Zy)) and using
Corollary 5.3, we obtain a simulated circuit which is E(ﬁ(Io)) with an (Ap)?’ " -bounded gadget

noise model. For this effective circuit £(FT(Zy)) = L(EC) o L(I;) o L(EC), we consider the last
layer of E(Eé) and repeat the argument for j = 1 to show that the distribution of permissible
locations of filters is also (Ap)er—bounded. Finally, the permissible locations of m-cell filters in
the simulated circuit are in one-to-one correspondence with the set of cells Cy,; in the original
circuit, thus proving the desired property.

Finally, we want to argue that the algorithm in the proposition statement will eliminate the
damage with high probability after j = n iterations. This follows from the fact that upon pulling a
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level-nk x-decoder through, the resulting gadget noise model acting on the simulation is (Ap)Qn_l—
bounded, which means that the probability that an error does not fit inside an m,, cell is (A’ p)2".
This is the probability of the damage O not being the identity after the algorithm terminates. [

Note that the action of a level-nk x-decoder on the actual state at time A will produce |00)X00]
with high probability. This is because the only errors that are capable of changing this state are
Pauli-X type. However, as we discussed, the initialization is effectively noiseless in X-noise sector.
Therefore, the probability of the noise during the period of time [0, A] applying an X-type logical
operator is bounded by (A”p)?" for some constant A”. The Z-type noise can at worst apply logical
Z operators during this time, which do not affect the encoded state. Finally, other logical basis
states can be obtained by applying X logical operators after the fault-tolerant initialization.

Remark 4. Under the same assumptions as in Prop. 5./, assume that the initial state is a perfectly
clean logical state of the toric code |00)X00|. We can apply the same considerations as in the proof
of Prop. 5.4. Thus, upon one full cycle of the toric code automaton, Prop. 5.4 guarantees that
the distribution of damage for the state with noisy initialization is the same as that for perfect
initialization. For all purposes, the noisy initialization produces a state with the same properties
as perfect initialization.

Note that we assumed the approximate noise model in Prop. 5.4 for the brevity of the proof. The
result above can be generalized to a more general p-bounded gadget noise model using Lemma A.3,
similarly to the earlier results in the paper.

The implementation of fault-tolerant readout is similar to the standard techniques. It is again
sufficient to read out in one logical basis, such as that of the Z logical operator (in which case the
outcome is sensitive to the Pauli X component of the noise as well as to measurement errors). One
can prepare an ancilla layer of the toric code in state |00), apply a transversal CNOT operation
between the two layers of the toric code, and destructively measure single-qubit Z operators on
the ancilla layer, reducing this to a state that can then be ported to a reliable classical computer
for reliable logical readout.

5.5 Numerical simulations and a conjecture

In this subsection, we derive an upper bound on the number of level-0 errors required to produce
a logical error in the toric code automaton (which we call an upper bound on ‘minimal weight
failures’). Motivated by exact results from simulations on small system sizes, we conjecture that
this bound is tight. We then show results of Monte-Carlo simulations that support a second
conjecture stating that for several examples of relatively natural p-bounded noise models, this
upper bound appears to control how the memory lifetime scales with p.

5.56.1 Minimal weight failures

To formulate an upper bound on minimal weight failures, we will first define a specific setting in
which errors will be studied. Consider a layer L(ECj) o L(EC;) of gadgets applied to a syndrome-
free logical state. Assume a noise realization H with operator history o= {01,04,...,07}
applied at each time step satisfying the following properties: (i) each O, is a product of Pauli X
operators of weight wy, (i) the weights satisfy Zthl w; = w, and (iil) the union of the spacetime
support of all operators is contained within the first L(ECy).

The minimal level-s oriented link failure weight wl(;)k , with o € {h,v} is the minimum value of
w such that the output state from applying L(EC5) has two syndromes at the endpoints of a single
s-link oriented horizontally (o = h) or vertically (o = v). We will say that this link “fails”. The

minimal level-s failure weight wl(i‘;)k is defined as the maximum of the two oriented failure weights:

(s) () .

Wiink = maXO(wnnk,o

We will also find it useful to define a failure weight for “corner-shaped errors”. we define the
minimal level-s oriented corner failure weight wgfo), o € {1,2} as the minimum value of w such that
the output state has two syndromes located at diametrically opposite corners of an s-cell. The
value of o specifies one of two possible orientations for the corner error and the minimal level-s

corner failure weight is wgs) = maxo(wéf)).
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Let us now show that the minimal level-s link and corner failure weights satisfy

wl(ii)k < 2L(5+1)/2J’ wgs) < ol(s+2)/2] (5.55)
We will show this by explicitly constructing operator histories that produce the RHS of the
bounds in Eq. (5.55). For an upper bound, it is sufficient to consider an operator history with

support within a single EC of the layer. First consider s = 1. By Remark 2, both w&)k and

wgl) must be at least 2. Furthermore, for any arrangement of two syndromes on the vertices of a
1-cell, we can construct a weight-2 noise realization that contains errors only at time step 1 which
when acted on by ECy o ECy within the layer of gadgets, result in this syndrome configuration.
To show wél) = 2, consider a particular EC; labeled by the coordinate of its bottom left corner
(z,y) = (1,1). An example of a noise realization failing a 1-corner with output syndromes at (1, 1)
and (4,4) occurs due to an error supported at time ¢ = 1 at locations (1,2,1) and (2, 3,1)(here
(z,y,0) indicates the link that connects the vertex at position (z,y) to that at position (x 4+ 1,y)
if o =1 or at position (x,y + 1) if o = 2). Interchanging the x coordinates of these links leads to

an output configuration with syndromes at (4,1) and (1,4). Therefore
wi = wl) =2, (5.56)
Next, we will show the following recursion relations:
win S, el < 2w, (5.57)

We show these by explicitly constructing errors of a given weight that are supported in the first
half of one of the layers £L(FCs_1) inside the noisy layer L(EC;) gadgets (which is then followed
by a noiseless layer of L(EC,) gadgets), and which cause a level-s link or corner failure. We will

use this to upper bound wl(isn)k and w'® in terms of wl(fn;l) and w$ Y.

For the bound on wl(;)k, we first show that it is possible to fail both vertically- and horizontally-
oriented s-links by causing a certain level-(s—1) corner failure in the very last layer of noisy EC,_1

gadgets; then, after reducing by s—1 levels, we obtain a 1-corner failure (see Eq. (3.22)) as input to
the second, noiseless, (level-reduced) ECy gadget. This shows w® < wgsfl). We note that the

link,y —
same argument does not go through for wl(ii)kvx because E'C; is not invariant under Z-rotation of
the rules. Indeed, an explicit computer-aided search shows that no input state containing a single
level-0 corner-shaped error can lead to a failed x-oriented 1-link when acted on by a clean ECY.
However, a level-0 corner error occurring after the application of the first pair of R, layers but in
the first half of operation of EC; can lead to a coarse-grained level-1 z-link failure in the output
(this follows by using the above discussion regarding wl(lil)ky as well as the fact that first pair of
R, is followed by a pair of Ry in EC1). This means that there exists a level-(s — 1) corner failure
occurring in a layer of ECs_; within ECy, such that by a level reduction argument the output is

(5) < 5D (5) < 5= D)

an z-type s-link failure. Thus wy; /) . < we and consequently wy;,, < we .

We adopt a similar approach for the bound on wés) by considering an operator history supported
entirely within the first layer L(ECs_1) in L(EC;). The discussion above Eq. (5.56)—in particular,
the examples of errors which act at time ¢ = 1 and lead to level-1 corner failures under Ry—then
shows that wcs) < walsrl;l‘,g < 2“’1(;;1)- As this is true for both orientations of corner errors, this
implies Eq. 5.57, which then yields the desired Eq. 5.55.

We note that the same minimum weight bounds work for FT°~1(EC)?? as for the EC, gadgets.

5.5.2  Numerics and memory lifetime

In this subsection we will numerically study the memory lifetime of the toric code automaton
subjected to several simple examples of p-bounded noise models. Unfortunately, we are unable to
definitively extract a threshold noise strength p. in any of these noise models. This is due to the
fact that our automaton is naturally defined only on systems whose linear dimension is a power

29Note the absence of the tilde: this is the conventional fault tolerant simulation, which is the same as an outer
simulation assuming inner simulation with k£ = 1.
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of 3, and that increasing this power does not always produce a suppression of the logical failure
rate (although the suppression appears to be much more rapid than the bound derived in our fault
tolerance result). For simple i.i.d Pauli noise, the results below suggest that p. could be as large as
~ 107%, but more detailed numerical work (as well as optimization of the gadgets) will be required
to produce a computable estimate.

We will simplify the problem slightly by performing s iterations of the outer simulation (i.e.
setting the level of inner simulation & = 1) and studying how the error suppression depends
on s (which establishes strictly stronger properties than proved analytically in the paper). For
numerical convenience, we will additionally replace EC gadgets with undoubled gadgets EC(1/2)
(we will drop the superscript henceforth), which reduces the overall circuit depth but does not
seem to affect numerical performance. Based on the results in the previous subsection, we also
provide a conjecture stating that the memory lifetime diverges with p — 0 much faster than the
scaling guaranteed by our main fault tolerance result in Eq. (5.51).

In analogy with our discussion for Tsirelson’s automaton in Sec. 2.4, we define the relaxation
time for the toric code automaton as follows:

Definition 5.16 (Relaxation time). Let [1)) be a logical state of the toric code on a 3° x 3° torus.
Let pi g, be the state obtained by acting on ) (¢| repeatedly with FT*~'(EC) for t time steps
and noise history Hy, followed by a noise-free application of FT*~1(EC). The relazation time is
defined as:

1) =B, [min(t : pr, # [0) (W) (5.58)

The definition of tizl) is phrased in this way (instead of being phrased in terms of || p: — [¢) (¥|||1)
because it provides a simpler metric for numerics. We will be studying the X logical sector only.

We now define the three error models that will be considered in this subsection.

e i.i.d. qubit error model: defined by applying i.i.d. Pauli X (and Z) operators with probability
p on qubits after each time step.

e i.i.d. measurement error model: defined by flipping the syndrome measurement outcome at
a given time step before applying feedback according to an i.i.d. distrbution with probability
p. No other errors occur.

e ii.d. gadget error model: defined such that each elementary gadget fails arbitrarily based on
an i.i.d. distribution with probability p.

In this subsection, we assume that for the gadget error model, elementary gadgets have the
supports defined in Def. 3.28.

To get an expectation for the scaling of t](rzz with p in these error models, we first perform
a similar analysis to the previous subsection to determine minimal weight failures in the i.i.d.
measurement and gadget error models. Define a generalized notion of a weight w for an operator
history to be the total number of failures (measurement or gadget) involved. Using this definition,
the link and corner failures wl(isn)k and w£5) at s > 1 are otherwise defined in the same way as in the
previous subsection. Then, for s > 2, we can use the same logic as in the previous subsection to
show the same bounds w\®), < wS ™" wl® < 2w Y.

