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Haar random states are fundamental objects in quantum information theory and quan-
tum computing. We study the density matrix resulting from sampling t copies of a
d-dimensional quantum state according to the Haar measure on the orthogonal group.
In particular, we analytically compute its spectral decomposition. This allows us to
compute exactly the trace distance between t-copies of a real Haar random state and
t-copies of a complex Haar random state. Using this we show a lower-bound on the
approximation parameter of real-valued state t-designs and improve the lower-bound
on the number of copies required for imaginarity testing.

1 Introduction
Haar random unitaries and states are important tools in the study of quantum information and
quantum computing [Mel24]. They have found prolific applications to problems such as the devel-
opment of shadow tomography [HKP20], demonstrating quantum advantage [Nei+18] and bench-
marking quantum computers [Cro+19]. However, sampling a state from the Haar measure requires
quantum circuits of exponential size [HP07], which is impractical. Therefore, the consideration of
practicality necessitates a search for ensembles of efficiently-preparable quantum states that, when
sampled, closely resemble a Haar random state.

Ensembles of random states that mimic Haar random states are more formally known as approx-
imate state t-designs [AE07]. Roughly, an ensemble of states is an ε-approximate state t-design if
when given t-copies of either a sample from the ensemble or a Haar random state, the probability
we correctly distinguish the two is bounded above by 1

2 + ε. In other words, there is only an
ε advantage over randomly guessing. As such, any task requiring to sample t copies of a state
according to the Haar measure on the unitary group can be performed up to precision ε by using
an ε-approximate state t-design instead.

Approximate state t-designs have recently found significant applications to quantum cryptog-
raphy in the context of Asymptotically Random State generators (ARS) [BS19], which are a par-
ticular cryptographic notion of a random state generator – akin to a random number generator in
classical cryptography. Loosely, an ARS is a sequence of ε-approximate state t-designs (indexed
by the dimension of the states) with t growing polynomially in the logarithm of the dimension
and ε remaining negligible. An ARS is thus a family of approximate state t-designs with t grow-
ing modestly with the dimension. ARS have been critical in the development of constructions
of pseudorandom states (PRS) [JLS18; BS19], which are a quantum analogue of pseudorandom
generators. For PRS, the information theoretic indistinguishability of ARS with Haar random
states is replaced with a computational indistinguishability. That is, the ensembles cannot be
distinguished from Haar random states by any computationally bounded agent. PRS are in turn
widely studied in the quantum cryptography field as they not only represent a new approach for
performing quantum cryptography, namely adding computational assumptions to surpass what’s
classically achievable, but because they also are a potentially weaker assumption than quantum-
secure one-way functions [Kre21; Kre+23]. This has led to many cryptographic primitives being
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built out of PRS in a black-box way, such as quantum bit commitments [AQY22] or multi-party
computation [MY22] amongst others [Sat24].

Interestingly, many ARS are constructed solely from real-valued quantum states [BS19; Aar+24;
GB23; JMW24; Cui+25]. These constitute ensembles of real-valued quantum states for which
sampling a polynomial number of copies of a state approximates sampling the same number of
copies of a state from the Haar measure on the unitary group. Beyond cryptographic applications,
such constructions have also been used to show that there is no efficient procedure to test whether a
generic state requires complex numbers to be expressed in the standard formalism [HBK25], this is
quantified by the imaginarity of the state and has been studied in the context of quantum resource
theories [HG18; Wu+21a; Xue+21].

In order for an ε-approximate state t-design to capture well a Haar random sample, its approx-
imation parameter ε should be as small as possible. Now, whilst real-valued quantum theory can
sometimes be as powerful as its complex counterpart, for instance in computation [Shi03], it has
been shown that it is insufficient to describe all the phenomena we observe [Ren+21]. This leads
to the very natural question

Are there fundamental limitations on the performance of real-valued state t-designs?

If answered positively, this would also imply fundamental limitations on their various applications
such as the performance of real-valued ARS.

1.1 Contributions
In this work we derive a fundamental lower bound on the approximation parameter ε of any real-
valued ε-approximate state t-design. To achieve this result we analytically study the spectral
decomposition of the density matrix resulting from sampling t copies of a d-dimensional real-
valued quantum state according to the Haar distribution on the orthogonal group. This forms
the main technical result of our work, based on representation theory of the orthogonal group
and connections to Harmonic polynomials. We expect the proof technique and result (which are
presented in Section 3) to find further applications beyond this work.

Theorem 1 (Spectral decomposition) Let d ⩾ 2 and t ⩾ 1 be two natural numbers. Let ρRt
d

be the density matrix associated to sampling t copies of a real-valued state according to the Haar
distribution of the orthogonal group, that is

ρRt
d

=
∫
O∈Od

(
O |0⟩⟨0|O⊤)⊗t dµ(O) . (1)

Then for k ∈ {0, 1, . . . ,
⌊
t
2
⌋
− 1}, the eigenvalues of ρRt

d
are

λk = t!(d− 2)!!
(2k)!!(d+ 2t− 2k − 2)!! (2)

with multiplicity

αk =
(
d+ t− 2k − 1

d− 1

)
−
(
d+ t− 2k − 3

d− 1

)
. (3)

Using this spectral decomposition, we are able to provide an exact analytical formula for the dis-
tinguishing advantage between real-valued Haar random states and complex-valued Haar random
states. This completes a recently derived upper bound [Sch24].

Corollary 1 (Informal) Let ρRt
d

and ρCt
d

be the density matrices associated with sampling t-
copies of a real and complex Haar random state respectively. Then the maximal probability with
which one can distinguish these states, assuming they are both chosen with probability 1

2 , is given

by 1
2 + 1

4

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1

and

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1

=
∑
k

αk

∣∣∣∣∣λk −
(
d+ t− 1

t

)−1
∣∣∣∣∣ (4)

where αk and λk are given in the previous theorem.
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In Section 4 we describe several applications of this result. Firstly, by a data processing inequal-
ity for the trace-norm, we obtain a lower bound on the distinguishability between sampling t-copies
of any real-valued ensemble of states and t-copies of a complex-valued Haar random state. This
lower bound places a fundamental limitation on the performance of real-valued state t-designs. In
turn, we also derive limitations on the performance of real-valued ARS, providing a bound on how
t scales in terms of d, limiting their performance. This is captured in the following proposition.

Proposition 1 There exists a projective measurement that can distinguish any ensemble of real-
valued states from the complex-valued Haar random ensemble with probability p if given t ∼√

2 ln
(

1
2(1−p)

)
d copies.

Finally, we can, using the result on the trace distance, generalize Haug, Bharti, and Koh’s result
on the number of copies required for testing for imaginarity [HBK25]. In particular, we refine

their lower-bound from Ω
(√

2n
)

to
√

ln
( 3

2
)

2n + o
(√

2n
)
. To achieve this, we perform an exact

security analysis of the binary phases ARS. This exact analysis goes beyond the original asymptotic
analyses of [BS19; Ana+22] and may be of independent interest. We then show that this bound

can be improved to
√

2 ln
( 3

2
)
d + o

(√
d
)

for an arbitrary dimension d. This not only generalizes

their result to arbitrary dimensions, but improve the lower-bound by a factor
√

2. Along the way,
we also derive the distribution of imaginarity for Haar random states, showing they follow a power
law. This is informally stated in the following Proposition.

Proposition 2 (Informal) Any algorithm testing whether a quantum state has any amount of

imaginarity requires at least
√

2 ln
( 3

2
)
d + o

(√
d
)

copies of that quantum state to succeed with

probability at least 2
3 .

2 Notations
Let us start by introducing the relevant objects and notation that we will use. Let d ⩾ 2 and t ⩾ 1
be two natural numbers. We use the notation Od and Ud to denote the sets of d × d orthogonal
and unitary matrices respectively. If S is a set of states or operators, we denote by St the set of
objects from S to the t tensor power, i.e.,

St def=
{
x⊗t∣∣x ∈ S} . (5)

Two particularly important sets in this work are the set of real and complex-valued states, which
we define as

Rd = {O |0⟩|O ∈ Od} and Cd = {U |0⟩|U ∈ Ud} , (6)

respectively and to which we implicitly attach their respective Haar measures. We will also make
extensive use of the notation [d] def= {0, . . . , d− 1}.

Let St be the symmetric group on t objects. Let K be either R or C. For any π ∈ St we can
construct the operator Pπ whose action on (Kd)⊗t is given by

Pπ(|v1⟩ ⊗ · · · ⊗ |vt⟩) =
∣∣vπ−1(1)

〉
⊗ · · · ⊗

∣∣vπ−1(t)
〉
. (7)

We can then define the symmetric subspace as the subspace whose elements are invariant under
these actions, i.e.

∨tKd def=
{
|v⟩ ∈

(
Kd
)⊗t

∣∣∣Pπ |v⟩ = |v⟩ ∀π ∈ St

}
. (8)

For a subspace F of a vector space E, we denote by ΠF the projector onto F , with E being implicit.
We will also make extensive use of complexity notations throughout this work and so we provide

the reader with a brief recall on the definitions of these notations. Though we are often working
with functions of two parameters t, d ∈ N, we will only be concerned with the setting where t is a
function of d and so the functions that we consider are defined using only a single parameter.
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Notation Definition Intuitive meaning
f = O(g) f

g is bounded g upper-bounds f
f = o(g) f

g converges to 0 g strictly upper-bounds f
f = Ω(g) g = O(f) g lower-bounds f
f = ω(g) g = o(f) g strictly lower-bounds f
f = Θ(g) f = O(g) and g = O(f) g and f have a similar asymptotic behavior
f ∼ g f

g converges to 1 g and f have the same asymptotic behavior

3 Eigenvalues of real Haar random states
The goal of this section is to compute, for d and t being two natural numbers, the eigenvalues and
associated multiplicities of the operator ρRt

d
(see Theorem 1), where

ρRt
d

def=
∫
O∈Od

(
O |0⟩⟨0|O⊤)⊗t dµ(O) . (9)

To begin, we will briefly review how the eigenvalues and multiplicities can be computed in the
complex-case, i.e. for the operator

ρCt
d

def=
∫
U∈Ud

(
U |0⟩⟨0|U†)⊗t dµ(U) . (10)

We note that this case is well-studied and arguably much simpler. We refer the interested reader
to [Har13] where many of the concepts in this introductory discussion can be found in significantly
more detail.

We begin by recalling two well-known facts about ρCt
d
. Firstly, the support of ρCt

d
is contained

entirely within the symmetric subspace ∨tCd and so for any |v⟩ ∈ ∨tCd we have ρCt
d
|v⟩ ∈ ∨tCd.

Secondly, for any U ∈ Ud we have that

U⊗tρCt
d

= ρCt
d
U⊗t . (11)

Using these two facts, we can apply some representation theory to diagonalize ρCt
d
. We provide

a brief introduction to necessary concepts in Appendix A. In particular, since U 7→ U⊗t is an
irreducible representation of Ud in ∨tCd [Har13, Theorem 5], it follows by Corollary 2, which is
derived from Schur’s lemma, that ρCt

d
must be proportional to the identity operator on ∨tCd,

namely Π∨tCd . That is, there exists λ ∈ R such that ρCt
d

= λΠ∨tCd . Finally, we know that

tr
[
ρCt

d

]
= 1 and tr [Π∨tCd ] = dim(∨tCd) =

(
d+t−1
t

)
and so

ρCt
d

=
(
d+ t− 1

t

)−1
Π∨tCd . (12)

As Π∨tCd is a projector we immediately obtain the spectral decomposition of ρCt
d
.

We now proceed to try to obtain a similar result for the case of ρRt
d
. We begin with two lemmas

whose proofs can be found in Appendix C.

