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A rigorous characterization of the information content of any highest-spin
three-fermion wave function is presented. It is based upon a formal decompo-
sition of the wave function into a finite set of fixed invariants, called shapes,
whose sole purpose is to satisfy the Pauli principle, and a variable part, con-
stituting the bosonic excitations of these invariants, that provides its physical
content. As an example, this decomposition is applied to a benchmark-quality
approximate wave function of the lowest-energy quartet electronic state of the
lithium atom. This wave function, which comprises hundreds of basis functions,
is reduced to eleven shape blocks, only five of which are numerically significant.
Such a compact characterization is a generic example of the appearance of su-
perselection rules in configuration space, and provides a qualitative aid in the
search for robust few-particle entangled states.

1 Introduction
Powered by mutually reinforcing advances in algorithms involving entangled quantum
states and technological abilities to implement them [1, 2], research on quantum infor-
mation, computing, and signal-processing has experienced remarkable progress over the
past two decades [3]. However, whereas abstract algorithms operate at the level of quan-
tum numbers, device-level implementations are concerned with the actual photons and
electrons whose wave functions have the required abstract properties. The maintenance
of quantum coherence remains a major issue when those two meet at the implementation
level [4].

One of the differences between photons and electrons is that photons are charge-neutral,
while electrons couple to each other by the Coulomb force. Hence, photon–photon interac-
tions are negligible and any dissipative interaction is mediated by the environment, while
the internal dynamics of electronic states needs to be considered from the outset in quan-
tum design. The usual spin-qubit implementations manipulate information in the spin
sector, while the spatial structure of the wave function typically controls relaxation via
energy gaps, selection rules, and/or coupling to the environment, thus affecting coher-
ence times. Therefore, robustness of the latter is a prime design consideration. A robust
state is one that does not deexcite easily, typically because it would require a significant
reconfiguration of the wave function in space.
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In this work, we develop a formalism for the analysis of the spatial component of an
arbitrary highest-spin three-fermion wave function in terms of fundamental many-body
invariants of the Pauli principle called shapes [5], and apply it to a non-trivial realistic
example. The method is based on Hilbert’s ground-breaking result that invariants of all
the classical and finite groups are finitely generated [6]. In our context, it means that
there is only a finite number of intrinsically different ways a many-body wave function
can satisfy the Pauli principle. A pedagogical introduction to shapes from the perspective
of invariant theory is found in Ref. [7]. In particular, there are 36 distinct shapes for 3
fermions. Furthermore, these 36 shapes fall into only 11 classes according to the particular
ways their antisymmetries split along the lower spatial dimensions. For example, one such
class comprises four shapes that are all antisymmetric in the xy plane and constant in the
z direction, another one encompasses those symmetric in a single plane and antisymmetric
in the orthogonal directions, etc.

The importance of this scheme is twofold. First, satisfying the Pauli principle is by
itself an elementary kinematic requirement, like satisfying the conservation of momentum.
Our approach cleanly separates obligatory fulfillment of this kinematic requirement from
the freedom inherent in the dynamics. The latter is manifested as symmetric functions that
are a mathematically precise implementation of the physical notion of bosonic excitations
of the shapes, i.e., a formal algebraic definition of density oscillations. We develop explicit
formulas for the extraction of these excitations from a general three-fermion highest-spin
wave function.

Second, and building on the first, kinematics dominates dynamics physically. Hence,
kinematically distinct wave functions are expected to be robust when interacting, much
more so than if one could turn one into the other by simply shedding a bosonic excitation
(for example, orthohydrogen and parahydrogen cannot turn into each other by scattering,
so they behave like a mixture of two different gases at arbitrary concentration; they are
superselected in the sense that an entangled superposition is not possible because the
amplitude for tunnelling between them is zero). Thus, the spatial component of the wave
function is a universal source of practical superselection rules in configuration space. The
aforementioned 11 classes are the three-electron generalization of this ortho/parahydrogen
paradigm, and a generic working example of using shapes as an organizational principle in
that space.

In three dimensions, shapes are polynomials in 3N variables that can all be obtained
as derivatives of a single predecessor called the source shape. They are also interesting
from the information-theoretic point of view [8], because this derivative structure allows
an intrinsic information content (absolute entropy) to be defined for them, although they
are pure states whose von Neumann entropy is zero [7]. This definition is based upon
the simple observation that taking the derivative of a polynomial reduces its information
content. The resulting information measure is an aggregate statistic related to the nodal
structure of the many-body wave function.

The organization of the present paper is as follows: First, a brief overview of shapes
is presented. Next, the pertinent formalism and main expressions for the analysis of an
arbitrary three-fermion wave function in terms of shapes and concomitant bosonic excita-
tions are derived. A group-theoretic classification of shapes is found in Appendix C. In the
second part, a qualitative analysis of a benchmark-quality approximate wave function of
the lowest-energy highest-spin electronic state of the lithium atom is presented. This wave
function is decomposed into products of shapes and respective bosonic excitations. Thus,
such excitations of a fermion system are identified without any theoretical arbitrariness
for the first time. The paper concludes with a discussion placing these results in a wider
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context, including open issues.

2 Shapes
The realization that many-fermion wave functions must be antisymmetric is formally en-
coded in Heisenberg’s standard basis [9], commonly known as Slater determinants [10].
Mathematically, these are primitive realizations of the Pauli principle: using them in cal-
culations is a formal safeguard against violating it. A detailed description of the various
operational representations of many-body fermion functions is found in Ref. [11].

It appears now that the many-body Hilbert space has a finer structure in addition to
being a vector space [5]. The spatial component of a wave function of N identical particles
(a wave function for short) in d dimensions,

Ψ := Ψ(r1, . . . , rN ) := Ψ(x1, . . . , xN , y1, . . . , yN , . . .),

can be presented as a free module,

Ψ =
D∑

i=1
ΦiSi, (1)

generated by a finite number D = (N !)d−1 of linearly independent functions Si := Si(r1,
. . . , rN ) in d sets (space dimensions) of N variables x1, . . . , xN , etc.,where the functions
Φi := Φi(r1, . . . , rN ) are linear combinations of terms symmetric in each of these sets
separately (thus called bosonic functions throughout this paper). This choice of coefficient
ring is physically motivated by the nature of density waves in many-body systems that can
in principle be resolved into independent plane waves in the three space directions. Each
plane wave is a boson (a symmetric function) by itself, so the structure of a general physical
bosonic excitation is less general than of an arbitrary symmetric function. The simplest
way to interpret the free module is as a relaxation of the condition that the coefficients in
the usual (infinite) expansion in Slater determinants are c-numbers. If they are allowed to
be symmetric functions instead, only a finite number of antisymmetric basis functions is
needed. These generators of the free module are called shapes.

It should be noted that the term “bosonic” employed in this paper refers to the above
mathematical symmetry property of the coefficients, rather than to any real (particle) sys-
tem. The Hilbert space of real systems composed of physical bosons can also be presented
in the form (1), with the same bosonic-function coefficent ring, but the corresponding
shapes are symmetric functions that are different than either the bosonic functions or the
antisymmetric fermion shapes [5].

Unlike the more familiar vector-space approach to many-body Hilbert space, the free-
module approach is inherently nonlinear. Shapes are geometric objects in the wave-function
space that restrict fermion motion kinematically. They provide qualitative insights into
the many-body wave function, e.g. bands in the spectra of finite systems are interpreted
as ideals generated by their band-heads [12]. In this way, algebraic geometry becomes
the natural framework for the particle picture of quantum mechanics [13]. Because of
this additional structural insight, one can rewrite an arbitrary antisymmetric function in
L2(R3)N in a much more compact form, as it is shown in the numerical example below.

The square-integrability of Ψ is retained in the representation (1), the exponentially
decaying terms being transferred to the functions Φi. Slater determinants of analytic
functions in a single variable are always divisible by an antisymmetric polynomial, so
multiplying and dividing by the same polynomial brings us to the form (1). (If the argument
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refers to more than one particle, it has to be symmetric with respect to their exchange,
because localization factors do not have good parity.) The physical question is whether the
expression (1) is a practical ansatz, once the infinite dimensionality of Hilbert space has
been recoded into a finite sum with bosonic-function coefficients. It is beyond the scope of
this article to discuss it. We note only that it is more easily studied in Bargmann space [13,
14]. There, the bijection between Hermite functions ψn(x) in real space and complex
numbers u in Bargmann space, ψn(x) ↔ un, means that the Φ’s have a natural cutoff,
because high powers mean high-energy basis functions. The Bargmann-space picture is
mathematically a complexification of the real-space formulation we adopt here, with the
considerable advantage of a Hilbert-space structure in the complex numbers themselves.
We choose the real-space approach because of its direct connection with already developed
numerical implementations.

Let us specialize to fermions and d = 3. There is a conjecture [13], obviously extend-
ing to any odd d, that the shapes Si are precisely all the distinct iterated symmetrized
derivatives

∏
a,b,c ∇(a,b,c)DN of the triple product (the source shape)

DN = ∆̃x∆̃y∆̃z, (2)

where the symmetrized derivative is

∇(a,b,c) =
N∑

i=1

∂a

∂xa
i

∂b

∂yb
i

∂c

∂zc
i

. (3)

Here, ∆̃x denotes a normalized Vandermonde form in N variables x1, . . . , xN , defined in
Eq. (5) below, and ∆̃y and ∆̃z are the respective quantities for y and z. From now on,
we specialize to N = 3, for which this conjecture is true. Derivatives of the Vandermonde
form, known as harmonic polynomials, read [15]

xklm =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

xk
1

k!
xl

2
l!

xm
3

m!

xk−1
1

(k−1)!
xl−1

2
(l−1)!

xm−1
3

(m−1)!

xk−2
1

(k−2)!
xl−2

2
(l−2)!

xm−2
3

(m−2)!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, 0 ≤ k, l,m ≤ 2, (4)

where terms with negative factorials are zero. In particular,

x222 = 1
2(x1 − x2)(x1 − x3)(x2 − x3) = 1

2∆x =: ∆̃x, (5)

where ∆x is the standard Vandermonde form in the three x-variables. Different permu-
tations of (k, l,m) may give rise to linearly independent polynomials. The number of
independent harmonic polynomials of each degree n is given by the coefficient of qn in the
q-factorial [16], in this case:

[N ]q! = [3]q! = 1 · (1 + q) · (1 + q + q2) = 1 + 2q + 2q2 + q3, (6)

so there are six independent polynomials for N = 3. They satisfy so-called syzygies,

x112 + x121 + x211 = 0,
x122 + x212 + x221 = 0,

x121x212 + x211x212 + x121x221 − 3x222 = 0,
(7)
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so that x112 and x122 can be rewritten in terms of the others, which brings the number
of independent first- and second-degree polynomials down to two, as predicted by the q-
factorial. (Linear syzygies are often called rewriting rules.) The third (nonlinear) syzygy
appears naturally in the evaluation of determinants presented below.

2.1 The contemporary research context in combinatorics
The cases with d > 1 require d sets of N variables, one for each dimension of the laboratory
space. They can be approached as an algorithmic problem: construct the generating set
of all diagonally alternating functions in d sets of N variables:

f(x1, . . . , zN ) = sign(σ)f(xσ(1), . . . , zσ(N)), (8)

where the permutation σ acts diagonally on all d-plets, e.g., for d = 3,

σ : (xi, yi, zi) 7→ (xσ(i), yσ(i), zσ(i)), i = 1, . . . , N. (9)

We denote the space of functions (8), conforming to the alternating subgroup AN of the
diagonal action (9), by AN , with d = 3 unless stated otherwise. It can be presented as a
free module. The generating set of this free module are the shapes, which are thus many-
body invariants of the Pauli principle, the latter understood as invariance with respect to
the symmetry group AN . For d = 1, the generating set consists of the Vandermonde form
alone, because it divides any antisymmetric polynomial in N variables [17]. For d = 3,
as mentioned above, the generating set seems to comprise all the symmetrized derivatives∏

a,b,c ∇(a,b,c)DN of the form DN in Eq. (2) [13]. This conjecture is contingent upon the
choice of coefficient ring restricted to bosonic functions, as defined above.