To produce a more explicit bound, we need to know the values of the minimal failure weights
at s = 1. Consider first the measurement error model. It is not hard to argue analytically that

wl(;l)k =1 and w'" = 2. For the gadget error model, failing an M can fail both a level-1 corner

or link, so 11)1(i1m)k = wél) = 1. Solving the recursion relations generated by Eq. 5.57 with these initial
conditions then gives

wl(isn)k < olls=s0)/2] () < ollst+1=s0)/2] (5.59)

30 A single measurement error on a clean input can only fail a single 76}1/ Y gadget in a way which creates two
anyons along a single row or column of the lattice. This can lead to a link failure, but it is straightforward to see
that this can never produce a corner failure. One may also verify that two such 7Bh/v failures can produce a corner
failure (e.g. failures which occur in the second step of the first RY and the fifth step of the first Rg in ECY).
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is shown normalized by Ay, the depth of FT°~*(EC). The dashed lines are fits

to power-law scalings suggested by Eq. (5.61), with offsets so = 0 for measurement noise and so = 1 for gadget

noise.

(3

For the gadget error model, these bounds are tight for s < 3: this follows from w;;, , we
by the nilpotence of FT?(EC) (see Lemma 5.5). Since the qubit and measurement error models

3 > 9
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can be obtained as special cases of the gadget error model, the minimal failure weights in these
models must be at least as large as those in the gadget error model; together with the above results
regarding wl(;l)k /e in these models, this shows that the bounds are saturated at s < 3 for all cases

except possibly for wl(ii)k Je and w((;z) in the qubit error model, and wli)k, wég) in the measurement

error model. We have verified that the bounds on the above weights with s = 2 are saturated by
exhaustive numerical search. We were unable to perform a similar search for the above weights
with s = 3, but a Monte Carlo sampling of error configurations suggests that the bounds indeed
remain tight.

At small error rates, we expect the scaling of the relaxation time with p to agree with the

expression that one obtains by assuming that the relaxation time is dominated by the probability

. . 5) . .
of the smallest-weight configurations, namely tEel) ~p ~wih . This is a reasonable assumption in

the limit of large system sizes when p/p. < 1 because in that case, minimal-weight events should
dominate the probability of logical failure. With this expectation and our (admittedly limited)
evidence about the tightness of the bounds on minimal-weight events, we propose the following
conjecture:

Conjecture 1. The following statements hold:

1. The bound in FEq. (5.59) is tight for qubit, measurement and gadget error models with model-
specific values of sg.

2. For a p-bounded error model, there exist model-specific positive constants C, v, sg such that

the relaxation time tf *) below threshold in the p — 0 limit is determined by the minimum-

weight logical failure event:

() __omax(0,[(s—sq)/2])
18] ~ (Cp7) ik ~ (CpY) 2 o (5.60)
3. For i.i.d. qubit, measurement and gadget error models with error rate p,
*) max(0,|(s—s
He) ~ p i o p= 2T (5.61)
where sg = —1,0,1 for qubit, measurement, and gadget error models, respectively.

The factor 1/2 in the exponent of | (s — s¢)/2] can be understood as having to go two levels up
each time in order to achieve logical error probability suppression (as opposed to the 34 levels used

in our main fault tolerance result). We now use Monte Carlo simulations to investigate the extent

to which this conjecture is true at small system sizes s < 3. In these numerics, t( 1) is estimated

by sampling random noise realizations for a particular error model and running the automaton
until a logical failure (as determined by the result of performing an ideal decoding) occurs. The
results of doing this for the simplest i.i.d. qubit error model are shown in Fig. 10. At the smallest

values of p, a good fit to the scaling predicted by Conjecture 1 with s = —1 is observed. For
s = 2 the relaxation time at larger values of p instead scales as tszl) ~ p~3—faster than the ~ p~2

scaling predicted from Conjecture 1—with the expected ~ p~2 scaling appearing to be recovered

at smaller values of p. This crossover is likely attributable to an entropic effect: the number of
ways to fail F'T(EC) using three errors may be much larger than the number of ways to fail using
two errors, so Monte Carlo more frequently probes these configurations (such that an expansion of
2 in 1/p reads tre1 ~ Ap=2+ Bp~3 4+ .- with B> A).

Fig. 11 shows relaxation times for the i.i.d. measurement and gadget error models. In both
(s)
t

1o at the smallest values of p. Similar

cases, Conjecture 1 yields good fits to the estimated values of

to the case of tiel in the i.i.d. qubit error model, crossovers between a faster-diverging scaling at
larger p to a slower-diverging scaling form at smaller p (which agrees with Conjecture 1) are
observed for s = 2 in the gadget-based noise model (where sy = 1), and s = 3 in the measurement
error model (where so = 0).
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6 Constructing a 3D time translation-invariant memory

In the previous section, we proved that the toric code automaton is fault tolerant. Specifically, a
fault tolerant encoding FT" (C) with p-bounded noise simulates C experiencing Ap?” -bounded noise
(for inner simulation level k < 34). However, the toric code automaton is hardwired, and thus, the
local rules are not specified in a time translation-invariant way. An unfortunate consequence of this
is that in order to implement the automaton, a reliable read-only “program” storing O(log L) bits
is needed per each qubit to encode the instruction set for the level-0 gadgets that are applied at
different points in time. This makes the decoder not intrinsically local since one needs to reliably
and fault tolerantly store this read-only memory as well, which is not possible if the size of the
memory per site diverges in the thermodynamic limit.

Fortuitously, we may get around this issue simply by going one spatial dimension up. This gives
us a simple 3D construction that inherits the properties of the 2D automaton but is fault tolerant
without the need for a logarithmically-sized read-only memory per qubit. This is a fully fault
tolerant and local scheme in discrete time which on an L x L x L’ lattice on a three-dimensional torus
will encode 2L’ logical qubits. Thus, due to the large encoding rate, it is capable of performing
quantum computation as well, which we will not discuss in this paper. The scheme is still not
translation-invariant in space, but this does not contradict locality (in that no read-only memories
of divergent size are required to implement the circuit).

First, we will define the notion of a layering (foliation) for the 2D toric code automaton.

Definition 6.1 (Layering of the toric code automaton). Consider a fault-tolerant circuit FT" (Zo)
corresponding to one period of the toric code automaton operation. Choosing, for simplicity, L =
3% call A = poly(L) the depth of this circuit.

Consider a stack of 2A two-dimensional layers in three dimensions with periodic boundary
conditions, forming a lattice of dimensions (L); x (L), x (2A).. A layering of the toric code
automaton is an assigned spatial pattern of elementary gadgets to the 2A layers. Layers with
coordinate z = 2t are associated with elementary gates in the circuit FT" (Zo) at timestep t, and
layers with coordinate z = 2t + 1 are associated with a layer of Ty gates.

With the description of the layering above, we can define the 3D automaton for the toric code:

Definition 6.2 (3D automaton for layers of the 2D toric code). Consider a layering of the 2D
toric code automaton with 2A layers. Initialize each of the 2A layers to each individually host a
logical state of the 2D toric code. The 3D automaton for the toric code applies elementary gadgets
according to the following prescription:

o (t =/s): Apply the gadgets in each layer determined by the layering, Def. 6.1;

o (t = 4s+1): Apply a transversal swap gate between the layers: SWAP((x,2t), (x,2t + 1))
where the notation (x,t) specifies the spatial location x and the layer t. The two arguments
of the swap gate label the spatial locations of the two qubits which are swapped. This step is
labeled ‘SWAPs (even)’ in Fig. 12 because this occurs for even (t —1)/2.

o (t = 4s+2): Another application of the gadgets in each layer determined by the layering,
Def. 0.1;

o (t = 4s+3): Apply a transversal swap gate SWAP((x,2t+1), (x,2t+2)). This step is labeled
‘SWAPs (0dd)’ in Fig. 12 because this occurs for odd (t —1)/2.

This defines a time-periodic operation with period /.

This also resembles the “Toom layering construction” introduced in [52].

We now provide some intuition for why these steps are necessary. The 3D automaton works by
foliating the toric code automaton in space and moving layers (each corresponding to a toric code)
through the 3D space. The “clock” governing the operation of the 2D automaton is now laid out
along the additional spatial dimension. Consider a “moving frame” that follows any given initial
toric code state as it is acted upon by the automata and is swapped from layer to layer. The toric
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Figure 12: An illustration of the 3D automaton operating on layers of 2D toric code realizing a time translation-
invariant memory of 4A logical qubits. This automaton is defined on a three-dimensional torus with dimensions
L x L x 2A and operates with a constant period of 4 time steps; A is defined to be the depth of the FT" (Zo)
circuit of the 2D automaton. In each period of its operation, at even times ¢, the 3D automaton first applies
elementary gates in individual layers: at spatial position (z,y,z = 27) in even-z layers, the rule applies the
same elementary gadgets as the 2D automaton executes at location (z,y) and time 7; odd-z layers simply idle.
At even times t, the layers are transversely swapped. When (¢ — 1)/2 is even, the layers with coordinates 2z
with 2z + 1 are swapped (labeled by SWAPS(even)), and when (¢ — 1)/2 is odd, the layers with coordinates
2z 4+ 1 with 2z + 2 are swapped (labeled by SWAPS(odd)).

code state will then experience the circuit corresponding to the toric code automaton, interspersed
with idle and the timesteps when the entire layer is being transversally swapped.

Let us now explain why 2A (rather than A) layers are needed. The operation of simultaneously
moving all of the toric code layers by one step cannot be implemented locally (more formally, one
would say that such a one-dimension global shift constitutes a nontrivial one-dimensional QCA
which cannot be implemented with a constant-depth circuit), and the only way to do so is to add
auxiliary layers in between. With an auxiliary set of layers, the shift of all toric code layers is done
in two steps: first, we shift the toric codes from the gadget layer to the auxiliary layer, and second,
we shift the toric codes from the auxiliary layer to the next gadget layer. Half of the toric codes
move through space in the one direction while the other half move in the opposite direction. This is
fine because the toric code automaton rule is symmetric once laid out in an extra dimension. Note
that we impose periodic boundaries in the third dimension so that moving a toric code around the
3D substrate emulates the action of repeatedly applying the 2D automaton circuit.

The proof of fault tolerance of this 3D automaton (in the presence of additional errors that are
possible on identity gates in auxiliary layers and in SWAP gates) follows analogously to the 2D
case:

Theorem 6.1. Consider the 3D automaton defined in Def. 6.2. Assuming a perfect initialization
of each of the 2A layers to a logical state of the toric code, so that the layer with coordinate z is in
the state |)|. We then run the 3D toric code automaton on this input. We assume a p-bounded
gadget noise model, where, in addition to the usual definition, each SWAP gate is also treated as an
elementary gadget. Then, the state at time t (which will be located at coordinate (z 4+ t) mod 4A,
denoted py, fulfills

los = Xl < € | | - ca* " (61)

where k = 34, and A,C are some constants.

