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We investigate quantum cellular automata (QCA) on one-dimensional spin
systems defined over a subalgebra of the full local operator algebra—the sym-
metric subalgebra under a finite Abelian group symmetry G. For systems
where each site carries a regular representation of G, we establish a complete
classification of such subalgebra QCAs based on two topological invariants: (1)
a surjective homomorphism from the group of subalgebra QCAs to the group
of anyon permutation symmetries in a (2+1)d G gauge theory; and (2) a gener-
alization of the Gross-Nesme-Vogts-Werner (GNVW) index that characterizes
the flow of the symmetric subalgebra. Specifically, two subalgebra QCAs cor-
respond to the same anyon permutation and share the same index if and only
if they differ by a finite-depth unitary circuit composed of G-symmetric local
gates. We also identify a set of operations that generate all subalgebra QCAs
through finite compositions. As an example, we examine the Kramers-Wannier
duality on a Zo symmetric subalgebra, demonstrating that it maps to the e-m
permutation in the two-dimensional toric code and has an irrational index of
V2. Therefore, it cannot be extended to a QCA over the full local operator
algebra and mixes nontrivially with lattice translations.
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1 Introduction

Quantum Cellular Automata (QCA) serve as models for the discrete-time evolution of
quantum many-body systems, incorporating two essential principles of quantum many-
body physics: unitarity and locality. Originally proposed as an alternative paradigm
for quantum computation [1], QCA have recently been linked to a broad range of top-
ics, including the study of invertible topological phases [2], periodically driven (Floquet)
quantum dynamics [3—-6], topological phases in many-body localized systems [7], and the
simulation of quantum field theories [8-10].

To be concrete, the general setup of QCA, as adopted in most existing literature, is as
follows [11, 12]. We consider a spatial lattice with a finite-dimensional Hilbert space (either
bosonic or fermionic) at each site. The full Hilbert space and the algebra of observables are
simply the tensor product of those on each site. The QCA evolves the system over discrete
time steps via a unitary operator or, equivalently, as an automorphism of the algebra of
observables in the Heisenberg picture. Crucially, each local operator is transformed by
the QCA into an operator with finite support on a nearby neighborhood, and the distance
between the evolved operator and the initial one is uniformly bounded by a fixed finite
constant across the entire system. In other words, QCA models discrete unitary dynamics
with a strict causal cone.

In one spatial dimension (1D), our understanding of QCAs has reached a largely mature
stage. QCAs on a spin system are completely classified by a group homomorphism to the
GNVW index [13], which takes values in positive rational numbers, with the group of finite-
depth circuits (FDCs) as the kernel (having a trivial index). This means that two QCAs
differ only by an FDC if and only if they have the same index. A representative example
of a QCA with a nontrivial index is a lattice shift. Further enrichment of the classification
arises when imposing the additional constraint that the QCA conserves a global symmetry
[14-16] or when considering the case where the underlying lattice system is fermionic [5].
QCAs in higher spatial dimensions remain a topic with many open questions that attract
active research. Recently, significant progress has been made in the classification and

construction of nontrivial examples [17-21].
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A natural question arises: Since most current discussions focus on QCAs acting on
the tensor product algebra of a lattice—i.e., the product of operator algebras at each site
(with a few exceptions [22—-24], discussed below)—can we generalize the notion of QCAs to
be defined on a subalgebra of this algebra, which may not have a tensor product structure?
What would be the classification and characterization of such QCAs? In this work, we
examine the simplest scenario by considering QCAs defined on the subalgebra that is
symmetric under a finite Abelian group symmetry.

To be precise, we start with a 1D lattice chain, assigning a spin Hilbert space to each
site. The chain is acted upon by a finite Abelian symmetry G. We assume the symmetry
is implemented as a tensor product of onsite symmetry generators, and each site carries a
regular representation of the symmetry group. The full algebra of observables is defined
as all local operators on the chain—i.e., operators with finite support for an infinite chain
or operators whose size is much smaller than the system size for a finite lattice with a
periodic boundary condition. We consider a subalgebra of this full local operator algebra,
namely, the one invariant under the G symmetry. A G-symmetric subalgebra QCA is
then defined as an automorphism of the G-symmetric subalgebra that maps each local
operator to another local operator in the same subalgebra, supported on a nearby finite
neighborhood. Note that this definition includes G-symmetric FDCs (i.e. those that
commute with the G symmetries) as special cases.

One motivation for considering QCAs on symmetric subalgebras arises from recent de-
velopment in generalized (non-invertible) symmetries [25-27]. Notably, from the viewpoint
of local operator algebras, a broad class of conventional group-like symmetries—including
tensor product symmetries, anomalous symmetries [28], and lattice translations—can
themselves be viewed as ordinary QCAs, i.e., locality-preserving automorphisms of the
full local operator algebra. A simple example of a QCA acting on a symmetric subal-
gebra is provided by the Kramers-Wannier (KW) duality. On a qubit chain with Zs
symmetry generated by the product of onsite Pauli-X operators, the KW duality defines
a locality-preserving automorphism on the Zs symmetric subalgebra via X; — Z;Z;,1 and
ZiZiv1 — Xi+1, while it annihilates all Zs-odd local operators. This can be understood as
the KW duality implementing a gauging of the Zy global symmetry [29]. This fact makes
it a QCA (specifically, an automorphism) defined only on the symmetric subalgebra. Al-
though non-invertible symmetries are an active area of research, most existing literature
focuses on case-by-case studies of specific examples (e.g., KW duality, the Kennedy-Tasaki
transformation [30]). A systematic discussion starting from the axiomatic definition of
QCA is lacking, making the full landscape of such transformations—especially a general
understanding of their equivalence classes—unclear. For instance, one may ask: what are
all possible QCAs on a symmetric subalgebra?

In this work, we present a complete classification of QCA defined on a subalgebra
symmetric under a finite Abelian group symmetry', where each site carries a regular
representation of the group. We prove that such QCAs, up to FDCs with G-symmetric
local gates, are completely classified by two “invariants”.

The first invariant is defined by how the QCA transforms two distinguished types of
operators: (1) a symmetry operator restricted to a large but finite region, which creates

!This encompasses all Tambara-Yamagami (TY) fusion categorical symmetries [31] in 1D.
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a pair of G domain walls; and (2) a product of two distant (but still finitely separated)
charged operators, such that the total charge is neutral.

We demonstrate that by arranging these operators into distinct geometries, their com-
mutation relations can be mapped to the exchange statistics of identical anyons and the
braiding statistics of distinct anyons in a 2D G-gauge theory. Consequently, a QCA on the
symmetric subalgebra corresponds to an anyon permutation symmetry. We further show
that, even without assuming translation invariance, the corresponding anyon permutation
symmetry is a global invariant determined solely by the QCA. In fact, this correspondence
establishes a surjective homomorphism from the group of subalgebra QCAs to the group
of anyon permutations. Notably, since anyon permutation symmetry can be non-Abelian,
the group of subalgebra QCAs can also be non-Abelian. This contrasts with the group of
QCAs (modulo finite-depth circuits) defined on the full operator algebra (referred to as
unitary QCAs, or uQCAs), which is always Abelian [32].

The second invariant is the generalization of the GNVW index to effectively capture
how the symmetric subalgebra is shifted under a QCA. The GNVW index itself can be
interpreted as quantifying the flow of an “incompressible conserved quantity” —quantum
information [33] or, more precisely, the dimension of the local operator algebra [13]—and it
can be computed locally at any point, yielding a universal value. In Ref. [13], this property
is termed a “locally computable global invariant.” In this work, we introduce an index
(denoted by ind) that is locally computable and reduces to the GNVW index when applied
to uQCAs. We demonstrate that this index shares many properties with the GNVW index
and can be interpreted as characterizing the flow of the subalgebra. In summary, for a
chain with a regular representation of a finite Abelian group G = [[; Zy; per site (here all
nj are prime powers, and the decomposition of G is unique up to permutation of n;), the
index has the following properties:

e The index of a QCA can take values in

ind(a) € { [T(vm)™ T1p%|a € Z. m; = 0.1}, (1)

J

where {p,} are the prime factors of |G| = [];n;. This value is a global invariant
that is independent of the specific position where it is computed.

e For two QCAs « and f3, we have ind(« o ) = ind(a)ind(8).

e An FDC with G-symmetric gates (SFDC) has index 1. Moreover, a QCA that can be
extended to a uQCA on the full operator algebra has an index equal to its GNVW
index, while those with an irrational index are not extendable to a uQCA on the full
algebra.

We also conclude that any two QCAs associated with the same anyon permutation
and the same index differ only by an FDC composed of symmetric gates.

More concretely, we further show that each QCA can be reduced to a finite composition
of the following four operations:

e A lattice translation of a sub-Hilbert space with prime dimension, implemented in a
way that commutes with the G symmetry;
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e An FDC that, when acting on a G-symmetric product state, entangles it into a
G-symmetry protected topological (SPT) state [34]. These first two operations also
appear in the classification of uQCAs. With the inclusion of additional ancilla qubits,
these two operations enumerate all possible G-symmetric uQCAs [15], up to FDCs
with symmetric gates;

e A product of onsite unitaries that implements a nontrivial outer automorphism of
the group G. Since this operation swaps between different elements of G, it is not
a symmetric uQCA. However, it constitutes an automorphism of the symmetric
subalgebra, which by definition contains operators with only trivial charge under G;

e Finally, noting that G can always be expressed as a direct product of cyclic sub-
groups, G = [[; Zy,, the last ingredient is the KW duality for each cyclic component,
Loy, -

J

We note that the two invariants are not entirely independent. This is evident from the
four “generating” QCAs: the first three classes of QCAs have integer index because they
can all be lifted to uQCAs on the full algebra. As a result, a subalgebra QCA with square
root ind must involve operations from the last class and can not be lifted to a uQCA. In

other words, QCAs corresponding to certain anyon permutations must have square root
ind.

1.1 Subalgebra QCAs and non-invertible symmetries

As discussed earlier, an important motivation for this work is the connection between
subalgebra QQCAs and non-invertible symmetries. Let us now elaborate on it more. If a
subalgebra QCA « can not be lifted to a uQCA, one can still define it as a non-invertible
operator on the full algebra, by simply composing it with the projector to the symmetric
subspace. This way « can be thought of as a non-invertible symmetry. If we have a local
Hamiltonian invariant under «, the low-energy states of the Hamiltonian typically admit
a continuum field-theoretic description, and o becomes a fusion category symmetry in the
field theory. However, one should keep in mind that there is no one-to-one correspondence
between subalgebra QQCAs (or generally, lattice non-invertible symmetries) and fusion
categories, as discussed in [35]. For example, the same KW non-invertible symmetry may
flow to different fusion category symmetries [35].

Recently, there has been considerable discussion on whether a non-invertible symmetry
mixes with lattice translations [35, 36]. Our index offers a quantitative characterization
of this mixing, which is otherwise difficult to determine when the transformation is not a
simple mapping between products of Pauli operators.

1.2 Zs subalgebra

As an illustration of our results, let us consider a familiar example of a QCA defined
on a symmetric subalgebra: the Kramers-Wannier (KW) duality on a qubit chain. The
KW duality is an automorphism of the subalgebra that commute with the Zy symmetry
X =TI, X;. It is generated by the standard set {Z;Z;11, X;}. The KW transformation
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acts on this symmetric subalgebra as follows:
KW: ZiZit1 — Xiy1, Xi— ZiZita, (2)

We will show below in Sec. 3 that ind(KW) = v/2. This makes sense as KW? is a unit
translation T, which carries GNVW index ind(T) = 2.

Our classification theorem shows that KW is the only nontrivial Zs subalgebra QCA,
up to lattice translations and sFDCs. More precisely:

Theorem. For any QCA « on the Zo symmetric subalgebra B, its action on B can be
implemented as KW9 0o TP o W, where W is an FDC with symmetric gates, T denotes the
lattice translation operator to the right, and ¢ = 0,1,p € Z; the index of the QCA is given

by V2lop,

From the 2D perspective, KW corresponds to the only nontrivial anyon permutation
symmetry in the Zs gauge theory (also known as Zs toric code). Denote the Zo electric
charge by e, and the magnetic charge by m, then e <> m is a symmetry of the topological
order. One can view the Zy symmetric subalgebra as the boundary algebra of a Zy toric
code on a disk (where the bulk is in the ground state), and then KW exactly maps to the
e <> m symmetry.

1.3 7y X Zs subalgebra

Let us now discuss a second example: a qubit chain with a Z§ x Z9 symmetry generated
by
ne= H Xi, n’= H Xi, (3)
i:even i:odd
which act on all even and all odd sites, respectively.
Besides translations, QCAs on this subalgebra are generated by the following classes:

e The KW transformations: There are two KW transformations associated with the
75 and Z§ symmetries, respectively. We denote them as KW, and KW,,.

e spt: In 1D, there is a nontrivial SPT phase protected by Z§ x Z3 symmetry, specifi-
cally the cluster chain [37-39], labeled by the nontrivial element of H?(ZyxZ, U(1)) =
Zs. The entangler spt acts on local operators as

Spt : Xz — Zi—lXiZH—l- (4)
spt transforms a product state with X; = 1 into the cluster state.

e out: The group of outer automorphisms of Zo x Zo is S3, corresponding to the
permutation of the three non-identity elements in Zy X Zs.

We remark that, since the anyon permutation symmetry group in the 2D Zs X Zs
gauge theory is (S3 x S3) X Zy, which is non-Abelian, the group of QCA on the symmetric
subalgebra is therefore also non-Abelian; see Sec. 6, in particular Fig. 10, for details.

Some cases of the QCAs have been considered in the context of non-invertible symme-
tries [40]. In particular, we can now have examples of QCAs with integer indices but are
nevertheless not uQCAs (which is impossible for Zg subalgebra QCAs)
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e First we define
o =T oKW, 0o KW,. (5)

On the generators of the symmetric algebra B, its action simply exchanges X; and
Zi_1Z;+1. Computing the index of D gives

ind(a;) = 1. (6)

Viewed as a non-invertible operator, a; provides a realization of the Rep(Dsg) fusion
category symmetry in some lattice models. The fact that ind(ay) = 1 provides
a quantitative characterization of the fact that the non-invertible operator in the
Rep(Dg) fusion category does not mix with lattice translation [40].

e We can also define

as = KW, o KW,, (7)

which implements the transformation X; — Z;Z;,.0 — X; 5 on the standard gener-
ating set of the symmetric subalgebra B. A direct computation yields

ind(ag) = 2. (8)

Viewed as a non-invertible operator, ay realizes the Rep(Hg) fusion category sym-
metry on lattice.

1.4 Structure of the paper

The rest of the paper is organized as follows.

In Sec. 2, we define the setup and the notion of QCA, as well as the equivalence
relations among them.

In Sec. 3 and 3.1, we introduce the index and establish their fundamental properties,
including its invariance under composition with FDCs consisting of symmetric gates, as
well as its independence from the specific spatial location where it is computed.

In Sec. 4, we study the simplest scenario—QCAs on the Zs symmetric subalgebra—in
greater detail and demonstrate that they can be completely classified by the index. In
Sec. 5, we generalize the discussion to a general finite Abelian group.

Sec. 6 examines a concrete example of QCAs on the Zy x Zs symmetric subalgebra
and makes connections to recent discussions on non-invertible symmetries. We conclude
our work in Sec. 7.

2 QCAs over a symmetric subalgebra

In this section, we provide a definition of a quantum cellular automaton (QCA) over a
subalgebra.

Consider an infinitely long one-dimensional lattice system Z. On each lattice site
i € Z, we assign a local Hilbert space H;, which supports an operator algebra A; that is
isomorphic to a matrix algebra over the complex number. The full algebra of operators,
A(Z), on the spin chain is defined as the algebra of all local operators. Specifically, for
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any finite subset A C Z, we denote the operators supported entirely on A (acting as the
identity elsewhere) by Ay = ®;cpA;. The full operator algebra is then given by the union
of such local algebras over all finite subsets A:?

A(Z) = UpAx. (9)

In this work, we study QCAs defined on a unital x-subalgebra B, i.e., a subalgebra
B C A(Z) that contains the identity element of A(Z) and is closed under the adjoint
(Hermitian conjugation). Specifically, we require the subalgebra B to satisfy the following
assumptions:

e For any two subsets I and J of Z, if I C J, then we have B; C B, where By is the
subalgebra of B with support fully on the interval I, and acts as identity in Z \ I.

o If INJ =g, then [B;,B;] =0.

Importantly, we do not assume that B factorizes as a tensor product of operator algebras
on each site.