Lemma 1 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. The support of ρRt
d

viewed as an

endomorphism of
(
Rd
)⊗t is contained within the real symmetric subspace ∨tRd. 2

Lemma 2 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. For any O ∈ Od we have

O⊗tρRt
d

= ρRt
d
O⊗t . (13)

2

Note at this point that the real-valued case appears to mirror the complex-valued case exactly.
As such, we would now look to apply Corollary 2 as we did previously. Unfortunately this is not
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immediately possible as O 7→ O⊗t is not an irreducible representation of Od in ∨tRd for t > 1.
Indeed, let us consider the case t = d = 2. We have

∨2R2 = spanR ({|01⟩+ |10⟩ , |00⟩ − |11⟩ , |00⟩+ |11⟩}) . (14)

However, a quick calculation shows that for any O ∈ O2 we have O⊗2(|00⟩ + |11⟩) = |00⟩ + |11⟩.
Hence spanR ({|00⟩+ |11⟩}) is a one-dimensional O2-invariant subspace and hence this representa-
tion is not irreducible. Thus, in order to apply Corollary 2, we first need to decompose ∨tRd into
subspaces in which the representation O 7→ O⊗t of Od is irreducible.

In order to construct such a decomposition, it will be useful to demonstrate an isomorphism
between ∨tRd and the space of homogeneous polynomials with d variables of degree t which we
denote as

Ptd
def= spanR

({
Xa0

0 · · ·X
ad−1
d−1

∣∣∣∣∣
d−1∑
i=0

ai = t

})
. (15)

The isomorphism can be shown to exist by noting that the two vector spaces are over the same field
and have the same dimension, namely

(
d+t−1
t

)
. However, it will prove useful to exhibit an explicit

isomorphism between the two spaces. Consider the standard basis for (Rd)⊗t which we may write
as |x1, . . . , xt⟩ for xi ∈ [d]. To each basis vector we may associate a d-dimensional vector a taking
values in [t] which counts the number of times each value in [d] appears in the basis vector, i.e.
ak = |{i ∈ [t] |xi = k}|. To construct a basis for ∨tRd we can apply the map |v⟩ 7→

∑
π∈St

Pπ |v⟩ to

each basis vector in the standard basis – the remaining unique vectors form the basis of ∨tRd. We
note that two vectors are the same under this mapping if and only if their associated a vectors are
the same. In particular, this implies that the basis for ∨tRd may be succinctly described by the
unique a vectors. We can then map these a vectors to Ptd by interpreting the a vector as encoding
the the degrees of the different variables.

To illustrate this isomorphism, let us take d = t = 2 once again. An orthonormal basis for
∨2R2 is {

|00⟩ , |11⟩ , |01⟩+ |10⟩√
2

}
, (16)

whose elements have the respective a vectors {(2, 0), (0, 2), (1, 1)}. The associated orthonormal
basis of P2

2 would then be {
X2

0 , X
2
1 ,
√

2X0X1

}
(17)

where the norm of a monomial is given by the Bombieri norm [Bea+90], which is defined as∥∥∥∥∥∏
i

Xai
i

∥∥∥∥∥ def=

√ ∏
i ai!

(
∑
i ai)!

. (18)

More formally, the isomorphism is given by

Xa0
0 · · ·X

ad−1
d−1 7→ Π∨tRd |0a0 , · · · , (d− 1)ad−1⟩ (19)

with
∑
i ai = t. In particular, this isomorphism described maps polynomial with unit Bombieri

norm to quantum states with unit norm, as shown in Lemma 6.
Now for k ≤ t, consider the subspace of homogeneous harmonic polynomials defined as

Hkd
def=
{
P ∈ Pkd

∣∣∣∣∣
d−1∑
i=0

∂2P

∂X2
i

= 0
}
. (20)

A classical result from representation theory of the orthogonal group [CW68, Theorem 2.12] tells
us that

Ptd = Htd ⊕ qHt−2
d ⊕ q2Ht−4

d ⊕ · · · (21)

where

q
def=

d−1∑
i=0

X2
i . (22)
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Moreover, this result also states that there exists a certain representation of Od that acts irreducibly
on each of these qkHt−2k

d subspaces. We show in Lemma 8 that this representation corresponds
exactly to Od ∋ O 7→ O⊗t when mapped back to ∨tRd using the aforementioned isomorphism. As
such, we can freely apply Corollary 2 on each of these subspaces. We further know from [ABR13,
Proposition 5.8] that for all k ∈

[
1 +

⌊
t
2
⌋]

, we have

dim
(
Ht−2k
d

)
=
(
d+ t− 2k − 1

d− 1

)
−
(
d+ t− 2k − 3

d− 1

)
. (23)

Note that in the case where d = 2 and t is even, we use the convention
(−1

1
)

= 0, so that
dim

(
H0
d

)
= 1. Thus, we know the multiplicities of the eigenvalues of ρRt

d
and are only left with

determining their values. In order to do so, we will explicitly construct corresponding eigenvectors.
To achieve this we begin by constructing a more explicit expression for ρRt

d
. For x, y ∈ [d]t and

for i ∈ [d], we define ni(x, y) to be the number of times i appears in the concatenation of x and y:

ni(x, y) def= |{z ∈ x|z = i}|+ |{z ∈ y|z = i}| . (24)

This allows us to define the following equivalence relation on [d]t:

x ∼ y ⇐⇒ ∀i ∈ [d], ni(x, y) = 0 (mod 2) . (25)

That is, x and y are equivalent if and only if no element of [d] appears an odd number of times in
the concatenation of x and y. Using this relation we are able to give a more explicit form of ρRt

d
.

Lemma 3 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. We have

ρRt
d

= (d− 2)!!
(d+ 2t− 2)!!

∑
x∼y

d∏
i=1

[ni(x, y)− 1]!! |x⟩⟨y| (26)

with the convention −1!! = 0!! = 1. 2

As the proof is mostly computational, we defer it to Appendix C.3.
With this explicit form we can use the isomorphism to generate eigenvectors |vk⟩ and compute

analytically λ such that ρRt
d
|vk⟩ = λ |vk⟩. Overall, we arrive at the following theorem whose proof

is given in Appendix C.4.

Theorem 1 Let d ⩾ 2 and t ⩾ 1 be two natural numbers and let {λk}k be the eigenvalues of
ρRt

d
and let {αk}k be their respective multiplicities. For a homogeneous polynomial P ∈ Ptd, we

denote by |P ⟩ ∈ ∨tRd its image by the isomorphism described in Equation (19). Then for any
k ∈

[
1 +

⌊
t
2
⌋]

and any P ∈ qkHt−2k
d , |P ⟩ is an eigenvector of ρRt

d
with eigenvalue

λk = t!(d− 2)!!
(2k)!!(d+ 2t− 2k − 2)!! . (27)

In particular, this eigenvalue has multiplicity

αk = dim
(
qkHt−2k

d

)
=
(
d+ t− 2k − 1

d− 1

)
−
(
d+ t− 2k − 3

d− 1

)
. (28)

2

Example 1 If d = 2, then an orthonormal basis of Ht2 is 1√
2t−1

⌊ t
2⌋∑

k=0
(−1)k

(
t

2k

)
X2k

0 Xt−2k
1 ,

1√
2t−1

⌊ t−1
2 ⌋∑

k=0
(−1)k

(
t

2k + 1

)
X2k+1

0 Xt−2k−1
1

 . (29)

Note that multiplying these two polynomials by qr for r ∈ N yields an orthogonal basis of qrHtd,
that we then have to renormalize in order to produce an orthonormal basis. We can then use this

Accepted in Quantum 2026-05-24, click title to verify. Published under CC-BY 4.0. 6



basis, together with Equation (21), to compute the spectral decomposition of ρRt
2
. For instance,

let us take t = 2. An orthonormal basis of H2
2 is then{

1√
2
(
X2

1 −X2
0
)
,
√

2X0X1

}
(30)

which after applying the isomorphism results in the eigenvectors{
|11⟩ − |00⟩√

2
,
|01⟩+ |10⟩√

2

}
. (31)

These eigenvectors are associated with the eigenvalue 1
4 . The remaining eigenvector is associated

to the one-dimensional subspace q. This has an eigenvalue 1
2 and after applying the isomorphism

corresponds to |00⟩+|11⟩√
2 . All in all, we have

ρR2
2

= 1
4

(
Π |11⟩−|00⟩√

2
+ Π |01⟩−|10⟩√

2

)
+ 1

2 Π |11⟩+|00⟩√
2

(32)

with Π|ψ⟩ being |ψ⟩⟨ψ|. 2

Remark 1 (Constructing eigenvectors) For arbitrary d and t explicit formulae for bases of
Htd exist, see for example [DX13, Theorem 5.1]. In general, if {Yi}i is an orthonormal basis of
spherical harmonics, then

{
q

t
2Yi

(
X√
q

)}
i

is an orthonormal basis of Htd. There are also efficient

algorithms to generate an orthonormal basis of Htd for arbitrary d and t with software implementa-
tions available [Axl20]. In Appendix C.5 we provide a more detailed example of constructing the
eigenvectors of ρR3

3
and ρR2

3
using the above ideas. 2

As ρRt
d

and ρCt
d

commute, computing the trace distance 1
2∥ρRt

d
− ρCt

d
∥1 is now straightforward

and we find that
1
2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1

= 1
2

⌊ t
2 ⌋∑

k=0
αk

∣∣∣∣∣λk −
(
d+ t− 1

t

)−1
∣∣∣∣∣ (33)

where λk and αk are given in Theorem 1. Through the operational interpretation of the trace
distance in terms of distinguishability, this gives us precisely the advantage in distinguishing real-
valued and complex-valued Haar random states when given access to t-copies. In certain cases
we can also find a closed form expression for the trace distance. To begin, we note that ρRt

d
and

ρCt
d

have the same rank and trace. Therefore, as ρRt
d

always has more than one eigenvalue (when

d, t ≥ 2) we necessarily have that λ0 <
(
d+t−1
t

)−1
. The above trace distance simplifies in the case

when we have that λ1 ⩾
(
d+t−1
t

)−1
which we describe in the following result.

Corollary 1 Let d ⩾ 2 and t ⩾ 1 be two natural numbers such that

t!(d− 2)!!
2(d+ 2t− 4)!! ⩾

(
d+ t− 1

t

)−1
. (34)

Then the trace distance between ρCt
d

and ρRt
d

is given by

1
2

∥∥∥ρCt
d
− ρRt

d

∥∥∥
1

=
(

1− t(t− 1)
(d+ t− 1)(d+ t− 2)

)(
1− (d+ t− 1)!

(d− 1)!!(d+ 2t− 2)!!

)
. (35)

2

The proof of this corollary being only computational, we defer it to Appendix C.6. We show in

Lemma 9 that if t <
5+
√

9+8d ln( d
2 )

2 , then Equation (34) holds for sufficiently large d. In particular,

this enforces t = O
(√

d ln(d)
)
. Though this seems limiting, we can show that this covers every

interesting regime for our applications, in that it covers the ones where the trace distance is
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negligible. Indeed, as shown in Lemma 9, under this condition, the trace distance can be written
as

1
2

∥∥∥ρCt
d
− ρRt

d

∥∥∥
1

=
(

1−Θ
(
t2

d2

))(
1− e− t(t−1)

2d +Θ
(

t3
d2

))
. (36)

If we look more carefully, this splits into three asymptotic regimes wherein (i) the trace distance
vanishes, (ii) the trace distance has a nontrivial lower bound and (iii) the trace distance converges
to 1.

1. Let t = o
(√

d
)
, then we have

1
2

∥∥∥ρCt
d
− ρRt

d

∥∥∥
1

= t(t− 1)
2d + Θ

(
t3

d2

)
. (37)

Notably in this regime the trace distance vanishes asymptotically.

2. If t ∼ α
√
d, then the trace distance reduces to

1
2

∥∥∥ρCt
d
− ρRt

d

∥∥∥
1

= 1− e− α2
2 + o(1) . (38)

In this case, we can see that the trace distance doesn’t converge to 0.

3. If t = ω
(√

d
)
, then the trace distance converges to 1.