Proof. The proof follows from tracking a given copy of the toric code (“going to a moving frame”)
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as its state is moved along the z direction by swap gates and acted upon by the gadgets of the
automaton and idle steps in between swaps. The swap steps viewed in the “moving frame” become
idle steps. The noise supported on swap gates, upon measuring the stabilizer in the layer we are
tracking and the neighboring layers becomes projected onto correlated Pauli noise on qubits in
the support of the faulty swap gate. For the purposes of analyzing the state in a given layer, the
failures of these gates can be simply viewed as p-bounded noise on individual qubits.

First, consider the layer with z = 0. The action of the 3D automaton viewed in the moving
frame associated with this layer becomes equivalent to repeated application of E(ﬁn (Zy)) with
the addition of idle steps and the modification of the noise model. The proofs of Corollary 5.5 and
the properties leading to it apply to this case without major changes.

For the layers initialized at z # 0, the action of the 3D automaton viewed in the moving frame
is similarly equivalent to repeated application of E(ﬁn (Zoy)) (similarly with addition of idle steps
and the modification of the noise model), except the circuit of ﬁ(ﬁn(Io)) starts with its action
at time [z/2], possibly starting with between one and three times steps of idles and swaps. We

denote the circuit that produces the state at time t as E(ﬁn(lo))[z, (z +t) mod 4A] (where the
arguments correspond to the timesteps when the modified circuit stops and ends. In this case,
we follow the proofs of Corollary 5.3 and 5.5, noting that due to noiseless initialization, we can
formally write |¢)¢| = L(ﬁn (Zv))[0, 2] o |1)zp|. This completes E(ﬁn (Zv))[z, (t + z) mod 4A]
to L(ﬁn(lo))[O, (t + z) mod 4A], where the first z steps are noiseless. The rest of the arguments
in the proofs of Corollary 5.3 and 5.5 apply. O

We assumed noiseless initialization in the theorem above. In the case of noisy initialization,
one would similarly start by preparing an appropriate product state on all individual qubits and
then running the automaton for the duration of time ¢ > 8A which is needed for each layer to
certainly undergo a complete circuit of E(ﬁn (Zy)) at least once. Then, similar considerations to
those in the proof of Prop. 5.4 can be applied to demonstrate reliable initialization.

While the 3D automaton is time-independent, it heavily relies on the assumption of operating
in discrete time. In particular, if we assume that each operation is applied according to some
continuous-time Poisson process, the automaton might no longer have a threshold. As we discussed
in the outlook, this leaves open the important question of whether a local continuous-time quantum
memory exists in a physical number of spatial dimensions.

Finally, let us briefly discuss the PCA model, in which the noise model takes into account
gadgets skipping measurements that they should apply at each time step. Similarly to Sec. 5.3.1, we
will outline an argument but leave a rigorous proof to the future work. In fact, similar arguments
as in Sec. 5.3.1 suffice to show that this effect can be absorbed by a p-bounded gadget error
model with some effective p. However, the supports of these gadgets will more naturally be three-
dimensional. Nevertheless, the correlations between faults in different layers does not affect the
proof of Thm. 6.1 as a p-bounded gadget error model with three-dimensional support is equivalent
to a C'p7-bounded gadget error model assuming a two dimensional support of gadgets for some
positive constants C .
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A Noise models and X/Z decoupling

We assume that the reader is familiar with the basics of error correction with the toric code (see,
e.g., Ref. [5]), and make only the minimum amount of definitions needed to establish notation.
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A.1 Quantum automata and noise model

Consider a lattice with a qubit on every edge. The local Hilbert space describing the quantum
states of these qubits will be denoted H. We will refer to the collection of all edges of the lattice
as L1. We will be considering stabilizer codes in what follows, which we will refer to using the
notation S = (g;), with g; denoting the generators of the stabilizer group (which we will sometimes
refer to as “checks” of the code). We will only be interested in the situation where S is a topological
stabilizer code, in which case there exists a generating set such that each generator is associated
with some location in space (be it a vertex, edge, or a plaquette of the lattice). The set of all such
locations will be denoted by L.
When we use the term “quantum noise”, we simply mean a quantum channel:

Definition A.1. Quantum noise & : L(H) — L(H) acting at time t is a quantum operation

Ep) =D KKl (A1)

m
where Eu ’CI,MKLM =1 and K;,, can depend arbitrarily on \J, {K1,...,Ki—1,}.

Definition A.2 (Error syndromes). A syndrome o, € Fo denotes the value of a measurement of
the stabilizer generator (check) at location v € Ly: 0, = 0 corresponds to a measurement outcome
of 1 and o; = 1 corresponds to a measurement outcome of —1 (“a violated stabilizer”). We say
that there is a non-trivial syndrome at v if o, = 1.

For a stabilizer state |1), the syndromes of the state syn(|v)) is a vector valued in FY where n
is the number of stabilizer generators (checks), whose ith component is 1 if g; |y) = —|¢) and O if

gi [) = [¥).

Definition A.3 (Syndrome of an operator). Given a stabilizer code S = {(g;), the syndrome of a
Pauli operator syn(O) is a vector valued in Fy where n is the number of checks, whose the i-th
component is 1 if [0, g;] = —1 and 0 otherwise. Here, [A,B] = A"'B~1AB denotes the group
commutator.

A non-Pauli operator is associated with a definite syndrome o if it is a linear combination of
Pauli operators O; with syn(0;) = o.

For a CSS code, it is possible to group syndromes into syny and syn, corresponding to the
outcomes of measurement of Z- and X-type Pauli stabilizers, respectively. A discussion of how
one can formally decouple the errors into X and Z types when analyzing the automaton can be
found in Subsec. 3.1.

Our construction of the toric code automaton utilizes the approach of (local) measurements and
(local) feedback: the automaton measures the local stabilizer generators of the toric code (which
does not modify the logical state), and applies operations conditioned on nearby measurement
outcomes. We call this the “local measurement and feedback model™:

Definition A.4 (Measurement and feedback model). A measurement and feedback model is a
quantum dynamical system that takes a stabilizer group S as input and operates on a lattice of
qubits in the following way. At each time step t, it:

(a) Measures all of the stabilizer generators in Ly, obtaining syndromes o,

(b) Applies the feedback operator Fi(o) in the Pauli group which is conditioned on the syndrome
measurements,

(¢) Discards the syndrome measurement outcomes, and

(d) Applies a noise channel & with Kraus operators Ky .

As a quantum operation, one step of the measurement and feedback model, which we denote by My,
acts on a state p via

Mi(p) = 3 K1 i (0) () p1(0) Fo(0)K . (A:2)

where II(o) is a projection onto the subspace of states with syndrome o.
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We emphasize that according to (c), measured syndromes do not have to be stored.

A local measurement and feedback model is defined completely analogously, except that the
feedback operator at a given time JF;(o) factors into a product of local feedback operators where
each operator depends only on syndromes in a local region.

Under the premise of the measurement and feedback model, since all the stabilizer generators
of the code are measured at each time step, the following simplification of the noise model can be
made:

Lemma A.1 (Collapsed noise model). Assume that we start in a syndrome-free logical state |1)Xv)]
(i.e. ome with no non-trivial syndromes) of a quantum stabilizer code, run a measurement and
feedback automaton up to time t — 1 and apply the measurement step at time t, obtaining the state
pi—1. Suppose that p;_1 can be written as

t—1 —1 i
Pt—1 = Z p(Hi-1) (H Ot—r]:t—r(at—r)> [Xel (H Ot—rft—r(o't—‘r)>
T=1 T7=1

H; 1

Z p(Hi-1)pt—1,H, , (A.3)

H; 1

where p(+) is some probability distribution related to the noise model and Hy_1 is the noise history,
which is a set of pairs {(O., E;) f’r_:ll, with O, an operator having definite syndrome which is
applied by noise at time 7 and E; a set of qubit locations at time T where noise can act. We will
also call H; = (O,, E;). The operators {F,}L_, are feedback operators whose arguments depend
on syndromes of operators O = {01,...,0:}, and oy is the syndrome of the state pi—1,H,_,-

Together, they satisfy the consistency condition
Or = 8Syn (0771]:771(0'771)) ©or_1 (A4)

for1 <71 <t—1, where o9 =0. Thus, p—_1,m,_, = |p)}¢| with |¢) having syndrome o¢. Because
pi—1,H, , depends on H,_1, oy depends on it as well, which we keep implicit.

We then apply the feedback step and noise step of My using noise channel E;. After the mea-
surements at time t + 1 have been performed, there exists a probability distribution p(Hy|H_1)
such that the effect of the feedback and noise at time t can be equivalently written as the following
CPTP (completely positive and trace preserving) map:

Z (1) Mi(pe—1)(0141) = Zp(Ht|Ht71>p(Ht71>Ot‘Ft(Ut)ptfl,Ht71}—t(0-t)TOZ (A.5)

Tt41 H;

where oyy1 = syn((’)t}"t(at)pt,LHt_l]-'t(Jt)TOI) are the syndromes measured at time t+1, and the
operators Oy can be written as

Oy =a()Pi+ ) ()L (A.6)

with normalization |a(t)? + 3, |8W(t)|> = 1, P, € Py (Pyx denoting the N-qubit Pauli group)
satisfies syn(P;) = syn(O:), and L; is in the set generated by logical X and Z operators of the
stabilizer code (excluding the identity operator). These operators define what we will henceforth
call the collapsed noise model.

Proof. Assuming the form of p,_; in the statement, to obtain p, we first apply the feedback op-
erator p;_1 — ZHt—l p(Ht,l).Ft(at)pt,LHt_l}"tT(ot) since the feedback operator only depends on

syndromes and syn(p;—1,a, ,) = o¢. We then define p;_1 g, , = ]-"t(at)pt_LHFl]-"j(crt). Following
Eq. A.2, we then apply noise &, which acts as

E| D Pevms | = D > p(H 1)K (He1)pe-1,b, o KL (Hi), (A7)

H; Hy ; p
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and thus after the subsequent round of stabilizer measurements at time step ¢ + 1, we can write

> (o) Melpe-1)Mow1) = Y p(Hr ) (0041)Ke o (Hy1)pr-1.01,_ KL, (He 1)1 (041)

Ott1 Ot+41, MK,
H;

(A.8)

We will now argue that K, can be replaced by a simpler operator. We are free to decompose K;
in terms of a basis of operators

Kiw(Hi1) = crp(elHi1)O4 () (A.9)

where O, ,,(¢) is a linear combination of Pauli operators whose syndrome is . We note the following
identity

Z (0t11) Ot (€)pt—1,H, 1 Ot,u (€ )NU(0111) = 0, Ot yu(€)pr—1,1,, Ot u(€), (A.10)

Ot41

and therefore, we may write

> Mo )Mi(pe-)M(orp1) = > lee (el He 1) *p(Hi-1)O u(€)pt-1,1, , O, (¢). (A.11)

Ot41 e, Hyq

We then define®' p(H;|H;_1) = |ct,,(¢|Hy—1)>. Finally, we need to prove the decomposition
of Oy, (). Consider two operators P;(e) and Pj(e), which have the same syndrome € but have
the property that P;(¢)P/(¢) is in the stabilizer group. For any density matrix A with definite
syndromes, we have g;A\g; = X for g; any element of the stabilizer group, and we can write
P|/(e)AP{(e) = Pi(e)AP;(¢). Then, we can fix some P;(¢) = P;, and any operator Oy ,(¢) = Oy,
can be written as a sum of terms of the form L;P;, where L; are generated by the logical operators
of the code. This gives the decomposition in Eq. A.6 for Oy ,. O

Note that the form of the density matrix in Eq. A.3 follows from the result in Lemma A.1 if
we always formally group the next round of measurements with the current step of the operation
of the automaton. In that case, the Lemma above proves the inductive step for the claim that
Eq. A.3 holds at every point in time (the base case of ¢t = 0 is trivial).