Our main focus is on the subalgebra of operators invariant under a global symmetry
group G, referred to as G-symmetric subalgebra below. To illustrate, let us consider
the example of a spin chain with G = Z, symmetry. On each site, we place a local
Hilbert space Hioe = C", which we think of as the regular representation of Z,.3 The full
operator algebra on a single site, Hj,., is generated by the set {X, Z}, where X and Z are
generalized Pauli operators (e.g. X is the shift operator and Z is the clock operator). The
Z,, symmetry is generated by X = [[; X;. The symmetric subalgebra B on the lattice is
generated by a set of local unitaries {ZZTZZ-H, X}, where i labels a lattice site ¢ € Z. It is
straightforward to generalize this definition to any finite Abelian group.

We introduce some additional notation. For any two sites on the chain, ¢ and j, the
natural distance, denoted as “dist”, is given by |i—j|. We define the support of an operator
O as the smallest connected subset A C Z such that O € Ay, denoted by Supp(O).

Furthermore, for any subset A C Z, we define an “enlarged” region, denoted by At
which includes all sites within a distance no greater than [ from at least one site in A.
With these definitions, we can now define a QCA on the subalgebra B as follows:

Definition 1. A QCA « on the subalgebra B is a locality-preserving (LP) *-automorphism
of B. Specifically, it satisfies the following conditions:

o It preserves linearity, multiplication, and Hermitian conjugation:
04(6101 + 0202) = 0104(01) + CQO[(OQ),
04(0102) = a(Ol)CK(Og), (10)
a(0") = a(O),

2The quasi-local algebra on the chain can be obtained by taking the norm completion of A(Z) [41].
This added complexity, however, is irrelevant to the subsequent discussion in this work and is therefore
not addressed here.

3In this work the symmetry group G is taken to act onsite. This assumption is not essential, as shown
in Ref. [42], since any anomaly-free finite group symmetry in 1D can be transformed into an onsite form
by adding ancilla sites in the regular representation and then conjugating by a finite-depth circuit. On
the other hand, we leave the study of QCA on subalgebras symmetric under an anomalous symmetry to
future work.
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where O, O1 and O2 are local operators within B, and c1, co are complex numbers.
e It has an inverse o' defined on the subalgebra B.

e Both o and o~ are LP, which means:

Supp(a(0)) € Supp(0)*, (11)

1

where O € B, and this condition similarly holds for a™". The parameter | is referred

to as the spread of «.

We remark that, although we work here on an infinite lattice, one can also consider a
finite chain with a periodic boundary condition. The full operator algebra A then includes
all local operators on the chain with support much smaller than the system size L. We
can similarly define a QCA on a subalgebra B C A, to be an LP x-automorphism of B.
This definition remains well-defined as long as the system size L is much larger than the
spread [.

It is clear from the definition that QCAs on B form a group, where the group multipli-
cation is given by the composition, and the identity element is the identity automorphism.

A large class of QCAs on B is given by FDC made of local unitary operators in B.
Motivated by the definition of equivalence classes of QCAs in spin chains, we propose the
following definition of equivalence relation between QCAs on B:

Definition 2. Two QCAs on B, a and 3, are equivalent if
a(O) =W o B(0), VO € B, (12)

where W is an FDC with local unitary operators in B.

It is straightforward to confirm that this definition is both symmetric and transitive,
thereby establishing an equivalence relation.

It is also insightful to consider QCAs on the subalgebra B that can be embedded into
FDCs on the full algebra. Obviously, they include all FDCs made of local unitary gates
in B. However, the converse is not always true. In fact, if the subalgebra is defined by a
finite symmetry G in a spin chain where each site carries a regular representation of the
group, a complete classification of G-symmetric FDCs (i.e. FDCs commuting with ) has
been obtained in [33]. We briefly review this result as it will play an important role in our
study.

Each G-symmetric FDC is associated with an element in the second cohomology group
H?(G,U(1)). Physically, the cohomology class characterizes the SPT order created by
applying the FDC to a G-symmetric product state. The following theorem shows that the
cohomology class completely classifies G-symmetric FDCs:

Theorem 1. Let G be a finite Abelian group, and suppose each site has a local Hilbert space
in the regular representation of G. Two G-symmetric FDCs are equivalent (namely, they
differ by a FDC with G-symmetric gates), if and only if they have the same cohomology
class in H*(G,U(1)).

The proof of Theorem 1 is given in Appendix C.
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[

Figure 1: The two intervals used to define the index in Def. 3. Each of the three segments, I_ N1,
I_N1I,, and I, N1_, is chosen to have length greater than [, for reasons that will be clarified shortly.

3  The index

We now define a mathematical object, referred to as the index, which will be shown to
characterize the information flow induced by a QCA «. To do so, we first review the
definition of n(Aj, A2) [13], a measure of the overlap between two operator algebras A;
and Aj, both of which are subalgebras of A(Z). Let A; and As be two operator algebras
consisting of operators acting non-trivially on a finite-dimensional Hilbert space. Denote
a complete orthonormal basis of A; by {04}, i.e., {O,} satisfies tr(O}Oy) = 6447, Where
tr denotes the normalized trace such that tr(1) = 1, with 1 being the identity operator
on the Hilbert space where A; and Ay are defined. Similarly, let {O} be a complete
orthonormal basis for Ay. The overlap n(Aj, . Az) is defined as

n(Ar, A2) = S Jt(0loy)2, (13)
Og€AL,0,EAS

which effectively measures the dimension of the intersection of the two algebras, i.e.,

n(A1, A2) = /dim(A; N As). An important property of (A, As) is that it is basis-
1ndependent, i.e., when A4; and As are viewed as vector spaces over the complex numbers,
the overlap remains invariant under arbitrary unitary basis transformations. This can be
verified directly as follows: let V be a unitary that relates two bases, {A4,} and {A,}, of
Ai. Then we have

(A, As) = \/Z | tr(AfOy) 2

S (14)
ST VE Vi tr(AL Oy) t1(ArOf) = | ST [tr(ALOy) 2.
a,a’,a’ 0y Aa,Op
The same holds for any arbitrary basis change of As.
Definition 3. The index of a QCA « on the subalgebra B is defined as
ind(a) = M (15)

77(8*7 B+)

where By and B_ are subalgebras of B, supported non-trivially only within the intervals
I+ and I_ shown in Fig.1, respectively.

Notice that when B = A(Z), i.e., the full operator algebra, the index coincides with
the GNVW index defined in Ref.[13]. A quick verification can be done: consider the case
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where each site is assigned a d-dimensional Hilbert space, and « is the translation by
one site to the right. A direct computation shows that ind(«) = d. For a more detailed
discussion, see Ref.[43].

We establish a key property of the index, stating that the index of a QCA «a remains
invariant when composed with a finite-depth circuit (FDC) with gates contained within
the subalgebra B, provided the intervals are chosen so that 01+ and 9I_ are sufficiently
distant from each other. We denote the boundary sites of an interval I by 0I. We define
the £&-boundary of a set I, denoted by 01, to be

Ol = {r € Z : dist(r,I) < £and dist(r, I) < &}, (16)

where dist(r, I) denotes the minimal distance from site r to the set I (with dist(r,I) =0
if 7 € I), and similarly for dist(r,I), where I denotes the complement of I. An FDC
is defined as a finite-depth circuit with n layers of disjoint unitary gates, each with a
diameter bounded above by a constant .

Proposition 1. Let a be a QCA on the subalgebra B with a spread I, and let W be an
FDC whose gates lie within B. We then have:

e ind(aoW) = ind(aoW'), where W' is obtained from W by removing all gates except
those supported non-trivially within O,nI— N Ol ;

e ind(Woa)=ind(W'oa), where W' is obtained from W by removing all gates except
those supported non-trivially within O N OpxIy.

Here an FDC W acts on the algebra of operators by conjugation, i.e., W(O) = WIOW.

Proof. The proposition follows straightforwardly from the illustration in Fig. 2. The gates
that are removed perform only a unitary basis transformation of B_ or B and, as such,
do not influence the index. Let us consider the QCA « o W. The blue gates in Fig.2,
which lie outside 9,)1_, induce only a unitary basis rotation of B_ through conjugation
and can therefore be removed. For the red gates (collectively referred to as W’), we have

aoW' =a(W’)oa, (17)

where o(W’) remains a unitary in B. If W’ is positioned outside 9,1, then by Def.3,
a(W') induces only a unitary basis rotation of B, through conjugation and thus does not
affect the index. This argument similarly applies to the QCA W o a. O

Proposition 1 leads to an immediate corollary, which states that when the boundaries
of I, and I_ are sufficiently far apart, the index remains invariant under an FDC with
gates in B. Moreover, such an FDC itself has an index of 1, since the identity QCA has
an index of 1 according to Def. 3.

Corollary 1. If the minimum distance between 01+ and OI_ is greater than (n+ 1)\ +1,
the index is invariant under a finite-depth circuit W with gates in B. In particular, such
an FDC itself has an index of 1.
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Figure 2: A two-layer (n = 2) FDC. Neither the blue nor the red-colored gates affect the index as they
only perform a unitary basis transformation of B_ or B;..

3.1 Index for QCAs over the subalgebra symmetric under a finite Abelian group

Proposition 1 establishes that the index is invariant under FDCs with gates contained in
B. In this section, we demonstrate that if B is the subalgebra symmetric under a finite
Abelian group (referred to as the symmetric subalgebra below), then, given an additional
assumption on the onsite symmetry representation, the index of an LP automorphism is a
global invariant. Specifically, this implies that the index is independent of the exact length
and positions of the two intervals on Z, as long as 01 and 01_ are sufficiently separated.
We first highlight two key properties of the symmetric subalgebra, which will be crucial
for our subsequent results.

To be specific, we consider a finite Abelian group G, which is isomorphic to a direct
product of cyclic groups, G = ®;Zy;, where n; labels the order of each subgroup. On
each site, we place a local Hilbert space H;o. = ®;Vj, such that dim(V}) = n;, where each
Vj is in the regular representation of the corresponding subgroup Z,;. For simplicity in
notation, we present the following observations using the example G = Z,,, which extends
naturally to each cyclic subgroup and thus applies to a general finite Abelian group. The
full operator algebra on a single site, Hj,., is generated by the set {X, Z}, where X and
Z are generalized Pauli operators. The symmetric subalgebra B satisfies the following
properties:

e The symmetric subalgebra B on the lattice is generated by a set of local unitaries
{ZZTZi+1,Xi}, where ¢ labels a lattice site ¢ € Z. An important property of B is
that it has a complete orthonormal basis, with each element being a product of
elements from this generating set. Hereafter we refer to the above generating set as
the standard generating set of the symmetric subalgebra.

e In this generating set, the elements commute up to a phase.

e For any finite subset I C Z, denote by B; and A; the subalgebras of B and A(Z),
respectively, that are fully supported on I. The commutant of By in Ay is generated
by the symmetry operator restricted to the region I, i.e., gr = [[;¢; XA

It is important to note the significance of the specific choice of local Hilbert space
Hioe, for which we provide an illustrative counterexample: Consider a chain with a three-

4This is because, by definition, B; is the commutant of gr in A;. Its commutant in A; is therefore
the double commutant of gr, which, by the von Neumann double commutant theorem, coincides with the
algebra generated by gr.
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dimensional Hilbert space per site, which is a direct sum of Zsy even and odd components:
Hi = HS & HY, where dim(H§) = 1 and dim(H?) = 2 for all sites i € Z. We denote such
a local Hilbert space as H; = C!2, and a single-site Zo odd operator at site i as 0¢. On
each site, there are no Zs-odd unitary operators. Consequently, within this specific Hilbert
space, the symmetric subalgebra—in particular, the two-site operator OO7 (1 # j), which
clearly lies in the Zs symmetric subalgebra—cannot be generated by a set of Zo-symmetric
unitaries. Hereafter, we focus on the case where each site carries a regular representation
of the symmetry, and we comment on where this assumption is important.
In Def.1, we define a QCA such that both a and its inverse o~ ! are LP. In fact, if « is
a QCA on a symmetric algebra B with spread [, it is automatically guaranteed that a~!
is also a QCA with the same spread. This can be seen as follows: Consider a finite subset
I C Z, and denote the symmetric algebra on I as By. Let J be the set of sites at least
distance [ away from I, i.e., J = Z \ I, and define the symmetric algebra on J as Bj.
Since « has a spread [, we have
[B[,O[(BJ)] = 0. (18)

Because « is an automorphism of the symmetric algebra, it follows that
0™ (B1), By] = 0. (19)

This implies that a~!(Bj) either acts on J as the identity or as [I;cs X;. However, the

1

latter possibility is excluded because o~ must map local operators to local operators

within B, and [];c; X; is a nonlocal operator acting on the entire region J. Therefore,
a~ ! is also an LP automorphism with spread .

The following lemma will be useful in the subsequent discussion:

Lemma 1. A QCA « on a symmetric subalgebra B preserves the Hilbert-Schmidt inner
product, defined in terms of the normalized trace. Specifically, we have

tr[o(01) (0y)] = tr(0]0), (20)

for operators O1,04 € B.

Proof: By the linearity of o, and the fact that the standard generating set can generate
B, it suffices to prove the lemma for O; and O; that are products of elements in the
standard generating set. We consider two cases: (1) When O; = O3, we need to show that
tr[a(O1)Ta(02)] = 1. This follows directly since

tr[a(O1) a(0y)] = trla(0109)] = tr(1) = 1. (21)

(2) When O; # Og, their inner product is zero. This is because there always exists
an element O in the standard generating set such that OTOIOQO = wO}LOQ, where w is a
nontrivial phase factor, i.e., w # 1. Thus, we have

tr[a(01) a(09)] = tr[a(0)Ta(01) a(02)a(0)]

= tr[a(010]0,0)] = wtr[a(01)Ta(02)). 22)

Since w # 1, it follows that tr[a(O1)Ta(O2)] = 0, completing the proof of the lemma. [
We now establish two fundamental properties of the index for a QCA on the symmetric
subalgebra B. The first property asserts that the index of a QCA « on B is a global
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invariant; that is, its value is independent of the specific choice of intervals I, and I_,
provided they are sufficiently large. Let us denote the index calculated on the intervals
I_ and Iy asind(a)[I_, I4].

Theorem 2. If B is a symmetric subalgebra, and o is a QCA defined on B with operator
spreading length [, then ind(a)[I_, I1] = ind(«)[I_\a, I ], where a denotes sites outside of
OLy. Similarly, we have ind(a)[I_-, I+] = ind(«a)[I_, I+ \ b], where b denotes sites outside
of OjI_.

Proof. The two intervals are illustrated in Fig. 3, where we aim to show that the index
remains invariant after truncating a from I_, where a is the union of sites in a_ and
a4. Let us denote the standard generating sets on I_ and I, by A and B, respectively.
The subset of A supported non-trivially on a_ is labeled A_, the subset supported non-
trivially on a4 is labeled Ay, and the remainder of the set, A\ (A_ U A, ), is denoted
by A’. The index of a, computed using the intervals I_ and I, can be expressed as
ind(a)[I-,I+] = %, where (A) denotes the algebra generated by the set A. The

numerator can be evaluated as follows:

n(a((A)), (B)) = V > | tr[a(0_)ia(0) (O )T M]P?

O_€({A_),0e(A"),04€(AL),Me(B)

, (23)
= Jaim(A) xS [tfa(0)fM]P
O€e(A"Y,Me(B)
where we have employed the following observations:

o The overlap can be computed using the complete orthonormal basis of (A), where
each element is a product of elements in A, and similarly for (B). The term inside
the square root is nonzero only when O_ is the identity. This is because M can be
written as M = a(M'), where M' = o~ 1(M) is trivially supported on a_, given that
a~! has a spread of [. Consequently, using Lemma 1, we have

tr[e(0-)fa(0) a(01)TM] = tr(OT OTO1 M), (24)
which is nonzero only when O_ is the identity.

o+ The operator a(O,)' is a unitary contained within the algebra (B), since « is a
QCA on B with a spread [. When multiplied by M, it results only in a unitary
basis transformation of (B) through the left regular representation. Therefore, the
term inside the square root remains the same for any unitary operator Oy € (A, ),
contributing a factor of dim((A4)), which represents the dimension of the algebra
(A4) as a vector space.

Computing the denominator in the same way results in

n({4), (B)) = \/dim(<A+>) x Y, |u(0tM)2 (25)

O€e(A’Y,Me(B)

The first part of the theorem follows by noting that A’ generates the symmetric subalgebra
on I_ \ a. Observing that

ind(@)[I_. 1] = nfe((4)), (B)] _ 77[<A>,04‘1(<B>)]’ (26)

n({4), (B)) n({4), (B))
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and by repeating the argument presented above, we establish the second part of the
theorem. O

A direct consequence of Theorem 2 is that, although the index of a QCA is computed
locally, it serves as a global invariant. Specifically, one can expand, shrink, or move the
intervals arbitrarily, as long as 9;/_ and 0;11 do not intersect, and still obtain the same
index value, determined solely by the QCA «. This property is reminiscent of the GNVW
index of a unitary QCA (uQCA), referred to as a “locally computable global invariant”
in Ref. [13].