The case d = 3 has been studied previously with a different choice of coefficient ring [18],
motivated by extending the N ! and (N + 1)N−1 hypotheses [19] from d = 2 to d = 3. The
crucial difference with respect to the present approach is that, in the latter case, the
coefficient ring consists of all diagonally symmetric functions, which is larger than the ring
of bosonic functions considered here. Variants of this problem are actively investigated in
modern combinatorics, and can be technically demanding [20]. Fortunately, our physical
choice of coefficient ring simplifies matters somewhat, e.g., correspondences with classical
results in d = 1 are more transparent. Nevertheless, much is still unknown about the
general case, so the present results are an important milestone in the further development
of the physical theory.

3 Main expressions
The main formal result of this work is a tool for extracting the content stipulated by
Eq. (1). For an arbitrary wave function Ψ ∈ A3 in three vector variables ri = (xi, yi, zi),
i = 1, 2, 3, we derive a matrix F such that

Φi(v0) =
35∑

j=0
FijΨ(vj), i = 0, . . . , 35, (10)

where vj is a permutation of the nine variables v0 = (x1, x2, x3, y1, y2, y3, z1, z2, z3).
The first step is to limit the permutations in order to avoid the fermion sign prob-

lem [21]. Namely, if Ψ is diagonally alternating as described above, then any permutation
of the triplets ri gives rise to the same physical state. In order to remain in the same
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subspace modulo such permutations, we allow only permutations of the yi and zi triplets
in v0:

vi = σiv0, (11)

where σi is an element of the direct product S3 × S3 =: S2
3 of the symmetric group S3 with

itself. It has (3!)2 = 36 elements (listed in Table 5 in Appendix A), each an ordered pair
of permutations acting independently on the two triplets. No information is lost by such a
limitation, because three arbitrary permutations of the three triplets in x, y, z can always
be brought to a standard form by permuting the triplets r1, r2, r3 so that the x-triplet is
brought to the identity permutation, e.g.,

(x1, x3, x2, y2, y1, y3, z3, z2, z1) → (x1, x2, x3, y3, y1, y2, z2, z3, z1), (12)

in this case, by exchanging particle indices 2 and 3.
Notably, S2

3 has the same number of elements as A3 has generators as a module.
Fixing one set of N variables in d dimensions leaves the group Sd−1

N to act on the rest,
and the number of generators of the free module is also (N !)d−1 in general. Therefore, the
abstract presentation of AN in d dimensions as a module generated by shapes can always
be coordinatized by the action of Sd−1

N on a specific Ψ ∈ AN , i.e., by evaluating Ψ(σv0)
for all σ ∈ Sd−1

N . We implement this program for (N, d) = (3, 3) now, introducing the
technique with two simple examples of increasing complexity.

3.1 Two fermions in three dimensions
The case N = 2 is the simplest example of this scheme. We have

D2 =
∣∣∣∣∣x1 x2
1 1

∣∣∣∣∣
∣∣∣∣∣y1 y2
1 1

∣∣∣∣∣
∣∣∣∣∣z1 z2
1 1

∣∣∣∣∣ = (x1 − x2)(y1 − y2)(z1 − z2). (13)

The non-zero derivatives are
∇(1,1,0)D2 = 2(z1 − z2), (14)

and cyclically, accounting for the four shapes, which could have been written down by
inspection. Denoting x = x1 − x2 etc., any Ψ ∈ A2 can be written

Ψ(x1, x2, y1, y2, z1, z2) = Φ0xyz + Φ1x+ Φ2y + Φ3z, (15)

where the Φi are symmetric under the transpositions x1 ↔ x2 etc. in each spatial direction
separately. [Thus, xyz is an independent generator despite (say) xy being a symmetric
function, because x and y are antisymmetric.] This expression can be evaluated at three
such transpositions to yield

Ψ
Ψx

Ψy

Ψz

 =


xyz x y z

−xyz −x y z
−xyz x −y z
−xyz x y −z




Φ0
Φ1
Φ2
Φ3

 , (16)

where the indices in the left-hand column indicate which pair of variables is transposed.
The matrix in Eq. (16) is easily inverted to yield the bosonic functions Φ0, . . . ,Φ3, as long
as xyz ̸= 0. The reader will recognize a generalization of the well-known separation of
a function into symmetric and antisymmetric parts. In the following, the generalization
becomes more complex, but the idea remains the same.
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The compactness of the shape formulation becomes apparent upon its direct comparison
with Slater determinants. For example, the polynomial part of a simple doubly-excited
state may be written (x2 + y2 + z2)x. In Slater determinants, this expression reads

(x2 + y2 + z2)x =
∣∣∣∣∣x3

1 x3
2

1 1

∣∣∣∣∣+
∣∣∣∣∣x2

1 x2
2

x1 x2

∣∣∣∣∣+
∣∣∣∣∣x1y

2
1 x2y

2
2

1 1

∣∣∣∣∣−
∣∣∣∣∣y2

1 y2
2

x1 x2

∣∣∣∣∣
+ 2

∣∣∣∣∣x1y1 x2y2
y1 y2

∣∣∣∣∣+
∣∣∣∣∣x1z

2
1 x2z

2
2

1 1

∣∣∣∣∣−
∣∣∣∣∣z2

1 z2
2

x1 x2

∣∣∣∣∣+ 2
∣∣∣∣∣x1z1 x2z2
z1 z2

∣∣∣∣∣ ,
(17)

which appears rather unwieldly. For a complete wave function, replace each entry xl
iy

m
j z

n
k

with the Hermite functions ψl(xi)ψm(yj)ψn(zk), with missing factors as zero powers.

3.2 Three particles in one dimension
In this example, we allow the function Ψ to be of any symmetry. Then the role of shapes
is played by all harmonic polynomials. We have

Ψ(x1, x2, x3) = Φ0x222 + Φ1x212 + Φ2x221 + Φ3x211 + Φ4x121 + Φ5x210, (18)

where the Φi are symmetric, i.e., constant under the action of S3, the group of permutations
of the three variables. Note that x210 = −1, so we shall keep the “210” polynomials only for
uniformity. We need a generalization of the separation into symmetric and antisymmetric
parts. One such generalization is the Fourier transform, where “+1” and “−1” generalize
to complex roots of unity. It is appropriate for periodic functions, which are invariant
under the cyclic group, whose characters are complex roots of unity. Here, the required
transform is by the characters χR(σ) of S3. The character table is [22]

R σ : (1)(2)(3) (23)(1) (12)(3) (13)(2) (123) (132)
S 1 1 1 1 1 1
A 1 −1 −1 −1 1 1
E 2 0 0 0 −1 −1

, (19)

the rows referring respectively to the symmetric, antisymmetric, and two-dimensional rep-
resentations R. The columns list the corresponding six permutations in cycle notation,
e.g., (12)(3) is the transposition x1 ↔ x2. We write down the transforms

gR(x1, x2, x3) =
∑

σ

χR(σ)Ψ(xσ(1), xσ(2), xσ(3)) (20)

explicitly:
gS = 6Φ5x210 = −6Φ5,

gA = 6Φ0x222 = 3Φ0∆x,

gE = 3(Φ1x212 + Φ2x221 + Φ3x211 + Φ4x121).
(21)

The character χE extracts all four harmonic polynomials of mixed symmetry. In order to
obtain the bosonic functions Φ1, . . . ,Φ4, we need to evaluate gE at additional permuted
sets of variables. Writing gklm for gE(xk, xl, xm), we have

g123
g132
g213
g312

 = 3


x212 x221 x211 x121

−x221 −x212 −x211 x211 + x121
x212 + x221 −x221 −x121 −x211

−x212 − x221 x212 −x211 − x121 x211




Φ1
Φ2
Φ3
Φ4

 . (22)
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Importantly, the determinant of the matrix in Eq. (22) is just the discriminant ∆2
x, up to

a constant factor, so there are no additional requirements for invertibility other than that
none of the points xi coincide. The rank of the matrix depends on the choice of variable
permutations at which gE is evaluated, which we found by trial and error here. It does
not matter which set of permuted variables is chosen, as long as it gives a full-rank matrix
without additional conditions on the variables.

3.3 Three fermions in three dimensions
Now, we are set to derive the main result. Because the expressions turn out to be quite
large, we relegate most of them to Appendix B, tracing only the main steps here. The
technical approach employed is to express both the shapes and the matrix elements of the
transformations like (22) in terms of the harmonic polynomials, treated as new variables,
and to apply the syzygies (7) to simplify the resulting expressions when necessary.

Write an arbitrary wave function as

Ψ(v0) =
35∑

i=0
Φi(v0)Si(v0), (23)

where Φi are functions symmetric in each direction in space separately, so that

Φj(σiv0) = Φj(v0) =: Φj 0 ≤ i, j ≤ 35. (24)

The quantities Si, i = 0, . . . , 35 are the shapes compiled in Table 6 in Appendix A (with
S0 = D3). The character table of S2

3 (listed in Table 7) is the outer product of the character
table (19) with itself. The ensuing 9 characters are evaluated at the 36 permutations
σi ∈ S2

3 . We analyze the wave function (23) with these characters, calling the respective
transforms gi:

gi(v0) :=
∑

σ

χi(σ)Ψ(σv0). (25)

The first four characters each extract one term from Eq. (23):

g0(v0) = 36Φ32S32 = 216Φ32x222,

g1(v0) = 36Φ0S0 = 36Φ0x222y222z222,

g2(v0) = 36Φ23S23 = 216Φ23z222,

g3(v0) = 36Φ26S26 = 216Φ26y222.

(26)

Thus, we obtain the bosonic functions Φ32, Φ0, Φ23, and Φ26 simply by dividing these gi’s
with some Vandermonde forms. The manifest asymmetry of these expressions is due to
our choice to keep the x-triplet fixed in the action of S2

3 , so the trivial (identity) character
extracts x222.

The next four characters extract four terms each:

g4(v0) = 18 (Φ1S1 + Φ4S4 + Φ6S6 + Φ11S11) ,
g5(v0) = 18 (Φ22S22 + Φ29S29 + Φ31S31 + Φ35S35) ,
g6(v0) = 18 (Φ2S2 + Φ5S5 + Φ8S8 + Φ13S13) ,
g7(v0) = 18 (Φ20S20 + Φ27S27 + Φ30S30 + Φ34S34) .