The probability distribution p(H;_1) is over the history of noise locations and operators up
to time ¢ — 1. Since the above statement was formulated for a general channel, p(H;_1) can be
arbitrary, but in this paper we will be only considering channels where p has a certain p-bounded
property, corresponding to the channel having decaying correlations in spacetime, which we will
discuss shortly below. Furthermore, we can write the effect of ¢ steps of the measurement and
feedback channel followed by a measurement at time ¢t + 1 as M, 0 M1 0--- 0 M, 1(|¢)Xy])
(where the subscript ‘p’ stands for Pauli), where

My i(pi1) =Y p(Hi1)OiFi(0n)pi-1.m,_, Filor)TOF. (A.12)
H,

Henceforth, we will be working with the effective channels {M,, ;}*%.

Definition A.5 (Noise history/realization). Consider T rounds of measurement and feedback dy-
namics under noise model £, which, due to the discussion above, can be treated as a set of effective
channels Mp 1, Mpa,--- , Mpr. Then, the noise history (which we also call noise realization)
Hry is the trajectory specifying the set of spacetime qubit locations for the noise (also called set of
noise locations) E = Uthl E, and the history of operators Op = {01,05,05,--- ,0r} (with time
steps indicated by the subscripts) applied due to the noise. Using Lemma A.1, we can write each
Oy =a P+ )7, ﬁfZ)LiPt.

310ne can see that p(H¢|H;_1) is a probability distribution over H; by taking a trace of both sides of
S OK§ Kip=1.
potp M

32This essentially can be understood a version of the path integral over trajectories corresponding to different
noise operator histories.
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Based on the definition above, it follows that Uthl supp(0;) C E.3* Moving forward, it is
more convenient to deal with a purely Pauli error model. For this, we will need an additional
assumption, with which we can prove the Proposition below:

Proposition A.1 (Approximate noise model). Consider a noise history specified by Hr under the
noise model £. By Lemma A.1, we write each Oy = ot)P + ), BO(t)L; Py such that among all
operators in the sum, P, is the Pauli operator with the smallest weight. Writing

Mpo--o My ([P)Y]) = ZP Hy)pum,, (A.13)

H;

we introduce an approrimate noise model that modifies the probability distribution in the effective
operation of the measurement and feedback automaton in the following way:

Mp.apprt © -+ 0 Mp appr,1 ([¥XW]) Z q(Hy)pe,H, (A.14)

H,

where q is defined such that q(H;) = 0 for each H; where at least one component of O, =
{01,04,...,0:} has B # 0 and q(H;) = p(H;)/n otherwise, where 1 is a global normaliza-
tion factor. Further assume that for a given noise history, the probability that H, = (O., E;)

has Bg) # 0 for some i is < exp(—KL) for some constant K. We will say that this automaton
experiences an approximate noise model.

Then, if p(t) is the state of the measurement and feedback automaton under the collapsed noise
model at time t, and pappr(t) is the state of the automaton under the approxzimate error model at
time t, the trace distance T(-) between these states can be bounded by

1
T(pt; Papprt) = §||Pt = Papprtll1 < t-exp(=KL). (A.15)

Proof. The normalization constant 7 is the complement of the probability that at least one of the
operators has non-zero Bg), by a union bound and the assumption of the Proposition, we have
n>1—t-exp(—KL). Flnally, calling S the set of noise histories H; where there exists at least

one O, with corresponding ﬁT non-zero, we define

PR Z (H¢)pt,H, (A.16)
HtES

which is a normalized density matrix. Furthermore,

Pt = NPappr,t + (1 —=mn)A. (A.17)

Then,
T(pt7 pappr,t) S nT(pappr,ta pappnt) + (1 - 77)T()\’ pappr,t) § t- eXp(_KL) (AlS)
O

As we will soon show, the realistic noise model that we work with indeed satisfies the condition
for the approximate noise realization. Before discussing this, let us finally define a quantum
automaton and its gadgets.

Definition A.6 (Elementary stabilizer quantum gadget). Given a stabilizer code S = (g;) and a
noise realization (under the approzimate noise model) specified by Hy (such that each operator Oy
is in the N-qubit Pauli group), an elementary stabilizer quantum gadget applied after the time step
t — 1 is a quantum operation G : L(H) — L(H) with local qubit support supp,(G) € L1 and local
vertex support supp, (G) € Lo that operates between the time steps t — 1 and t and:

(a) Measures stabilizer generators of the code on the input state in some local region Ry C

supp, (G) (usually, Ro C supp,(G)), obtaining syndromes o € IF‘2R°| (called input syn-
dromes),

33Note that Uz;l supp(O¢) C F is not an equality, since noise need not apply an operator at every point in E.
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(b) Applies an operator O(c) (feedback) supported on some local region R, C supp,(G) (usually,
Ry C supp,(G)) that is conditioned on the syndromes obtained in step (a) and is an element
of the Pauli group, and

(c) Applies the noise operator in ils support that is sampled from the noise model p(Hy|H;_1)
(exzamples mentioned in Remark 5 and Def. A.10).

We will also refer to the elementary gadget as operating at time t implying that it operates between
time stepst — 1 and t.

Definition A.7 (Stabilizer quantum gadget). Given a stabilizer code S = (g;) and a noise model,
a stabilizer quantum gadget G is a quantum operation G : L(H) — L(H) composed of a finite
number of elementary stabilizer quantum gadgets.

Its spatial qubit support supp,(G) and vertex support supp, (G) are the union of qubit supports
and vertex supports of constituent elementary gadgets, respectively. Its spacetime qubit and vertex
supports are the unions of qubit supports and vertex supports of constituent elementary gadgets,
respectively, together with their associated time steps.

In our construction, the measurement and feedback model will be implemented by a set of local
gadgets that together constitute a stabilizer quantum automaton.

Definition A.8 (Stabilizer quantum automaton). A stabilizer quantum automaton for a stabilizer
code S = (g;) and a given noise model is a circuit A : L(H) — L(H) comprised of (stabilizer
quantum) gadgets associated with S that each has local support and domain. A stabilizer quantum
automaton is a depth-t circuit of elementary gadgets that evolves an initial density matriz p(0) to
a density matriz p(t).

We will call the collection of all elementary gadgets acting at time ¢ in the automaton a layer
of gadgets, which we will denote by £(G). We will always assume that the action of neighboring
elementary gadgets is parallelizable (i.e. they can be defined to act simultaneously) even if their
supports overlap. In particular, by simultaneous we mean that two gadgets with overlapping
supports can be applied in either order and the output would not change. In our construction, we
will always have this property for any pair of gadgets with overlapping supports acting at the same
time step. We will also say that the layer is formed by tiling the gadgets. We will assume that the
union of supports of all elementary gadgets in a given layer £L(G) is the lattice of qubits L.

Definition A.9 (Damage). Call|¢) the initial logical state of a stabilizer automaton with stabilizer
group S. Consider a state 1) = O|¢) where O is a Pauli operator. We call any operator O’ such
that O'O € S the damage of the state |1)).

According to the definition above, we call damage any suitable operator belonging to an equiv-
alence class of operators with a given syndrome whose equivalence relation is set by multiplication
by stabilizers.

We will also call £, the set indexing the spacetime locations of all elementary gadgets that
are applied at step t. For ¢ € L, ;, G(x,t) is the gadget at a corresponding spacetime location
(we assume that we have fixed some convention to uniquely associate a spacetime location to
each elementary gadget in the circuit). We also denote the set of all spacetime locations of the
elementary gadgets within the automaton as £, = {J, Lg.-

The definitions and properties of the noise shown until now did not depend on the nature of
the probability distribution p(H) and are generally applicable. Now, we will finally discuss the
constraints on the probability distribution under which the local automaton will be fault tolerant.

Remark 5 (Applying qubit error model in automaton). A qubit error model is implemented in
an automaton using the following scheme. Given noise realization Hr, for each time step t, we
choose a decomposition Oy = [[, O, where supp(Oy ;) Nsupp(Oy ;) = & for i # j so that Oy,
is contained in the support of a single elementary gadget. The operators {O.;} are applied by
elementary gadgets at each step according to Def. A.6(c).

Definition A.10 (Gadget error model). The noise model £ is called a gadget error model if, for
any noise realization Hr determining Or = {O1,...,0r_1,07} and E, we additionally specify
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sets of elementary gadgets (identified by their coordinates) Fp = {F1, Fa, ..., Fr}, with F, C Ly,
such that the support of each f € Fy overlaps with E, and E is contained in the union of supports
of the gadgets in Fg. We call Fy the set of failed elementary gadgets at time t.

In addition, for each time step t, we specify the partition Oy =[], Or; where each Oy ; is con-
tained in the support of fi; € Fy. These operators are applied by elementary gadgets in Def. A.6(c).

Technically, any gadget error model is implicitly parametrized by the set of supports of ele-
mentary gadgets. Note that we will always assume that the union of supports of all elementary
gadgets applied at each time step ¢ covers the entire lattice.

Definition A.11 (p-bounded qubit error model). A noise model £ is called a p-bounded qubit
error model, if, for any noise realization H with set of noise locations E and any set of spacetime
qubit locations A, it satisfies

P[A C E] < pHl. (A.19)

The class of p-bounded noise includes i.i.d qubit noise, but also allows for quite generic forms
of correlated noise. The analysis in this paper should also be readily modified to account for other
types of noise like coherent and non-Markovian noise [22, 10].

Definition A.12 (p-bounded gadget error model). A gadget error model Eg is a p-bounded gadget
error model if, given noise realization H with a set of noise locations E, an associated set of failed
gadgets F, and any set Ay C Ly, it satisfies

P[A, C Fg] < pl4sl. (A.20)

We note that the gadget error model is implicitly parameterized by the set of supports of ele-
mentary gadgets. The condition on the p-boundedness of a noise model suppresses the probability
of large noise events.

Next, we show that different error models corresponding to different choices of gadgets are
equivalent (and they are also equivalent to the qubit error model) as long as the support of gadgets
contains a constant number of qubits:

Lemma A.2. Any p-bounded gadget error model is a p®-bounded qubit error model for 0 < a <1
depending on the mazximum number of qubits in the support of any elementary gadget included in
the gadget error model.