Secondly, the index is inverted under spatial reflection. The intuition behind this result
is that the index quantifies a “fHlow” of the subalgebra B under « to the right; hence, it
becomes inverted when measured to the left.

Proposition 2. If we define a reflected index for a QCA on the symmetric subalgebra B
by exchanging I_ and I, specifically:

n((By),B-)

nd:(0) == 5, By

then the following relation holds:

ind(a)ind, (o) = 1. (28)

Proof. Consider the geometry shown in Fig. 4. Let B, A_, and A, represent the standard
generating sets fully supported on the intervals J, I_, and I, respectively. Define A,,
as the elements in the standard generating set that are nontrivially supported within
the interval [, (so that the generators on 0I,, also have support in I_ or I). Let
I=1_UlI,Ul,. The intervals I_, I,,, and I, are adjacent and non-overlapping, chosen
such that J N oI = @, 0J N oL, = &, and the length of I, exceeds 2] + 1. Clearly,
A=A_UA;UA,, generates the symmetric algebra on I = I_ U I, U I;. We then have:

n(a((4)), (B)) = nl(A),a” ((B))] = n((4), (B)), (29)

due to (1) « preserving the Hilbert-Schmidt inner product as per Lemma 1, and (2)
a~1((B)) C (A), because a is a QCA with spread [. Further, by a same argument as that
leading to Eq.(23), we find:

n(e((4)), (B)) = \/dim((Am)) x nla((A-)), (B)] x nla((A1)), (B)], (30)
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Figure 4. The middle region I,,, shown in red, is selected to have a length greater than 27 + 1.

where we used the facts that (1) «({A,,)) is supported in J and, when multiplied with (B),
only induces a unitary basis transformation of (B), contributing a factor /dim((A,,)); and
(2) the distance between Supp[a({A_))] and Supp[a((A4))] exceeds 1 (since I, has length
greater than 2/+ 1), so they overlap with two subalgebras of (B) that are spatially disjoint,
resulting in

nfe({(A-) @ (Ay), (B)] = nla((A-)), (B)] x n[a((A+)), (B)]. (31)

Calculating the right-hand side of Eq. (29) yields:

n((A), (B)) = y/dim((Am)) x n[(A-), (B)] x n[{A4), (B)], (32)
from which Prop. 2 follows. O

Let us now illustrate the definition using the example of the KW duality in Eq.
(2), viewed as a QCA on the Zy symmetric subalgebra generated by the standard set
{Z;Z;i11, X;}. Recall that the KW transformation acts on this symmetric subalgebra as
follows:

KW . ZiZi—H — Xi-i-ly X; — ZiZi+1a (33)

which preserves locality with a spread [ = 1. To compute the index, we take two intervals
I_ and I, overlapping on & > 1 sites, and denote the standard generating sets fully
supported on these intervals as A_ and A, respectively. According to Def. 3, the index

is given by
KW((A_)), (A4)]

n((A-), (A4))

ind(KW) = (34)

where

e A_ and Ay share 26 — 1 common elements (specifically, £ X; operators and (£ — 1)
Z;Z; 41 operators), each of which has order 2. Thus, the denominator is n((A_), (44))

1/22&—1;

o KW(A_) and A, share 2¢ common elements—the additional one being Z;Z;,1 €
A_, where j + 1 is the leftmost site of I, which transforms into X;;; € A,.
Therefore, the numerator is n[KW((A_)), (A})] = V22%.

Combining these, we find ind(KW) = /2. The fact that the index is not 1 provides
a quantitative characterization of how the KW transformation intertwines with lattice
translation [35].
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Before closing this section, we note that recent work [23] have proposed generalizations
of the GNVW index to algebras without a tensor product structure, using abstract von
Neumann algebra theory and the Jones index for subfactors. However, in these approaches,
the proposed index relies on analyzing the transformation of a subalgebra on a half-infinite
chain, which is not locally computable and is challenging to extend to systems with periodic
boundary conditions [23]. We will examine the relationship between these two indices in
a forthcoming work [44].

4  QCAs over the Zs symmetric subalgebra

In this section, we delve deeper into QCA’s defined on the Zs symmetric subalgebra.
Specifically, we demonstrate that QCA’s on the Zy symmetric subalgebra are completely
classified by their index. Moreover, we establish a homomorphism from the group of QCA’s
to a Zs invariant—which measures whether the index is rational or not—that determines
whether the QCA on B can be extended to a uQCA on the full operator algebra A(Z). We
also highlight the connection of our index to one defined on a 1D fermionic system. As we
will discuss, many of the arguments presented here can be generalized to other symmetric
subalgebras in a straightforward manner.

4.1 Transformations of string operators

We begin by defining two types of string operators that play a central role in the subsequent
discussions: (1) the symmetry string Sx = [[-,,, Xi, confined to a finite region with length
|n—m| much larger than the spread [ of the QCA « (specifically, [n—m/| > 2(2(+1)2+2l, for
reasons that will become clear shortly); and (2) the long-range charge-hopping operator
Sy = ZmZy with |n —m| > 2(20 + 2)? + 2, which we refer to as the charge string.’
These two types of string operators are referred to as patch operators in Ref.[45, 46], and
physically correspond to creating a pair of charges or domain walls at large separations.
The assumption that o is a QCA on B imposes strong constraints on the behavior of these
operators.

Proposition 3. Under a, the possible transformations of the operator Sx are: (1) a(Sx) =
OLS)_(ZOR, where Op, and Ogr are unitary operators supported within a distance I from m
and n, respectively, and S)_(l = H;-;f;rllﬂ Xi, or (2) a(Sx) = OrORg, which is a product
of local unitaries supported within a distance | from m and n, respectively.

Similarly, the charge string Sz is transformed, under a, to either (1) a(Sz) = Vi, Vg,
or (2) a(Sz) = ViS5V, where Vi, and Vg are unitaries supported within a distance |

from m and n, respectively.

Proof. We first examine the symmetry string Sxy. We denote the standard generating set
on the interval A = [m, n] by A, and the subset supported solely on A~ = [m+14+1,n—1—1]
by B. Since « is an automorphism of B, it holds that

a(Sx)a(0) = a(O)a(Sx) (35)

SHereafter, we always assume the length of a string operator to be larger than 2(21 + 2)2 + 21.

Accepted in {uantum 2026-05-22, click title to verify. Published under CC-BY 4.0. 17



for any arbitrary Zs-even operator O with Supp(O) C A. Since a~! is also a QCA on B
with the same spread [, it follows that (B) C «((A)). Thus, a(Sx) must commute with
(B), the subalgebra of B supported solely on A~!. Consequently, it must act on A~! either
as the identity or as S)_(l:

a(Sx) =01 ®1+ 02 ® Sy, (36)

where O1 and O, are operators supported only within 9;A, due to the LP nature of .
The unitarity of Sx further imposes the conditions

010, + 010y =1,

(37)
0105 + 0}0, = 0.

Moreover, note that Sx is a depth-1 FDC consisting of gates within the symmetric
algebra. Since « is a locality-preserving automorphism of B, each «(X;) is a unitary
supported on at most (2! 4 1) sites. Therefore, one can arrange «(Sx) as an FDC with at
most (2( + 1) layers of disjoint gates. Consequently, a(Sx) is a uQCA with spread upper
bounded by (21 + 1)2. Hence, we have

Supp|a(Sx)O0a(Sx)'] € Supp(0)+E+D?, (38)

for any operator O with Supp(O) € A~'. Specifically, when |n — m| > 2(20 4+ 1) + 21,
one can choose O as a Zs-odd operator supported on A~ whose distance to 9A is greater
than (20 4 1)2. As a result, Eq.(38) requires that

010, — 0}0, = +1,

(39)
010, — 0}0, = 0.

Combining these results with Eq. (37), we deduce that one of O; and O is a unitary
operator, while the other is zero.

Finally, we demonstrate that O; and Oy must factorize as a product of unitary oper-
ators supported near m and n, respectively. Suppose O; # 0. Since a(Sx) is a FDC with
spread (21 + 1)%, when |n —m| > (21 +1)? + 2l, we must have Supp(OlOOD C OAN[m—
(20+1)2 =1, m~+ (21+1)2+1] = [m—1,m+1] for arbitrary O with Supp(O) C [m—1,m+I],
and similarly for Supp(O) C [n —I,n + []. We therefore conclude that O; = Or,Opr with
the desired property stated in Prop. 3.

Since Sz is a depth-2 FDC, i.e., Sy = ?;Wll Z;iZit1, the operator «(Sz) can be ar-
ranged as an FDC with (2/+42) layers of gates, each with a size bounded above by (21 +2).
The transformation rule for the charge string Sz then follows similarly. O

Prop. 3 imposes a constraint on the transformation of strings defined on a specific
large interval A = [m,n].6 As we will now demonstrate, even without assuming translation
invariance, the form of the transformation (i.e., either possibility (1) or (2) in Prop. 3) is
a global invariant, meaning it does not depend on the specific choice of interval, as long
as its length is sufficiently large. Furthermore, by considering the composition rules and
commutation relations between two strings, we can further constrain the transformation
rules:

5The proof of Prop.3 relies on the two string operators, Sx and Sz, being FDCs, a property that may
not hold when the onsite Hilbert space carries a general representation of G. This is one reason we focus
on an onsite Hilbert space in the regular representation.
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Figure 5: Both intervals, A; = [a, b] and Ao, have lengths greater than 2(2[ + 2)% + 2[, with their right
endpoints coinciding at the site b. The distance between their left endpoints exceeds 21.

Proposition 4. Under «, the boundary unitary operators Or, and Og (and similarly for
Vi and Vg) defined in Prop. 3 must have well-defined parity. Moreover, there are two

consistent transformation rules:

e a(Sx) = OLS;(IOR, with O, and Og being Zs even, and «(Sz) = VL.Vg, with Vi,
and Vg being Zo odd, or

e a(Sx) = OrOg, with O and Or being Za odd, and o(Sz) = VLS)_(IVR, with Vi,
and Vg being Zo even,

where the form of the transformation is independent of the specific interval on which the

string is supported.

Proof. Let us first consider the symmetry string Sx. Since « is a QCA on the Zs symmetric
subalgebra, both O, and Or must commute with the Zy global symmetry up to a phase,
with their phases canceling out. Further, note that

1 = a(Sx)a(Sx) = 07 0%, (40)

which requires the phase to be +1. Therefore, O; and Or must have well-defined and
identical Zso parity. Similarly, the same reasoning shows that V7, and Vi must have well-
defined, same Zy parity. Since « is a s-automorphism of B, the product OrOr (and
similarly V7,Vg) is Hermitian. We adopt the convention that each of these boundary
operators is individually Hermitian, which can always be achieved by an opposite phase
rotation between O, and Og.

To demonstrate that the form of the transformation is a global invariant, consider two
symmetry strings arranged as depicted in Fig. 5, where the right endpoints of the two
strings coincide exactly at the same lattice site. Since

(4 a(S42) = a(sy ), (41)

and this is supported within (A \ A2)*! due to the LP nature of «, it follows that (1) S’é}l
and Sé\f must have the same transformation form as in Prop. 3. Specifically,

e a(SY) = 0rSx(AT)OR and a(SY?) = O}, Sx (A3')O, where Sx (A7) = [T[:2020 71 X,
is the symmetry string supported in the interior of A;, and similarly for Sx (A5 b,
Here, Oy, and Op are unitaries supported within a distance [ from the left and right
boundaries of Ay, respectively, and similarly for O} and O}, or
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Figure 6: Both intervals, A; and Ay, have lengths greater than 2(20 +2)2 + 21, with 9;A; N A, = 2.

e a(S%) = 0L0g and a(S%?) = O} 0%;

and (2) O = OY%. By considering two symmetry strings with identical left endpoints and
applying the same argument to the charge string, we establish that the transformation
rule of string operators is a global invariant determined solely by the QCA «, i.e., one can
arbitrarily expand, shrink, or move the strings, and their transformations under « remain
invariant.

Finally, the two consistent charge assignments can be determined by analyzing the
commutation relations between strings, which can be categorized into two cases:

e For two strings of the same type, i.e., either both symmetry strings or both charge
strings, we arrange them as shown in Fig. 5. The fact that a is an automorphism
of the symmetric algebra imposes the following constraint:

a(SY)a(SY) = a(S¥)a(Sy),

42
a(52)a(S2). )

2
N
e

5
N
g
I

e For two strings of distinct types, i.e., one symmetry string and one charge string,
we arrange them as depicted in Fig. 6. The fact that o is an automorphism of the
symmetric algebra imposes the following constraint:

a(S¥)a(Sy?) = —a(Sy*)a(Sy). (43)

By combining these two constraints, one arrives at the two consistent transformations
stated in the Proposition. O

In the following section, we will highlight the connection between the transformation
rules of strings and anyon permutation symmetries in 2D G gauge theory. For now, simply
note that the two consistent transformations are either leaving the string type unchanged
or swapping the charge string with a symmetry string, and vice versa. An example of
a QCA satisfying the first transformation rule in Prop. 4 is an FDC with symmetric
gates, i.e., each gate commutes with the Zy global symmetry. In contrast, the KW duality
provides an instance of the second transformation rule in Prop. 4. Specifically, we have

n
KW( H Xz) = ZmZn—Ha
KW(ZnZy) = [[ X
i=m+1
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Figure 7: If W is an sFDC, then (W) is also an sFDC.

4.2 The classification

It is known that for uQCA’s in 1D, i.e., QCA’s defined on the entire operator algebra
A(Z), the complete classification is given by the GNVW index [13]. In particular, 1D
uQCA’s form a group under finite composition, where finite-depth circuits constitute a
normal subgroup. The group of 1D uQCA’s defined on a spin system, modulo finite-depth
circuits, is isomorphic to a group of rational numbers under multiplication:

uQCA/FDC = [] p¥, (45)

where the set {p;} includes all prime divisors of the local Hilbert space dimension d (as-
suming the local Hilbert spaces are uniform across lattice sites), and {g;} are integers. The
physical interpretation of Eq.(45) is that a p;-dimensional subspace at each site is shifted
by g; sites.

In the remainder of this section, we will demonstrate that, similarly, QCA’s defined
on the Zy symmetric subalgebra are completely classified by the index in Def. 3.

Theorem 3. QCA’s on the Zy symmetric subalgebra B form a group under finite compo-
sition, with the subgroup of FDC’s with Zs symmetric gates being normal. Furthermore,
for any QCA «, its action on B can be implemented in one of the following forms:

e T9oWT, where W is an FDC with symmetric gates, T denotes the lattice translation
operator to the right, and q € Z;

e KWoT%0 W', where W is an FDC with symmetric gates.

Proof. 1t is straightforward to verify that LP automorphisms of the symmetric algebra
form a group under finite composition. We now demonstrate that sFDC’s form a normal
subgroup. For a given sFDC W, we have a o W o a~! = a(W). Therefore, it suffices to
show that a(W) remains an sEDC. This follows directly, as illustrated in Fig. 7, where we
depict a single layer of gates, with the spread of o taken as 1. Under «, each unitary gate
is mapped to another local unitary with larger (but still finite) support. The resulting
gates can then be rearranged into multiple, but finitely many, layers, with gates in the
same layer having disjoint supports. Since the original gates in a single layer commute
with each other, the transformed ones do as well, so their order remains irrelevant. As W
consists of finitely many such layers, we conclude that a(W) is an sFDC.

Now we demonstrate the second part of the theorem. The approach involves analyzing
the action of the QCA on a subalgebra of B, which is isomorphic to the full operator
algebra on a finite interval. The argument is organized into five steps.
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Step 1: To begin, we coarse-grain the system by grouping every [ sites into a new unit
cell, effectively reducing the spread of the QCA « to 1. Here, we focus on a subalgebra of B
that is isomorphic to the full operator algebra supported on a finite interval. Specifically,
for each single-site Z operator in the unit cells labeled by 2n and 2n+ 1 in Fig.8 (denoted
as Io, and Io,11, respectively), we define an operator

Z; = ZiZm, (46)

where m — i > 2(21 + 2)? + 2I. The set of all such operators with i € Is, U Iy,11 is
denoted by A$,. Additionally, we denote the set of single-site X operators in I3, U Izp4+1
as Agy,. It is important to note that, unlike operators in As,, operators in A$, have a right
component fixed on site m, located well outside the interval I, U I, 1. Two observations
will be crucial in the following discussion.

o The algebra B, = (Ao, A5,) forms a subalgebra of the symmetric subalgebra B,
thus having a well-defined transformation under «. For each generator of Ba,, we
can further define a local Zs parity by examining the portion supported within
I5y, U Iop41: operators in Aj, are classified as locally even, while those in A$,, are
classified as locally odd. By construction, any operator in Bs, can then be expressed
as a linear combination of both locally even and locally odd operators.

o The algebra Ba,, generated by A3, = {z|i € Iz, U Iop41} and Az, = {Xi]i €
I3, U941}, is isomorphic to the algebra of all operators supported within I, U/l2,1,
denoted by Oz, ® Oz 1. This isomorphism is given by the map:

att Zl =z = ZZZm, (47)

We then repeat this construction for nearby unit cells [Iog, Ior+1] (K +3 <n <t —3),

where [Ty, Io;+1] denotes all sites covered by the unit cells from Iox to Io;1. We require

these unit cells to be at a distance greater than 2(2/ + 2)? + 2I from the site m. For

example, we define Ba,_o = (Aap_9, A3, o), where Agy,_o = {X;|i € Io,—2 U Iz,_1} and
AS$,,_o is a set of operators defined by

2i = ZLiZom, Vi € Iop_o U oy . (48)

Importantly, all locally odd operators (i.e., those formed by a product of an odd opera-
tor in [Iog, Io;+1] and another odd operator far away) share the same right endpoint Z,,.
This approach allows us to construct a sequence of mutually commuting algebras, de-
noted Bag, ..., Bs. By construction, these algebras commute with each other. It is also
straightforward to verify that the algebra generated by this sequence,

M = (Bog, . .., Bay), (49)

is isomorphic to the full operator algebra supported on the interval [Iof, I2;4+1]. In partic-
ular, M contains the Zs symmetric subalgebra supported within the interval [Iog, Ioi11].