Finally, we note that the computation of the trace norm using Theorem 1 extends immediately
to other Schatten p-norms, in particular we have that for any p > 1

∥∥∥ρRt
d
− ρCt

d

∥∥∥
p

=

⌊ t
2 ⌋∑

k=0
αk

∣∣∣∣∣λk −
(
d+ t− 1

t

)−1
∣∣∣∣∣
p
1/p

(39)

and for the operator norm this simplifies to∥∥∥ρRt
d
− ρCt

d

∥∥∥
∞

= max
(
λ⌊ t

2⌋ −
(
d+ t− 1

t

)−1
,

(
d+ t− 1

t

)−1
− λ0

)
. (40)

4 Applications
In this section, we use Corollary 1 to show a lower-bound on the approximation parameter ε of
real-valued ε-approximate state t-designs. We also refine and improve upon Haug, Bharti, and
Koh’s argument about the minimal number of queries required to test for the imaginarity of a
state [HBK25].

4.1 Real-valued approximate state t-designs and ARS
Let us start by formally defining an ε-approximate state t-design.

Definition 1 (ε-approximate state t-design, adapted from [BS19]) Let ε ∈ [0, 1] and t ∈
N. A set of quantum states S equipped with a probability measure λ is an ε-approximate t-design
if

1
2

∥∥∥∥∥
∫

|ψ⟩∈S
(|ψ⟩⟨ψ|)⊗t dλ(|ψ⟩)− ρCt

d

∥∥∥∥∥
1

⩽ ε . (41)
2

By extension, we’ll generally call an ensemble of states an ε-approximate state t-design when
ε is the smallest number satisfying this definition, in which case we’ll call ε the approximation
parameter of the approximate state design.

Note that the definition usually restricts the approximate design to be a finite ensemble of
quantum states. Here we allow for arbitrary ensembles. Furthermore, though this definition
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defines ε-approximate states t-designs using the trace norm, we could instead require closeness in
spectral norm, as originally done in [AE07]. In all cases, the approximation parameter ε translates
how well does the design reproduces the first t moments of the Haar measure. It is thus natural to
ask whether there are fundamental lower-bounds on this approximation parameter given certain
constraints.

Following Brakerski and Shmueli’s footsteps, we can then use state t-designs to define Asymp-
totically Random States (ARS).

Definition 2 (Asymptotically Random State, adapted from [BS19]) An ARS, or Asymp-
totically Random State, is a sequence of negl(log(d))-approximate state log(d)ω(1)-designs, with d
being the dimension of the quantum states and negl is a function such that for any polynomial P ,
negl(x) < 1

P (x) for x being large enough. 2

Whilst this definition is somewhat technical it can be readily unpacked with an example. Consider
the case of qubit systems, where the dimension is d = 2n, with n being the number of qubits. Using
this definition, an ARS is a sequence indexed by the number of qubits such that, when increasing
the number of qubits by 1, one increases the number of copies (by more than 1) that one can send
to an adversary while retaining the same security.

When analysing constructions of ARS, it is common to fix t and to compute the optimal
approximation parameter as a function of the dimension d and the number of copies t. As an
example, let us consider the first ARS construction, introduced and studied in [JLS18]. For a fixed
t and dimension d, one considers the set of states

SFourier =
{∣∣ψFourier

f

〉∣∣f : {0, 1}n → [2n]
}

(42)

with
∣∣∣ψFourier
f

〉
being defined as

∣∣ψFourier
f

〉 def= 1√
2n

∑
x∈{0,1}n

e
2iπf(x)

2n |x⟩ . (43)

To make up an ensemble of states, we equip SFourier with the uniform measure on the set of
functions from the n-bit bitstrings {0, 1}n to [2n]. That is, sampling a state in SFourier is done
by assigning to the phase of each component |x⟩ of the statevector a randomly chosen power of
the 2n-th root of unity e 2iπ

2n . Let us denote ρSt
Fourier

the density matrix resulting from sampling t
copies of a quantum state in SFourier uniformly at random. The trace distance between ρSt

Fourier

and ρCt
d

has been exactly computed in [JLS18, Lemma 1]. If we compute the asymptotics of this
exact expression for the trace distance, we find that we have

1
2

∥∥∥ρSt
Fourier

− ρCt
d

∥∥∥
1

= 2n (2n − 1) · · · (2n − t+ 1)
2nt − 2n (2n − 1) · · · (2n − t+ 1)

(2n + t− 1) · · · 2n (44a)

= t(t− 1)
2n+1 + Θ

(
t4

22n

)
. (44b)

Thus, SFourier equipped with the uniform measure forms a Θ
(
t2

2n

)
-approximate state t-design for

all t and n. Loosely speaking, increasing n by 1 allows to send
√

2 more copies while keeping the
same approximation parameter.

As t grows, it becomes more difficult to reproduce the first t moments of the Haar measure
with a good precision, meaning that the optimal ε will at least grow with t. For the purposes of
applications, we are interested in understanding the speed of this growth. For example, consider
the private-key quantum money scheme described in [JLS18, Theorem 6]. For the sake of the
argument, we will ignore all considerations relating to the complexity of producing the quantum
states here. In this scheme, users can deposit a fixed amount of money in the bank, in exchange
of which they receive a state

∣∣∣ψFourier
fBank

〉
, where fBank is a secret function, known only to the bank

and identical for all users. Intuitively, the security of this scheme relies on the fact that users
can’t clone this quantum state, which means that the number of states that the bank can issue
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is limited, as it would otherwise risk the users colluding and perform tomography on this state.
What the approximation parameter tells us is that if n is large enough, then as long as the bank
issues less than ≈

√
2n quantum states, the security of the system is ensured. Indeed, in that case,

this quantum state cannot be readily distinguished from a Haar random state, even with Ω(
√

2n)
copies.

Whilst this is not a formal security proof, morally the approximation parameter limits the
performance of the ARS in practical applications. For instance, had the bank used an ARS with
a smaller approximation parameter, such as O

(
t

2n

)
for the construction in [BS20], then it could

issue significantly more quantum states whilst remaining secure.
It is thus of interest to understand any fundamental limitations that exist on the approximation

parameter of state t-designs and in turn ARS. To this end, let us consider the following lemma,
which shows such a limitation.

Lemma 4 (Distinguishing advantage lower bound) Let d ⩾ 2 and t ⩾ 1 be integers, let
p ∈ [1,∞] and let Sd be any given set of d-dimensional real-valued pure quantum states equipped
with a probability measure λ. Let

ρSt
d

def=
∫

|ψ⟩∈Sd

(|ψ⟩⟨ψ|)⊗t dλ(|ψ⟩) , (45)

then we have ∥∥∥ρSt
d
− ρCt

d

∥∥∥
p
⩾
∥∥∥ρRt

d
− ρCt

d

∥∥∥
p
. (46)

2

Proof Let us define Φ to be the orthogonal group twirling channel:

Φ def= ρ 7→
∫
O∈Od

O⊗tρ
(
O⊤)⊗t dµ(O) . (47)

We have

Φ
(
ρSt

d

)
= Φ

(∫
|ψ⟩∈Sd

(|ψ⟩⟨ψ|)⊗t dλ(|ψ⟩)
)

(48a)

=
∫

|ψ⟩∈Sd

Φ
(

(|ψ⟩⟨ψ|)⊗t
)

dλ(|ψ⟩) (48b)

=
∫

|ψ⟩∈Sd

ρRt
d

dλ(|ψ⟩) (48c)

= ρRt
d

(48d)

where on the third line we used the fact that we have we have Φ
(

(|ψ⟩⟨ψ|)⊗t
)

= ρRt
d

for any

real-valued state |ψ⟩ ∈ Rd. Similarly, we have Φ
(
ρCt

d

)
= ρCt

d
as ρCt

d
is invariant under t-copy

unitary conjugation. Now, since Φ is a unital map, it is contractive under the p-norm [Pér+06,
Theorem II.4], which yields∥∥∥ρSt

d
− ρCt

d

∥∥∥
p
⩾
∥∥∥Φ
(
ρSt

d

)
− Φ

(
ρCt

d

)∥∥∥
p

=
∥∥∥ρRt

d
− ρCt

d

∥∥∥
p

(49)

which concludes the proof. ■

The above lemma shows that any real-valued approximate state t-design is intrinsically limited
in how well in can approximate the first t-moments of the Haar distribution on the whole space. It
also formally shows, what one would intuitively expect, real Haar random states are the real-valued
state t-design with the smallest approximation parameter.

Whilst the actual probability of distinguishing a real-valued ensemble of states and ρCt
d

will
likely be much higher than the lower bound implied by Lemma 4, it is interesting to note that
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an explicit projective measurement achieving the lower bound can easily by defined. If we let
{Π+, I−Π+} be the optimal measurement for distinguishing ρRt

d
and ρCt

d
then it turns out that

1
2 tr

[
Π+ρSt

d

]
+ 1

2 tr
[
(I−Π+)ρCt

d

]
= 1

2 + 1
4∥ρRt

d
− ρCt

d
∥1 . (50)

That is, the measurement {Π+, I−Π+} achieves precisely this lower bound as shown in the following
proposition.

Proposition 1 Let d ⩾ 2 and t ⩾ 1 be two natural numbers and and let Sd be any given set of
d-dimensional real-valued pure quantum states equipped with a probability measure λ. Let us denote

ρSt
d

def=
∫

|ψ⟩∈Sd

(|ψ⟩⟨ψ|)⊗t dλ(|ψ⟩) . (51)

Let Π+ be the projector onto the eigenspaces of ρRt
d

associated to an eigenvalue larger than(
d+t−1
t

)−1
. We then have

tr
[
Π+ρSt

d

]
= tr

[
Π+ρRt

d

]
. (52)

2

Proof Note that we have by linearity

tr
[
Π+ρSt

d

]
=
∫

|ψ⟩∈Sd

tr
[
Π+ (|ψ⟩⟨ψ|)⊗t

]
dλ(|ψ⟩) . (53)

Now, recall that by construction, Π+ can be written as

Π+ =
∑
k

ΠqkHt−2k
d

(54)

where ΠqkHt−2k
d

is the projector onto the subspace of ∨tRd isomorphic to qkHt−2k
d , and where k

indexes the eigenspaces where ρRt
d

has eigenvalues larger than
(
d+t−1
t

)−1. Since the representation
Od ∋ O 7→ O⊗t is irreducible on these spaces, it means that ΠqkHt−2k

d
and O⊗t commute for all

O ∈ Od and all indexes k. As a consequence, Π+ commutes with every O⊗t for O ∈ Od. This
means that for all |ψ⟩ ∈ Rd we have

tr
[
Π+ (|ψ⟩⟨ψ|)⊗t

]
= ⟨ψ|⊗t Π+ |ψ⟩⊗t (55a)

= ⟨0|
(
O⊤)⊗t Π+O

⊗t |0⟩ (55b)
= ⟨0|Π+ |0⟩ (55c)

where O is any orthogonal matrix such that O |0⟩ = |ψ⟩, and where on the third line we used the
fact that O⊗t and Π+ commute. In particular, this quantity is independent of the input state. By
linearity, we thus get that for all |ψ⟩ ∈ Rd, we have

tr
[
Π+ (|ψ⟩⟨ψ|)⊗t

]
= tr

[
Π+ρRt

d

]
(56)

which implies by linearity and the fact that λ is a probability measure that

tr
[
Π+ρSt

d

]
= tr

[
Π+ρRt

d

]
. (57)

■

Let us try to give some intuition as to why this result holds. In order to achieve the same probability
of success, an adversary can apply the orthogonal twirling channel to the state they were given,
and then apply the {Π+, I−Π+} measurement. However, there is an additional property, as
shown in the proof, that this measurement is invariant under orthogonal conjugation and hence
the distinguishing probability remains the same whether or not the twirling channel is applied.
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4.1.1 On the compromise between efficient generation and good approximation

Lemma 4 expresses the relatively intuitive idea that of all the probability measures on real-valued
states, the Haar measure on the orthogonal group is the closest one to the Haar measure on the
unitary group. In particular, no real-valued ARS can outperform the one resulting from sampling
real-valued quantum states using the Haar measure on Od in terms of approximation parameter.