Any p-bounded qubit error model is a Cp®-bounded gadget error model for constants C,[3 > 1
depending on the maximum number of qubits in the support of any elementary gadget.

Proof. Suppose we have a p-bounded gadget error model. Call A a set of qubits, and A, the
associated set of gadgets which the qubits in A are supported on. For a noise realization F and
the set of failed elementary gadgets Fr corresponding to F,

P[A C E] < P[A, C Fg] < pHsl. (A.21)

Finally, since |4, > a|A| for some 0 < a < 1, we have P[A C E] < (p®)I4l, and thus, the error
model under consideration must be a p®-bounded qubit error model.

For the second statement, suppose we have a p-bounded qubit error model. For a noise realiza-
tion E and the corresponding set of failed elementary gadgets Fr (we can choose any such valid
set arbitrarily, i.e. as long as it satisfies Def. A.10), consider an arbitrary set of gadgets A,. We
may then write

P4, CFel <P | |J (ACE)| < Y P[ACE], (A.22)
A:A~A, A:A~A,

where, after the first inequality, we take a union over events where A ~ A, is a subset of qubit
locations that are contained in the union of supports of all gadgets in A, such that support of each
gadget in A, contains an element of A.

The number of such sets A ~ A, is < Cl4s! for C a constant related to the maximum number
of qubits in the support of a gadget. Therefore

Y PIACE]< Y pHl<pliicial, (A.23)
A~A, A~A,
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and using |A| > B|A4| for B > 1 another O(1) constant related to the gadget support sizes,
P[A, C Fg] < (Cp?)I4sl and therefore, the model under consideration must be a Cp’-bounded
gadget error model. O

This Lemma proves that any two p-bounded gadget error models (even involving a different
set of elementary gadgets with different support sizes) are, in fact, equivalent by some rescaling
p — Cp” for constants C and ~y, which does not affect the existence of a threshold. Thus, it suffices
to choose a “canonical” set of gadget supports for the p-bounded gadget error model.

We also need the following fact, as most of our analysis henceforth will apply to approximate
noise models rather than exact ones.

Fact 6. The approzimate noise model constructed from a p-bounded qubit noise model is a p(1+¢)-
bounded qubit noise model, where ¢ — 0 when L — o0.

Proof. Given a p-bounded qubit noise model p(H;), the corresponding approximate noise model
q(H}) by construction satisfies ¢(H;) < p(H)/n where n = 1 — ¢(L) with (L) vanishing as
L — oo. This immediately proves the fact. O

By the previous Lemma, this Fact also holds for the gadget error model. Therefore, without
loss of generality, we can always assume some canonical p-bounded gadget error model where all
operators that are applied by the noise are Pauli.

In the classical cellular automaton literature, it is also standard to treat the cellular automaton
as probabilistic, wherein there is a small probability that at a given time a particular rule will not
be applied. In the classical case, the errors that occur from not applying a given rule can be simply
absorbed into the gadget error model. However, in the quantum case, not doing a measurement is
distinct from a gadget failure, so this technically comprises a different kind of noise model:

Definition A.13 (Probabilistic quantum automaton). A probabilistic quantum automaton is a
stabilizer quantum automaton where the event of not performing a measurement and feedback op-
eration in a set of spacetime points is sampled from a p-bounded probability distribution.

The definition above is not the most general one, as we could technically also include the
possibility of performing wrong measurement and feedback operations. Such a wrong measurement
does not necessarily commute with the surrounding stabilizers and thus, cannot be performed
simultaneously with them. Thus, since we are operating in discrete time and assume that all
the measurements are performed simultaneously, we need to slightly modify our model to deal
with these kinds of errors. We discuss this setting in more detail in Section 5 and provide some
arguments for why our construction should still remain fault tolerant in this more general setting.

A.2 The toric code

Though we assume the reader is familiar with stabilizer codes, we will present the stabilizer group
of the toric code for completeness:

Definition A.14 (Toric code stabilizer group). Consider a square lattice with periodic boundary
conditions (i.e., the torus T?) and associate qubits with the links. The stabilizer group of the toric
code is generated by the following operators:

Ay=Q Z, Bp=(X) X. (A.24)

e€dv e€Op

for every vertex v and cell (square plaquette) p. Here, v denotes the set of links that touch vertex
v and Op denotes the set of links in plaquette p.

This code defines 2 logical qubits on a torus. Generalizing our decoder for toric codes on other
lattices (and to more general cellulations) and manifolds will not be addressed in this work. For the
toric code, the logical X operators correspond to products of Pauli X operators on homologically
nontrivial loops of the primal lattice (and for logical Z, a product of Pauli Z operators around
homologically nontrivial loops of the dual lattice). The codestate which is the +1 eigenstate of both
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logical Z operators (we denote it |00)) is an equal-weight superposition of all possible configurations
of |0),]1) states of physical qubits where |1) states form a homologically trivial configuration of
loops on the lattice. The remaining logical basis states can be generated by applying logical X
operators to this state (which is achieved in a depth-1 circuit). Moving forward, the goal of the
toric code automaton will be to preserve an arbitrary logical state, which can be written as a
superposition [¢) = ago |00) + g1 [01) + a10 |10) + a1 [11).

Let us show that for a measurement and feedback automaton operating with the toric code
stabilizers, we can replace the noise model with an approximate noise model if the former is a
p-bounded gadget error model. The argument above can be extended to an automaton for any
stabilizer code as long as it has a distance scaling polynomially with L (though the combinatorial
aspect of the argument would need to be suitably modified).

Lemma A.3. Consider a stabilizer quantum automaton for the 2D toric code on an L x L torus.
If the noise model &, is a p-bounded gadget error model, then for sufficiently small p, it can be
replaced with an approzimate noise model while obeying T (pt, papprt) < t - exp(—KL) for some
positive constant K and sufficiently large L.

Proof. Following Prop. A.1, we need to show the assumption that the marginal distribution p(H)
with associated operator O, has the property that By) # 0 has probability < exp(—K L) for some
constant K. Note that O, can only be a Pauli operator P, (and not a linear combination thereof)
if the union of supports of failed gadgets A; does not support a logical representative L. Therefore,

S) can be non-zero only if the gadgets that failed at timestep 7 contain the support of a logical
representative, which in the toric code forms a non-contractible cycle of the torus.

We now show that this event occurs with negligible probability. In order to contain a logical
representative at time slice 7, a connected path of gadgets of length > L/a must fail, where a is
an O(1) constant denoting the maximum linear extent of an elementary gadget (the toric code
automaton has a = 3). Call B, a path of failed gadgets. From the definition of p-boundedness,
P[B, C E] < p™/®. The number of such paths B, is the number of self-avoiding walks on the
“gadget lattice” at fixed time slice 7, where vertices correspond to gadgets, and edges connect two
vertices if two gadgets are adjacent or share corners. The number of such walks is < L?(D —1)%/¢,
where D is the degree of the gadget lattice (including gadgets touching corners, the degree is < 12
for the toric code automaton) and the factor of L? comes from the number of starting points of
the walk at fixed time slice 7. Thus

P[3L; : supp(Li) C E] < Y P[B, C E] < L*(11p)*/*. (A.25)

B,

where L; is some nontrivial logical operator. Therefore, following Prop. A.1, we show that the
probability that the above holds for all time slices up to time slice ¢ is < L2t - (11p)L/“, which for
some constant K proves the Lemma. O

Thus, due to Prop. A.1, Fact 6 and Lemma A.3, it is sufficient to consider the approximate
Pauli noise model from here on.

Because the toric code is a CSS quantum code (meaning that each stabilizer is either an X- or
Z-type Pauli operator), it is possible to decompose its action into two independent X and Z parts.

Under an approximate noise model, consider an arbitrary noise operator history {01, Oa, -+ ,Or}.
We can decompose the noise operator at each time step into Pauli X and Z parts (ignoring incon-
sequential phase factors ¢" if the error is Y =iX %), i.e. Op = 0§X)O§Z). Using this, we define an
X-type and Z-type automaton and the associated gadgets for the toric code:

Definition A.15 (X and Z-type elementary gadgets). Assume a gadget noise model that, for each
noise operator history, specifies X- and Z-type noise operators Ot(f) and ng) which are applied
due to failed elementary gadgets.

An X -type elementary gadget GX) is defined similarly to Def. A.6, but which involves measure-
ments of Z-type stabilizers only and applies X -type Pauli feedback only. Then, to an X -type gadget
at time step t we assign the Pauli noise operator ng) on the support of the gadget suppq(G(X)).
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Similarly, a Z-type elementary gadget G'%) involves measurements of X -type stabilizers and
applies Z-type Pauli feedback. The Pauli noise operator (’)t(f) is assigned to the support of a Z-type
gadget at time t.

If the toric code automaton is such that its elementary gadgets are of X and Z type only, one
can view it as a layer of simultaneously applying type-X elementary gadgets and type-Z elementary
gadgets at each time step. We note that, with this definition, the operator O, that is applied can
be interpreted as gadget failure of a certain set of X and Z gadgets.

We define an X-type toric code automaton associated with the full toric code automaton to
be the isolated action of X-type gadgets only, with noise restricted to be of X-type only. This
automaton is built from X-type non-elementary gadgets, which are comprised of X-type elementary
gadgets. The Z-type toric code automaton is defined analogously.

We now show that the simultaneous operation of X-type and Z-type automata can be equiva-
lently determined by running the two automata separately and combining their actions in a simple
way.

Fact 7. Assume that we have a toric code automaton that operates with X and Z-type gadgets
running for T time steps that experiences an approrimate gadget noise model. Sample a noise
realization Hp with a history of noise operators {01,004, ,Or}, and assume that the initial
state is a toric code state of the form Oi(f)(’)i(nz) [t)) where (’)gff/z) are the input damage operators
and |) is a syndrome-free initial logical state of the toric code.

Then, one can determine the total operator applied by the automaton (i.e. due to both its
feedback and the noise) under this noise realization by independently running the X and Z-type
automata whose outputs give the operators OE?QT and OEQT, and multiplying these operators

together.

Proof. Recall that due to Lemma A.1 we can absorb the effect of the arbitrary noise operation
followed by stabilizer measurements into some effective probability distribution of Pauli operators
applied at each time step, where the distribution is p-bounded. At each timestep ¢, the total
operator applied by the toric code automaton consists of the feedback applied by all the X-
type gadgets .7-'t(X), the feedback applied by all the Z-type gadgets ]-"t(Z), and the noise operator
O, = Ot(X)(’)t(Z). Assuming that the input state at this timestep has a total operator that has
been applied to it due to the noise and operation of the automaton Oiet -1 = (’)Ei?t_l(’)t(ozt{t_l,
the feedback applied by the X-type (Z-type) gadget depends only on the X (Z) part of this
operator, i.e. ]-"t(X) = ft(X)[Ot(X),Oéii?t_l] and ]-"t(Z) = Ft(z)[OEZ),Ot(Qt_l] except for fl(X) =
fl(X)[(’)gX),(’)i(f)] and ]-'1(2) = ]-'1(Z) [Oﬁz),oi(f)]. The total operator applied to the toric code
state relative to the initial state after time step ¢ is (]—"t(X)Ot(X)) Ot(gi?t_l (ffZ)O,EZ)) (’)t((i),t_l. In
addition, we can freely commute X and Z-type operators acting on the state because we can ignore
any inconsequential negative signs.