Step 2: We now construct another sequence of algebras, which can be regarded as
the “image” of the algebra sequence from Step 1 under the QCA «. Let us consider the
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transformation of a locally odd operator as defined in Eq.(46). Provided that the distance
between ¢ and m is sufficiently large, this operator must transform in accordance with one
of the cases in Prop.4. For the moment, we focus on the first case, specifically,

a(zi) = VLVg, (50)

where Vy, and Vi are Zs-odd unitaries with supports in [i — I,i 4[] and [m — I,m + ],
respectively, each chosen to be Hermitian. Since all locally odd operators defined in Step
1 share the right endpoint operator Z,,, Prop.4 implies that the right endpoint component
of a(z;), namely Vg, is identical for all these operators. This observation motivates us to
define a new set of locally odd operators as

2l = Z;Vg, (51)

where the right-hand component is now the transformed operator. Since Vg is Zo-odd,
each 2] is contained in B. We then define Co;,—1 = (42,1, A3,,_1), where Ag,_; denotes
the set of single-site X operators on lo,—1 U Ia,, and A3, ; = {z[|i € Iop—1 U Iz, }.
Similarly, we repeat this construction for nearby unit cells [Iox_1, [2¢42]. For example, we
define Copq1 = (A2n41, A9, 1), Where A, 11 consists of X operators on Iy, 41U I2,42, and
A3, 1 = {#]i € Ippg1 U lopyo}. This procedure generates a new sequence of algebras,
denoted by Cor_1,...,Coty1-

Again, by construction, the algebras within the sequence Cox_1,...,Corr1 have the
following properties: (1) they commute with each other; and (2) the algebra generated by
this sequence,

N = (Cok_1,---,Cots1), (52)

is isomorphic to the algebra of all operators supported within the interval [Iox_1, [oi+2],
and, in particular, contains the subalgebra of B that is fully supported within [Iox_1, [2t12].

Step 3: In this step, we analyze the transformation of Bs, under the QCA «. Let us
begin by selecting an element b € Ba,. Under the action of the QCA, «(b) clearly lies
within Cop—1 ® Can+1, since b can be expressed as a linear combination of locally even and
locally odd operators, all of which are mapped into Cop—1 ® Cop1.

To proceed further, we introduce the concept of a support algebra [13, 47]. Generally,
given a subalgebra A C B; ® By of a tensor product of two finite-dimensional algebras,
and selecting linearly independent bases {a,} for A and {bi} for By, each element of the
basis {a,} can be uniquely expanded as

ay =Y b, @b (53)
"

with bll,“ € Bj. The support algebra of A in By, denoted S(A, 1), is the algebra generated
by the set {biu} arising in this expansion, where v ranges over all basis elements of A. This
support algebra has two useful properties [13]: (1) S(A, B1), as constructed, is independent
of the choice of basis, and is the smallest subalgebra C of B; such that A C C ® Bs; and
(2) if subalgebras A; C By ® By and Ay C By ® By commute within B; ® Bs ® Bs, then
S(Aq,Bs) and S(Ag, By) commute within Bs.

Given that a(Bg2,) C Capn—1 ® Copnt1, we can define the support algebras of «(Bay)
within Cyp,—1 and Copy1, respectively:

£2n = S(Q(BQn)a C2n—1)a

(54)
Ron = S(Q(an), C2n+1)a

Accepted in {uantum 2026-05-22, click title to verify. Published under CC-BY 4.0. 23



CZn—l

| 2n—-2
|
| | | | | | |

Ban—» Ba,

Zn—lI 2n

2n+1I |

Figure 8: The unit cell structure of the chain: The locally even piece and the left portion of the locally
odd piece in By, are supported within I, U I, 41.

for n € [k, t]. A geometric illustration of these algebras is provided in Fig 8. Note that all
support algebras thus obtained are mutually commuting, which follows from the mutual
commutativity of distinct Ba,’s and property (2) from the preceding paragraph (needed
to show that Lo, and Rao,—2 commute). Moreover, since By, is closed under Hermitian
conjugation (adjoint) and « preserves this operation, the support algebras are also closed
under taking the adjoint.

We now show that all support algebras Lo, and Ry, for n € [k+1,t—1] are isomorphic
to matrix algebras, and having a basis in which each element has a well-defined local Zs
parity: in mathematical terms, these algebras are Zy graded algebras [48]. The argument
can be divided into four parts:

e We first prove that
a(Bay) = Lo ® Rop, n € [k +1,t—1]. (55)

By the definition of support algebras, we have a(Bay,) C Lo, @ Rap. If a(Bay,) were
a strict subset, i.e., a(B2,) C Lo, ® Raop, then there would exist a non-identity
element € € L, ® Roy, in the relative commutant of a(By,)” that commutes with
a(Bgyj) for all j € [k,t]. In fact, a(By;) with j # n lies within other support algebras
and therefore commutes with L2, ® Ra,. Consequently, a~!(¢) commutes with the
algebra M. For n € [k + 1,¢ — 1], it also holds that a~!(¢) € M. This implies that
a~!(e), and hence ¢, must be the identity, as M, being a matrix algebra, has no
nontrivial center [41]. This establishes Eq.(55).

e We observe that
Con—1 = Ron—2 ® Lo, (56)

forn € [k+1,t—1]. Clearly, Rop—2®Lay C Cop—1. If Rop_o®Ls), were a strict subset,
i.e., Rop—2® Loy S Cap—1, then there would be a non-identity element € € Cy,—1 that
commutes with all support algebras. This implies that a~!(e) € M commutes with
the algebra M, which is isomorphic to a matrix algebra. However, this is impossible
by the same argument as in the previous paragraph.

"Because a(Bayn) and L2, ® Ray are both closed under taking adjoint, they are semisimple and, by the
Wedderburn-Artin theorem, are isomorphic to direct sums of matrix algebras. Consequently, if a(B2,) C
Lon ® Raon, the relative commutant of a(B2,) must contain non-identity elements.
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o The support algebras Ly, and Ra, for n € [k + 1,t — 1] are each isomorphic to a
matrix algebra. This follows because, for these values of n, we see from Eq.(55) that

By, = ail(ﬁgn ® Ran) = ail(ﬁgn) & Oéil(RQn). (57)

If any one of these support algebras for n € [k+1,¢—1] had a non-trivial center, then
Bay, would also have a non-trivial center. This is not possible since Bs,, is isomorphic
to a matrix algebra, i.e., the algebra of all operators on [Ia,, Iont+1]. Thus, each
of Lo, and Roy, for n € [k + 1,¢ — 1] must have a trivial center and therefore be
isomorphic to a matrix algebra (by the Wedderburn-Artin Theorem [41]).

o Finally, we demonstrate that each support algebra is a Zs-graded algebra, i.e., each
has a basis in which every element possesses a well-defined local parity. This is
straightforward: in Eq.(53), we can select the basis {a,} for a(Bs,) and {bi} for
Con+1 such that each element in both bases has a well-defined local parity. There-
fore, each element in {biu} also has a well-defined parity. Consequently, the support
algebra S(a(Bazp),Canr1) possesses a basis in which each element exhibits a spe-
cific local parity. By the construction of Co,11, we see that each Lo, has a basis
{MQLT;“ , NQLn’U ® Vr}, where {MQLn’“ } represents the locally even operators, fully sup-
ported within I, 1 UIs,, and {NQLn’U ®VRr} represents the locally odd operators, with
NQLf being Zs odd and supported within 5,1 U I5,. A similar argument applies to

Ran, for which we obtain a basis {anj"7 NQR,f ® Vgr}.
Combining these results: from Egs. (55) and (56), we find that for n € [k + 1, — 1],

dim(Ba,) = dim(Lsy),) x dim(Ray,),

(58)
dim(CQn_l) = dim(ﬁgn) X dim(RQn_Q),

which implies that {Ls,} are isomorphic to 292 x 2% matrix algebras, and {Ro;} are
isomorphic to 297 x 2% matrix algebras, with dj, + dg = 2I. Notably, the dimensions of
the matrix algebras, dr, are identical for all n € [k + 1,¢ — 1], and the same holds for dp.

Step 4: In the fourth step, we demonstrate that a QCA with the first type of transfor-
mation rule, as described in Prop. 4, acts on the symmetric subalgebra, up to an sFDC,
as a translation. We begin by constructing local gates supported within [Iog, I2¢41], col-
lectively denoted as Wy, which satisfy

WA (e] Tﬁq (¢] Oé(Xl) = XZ

(59)
WhaoT %0 OC(ZZZm) = ZQVI/%,

where i € [Igg42, [2t—1], and V}, is an odd operator supported near the distant site m,
which is both unitary and Hermitian. Eq. (59) implies that the standard generating set
of B within [Iog12, I2;—1], and hence its subalgebra supported on this interval, is invariant
under W o T™? 0 . By extending this construction to an FDC W over the entire chain,
we conclude that a, when acting on the symmetric subalgebra, is equivalent to

a(B) = T? o WH(B). (60)

To begin, we divide each interval I5,_1 U Ia,, with n € [k + 1,t — 1], into two adjacent
segments: the left segment containing dg sites, and the right segment containing 2l —dgr =
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dy, sites. We denote the algebra of all operators on the left dp sites as 75, and on the right
dy, sites as 7’2%, corresponding to 297 x 2¢r and 29- x 291 matrix algebras, respectively. We
demonstrate below that there exists a unitary Wa,_1, supported entirely within I, _1UIs,,
which maps the support of Lo, and Ra,_2 onto T5% and T;F_,, respectively. Here, for
locally odd operators in Lo, and Ra,—2 (those with a right component at a distant site),
we refer only to the support of the left component.
Indeed, there is an algebra isomorphism from Lo,, to another algebra, Lon = <M2LT;“ , N2Ln’0>,

via the following transformation p on the basis elements:

AgLom L,
p Myt = My

NET @ VR — NE°

2n

(61)

thus making Lo, isomorphic to a 29Z x 29 matrix algebra. More precisely, p is an iso-
morphism from Cop—1 = (02,1 @ O2y,)¢ B [(O2p—1 ® O2,)° @ V| to O2,—1 @ Oy, for all
n € [k + 1,t — 1], where ©°°) denotes the Zy even (odd) component of an algebra O;
specifically, it acts by truncating the pattern Vg, an order 2 unitary, from the Zs odd
component.® A similar argument applies to obtain Ra,_o = (MQRn’ﬂ 92 N2Rn’f2>, which is also
isomorphic to a 297 x 29% matrix algebra.

An observation follows: the algebras Loy, and Ran_o are now fully supported within
1o, _1Uls,, respectively. Since 7;% and Lo, as well as 7‘21,3_2 and Ran_o, are matrix algebras
of identical dimensions, there exists a local unitary Wa,,_1, supported on I, _1 U I5,, such
that

W2n71ﬁ2n72W2Tn—1 = Ton s,

N (62)
WQn—1£2nW2Tn—1 = Tom,

as desired. Specifically, (1) since Lo, and T5L are two representations of the same finite-
dimensional matrix algebra on the Hilbert space Is,_1 U I2,, they differ only by a unitary
change of basis Wy,—1 due to the Skolem—Noether theorem; (2) under the identification
Ogn_1 @ Oy = Loy, @ Rop_a, the commutant of Lo, within Ogp_1 @ Ogy, is Raop_2, and
similarly the commutant of 755 in 09,1 ® Oy, is T _,. Therefore

Won—1Ron—aWay_1 = Wan—1(Lon) Wi, = Wan_1LonWa,_1) = (T) = TE_5, (63)

so the same unitary Wa,,_1 simultaneously send 7~22n_2 to '7'2%,2. This construction applies
toalln e [k+1,¢t—1].

We then perform a translation to the right by —¢ = dr — [ sites (or to the left if
—q < 0), which shifts the algebras 7-2% ® 7'2}73 back into the interval I, U I2,4+1. Due to
Eq.(55), we have

7-2171 & 7-2% = ["Zn X 7%271 = EQn & RQn = B2’n = OZn X O2n+17 (64)

where Oy, ® Oy,11 denotes the algebra of all operators on [Ia,, I2,+1], and each tensor
product in Eq.(64) is a matrix algebra. Consequently, the transformation

T 90 Wa,_10Wapr1o0poaocatt (65)

8The transformation p~ " differs from att as defined in Eq.(47) only by the operator attached: for att,

-1

the attached operator is Z,,, while for p~", it is Vg, which is also an order-2 unitary localized near site m.
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restricts to an automorphism of Os;, ® Ogy,41, which must be inner, as it acts on a matrix
algebra (by the Skolem-Noether’s Theorem), and can therefore be implemented by a local
unitary Q;n € Oz, @ Ogpyq for n € [k + 1,t — 1]. Thus, we conclude that

WxaoT Zopoaoatt (66)

acts as the identity on ®fl_:1k +1((9271 ® O2p41), where

Wy = ( tl:[l Q2n> ®T™1 ( ﬁ WQn—l) T (67)

n=k+1 n=k+1

is a unitary operator acting non-trivially within [log, I2;4+1].
Finally, Eq.(66) indicates that

a(ZiZm) = p~ Lo T o Wi(Z),

| (68)

a(Xi)=p toTlo Wi (X5).
Since T? o W[J{ is a uQCA, matching the supports of operators on both sides of these
equalities, we must have

(ZiZm) = [T90 W(Z:)] © Vi,

a(X;) =T o W] (X;), (69)

which directly leads to Eq.(59), where Vi, = T~9VRTY.
Step 5: We extend the construction in the previous step across the entire system,
obtaining an FDC acting on the chain given by

W = ([] Q2n) ® T-UJ] Wan-1)T7 (70)
n n

As in Eq.(59), the transformation W o T~? o « leaves the standard generating set of B

invariant, thus acting as the identity on 5. We now demonstrate that W, as constructed,

must be an FDC with symmetric gates. Since

a(0) =T?oWH(0), VYO e B, (71)

we know that T¢ 0 WT is a uQCA that also acts on the symmetric subalgebra as an auto-
morphism. Generally, if a uQCA implements an automorphism of a subalgebra symmetric
under a finite Abelian group G, it must map a global symmetry generator g to another
global symmetry generator h (since these are the only operators that commute with the
entire symmetric subalgebra B). Furthermore, the group composition law must be pre-
served, i.e., it acts as an automorphism of the symmetry group G, which is trivial in the
case of Zy. Thus, T? o WT is a uQCA that commutes with the Zy symmetry (see Remark
1 below), and the Zs symmetric FDC W is classified by H?(Z2,U(1)) [15, 49, 50], which
physically labels the 1D SPT it can entangle. For G = Zo, this cohomology group is
trivial. According to Theorem 1, any such symmetric FDC (i.e., a FDC that commutes
with the symmetry as a whole, that entangles a trivial SPT) can always be written as an
FDC with symmetric local gates. This completes the proof for the first transformation
rule listed in Prop.4: its action on B is identical to T¢ o W', where W is an sFDC.
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For a QCA « on the Zs symmetric subalgebra B with the second type of transfor-
mation rule, i.e., it swaps the symmetry string with the charge string, we can always
combine it with a KW transformation as defined in Eq.(44), such that KW~! o a now has
a transformation rule of the first type in Prop.4. By the preceding discussion, we have
KW= o a(B) = T9 0 W(B), which implies a(B) = KW o T? 0o WT(B), where W is a Zj
sFDC. This completes the proof of the theorem. O

Remark 1: In principle, it is possible that the uQCA T? o W, as constructed in the
proof of Theorem 3, commutes with the Zs symmetry up to a phase, representing the Zo
charge of this uQCA. In this case, we can compose it with a single-site operator Z;, such
that the resulting uQCA, i.e., TY7oWoZ;, is Zo symmetric. The additional Z; operator only
introduces a minus sign to one local generator, X;, in B, which we ignore for simplicity.