The practicality of an approximate state design is essentially a trade-off between the complexity
of sampling the state and how well it approximates the first moments of the Haar distribution. A
common trick to relax the constraint on complexity is to replace all instances of random functions
in an ARS construction, e.g. Equation (43) by example, by quantum-secure pseudorandom ones.
By definition, such a function can’t be distinguished from a truly random one assuming bounded
computational resources. The cost of preparing a quantum state in that case is then counted in
terms of how many oracle calls to this quantum-secure pseudorandom function are needed. A brief
overview of different existing constructions is shown in Table 1.

Short description Approximation
parameter

Preparation
cost Real? Ref.

Random roots of
unity phases Θ

(
t2

2n

)
1 oracle call No [JLS18]

Hamiltonian Phase States
with m random angles e2nt− m

2t + O
(

t2

2n

) ⌈m/n⌉ layers of
CNOTs and Zs No [Bos+25]

Random binary phases Θ
(

t2

d

)
1 1 oracle call Yes [JLS18]2

Random binary phases
applied in layers of blocks

of size ξ
O
(

nt2

2ξξ

)
O(log(t) log(ξ))

circuit depth Yes [Cui+25]

Uniform superposition over
random subset of size K of

computational basis
O
(

t2

d
+ t√

K
+ tK

d

)
1 oracle call Yes [JMW24]3

Random subset construction
with random binary phases O

(
t2

K

)
3 oracle calls Yes [Aar+24]

PFC4 ensemble applied
on a fiducial state O

(
t√
d

)
O(tn polylog(n))

circuit depth No [Met+24]

ε-net with security
parameter λ

O
(

t
eλ +

√
t+λ
2λ +

(
4
5

)λ
) Θ

(
nλ + λ2)

oracle calls No [BS20]

Parallel Kac’s walk with
security parameter λ

O
(

λnt

λlog(λ)nlog(n) + t
2λn

) Θ(λn)
oracle calls No [Lu+24]

Table 1: Comparison of the approximation parameter and preparation cost of different ARS constructions. When
available, the actual circuit depth is provided, and oracle calls are used otherwise, meaning that the actual depth
depends on the implementation of the oracle.

This table firstly shows that all of the real-valued constructions of ARS have an approximation
parameter scaling like Ω

(
t2

d

)
, which coincides with the results derived in Lemma 4 and Corollary 1.

Interestingly, they do so asymptotically optimally, in the sense that their approximation parameter
scales quadratically with the dimension, matching the lower-bound derived from our result. More-
over, two constructions [BS20; Lu+24] have an approximation parameter that scales linearly with
the number of copies and inversely linearly with the dimension. Both of which necessarily have
high imaginarity (see Section 4.2), as they mimic the Haar measure on the unitary group closely.

Having a complex-valued construction is not sufficient to have such an approximation parameter
as the other constructions [JLS18; Bos+25; Met+24] demonstrate with their quadratic difference

1The exact scaling is derived in Appendix C.7, the previous proofs gave asymptotically optimal upper-bounds.
2Though the binary phase construction has been introduced in [JLS18], its security has first been shown in [BS19],

and a simpler proof was later given in[AQY22].
3This construction was also studied in [GB23] on qubits systems.
4The PFC ensemble is comprised of operators that are the product of a permutation, a binary phase operator and

a Clifford operator.
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between t and d. Finally, one can note that the constructions with the smallest approximation
parameters are also those with the most costly state preparation procedures, as one may expect
from the fact that preparing Haar random states requires circuits of exponential size [HP07]. Thus
the search for constructions which are practical in both the approximation parameter and the
preparation cost remains important.

4.2 Testing the imaginarity of a state
A recent line of work studied the concept of imaginarity of quantum states in the context of
quantum resource theory [HG18; Wu+21a; Wu+21b; Xue+21]. Even though it has been noted
that this theory may have operational relevance [Wu+21a], its main motivation has originally
been to study the role of complex Hilbert spaces in quantum theory. In particular, some works
identified experiments demonstrating the insufficiency of real Hilbert spaces to describe quantum
theory [Ren+21]. Though the existence of such work may suggest that testing whether a quantum
state is real is easy, it has been shown in [HBK25, Theorem 2] that such a task actually required a
large number of copies of the input state. In the following, we will detail their method and improve
upon their result. Along the way, we also provide an exact security analysis of the binary phase
ARS construction which may be of independent interest.

Consider the following task: a tester A is given t copies of a pure state |ψ⟩ and must say
whether the imaginarity of |ψ⟩ is larger than a certain threshold δ with constant probability.
Following [HBK25, Equation 3], we define the imaginarity of a pure state |ψ⟩ as

I(|ψ⟩) def= 1−
∣∣〈ψ∣∣ψ〉∣∣2 . (58)

A formal definition of such a tester is given below.

Definition 3 (Imaginarity tester, adapted from [HBK25, Definition 2]) Let δ > β > 0
and t ∈ N. An algorithm A is called a (β, δ, t)-imaginarity tester if for all states |ψ⟩ ∈ Cd it
satisfies the following.

1. (Completeness) If I(|ψ⟩) ⩽ β, then P
[
A
(
|ψ⟩⊗t

)
= 1
]
⩾ 2

3 .

2. (Soundness) If I(|ψ⟩) ⩾ δ, then P
[
A
(
|ψ⟩⊗t

)
= 1
]
⩽ 1

3 . 2

It was shown in [HBK25, Lemma 2] that Haar random states have high imaginarity on average,
namely 1− 2

d+1 , but distinguishing them from sets of real-valued states with non-negligible proba-

bility may still require Ω
(√

d
)

copies. Since computing the imaginarity of a state is one way an
adversary may try to distinguish sampling from a set of real-valued states and sampling from the
Haar measure, it follows that computing the imaginarity on average must require at least as many
copies as required to distinguish these two ensembles.

To see this more explicitly, let us consider an imaginarity tester A using t copies and let
us consider a real-valued O

(
tx

d

)
-approximate state t-design {|ψf ⟩}f , with x > 0. We can use

A as a potential strategy for distinguishing between this approximate design and Haar random
states. Namely, we use A to test for the imaginarity of the states they’ve been given and if
they have imaginarity larger than δ, then they will conclude that they were given a Haar random
state, and will otherwise conclude that they were given a state from the approximate design
family. However, since the approximate design has an approximation parameter of O

(
tx

d

)
, A must

necessarily have Ω
(
d

1
x

)
copies to distinguish them with constant probability, thus proving that

testing for imaginarity requires at least Ω
(
d

1
x

)
copies. In particular, the smaller x, the larger the

number of copies.
An interesting question is then what is the smallest x such that there exists a real-valued

O
(
tx

d

)
-approximate t-design as this will give us the best bound on the number of copies required

to test for imaginarity using this technique. In [HBK25] the authors used the ε-approximate state
t-design which consists of the states

|ψf,S⟩ = 1√
K

∑
x∈S

(−1)f(x) |x⟩ (59)
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equipped with the uniform probability measure and with |S| = K being a fixed parameter and
S ⊆ {0, 1}n, with n being the number of qubits. This construction was introduced and studied
in [Aar+24], where it was shown that ε = O

(
t2

K

)
. In order to have the smallest ε possible, Haug,

Bharti, and Koh used K = 2n, effectively reducing to the binary phase state approximate design
which is comprised of states of the form

|ψf ⟩ = 1√
2n
∑
x

(−1)f(x) |x⟩ (60)

also equipped with a uniform probability measure, which was introduced in [JLS18] and studied
in [BS19; Ana+22]. In particular, it was proved in [Ana+22] that this construction yields an
ε-approximate state t-design with ε = t(3t−1)

2n+1 + O
(
t2

22n

)
. However, by focusing on a particular

construction, [HBK25] left open the possibility for better bounds. Using Corollary 1, we can now
close this door and affirm that no better asymptotic lower-bound can be found using this proof
technique. In fact, using Equation (38), we can improve this lower-bound.

We provide in Appendix C.7 an exact security analysis for the binary phases ARS [JLS18]. In
particular, we show in Lemma 10 that the trace distance between the density matrix ρBt

d
associated

to this ARS and ρCt
d

is given by

1
2

∥∥∥ρBt
d
− ρCt

d

∥∥∥
1

= 1− 1(
d+t−1
t

) ⌊ t
2⌋∑

k=0

(
d

t− 2k

)
. (61)

From this it follows that if t ∼ α
√
d then the right-hand-side of Equation (61) converges to

1− e−α2
. In particular, in order for A to satisfy the completeness property, they should be able to

distinguish these two states with probability at least 2
3 . Since we know that the optimal probability

of distinguishing these two states is 1
2 + 1

2T , where T is the aforementioned trace distance, it follows

that one must have T ⩾ 1
3 , which gives us α ⩾

√
ln
( 3

2
)
d. As such, this study allows to derive the

exact prefactor of Haug, Bharti, and Koh’s bound, which was not known beforehand.
But now, we can instead use the family of states defined by the Haar measure on the orthogonal

group. As per Equation (38), we know that if t ∼ α
√
d, then the trace distance between the two

relevant density matrices converges to 1−e− α2
2 . By a similar argument, we can then conclude that

the number of copies required by A is at least t =
√

2 ln
( 3

2
)
d+ o

(√
d
)
. This thus improves upon

[HBK25]’s bound by a
√

2 factor. Furthermore, we know that this lower-bound is asymptotically
optimal as δ goes to 0, as our goal in this case is to distinguish between ρRt

d
and ρCt

d
, which we

know from Corollary 1 can be done using t ∼
√

2 ln
( 3

2
)
d copies.

Finally, note the previous reasoning works in the limit of δ being close to 0, since we want
in that case to distinguish an ensemble of states that is close to being real-valued and the Haar
random ensemble. Haug, Bharti, and Koh proved that it was in fact valid for all δ lower than
1− n2

√
2n

(for n ⩾ 80). By studying the distribution of imaginarity of Haar random states, we can
increase the regime of δ in which this result holds, be more precise in how δ affects the number
of copies and simplify Haug, Bharti, and Koh’s proof, removing the reliance on Lévy’s lemma.
Furthermore, our technique also works in any dimension, as opposed to only qubit-based systems.

Note that this theorem also shows the optimality of this bound as δ goes to 0, as the task at hand
is in that case equivalent to distinguishing ρRt

d
and ρCt

d
. To the best of our knowledge, the only other

known technique to perform such a task is the O(d) algorithm of Haug, Bharti, and Koh [HBK25]
to compute the imaginarity. Our measurement thus represents a O

(√
d
)

improvement.
All of this is summarized and formally proved in the following proposition.