(27)

Like in the reduced example in Section 3.2, we can obtain the Φi’s by evaluating these
expressions at other sets of variables in order to construct 4 × 4 systems of equations for
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(i, j) M4(i, j) (i, j) M4(i, j)
(1, 1) x121y121 + x211y121 + x211y211 (3, 1) x121y212 − x211y221
(1, 2) −x121y121 + x211y211 (3, 2) −x121y212 − x211y212 − x211y221
(1, 3) x211y121 + x121y211 + x211y211 (3, 3) −x121y212 − x121y221 − x211y221
(1, 4) x211y121 − x121y211 (3, 4) x121y212 + x211y212 + x121y221
(2, 1) −x221y121 − x212y211 − x221y211 (4, 1) x212y212 + x212y221 + x221y221
(2, 2) −x212y121 − x212y211 − x221y211 (4, 2) x221y212 + x212y221 + x221y221
(2, 3) −x212y121 − x221y121 − x221y211 (4, 3) −x212y212 + x221y221
(2, 4) −x212y121 − x221y121 − x212y211 (4, 4) −x221y212 + x212y221

Table 1: Matrix elements of the matrix M4 in Eq. (29).

them. For g4, we find that the variable set {v0, v6, v7, v24} gives a full-rank matrix in the
equation 

g4(v0)
g4(v6)
g4(v7)
g4(v24)

 = 18


S1(v0) S4(v0) S6(v0) S11(v0)
S1(v6) S4(v6) S6(v6) S11(v6)
S1(v7) S4(v7) S6(v7) S11(v7)
S1(v24) S4(v24) S6(v24) S11(v24)




Φ1
Φ4
Φ6
Φ11

 , (28)

which is analogous to (22). The elements of the matrix M4 that appears in the inverse
equation, 

Φ1
Φ4
Φ6
Φ11

 = 22

35
1

∆x∆y∆z
M4


g4(v0)
g4(v6)
g4(v7)
g4(v24)

 , (29)

are listed in Table 1. Notably, M4 is z-independent, but the particular transforms g4(vj)
appearing in Eq. (29) are all divisible by ∆z, so the extra ∆z in (29) is cancelled. Finally,
it is recovered in the expansion because the shapes S1, S4, S6, and S11 all contain a factor
z222. Hence, the character χ4 extracts components of the wave function symmetric in the
xy plane, multiplied by a term ∆z which is fully antisymmetric in the z direction.

Similarly, for g5 we obtain
Φ22
Φ29
Φ31
Φ35

 = 2
36

1
∆x∆y

M5


g5(v0)
g5(v6)
g5(v7)
g5(v24)

 , (30)

where the matrix M5 is given in Appendix B. It is also z-independent, but it yields a
different structure. The transforms g5(vj) are symmetric in the z direction, and the shapes
S22, S29, S31, and S35 all contain z210 = −1, so they are z-independent. Hence, the charac-
ter χ5 extracts a two-dimensional component of Ψ that is antisymmetric in the xy-plane,
multiplied by a symmetric z-component that is simply copied over to the corresponding
bosonic functions Φi.

The next two characters repeat this pattern in the y direction. We have
Φ2
Φ5
Φ8
Φ13

 = 22

35
1

∆x∆y∆z
M6


g6(v0)
g6(v1)
g6(v2)
g6(v4)

 (31)
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Gg = 1
3



[(v4) − (v10) + (v12) − (v24)]/2
[(v0) + (v9) + (v10) + (v14) + (v24) + (v32)]/2
[(v1) + (v2) + (v6) + (v7) + (v18) + (v26)]/2

[(v2) − (v6) + (v23) + (v26) + (v28)]/2
[−(v4) − (v10) + (v12) + (v24)]/2

[(v1) + (v2) − (v6) − (v7) − (v18) + (v26)]/2
[−(v1) + 2(v6) + (v7) + (v18) − (v23) + (v28)]/2

[(v0) + (v4) − (v9) − (v12) − (v14) + (v32)]/2
(v0) − (v9) − (v10) − (v12) − (v32)
(v1) − (v7) + (v18) + (v26) + (v28)

(v2) + (v7) − (v23) − (v26)
(v4) + (v9) − (v14) + (v24) + (v32)

−(v1) + (v2) − (v7) − (v18) + 2(v23) − 2(v26) − (v28)
2(v1) + (v2) + 2(v7) − (v18) − (v23) + (v26) + 2(v28)

−2(v0) − (v4) + (v9) − (v10) − (v12) − 2(v14) − (v24) + (v32)
(v0) − (v4) + (v9) + 2(v10) + 2(v12) + (v14) − (v24) − 2(v32)


Table 2: The column Gg in Eq. (34). The blocks in Eq. (36) are separated by horizontal lines.

and 
Φ20
Φ27
Φ30
Φ34

 = 2
36

1
∆x∆z

M7


g7(v0)
g7(v1)
g7(v2)
g7(v4)

 , (32)

where the matrices M6 and M7, given in Appendix B, are both y-independent. The trans-
forms g6 all contain a Vandermonde factor ∆y cancelled by the denominator in Eq. (31),
while the shapes S2, S5, S8, and S13 are proportional to y222. The transforms g7 are sym-
metric in the y direction, while the shapes S20, S27, S30, and S34 all contain y210 = −1.

For χ8, the situation is more complicated. It extracts 16 terms:

g8(v0) = 9 (Φ3S3 + Φ7S7 + Φ9S9 + Φ10S10 + Φ12S12 + Φ14S14 +
+ Φ15S15 + Φ16S16 + Φ17S17 + Φ18S18 + Φ19S19 +
+ Φ21S21 + Φ24S24 + Φ25S25 + Φ28S28 + Φ33S33) .

(33)

Evaluating it at 16 particular sets of variables, one arrives at the rank-16 matrix U in
g = UΦ, as in Eq. (28). Next, we use Gaussian (row) elimination G and column reorderings
C to bring it into block-matrix form Ũ = GUC:

g = G−1ŨC−1Φ =⇒ C−1Φ = Ũ−1Gg. (34)

The matrix C−1 acting on Φ from the left just reorders the Φi’s, while the Gaussian-
elimination matrix G induces linear relations among the g8(vi)’s. Thus,

C−1Φ = col [ Φ3,Φ9,Φ10,Φ16, | Φ17,Φ24,Φ25,Φ33,

| Φ7,Φ12,Φ14,Φ15,Φ18,Φ19,Φ21,Φ28 ]
(35)

where the additional vertical lines indicate the blocking of Ũ−1 into two 4×4 and one 8×8
block. Writing (vk) for g8(vk), the column Gg is given in Table 2. The matrix Ũ−1 is

Ũ−1 = 23

35
1

∆x∆y∆z

M8 ∅ ∅
∅ ∆x

2 M9 ∅
∅ ∅ 1

3M10

 . (36)
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I0 32 I4 1 I5 22 I6 2 I7 20 I8 3 I9 17 I10 7 18
I1 0 4 29 5 27 9 24 12 19
I2 23 6 31 8 30 10 25 14 21
I3 26 11 35 13 34 16 33 15 28

Table 3: Indices of shapes appearing in the blocks in the inversion (38).

The x-independent 4 × 4 matrices M8 and M9 repeat the pattern of M4 and M5 (or M6
and M7), respectively. The shapes S3, S9, S10, and S16 are proportional to ∆x, while S17,
S24, S25, and S33 all contain x210 = −1. Again, the matrices M8, M9, and M10 are given
in Appendix B. No special meaning should be ascribed to the appearance of M8 and M9
only after the reduction of χ8, while the four matrices referring to the other two directions
each appeared with a character of its own. That is again due to the asymmetric action of
S2

3 , where the x-triplet is kept constant. Similarly, the extra work involved in the column
Gg simply recovers the symmetry of the bosonic functions in the x, y, z directions that was
broken by this choice.

The characters of S2
3 break up the spatial dependence of an arbitrary function Ψ ∈ A3

into eleven blocks. Four are one-dimensional, comprising the product x222y222z222 and
its factors x222, y222, and z222. Three are four-dimensional, with a symmetric spatial
dependence in a plane, and antisymmetric in the line orthogonal to that plane. Another
three are also four-dimensional, antisymmetric in a plane and symmetric in the orthogonal
direction. Finally, there is one eight-dimensional block whose antisymmetry cannot be
decomposed across the lower spatial dimensions. The total decomposition reads

1 + 3 × 1 + 3 × 4 + 3 × 4 + 8 = 36. (37)

The question arises whether the seven higher-dimensional blocks are reducible. That is the
subject of the next section.

The program to extract the bosonic functions Φi by evaluations of an arbitrary wave
function Ψ ∈ A3 is now complete. To summarize: Evaluate the transforms (25) at the re-
quired sets of variables, insert them in the right-hand columns of the matrix equations (29),
(30), (31), (32), and (34), and multiply by the matrices Mi as given above. Thus, one ob-
tains the matrix Fij in the formula (10) for the bosonic functions Φi, i = 0, . . . , 35.

3.4 The symmetry of the coefficient ring
Once the steps mentioned in the previous paragraph are carried out, one can insert the
expression (10) for the bosonic functions into the decomposition (1) to obtain the inversion
formula:

Ψ(v0) =
35∑

i=0
ΦiSi =

10∑
k=0

∑
i∈Ik

ΦiSi

=
10∑

k=0

∑
i∈Ik

35∑
j=0

SiFijΨ(vj) =:
35∑

j=0

[
1
36

10∑
k=0

η̄k(σj)
]

Ψ(σjv0),
(38)

where the sets Ik of shape indices that appear in the blocks above (termed shape blocks
in the following) are listed in Table 3, and the newly introduced characters read

η̄k(σj) = 36
∑
i∈Ik

SiFij , k = 0, . . . , 10; j = 0, . . . , 35. (39)
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These characters, listed in Table 8 in the Appendix A, are just numbers, confirming that
the inversion formula (38) is well defined. They add column-wise to the Kronecker delta,

1
36

10∑
k=0

η̄k(σj) = δj0, j = 0, . . . , 35, (40)

in accord with the inversion (38). Summing their squares row-wise yields

1
36

35∑
j=0

η̄k(σj)2 = |Ik|, k = 0, . . . , 10, (41)

where |Ik| is the number of elements in the set Ik, which means that for k ≥ 4, each η̄k is
a composite character with |Ik| components. The latter are one-dimensional (symmetric)
representations of the symmetry group S2

3 of the coefficient ring, which coordinatizes it
in the same way as A3 (keeping one triplet of variables fixed). Since, intuitively, they
appear when Fij “looks to the left” in the inversion formula (38), they are dual to the
bosonic functions Φi. They are symmetric functions, because the alternating properties
of the shapes are compensated by the Vandermonde denominators in Fij . There are 36
of them because there are that many ways to pass from the symmetry of each individual
shape to the symmetry of the coefficient ring. We shall not pursue this reduction further
here, because it distracts from our main purpose of applying the invariant (isotypical)
qualitative analysis of the wave function, already accomplished by its decomposition into
the aforementioned 11 shape blocks.