Since H?(Zy,U(1)) = Z, following Theorem 1, we will hereafter use the terms sym-
metric FDC and FDC with symmetric gates interchangeably. Given Theorem 3, which
serves as a structural result for QCAs on the Zy symmetric subalgebra, we can characterize
their equivalence classes.

Theorem 4. 1. The index of a QCA defined on the Zo symmetric subalgebra can take
values within
ind(a) € {(v2)"2" | p € Z,q = 0,1}. (72)

Moreover, for two QCA’s defined on B, the index is multiplicative under composition,
i.e.,

ind(a o 8) = ind(«)ind(B). (73)

2. QCA’s defined on the Zs symmetric subalgebra are completely classified by the indez,
up to FDC’s with symmetric gates.

Proof. By Theorem 3, we know that the index of any QCA defined on B is equal to the
index of KW90T?, where ¢ € {0,1} and p € Z. This follows from Corollary 1, which states
that the index remains invariant under an FDC with symmetric gates. Additionally, since
both KW and T map elements of the standard generating set of B to other elements in the
same set, calculating their index is straightforward: ind(KW o T?) = V2iop, establishing
the possible values of the index.

For two QCA’s a and 8 on B, we have a(B) = KW o TP1 o W and 5(B) = KW% o
TP2 o Wy, where W1 and Ws are FDC’s with symmetric gates. This implies

ao B(B) = KWHe2 o TP1HP2 o |/ (74)

where W’ = (KW% o TP2) =11 (KW% o TP2) o W, is also an FDC with symmetric gates,
according to Theorem 3, as FDC’s with symmetric gates form a normal subgroup of QCA’s
on B. Thus, we find that

ind(a o B) = (V2)11T922P1 P2 — ind(a)ind(3). (75)

Finally, for a QCA a with ind(a) = v/227, where ¢ € {0,1} and p € Z, Theorem 3
implies that o must act on B as a(B) = KW?0TPoW, where W is an FDC with symmetric
gates. This establishes statement (2) in the theorem. O
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Theorem 4 implies the existence of a homomorphism from the group of QCAs on the
Zo symmetric algebra to a Z, invariant that measures whether the index is rational. The
kernel of this homomorphism acts on any O € B identically to a uQCA and can thus be
naturally extended to the full operator algebra by defining a(A(Z)) = T? o WT(A(Z)).
In contrast, QCAs with an irrational index swap the two types of string operators and
cannot be extended to QCAs acting on the full operator algebra. Readers may also recall
the index theory for QCAs on fermionic chains, where the same irrational index, i.e., v/2,
can arise [4, 5, 51]. The fermionic QCA exhibiting this irrational index corresponds to the
Majorana translation. In Appendix A, we illustrate a more direct connection between the
QCA on the Zs symmetric subalgebra and a fermionic QCA.

We include an additional remark before concluding this section:

Remark 2: In the classification of uQCA with symmetries, it is common to consider sta-
ble equivalence [5, 14, 15], where one is permitted to add ancillas in nontrivial (potentially
arbitrary) representations of the symmetry. However, this approach appears unnatural
in our context: unlike the full local operator algebra, the symmetric subalgebra does not
factorize as a tensor product between the system and the ancilla. Therefore, in this work,
we fix the onsite representation to be regular and do not incorporate additional ancillas.

5 General finite Abelian group

We now extend the preceding discussion to the subalgebra that is symmetric under a
general finite Abelian group G, which can always be decomposed as a direct product of
cyclic groups. We begin by examining the transformation rules for symmetry and charge
strings, analogous to Prop.3:

Proposition 5. Let a be a QCA on the G symmetric subalgebra. We have:

1. The transformation of a symmetry string Sy = [\, wi(g) supported on A = [m,n],
where n —m > 2(21 + 2)? + 21, with u;(g) as the on-site regular representation of an

-l

element g € G, is given by a(Sy) = OL(g)SJ(g)OE(g), where:

. S;(lg) = H?:_ri;llﬂ ui[o(g)] represents a symmetry string supported on A=, with

o as an endomorphism of G,

e Or(g) and Og(g) are unitaries that satisfy Op(g)l9 = Og(¢9)19 = 1 (with |g|
denoting the order of an element g € G) supported within a distance | of site
m and n, respectively. They both carry the same, well-defined charge under G,
determined by a homomorphism j: G — G = H'(G,U(1)).

2. The transformation of a charge string Sy = Z3.(ZN7T, where ZJ, denotes a single-site
unitary charged operator associated with the character § € H(G,U(1)), is given by
a(Sy) = VL(L(A])S;(%)V];(Q), where v : G — G is a homomorphism. Here, Vi(§) and
Vr(§) are unitaries that satisfy Vi,(§)19 = Vr(9)19! = 1, supported within a distance
I of m and n, respectively, each carrying the same charge under G, determined by

an endomorphism v : G G.
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3. The transformation rules for the strings, specifically o, u, v, and v, are global in-
variants for a QCA «. That is, they remain independent of the particular choice of
intervals supporting the strings, provided the interval length is sufficiently large.

Proof. By the same reasoning that leads to Eq. (36), we find

a(Sg) = 0, ® S, (76)
heG
where Sy, is the symmetry generator associated with h € G, restricted to the interval A=,
and {O},} are operators supported within ;A. Since a(Sy) is an FDC with a spread upper
bounded by (21 + 1)2, analogous to Eq. (39), we have

3™ x(h)040] = etx1, (77)
h

for any character y € G = H 1(@,U(1)), with e®x a pure phase. The orthogonality of
characters, i.e., eré x(9)*x(h) = |G|ég,n, where |G| is the order of the group, implies
that each OhO}: must be a real, non-negative c-number. Consequently, one of {Oy} must
be a unitary operator, with all others being zero. The fact that o(S,) is an FDC with
spread (20 + 1)? further implies that the nonzero operator factorizes as a product of two
unitaries, supported near m and n respectively, leading to

(Sg) = OL(9)S,{,)Oh(9), (78)

where 0 : G — (G is an endomorphism since « is an automorphism of the symmetric
algebra, i.e., a(Sy)a(S) = a(SySn) = a(S,n). Furthermore, since a(S,)9l = 1, it follows
that OL(9)9[Or(g)T]9! = 1. By convention, we can choose O ()1l = Og(g)l9 = 1
individually.

Now we demonstrate that O (g) and Or(g) carry an identical charge under G, deter-
mined by a homomorphism 1 : G — G. Since a(Sy) lies within the symmetric algebra, it
must commute with each element h € G. Consequently, each endpoint unitary operator
must commute with 4 up to a U(1) phase factor,

OL(9)hOL(g)h" = ug(h) € U(1), (79)
where the phase factor obtained from Or(g) and Og(g) must be identical. Clearly, ji4(-)
is a character of G, as, by the definition in Eq.(79), we have pug(kh) = pg(k)pg(h) for
k,h e G.

Furthermore, ;« defines a homomorphism from G to its character group G = H' (G, U(1)).
This follows from the fact that « is an automorphism of the symmetric algebra, which

implies
Or(9)Or(h) = f(g,h)OL(gh), (80)
with f : G x G+ U(1) being a phase factor.” This leads directly to
pg()in(-) = prgn(-), (82)

In fact, f is a group 2-cocycle due to the relation

[OL(9)OL(R)]OL(k) = OL(9)[OL(R)OL(K)], Vg, h, k € G. (81)
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as required. This completes the proof of part (1) of the Proposition. The same argument
applies to charge strings S; = Z3.(Z9) without further modification, thus completing the
proof of part (2) of the Proposition.

To demonstrate part (3), consider two strings of the same type, e.g., two symmetry
strings associated with the same element g € GG, arranged in the geometry shown in Fig.
5. We denote these strings as Sy, and Sy,. Since a is a QCA on B, we have

a(Sa,)a(Sh,) = a(Sana,); (83)

which is supported within (A; \ Ag)*'. This indicates that both strings, Sp, and Sy,
transform under « according to the same o and p. In fact, their endpoint operators
must be identical, denoted Og(g). Thus, the interval can be extended, contracted, or
shifted without affecting o and u. The same reasoning applies to charge strings without

modification.
O

As an analog to Prop. 4, we can further constrain the consistent transformations by
examining the commutation relations between two strings, each of which may be either a
symmetry string or a charge string. The next result demonstrates that all consistent string
transformations can be interpreted as a mapping to a braided auto-equivalence (anyon
permutation symmetry) of a 2D “bulk” topological order, specifically the Drinfeld center
C = Z[G], i.e., a G gauge theory in 2D. For G = ®;Zy;, a finite Abelian group, the anyon
content of C consists simply of the gauge charges and gauge fluxes of each component, i.e.,
{e;,m;}. The braiding and exchange statistics of the anyons are as follows: (1) all charges
and fluxes are bosons; (2) an e; braiding with m; produces a phase factor w; = ei2m/n;
and vice versa, while all other braidings yield a trivial phase.

Theorem 5. All QCA’s defined on the subalgebra symmetric under a finite Abelian group
G, denoted by B, form a group under finite composition. There exists a homomorphism
from the group of QCA’s to Aut(C), the braided auto-equivalence of the bulk topological
order, and this homomorphism is surjective.

Proof. First, note the simple one-to-one correspondence between the strings and anyons of
C: the symmetry string S(g;) = [[i=,, u(g;), where u(g;) is the onsite symmetry operator
generating the subgroup Z,; C G, corresponds to the gauge flux m; in the bulk, while
S(Z[5]) = Zmli](Znlj])T, where Z[j] is the generalized Pauli operator carrying a unit of
Zn; charge, corresponds to the gauge charge e; in the bulk.

QCA’s on the symmetric subalgebra B, being LP automorphisms, clearly form a group
under composition. We claim that the transformation rules for strings given in Prop. 5
can be mapped to a braided auto-equivalence of C. Specifically:

» Two strings of the same type, for example, S; with the same g € G, can be arranged
as shown in Fig. 5. Denote these two strings by Sy, and Sy,. According to Prop. 5,
under a QCA «, the right endpoint operators of these strings are identical and thus
commute. Since « is a QCA on B, we have

[a(SA1)7a(SA2)] =0, (84)
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indicating that the left endpoint operator O (g), as defined in Prop. 5, must com-
mute with the transformed symmetry element o(g). From the bulk perspective, this
condition ensures that « preserves the (bosonic) exchange statistics of a gauge flux.
The same argument applies to the charge string S;, and thus holds for all anyon

types.

e Two strings of distinct types can be arranged as shown in Fig. 6. Since « is a QCA
on B, we find that «(Sy,) commutes with a(Sy,) up to the same phase factor as
Sa, and Sp,. From the bulk perspective, this condition ensures that « preserves the
braiding statistics between distinct types of anyons.

Additionally, this mapping is a group homomorphism, as for any arbitrary string S, (« o
B)(S) = alB(S)].

Finally, to show that this homomorphism is surjective, it suffices to identify a set of
QCA’s on B that generate the entire group Aut(C). As discussed in Ref. [52], for a finite
Abelian group G, three types of elementary transformations (defined below), namely the
SPT entanglers classified by H?(G,U(1)), the outer automorphism group of G, denoted
by Out(G), and the KW duality associated with each cyclic component of G19; collectively
generate the full group Aut(C). O

We remark that it has been shown in Ref. [22] (Theorem C) that there exists a ho-
momorphism from the group of QCA (modulo FDC) acting on the quasi-local algebra
of operators symmetric under a general fusion category D to BrPic(D), i.e., the anyon
permutation symmetry in Z[D]. Here, for the more restricted case where D is a finite
Abelian group, we establish that a surjective homomorphism actually exists. We expect
that the homomorphism of Ref. [22] reduces to our construction in this restricted setup
(the “superselection sectors” there appear to play the same role as string operators here),
but the precise connection between the two constructions, and in particular whether the
homomorphism is surjective in the more general setup, remain interesting questions for
future work.

Before proceeding, we define three types of elementary transformations on the G-
symmetric subalgebra:

e KW;: The KW duality for the j-th cyclic subgroup of G. Recall that the Z,, KW
duality is defined by the following transformation on the generating set:

KW :X; — Z] Ziy1,

(85)
ZiTZiH = Xy,

2mi/n
’

where Z and X are Z,, Pauli operators satisfying Z;X; = wX;Z; with w = ¢
and commute on distinct sites.

e spt: An SPT entangler, which is a G-symmetric FDC with asymmetric gates. Phys-
ically, applying spt to a G-symmetric product state produces a G-SPT state, labeled
by an element w € H?(G,U(1)). For G finite Abelian, the entangler spt leaves all

0For Abelian G, Out(G) is the same as Aut(G).

Accepted in {uantum 2026-05-22, click title to verify. Published under CC-BY 4.0. 32



Z|j] operators unchanged while transforming the X[j] operators as follows. Arrang-
ing the regular representations of each cyclic subgroup of G sequentially from left to
right at each site, the transformation rule is expressed as

Xi[j] = Ve (@) Xi[j]VR(w)'. (86)

Here, V,(w) is a product of the nearest Pauli-Z operators located to the left of X;[j]
(supported either on the i-th or (i — 1)-th site). The charge of Vi (w) under G is
specified by

. :W(gj,') 1
w() = 8 < i) (57)

which is the slant product of w with g;, the generator of Z,, C G. Similarly, Vr(w)

is defined as the product of the nearest Pauli-Z operators (either on site i or (i + 1))
to the right of X;[j], carrying the same charge yy. This transformation rule can
be understood intuitively through the decorated domain wall construction of SPT
phases [53].

e out: An FDC implementing an element of Out(G), constructed as a product of onsite
unitaries. On site 4, it transforms u;(g), the onsite symmetry operator, to another
onsite symmetry operator according to an element of Out(G). The onsite charged
operators are transformed such that their commutation relations with the symmetry
operators are preserved.

These three elementary transformations are, by construction, QCA’s on the G-symmetric
subalgebra. The following conclusion describes the structure of QCA’s defined on the
symmetric subalgebra, stating that, up to FDC’s with symmetric gates, they are all com-
positions of the three elementary transformations and a generalized translation.

Theorem 6. In the group of QCA’s defined on B, the subalgebra symmetric under a finite
Abelian group G = ®;ZLy;, the group of FDC’s with G-symmetric gates forms a normal
subgroup. Let o be a QCA on B. Then its action on B can be implemented in the form:

a(0) =K oToW'(0), VYO eB, (88)

where K is a product of the three elementary transformations, i.e., KWj, out, spt, W
is an FDC with G-symmetric gates, and T represents a generalized translation (specified
precisely below).

Proof. The argument illustrated in Fig.7 directly establishes that the group of FDC’s with
G-symmetric gates forms a normal subgroup. To complete the proof of the Theorem, we
proceed by examining the action of the QCA on a subalgebra of B, which is isomorphic
to the full operator algebra on a finite interval, similarly to Theorem 3. Below, we outline
the proof and note where differences arise.

Firstly, by Theorem 5, « transforms the string operators in accordance with an ele-
ment of Aut(C). By composing it with K !, which is a product of the three elementary
transformations defined earlier in this section, we can arrange for K~ o a to implement
a trivial anyon permutation, i.e., it preserves all string types. We now show that K~ o«
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is thus a generalized translation, composed with an FDC with G-symmetric gates. This
reasoning is structured into five steps.

Step 1: We begin by coarse-graining the system, grouping every [ sites into a new unit
cell to effectively reduce the spread of the QCA « to 1. We then focus on a subalgebra of 5
that is isomorphic to the full operator algebra supported on a finite interval. Specifically,
for each single-site Z[j] operator in the unit cells Iy, U Iz,11 (where Z[j] denotes the
Pauli-Z operator for the j-th cyclic subgroup of GG), we define an operator

z%1j] = Zil5) 25,141, Vi, (89)

where m —i > 2(21 4 2)2 +2l. The set of all such operators with i € I5, U Is, 11 is denoted
by A$,,. Additionally, we denote the set of single-site X [j] operators in Ia, U 5,11 for all j
as Asy,. Two key observations regarding these operators will be critical in the subsequent
discussion:

o The algebra B, = (A2, A95,) forms a subalgebra of the symmetric subalgebra B,
thus possessing a well-defined transformation under «. For each generator of Bay,
we can also define a local G charge by examining the portion supported within
Is, U Ioy11. Specifically, operators in Asg, are locally G-symmetric, while the local
G charge of generators in A9, is defined as the G charge of the left component, i.e.,

Zilj]-

o The algebra Bs,, generated by A$, and Ag,, is isomorphic to the algebra of all
operators supported within Is, U I2,,41, denoted by Ogy, & Oay,41. This isomorphism
is established by the following map:

att :Zi[j] = zlj] = Zi[11Z}13), (90)
Xiljl = Xalj), ¥

We then extend this construction to nearby unit cells [Io, Iop41] (K +3 < n < t —
3), which are located at a sufficiently large distance from the fixed site m. Notably,
all operators with the same local G charge—specifically, those formed by the product
of a Z[j] operator within [Iox, I2;11] and another operator located far away—share the
same right endpoint Z,,[j]. This setup allows us to construct a sequence of mutually
commuting algebras, denoted Bag,...,Bs:. It is also straightforward to verify that the

algebra generated by this sequence,

M = <B2k‘a BRI B2t>a (91)

is isomorphic to the full operator algebra supported on the interval [Io, [2;+1]. In partic-
ular, M contains the G-symmetric subalgebra with support within [Iox, I2;41].