Proposition 2 (Generalization of [HBK25, Theorem 2]) Any imaginarity tester of a quan-

tum state |ψ⟩ requires at least t ∼

√
2 ln

(
1

2
3 +δ

d−1
2

)
d copies of |ψ⟩ for any δ < 3− 2

d+1 and β < δ.2
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Proof Let EI⩾δ be the ensemble of states having an imaginarity larger than or equal to δ and let

ρEt
I⩾δ

def= 1
µ (EI⩾δ)

∫
|ψ⟩∈EI⩾δ

(|ψ⟩⟨ψ|)⊗t dµ(|ψ⟩) (62)

be the average density matrix of this ensemble, with µ being the Haar measure on Cd. It was shown
in [HBK25, Equation (S17)] that we have

1
2

∥∥∥ρEt
I⩾δ
− ρCt

d

∥∥∥
1
⩽ P[I(|ψ⟩) < δ] . (63)

We then get by triangle inequality

1
2

∥∥∥ρEt
I⩾δ
− ρRt

d

∥∥∥
1
⩽ P [I(|ψ⟩) ⩽ δ] + 1

2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1
. (64)

Now, we know that an algorithm that is able to test for imaginarity must be able to distinguish
ρEt

I⩾δ
and ρRt

d
with probability larger than 2

3 . But we also know that such an algorithm can only

do so with probability 1
2 + 1

4

∥∥∥ρEt
I⩾δ
− ρRt

d

∥∥∥
1

. As such, in order for such an algorithm to exist, one
must necessarily have

1
2

∥∥∥ρEt
I⩾δ
− ρRt

d

∥∥∥
1
⩾

1
3 . (65)

This in turn implies
P [I(|ψ⟩) ⩽ δ] + 1

2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1
⩾

1
3 . (66)

Now, we know from Lemma 14 that

P [I(|ψ⟩) ⩽ δ] = δ
d−1

2 . (67)

In particular, if we pick δ < 1
3

2
d−1

, this ensures

P [I(|ψ⟩) ⩽ δ] < 1
3 . (68)

One thus requires at least as many copies to test for imaginarity with such a δ as one requires to
have

1
2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1
⩾

1
3 − P [I(|ψ⟩) ⩽ δ] . (69)

We then know from the asymptotics derived in Equation (38) that if one has

t ∼

√√√√2 ln
(

1
2
3 + δ

d−1
2

)
d (70)

then Equation (69) is satisfied, which provides a lower-bound on the number of copies required to
test for imaginarity. ■

Note that as δ gets closer to 3− 2
d+1 , the scaling of the lower-bound changes, indicating that it

may not be useful in this regime. Indeed, if we take for instance δ =
(

e− 1
2d − 2

3

) 2
d−1

, then the
lower-bound simply becomes 1 + o(1). This seems to indicate that improvements on this bound
for high values of δ are certainly possible. Note however that taking δ = 1−Ω

( 1
d

)
keeps the same

scaling, which improves upon Haug, Bharti, and Koh’s previous 1− log2
2(d)√
d

bound for δ.
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5 Conclusion
In this work, we proved a fundamental lower-bound on the approximation parameter of any real-
valued approximate state t-design. We showed that this bound was tight and attained by the
design resulting from sampling from the Haar measure on Od. A notable implication of our work
is a bound on the asymptotic approximation parameters of ARS generators, showing that having
non-zero imaginarity is a requirement to have approximation parameters scaling linearly with the
number of copies. As a second application, we also generalized a previous result of [HBK25] on
imaginarity testing to arbitrary dimensions and improved upon the number of copies required for
imaginarity testing.

On a technical level, our main result was the derivation of the complete spectral decomposition
of t-copies of a real Haar random state. We derived this through a classical result on a representa-
tion of the orthogonal group on the space of homogeneous polynomials. In particular, we provided
closed-form analytical expressions for the eigenvalues and multiplicities as well as an algorithm to
compute the corresponding eigenvectors. We believe that this isomorphism between the symmetric
subspace and homogeneous polynomials could prove useful in other contexts when exploring appli-
cations of real-valued Haar random states and we leave such an exploration to future work. The
potential for future applications of the representation theory of harmonic polynomials to quantum
information theory also renews interest in finding simple, explicit orthonormal bases of Htd with
respect to the Bombieri inner product.

However, our proofs prompt several further questions. Firstly, though we gave an explicit
measurement that can be used to distinguish any real-valued approximate state design from a
Haar random state, it is unclear if this measurement can be efficiently implemented. Possible
directions to showing this would be to explore techniques like the Schur transform [Har05]. If the
measurement is efficiently implementable, this implies that our results for ARS will also extend
to pseudorandom quantum states [JLS18], as we will have derived distinguishing lower bounds
that are accessible to computationally bounded adversaries. In particular, this will also imply
fundamental limitations on the performance of real-valued constructions of pseudorandom states.

There are also several ways in which the study of the differences between the Haar measures on
the orthogonal and unitary group could be extended. For instance, though we know that having
oracular access to a random orthogonal matrix and having oracular access to a random unitary one
are easily distinguishable [HBK25], we may ask how could we make them indistinguishable. This
may for instance lead to stronger necessary conditions for a unitary ensemble to be a pseudorandom
unitary ensemble [JLS18]. For instance, what happens if, in addition to a random orthogonal
matrix, one applies a random unitary taken from a unitary 2-design ensemble? That would raise
the imaginarity of the resulting unitary, which makes Haug, Bharti, and Koh’s argument not work
in this case. In fact we may even ask whether applying a diagonal unitary with uniformly random
entries would be enough to get a good approximate unitary design.

Similarly, in the state version of this question, how better can an approximate state design be if
one applies the orthogonal twirling to a state having non-zero imaginarity? This line of study was
initiated in [Sch24], where it was shown that exact state designs couldn’t be created in this way
for t ⩾ 4, but the exact approximation parameter may be derived as a function of the imaginarity
of the seed state. It would seem intuitive that having an imaginarity of 1 − 2

d+1 is optimal, and
that having an imaginarity of 0 is the worst possible case. We believe that our techniques could
help solving these questions, as the resulting density matrices will all be convex combinations of
projectors onto the harmonic subspaces of Ptd.

Finally, of particular interest, would be a study of further necessary conditions and sufficient
conditions for approximate state t-designs to have an approximation parameter scaling linearly
in t. Though we’ve proved in this work that having complex amplitudes is necessary, we do not
know how much imaginarity an approximate state design requires to have such an approximation
parameter or what other properties are also necessary. A comprehensive understanding of such
conditions would pave the way towards designing efficient and practical ARS.
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A A very quick introduction to representation theory
In this section, we introduce the representation theory concepts used in the main text. Let G be
a group and let V be a vector space of finite dimension d. A representation of G in V is a group
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homomorphism τ : G→ GL (V ), with GL (V ) being the general linear group associated to V . That
is, the mapping preserves the group operation, i.e.,

τ(gh) = τ(g)τ(h) (71)

for all g, h ∈ G. A nontrivial subspace5 W ⊂ V is called G-invariant if for all |w⟩ ∈ W and all
g ∈ G we have τ(g) |w⟩ ∈W . If no nontrivial G-invariant subspaces exist, then the representation
is called irreducible. A fundamental result in representation theory is Schur’s lemma, which we
now state. Note that this is an edulcorated version of the original lemma that we’ve adapted to
our needs.

Lemma 5 (Schur) Let G be a group, V be a finite dimensional vector space and τ : G→ GL (V )
be an irreducible representation of G in V . Let ϕ be an endomorphism of V . If ϕ and τ(g) commute
for all g ∈ G, then ϕ is either an automorphism or nil. 2

Schur’s lemma is commonly used in the quantum information field by the means of the following
corollary, that allows to characterize a density matrix invariant by a group representation.

Corollary 2 Let G be a group, V be a finite dimensional vector space over R or C and τ : G →
GL (V ) be an irreducible representation of G in V . Let ρ ∈ Herm (V ) be such that ρ commutes
with τ(g) for all g ∈ G. Then there exists a λ ∈ R such that ρ = λ IV . 2

Proof Since ρ is Hermitian it admits at least one real eigenvalue λ. Now, note that ρ − λ IV
commutes with τ(g) for all g ∈ G. By Schur’s lemma, ρ − λ IV is either an automorphism or is
nil. Since it cannot be an automorphism by definition of λ, it follows that ρ− λ IV is nil, which
concludes the proof. ■

B On the isomorphism between P td and ∨tRd

The goal of this section is to translate the result of [CW68, Theorem 2.12] from the space of
homogeneous polynomials Ptd to the symmetric subspace ∨tRd. That is, we want to show that the
representation of the orthogonal group on Ptd as considered in [CW68] maps back to Od ∋ O 7→ O⊗t

when using the isomomorphism that we consider between these two spaces.
Recall the isomorphism between Ptd and ∨tRd is given by

Xa0
0 · · ·X

ad−1
d−1 7→ Π∨tRd |0a0 , · · · , (d− 1)ad−1⟩ . (72)

The inner product ⟨·, ·⟩Bombieri on Ptd is defined for two monomials M,N as

⟨M,N⟩Bombieri =


0 if M ̸= N

1
t!

d−1∏
i=0

ai! otherwise
(73)

where M = Xa0
0 · · ·X

ad−1
d−1 . For the remainder of this section, if P ∈ Ptd then |P ⟩ ∈ ∨tRd denotes its

image by the isomorphism, the notation is motivated by the fact that this isomorphism preserves
the inner product, as shown in the following Lemma.

Lemma 6 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. Let P and Q be two elements of Ptd, then
we have

⟨P,Q⟩Bombieri = ⟨P |Q⟩ . (74)
That is, the isomorphism described in Equation (19) preserves the inner product. 2

Proof By linearity it is sufficient to show that the inner products are equal when P and Q are
monomials. Then let P = Xa0

0 · · ·X
ad−1
d−1 and Q = Xb0

0 · · ·X
bd−1
d−1 . Then

|P ⟩ = 1
t!
∑
σ∈St

Aσ |0a0 , · · · , (d− 1)ad−1⟩ (75)

5A subspace W ⊆ V is called nontrivial if W ̸= {0} and W ̸= V .
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and
|Q⟩ = 1

t!
∑
π∈St

Aπ
∣∣0b0 , · · · , (d− 1)bd−1

〉
(76)

where we’ve denoted

Aπ(|v1⟩ ⊗ · · · ⊗ |vt⟩) =
∣∣vπ−1(1)

〉
⊗ · · · ⊗

∣∣vπ−1(t)
〉

(77)

for any permutation π ∈ St and any basis state |v1, · · · , vt⟩ of
(
Cd
)⊗t. We thus have

⟨P |Q⟩ = 1
(t!)2

∑
σ∈St

∑
π∈St

〈
0a0 , · · · , (d− 1)ad−1

∣∣AσAπ∣∣0b0 , · · · , (d− 1)bd−1
〉
. (78)

Note that whenever there is an index i such that ai ̸= bi, then the expectation value in the
summation vanishes, as it can be seen as the inner product between two different computational
basis states. This is consistent with the definition of the Bombieri inner product, which should be 0
whenever the two monomials are not equal.

Let us thus assume that ai = bi for all indices i. The expectation value in the sums in now
either equal to 0 or 1, depending on whether σ and π send (0a0 , · · · , (d− 1)ad−1) to the same tuple.
Let us fix σ ∈ St and let us count the number of π ∈ St such that σ (0a0 , · · · , (d− 1)ad−1) =
π (0a0 , · · · , (d− 1)ad−1). To perform this counting, note that for such a permutation, we can swap
the placements of the different 0 elements and still end up with a permutation having this property.
There are a0! such permutations of the 0 elements. Similarly, there are a1! permutations of the
1 elements. Choosing a valid π is equivalent to starting from σ and choosing a permutation of
the i elements that leaves the result invariant for all i elements. All in all, this amounts to

∏
i ai!

permutations. As such, we have

⟨P |Q⟩ = 1
(t!)2

∑
σ∈St

d−1∏
i=0

ai! = 1
t!

d−1∏
i=0

ai! (79)

which is consistent with the Bombieri inner product definition. ■

Since the symmetric subspace is intrinsically linked to the tensor product, it is natural to wonder
how the tensor product is translated through the isomorphism between Ptd and ∨tRd. To that end,
we start by showing the following Lemma that relates together projctors onto symmetric subspaces
of different sizes.

Lemma 7 Let d ⩾ 2, t ⩾ 1 and k ⩾ 1 be three natural numbers. Then

Π∨t+kRd (Π∨tRd ⊗Π∨kRd) = Π∨t+kRd . (80)
2

Proof Note that Π∨tRd ⊗ Π∨kRd is the projector onto ∨tRd ⊗ ∨kRd. As such, if we show that
∨t+kRd is a subspace of ∨tRd ⊗ ∨kRd, the result would follow.