4 A numerical example: The lowest-energy 4Pu electronic state of the
lithium atom

The ideas expounded above are vividly illustrated by the lowest-energy 4Pu quartet state
of the lithium atom, whose nonrelativistic Born-Oppenheimer description involves an elec-
tronic wave function given by a product of a spin component and its spatial counterpart
Ψ := Ψ(r1, r2, r3) that is approximately given by the Slater determinant built from the
1s, 2s, and 2pz orbitals. Electron correlation effects beyond this zeroth-order approxima-
tion are quite weak, as the permutational antisymmetry of Ψ reduces the electron-electron
repulsion considerably. They are efficiently accounted for with the ansatz

Ψ ≈ Â
N∑

n=1
Cn exp

(
α1n|r1|2 + α2n|r2|2 + α3n|r3|2 + β1n|r1 − r2|2

+ β2n|r1 − r3|2 + β3n|r2 − r3|2
)

sinh(γ1nz1 + γ2nz2 + γ3nz3),
(42)

where Â is the antisymmetrizer. The coefficients {Cn} and the nonlinear parameters
{α1n, α2n, α3n, β1n, β2n, β3n, γ1n, γ2n, γ3n} that parametrize the N explicitly correlated Gaus-
sians (ECGs) [23, 24] are determined by minimizing the expectation value of the electronic
energy ⟨Ψ|Ĥ|Ψ⟩, where

Ĥ =
3∑

i=1

(
−1

2∇2
i − 3|ri|−1

)
+

3∑
i>j=1

|ri − rj |−1, (43)

subject to the normalization condition ⟨Ψ|Ψ⟩ = 1 (atomic units are used here and in
the following). The minimization involves the usual secular-equation formalism for the
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N 9 13 19 28 41 129 277 1278
⟨Ψ|Ĥ|Ψ⟩ −5.3580443 −5.3631457 −5.3661042 −5.3672326 −5.3676610 −5.3679944 −5.3680085 −5.3680101

w0 9.4913 · 10−4 9.1663 · 10−4 9.3229 · 10−4 9.0504 · 10−4 9.0971 · 10−4 9.1230 · 10−4 9.1259 · 10−4 9.1257 · 10−4

w1 4.2089 · 10−5 3.5268 · 10−5 3.6106 · 10−5 3.4150 · 10−5 3.4398 · 10−5 3.3406 · 10−5 3.3411 · 10−5 3.3414 · 10−5

w2 2.6900 · 10−1 2.6987 · 10−1 2.7084 · 10−1 2.7174 · 10−1 2.7205 · 10−1 2.7208 · 10−1 2.7209 · 10−1 2.7208 · 10−1

w3 9.4913 · 10−4 9.1663 · 10−4 9.3229 · 10−4 9.0504 · 10−4 9.0971 · 10−4 9.1230 · 10−4 9.1259 · 10−4 9.1257 · 10−4

w4 5.1469 · 10−2 5.1525 · 10−2 5.1492 · 10−2 5.1512 · 10−2 5.1549 · 10−2 5.1493 · 10−2 5.1494 · 10−2 5.1493 · 10−2

w5 3.2297 · 10−3 3.1283 · 10−3 3.1829 · 10−3 3.1083 · 10−3 3.1234 · 10−3 3.1346 · 10−3 3.1352 · 10−3 3.1353 · 10−3

w6 7.6882 · 10−4 6.9243 · 10−4 7.1265 · 10−4 6.8436 · 10−4 6.9083 · 10−4 6.8738 · 10−4 6.8749 · 10−4 6.8750 · 10−4

w7 2.9747 · 10−1 2.9711 · 10−1 2.9656 · 10−1 2.9613 · 10−1 2.9591 · 10−1 2.9586 · 10−1 2.9585 · 10−1 2.9585 · 10−1

w8 7.6882 · 10−4 6.9243 · 10−4 7.1265 · 10−4 6.8436 · 10−4 6.9083 · 10−4 6.8738 · 10−4 6.8749 · 10−4 6.8750 · 10−4

w9 2.9747 · 10−1 2.9711 · 10−1 2.9656 · 10−1 2.9613 · 10−1 2.9591 · 10−1 2.9586 · 10−1 2.9585 · 10−1 2.9585 · 10−1

w10 7.7875 · 10−2 7.8013 · 10−2 7.8043 · 10−2 7.8170 · 10−2 7.8219 · 10−2 7.8352 · 10−2 7.8355 · 10−2 7.8357 · 10−2

Table 4: The convergence of the electronic energy ⟨Ψ|Ĥ|Ψ⟩ and the shape-block contributions {wi}
to Ψ with the length N of the expansion (42).

coefficients and various numerical techniques for the nonlinear parameters [23, 24]. The
ECG basis sets are constructed iteratively from an initial set of three functions with N1 = 1,
N2 = 2, and N3 = 3. For each J > 3, the sets of NJ−2 and NJ ECGs with the nonlinear
parameters already optimized by separate minimizations are merged and the resulting
parameters of the set of NJ+1 = NJ−2 + NJ ECGs are employed as the initial guess
for the next-stage optimization.1 The computed approximate wave functions and the
corresponding energies converge rapidly with N (Table 4). Although, strictly speaking, the
wave functions constructed from the lobe ECGs that enter Eq. (42) are not eigenfunctions
of the total angular momentum operator L̂2, the deviations are numerically insignificant.

The availability of highly accurate approximations for the electronic wavefunction of
the 4Pu quartet state of the lithium atom paves the way for the analysis of its bosonic
content, as prescribed by the expansion (10) and the inversion formula (38). This analysis
begins with the observation that the aggregate block functions

Ξk := Ξk(v0) := ak

36

35∑
j=0

η̄k(σj)Ψ(σjv0), k = 0, ..., 10, (44)

where

ak =

 1
36

35∑
j=0

η̄k(σj)⟨Ψ(v0)|Ψ(σjv0)⟩

−1/2

, k = 0, ..., 10, (45)

1The numbers N1, N2, . . . , are the elements of the so-called Narayana’s cows sequence; see The Online
Encyclopedia of Integer Sequences, https://oeis.org/A000930.
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are orthonormal, i.e.,

⟨Ξk|Ξk′⟩ = akak′

362

35∑
j=0

35∑
j′=0

η̄k(σj)η̄k′(σj′)⟨Ψ(σjv0)|Ψ(σj′v0)⟩

= akak′

362

35∑
j=0

35∑
j′=0

η̄k(σj)η̄k′(σj′)⟨Ψ(v0)|Ψ(σ−1
j σj′v0)⟩

= akak′

362

35∑
J=0

⟨Ψ(v0)|Ψ(σJv0)⟩
35∑

j=0
η̄k(σj)η̄k′(σjσJ)⟩

= δkk′
akak′

36

35∑
J=0

η̄k(σJ)⟨Ψ(v0)|Ψ(σJv0)⟩ = δkk′ , 0 ≤ k, k′ ≤ 10,

(46)

per the character multiplication rule

1
36

35∑
j=0

η̄k(σj)η̄k′(σjσJ) = δkk′ η̄k(σJ), 0 ≤ k, k′ ≤ 10, (47)

that can be verified directly with the data in Table 8. Moreover, it follows from Eqs. (38)
and (44) that they form a complete basis set for Ψ, i.e.

Ψ =
10∑

k=0
ak Ξk. (48)

Consequently, the square wk = a2
k of the real-valued amplitude ak quantifies the con-

tribution of the kth shape block to Ψ. Thanks to the employment of the ECGs in the
expansion (42), computation of these quantities is straightforward.

The bosonic densities

Di(r1) =
∫ ∫

|Φi(r1, r2, r3)|2dr2dr3, i = 0, ..., 35, (49)

and the one-electron density,

ρ(r1) = 3
∫ ∫

|Ψ(r1, r2, r3)|2dr2dr3, (50)

are also of interest. In general, their computation involves numerical quadratures. E.g., in
the case of D32(r1) that pertains to the shape S32 = (x1 − x2)(x1 − x3)(x2 − x3), integrals
of the type ∫ ∞

−∞

∫ ∞

−∞

F (x1, x2, x3)
9(x1 − x2)2(x1 − x3)2(x2 − x3)2dx2dx3

=
∫ ∞

0

[∫ 2π

0

F (x1, x1 + r sinϕ, x1 + r cosϕ)
9 sin2 ϕ cos2 ϕ (sinϕ− cosϕ)2 dϕ

]
r−5dr,

where F (x1, x2, x3) is a combination of exponential functions with arguments given by
quadratic forms in x1, x2, and x3, have to be evaluated.

Inspection of Table 4 reveals the rapid convergence of the shape-block contributions
{wi} to Ψ with the length N of the expansion (42) that rivals that of the electronic energy
⟨Ψ|Ĥ|Ψ⟩. Although surprising at first glance, it demonstrates the relative insensitivity of
these contributions to the behavior of Ψ in the vicinities of the electron-electron coalescence
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(a) (b)

Figure 1: (a) The shape-block contributions wk to the electronic wave function of the 4Pu quartet
state of the lithium atom. The labels above the bars indicate the type of shapes within the block (e.g.,
Sxy means symmetric with respect to particle interchange and confined to the xy plane; A means
antisymmetric, and ∆z is the Vandermonde form in the z-direction). (b) Three-dimensional histogram
of the contributions in (a) with the same color coding. The surfaces of the geometric figures are
proportional to the probabilities. The yellow cube and green cylinder, the blue squares, and the red
cones depict the three-, two-, and one-dimensional shape blocks, respectively.

points that is poorly reproduced by the ECGs. However, the most important feature of
the data compiled in Table 4 is the predominance of just three shape blocks, namely the
2nd, 7th, and 9th, that together contribute over 86% to Ψ. Their next two most important
counterparts (namely the 4th and 10th ones) contribute almost 13%, leaving only ca. 0.6%
for the remaining 6 shape blocks. To be explicit, 99.4% of the spectral weight of the
practically exact Li wave function Ψ expressed in our basis of 1278 correlated Gaussians
can be meaningfully rewritten as

Ψ ≈ 0.27208 Ξ2 + 0.051493 Ξ4 + 0.29585 Ξ7 + 0.29585 Ξ9 + 0.078357 Ξ10, (51)

where the block functions Ξk (44) are fixed (Fourier-like) transforms of Ψ. In other words,
the wave function with extremely complex dependencies on the positions of electrons can
be condensed with only a minor loss of information to 5 blocks comprising a total of 21
shapes—a truly remarkable compact description (Fig. 1). As expected, the contributions
conform to the symmetry of Ψ (i.e., w0 = w3, w6 = w8, and w7 = w9). Due to the
presence of the core 1s orbital in the Slater determinant that provides the zeroth-order
approximation of Ψ, the one-electron density ρ(r1) is almost spherically symmetric at short
distances from the nucleus (Fig. 2a). In contrast, the bosonic densities exhibit complicated
angular dependences. For example, the equidensity contours of the symmetry-equivalent
D32(r1) and D26(r1) are cigar-shaped (Figs. 2b and 2c), whereas those of D23(r1) have
shapes resembling two joined tetragonal-pyramid variants of zongzi rice cakes (Fig. 2d). As
expected from the discussion in Appendix C, D23(r1) does not have cylindrical symmetry.

The overall computational complexity of the scheme is dominated by the number D :=
(N !)d−1 of shapes of N fermions in d dimensions. In principle, they need to be generated
once and for all for each combination of N and d. The construction of the transformation
matrix F requires D evaluations per character. The number of distinct characters of Sd−1

N
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(a) (b)

ρ(r1) D32(r1)
(c) (d)

D26(r1) D23(r1)

Figure 2: Isodensity contours for (a) the one-electron density ρ(r1) and the bosonic densities (b)
D32(r1), (c) D26(r1), and (d) D23(r1) pertaining to the electronic wave function of the 4Pu quartet
state of the lithium atom. The contours that fit the cubic cages with − 1

2 ≤ x1, y1, z1 ≤ 1
2 displayed

in (a–d) correspond to the density values of 5.0 × 10−1, 9.0 × 10−5, 9.0 × 10−5, and 4.0 × 10−3,
respectively.
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is p(N)d−1 ∼ exp(∼ (d−1)
√
N) << D for large N , where p(N) is the number of partitions

of N . Because of this mismatch in magnitudes, the size of the subspaces extracted by the
characters is expected to increase. The key unknown is whether the number of shape blocks
will behave in a similar fashion, or remain manageable with the shape blocks themselves
increasing in size. Given the qualitative classification of shape blocks obtained here, the
latter is expected, indeed, their number could remain equal to eleven. Finally, in order to
obtain the bosonic coefficient functions, one needs to compute the wave function with the
same number D of permutations of its arguments. This cost scales as D ·B, with B being
the cost of evaluating the wave function. If we collect all factors multiplying D into some
C, the latter is logarithmically negligible, logC ≪ logD, for larger values of N . For cases
where D is prohibitively large, an alternative stochastic approach has been envisaged [13].