Step 2: We now construct another sequence of algebras, which can be regarded as the
“image” of the algebra sequence from Step 1 under the QCA «. Consider the transforma-
tion of a locally charged operator as defined in Eq.(89):

K" oa(zlf]) = VLliIValil', (92)

where Vg [j] and Vg[j] are order-n; unitaries carrying a unit of charge under Z,,; and are
neutral under the other cyclic subgroups, with supports in [i — [,i + (] and [m — I,m +
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l], respectively. By arranging two charge strings in the geometry shown in Fig.5, and
observing that operators in the set {z[j],Vj} are mutually commuting, we conclude that
the right endpoint operators {Vg[4]T,V;j} also commute. Thus, we define a new set of
locally charged operators as

zlil = ZiljlVelil', (93)

where the right-hand component is now the transformed operator. Since Vg carries the
same charge as Z,[j], each z/[j] lies within B. We then define Cay—1 = (A2p—1,495,_1),
where A,_1 denotes the set of single-site { X[j]} operators on Is,_1 U Iy, and A$, | =
{Zl[j]|i € I2n—1UIap,Vj}. Repeating this construction for unit cells [Iox_1, I2112] generates
a new sequence of algebras, denoted by Cox_1,...,Coty1-

By construction, the algebras in the sequence Coi_1,...,Co+1 satisfy the following
properties: (1) they commute with each other; (2) the algebra generated by this sequence,

N = (Cop—1,--.,Cots1), (94)

is isomorphic to the algebra of all operators supported within the interval [Iog_1, Io142]
and; in particular, (3) N includes the G-symmetric subalgebra fully supported within
[Lok—1,I2t42].

Step 3: In this step, we examine the transformation of Bs, under the QCA «. The
transformed algebra a(Ba,) lies within Ca;,—1 ® Cap41. Accordingly, we define the support
algebras of a(Bs;,) within Cy,—1 and Copy1 as follows:

Lop, = S(a(B2p),Con—1),

(95)
Raon = S(a(Ban), Cont1),

for n € [k,t]. A geometric illustration of these algebras is provided in Fig. 8. Note that all
support algebras thus obtained commute with one another, a property that follows from
the mutual commutativity of distinct Bo,’s.

Now we characterize the support algebras. Following a similar reasoning as in the proof
of Theorem 3, we find: (1) Each «(Ba,) decomposes as a tensor product of its support
algebras, i.e.,

Oé(BQn) = Loy @ Rop,,n € [k—i—l,t—l]. (96)

(2) We also have
Con—1 = Ran—2 ® Loy, (97)

for n € [k 4+ 1,t —1]. (3) The support algebras Lo, and Ra, for n € [k + 1,¢t — 1] each
have a trivial center, i.e., they are central simple algebras, and thus each is isomorphic to
a matrix algebra [41]. (4) Lastly, each support algebra is a G-graded algebra, meaning it
has a basis in which every element has a well-defined local G charge.

By combining these results from Eqgs. (96) and (97), we deduce that for n € [k+1,t—1],

dim(Ba,) = dim(Lsy),) x dim(Ray,),

(98)
dim(CQR_l) = dlm(ﬁgn) X dim(RQn_Q),

which implies that Lo, are isomorphic to dy, X d;, matrix algebras, and Roj are isomorphic
to dg xdg matrix algebras, with dy, xdgr = |G \21, as each site carries a regular representation
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of G. Notably, the value of dj, remains constant for all n € [k + 1,¢ — 1], and the same
applies to dp.

Step 4: We now demonstrate that the QCA K ! o acts on the symmetric subalgebra,
up to a symmetric FDC, as a generalized translation. To establish this, first observe
that the Hilbert space on each site is a tensor product of regular representations of each
cyclic subgroup of G. We decompose these onsite regular representations of each cyclic
subgroup into prime factor components. For example, if G contains a Z4 subgroup, we
decompose the 4-dimensional regular representation of Z, into a tensor product of two
2-dimensional subspaces. Importantly, this decomposition is chosen so that the on-site Z4
symmetry operator factorizes across these subspaces. For the example of Z,4, consider its
4-dimensional regular representation in which the X operator acts as

X = . . (99)

This can be decomposed as a tensor product of two 2-dimensional subspaces, where X

X:<1JQ®<1JJ. (100)

We apply this decomposition across all cyclic subgroups of GG so that the symmetry oper-

acts as

ator factorizes accordingly. Specifically, for each cyclic subgroup Z;, where n; = [[ px
with {p;} as the prime factors of nj, we decompose its regular representation such that

1 1 1
i2m Eutal §27P1P2
. e nj e ng e n;
X[j] = ® ®
Z.27r(p1—1) 7;27\'1)1(172—1) 74.27rplp2(p3—1)
(101)
In this decomposition, the Hilbert space on each site can be expressed as
Hi = Qg Vi, (102)

where each V, represents a p,-dimensional Hilbert space with p, prime. Distinct V,’s in
the decomposition may have the same dimension.

According to Eq. (98), each Lo, for n € [k+1,t —1] forms a rank-d;, = [[, p%* matrix
algebra, while each Ro, is a rank-dg = [, p2l—=9z matrix algebra, where ¢, € Z ranges
within [0, 2[]. Following a method analogous to the proof of Theorem 3, we partition each
interval Io,_1 U Io,, with n € [k + 1,¢ — 1], into two spatially adjacent segments: the left
segment includes 2] — g, copies of V, for each prime factor p,, while the right segment
includes g, copies of V.. Here, since ¢, can vary across different prime factors, “spatially
adjacent” refers to the partitioning of the onsite Hilbert spaces within Io,_1 U/, associated
with each prime factor into left and right sections. For V,’s of the same dimension, we
denote them as {Vgc(y)}7 where the superscript y labels the multiplicity index. The selection
of the corresponding q;(vy) is arbitrary, provided that (1) 3=, qéy) is fixed, and (2) either all

¥ e [0,] or all o e [l,2l]. This condition is always achievable.
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We denote the algebra of all operators on the left segment as 75f_, and on the right
segment as To%, which correspond to dg x dr and dj, x d; matrix algebras, respectively.
We claim that for n € [k+1,¢— 1], there exists a unitary Wa,_1, supported entirely within
In_1 U Io,, that maps the support of Lo, and Ra,_o onto T5% and T3 ,, respectively.
Here, for locally charged operators in Lo, and Ray,_2 (i.e., those with a right component
at a distant site), we refer only to the support of the left component.

Indeed, there exists an operator isomorphism p given by

p:Cop1 = @§E@(02n71®(92n)g®V]£[§] = 02,1002, = @QE@(Oznq@Ozn)g, n € [k+1,t—1],
(103)

where O9 denotes the component with a specific G charge, § € H'(G,U(1)), in a G-

graded algebra O. The right endpoint operator Vg[g] is a product of operators in Vg[j],

defined in Eq. (92), such that Vy[g] carries charge §. Thus, for n € [k + 1,¢t — 1], we

define Lo, = p(Ls,), which is isomorphic to T3 as both are dy x dy matrix algebras,

and similarly, we set Rop_2 := p(Ran_2) = To_,. Since the algebras Lo, and Ro,_o are

now fully supported within I, 1 U Is,, there exists a local unitary Wa,_1, supported on

I, _1 U Iy,, such that

WQn—I/IQ/Qn—QWQTn—l = Ton_o,

' (104)
W2n71['2nW2Tn—1 = Tsn,

and this construction holds for all n € [k + 1,¢ — 1].

We then apply a generalized translation, denoted by T~1, to shift the algebras 75k @ ToF
back within the interval I, U Io,11. In particular, we shift each subspace V, on each site
to the right by ¢, — [ lattice sites. For subspaces with the same prime dimension, note
that, under the choice where either all qg([;y) € [0,1] or all qg(cy) € [1,2l], the shifts do not
occur in opposite directions. According to Eq.(96), we have

Toh @ T 2 Lo @ Ron = Loy @ Ran = Bay = Oz @ O, (105)

where each tensor product in Eq.(105) is a matrix algebra. Consequently, the transforma-
tion

T o Wap_10Wapr10opo K toaoatt (106)
restricts to an automorphism of Oy, ® Og,41, which, being an inner automorphism, can
be implemented by a local unitary Q;n € Oy @ Ogpyq for n € [k + 1,¢t — 1]. Thus, we

conclude that
WaoT topoK toaoatt (107)

acts as the identity on ®t;1k+1((92n ® O2p41), where

n

-1 -1
Wy = ( H QZn) ® Tt ( H Win) T (108)

n=k+1 n=k+1

is a unitary operator with non-trivial action restricted to [Iax, [2;41]. Extending this
construction across the entire system, we obtain an FDC acting on the chain, given by

W = (H Q2n> ®T! (H W%_l) T. (109)
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Following the same reasoning as in Eqs (68) and (69), the transformation WoTlo K loa
acts on the symmetric subalgebra B as identity.

Step 5: Finally, we demonstrate that W is an FDC with G-symmetric gates. This
follows straightforwardly: By construction, K ! o o, and therefore T o WT, implements a
trivial anyon permutation (it preserves all string types). Furthermore, as in Eq. (99), we
decompose the local Hilbert space such that the symmetry operator factorizes across its
prime factors, and T commutes with the G-symmetry and also implements a trivial anyon
permutation. As a consequence, the FDC W, as a composition of T and K~! o o, when
acting on B, preserves all string types — in particular the symmetry string:

Wi(Sy) =T oK' oa(Sy) =0r(9)S,'Orlg)!, VgeGq, (110)

with Opr(g) and Og(g) carrying trivial G-charge (here we use the same notation as in
Prop. 5). This implies that W7 is a G-symmetric FDC that entangles a trivial G-SPT,
because when G is finite Abelian, the Kiinneth formula implies that H?(G,U(1)) is com-
pletely specified by the G-charge of Or(g) [53], which is trivial. Therefore, WT is indeed
an FDC with G-symmetric gates, according to Lemma 2.

[

Theorem 6 reduces any QCA to a composition of T, spt, out, and KW, up to an sFDC,
which does not alter the index and can therefore be ignored. The possible values of the
index can therefore be deduced. Calculating the index for these operations is straightfor-
ward, as they merely translate the generators of the symmetric subalgebra (with spt, as
defined in Eq.(86), dressing X; with products of neighboring generators, effectively rela-
beling without shifting the reference position). The index is then determined by counting
the number of common generators in the overlapping region, as defined in Def.3.

Proposition 6. For two QCAs defined on B, the index is multiplicative under composition,
i.e.,

ind(a o 8) = ind(«)ind(p). (111)

Proof. A rigorous proof of this Proposition will be provided in a forthcoming work [44],
which leverages the connection between the index defined in Def.3 and the Jones in-
dex in von Neumann algebras [23]. We just mention that for uQCA, Eq.(111) can be
demonstrated by stacking two copies of the system and applying « and § to each copy
independently [12]. However, this approach encounters a difficulty in the present case,
as the symmetric subalgebra of the stacked system is not simply the tensor product of
the symmetric subalgebras of the individual copies, as noted in Remark 2. While for a
specific group G one can check Eq. (111) manually, the general case requires tools from
von Neumann algebra and the proof will be presented in Ref. [44]. O

Proposition 7. The index of a QCA defined on the subalgebra B symmetric under a finite
Abelian group G = ®;Zy; can take values in

ind(«) € {H(\/@)mﬂ [17% 4. € Z,m; =0, 1}, (112)

J

where {p,} are the prime factors of |G| = I[; n;.
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Figure 9: The geometric arrangement of I_, I, and site m.

Proof. As per Theorem 6, any QCA on B is a composition of the three elementary trans-
formations defined earlier in this section and a generalized translation, up to an FDC with
symmetric gates, which, by Corollary 1, does not alter the index and can thus be ignored.

We now examine the transformation of the standard generating set of B, which is
defined as the union of the standard generating sets of each cyclic subgroup of G, under
the three elementary transformations and the generalized translation. The KW operation
defined in Eq.(85) can be viewed as a “half” translation of the standard generating set
associated with the j-th cyclic subgroup. Meanwhile, spt as defined in Eq.(86) and out act
by relabeling elements within this set, leaving their spatial positions unchanged. Direct
verification shows that both spt and out have index 1, while ind(KW;) = ,/n;.

Below, we demonstrate that a generalized translation T has an index ind(T) = [, p%.
This is achieved by showing that, for any QCA on B implementing a trivial anyon permu-
tation, the index can be determined from the dimensions of the support algebras defined
in Eq.(95). Since T falls within this class of QCA, its index follows directly.

Let o be a QCA with spread [ that implements a trivial anyon permutation. Consider
the geometry illustrated in Fig. 9, where the distance from site m to I_ exceeds 2(2] +
2)2 + 21, and m ¢ 9I,. Let the rightmost site of I_ be site i, and denote the standard
generating set on I_ by B, while the symmetric subalgebra on I, is denoted as B;.
Define B; as the algebra generated by B and B’ = {Z;[j]Zm[j], Vj}. Following the same
reasoning as in the proof of Theorem 2, we find

n(a(Bi), B+)
n(Bi,By)

The right-hand side of this equation can be evaluated as follows. Let the leftmost site

ind(a) = (113)

of I, which corresponds to the leftmost site of Is,—; shown in Fig. 8, be denoted by s.
The algebra By N B is isomorphic to the full operator algebra on the interval [s,i], with a
dimension of |G|2(—5+1). On the other hand, the algebra a(B;) N By is the tensor product
of the support algebras with spatial support in I, i.e., {Roq,Lop | @ > n — 1,b > n}.
Consequently, by Eq.(96), we find

dim('RanQ)

VP

where |G|? in the denominator represents the dimension of the full operator algebra within

ind(«a) = (114)

I5,_1. Moreover, for a generalized translation T, the algebra Rs,_o is a rank-dg =
I, p?gl_q” matrix algebra, where {p,} are the prime factors of |G|. This establishes that
ind(T) =[], p%, where {g,} is a set of integers. O
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Furthermore, given the structure of an arbitrary QCA on the symmetric subalgebra
as described in Theorem 6, we claim that the equivalence classes of QCA’s are fully
characterized by their corresponding anyon permutation and the index.

Theorem 7. QCA on the G-symmetric subalgebra B are completely classified by their
action on string operators and their index. Specifically, two QCA’s are associated with
the same element in Aut(C) and have the same index if and only if they differ by an FDC
with G-symmetric gates.

Proof. We first prove the “only if” direction. From Proposition 6, we immediately observe
that
ind(a)ind(a™t) = 1. (115)

For two QCA’s, o and f, that implement the same anyon permutation in Aut(C),
Theorem 6 implies that

a~loB(B)=WT'oT(B), (116)
where T is a generalized translation and W is an FDC with symmetric gates. Additionally,
we have ind(8)

) _1 in
= =1 11
ind(at o) =SS =1 (117)

1'11

indicating that the generalized translation T must be trivia Consequently, we find

B(B) =W o a(B), (118)

where W’ = a(WT) is also an FDC with symmetric gates, since the subgroup of FDC’s
with symmetric gates is normal within the QCA group on B.

Now we prove the “if” direction. If two QCAs differ by an FDC composed of local
symmetric gates, they must act on charge and symmetry strings in the same way, i.e., they
have the same transformation rules o, u, v, and v as in Prop. 5. Due to the correspondence
between string operators and anyons in C, the two QCAs are associated with the same
element in the anyon permutation symmetry Aut(C). They also have the same index by
Corollary 1. O

We note that, even without relying on the multiplicativity of the index under com-
position (i.e., Proposition 6), whose rigorous proof requires more advanced mathematical
tools, it can still be deduced that the index and the anyon permutation fully specify the
QCA on B. Specifically, if a and  correspond to the same element in Aut(C) and satisfy
ind(a~! o B) = 1, then they differ only by an FDC with G-symmetric gates.

Theorem 7 is one of the main results of this work. It states that for a chain with a
regular representation of a finite Abelian group at each site, the group of QCA’s defined
on the symmetric subalgebra is completely classified by (1) the index, which quantifies the
flow of the subalgebra, and (2) a homomorphism to Aut(C), which describes how a QCA
permutes anyons. The kernel of both homomorphisms is exactly the group of G-symmetric
FDC’s.