Using the given form of the input state and using this decomposition at each time step, we
find that the total operator acting on the toric code state during the entire operation decomposes
into (Hthl .Ft(X)(’)t(X)Oi(f)) (Hthl .E(Z)(’),gz)(’).(z)). We recognize each of these operations as the

n

operator applied due to separate action of the X and Z-type toric code automaton. ]

Due to this decoupling, we will introduce a p-bounded “decoupled” error model where Z-type
gadgets experience Z errors and the X-type gadgets experience X errors, defined below.

Definition A.16 (p-bounded decoupled gadget error model). Consider an approximate noise
model, where for noise realization Hy with set of noise locations E and noise operator history
{01,045, -+ ,Or} we write Oy = O,EX)Ot(Z). We then partition E = Ex U Ey so that Ex and Ez
denote sets of the spacetime locations of qubits marked for being possibly acted upon by X and Z
operators, respectively, and |J, supp(O,EX)) C Ex and J, supp((’)t(z)) CEz.

We additionally specify sets of failed elementary gadgets Fg, = {F:L(X),FQ(X)7 e ,F%X)} and
Fg, = {Fl(Z),FQ(Z),...,F;Z)} with Ft(X/Z) C Eg{i/z), such that the support of each fX/%) ¢

Ft(X/Z) overlaps with Ex;z, and Ex ;7 is contained in the union of supports of the gadgets in
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Fgy,,. For each time step t, we can choose a decomposition OEX/Z) =1L Ot(f/z)

ng/z) is contained in the support of ft(j-(/z) € Ft(X/Z).

We call this noise model a p-bounded decoupled gadget noise model if, for any subsets of space-
time locations of X -type and Z-type elementary gadgets Ax and Az, we have:

where each

P[(Ax C Fiy) A (Az C Fi,)] < pMixItiazl, (A.26)

Lemma A.4. A p-bounded decoupled gadget error model is a Cp*-bounded approximate qubit error
model for some o < 1.

A p-bounded approzimate qubit error model is a C'p®-bounded decoupled gadget error model for
constants C', 3 > 1.

Proof. The proof is similar to that of Lemma A.2.
To show the first statement, consider an arbitrary set of spacetime locations of qubits A. We
can write

P[AC E] < > P(ASY) C Fipy) A (AY) C Fg,)) (A.27)
AP AP A AP A

where we take the sum over all possible sets of X- and Z-type gadget locations A(gX) and A!(]Z)
such that the support of each gadget in the set contains at least one element in A and the union
of supports of all gadgets in AE,X) and A,(]Z) contains A (denoted by A,(]X) U AE,Z) ~ A).

Under a p-bounded decoupled gadget error model as well as using the fact that there exists a
constant 0 < a < 1 such that \Aéx)\ + \Aéz)| > /| A] for all AéX) and A(gz) with AéX) U AEJZ) ~ A,
we have that P[(AEJX) C Fg,)A (A,(;Z) C Fg,)] < p*l4l. Using that the total number of such sets
is D341 (the factor of 3 is because each qubit location is either assigned to Agx), Agz), or to both)
for some constant D, we can write

> P(AJY) C Fpy) A (AJP) C Fp,)] < (D°p)*1 (A.28)
AP AP A UAP A

choosing C' = D3, we obtain the first statement of the Lemma.

For the second statement of the Lemma, we designate a partitioning £ = Ex U Ez such that
p(O, E) can be now represented as p(O, Ex, Ez). Ex, z are in addition chosen such that if a given
qubit is in Ex but not in Ez, the noise operator supported on this qubit can only be Pauli X or
identity, and similarly for Ez. We then choose any set of X-type gadgets Fg, such the support of
any gadget fx € Fg, contains at least one location in Fx and Ex is contained within the union
of supports of all the gadgets in F, . Similarly, we choose any set of Z-type gadgets Fg, such the
support of any gadget fz € Fg, contains at least one location in Ez, and Ez is contained within
the union of supports of all the gadgets in Fr,. Then, choose arbitrary sets of X-type and Z-type

gadgets AE,X) and Aéz). We can write

P[(ALY) C Fe ) A(AP) C Fg,)] <P U (ACE)| < > P[A C E],

A:A~ATOUA) A:A~ATOUAP)

(A.29)
where A ~ AgX) U Agz) denotes that A is contained in the union of all gadget supports in AgX)
and AéZ), and additionally that the support of each gadgets in AéX/ %) contains at least one qubit
from A. The number of such sets is < C|A§(|+|AQZ | for some constant C. Therefore

> PlAcE < Y pM<pMiaiial (A.30)
A:A~nAOuAD) A:A~AOUAD

We can then write |A| > B(|A)| + [AZ]) for some 3 > 0, and obtain the second statement of the
Lemma. O
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We remark that Lemma A.2 will also hold for p-bounded approzimate qubit and gadget noise
models. Together with the Lemma that we just proved, this implies that any p-bounded decoupled
gadget noise model is equivalent to any p’-bounded approximate gadget noise model for some
appropriately chosen p’, and is equivalent to a p”-bounded approximate qubit noise model for
some appropriately chosen p”.

When defining the toric code automaton, we will first define its X and Z-type elementary
gadgets. Due to Fact 1, we can then focus on X-type gadgets only, which are used to define the
X-type toric code automaton. The Z-type automaton can be constructed in the same way by
working on the dual lattice. The full toric code automaton can be obtained by considering X- and
Z-type automata separately and combining their actions at the end.

We will then show that the X-type toric code automaton is fault tolerant (in the sense that it
protects the state against X-type logical failures) under an approximate p-bounded gadget noise
model. Because the Z-type automaton is analogous, it will have the same properties as the X-type
one. Then, in Corollary 5.3, we will show that the fault tolerance of the toric code automaton
under (a more general) p-bounded noise model follows from these properties.

Remark 6. We remark that thus far, we defined the toric code automaton under an approximate
decoupled gadget error model only. This is because analyzing an error model with X and Z-type
elementary gadget failures is much more convenient.

A more natural error model for the quantum toric code automaton should include the possibility
for a failed gadget to apply an arbitrary Pauli noise channel. A toric code automaton operating
under such a noise model can be defined in the following way. Consider the same automaton of
X- and Z-type elementary gadgets, but modify the way the noise is applied. In particular, “pair”
X and Z gadgets acting in the same time step, such that an X-type gadget at location (x,y) is
associated with a Z-type gadget on a dual lattice at location (x + 1/2,y + 1/2). We unite the
supports of this pair of gadgets and view them as a single gadget, with the p-bounded gadget noise
model now defined with respect to these gadgets.

Due to Lemma A.2 and A.4, this more general noise model is equivalent to the decoupled gadget
error model upon appropriate rescaling of p.

Due to the results in Fact 1 and Lemma A.4, we will consider the X-type automaton only in
most of what follows. This effectively reduces the problem we are dealing with to a classical one.
Most of the paper will be dedicated to constructing the X-type automaton and proving its fault
tolerance. We will show that fault tolerance of the full automaton in Corollary 5.3.

B Review of the extended rectangles (exRec) formalism

In this Appendix, we will review extended rectangle method of Aliferis, Gottesman, and Preskill [22,
23, 10] for proving fault tolerance in concatenated code constructions. We want to start with some
circuit C, either classical or quantum, and produce a ‘simulated’ version of the circuit FT'(C). If
each component in the circuit fails with probability p, then the probability that the output of
the circuit C is wrong is large. We want F'T(C) to have an error suppression property, where the
effective error per component C will scale like O(p®) for @ > 1 — then, recursively repeating this
procedure will yield scalable error suppression. The way to realize the fault tolerant simulation of
circuit C is by replacing it with a new circuit where each bit is now several bits and corresponds
to a logical bit of a small code, and between each gate G; and G, in the circuit (which is now
an ‘encoded’ or ‘logical’ gate) one inserts an error correction unit which we will call EC. A layer
of EC units are also added at the beginning and the end of the circuit. As a result, the simulated
circuit is slightly larger than the original circuit.

Both the encoded gates and the EC unit need to satisfy certain conditions. Before writing
them down, we must define a notion of an r-filter and an ideal decoder. In particular, suppose
the small code has the set of codewords S of some stabilizer code or classical Fs-linear code on
n qubits (or bits). For now, we will use notation consistent with that in Ref. [23]. We will also
illustrate the concept with classical codes for simplicity, although the generalization to quantum
codes is straightforward.
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Definition B.1 (r-filter). Define
Sy={c:3seS, wtlc+s)<r} (B.1)

which is the set of elements that are at most distance r from a codeword. An r-filter is an operation
that projects onto the subspace S, of configurations.

An ideal decoder is a map from {0,1}" where n is the number of physical bits in the code
to {0,1}* where k is the number of encoded bits and simply performs an error correction and a
read-out operation (which are assumed to be done in the absence of errors), extracting the values
of the logical bits. Note that for Tsirelson’s automaton the decoder simply performs a majority
vote, with n = 3 and £ = 1. We emphasize that r-filters and ideal decoders are not physical
components of the circuit but just auxilliary tools that will be helpful to us.

Definition B.2 (Gate and EC conditions). The Gate A and B conditions can be schematically
depicted as:

Gate A Gate B

and two conditions for EC which we will call EC' A and EC B can be depicted as:
ECA ECB

S S S

EC = — rc HE 4= po H>— = J{>—

Here and in the rest of the paper, the equality between circuit diagrams holds up to an application
of an operator in the stabilizer group of the code to the output state. In this notation, the triangle
corresponds to an ideal (noiseless) decoder, the double lines correspond to encoded bits (qubits)
and the single line corresponds to a single unencoded bit (qubit). EC gadgets are labeled. The thin
rectangle corresponds to the r-filter, with the value of r labeled on its top right. The letters s next to
the gate/EC gadgets indicate the number of faults that have occurred in the implementation of these
operations. The Gate A and Gate B properties each have two associated figures. The top figure
shows the condition for a single-bit gate (such as the NOT gate) while the bottom figure shows the
condition for a two-bit gate (such as the AND gate). The generalization to > 2-bit gates follows
similarly. Finally, the values of v and s in these conditions must satisfy an inequality relating to
the distance of the small code used for the simulation:

GateA:Zri—i—sgt GateB:Zri—i—sgt
i i

ECA:s<t ECB:r+s<t
(B.2)

where t is the mazimum number of errors that can be guaranteed to be corrected by a noiseless EC
gadget, related to the distance of the small code via d = 2t + 1.