5 Discussion and conclusion
The description of finite systems by quantum theory has always been subject to some
tension between the microscopic approach, which commences with constituent fermions,
and the phenomenological approach that focuses on their collective properties. This tension
was first overt in nuclear physics, where the liquid-drop (collective) and shell (fermionic)
models coexisted for decades without one ever being fully reduced to the other [25, 26].
When the number of fermions is very small, one may well ask whether the term “collective”
retains a physical meaning at all.

Specifically, imagine a collective excited state of a finite system as a superposition of
particle-hole excitations over a Fermi sea,

a†
1 · · · a†

nan+1 · · · a2n |F ⟩ . (52)

One would like to gather all such terms into an effective boson b†, so that (b†)M |F ⟩
describes the M -th excited state of a collective rotation or vibration band. Despite the
considerable phenomenological success of some such approaches [27], all based on Lie-
group theory, this program remained dependent on choices of subgroup decompositions
and fermion coupling schemes that could not be justified microscopically [28].

These considerations have been brought to a head by the advent of manufactured fi-
nite systems, such as few-electron quantum dots [29] or Rydberg atoms [30], that hold the
promise of becoming the physical building blocks of quantum computers. Robustness, al-
ready mentioned in the Introduction, can be described in the collective-model language as
a distinction between excitation bands and their bandheads, i.e., the lowest-lying states of
each band. In deexcitation cascades, states easily populated by decay of higher states are
in the same band, while transitions between bands are much weaker and often suppressed
by selection rules (i.e., due to their different symmetry). The long-standing intuitive un-
derstanding of this behavior is that excitations within each band are bosonic in character,
while the bands differ in the spatial configuration of the fermionic wave function [25–28].

Here, we have applied a precise algebraic definition of the collective excitation to the
lowest quartet state of lithium, with three electrons in the highest-spin configuration. The
key breakthrough is the formal separation of kinematics from dynamics, based on the
theory of invariants of the kinematic discrete alternating group AN (8), rather than of
continuous (Lie) groups related to dynamical symmetries [28]. By listing explicitly the
limited number of ways in which a many-fermion wave function can satisfy the Pauli
principle, namely the shapes, dynamical bosonic excitations are defined unambiguously
as their symmetric-function coefficients. The new feature of the scheme (1) is that it
is additive over the shapes, each of which can be regarded as a potential ground state,

Accepted in Quantum 2026-05-26, click title to verify. Published under CC-BY 4.0. 17



or bandhead, rather than multiplicative with an assumed ground state as in (52). Our
transform of the N -fermion wave function by characters of the symmetric group S2

N is
the natural finite-system analogue of the Fourier transform for infinite systems. Thus, we
rigorously deduce collective modes directly from a microscopic fermionic wave function.

The one-electron densities of the bosonic functions displayed in Fig. 2 are the first-ever
depiction of such collective modes. They readily defy some simplistic expectations. Thus,
the density of the bosonic function Φ23 is nearly permutationally symmetric among the
axes despite the antisymmetry of the corresponding component Φ23∆z of the wave func-
tion being ensured by the highly anisotropic Vandermonde factor ∆z. Most remarkably,
the non-trivial spatial distributions of the bosonic functions are hidden behind a nearly
featureless electron density, showing the loss of readily extractable information in the latter.

This analysis is called nonlinear [31, 32], in contrast to the linear analysis of the c-
number amplitudes in a standard antisymmetrized basis. Its advantage stems from the
reduction of hundreds, potentially thousands, of basis vectors to just a handful of mean-
ingful numbers encoding the configuration of the wave function (as in Fig. 1). Thus, this
analysis provides a well-defined way to specify requirements for bespoke configurations
to be used in quantum computations. For example, to construct a state most different
from the one in Fig. 1 (as, e.g., orthohydrogen is different from parahydrogen), one would
require blocks 3, 5, and 8 to be dominant. Conversely, and more broadly, the nonlinear
approach is a prescription for writing a variational wave function which encompasses the
whole Hilbert space in a finite number of terms.

The ortho- vs. parahydrogen paradigm brings us to questions of superselection and
entanglement [8, 33, 34]. The original superselection rule means physically that a pure
quantum state cannot be prepared in a coherent superposition of integer and half-integer
angular momenta [35]. That understanding of superselection appears too narrow today.
Applying the principle of superselection to general superpositions leads to a significant
reassessment of their quantum-information content [36].

Shapes are a manifestation of the intrinsic structure of many-body wave functions,
which introduces an absolute measure of their complexity, based on their derivative struc-
ture, with a computable definition implemented in Ref. [7] for the 36 shapes studied here.
Different molecules with the same chemical formula, such as chemical isomers, behave
like distinguishable systems, so they are superselected in a practical sense of the word by
zero tunnelling amplitudes, even in the absence of an incompatible underlying symmetry.
Conversely, even much larger molecules of the same kind, like fullerenes, can exhibit in-
terference patterns [37]. Ortho- and parahydrogen occupy an interesting middle ground
in this sense, because they differ in the nuclear wave function of the two protons, while
having the same arrangement of atoms in space. Shapes provide a natural framework for
understanding the emergence of superselection in configuration space.

We regard this application of the superselection paradigm as practical because it does
not rely on exactly conserved algebraic operators, but on an adiabatic topological invariant
that can be violated by non-adiabatic processes (e.g., tunneling) that are presumed to be
rare. Specifically, the total charge is an exact superselection operator in the usual sense.
On the other hand, the charge enclosed by a nodal surface of a many-body wave function
is an adiabatic topological invariant, because an infinitely slowly moving surface on which
the wave function vanishes cannot pass over an electron [38]. The only way that the
enclosed charge can change is by nodal surfaces breaking up or merging, which are non-
adiabatic processes, corresponding, e.g., to reconfiguration of isomers. It is clear from
the analysis above that different shape blocks have different nodal structures, hence they
define superselection sectors in this practical sense. It is also clear that non-adiabatic
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reconfiguration is less probable with more complicated shapes, i.e., when the number of
particles increases.

The somewhat surprising incompatibility of shapes with classification by angular mo-
mentum, described in Appendix C, provides further evidence of their fundamental nature.
It is a trivial observation that one must excite a state in order to study it. It is less trivial
that the excitation process itself imposes the rotation symmetry of laboratory space onto
the atom, while the underlying Pauli kinematics of many-body Hilbert space conforms to
the more primitive permutation symmetry of directions in space. This point of view sheds
an interesting light on the well-known restoration of orbital angular momentum of open-
d-shell ions at points of cubic symmetry in a crystal lattice [39]. Apparently, degeneracy
due to the permutational symmetry of the crystal axes is indistinguishable from that due
to rotation symmetry.

A generalization to less-than-highest spin states is easily envisaged. Components of the
wave function appear factorized by projection,[

ÂΨ(1) · · · Ψ(K)
]

↑

[
ÂΨ(K + 1) · · · Ψ(N)

]
↓
, (53)

where the antisymmetrized space factors can be expressed by shapes, separately for each
projection. Because the number of shapes scales with N !2, the zero-projection (K = N/2)
subspace requires significantly less work than the highest-spin subspace. Even in the worst-
case scenario, where the up- and down-spin efforts multiply,

(N/2)!4 < N !2 ⇐⇒ 1 < 4N . (54)

If one can be reused (best case), NN appears in place of 4N .
Much remains to be done along the lines traced in this work. The systematization and

automatization of the classification obtained here should enable its extension to at least
N = 5 fermions, corresponding to a half-open d shell, thus accounting for transition-metal
compounds that comprise a sizable part of functional materials today. Building on that,
one should develop a multicenter formalism, which would enable the treatment of molecules
and crystal lattices on equal footing with atoms.

In conclusion, we have presented a nonlinear structural analysis of the lowest-energy
quartet state of the lithium atom in terms of fundamental many-body invariants of the
Pauli principle. We hope that it will influence research on manufacturing electronic states
with bespoke quantum properties.

Acknowledgements
DKS gratefully acknowledges conversations with D. Svrtan. The research described in this
publication was funded by the Croatian Science Foundation under Project IP-2022-10-3382
and by the National Science Center (Poland) under grant 2022/47/B/ST4/00002.

References
[1] Pejman Jouzdani, H. Arslan Hashim, and Eduardo R. Mucciolo. Quantum algorithms

for state preparation and data classification based on stabilizer codes. Phys. Rev. A,
109:022602, Feb 2024. doi:10.1103/PhysRevA.109.022602.

[2] Johannes Herrmann, Sergi Masot Llima, Ants Remm, Petr Zapletal, Nathan A.
McMahon, Colin Scarato, François Swiadek, Christian Kraglund Andersen, Christoph
Hellings, Sebastian Krinner, Nathan Lacroix, Stefania Lazar, Michael Kerschbaum,

Accepted in Quantum 2026-05-26, click title to verify. Published under CC-BY 4.0. 19

https://doi.org/10.1103/PhysRevA.109.022602


Dante Colao Zanuz, Graham J. Norris, Michael J. Hartmann, Andreas Wallraff, and
Christopher Eichler. Realizing quantum convolutional neural networks on a supercon-
ducting quantum processor to recognize quantum phases. Nature Communications,
13(1):4144, Jul 2022. doi:10.1038/s41467-022-31679-5.

[3] Eva Pavarini and Erik Koch, editors. Simulating Correlations with Computers,
volume 11 of Schriften des Forschungszentrums Jülich Modeling and Simulation.
Forschungszentrum Jülich GmbH Zentralbibliothek, Verlag, Jülich, Sep 2021. URL:
http://hdl.handle.net/2128/28665.

[4] Gaurav Saxena, Eric Chitambar, and Gilad Gour. Dynamical resource theory
of quantum coherence. Phys. Rev. Res., 2:023298, Jun 2020. doi:10.1103/
PhysRevResearch.2.023298.

[5] D. K. Sunko. Natural generalization of the ground-state Slater determinant to more
than one dimension. Phys. Rev. A, 93:062109, 2016. doi:10.1103/PhysRevA.93.
062109.

[6] Bernd Sturmfels. Algorithms in Invariant Theory. Springer-Verlag, Wien, 2 edition,
2008. doi:10.1007/978-3-211-77417-5.

[7] Denis K. Sunko. Entropy of pure states: not all wave functions are born equal. 4open,
5:3, 2022. doi:10.1051/fopen/2021006.

[8] Damiano Aliverti-Piuri, Kaustav Chatterjee, Lexin Ding, Ke Liao, Julia Liebert, and
Christian Schilling. What can quantum information theory offer to quantum chem-
istry? Faraday Discuss., 254:76–106, 2024. doi:10.1039/D4FD00059E.

[9] W. Heisenberg. Mehrkörperproblem und Resonanz in der Quantenmechanik.
Zeitschrift für Physik, 38(6):411–426, 1926. doi:10.1007/BF01397160.

[10] J. C. Slater. The theory of complex spectra. Phys. Rev., 34:1293–1322, Nov 1929.
doi:10.1103/PhysRev.34.1293.

[11] Erik Koch. Second Quantization and Jordan-Wigner Representations. In E. Pavarini
and E. Koch, editors, Simulating Correlations with Computers, Schriften des
Forschungszentrums Jülich Modeling and Simulation, pages 1.1–1.29. Forschungszen-
trum Jülich GmbH Zentralbibliothek, Verlag, 2021. URL: http://hdl.handle.net/
2128/28665.

[12] Katarina Rožman and D. K. Sunko. Generic example of algebraic bosonisation. Eur.
Phys. J. Plus, 135:30, 2020. doi:10.1140/epjp/s13360-019-00015-0.