Note that ∨tRd ⊗ ∨kRd is the space of states that are invariant under operators of the form
Pπ ⊗ Pσ, with π ∈ St and σ ∈ Sk. As a recall, if τ ∈ Sn for some natural number n, then Pτ is
defined on the basis states of C⊗n as

Pτ |x1, · · · , xn⟩ =
∣∣xτ−1(1), · · · , xτ−1(n)

〉
. (81)

But now, note that we can see applying a permutation π on the first t registers and a permutation
σ on the last k ones as a permutation on the whole t+ k registers. In particular, every state of
∨t+kRd is also left invariant by all operators of the form Pπ ⊗ Pσ for π ∈ St and σ ∈ Sk, which
shows that

∨t+kRd ⊆ ∨tRd ⊗ ∨kRd . (82)

In particular, the projectors onto these spaces satisfy the desired relation. ■
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We can now leverage this Lemma to prove that, up to an additional symmetrization using the
projector onto the symmetric subspace, the tensor product of states in ∨tRd relates to the product
of polynomials in Ptd.

Corollary 3 Let d ⩾ 2, t ⩾ 1 and k ⩾ 1 be three natural numbers. Let P ∈ Ptd and Q ∈ Pkd . The
image of PQ by the isomorphism described in Equation (19) is Π∨t+kRd(|P ⟩ ⊗ |Q⟩). 2

Proof Let {Pi}i and {Qj}j be two orthogonal bases of Ptd and Pkd respectively, and let us write

P =
∑
i

αi Pi (83a)

and
Q =

∑
j

µj Qj . (83b)

We have on the one hand
PQ =

∑
i,j

λiµj PiQj (84)

and on the other hand

Π∨t+kRd(|P ⟩ ⊗ |Q⟩) =
∑
i,j

λiµj Π∨t+kRd |Pi, Qj⟩ . (85)

We thus only have to show the result for monomials. Let Xa0
0 · · ·X

ad−1
d−1 ∈ Ptd and Xb0

0 · · ·X
bd−1
d−1 ∈ Pkd

be two monomials. We first have by the definition of the isomorphism between the symmetric
subspace and the space of homogeneous polynomials

Π∨t+kRd

(∣∣Xa0
0 · · ·X

ad−1
d−1

〉
⊗
∣∣∣Xb0

0 · · ·X
bd−1
d−1

〉)
= Π∨t+kRd

(
Π∨tRd |0a0 , · · · , (d− 1)ad−1⟩ ⊗Π∨kRd

∣∣0b0 , · · · , (d− 1)bd−1
〉)
.

(86)

We can now factor out the different tensor products, which gives us

Π∨t+kRd

(∣∣Xa0
0 · · ·X

ad−1
d−1

〉
⊗
∣∣∣Xb0

0 · · ·X
bd−1
d−1

〉)
= Π∨t+kRd (Π∨tRd ⊗Π∨kRd)

∣∣0a0 , · · · , (d− 1)ad−1 , 0b0 , · · · , (d− 1)bd−1
〉
.

(87)

We can now use Lemma 7 to remove the projector into ∨tRd ⊗ ∨kRd, which gives us

Π∨t+kRd

(∣∣Xa0
0 · · ·X

ad−1
d−1

〉
⊗
∣∣∣Xb0

0 · · ·X
bd−1
d−1

〉)
= Π∨t+kRd

∣∣0a0 , · · · , (d− 1)ad−1 , 0b0 , · · · , (d− 1)bd−1
〉
.

(88)

Finally, since Π∨t+kRd is invariant under all permutations of registers, we can shift around the
different registers to get

Π∨t+kRd

(∣∣Xa0
0 · · ·X

ad−1
d−1

〉
⊗
∣∣∣Xb0

0 · · ·X
bd−1
d−1

〉)
= Π∨t+kRd

∣∣0a0+b0 , · · · , (d− 1)ad−1+bd−1
〉

(89)

which is equal to
∣∣∣Xa0+b0

0 · · ·Xad−1+bd−1
d−1

〉
by definition. ■

We will now slightly generalize this statement to products of polynomials with more than two
terms.

Corollary 4 Let d ⩾ 2 and N ⩾ 2 be two natural numbers. Let k1 ⩾ 1, · · · , kN ⩾ 1 also be natural
numbers, and let us denote K =

∑N
i=1 ki. For i ∈ [N ], let Pi ∈ Pki

d . The image of
∏N−1
i=0 Pi by the

isomorphism described in Equation (19) is Π∨KRd

⊗N−1
i=0 |Pi⟩. 2
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Proof Let us prove the result by induction on N . The case N = 2 is true as per Corollary 3. Let
us assume that this statement is true for some N ⩾ 2, and let us show that it remains true for
N + 1.

By assumption, the image of
∏N−1
i=0 Pi is Π∨K−kN+1Rd

⊗N−1
i=0 |Pi⟩. By Corollary 3, we thus have

that the image of
∏N
i=0 Pi by the isomorphism is

Π∨KRd

(
Π∨K−kN+1Rd

N−1⊗
i=0
|Pi⟩ ⊗ |PN ⟩

)
= Π∨KRd

(
Π∨K−kN+1Rd ⊗Π∨kN+1Rd

) N⊗
i=0
|Pi⟩ (90)

which then gives us, using Lemma 7, that the image of
∏N
i=0 Pi is

Π∨KRd

N⊗
i=0
|Pi⟩ (91)

which concludes the proof. ■

We are now ready to prove the main result of this section. The only thing left to do is to introduce
the representation of Od in Ptd used in [CW68].

As a recall, a representation f of Od takes as input an orthogonal matrix O ∈ Od and returns
an invertible endormorphism f(O) of Ptd. In [CW68], the representation f of Od that is considered
acts as

f(O)(P ) = P
(
O⊤X

)
(92)

for all O ∈ Od and all P ∈ Ptd. Here P
(
O⊤X

)
is better understood when seeing P as a function

of a real vector X ∈ Rd: the image of P by f(O) is the polynomial that results from applying P
onto the vector O⊤X instead of X.

As an example, let us take the case d = t = 2, and let us consider the orthogonal matrix

O = 1√
2

(
1 1
−1 1

)
.

As such, we have

O⊤X = 1√
2

(
1 −1
1 1

)(
X0
X1

)
= 1√

2

(
X0 −X1
X0 +X1

)
(93)

P
(
O⊤X

)
is then the homogeneous polynomial that results from applying the original P ∈ P2

2 to
this new vector. We know that any such P can be written as

P = aX2
0 + bX0X1 + cX 2

1

with a, b, c ∈ R. We then have

P
(
O⊤X

)
= a

[
1√
2

(X0 −X1)
]2

+ b

[
1√
2

(X0 −X1) 1√
2

(X0 +X1)
]

+ c

[
1√
2

(X0 +X1)
]2

(94a)

= 1
2 (a+ b+ c) X2

0 + (c− a)X0X1 + 1
2 (a− b+ c) X2

1 . (94b)

Note that for any two orthogonal matrices O1 and O2, we have f (O1) f (O2) = f (O1O2). Further-
more, f (O1) is an invertible endomorphism of Ptd, meaning that f (O1) ∈ GL (Ptd) as expected.

Thus, the only thing left to be shown is that the image of P
(
O⊤X

)
by the isomorphism is

O⊗t |P ⟩.

Lemma 8 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. Let P ∈ Ptd and O ∈ Od. The image of
P
(
O⊤X

)
by the isomorphism described in Equation (19) is O⊗t |P ⟩. 2

Proof Let {Pi}i be an orthonormal basis of Ptd. Let us write P in this basis, which gives us

P =
∑
i

λi Pi . (95)
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We then have
P
(
O⊤X

)
=
∑
i

λi Pi
(
O⊤X

)
. (96)

We thus only have to show the result on monomials. Let Q = Xa0
0 · · ·X

ad−1
d−1 ∈ Ptd be a monomial.

We have by definition

Q
(
O⊤X

)
=
(
d−1∑
i=0
⟨i|O|0⟩ Xi

)a0

· · ·

(
d−1∑
i=0
⟨i|O|d− 1⟩ Xi

)ad−1

=
d−1∏
j=0

(
d−1∑
i=0
⟨i|O|j⟩ Xi

)aj

. (97)

Since this is a product of polynomials, we can use Corollary 4 to assert that

∣∣Q (O⊤X
)〉

= Π∨tRd

d−1⊗
j=0

(
d−1∑
i=0
⟨i|O|j⟩ |i⟩

)⊗aj

. (98)

Indeed, the image of any P a by the isomorphism is |P ⟩⊗a, which can also be seen as a consequence
of Corollary 4. Now, note that we have

d−1∑
i=0
⟨i|O|j⟩ |i⟩ = O |j⟩ (99)

for any index j ∈ [d]. This gives us

∣∣Q (O⊤X
)〉

= Π∨tRd

d−1⊗
j=0

(O |j⟩)⊗aj . (100)

We can now factor the orthogonal matrices out of the sum like so

∣∣Q (O⊤X
)〉

= Π∨tRdO⊗t
d−1⊗
j=0
|j⟩⊗aj . (101)

Now, recall that Π∨tRd = Π∨tCd commute with any unitary matrix tensored t times. As such we
have ∣∣Q (O⊤X

)〉
= O⊗tΠ∨tRd

d−1⊗
j=0
|j⟩⊗aj . (102)

Finally, by definition of the isomorphism, we have

Π∨tRd

d−1⊗
j=0
|j⟩⊗aj = |Q⟩ (103)

which concludes the proof. ■

C Proofs from the main text
In this section we’ll prove all the results that have been deferred from the main text. Since Schur’s
lemma will give us the spectral decomposition of ρRt

d
on ∨tRd, we first show that ρRt

d
is nil

elsewhere.

C.1 Proof of Lemma 1
Lemma 1 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. The support of ρRt

d
viewed as an

endomorphism of
(
Rd
)⊗t is contained within the real symmetric subspace ∨tRd. 2
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Proof For a permutation π ∈ St, let us recall the definition of Pπ on the basis states:

∀ (x1, · · · , xt) ∈ [d]t, Pπ |x1, · · · , xt⟩ =
∣∣xπ−1(1), · · · , xπ−1(t)

〉
. (104)

In particular, note that for all π ∈ St and all |ψ⟩ ∈ Rd we have

Pπ |ψ⟩⊗t = |ψ⟩⊗t . (105)

For all π ∈ St, we then have

PπρRt
d

= Pπ

∫
O∈Od

(
O |0⟩⟨0|O†)⊗t dµ(O) (106a)

=
∫
O∈Od

Pπ (O |0⟩)⊗t (⟨0|O†)⊗t dµ(O) (106b)

=
∫
O∈Od

(O |0⟩)⊗t (⟨0|O†)⊗t dµ(O) (106c)

= ρRt
d
. (106d)

And similarly we have ρRt
d
Pπ = ρRt

d
. As shown in [Har13, Proposition 1], we have

Π∨tRd = 1
t!
∑
π∈St

Pπ , (107)

which combined with the above implies that Π∨tRdρRt
d

= ρRt
d

= ρRt
d
Π∨tRd and so

ρRt
d

= Π∨tRdρRt
d
Π∨tRd . (108)

However the right-hand-side is an operator whose support is, by construction, contained within
∨tRd. ■

C.2 Proof of Lemma 2
Now, in order to use Schur’s lemma and in particular Corollary 2, we show that ρRt

d
commutes

with every element of a given representation, here Od ∋ O 7→ O⊗t.

Lemma 2 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. For any O ∈ Od we have

O⊗tρRt
d

= ρRt
d
O⊗t . (13)

2

Proof Let O ∈ Od. We have

O⊗tρRt
d

=
∫
P∈Od

(OP |0⟩)⊗t (⟨0|P †)⊗t dµ(P ) (109a)

=
∫
Q∈Od

(Q |0⟩)⊗t (⟨0|Q†O
)⊗t dµ

(
O†Q

)
(109b)

=
∫
Q∈Od

(Q |0⟩)⊗t (⟨0|Q†O
)⊗t dµ (Q) (109c)

=
∫
Q∈Od

(Q |0⟩)⊗t (⟨0|Q†)⊗t dµ (Q)O⊗t (109d)

= ρRt
d
O⊗t (109e)

where on the second line we substituted Q = OP and on the third line we used the translation
invariance of the Haar measure, namely that for any subset S of Od and any orthogonal matrix O
we have µ(OS) = µ(S). ■
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C.3 Proof of Lemma 3
Now that Corollary 2 and [CW68, Theorem 2.12] gave us the eigenvectors of ρRt

d
, we want to find

a more convenient expression of ρRt
d

to leverage this result. The following Theorem gives the exact
expression of all of ρRt

d
’s coefficients.