Let us provide a bit of intuition for these conditions. For the Gate A property, we require that
if an input state is conditioned on being r-close to a codeword, then a gate with s faults does not
push the input state more than r + s distance from any codeword assuming r + s < t. This does
not necessarily require that the input state remains near the same codeword; in reality, it can jump
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to a different codeword so long as it remains close to one. The Gate B property implies that the
input state undergoes the correct logical operation so long as it is sufficiently close to a codeword
and the gate has few faults inside. The EC A property is perhaps the trickiest to satisfy: the input
state can be arbitrary, but we require that the input state gets sent near a codeword under the
EC unit, even if the EC unit has s < ¢ faults. However, the input state needs not to be mapped
to the closest codeword, any codeword will do. Finally, the EC B property implies that if a state
is almost a codeword and a faulty error correction operation is performed on it, the state should
still remain close to the codeword so that it can still be properly read out by the ideal decoder. Of
course, we demand the total faults r + s < ¢.

Now we review the method of proving fault tolerance of simulated circuits from [23] (the figures
in this subsection are adapted from Ref. [23]). Consider circuit C and its fault-tolerant simulation
FT(C). We are going to define an extended rectangle for each operation to be a region in spacetime
containing both the operation as well as the preceding and succeeding error correction modules.
For encoding and decoding operations, it is a little different but we do not need to be currently
concerned with them. Examples are shown below:

1-qubit gate exRec 2-qubit gate exRec

(B.3)

We now define properties of extended rectangles, which we will call good/bad and correct/incorrect.
These are defined with respect to ideal decoders which are placed at the end of the circuit. The
logic is that if a rectangle does not contain too many faults, we can pull an ideal decoder through
this rectangle, replacing the physical bits of the error correcting code with a single bit and the
logical gate with a clean gate acting on the single bit. We then similarly pull decoders through the
rest of the simulated circuit to get the original circuit C.

Definition B.3 (Good/Bad exRecs). An extended rectangle is good if the total number of faults
in all of the components in its support is < t. Otherwise it is bad.

Definition B.4 (Correct/Incorrect exRecs). An extended rectangle for a single bit gate is correct

if:

and an extended rectangle for a multi-bit gate is correct if:

= EC EC=[>‘ — EC

Y

= EC EC = EC

(B.5)
Otherwise the extended rectangle is said to be incorrect.

An important result can be shown thanks to the EC and gate properties is (we reproduce the
proof below):

Proposition B.1. If an extended rectangle is good, then it is correct.
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Proof. The proof follows from the chain of diagrammatics below (assuming s; + so + s3 < t).

53

51 52 S$1 851 52 :
=EC=©=EC=[> = =EO=|]=©=EC={>
S1 81 So S1 + So S3
g
S1 81 52 g1+ 89
= —e HH H—{>—
S1 851
- P>
S1 5
O
S1
O

For completeness, we provide the properties used in each line:

e Line 1: EC A

(B.6)

e Line 1 to 2: Gate A
e Line2to3: ECB

e Line 3 to 4: Gate A (should be understood as equivalence between lines 3 and 4 due to Gate
A)

e Line 4 to 5: Gate B

o Line 5 to 6: EC A (should be understood as equivalence between lines 5 and 6 due to EC A)
O

Therefore, if all extended rectangles are good, then one can simply pull the decoder through
the entire simulated circuit F'T(C), producing the original circuit C:

Proposition B.2. If a noisy fault tolerant simulation FT(C) of circuit C has all of its extended
rectangles good, then following FT(C) with a layer of decoders D®™, one per simulated bit, results
in the same action as C.

This means that the logical information processed by the computation was unaffected by errors.
However, the likelihood that all exRecs are good is small. In the situation when an exRec is bad,
there are a couple of issues that come to mind. The first is that extended rectangles overlap. If
two bad extended rectangles overlap, we cannot properly quantify whether the faults occurred in
the support of their intersection or not. This is problematic since it could be the case that with
probability p? two exRecs can be bad, and the effective error probability per exRec is p, which
indicates no error suppression. To avoid this overcounting issue, we must ensure that no bad
extended rectangles can have overlapping support. This is fixed through a truncation procedure,
motivating the definition below:

Definition B.5 (Truncated exRec). A truncated extended rectangle is an extended rectangle where
one or more of the succeeding EC units are removed.

A truncated extended rectangle is good if the total number of faults in both the operation, pre-
ceding EC unit, and any remaining succeeding EC units is < t. Otherwise, it is bad.
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A truncated extended rectangle is correct if (for a single-bit gate):

Are {OHD>— = el >}
(B.7)

or for a two-bit gate (generalizable to an n-bit gate):

— BC — EC
— EC — EC

(B.8)
- EC - EC
- BC EC ={> EC

Else, the truncated extended rectangle is said to be incorrect.

or

(B.9)

Truncated extended rectangles have very similar properties to regular extended rectangles:
Proposition B.3. If a truncated extended rectangle is good, then it is correct.

Proof. To show that truncation does not matter we use the identity that an EC unit with zero
faults followed by an ideal decoder is equal to an ideal decoder. Then, one can simply insert an EC
unit with zero faults before the ideal decoder, and the proof reduces to that for the untruncated
case. O

Truncated extended rectangles are utilized when an extended rectangle is bad, for reasons
discussed previously. However, the way in which we assign extended rectangles is not necessarily
unique. The following procedure gives a reasonable way to assign extended rectangles which is
sufficient for our purposes. First, divide the circuit into timeslices, where each time slice contains
some number of gates. Call the depth of the circuit T

Algorithm 2 (Labeling of good and bad exRecs and truncation). The following algorithm is used
to label and truncate exRecs:

1. Start with all gates at time t =1T.

2. Construct extended rectangles for each of these gates at time t and determine whether they
are good or bad.

3. If an extended rectangle is bad, truncate all extended rectangles occurring directly before it
and which overlap with it.

4. Decrement t — t — 1 and go to step 2 with the truncated extended rectangles replacing the
assignment of extended rectangles at depth t — 1 if needed.

5. End whent = 0.

Finally, we discuss what happens when we try to pull a decoder past a bad extended rectangle,
either truncated or untruncated. For this, we need to define a x-decoder.

Definition B.6 (x-decoder). A x-decoder is a decoder with an additional data line where the
syndromes (values of check operators) are stored. It is denoted as below:

E (B.10)
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Intuitively, an ideal decoder corresponds to a *-decoder with the additional data line forgotten.
When dealing with bad rectangles, the state to be decoded is often far from a codeword and the
ideal decoder produces an incorrect result which depends on the measured sydromes. However, for
good rectangles, the state is close enough to a codeword that the correct logical operation is always
applied. This motivates the following definitions for correctness in the presence of a x-decoder.

Definition B.7. An extended rectangle is correct in the presence of a *-decoder if

e H Hec % = »

where € is an arbitrary operation (corresponding to the change in the values of the syndromes
under a logical operation,).

Proposition B.4. Correctness of any extended rectangle (truncated or otherwise) implies correct-
ness under the x-decoder.

Under a bad extended rectangle, the effective action of a gate after pulling a *-decoder through
the exRec obeys

— EC EC = ."
Oeerio

where there is a conditional action on the values of the syndromes but we do not need to know
the particular action. Importantly, this action is localized to the affected qubit and the data line
and we can continue to push the decoder past other successive good rectangles without incurring
additional failures due to previous bad exRecs.

We will now prove the main statement of the Appendix, i.e. a p-bounded error model in
thecircuit FT(C) yields an O(p**!)-bounded error model in the simulated circuit C.

Theorem B.1. Consider a circuit C and construct the fault tolerant simulation of it FT(C). If
noise model for gate failure FT(C) is p-bounded for some p, then by pulling a layer of *-decoders
through the simulated circuit, one recovers the circuit C simulated with the noise model for gate
failure that is is AptT1-bounded with some constant A.

Proof. We start by inserting x-decoders at the end of FT(C). When we pull the *-decoders through
FT(C), we obtain the circuit C with some of the components faulty. We want to determine the
probability that set F' is faulty. We know that each element in F' must have been part of a bad
extended rectangle, and for each gate U € C there is only one extended rectangle containing U.
Furthermore, due to the truncation procedure, all bad extended rectangles are disjoint. However,
though all rectangles in F' are faulty, the exact positions of these extended rectangles depend on
the number of faults in other locations in C since different fault patterns can result in the extended
rectangle associated to f € F being truncated or untruncated.

We can define a minimal set of errors as the smallest set of possible errors needed to make every
component in F' fail. In this case, we need at least t + 1 failures in an exRec corresponding to a
component in F. For one exRec R, there is a constant number of fault locations for ¢ + 1 errors
(call this constant A’), we have that (from a union bound along with the p-bounded condition):

P (R is bad) < > P (i(l),i(2), = 5) < Alpttt, (B.13)

i(1) 3(2) ... jG+D) R

The true value of A’ strongly depends the kind of gate that is contained within the exRec (and
can be considerably larger for two-bit/two-qubit gates). However, here we are going to bound
everything by some global constant A’. Let us assume that the maximum number of bits/qubits
involved in a single gate is k. Now if we want the probability that all components in f € F are
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bad (for simplicity, we will label f an integer from 1 to |F|):

P(fisbad Vf e F) = Z P(f is bad Vf € F and Ry is assignment of exRec),

{Rs}

< Z Z p(é}%...,Z‘Sf"'l)EEVfEFand Rf),
(R 69 D ery )

< Z ANFIpE+DIF] < (9k g7 pt+1)IF| (B.14)
{R¢}

where {R;} is a valid assignment of exRecs to locations in f € F following the algorithm proposed
earlier and {i;l), e ,igfﬂ) € Ry} are sets of k 4 1-tuples of fault locations in each exRec. The
third line follows from the logic described previously applied to each bad exRec along with the fact
that bad exRecs are disjoint, and the extra factor of 2¥ comes from the fact that there are at most
2FIFl possible extended rectangle configurations one can draw if F' is completely faulty. Calling

A = 2F A’ proves the claim. O

C Additional data for some of the proofs

In this Appendix, we produce the output for some of the computer-assisted proofs that were utilized
in the main text, particularly in Sec. 4 and Sec. 5.

C.1 Lemma 4.3, proof of (EC A)km

Here, we display the output of a brute force computation used to prove (EC' A)y,,, (which we
will simply refer to as EC A for brevity in the following) for Tsirelson’s automaton. Recall that
in the proof, we needed to check that running M; on an arbitrary input state and following
with Z(?B’ will not create what we call an irreversible configuration. This is simply a coarse-
grained configuration that does not have an inverse under M;. The only two such irreversible
configurations are (000111,000) and (111000111). To check that neither of these configurations is
obtained, we do the computation indicated in Table 1. In particular, labels of the columns are the
input coarse-grained configurations, where (abc); = (aaa bbb cec). Labels of rows are the damage
configurations that we Fa-add on top of the input. We then run the gadget Zf??’ o M with this
input and show its value in the corresponding cell. The fact that none of the cells contain either
of the irreversible configurations (010); or (101); means that our gadgets passed the desired test.