[13] D. K. Sunko. Many-fermion wave functions: Structure and examples. In J. Bonča and
S. Kruchinin, editors, Advanced Nanomaterials for Detection of CBRN, NATO Science
for Peace and Security Series A: Chemistry and Biology., pages 85–99. Springer, 2020.
doi:10.1007/978-94-024-2030-2_5.

[14] D K Sunko and J Ciosłowski. The three-dimensional harmonic oscillator and solid
harmonics in Bargmann space. European Journal of Physics, 45(5):055401, jul 2024.
doi:10.1088/1361-6404/ad61d1.

[15] D. K. Sunko. Evaluation and spanning sets of confluent Vandermonde forms. Journal
of Mathematical Physics, 63(8):082101, 2022. doi:10.1063/5.0075576.

[16] James E. Humphreys. Reflection Groups and Coxeter Groups. Cambridge Stud-
ies in Advanced Mathematics. Cambridge University Press, 1990. doi:10.1017/
CBO9780511623646.

[17] R. P. Stanley. Enumerative Combinatorics. Cambridge University Press, Cambridge,
1999. doi:10.1017/CBO9780511609589.

[18] François Bergeron. Multivariate diagonal coinvariant spaces for complex reflection
groups. Advances in Mathematics, 239:97–108, 2013. doi:10.1016/j.aim.2013.02.
013.

Accepted in Quantum 2026-05-26, click title to verify. Published under CC-BY 4.0. 20

https://doi.org/10.1038/s41467-022-31679-5
http://hdl.handle.net/2128/28665
https://doi.org/10.1103/PhysRevResearch.2.023298
https://doi.org/10.1103/PhysRevResearch.2.023298
https://doi.org/10.1103/PhysRevA.93.062109
https://doi.org/10.1103/PhysRevA.93.062109
https://doi.org/10.1007/978-3-211-77417-5
https://doi.org/10.1051/fopen/2021006
https://doi.org/10.1039/D4FD00059E
https://doi.org/10.1007/BF01397160
https://doi.org/10.1103/PhysRev.34.1293
http://hdl.handle.net/2128/28665
http://hdl.handle.net/2128/28665
https://doi.org/10.1140/epjp/s13360-019-00015-0
https://doi.org/10.1007/978-94-024-2030-2_5
https://doi.org/10.1088/1361-6404/ad61d1
https://doi.org/10.1063/5.0075576
https://doi.org/10.1017/CBO9780511623646
https://doi.org/10.1017/CBO9780511623646
https://doi.org/10.1017/CBO9780511609589
https://doi.org/10.1016/j.aim.2013.02.013
https://doi.org/10.1016/j.aim.2013.02.013


[19] Mark Haiman. Combinatorics, symmetric functions, and Hilbert
schemes. In Current Developments in Mathematics, volume 2002, pages
39–111. International Press, Somerville, MA, 2003. URL: https:
//projecteuclid.org/ebooks/current-developments-in-mathematics/
Current-Developments-in-Mathematics-2002/Chapter/
Combinatorics-symmetric-functions-and-Hilbert-schemes/cdm/1088530398.

[20] Brendon Rhoades and Andrew Timothy Wilson. Set superpartitions and superspace
duality modules. Forum Math. Sigma, 10:e105, 2022. Zbl 1504.05303. doi:10.1017/
fms.2022.90.

[21] J. E. Hirsch. Two-dimensional Hubbard model: Numerical simulation study. Phys.
Rev. B, 31:4403–4419, Apr 1985. doi:10.1103/PhysRevB.31.4403.

[22] Pierre-Loïc Méliot. Representation theory of symmetric groups. Discrete Mathematics
and Its Applications. CRC Press, Boca Raton, 2017. doi:10.1201/9781315371016.

[23] Jim Mitroy, Sergiy Bubin, Wataru Horiuchi, Yasuyuki Suzuki, Ludwik Adamowicz,
Wojciech Cencek, Krzysztof Szalewicz, Jacek Komasa, D. Blume, and Kálmán Varga.
Theory and application of explicitly correlated Gaussians. Rev. Mod. Phys., 85:693–
749, 2013. doi:10.1103/RevModPhys.85.693.

[24] Sergiy Bubin, Michele Pavanello, Wei-Cheng Tung, Keeper L. Sharkey, and Ludwik
Adamowicz. Born–Oppenheimer and Non-Born–Oppenheimer, Atomic and Molecular
Calculations with Explicitly Correlated Gaussians. Chemical Reviews, 113(1):36–79,
Jan 2013. doi:10.1021/cr200419d.

[25] Aage Bohr. Rotational motion in nuclei. Rev. Mod. Phys., 48:365–374, Jul 1976.
doi:10.1103/RevModPhys.48.365.

[26] Ben Mottelson. Elementary modes of excitation in the nucleus. Rev. Mod. Phys.,
48:375–383, Jul 1976. doi:10.1103/RevModPhys.48.375.

[27] D. Janssen, R.V. Jolos, and F. Dönau. An algebraic treatment of the nuclear
quadrupole degree of freedom. Nuclear Physics A, 224(1):93–115, 1974. doi:
10.1016/0375-9474(74)90165-1.

[28] Francesco Iachello. Algebraic models of many-body systems and their dynamic sym-
metries and supersymmetries. Journal of Physics: Conference Series, 1194(1):012048,
apr 2019. doi:10.1088/1742-6596/1194/1/012048.

[29] Michiel A. Bakker, Sebastian Mehl, Tuukka Hiltunen, Ari Harju, and David P. Di-
Vincenzo. Validity of the single-particle description and charge noise resilience for
multielectron quantum dots. Phys. Rev. B, 91:155425, Apr 2015. doi:10.1103/
PhysRevB.91.155425.

[30] Xiaoling Wu, Xinhui Liang, Yaoqi Tian, Fan Yang, Cheng Chen, Yong-Chun Liu,
Meng Khoon Tey, and Li You. A concise review of Rydberg atom based quantum
computation and quantum simulation. Chinese Physics B, 30(2):020305, feb 2021.
doi:10.1088/1674-1056/abd76f.

[31] Paul Breiding, Türkü Özlüm Çelik, Timothy Duff, Alexander Heaton, Aida Maraj,
Anna-Laura Sattelberger, Lorenzo Venturello, and Oǧuzhan Yürük. Nonlinear algebra
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A Conventions and tables
The group S3 consists of six permutations, in cycle notation:

S3 = [(1)(2)(3), (23)(1), (12)(3), (13)(2), (123), (132)]. (55)

When understood as permuting three objects (x, y, z), it acts irreducibly in the two-
dimensional subspace (E) orthogonal to the symmetric (S) invariant x+ y + z: x+ y + z

x− y
x+ y − 2z

 =

1 1 1
1 −1 0
1 1 −2


xy
z

 . (56)

We require that the first vector spanning the E-subspace be antisymmetric and the second
symmetric with respect to the transposition x ↔ y, and that the transformation matrix
be orthogonal by rows. In the so-defined subspace, the group S3 is represented by the list
of matrices:

E =
[(

1 0
0 1

)
,

(
1/2 1/2
3/2 −1/2

)
,

(
−1 0

0 1

)
,(

1/2 −1/2
−3/2 −1/2

)
,

(
−1/2 1/2
−3/2 −1/2

)
,

(
−1/2 −1/2

3/2 −1/2

)]
.

(57)

They act on columns from the left, e.g., to transpose y and z:(
1/2 1/2
3/2 −1/2

)(
x− y

x+ y − 2z

)
=
(

x− z
x+ z − 2y

)
. (58)

Another list of matrices gives rise to the same group multiplication table:

Ē =
[(

1 0
0 1

)
,

(
1/2 3/2
1/2 −1/2

)
,

(
−1 0

0 1

)
,(

1/2 −3/2
−1/2 −1/2

)
,

(
−1/2 3/2
−1/2 −1/2

)
,

(
−1/2 −3/2

1/2 −1/2

)]
.

(59)

They are related to the former by exchanging the 1 and 3 on the skew diagonals. In order
to obtain the same group action, act on rows from the right and read the cycles backwards,
which is the same as (123) and (132) exchanging places. The difference between E and
Ē is invisible to character theory, because the permutation of group elements induced by
reading cycles backwards occurs within conjugacy classes. Both matrix representations
appear naturally when classifying the shapes, so we distinguish them in Table 9 below.
In particular, Ē appears together with antisymmetric (A) singlets, analogously to axial
vectors in angular momentum theory.

In the following tables, we list shapes, variable sets, and characters of S2
3 in the order

in which they appear in the text.
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v0 = (. . . , y1, y2, y3, z1, z2, z3) v1 = (. . . , y1, y2, y3, z1, z3, z2)
v2 = (. . . , y1, y2, y3, z2, z1, z3) v3 = (. . . , y1, y2, y3, z3, z2, z1)
v4 = (. . . , y1, y2, y3, z2, z3, z1) v5 = (. . . , y1, y2, y3, z3, z1, z2)
v6 = (. . . , y1, y3, y2, z1, z2, z3) v7 = (. . . , y2, y1, y3, z1, z2, z3)
v8 = (. . . , y3, y2, y1, z1, z2, z3) v9 = (. . . , y1, y3, y2, z1, z3, z2)
v10 = (. . . , y2, y1, y3, z1, z3, z2) v11 = (. . . , y3, y2, y1, z1, z3, z2)
v12 = (. . . , y1, y3, y2, z2, z1, z3) v13 = (. . . , y1, y3, y2, z3, z2, z1)
v14 = (. . . , y2, y1, y3, z2, z1, z3) v15 = (. . . , y2, y1, y3, z3, z2, z1)
v16 = (. . . , y3, y2, y1, z2, z1, z3) v17 = (. . . , y3, y2, y1, z3, z2, z1)
v18 = (. . . , y1, y3, y2, z2, z3, z1) v19 = (. . . , y2, y1, y3, z2, z3, z1)
v20 = (. . . , y3, y2, y1, z2, z3, z1) v21 = (. . . , y1, y3, y2, z3, z1, z2)
v22 = (. . . , y2, y1, y3, z3, z1, z2) v23 = (. . . , y3, y2, y1, z3, z1, z2)
v24 = (. . . , y2, y3, y1, z1, z2, z3) v25 = (. . . , y3, y1, y2, z1, z2, z3)
v26 = (. . . , y2, y3, y1, z1, z3, z2) v27 = (. . . , y3, y1, y2, z1, z3, z2)
v28 = (. . . , y2, y3, y1, z2, z1, z3) v29 = (. . . , y2, y3, y1, z3, z2, z1)
v30 = (. . . , y3, y1, y2, z2, z1, z3) v31 = (. . . , y3, y1, y2, z3, z2, z1)
v32 = (. . . , y2, y3, y1, z2, z3, z1) v33 = (. . . , y3, y1, y2, z2, z3, z1)
v34 = (. . . , y2, y3, y1, z3, z1, z2) v35 = (. . . , y3, y1, y2, z3, z1, z2)

Table 5: The group S2
3 = S3 × S3 comprises 36 permutations σ0, . . . , σ35, which act separately on the

y and z coordinates in the list v0 = (x1, x2, x3, y1, y2, y3, z1, z2, z3). We identify them by their action,
i.e., vi = σiv0. The ellipsis . . . stands for x1, x2, x3.
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S0 1 x222y222z222
S1 4 2x212y212z222 + x221y212z222 + x212y221z222 + 2x221y221z222
S2 6 2x212y222z212 + x221y222z212 + x212y222z221 + 2x221y222z221
S3 8 2x222y212z212 + x222y221z212 + x222y212z221 + 2x222y221z221
S4 4 −x121y212z222 + x211y212z222 + x121y221z222 + 2x211y221z222
S5 6 −x121y222z212 + x211y222z212 + x121y222z221 + 2x211y222z221
S6 4 −x212y121z222 + x221y121z222 + x212y211z222 + 2x221y211z222
S7 10 −x221y212z212 − x212y221z212 − x221y221z212