Lemma 3 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. We have

ρRt
d

= (d− 2)!!
(d+ 2t− 2)!!

∑
x∼y

d∏
i=1

[ni(x, y)− 1]!! |x⟩⟨y| (26)

with the convention −1!! = 0!! = 1. 2

Proof Since O is sampled from the Haar measure, we can write

O |0⟩ =
d−1∑
x1=0

Wx1

∥W∥
|x1⟩ (110)

with W ∈ Rd being distributed according to a standard centered multivariate normal distribution
N (0, Id), as per [Mez07, Theorem 1]. Note that we have

(O |0⟩)⊗t =
d−1∑
x1=0

· · ·
d−1∑
xt=0

t∏
k=1

Wxk

∥W∥
|x1, · · · , xt⟩ (111)

which we can write as

(O |0⟩)⊗t =
∑
x∈[d]t

t∏
k=1

Wxk

∥W∥
|x⟩ . (112)

We thus have (
O |0⟩⟨0|O⊤)⊗t =

∑
x,y∈[d]t

t∏
k=1

Wxk

∥W∥

t∏
i=1

Wyi

∥W∥
|x⟩⟨y| (113)

which we can rewrite as

(
O |0⟩⟨0|O⊤)⊗t =

∑
x,y∈[d]t

t∏
k=1

Wxk
Wyk

∥W∥2 |x⟩⟨y| . (114)

This then gives us

ρRt
d

= E
O∈Od

[(
O |0⟩⟨0|O⊤)⊗t] (115)

= E

 ∑
x,y∈[d]t

t∏
k=1

Wxk

∥W∥
Wyk

∥W∥
|x⟩⟨y|

 . (116)

We then have by linearity and by definition of ni

ρRt
d

=
∑

x,y∈[d]t

E

[
d−1∏
i=0

W
ni(x,y)
i

∥W∥ni(x,y)

]
|x⟩⟨y| . (117)

We then have the desired result via Lemma 11. ■

C.4 Proof of Theorem 1
Now that we have an expression for the coefficients of ρRt

d
and that we know an expression of an

eigenvector |ψλ⟩ for each of its unique eigenvalues, we can solve for ρRt
d
|ψλ⟩ = λ |ψλ⟩ to find said

eigenvalues. This yields the following theorem.
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Theorem 1 Let d ⩾ 2 and t ⩾ 1 be two natural numbers and let {λk}k be the eigenvalues of
ρRt

d
and let {αk}k be their respective multiplicities. For a homogeneous polynomial P ∈ Ptd, we

denote by |P ⟩ ∈ ∨tRd its image by the isomorphism described in Equation (19). Then for any
k ∈

[
1 +

⌊
t
2
⌋]

and any P ∈ qkHt−2k
d , |P ⟩ is an eigenvector of ρRt

d
with eigenvalue

λk = t!(d− 2)!!
(2k)!!(d+ 2t− 2k − 2)!! . (27)

In particular, this eigenvalue has multiplicity

αk = dim
(
qkHt−2k

d

)
=
(
d+ t− 2k − 1

d− 1

)
−
(
d+ t− 2k − 3

d− 1

)
. (28)

2

Proof For the sake of conciseness, let us define

ρ̂Rt
d

def=
∑
x∼y

d∏
i=1

[ni(x, y)− 1]!! |x⟩⟨y| , (118)

and so ρRt
d

= (d−2)!!
(d+2t−2)!! ρ̂Rt

d
Let k0 ∈

[
1 +

⌊
t
2
⌋]

. Since we know the multiplicity of the eigenvalue
associated to Ht−2k0

d via Equation (23), the only thing we have to do is to compute this eigenvalue.
Let us take α so that we have∑

ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1X
ℓ0
0 · · ·X

ℓd−1
d−1 ∈ H

t−2k0
d (119)

We now want to multiply this polynomial by qk0 to construct our eigenvector, which gives usd−1∑
j=0

X2
j

k0 ∑
ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1X
ℓ0
0 · · ·X

ℓd−1
d−1 (120a)

=
k0∑

kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)
X

2kj−2kj+1
j

X
2kd−1
d−1

∑
ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1X
ℓ0
0 · · ·X

ℓd−1
d−1

(120b)

=
k0∑

kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

) ∑
ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1X
ℓd−1+2kd−1
d−1

d−2∏
j=0

X
ℓj+2kj−2kj+1
j . (120c)

Now, for indexes ℓ0, · · · , ℓd−1 that sum up to t, let us denote the (not normalized) state∣∣φℓ0,··· ,ℓd−1

〉
=
∑
σ∈St

∣∣σ (0ℓ0 , · · · , (d− 1)ℓd−1
)〉

(121a)

=

d−1∏
j=0

ℓj !

 ∑
z∈C(0ℓ0 ,··· ,(d−1)ℓd−2)

|z⟩ (121b)

with C
(
0ℓ0, · · · , (d− 1)ℓd−1

)
being the equivalence class of

(
0ℓ0 , · · · , (d− 1)ℓd−1

)
, with the equiv-

alence relation testing whether two strings are equal up to a permutation. It will be useful to
mention that ∣∣(C (0ℓ0 , · · · , (d− 1)ℓd−1

)∣∣ = t!
d−1∏
j=0

ℓi!
. (122)

Thus, the following vector |λ⟩ is an eigenvector of ρ̂Rt
d

k0∑
kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

) ∑
ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1

∣∣φℓ0+2k0−2k1,··· ,ℓd−2+2kd−2−2kd−1,ℓd−1+2kd−1

〉
.

(123)
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To get the associated eigenvalue, it’s thus enough to multiply ρ̂Rt
d

by this vector, which gives us

ρ̂Rt
d
|λ⟩ =

[∑
x∼y

d−1∏
ℓ=0

[nℓ(x, y)− 1]!! |x⟩⟨y|
k0∑

kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)
∑

ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1

∣∣φℓ0+2k0−2k1,··· ,ℓd−2+2kd−2−2kd−1,ℓd−1+2kd−1

〉 ] (124a)

The inner product between |y⟩ and
∣∣φℓ0+2k0−2k1,··· ,ℓd−2+2kd−2−2kd−1,ℓd−1+2kd−1

〉
keeps only the

vectors |y⟩ that are in the right equivalence class. Summing over this equivalence class and
multiplying by the scalar product then gives a t! factor, as per Equations (121b) and (122).

We also have to consider the x that are in relation with such y. In order to do so, the number
of i in such a x must have the same parity as that of ℓi. Let bi = ℓi mod 2 be the parity of ℓi for a
given i. We can describe such an x with a tuple m0, · · · ,md−1, with 2mi + bi being the number
of i in x. Summing over all the possible x, we see that we sum over the same basis states as in∣∣φ2m0+b0,··· ,2md−1+bd−1

〉
. All in all, this gives

ρ̂Rt
d
|λ⟩ =

[
t!

∑
ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1

k0∑
kd−1⩽···⩽k1=0

m0+···+md−1= t−p(ℓ)
2

mi⩾0

d−2∏
j=0

(
kj
kj+1

)

(ℓd−1 + 2kd−1 + 2md−1 + bd−1 − 1)!!
d−2∏
j=0

(ℓj + 2kj − 2kj+1 + 2mj + bj − 1)!!

d−1∏
j=0

(2mj + bj)!

∣∣φ2m0+b0,··· ,2md−1+bd−1

〉]
(124b)

with p(ℓ) =
∑
i bi being the number of odd elements in ℓ. Now, since |λ⟩ is an eigenvector of ρ̂Rt

d
,

we have for all |ψ⟩ that isn’t orthogonal with |λ⟩ that

λ =

〈
ψ
∣∣∣ρ̂Rt

d

∣∣∣λ〉
⟨ψ|λ⟩

. (125)

In particular, we can choose

|ψ⟩ =
∑

b∈{0,1}d−1

h(b)⩽t−2k0

∣∣φb0,··· ,bd−2,t−h(b)
〉

(126)

with h being the Hamming weight. This forces md−1 = t−p(ℓ)
2 and mi = 0 for i < d − 1 in the

above summation. Note that we then have

⟨ψ|λ⟩ =
∑

b∈{0,1}d−1

h(b)⩽t−2k0

αb0,··· ,bd−2,t−2k0−h(b)t!(t− h(b))! (127)
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All in all, this gives us:

λ =
[

(t!)2

⟨ψ|λ⟩
∑

ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1

k0∑
kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)

(ℓd−1 + 2kd−1 + t− p(ℓ) + bd−1 − 1)!!
d−2∏
j=0

(ℓj + 2kj − 2kj+1 + bj − 1)!!

(t− p(ℓ) + bd−1)! (t− p(ℓ) + bd−1)!
]

(128a)

=
[

(t!)2

⟨ψ|λ⟩
∑

ℓ0+···+ℓd−1=t−2k0

αℓ0,··· ,ℓd−1

k0∑
kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)
(ℓj + 2kj − 2kj+1 + bj − 1)!!


(ℓd−1 + 2kd−1 + t− p(ℓ) + bd−1 − 1)!!

]
(128b)

Note that this relation holds for any α such that Equation (119) holds.
Let us assume d ⩾ 3 for now. For i ∈

[⌊
t
2
⌋
− k0 + 1

]
, let us take α0,··· ,0,2i,t−2k0−2i = (−1)i

(
t−2k0

2i
)

and nil on all other indexes. This satisfies Equation (119). We have in this case ⟨ψ|λ⟩ = (t!)2. After
successive applications of Lemma 12 and Corollary 5, the expression of λ then becomes

λ = (2t+ d− 2)!!
(2t− 2k0 + d− 2)!!

⌊ t
2⌋−k0∑
i=0

(−1)i
(
t− 2k0

2i

)
(2i− 1)!! (2t− 2k0 − 2i− 1)!! . (129)

For d = 2, the computations read:

λ =
⌊ t

2⌋−k0∑
i=0

(−1)i
(
t− 2k0

2i

) k0∑
k1=0

(
k0

k1

)
(2i+ 2k0 − 2k1 − 1)!! (2t− 2k0 − 2i+ 2k1 − 1)!! (130a)

=
⌊ t

2⌋−k0∑
i=0

(−1)i
(
t− 2k0

2i

)
(2t− 2k0 − 2i− 1)!! (2i− 1)!!

(2t− 2k0)!! (2t)!! (130b)

via Lemma 12, which agrees with Equation (129) for d = 2. Thus, we now only have to evaluate
the rightmost sum. Note that this sum is independent of d. Thus, if we can compute λ for t and k0
being arbitrary large, then we would have computed the value of this sum, which would conclude
the proof.

To do so, let us take d = t− 2k0 and take α1,··· ,1 = 1 and be nil otherwise. It once again satisfies
Equation (119), and we have in that case ⟨ψ|λ⟩ = t! (2k0 + 1)!. We thus have

λ = t!
(2k0 + 1)!

k0∑
kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)
(2kj − 2kj+1 + 1)!!

 (2kd−1 + 2k0 + 1)!! (131a)

= t! (4k0 + 1 + 3(d− 1))!! (2k0 + 1)!!
(2k0 + 1)! (2k0 + 1 + 3(d− 1))!! (131b)

= t! (4k0 + 1 + 3 (t− 2k0 − 1))!!
(2k0)!! (2k0 + 1 + 3 (t− 2k0 − 1))!! (131c)

= t! (3t− 2k0 − 2)!!
(2k0)!! (3t− 4k0 − 2)!! (131d)

where we used Corollary 5 on the second line. But now, we know from Equation (129) that we
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have

(3t− 2k0 − 2)!!
(3t− 4k0 − 2)!!