Note that there is an alternative proof to EC A that requires one to double the operation of
the error correction gadget and eliminates the need to do this computer search. This was used for
the toric code automaton for the purposes of making the proof shorter.

C.2 Lemma 5.5, proof of nilpotence of toric code gadgets

In this appendix we discuss the algorithm?* that was used in order to verify nilpotence of the
gadgets in the toric code automaton. Recall that when determining nilpotence of EC, we can
assume a clean input state thanks to additional assumptions discussed in the Lemma 5.5 and the
linearity property in Prop. 5.1. Algorithms 3 and 4 below explain how we show nilpotence assuming
input state that is coarse-grained to linear points of respective gadget at level £. Algorithms 5
and 6 extend the results to arbitrary level-¢ coarse-grained input for gate gadgets at level £, which
is needed to deal with damage occurring at the nonlinear points of M.

Algorithm 3. Computes level-¢ output damage for a specific level-0 g(go) gadget failure. Input: a
sequence of gadgets (g§“‘*), QYM’I), e ,Q;al)) obtained from the address [gé‘”), géaffl), . ,g§a1)7 géaﬂ)].

1. Initialize D as the set of all possible errors (damage outputs) that can be caused by failure of
the level-0 gate gé“") (which is equal to either Ty, 7Bh/v or ./\/lg/v) on its support.

34 All computer generated results in this Appendix were obtained by the code available at [25].
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Input

Damage (000); | (001); | (010); | (011); | (100); | (101); | (110); | (111),
(000 000 000) | (000); | (001); | (000); | (011); | (100); | (111); | (110)y | (111);
(001 000 000) | (000); | (001); | (000); | (011); | (100); | (111); | (110); | (111),
(010 000 000) | (000); | (001); | (000); | (011); | (100); | (111); | (110); | (111);
(011 000 000) | (100); | (111); | (110); | (111); | (00O); | (001); | (000); | (011),
(100 000 000) | (000); | (001); | (000); | (011); | (100); | (111); | (110); | (111);
(101 000 000) | (100); | (111); | (110); | (111); | (000); | (001); | (000); | (011)y
(110 000 000) | (100); | (111); | (110); | (111); | (000); | (001); | (000); | (011)y
(111 000 000) | (100); | (111); | (110); | (111); | (000); | (001); | (000); | (011)y
(000 001 000) | (000); | (001); | (000); | (011); | (100); | (111); | (110); | (111);
(000 010 000) | (000); | (001); | (000); | (011); | (100); | (111)y | (110)y | (111)y
(000 011 000) | (000); | (011); | (000); | (001); | (110); | (111); | (100); | (111),
(000 100 000) | (000); | (001); | (000); | (011); | (100); | (111)y | (110)y | (111)y
(000 101 000) | (000); | (011); | (000); | (001); | (110); | (111); | (100); | (111),
(000 110 000) | (000); | (011); | (000); | (001); | (110); | (111); | (100); | (111);
(000 111 000) | (000); | (011); | (000); | (001); | (110); | (111); | (100); | (111),

Table 1: The output of a brute-force computation showing that M is reversible with an arbitrary m = 1
damage. Only symmetry-inequivalent configurations for damage are listed. Since there are no outputs in the
form (010); or (101):, we conclude that the output of M is reversible to some clean input.

a K.
2. Start with j = 1 and the level-1 gadget Q§ 2 EC? 7.
3. Update D
v Ka. 4
D—{|3FeD: 5’:F[g§a“1)OECl® 7t e} (C.1)
where the error € is located at the spacetime location x corresponding to the level-reduced

(to level-0) address of the g;‘ijl*l) gadget within Q](.(”) o EC?Kaj (which is the information
implicitly included in the error address).

4. Setj — j+1, go to Step 3.

5. End when j = ¢, and output D.

To show nilpotence, one would need to apply this algorithm manually for all possible addresses
for errors and show that there exists a single ¢ for which the output damage set Dg, will become an
empty set. Instead, we will find it convenient to use the following simplified algorithm that includes
all possibilities for the noise while going up level by level (which may lead to an overestimate of
the nilpotence level):

Algorithm 4. Input: integer £ corresponding to the length of a gadget sequence.

1. Initialize Dz, Dyn,D1vo,Dpan, Dago as the set of all possible errors that can be caused by
failure of individual Ty, Td*, T, MPE, and MY gates on their support.

2. For each Q%a), call £, the noise effectively experienced by Gy o EC®K s a set of (x,¢)

containing errors € that are produced by failures Dz, D, and Daq at all possible locations
x in Gy o EC’? K.

3. Start with j = 1.
4. For each G, compute (or update)
&g = {(z.e)| e € Dg:, (G1oECP™) (x) =G} (C.2)

where (Ql o EC’?K) (x) determines the type of the level-0 gadget at spacetime point x inside
the level-1 gadget Gy o EC?K.
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5. For each G, update Dg via
Dg —{'|3Fec&g: e =T[Gio EC®K ¢]3. (C.3)

6. Set j — 7+ 1, go to Step 4.

7. End when j = £, output Dg for all G.

The need to separately consider vertically and horizontally oriented Ty and M gadgets arises
from the lack of 7/2 rotation symmetry of the Ry gadget. A diagram describing this computation is
illustrated below (for simplicity, we denote G’ to be the map I on G; 0 EC®X and ¢ for all possible
€ in respective &£, and abuse notation by not distinguishing between vertically- and horizontally-
oriented gadgets).

Dg(ao) Dg(a1) Dg(az) Dg(aa)

The damage sets Dg for the iterations were computed explicitly via software until they yielded
empty sets. For j = 0, it is all possible errors in the support of the respective level-0 gadget.
When j > 0, we find the damage sets to be (in the following figures, black dots represent syndrome
locations corresponding to particular damage realizations; we also denote the number of iterations
of the algorithm in the superscript of the gate)

(1) —

yn c

] T e T
wo= o L T T e ]
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For the next level up,
Dzoy= { [‘ |j D D }
(€.7)
[ e
D= { T T[T
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One curious point is that the damage configurations appear to almost always satisfy a ‘mirror’
symmetry (i.e. for every damage with syndrome o, the vertically and horizontally reflected version
of the damage is present too), even though the leading FC units to every gadget do not obey this
symmetry. The exception is in D), where the third element in the second row does not have its
horizontal reflection present. ’

An additional observation is that upon going up two levels, the gadget error model turns into
a link error model (in which the only possible gadgets failures are ones which create syndromes on
the endpoints of a single link), similar to the case of wire error model that we originally considered
for Tsirelson’s automaton (notice that the last error in D) looks like three vertical link errors;
however, an input wire-model error that looks like a failure of a single vertical link at the middle
position produces this damage as an output under an operation of noiseless 7;" gadget; thus, this
damage is equivalent to a single link failure).

Later in the proof, we also reduce the analysis some sequence of gadgets ( %‘“), g}‘”—l)’ oo g‘“))
with input syndromes (cr(”), olr=1 ... ,0(1)), assuming that each ¢(?) is coarse-grained at respec-
tive level i. We first defined the map I'[Gy, 0, €] which operates as follows: we discard the syndrome
damage o on linear points in 3y (which we can always add later to the output because of linear-
ity) and thus, assume a syndrome damage o which has support entirely on non-linear points of
respective in ;. We then evolve G; under this input with an isolated level-0 fault ¢ inside of it
before applying a clean EC’1®K , and following the output by the pushforward map ®. Then we
perform a suitable iteration of this procedure. The difference with what we did before is that we
also need to track the input syndrome at the non-linear locations of the gadgets. This procedure
is summarized by the following algorithm:

Algorithm 5. Computes level-£ output damage for a specific gadget failure Q(()ao). Input: a sequence
of gadgets (g£a7~)7 g%ar—1)7 e ial), gio)) obtained from the address [g,(,“f)7 gﬁ‘fﬁ% e Y“)’ gé“o)}}
and level-reduced input syndromes (¢, 0=V ... oW to each gadget such that o € i[gf‘“)].

1. Initialize D as a set of all possible errors (output damage) that can be caused by failure of

gg“") (which can be Iy, 76h/”, or MQ/”) in its support.

2. Start with j = 1 and the level-1 gadget Q§a1) with the corresponding input syndrome o)
supported only on nonlinear points of the gadget in 3.

3. Update D wvia
D= {|3eeD: e =T[G") oW e} (C.10)

where the error € is in addition located at the spacetime location x corresponding to the level-
reduced (to level 0) address of the Qj(cijfl) within Q](-aj) (which is the information implicitly
included in the error address).

4. Set 5 — 7+ 1, go to Step 3.
5. End when j =1, output D.

Once again, to exhaustively inspect all possibilities for errors, we use the following modified
algorithm

Algorithm 6. Input: integer r corresponding to the length of a gadget sequence.

1. Initialize Dz, Dyn, Do, Dpn, and Do as sets of all possible errors that can be caused by
failure of individual level-0 gates on their support. Denote X[G] to be the non-linear points
of the gadget G (nontrivial only for the M" M gadgets).

2. For each G, call Eg the noise effectively experienced by G1, which is a set of (x,€) containing
errors € that are produced by failures Dz, Dy, and Daq at all possible locations x in G .

3. Start with 7 = 1.
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4. For each G, compute (or update)

& = {(z,¢)| e € Dg:, Gi(x) =G'} (C.11)
where Gy (x) determines the type of the level-0 gadget at spacetime point x inside the level-1
gadget Gy .

5. For each G, update Dg via
Dg — {€'| Fe € &, 0 € B[Gi] : € =T[G1,0,¢]}. (C.12)

6. Set j — 7+ 1, go to Step 4.

7. End when j = r, output Dg.

A similar diagram can be drawn illustrating the algorithm above, although it has a bit different
structure: A diagram describing this computation is illustrated below (for simplicity, we denote
G’ to be the T map on G; and ¢ for all possible € in respective £ and all possible coarse-grained
syndromes o, and as before we abuse notation by not distinguishing between horizontally- and
vertically-oriented gates)

Dg(ao) Dg(a1) Dg(ﬂz) Dg(as)

%)

Dr é Dr ! %) - @
< s «
4 4 %
T T T
DM M DM M DM M @

The damage sets Dg for the iterations were computed explicitly via software until they yielded
empty sets. For k = 0, it is all possible errors in the support of respective level-0 gadget. For higher
k, we find the damage sets to be as shown below (here, we show respective syndromes for each
element in the list). Note that the damage sets are smaller than in Eq. C.4 because the definition
of G’ does not contain the FC gadget at the beginning, for the reasons explained in the proof of
Lemma 5.5.

For level 1, we obtain (as before, we denote the number of iterations of the algorithm that have
been completed as a superscript to the gate)

Dzoy= ||

(C.13)

o= ][]

-|HABH B
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For level 2, all damage sets are trivial except those for Mf/)h

MO ‘___’ ’_—_‘

—
Dy = ‘:
el

Notice that these damage sets also possess mirror symmetry, and that after going up two levels,
error model is reduced to be a single link failure on the M gadgets.

D

(C.16)
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