− x212y212z221 − x221y212z221 − x212y221z221
S8 6 −x212y222z121 + x221y222z121 + x212y222z211 + 2x221y222z211
S9 8 −x222y121z212 + x222y211z212 + x222y121z221 + 2x222y211z221
S10 8 −x222y212z121 + x222y221z121 + x222y212z211 + 2x222y221z211
S11 4 2x121y121z222 + x211y121z222 + x121y211z222 + 2x211y211z222
S12 10 −x121y212z212 − x211y212z212 − x211y221z212

− x211y212z221 + x121y221z221
S13 6 2x121y222z121 + x211y222z121 + x121y222z211 + 2x211y222z211
S14 10 −x212y121z212 − x212y211z212 − x221y211z212

+ x221y121z221 − x212y211z221
S15 10 −x212y212z121 + x221y221z121 − x212y212z211

− x221y212z211 − x212y221z211
S16 8 2x222y121z121 + x222y211z121 + x222y121z211 + 2x222y211z211
S17 9 3x210y221z212 − 3x210y212z221
S18 10 −x121y121z212 + x211y211z212 − x121y121z221

− x211y121z221 − x121y211z221
S19 10 −x121y212z121 − x121y221z121 − x211y221z121

+ x211y212z211 − x121y221z211
S20 7 3x221y210z212 − 3x212y210z221
S21 10 −x212y121z121 − x221y121z121 − x221y211z121

− x221y121z211 + x212y211z211
S22 5 3x221y212z210 − 3x212y221z210
S23 2 6x210y210z222
S24 9 3x210y121z212 + 3x210y211z212 + 3x210y121z221
S25 9 3x210y212z121 + 3x210y221z121 + 3x210y212z211
S26 3 6x210y222z210
S27 7 3x121y210z212 + 3x211y210z212 + 3x121y210z221
S28 10 −x211y121z121 − x121y211z121 − x211y211z121

− x121y121z211 − x211y121z211 − x121y211z211
S29 5 3x121y212z210 + 3x211y212z210 + 3x121y221z210
S30 7 3x212y210z121 + 3x221y210z121 + 3x212y210z211
S31 5 3x212y121z210 + 3x221y121z210 + 3x212y211z210
S32 0 6x222y210z210
S33 9 −3x210y211z121 + 3x210y121z211
S34 7 −3x211y210z121 + 3x121y210z211
S35 5 −3x211y121z210 + 3x121y211z210

Table 6: The shapes are listed in terms of the harmonic polynomials (4). Each term appears in exactly
one shape. Block membership according to Table 3 is indicated in the second column. Shapes of the
same total degree are separated by lines.
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Q0 S + S0

Q1 S + S1 + S2 + S3

Q2
E

− S2 − S3

Q3 + 2S1 − S2 − S3

Q4 S + S4 + S5 + S6 + S8 + S9 + S10

Q5 A − S4 − S5 − S6 + S8 + S9 − S10

Q6
E

− −S4 + S5 + S6 + 2S8 − S9 − 2S10

Q7 + 3S4 − 3S6 + 3S8 − 3S10

Q8
E′ − S4 + S5 − S6 − S9

Q9 + S4 + S5 + S6 − 2S8 + S9 − 2S10

Q10 S′ + S7

Q11 S + S11 + S13 + S16

Q12
E

− S13 − S16

Q13 + 2S11 − S13 − S16

Q14 S′ + S12 + S14 + S15

Q15
E′ − S12 − S14

Q16 + S12 + S14 − 2S15

Q17 A − (S17 − S20 + S22)/3
Q18

Ē
− (−S17 + S20 + 2S22)/3

Q19 + (S17 + S20)/3
Q20 S + S18 + S19 + S21

Q21
E

− S19 − S21

Q22 + 2S18 − S19 − S21

Q23 S + (S24 + S25 + S27 + S29 + S30 + S31)/3
Q24 A − (S24 − S25 − S27 + S29 + S30 − S31)/3
Q25

E
− (−S24 − 2S25 + S27 + S30)/3

Q26 + (−S24 − S25 − S27 + 2S29 − S30 + 2S31)/3
Q27

E′ − (S24 − S25 − S27 − 2S29 + S30 + 2S31)/3
Q28 + (−S24 + S25 − S27 + S30)/3
Q29 S′ + S28

Q30 S′′ + (S23 + S26 + S32)/6
Q31

E′′ − (−S26 + S32)/6
Q32 + (−2S23 + S26 + S32)/6
Q33 A − (S33 − S34 + S35)/3
Q34

Ē
− (−S33 + S34 + 2S35)/3

Q35 + (S33 + S34)/3

Table 9: Linear combinations of shapes classified by the representations of the group Sxyz
3 (Q-basis in

Appendix C). The second column gives the representation. Distinct copies of the same representation
within blocks of the same total degree are denoted by primes. The third column gives the parity under
the transposition x ↔ y. The Qi are normalized as polynomials over Z in the harmonic polynomials (4),
with all common divisors of the coefficients divided out. The change of basis is orthogonal by rows.
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B Matrix elements
Here we provide explicit formulas for the matrices Mi, i = 4, . . . , 10, in the main text. The
matrix elements of M4 are

M4(1, 1) = x121y121 + x211y121 + x211y211,

M4(1, 2) = −x121y121 + x211y211,

M4(1, 3) = x211y121 + x121y211 + x211y211,

M4(1, 4) = x211y121 − x121y211,

M4(2, 1) = −x221y121 − x212y211 − x221y211,

M4(2, 2) = −x212y121 − x212y211 − x221y211,

M4(2, 3) = −x212y121 − x221y121 − x221y211,

M4(2, 4) = −x212y121 − x221y121 − x212y211,

M4(3, 1) = x121y212 − x211y221,

M4(3, 2) = −x121y212 − x211y212 − x211y221,

M4(3, 3) = −x121y212 − x121y221 − x211y221,

M4(3, 4) = x121y212 + x211y212 + x121y221,

M4(4, 1) = x212y212 + x212y221 + x221y221,

M4(4, 2) = x221y212 + x212y221 + x221y221,

M4(4, 3) = −x212y212 + x221y221,

M4(4, 4) = −x221y212 + x212y221.

(60)

The matrix elements of M5 are

M5(1, 1) = −x121y121 + x211y121 − 2x121y211 − x211y211,

M5(1, 2) = −x121y121 − 2x211y121 − 2x121y211 − x211y211,

M5(1, 3) = −2x121y121 − x211y121 − x121y211 + x211y211,

M5(1, 4) = −2x121y121 − x211y121 − x121y211 − 2x211y211,

M5(2, 1) = −2x212y121 − x221y121 − x212y211 + x221y211,

M5(2, 2) = x212y121 + 2x221y121 − x212y211 + x221y211,

M5(2, 3) = −x212y121 + x221y121 − 2x212y211 − x221y211,

M5(2, 4) = −x212y121 + x221y121 + x212y211 + 2x221y211,

M5(3, 1) = −x121y212 − 2x211y212 − 2x121y221 − x211y221,

M5(3, 2) = −x121y212 + x211y212 − 2x121y221 − x211y221,

M5(3, 3) = x121y212 + 2x211y212 − x121y221 + x211y221,

M5(3, 4) = x121y212 − x211y212 − x121y221 − 2x211y221,

M5(4, 1) = −x212y212 − 2x221y212 + x212y221 − x221y221,

M5(4, 2) = 2x212y212 + x221y212 + x212y221 − x221y221,

M5(4, 3) = x212y212 + 2x221y212 + 2x212y221 + x221y221,

M5(4, 4) = −2x212y212 − x221y212 − x212y221 − 2x221y221.

(61)
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The matrix elements of M6 are

M6(1, 1) = x121z121 + x211z121 + x211z211,

M6(1, 2) = −x121z121 + x211z211,

M6(1, 3) = x211z121 + x121z211 + x211z211,

M6(1, 4) = x211z121 − x121z211,

M6(2, 1) = −x221z121 − x212z211 − x221z211,

M6(2, 2) = −x212z121 − x212z211 − x221z211,

M6(2, 3) = −x212z121 − x221z121 − x221z211,

M6(2, 4) = −x212z121 − x221z121 − x212z211,

M6(3, 1) = x121z212 − x211z221,

M6(3, 2) = −x121z212 − x211z212 − x211z221,

M6(3, 3) = −x121z212 − x121z221 − x211z221,

M6(3, 4) = x121z212 + x211z212 + x121z221,

M6(4, 1) = x212z212 + x212z221 + x221z221,

M6(4, 2) = x221z212 + x212z221 + x221z221,

M6(4, 3) = −x212z212 + x221z221,

M6(4, 4) = −x221z212 + x212z221.

(62)

The matrix elements of M7 are

M7(1, 1) = −x121z121 + x211z121 − 2x121z211 − x211z211,

M7(1, 2) = −x121z121 − 2x211z121 − 2x121z211 − x211z211,

M7(1, 3) = −2x121z121 − x211z121 − x121z211 + x211z211,

M7(1, 4) = −2x121z121 − x211z121 − x121z211 − 2x211z211,

M7(2, 1) = −2x212z121 − x221z121 − x212z211 + x221z211,

M7(2, 2) = x212z121 + 2x221z121 − x212z211 + x221z211,

M7(2, 3) = −x212z121 + x221z121 − 2x212z211 − x221z211,

M7(2, 4) = −x212z121 + x221z121 + x212z211 + 2x221z211,

M7(3, 1) = −x121z212 − 2x211z212 − 2x121z221 − x211z221,

M7(3, 2) = −x121z212 + x211z212 − 2x121z221 − x211z221,

M7(3, 3) = x121z212 + 2x211z212 − x121z221 + x211z221,

M7(3, 4) = x121z212 − x211z212 − x121z221 − 2x211z221,

M7(4, 1) = −x212z212 − 2x221z212 + x212z221 − x221z221,

M7(4, 2) = 2x212z212 + x221z212 + x212z221 − x221z221,

M7(4, 3) = x212z212 + 2x221z212 + 2x212z221 + x221z221,

M7(4, 4) = −2x212z212 − x221z212 − x212z221 − 2x221z221.

(63)
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The matrix elements of M8 are

M8(1, 1) = y121z121 + 2y211z121 − y121z211 + y211z211,

M8(1, 2) = 2y121z121 + y211z121 + y121z211 + 2y211z211,

M8(1, 3) = −y121z121 + y211z121 + y121z211 + 2y211z211,

M8(1, 4) = 2y121z121 + y211z121 + y121z211 − y211z211,

M8(2, 1) = −y212z121 − 2y221z121 − 2y212z211 − y221z211,

M8(2, 2) = y212z121 − y221z121 − y212z211 − 2y221z211,

M8(2, 3) = −2y212z121 − y221z121 − y212z211 − 2y221z211,

M8(2, 4) = y212z121 − y221z121 + 2y212z211 + y221z211,

M8(3, 1) = 2y121z212 + y211z212 + y121z221 − y211z221,

M8(3, 2) = y121z212 − y211z212 − y121z221 − 2y211z221,

M8(3, 3) = −2y121z212 − y211z212 − y121z221 − 2y211z221,

M8(3, 4) = y121z212 + 2y211z212 − y121z221 + y211z221,

M8(4, 1) = y212z212 − y221z212 + 2y212z221 + y221z221,

M8(4, 2) = 2y212z212 + y221z212 + y212z221 + 2y221z221,

M8(4, 3) = −y212z212 + y221z212 + y212z221 + 2y221z221,

M8(4, 4) = −y212z212 − 2y221z212 − 2y212z221 − y221z221.