"Recall that, in the construction in the proof of Theorem 6, T does not shift subspaces with the same
prime dimension in opposite directions. Consequently, for the index to be trivial, the translation must also
be trivial for all subspaces.
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Before concluding this section, we present an additional result: any QCA on the sym-
metric subalgebra can be represented by a matrix product operator (MPO) with finite
bond dimension. MPO representations of the KW transformation have been constructed
for Zs in Ref. [35, 54] and for a general finite G in Ref. [55], and their existence is natu-
rally expected due to the correspondence between fusion categorical symmetries in 1D and
anyons in a 2D topological order (specifically, the Drinfeld center of the fusion category
[56]), which can be represented as an MPO at the virtual level of the 2D tensor network
describing the topological order [38, 57, 58], we here provide a proof of this existence from
a purely 1D perspective.

Proposition 8. Any QCA on B, considered as an operator on the Hilbert space ®;H;,
can be represented by an MPO with finite bond dimension.

Proof: According to Theorem 6, any QCA on B can be decomposed as a composition of
the transformations spt, out, T, W, and the KW transformations for each cyclic subgroup.
The first four transformations are all unitary QCAs and can be represented by matrix
product unitaries [14, 59], so we only need to show that the KW transformation also
admits an MPO representation. Let us focus on a single Z,, subgroup within G.

Consider a system of size L with periodic boundary conditions, where each site hosts
an n-dimensional qudit in the regular representation of Z,. We attach an additional n-
dimensional ancilla qudit to each site, creating a copy of the original system denoted as
®;H,. Define the maximally entangled state between the ancilla and the physical system
as |P):

@) =c ( : i|s>®|s>'> (119
(3 \/ﬁ Si:l 7 3 9
where we have
X;|s:) = €20 |s)),  X!|si) = €2 |s;). (120)

Consider an operator D acting on ®;H,; that implements the Z,, KW duality. Specifi-

cally, we define D as the operator satisfying:

DO =KW(0O)D, VYO € B. (121)

The operator D can be represented as an MPO if and only if |¥) = D ® 1'|®) is a matrix
product state (MPS), where 1’ is the identity operator acting on the ancilla ®;H}. This
holds because |¥) is exactly the Choi state of D.
Notice that the maximally entangled state |®) is stabilized by the following commuting
operators:
X;X["|o) =19), ZZ]|®) = D). (122)

Therefore, applying the transformation rule of the Z, KW transformation in Eq.(85), we

obtain:
212 XT|0) = |0), (123)
Xi+1Z£TZz{+1\‘I’> = |¥),

for all . Consequently, |¥) is the unique gapped ground state of a local, commuting
Hamiltonian Hy, given by

Hy =Y ~Z1Zin X} — Xi1 2] 70, + hee,, (124)
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Figure 10: The actions of QCA on the table of bosons. The out operation implements the S3 permu-
tation group on the three columns.

namely, |U) is stabilized by 2L independent stabilizers, each of order n. Therefore, |¥)
can be represented as an MPS with finite bond dimension [60]. Extending this argument
to all cyclic subgroups of G completes the proof of the Proposition. O

6 Example: The Zs X Zy symmetric subalgebra

In this section, we provide an explicit example by considering a qubit chain with a Z§ x Z3
symmetry generated by
= 1] X&, =] Xs. (125)
i:even i:odd
which act on all even and all odd sites, respectively. We study QCA’s defined on B, the
75 x 7§ symmetric subalgebra, generated by the set {Z;Z;2, X;} for all sites i on the
lattice.

As stated in Theorem 7, QCA’s on B are completely classified by their action on string
types and their index. We now focus on the action on string operators, or equivalently,
to how QCA’s permute anyons, corresponding to an element in Aut(C). Here, the bulk
topological order C is simply a Zs X Zs gauge theory, i.e., two copies of the toric code, with
anyons given by {e1,mi,e2, ma} and their compositions (where e; and m; are the gauge
charge and flux associated with Z§, and ez and mg are those of Z$). It is known that, in
this case, Aut(C) = (53 x S3) % Zs.

A clear way to understand this group of braided auto-equivalences is to examine the
symmetry of the boson table in the 2D Zg x Zg gauge theory [61], as illustrated in Fig 10.
The nine nontrivial bosons in this theory are arranged such that the following properties
hold: (1) The product of any three bosons in the same row or column is the identity; (2)
the braiding of bosons within the same row or column yields 1, and it gives -1 otherwise.
Within Aut(C), the two S5 subgroups arise from permuting rows and columns, respectively,
while the Zs factor corresponds to transposing the boson table.

Now we list the three elementary transformations discussed in the previous section for
the example of G = Zgy X Zs:

e The KW transformations: There are two KW transformations associated with the
Z5 and Z§ symmetries, respectively. We denote them as KW, and KW,,.
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e spt: In 1D, there is a nontrivial SPT phase protected by Z§ x Z3 symmetry, specifi-
cally the cluster chain [37-39], labeled by the nontrivial element of H?(ZyxZs, U(1)) =
Zs. The entangler spt acts on local operators as

spt : X; & Zz‘—lXiZi—&-l' (126)

e out: The group of outer automorphisms of Zy x Zsy is S3, corresponding to the
permutation of the three non-identity elements in Zo X Zs.

The action of these three elementary transformations on anyons (equivalently, on the
string types) is also depicted in Fig 10. Together, they generate the entire group of braided
auto-equivalence of the Zo X Zo gauge theory.

We now turn our attention to a specific class of QCA’s on B, aiming to connect with
the concept of non-invertible symmetries [25-27], an area of active study. Specifically,
we consider a QCA « that meets the following conditions in its action on the symmetric
subalgebra:

e Under «, the image of every pure charge string includes a nontrivial symmetry string.
Equivalently, the homomorphism + in Prop.5 maps each nontrivial element of G to
a nontrivial element of G.

e We require that a? preserves all string types, i.e., & implements a trivial element
in Aut(C).

Hereafter, we refer to these two requirements as the “T'Y-conditions.”

The motivation for considering QCAs of this form stems from the fusion rules of the
Z§ x Z§ Tambara-Yamagami (TY) fusion category [31], where a non-invertible transfor-
mation D and the symmetry operators obey the following algebra:

n°D = Dn® =n°D = Dn°? =D,

D2 =14+ ne + 770 + 776770 (127)

If we interpret D as a QCA acting on the symmetric subalgebra, which is also a locality-
preserving transformation (though not necessarily a QCA) on the full local operator alge-
bra, then the first line in Eq.(127) indicates that D annihilates all charged local operators.
(Physically, this operation corresponds to “gauging.”) However, if a charge string associ-
ated with an element § € G is transformed into a purely charge string, such that

oV (V)1 = 0L (01, (128)
where V; and O;, are local unitary operators carrying charges § and 12:, respectively, then
one can naturally define the transformation of local charged operators by a(VgL) = O]%
without being annihilated. Furthermore, any operator D that squares to the identity on
the symmetric subalgebra must satisfy the second TY condition.

It is known that there are four TY fusion categories satisfying the fusion rule in
Eq.(127), denoted by TY(Za x Za, x,€) [62]. Here, x : Zs x Zy — U(1) represents a
symmetric, non-degenerate bicharacter, and ¢ = £1 denotes the Frobenius-Schur (FS)
indicator. For group-like symmetries, it is established that the topological data—i.e., the
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anomaly—can be derived from the symmetry operator [28, 63], or equivalently, from its
action on the local operator algebra, independent of the Hamiltonian. A natural ques-
tion arises: can a similar analysis be extended to non-invertible symmetries? Specifically,
how can we define x and € based on the assumption that « is a QCA on the symmetric
subalgebra B satisfying the two TY conditions, such that their properties align with their
counterparts as defined in field theory [62]?

In the following, we provide an algebraic definition of the bicharacter purely based on
the transformation of string operators under the QCA «, independent of any reference to
a symmetric lattice Hamiltonian. We show that it must be symmetric and non-degenerate
under the TY conditions. Additionally, we present an example where the FS indicator is
derived solely from the transformation of the symmetric subalgebra under a QCA.

We define the bicharacter associated with a QCA on B as follows:

S;LO‘(S§>SE - X(ga iL)a(Sg), (129)
where S; and S; (with g, h € HY(G,U(1))) are charge strings of sufficiently large length
such that 0;(S;) N 0;(S;,) = @. The relative positioning of these two string operators is
illustrated in Fig.6. Effectively, x quantifies the commutation relation between a charge h
and the symmetry operator v(g) as described in Prop. 5, and is denoted as:

A~

x(8, k) = v(9)[hl, (130)

representing the charge of h under the symmetry element y(§). From the results in Prop.
5, it follows that:

>

X( IEQ) :X(Avﬁl)X(gahQ)v
X(§1§2, h) = X(glv h)X(gZ h)?

>
Q

9

(131)

since 7 is a homomorphism from G to G. Equation (131) matches the standard definition
of a bicharacter for a finite Abelian group G = G.
Applying « to both sides of Eq.(129), we obtain

a(S;)1S5a(8;) = x(9, h)Sj, (132)
where Sg = a?(S;). Since o? preserves all string types by the TY condition, S/g must
again correspond to a charge string associated with §. Consequently, we have

S5a(8;)(S)" = x(g, h)a(S;)- (133)

For G = Zy x Zs, since all non-identity elements in H(G,U(1)) are of order 2, it follows
that x(9, ) = x(h, 9), indicating that the bicharacter is symmetric. Finally, the first TY
condition implies that for any § € G, there exists at least one h € G such that

X(@,h) # 1, (134)

which ensures that y is non-degenerate.

For G = G = Zy X Zs, it is known that there exist two symmetric, non-degenerate
bicharacters [62]. Let a and b denote the elements in (¢ with nontrivial charge under Z§
(while neutral under Z$) and under Z$ (while neutral under Z§), respectively.
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e The first possibility is xV(a, l;) = —1 and xYW(a,a) = (1)(3, 3) = 1. A concrete
realization of this bicharacter is found in the fusion category Rep(Dg) = TY(Z2 X
Zy,xV, e = 1), where the non-invertible operator in Eq.(127) is given by

D =T 'oKW,0KW,oP, (135)

where T represents a rightward lattice translation by one site,'? and P is the projec-
tor to the Zg x Zo invariant subspace. On the generators of the symmetric algebra
B, its action simply exchanges X; and Z;_1Z;1+1. Computing the index of D gives

ind(Dy) = 1, (136)

which provides a quantitative characterization of the fact that the non-invertible
operator in the Rep(Dg) fusion category does not mix with lattice translation [40].

e The second possibility is x@(a,a) = x@(b,b) = —1 and x?(a,b) = 1, which is
realized in the fusion category Rep(Hg) = TY(Zy x Zo, x?), ¢ = 1). On lattice, such
a bicharacter is realized by the following QCA:

Dy =KW, oKW, 0P, (137)

which implements the transformation X; — Z;Z;10 — X; 1o on the standard gener-
ating set of the symmetric subalgebra B. A direct computation yields

ind(Dy) = 2. (138)

Notice that Dy mixes with translation, so its algebra is different from the TY fusion
rule.

Finally, we outline a first step towards a purely algebraic definition of the F'S indicator
based on the action of o on B. Consider two QCA’s, a and (, on B that satisfy the TY
condition. If they further possess the same symmetric, non-degenerate bicharacter (and
thus implement the same anyon permutation in Aut(C)) and have the same index, then
by Theorem 7, their actions on B differ only by an FDC with symmetric gates, W, so that

a=WopB. (139)

If we additionally require that o and 2 act identically on B, namely, o = 82, it follows
that
WoW’ o p%0) =p*0), VYO € B, (140)

where W' = (W), which is again an FDC with symmetric gates. This relation indicates
that the FDC WW’' must be a symmetry operator associated with some element g €
75 x 7§. As an FDC, we define the spread of WW' as I’. Consequently, we can truncate
WW' to a finite region A (with a length much larger than I') by retaining gates with
nontrivial support in A and removing the others. We denote this truncated circuit by Uy.
Two observations are useful: (1) Deep inside the region A (i.e., away from Oy A, the I’

12T terms of the three elementary operations defined in Sec.5, T is a SWAP between sites 2n and 2n+1,
an element of Out(Zy x Zz), followed by a two-site translation of all odd sites.
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boundary of A), U behaves as WW', and thus acts as the symmetry operator associated
with g. (2) Deep outside A, U, acts as the identity by construction. As a result, we have

Uy = 01.S,(A")Ol, (141)

where Op, and Op are unitary operators supported within a distance I’ from the left and
right endpoints of A, respectively, and S, (A‘ll) is the symmetry operator associated with
g, restricted to the interior of A. Since WW' consists of symmetric gates, the truncated
circuit Uy is also symmetric. Thus, the boundary operators O and Op carry a well-
defined charge A € H'(Zy x Zo,U(1)), and their charges must be identical.

As an illustrative example, we show that, in certain cases, the FS indicator of the
TY category can be determined (or exchanged) by the sFDC W. Specifically, start-
ing from the fusion category Rep(Dg), we can obtain the fusion category Rep(Qg) =
TY (Zo x Zo, YW e = —1)—distinguished by a different F'S indicator—by composing the
non-invertible operator D in Eq.(135) with an FDC W, chosen such that the spatial trun-
cation of WW’, Uy, satisfies the following conditions: (1) the symmetry string Sy(A~")
of the truncated circuit Uy is associated with the diagonal Zs element of Z§ x Z$; (2) Of,
and Op carry nontrivial charges under both Z§ and Z$. As shown in Appendix B, the new
operator D’ = W o D, together with the symmetry operators, indeed forms the Rep(Qs)
fusion category.

A lattice realization of the non-invertible operator D’ of a Rep(Qg) fusion category is
given by [64]

D'=WoT oKW, oKW,, (142)

where W = T[], /Z;—1X;Z;+1. One can verify explicitly that the truncated unitary Uy
takes the form

n
Ur = Zm—1Zm | [ X5 | ZnZns1, (143)
j=m

which satisfies the conditions for the sFDC discussed in the preceding paragraph. This
serves as an illustrative example, while a systematic definition and exploration of the FS

indicator from the perspective of operator algebras is deferred to future studies.

7 Discussions

In this work, we have systematically explored the definition, classification, and charac-
terization of quantum cellular automata on symmetric subalgebras in 1D spin systems,
where each site carries a regular representation of a finite Abelian group G. We achieved
a complete classification framework based on two key components: an index that quan-
tifies the flow of the subalgebra, and the transformation rules of string operators, which
correspond to anyon permutation symmetries in a 2D G gauge theory. Notably, we have
demonstrated that two QCAs correspond to the same anyon permutation and share the
same index if and only if they differ by a G-symmetric finite-depth circuit.
Several open questions remain for future investigation:

General Symmetric Subalgebras: It is natural to consider extending our results to more
general symmetric subalgebras, which can be tentatively categorized into two classes:
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e First, one might begin with an ordinary spin Hilbert space at each site, where the
local operator algebra is a matrix algebra. We then consider the subalgebra of the
full local operator algebra that is symmetric under a categorical symmetry or matrix
product operator (MPO) symmetry forming a fusion category [57]. Intuitively, QCAs
defined on this symmetric subalgebra should again be characterized by a mapping
to an anyon permutation symmetry in a two-dimensional topological order, i.e., the
Drinfeld center of the fusion category, combined with an index that parametrizes
the information flow. How can we make this intuition more precise? Do these
considerations provide a complete classification of QCAs on this subalgebra?

e Second, consider the case of an anyon chain [65, 66], where the Hilbert space at
each site is not a spin degree of freedom but an object X in a fusion category. Con-
sequently, the local operator algebra is no longer a tensor product of local matrix
algebras (possibly with an additional symmetry constraint), but rather the endomor-
phism algebra of tensor powers of X. Progress has been made in investigating QCAs
defined in this setting [22, 24], and in particular, a generalization of the GNVW index
based on the Jones index from subfactor theory has been proposed [23]. However,
a comprehensive understanding of the full landscape of such QCAs remains lacking.
Specifically, what set of data can completely classify QCAs defined on an anyon
chain? Moreover, in this context, what is the relationship between the index based
on the Jones index and the one proposed in our work, which is based on the overlap
of two local subalgebras? We will address some of these issues in a forthcoming work
[44].