(64)

The matrix elements of M9 are

M9(1, 1) = y121z121 + y211z121 + y211z211,

M9(1, 2) = −y121z121 + y211z211,

M9(1, 3) = y211z121 + y121z211 + y211z211,

M9(1, 4) = y211z121 − y121z211,

M9(2, 1) = −y221z121 − y212z211 − y221z211,

M9(2, 2) = −y212z121 − y212z211 − y221z211,

M9(2, 3) = −y212z121 − y221z121 − y221z211,

M9(2, 4) = −y212z121 − y221z121 − y212z211,

M9(3, 1) = −y121z212 + y211z221,

M9(3, 2) = y121z212 + y211z212 + y211z221,

M9(3, 3) = y121z212 + y121z221 + y211z221,

M9(3, 4) = −y121z212 − y211z212 − y121z221,

M9(4, 1) = y212z212 + y212z221 + y221z221,

M9(4, 2) = y221z212 + y212z221 + y221z221,

M9(4, 3) = −y212z212 + y221z221,

M9(4, 4) = −y221z212 + y212z221.

(65)
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The matrix elements of M10 are

M10(1, 1) = −2x121y121z121 − x121y211z121 − x121y121z211 + x121y211z211,

M10(1, 2) = x121y121z121 + 2x121y211z121 − x121y121z211 + x121y211z211,

M10(1, 3) = −x121y121z121 + x121y211z121 − 2x121y121z211 − x121y211z211,

M10(1, 4) = −x121y121z121 + x121y211z121 + x121y121z211 + 2x121y211z211,

M10(1, 5) = x121y121z121 + x211y121z121 + x121y211z121

+ x211y211z121 + x121y211z211 + x211y211z211,

M10(1, 6) = x121y121z121 + x211y121z121 + x121y121z211

+ x211y121z211 + x121y211z211 + x211y211z211,

M10(1, 7) = −x121y121z121 − x211y121z121 − x121y211z121

− x211y211z121 − x121y121z211 − x211y121z211,

M10(1, 8) = −x121y121z121 − x211y121z121 + x121y211z211 + x211y211z211,

M10(2, 1) = −2x212y121z121 − x212y211z121 − x212y121z211 + x212y211z211,

M10(2, 2) = x212y121z121 + 2x212y211z121 − x212y121z211 + x212y211z211,

M10(2, 3) = −x212y121z121 + x212y211z121 − 2x212y121z211 − x212y211z211,

M10(2, 4) = −x212y121z121 + x212y211z121 + x212y121z211 + 2x212y211z211,

M10(2, 5) = −x221y121z121 − x221y211z121 − x221y211z211,

M10(2, 6) = −x221y121z121 − x221y121z211 − x221y211z211,

M10(2, 7) = x221y121z121 + x221y211z121 + x221y121z211,

M10(2, 8) = x221y121z121 − x221y211z211,

M10(3, 1) = −x121y212z121 + x121y221z121 − 2x121y212z211 − x121y221z211,

M10(3, 2) = −x121y212z121 − 2x121y221z121 − 2x121y212z211 − x121y221z211,

M10(3, 3) = −2x121y212z121 − x121y221z121 − x121y212z211 + x121y221z211,

M10(3, 4) = −2x121y212z121 − x121y221z121 − x121y212z211 − 2x121y221z211,

M10(3, 5) = −x121y221z121 − x211y221z121 − x121y212z211

− x211y212z211 − x121y221z211 − x211y221z211,

M10(3, 6) = x121y212z121 + x211y212z121 − x121y221z211 − x211y221z211,

M10(3, 7) = x121y221z121 + x211y221z121 − x121y212z211 − x211y212z211,

M10(3, 8) = −x121y212z121 − x211y212z121 − x121y212z211

− x211y212z211 − x121y221z211 − x211y221z211,

M10(4, 1) = −x121y121z212 − 2x121y211z212 + x121y121z221 − x121y211z221,

M10(4, 2) = 2x121y121z212 + x121y211z212 + x121y121z221 − x121y211z221,

M10(4, 3) = x121y121z212 + 2x121y211z212 + 2x121y121z221 + x121y211z221,

M10(4, 4) = −2x121y121z212 − x121y211z212 − x121y121z221 − 2x121y211z221,

M10(4, 5) = x121y121z212 + x211y121z212 − x121y211z221 − x211y211z221,

M10(4, 6) = −x121y211z212 − x211y211z212 − x121y121z221

− x211y121z221 − x121y211z221 − x211y211z221,

M10(4, 7) = −x121y211z212 − x211y211z212 + x121y121z221 + x211y121z221,

M10(4, 8) = −x121y121z212 − x211y121z212 − x121y211z212

− x211y211z212 − x121y211z221 − x211y211z221,

(66)
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M10(5, 1) = x212y212z121 − x212y221z121 + 2x212y212z211 + x212y221z211,

M10(5, 2) = x212y212z121 + 2x212y221z121 + 2x212y212z211 + x212y221z211,

M10(5, 3) = 2x212y212z121 + x212y221z121 + x212y212z211 − x212y221z211,

M10(5, 4) = 2x212y212z121 + x212y221z121 + x212y212z211 + 2x212y221z211,

M10(5, 5) = −x221y221z121 − x221y212z211 − x221y221z211,

M10(5, 6) = x221y212z121 − x221y221z211,

M10(5, 7) = x221y221z121 − x221y212z211,

M10(5, 8) = −x221y212z121 − x221y212z211 − x221y221z211,

M10(6, 1) = x212y121z212 + 2x212y211z212 − x212y121z221 + x212y211z221,

M10(6, 2) = −2x212y121z212 − x212y211z212 − x212y121z221 + x212y211z221,

M10(6, 3) = −x212y121z212 − 2x212y211z212 − 2x212y121z221 − x212y211z221,

M10(6, 4) = 2x212y121z212 + x212y211z212 + x212y121z221 + 2x212y211z221,

M10(6, 5) = x221y121z212 − x221y211z221,

M10(6, 6) = −x221y211z212 − x221y121z221 − x221y211z221,

M10(6, 7) = −x221y211z212 + x221y121z221,

M10(6, 8) = −x221y121z212 − x221y211z212 − x221y211z221,

M10(7, 1) = −x121y212z212 − 2x121y221z212 − 2x121y212z221 − x121y221z221,

M10(7, 2) = −x121y212z212 + x121y221z212 − 2x121y212z221 − x121y221z221,

M10(7, 3) = x121y212z212 + 2x121y221z212 − x121y212z221 + x121y221z221,

M10(7, 4) = x121y212z212 − x121y221z212 − x121y212z221 − 2x121y221z221,

M10(7, 5) = −x121y212z212 − x211y212z212 − x121y212z221

− x211y212z221 − x121y221z221 − x211y221z221,

M10(7, 6) = −x121y212z212 − x211y212z212 − x121y221z212

− x211y221z212 − x121y221z221 − x211y221z221,

M10(7, 7) = −x121y212z212 − x211y212z212 − x121y221z212

− x211y221z212 − x121y212z221 − x211y212z221,

M10(7, 8) = −x121y221z212 − x211y221z212 − x121y212z221

− x211y212z221 − x121y221z221 − x211y221z221,

M10(8, 1) = −x212y212z212 − 2x212y221z212 − 2x212y212z221 − x212y221z221,

M10(8, 2) = −x212y212z212 + x212y221z212 − 2x212y212z221 − x212y221z221,

M10(8, 3) = x212y212z212 + 2x212y221z212 − x212y212z221 + x212y221z221,

M10(8, 4) = x212y212z212 − x212y221z212 − x212y212z221 − 2x212y221z221,

M10(8, 5) = x221y212z212 + x221y212z221 + x221y221z221,

M10(8, 6) = x221y212z212 + x221y221z212 + x221y221z221,

M10(8, 7) = x221y212z212 + x221y221z212 + x221y212z221,

M10(8, 8) = x221y221z212 + x221y212z221 + x221y221z221.

(66)
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C Alternative classifications of shapes
In the main text, we have applied the theory of shapes in their original presentation as
iterated derivatives, characterized by the space directions x, y, and z, as listed in Table 6
(the S-basis). Because the three directions are equivalent, it is a natural alternative to
present the shapes as spanning representations of the permutation group of the three
coordinate axes, denoted Sxyz

3 . This program is easy to carry out, because Sxyz
3 cannot

change the degree of an expression, so one is limited to the small subspaces of shapes of
the same degree, further reduced by grouping wave functions belonging to the blocks Ik,
according to the analysis above.

For example, Sxyz
3 connects shapes of the same degree belonging to blocks I4, I6, and

I8. Referring to Table 6, one is led to consider separately the triplet (S1, S2, S3), the
triplet (S11, S13, S16), and the sextuplet (S4, S5, S6, S8, S9, S10). The former two contain
the symmetric (S) and two-dimensional (E) representations of Sxyz

3 , while the sextuplet
splits into one S, one antisymmetric (A), and two E’s. In this way, one finds a linear
transformation from the S-basis to the basis classified by representations of Sxyz

3 (the
Q-basis), listed in Table 9.

A remarkable feature of theQ-basis is that it distinguishes triplets containing the factors
x210 = y210 = z210 = −1, which break down into an space-antisymmetric planar singlet
and a distinct (“left-handed”) copy of the representation E, denoted by Ē in Appendix A.
These triplets are analogous to axial vectors in angular-momentum theory, which begs the
question whether it is possible to present shapes as angular momentum multiplets as well.

The surprising answer is: Not in general. The situation can be understood already in
the simplest case of two fermions [12]. Referring to the decomposition (15), it is obvious
that (x, y, z) are three components of a polar vector, which comprises the lowest-degree
triplet. But what is xyz? A perusal of tables of solid harmonics Ylm identifies it as

xyz ∝ (Y32 − Y3,−2) . (67)

Thus, the shape xyz needs to be complemented with bosonic excitations of the lowest-
degree triplet (x, y, z) in order to build a complete multiplet of good angular momentum
L = 3.

The same situation is observed with three fermions. There are only three pure-shape
angular momentum multiplets, the ground-state triplet (S33, S34, S35), and another triplet
(L = 1) and septiplet (L = 3) spanned by the ten shapes S23, . . . , S32. The highest-
projection state L = M = 3 of the septiplet reads, up to normalization,

[2S29 + S32 − i(2S31 + S26)]/3 =
= [x1 − x2 + i(y1 − y2)][x2 − x3 + i(y2 − y3)][x1 − x3 + i(y1 − y3)],

(68)

from which all the other states within the same span can be easily reconstructed. The con-
trast between the partial incompatibility of shapes with the continuous group of rotations,
and their perfect compatibility with the finite permutation group Sxyz

3 , has fundamental
connotations that we elaborate in the Discussion.

We understand why the lowest-degree shapes and the shapes one degree higher span
closed multiplets of the rotation group. Bosonic excitations of three particles are symmetric
functions, built from the components (elementary symmetric functions [17]) x1 + x2 + x3,
x1x2 + x2x3 + x1x3, and x1x2x3 (similarly for y and z). Of these, the only linear term
is the center-of-mass coordinate x1 + x2 + x3, which cannot describe internal excitations.
The lowest-degree symmetric functions describing relative motion are quadratic, e.g., a
sum of terms (xi − xj)2. Hence, one cannot dress a shape in bosonic excitations at a
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degree that is immediately above the lowest one. Because the complete Hilbert space is
rotationally invariant, these shapes of low degree must realize that invariance without the
help of bosonic functions.
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