Anomalies of Non-Invertible Symmetries: For any group-like symmetry implemented by
unitary QCAs on a quantum spin chain, one can define an anomaly index that takes
values in the 3rd group cohomology [28, 63]. This anomaly index is purely kinematic, i.e.,
it does not depend on the Hamiltonian, and whenever nontrivial, it prevents any group-
symmetric Hamiltonian from supporting a unique gapped ground state. It is known that
non-invertible symmetries can similarly impose strong constraints on the low-energy phase
diagram of any local symmetric Hamiltonian, leading to anomalies or Lieb-Schultz-Mattis-
type obstructions [26, 35, 36]. Currently, most insights into the anomalies associated with
non-invertible symmetries are framed within the paradigm of symmetry topological field
theory—where a 1D system with (categorical) symmetry is viewed as the boundary of a
2D topological order described by the Drinfeld center. A natural question thus arises: can
we define and characterize the anomalies of non-invertible symmetries from an operator
algebra perspective, analogous to the approach used for invertible group-like symmetries
[63]7

Higher-dimensional Lattice Systems: Significant progress has been made in recent years
on the classification of unitary QCAs in spatial dimensions greater than 1 [18-20], with
nontrivial examples in 3D now constructed [17]. A natural and intriguing question arises:
when considering a symmetric subalgebra in higher dimensions, how does one classify
QCAs defined on such a subalgebra? For example, there is a generalization of the KW
duality to 3D qubit lattice, known as the Wegner duality (for a recent discussion, see [67]),
which can be viewed as a QCA on the subalgebra symmetric under a Zo 1-form symmetry.
It would be interesting to investigate the classification of such QCAs for 1-form symmetric
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subalgebras.
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A Connection to fermionic QCA

In this appendix, we provide a more direct illustration of the connection between QCA’s
on the Zy symmetric subalgebra and those on a Majorana chain. The approach is similar
to that in the proof of Theorem 3. However, here we select a subalgebra of the symmetric
subalgebra B that mirrors the structure of a fermionic operator algebra. In other words,
we demonstrate how to fermionize a Zs symmetric subalgebra.

Specifically, in Step 1 of the proof of Theorem, for each single-site Z operator in the
unit cells Is, U I2, 11, we now define an operator

Vi = Zi(®7551X5) Zm, (144)

where m — i > 2(21 + 2)? + 2I. The set of all such operators with i € Iy, U I,41 is
denoted by Fb,, referred to as the fermionic operators. The reason for this terminology
is clear: operators within this set obey a fermionic commutation relation, specifically, 1;
and 1; for 7 # j anti-commute. Additionally, we denote the set of single-site X operators
in Iy, U Io, 11 as Agy,. We make the following observations:

e The algebra By, = (Agy, Fy,) forms a subalgebra of the symmetric subalgebra B,
thus undergoing a well-defined transformation under «. For each generator of Ba,,
we can define a local fermion parity by examining the portion supported within o, U
Is,11: operators in Ay, are classified as locally even, while those in F5,, are classified
as locally odd. By construction, any operator in Bs, can therefore be expressed as
a linear combination of locally even and locally odd operators. Hereafter, we refer
to the locally even operators (i.e., those without a long tail) as bosonic operators.

e The algebra Bs, is isomorphic to a fermionic algebra. Specifically, consider a fermionic
chain where each site has a two-dimensional Hilbert space, assumed to be uniform
across the chain. This local Hilbert space is a Zo-graded Hilbert space, expressible
as a direct sum of fermion parity even and odd components:

Hi = He & HY, (145)
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with each component having dimension 1. Accordingly, any operator O also decom-
poses into fermion parity even and odd parts:

0=0°as0°, (146)

where the even part O° connects states with the same fermion parity, while O°
transitions between the two subspaces. Importantly, the algebra Bs, is exactly
isomorphic to the operator algebra on the fermionic chain within the interval s, U
I5n+1. Specifically, two fermionic operators defined in Eq. (144) at distinct sites
satisfy the anti-commutation relation:

{i, ¥} =0, Vi # j, (147)

and a fermionic operator commutes with a bosonic operator when they are supported
on distinct sites:
[4hi, O] = 0, (148)

where O is a bosonic operator in Bg,. Since v¢; has support over a large interval,
“disjoint supports” here means i ¢ Supp(O). More generally, for two operators
01 and Oy in By, with well-defined Zo parity in Is, U Is,+1, we define the graded
commutator as [5]:

[01,04]y = 0,05 — (=1)191119210, 0, (149)

where | - | denotes the Zso parity within I5, U I,11: 0 for bosonic operators and 1 for
fermionic ones. Operators O and Oy are said to “graded commute” if [O1, Oz], = 0.
Eqs. (147) and (148) thus imply that operators supported on distinct sites graded
commute.

We then repeat this construction for nearby unit cells [Iox, [o41] (K +3 < n <t —3),
all of which are sufficiently distant from site m. In this manner, we obtain a sequence of
algebras, denoted By, . .., Bo;. By construction, fermionic operators within distinct Ba,’s
anti-commute with each other. Therefore, the algebra generated by this sequence,

M = (Bop, ..., Bay), (150)

is isomorphic to the full operator algebra supported on the interval [Iox, Io41] on a
fermionic chain. Moreover, M includes the Zs symmetric subalgebra supported within
[Tk, I24+1] as its bosonic part.

We now construct another sequence of algebras, which can be regarded as the “image”
of the preceding algebra sequence under the QCA «. According to Prop.4, the fermionic
operators are always mapped to other fermionic operators, specifically,

a(l/JZ) = VLS)_(ZVR, (151)

where V7, and Vg are Zg-odd unitaries supported on [i—, i+I] and [m—I, m~+I], respectively,
each chosen to be Hermitian. Since all fermionic operators defined above share the right
endpoint operator Z,,, Prop.4 implies that the right endpoint component of «(v;), namely
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Vg, is identical for all these operators. This observation motivates the definition of a new

set of fermionic operators as
m—I[—1

vi=2( I X;)Va, (152)
j=i+1
where the right component is now the transformed operator. We then define Co,—1 =
(Aopn—1, Fon—_1), where Ay, denotes the set of single-site X operators on Ia,_1 U Ia,, and
Fon—1 = {¢l]i € Iyp—1 U Iy, }. This construction is similarly repeated for nearby unit cells
[Lor—1, Iot42].

By construction, the algebras in the sequence Cog_1,...,Cory1 exhibit the following
properties: (1) they graded-commute with each other; and (2) the algebra generated by
this sequence,

N = (Cap1,- -, Cors1), (153)

is isomorphic to the algebra of all operators on a fermionic chain, supported within
the interval [Iog_1, I214+2]. Moreover, it contains the Zy symmetric subalgebra within
[Iok—1, I2t+2] as its bosonic part.

The remaining steps in the proof of Theorem 3 proceed in a similar manner. Since
a(Bay) C Cap—1 ® Copt1 (where ® here denotes the graded tensor product, meaning that
fermionic operators on distinct sites anti-commute), we can define the support algebras of
a(Bay,) within Cop,—1 and Caj,41, respectively:

£2n = S(Oé([)’gn), C2n—1)7

(154)
Ron = S(a(Ban),Con+1),

for n € [k,t]. A geometric illustration of these algebras is shown in Fig. 8. By the same
argument as that presented in the proof of Theorem 3 and Appendix A of Ref.[5], these
support algebras have the following properties:

e We have

05(8211) = £2n ® RZm

(155)
Con—1 = Ran—2 ® Lo,

fornek+1,t—1].

e The support algebras Ly, and Ra, for n € [k + 1,t — 1] are Zo-graded algebras,
i.e., they decompose as a direct sum of locally odd and locally even components.
Furthermore, they have a trivial graded center, meaning that any element in Lo,
(or Rgy) that graded commutes with all other elements in Ly, (or Ra,) must be
proportional to the identity. Such algebras with a trivial graded center are referred

to as central simple graded algebras.

It is known that a central simple Zs-graded algebra is classified by the Zs-graded
Brauer group over the complex numbers [48], denoted Brz, (C) = Zs. Specifically, such an
algebra is isomorphic to one of the following types:

e End¢(V), where V' is a Zs-graded Hilbert space, corresponding to the trivial element
in Brz,(C) = Zy. As an ungraded algebra, this is simply a matrix algebra. In a
fermionic chain, this is the support algebra associated with an FDC [5].
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e The Clifford algebra, Cl;, which corresponds to the nontrivial element in Brz, (C) =
Zo. In a fermionic chain, this is precisely the support algebra associated with a
Majorana translation [5].

As an illustrative example, we examine the support algebras for the identity QCA and
KW, the KW duality defined in Eq.(2). Since the spread of both QCAs is upper bounded
by I = 1, each unit cell in Fig.8 can be chosen to contain a single site. For the identity,
we find the support algebra

£2n = <X2n7¢2n>7 (156)

which is isomorphic to a matrix algebra on a two-dimensional Z,-graded Hilbert space, i.e.,
Lon = Endc(CHY). On the other hand, for the KW transformation, we find the support
algebra

m—1
Loy = <Z2n( H XJ)Ym>7 (157)
j=2n+1
which is generated by a single order-2 element. This can be interpreted as a single Ma-
jorana mode and corresponds precisely to the support algebra of a Majorana translation
[5].

B Comparison of the non-invertible operators in Rep(Dg) and Rep(Qs)

In this appendix, we demonstrate that D’, the non-invertible operator in the Rep(Qs)
fusion category, can be derived from D, the non-invertible operator in the Rep(Dg) fusion
category, via an FDC W composed of Zs X Zs symmetric gates. The spatial truncation
of WW’, denoted Uy = OLSQ(A*V)OE over a finite interval A, satisfies the following
properties: (1) Sy (A*ll) is a symmetry string associated with the diagonal Zo element ab;
(2) both Op, and Op carry nontrivial charges under the symmetries a and b.

To distinguish between the two non-invertible operators, we sequentially gauge a Z3
global symmetry in 2D, employing two distinct types of Dijkgraaf-Witten twists. The re-
sulting 2D bulk theories correspond to the Drinfeld centers, Z(Rep(Ds)) and Z(Rep(Qs)),
respectively. By examining the bulk anyon lines, one can infer the difference between the
two non-invertible symmetry operators acting in 1D.

The two Dijkgraaf-Witten twists are specified as Type III and Type II4+II+III [68],
respectively:

L1 = 1Al U Ay U As,
% (158)
Lo = §(A1UA1UA3+A2UA2UA3+A1UA2UA3),

where A1, As, and As are background gauge fields associated with the three Zo symmetries.
We first promote A; and As to dynamical gauge fields, denoted as a; and as. In both
resulting theories, a remaining Zs global symmetry persists, generated by two topological
surface operators:

U = exp(iw/ ay Uag),
M (159)

Uy = exp(iﬂ'/ (a1 Uay +asUas+a1 U CLQ)),
M
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where the integrals are taken over M, the worldsheet of the symmetry operators. Three
key observations will be useful for the subsequent discussion:

e When M is a closed surface with no boundary, we have U; = Us, and both operators
square to the identity. This aligns with the fact that they generate a Zo symmetry.

e Due to the presence of the a; Uag term, both surface operators carry a gauged 1+ 1-
dimensional Zo x Zs SPT phase on their worldsheet. Thus, if we label the gauge
charge of the a; (ag) field as e; (e2), and the corresponding gauge fluxes as my (ma),
the symmetry operators act nontrivially on the anyons, implementing the following
permutation:

e| — €1, Mmjptr— egmy,

(160)
€2 > €9, M9y — e1Mma.

e When the surface M has a boundary, the two symmetry operators become distinct:

1 1
Uy, =U; exp(iﬂ'/ —aj + =ay), (161)

oM 2 2
which can be understood by noting that, for a Zo gauge field, a; Ua; = %dal and
similarly for as. Importantly, along the boundary, the two operators differ by a

“half” anyon line associated with ejes.

We further note that when surface M has a boundary, the symmetry operators in
Eq.(159) are not gauge invariant. To restore the gauge invariant, we can introduce ancillary
degrees of freedom on OM, and write the symmetry operators as follows,

D;=U;- Y eXp(iW/(9M¢1U¢2+¢1Ua2+a1U¢2)a (162)
$1,02

where ¢1 and ¢ are Zs-valued ancillary fields. Under a gauge transformation a; — a;+9A;,
these fields transform as ¢; — ¢; + A;. Thus, we sacrifice the unitarity of symmetry
operators in order to restore the gauge invariance. By straightforward calculation, we see
that

D? =1+ exp(iﬂ-/ a) + exp(iﬂ'/ az) + exp(iﬂ/ ay + az). (163)
oM oM oM

This result agrees with the fusion rule of TY-categories in Eq.(127) on the boundary, after
a relabeling of anyons as m; — €2, mo — €1, €1 — €113, and es — €My

Now we gauge the remaining Zy global symmetry. After the above relabeling, when
anyons braid around a gauge flux of the third Zs symmetry (denoted by w1 and po for the
two distinct types of Dijkgraaf-Witten twists), they are permuted according to the anyon
permutation rule in Eq.(160):

€1 & Thg, €9 > Mm1. (164)

Due to the “PEM Theorem,” [69, 70] the 2D topological orders associated with the Dijkgraaf-
Witten twists £1 and Lo are Z(Rep(Dg)) and Z(Rep(Qsg)), respectively. Consequently,
the boundary descendants of M, o, and p1 (u2) form the fusion categories Rep(Dg)
(Rep(Qg)). The boundary descendants of pq (or p2), mi, and mgy correspond to the
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Figure 11: The standard form of a matrix product unitary (MPU).

non-invertible operators D (or D’), as well as the Z§ and Z$ symmetries, respectively.
Furthermore, according to Eq.(161), if we fuse two u1 and pg in the bulk, we find that the
fusion results differ by an anyon €;mi€sms. This leads to the difference between the two
non-invertible operators D and D’ stated at the beginning of this Appendix.

C Classification of G-symmetric FDCs

First let us briefly review the definition of H? cohomology class for a G-symmetric uQCA,
using the matrix product unitary (MPU) representation. It has been shown in Ref.[14, 71]
that in 1D, any uQCA can be written as a MPU. By blocking a finite number k of
sites, the MPU can always be brought into the “standard form” [14] (i.e., the “two-layer
construction”), as shown in Fig.11, where u and v are unitaries. Each coarse-grained
site (represented by the black vertical lines in Fig.11) then carries p, = Rffk’, i.e., a k-th
power of the regular representation of (G, and the tensors v and v transform under the G
symmetry as shown in Figs 12a and 12b. Here x4, and y, are projective representations
of G. The second cohomology class of the uQCA is defined to be the one associated with
the projective representation x, (or y;) [33]. One can show that the cohomology classes
multiply under the composition of uQCAs. In addition, it is easy to see that a FDC with
G-symmetric gates carries the trivial class.

Thus, to prove the classification in Theorem 1, it suffices to show that a G-symmetric
MPU with a trivial GNVW index and trivial group cohomology is always an FDC with
G-symmetric gates, if each site is in a regular representation of G.

Lemma 2. Let G be a finite Abelian group, and suppose each site has a local Hilbert space
in the regular representation of G. Then a G-symmetric FDC' associated with the trivial
element in H*(G,U(1)) is an FDC with G-symmetric gates.

Proof. Here, (1) x4 and y, are linear representations of G, since the MPU has trivial
group cohomology [15], and (2) x4 and y4 both have the same dimension as p,, since the
MPU has a trivial GNVW index [14]. We now show that, with further blocking, the MPU
becomes an FDC with symmetric gates.

Let us combine three v gates into a coarse-grained gate, denoted by v’. Specifically, we
combine three consecutive blue legs in Fig.11, carrying representations yg4, x4, and ¥4, into
one leg. Given that y, ® v, = v'(p; ® py)v (the transformation of v shown in Fig.12b),
we see that y, ® x4 is equivalent to a 2k-fold tensor product of the regular representation.
Consequently, the combined leg carries a representation equivalent to a 3k-fold tensor
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Figure 12: Transformation of the building blocks of the standard form under the action of the symmetry

Figure 13: Building blocks of the sFDC: v" and ' (not shown) are symmetric local gates. Each leg in
this diagram represents a combination of three legs from Fig. 11.

product of the regular representation,
Yy ® Tg @ Yy = U,RS*FU, (165)
where U, is a unitary gauge transformation. This can be seen by checking the character:
tr(y, @ 24 @ yy) = tr(pg @ pg ® Yy) = Oe.g dim(Ry)*, (166)

where e is the identity element in G, and we use the fact that the regular representation has
the property tr(Ry) = 0, dim(Ry). Similarly, we combine three red legs into a single leg,
which then carries a representation equivalent to a 3k-fold tensor product of the regular
representation,
— @3kt
Tg Q@ Yy @xg = UpR;Uy. (167)

Thus, after a gauge transformation © = v'(U, ® Uy), the coarse-grained gate 0, as shown in
Fig.13 is symmetric under an onsite 3k-fold regular representation. Similarly, by combining
three uw gates into a new coarse-grained gate and performing a gauge transformation,
we obtain @ = (UJ ® Ul)u, which is also symmetric under an onsite 3k-fold regular
representation. This completes the proof that, on a chain where each site carries a regular
representation, a G-symmetric FDC with a trivial group cohomology is an FDC with
symmetric gates, given by ¢ and . O
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