⌊ t
2⌋−k0∑
i=0

(−1)i
(
t− 2k0

2i

)
(2i− 1)!! (2t− 2k0 − 2i− 1)!!

= t! (3t− 2k0 − 2)!!
(2k0)!! (3t− 4k0 − 2)!!

(132a)

⇐⇒
⌊ t

2⌋−k0∑
i=0

(−1)i
(
t− 2k0

2i

)
(2i− 1)!! (2t− 2k0 − 2i− 1)!! = t!

(2k0)!! . (132b)

This finally allows us to conclude that

λ = t! (2t+ d− 2)!!
(2k0)!! (2t− 2k0 + d− 2)!! . (133)

■

C.5 Generating the eigenvectors of ρRt
d

In this section, we will describe a method to generate the eigenvectors of ρRt
d

for arbitrary d and t.
First of all, let us recall that ρRt

d
is an operator on ∨tRd, and that ∨tRd is isomorphic to the space

Ptd of homogeneous polynomials of d variables of degree t, with the isomorphism being described
in Equation (19). We also recall that Ptd can be decomposed into

Ptd = Htd ⊕ qHt−2
d ⊕ q2Ht−4

d ⊕ · · · (134)

where we’ve denoted

q
def=

d−1∑
i=0

X2
i (135)

and with Htd being the space of harmonic homogeneous polynomials of d variables and of degree
t. Theorem 1 states that ρRt

d
is proportional to the identity on each of these subspaces. In order

to generate its eigenvectors, we thus have to generate an orthonormal basis of qkHt−2k
d and then

apply the isomorphism to translate these polynomials into vectors in ∨tRd. All in all, in order to
generate the eigenvectors of ρRt

d
, one can follow Algorithm 1.

Algorithm 1 Generation of the eigenvectors of ρRt
d

Require: d ⩾ 2, t ⩾ 1
V ← ∅
for k ∈

[
1 +

⌊
t
2
⌋]

do
B ← HarmonicBasis[d,t− 2k]
for P ∈ B do

P ←
√

t!(2t−4k+d−2)!!
(t−2k)!(2k)!!(2t−2k+d−2)!! q

kP ▷ We have to renormalize qkP
end for
V ← V ∪B

end for
return Isomorphism[Ptd → ∨tRd,V ]

In order to run Algorithm 1, the only unspecified part is how to generate an orthonormal basis
of Htd for arbitrary d and t. For d = 2, such a basis has been given in Equation (29). We thus
move on to describing an algorithm to generate such a basis in the case d ⩾ 3.

C.5.1 Presentation of the algorithm

First of all, we will need a method to generate a basis of Htd. To that end, we will use the following
theorem.
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Theorem 2 (Adapted from [ABR13, Theorem 5.25]) Let d > 2 and t be two natural num-
bers. The set {

K

[
∂α0

∂Xα0
0
· · · ∂

αd−1

∂X
αd−1
d−1

q1− d
2

]∣∣∣∣∣αd−1 ∈ {0, 1} ∧ α ∈ Nd ∧
d−1∑
k=0

αk = t

}
(136)

is a basis of Htd, with K being the Kelvin transform, which is defined as

K[f ](X) def= q1− d
2 f

(
X0

q
, · · · , Xd−1

q

)
(137)

and where we’ve reused the notation

q
def=

d−1∑
k=0

X2
k . (138)

2

Using the Faà di Bruno formula [Har06, Proposition 1], differentiating q1− d
2 with respect to the

multi-index α yields

∂α0

∂Xα0
0
· · · ∂

αd−1

∂X
αd−1
d−1

q1− d
2 =

∑
π∈Π

(
−1

2

)|π| (d+ 2|π| − 4)!!
(d− 4)!! q− d

2 −|π|+1
∏
B∈π

∂|B|∏
j∈B

∂Yj
q (139)

where Π is the set of partitions of the set {1, · · · , t} and where we’ve defined Y1 = · · · = Yα0 = X0,
Yα0+1 = · · · = Yα0+α1 = X1, . . . Recall that a partition of {1, · · · , t} is a set of disjoints, non-empty
sets such that their union is {1, · · · , t}. We want to exhibit the non-zero terms in this expression.
Note that any third derivative of q is nil, and that the only second derivatives of q that aren’t nil
are those that differentiate with respect to the same variable twice. The only remaining partitions
are thus those that contain no set of more than 2 elements, and each set with 2 elements has its
elements belonging to the same subset of {1, · · · , t} that corresponds to a given αi. For instance,
if α0 = 4, then partitions containing {1, 4} or {1, 2} for instance would yield a non-zero term, but
{1, 5} will not, since that would correspond to differentiate q with respect to X0X1.

One way to see the remaining partitions is to see it as a union over the partitions of the sets
corresponding to the αi, with these partitions having no terms with more than 2 elements. That
is, we have

∂α0

∂Xα0
0
· · · ∂

αd−1

∂X
αd−1
d−1

q1− d
2 =

∑
π0∈Π0

· · ·
∑

πd−1∈Πd−1

(−1)|π| (d+ 2|π| − 4)!!
(d− 4)!! q− d

2 −|π|+1
d−1∏
i=0

Xαi−2ki
i (140)

with Πi being the set of partitions of {1, · · · , αi}, π =
d−1⋃
i=0

πi and ki being the number of sets of

size 2 in πi (that is, ki = αi − |πi|). Applying the Kelvin transform to this term then yields

K

[
∂α0

∂Xα0
0
· · · ∂

αd−1

∂X
αd−1
d−1

q1− d
2

]
=
∑
π0∈Π0

· · ·
∑

πd−1∈Πd−1

(−1)|π| (d+ 2|π| − 4)!!
(d− 4)!! qt−|π|

d−1∏
i=0

Xαi−2ki
i . (141)

Since αi − 2ki = 2 |πi| − αi, note that the summand only depends on the size of the partitions.
Note that for a fixed ki, the number of partitions of {1, · · · , αi} having ki elements of size 2 and
no element of size larger than 2 is αi!

(αi−2ki)!(2ki)!! . As such, we can regroup the terms with identical
monomials to get

K

[
∂α0

∂Xα0
0
· · · ∂

αd−1

∂X
αd−1
d−1

q1− d
2

]

=
⌊α0

2 ⌋∑
k0=0

· · ·
⌊αd−1

2 ⌋∑
kd−1=0

(−1)
t−

d−1∑
i=0

ki

(
d+ 2t− 2

d−1∑
i=0

ki − 4
)

!!

(d− 4)!! q

d−1∑
i=0

ki d−1∏
i=0

αi!
(αi − 2ki)! (2ki)!!

Xαi−2ki
i .

(142)
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Algorithm 2 Generation of an orthonormal basis of Htd
Require: d ⩾ 3, t ⩾ 1
B ← ∅

for α ∈
{
β ∈ Nd

∣∣∣∣βd−1 ∈ {0, 1} ∧
d−1∑
k=0

βk = t

}
do ▷ We iterate over the valid multi-indices

P ← 0
for (k0, · · · , kd−2) ∈

[⌊
α0
2
⌋

+ 1
]
× · · · ×

[⌊αd−2
2
⌋

+ 1
]

do
kd−1 ← 0 ▷ Since αd−1 ∈ {0, 1}, we necessarily have kd−1 = 0

K ←
d−1∑
i=0

ki

P ← P + (−1)t−K (d+2t−2K−4)!!
(d−4)!! qK

d−1∏
i=0

αi!
(αi−2ki)!(2ki)!!X

αi−2ki
i

end for
B ← B ∪ {P}

end for
return Orthonormalize[B]

We are now able to write an algorithm to generate an orthonormal basis of Htd. This algorithm is
presented on Algorithm 2.

Let us now study the complexity of this algorithm. Computing K is done in O(d) time. The
double factorials can be computed in O(1) time via their approximation using the Γ function. The
product is computed in O(d) time and qK can be computed in at most d2 log2(t) time using fast
exponentiation. As such, the entire body of the inner loop runs in O

(
d2 ln(t)

)
time. For a given

multi-index α, this means that the inner loop runs in

O

(
d2 ln(t)

d−1∏
i=0

(⌊αi
2

⌋
+ 1
))

(143)

time. We have

d−1∏
i=0

(⌊αi
2

⌋
+ 1
)
⩽
d−1∏
i=0

(αi
2 + 1

)
⩽

( t
2 + d− 1
d− 1

)d−1

= e(d−1) ln
(

1+ t
2(d−1)

)
⩽ e t

2 (144)

where the first inequality comes from ⌊x⌋ ⩽ x, the second is obtained via the AM-GM inequality,
and the last one uses ln(1 + x) ⩽ x. As such, the inner loop runs in at most O

(
d2 ln(t)e t

2

)
time.

Summing over the valid multi-indices, we get that generating the basis is done in

O
(

dim
(
Htd
)
d2 ln(t)e t

2

)
(145)

time.
The Gram-Schmidt orthonormalization is also costly: the inner product takes linear time in

the sizes of the polynomials (which we’ve upper-bounded by e t
2 ) and linear time in the sizes of the

monomials, and O
(

dim (Htd)
2
)

operations must be performed in total. Thus, the Gram-Schmidt
process runs in at most

O
(

dim
(
Htd
)2
de t

2

)
(146)

time, which supersedes the previous loop and thus gives the final complexity of the algorithm.
We note that this method for generating orthonormal bases of Htd is implemented in the HFT.m

Mathematica package in the basisH function6 [Axl20].

6It’s not clear that the implementation in this package will have the same complexity as the one presented here,
since our method merges the differentiation and the Kelvin transform steps, instead of doing them sequentially.
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C.5.2 First example: computing the spectral decomposition of ρR3
3

using our algorithm

Let us see how to compute the eigenvectors of ρR3
3

using this method. We start with the first
eigenspace, which is H3

3. We thus want to use Algorithm 2 in order to generate an orthonormal
basis of H3

3.
We start with α = (3, 0, 0). The inner loop will go through (0, 0) and then (1, 0), which gives

us the following polynomial:

P(3,0,0) = −15X3
0 + 9X0q = −6X3

0 + 9X2
0X1 + 9X2

0X2 . (147)

To illustrate, if we now pick α = (1, 1, 1), then the inner loop performs a single iteration at
(0, 0) and gives

P(1,1,1) = −15X0X1X2 . (148)

By iterating this process over the 7 possible multi-indices α, we get the following basis of H3
3

−6X3
0 + 9X0X

2
1 + 9X0X

2
2 ,

9X2
0X1 − 6X3

1 + 9X1X
2
2 ,

−12X2
0X1 + 3X3

1 + 3X1X
2
2 ,

−12X2
0X2 + 3X2

1X2 + 3X3
2 ,

3X3
0 − 12X0X

2
1 + 3X0X

2
2 ,

−12X2
1X2 + 3X2

0X2 + 3X3
2 ,

−15X0X1X2


. (149)

We can then orthonormalize this basis with respect to the Bombieri inner product using the Gram-
Schmidt process, which gives us the following orthonormal basis

2X3
0 −3X0X

2
1 −3X0X

2
2√

10 ,
3X2

0X1−2X3
1 +3X1X

2
2√

10 ,
3X2

0X1−3X1X
2
2√

6 ,
12X2

0X2−3X2
1X2−3X3

2√
60 ,

3X0X
2
1 −3X0X

2
2√

6
3X2

1X2−X3
2

2 ,√
6X0X1X2


. (150)

Applying the isomorphism described in Equation (19), we have that the 7-dimensional eigenspace
of ρR3

3
associated to the eigenvalue 2

35 is generated by

2 |000⟩−|011⟩−|101⟩−|110⟩−|022⟩−|202⟩−|220⟩√
10 ,

|001⟩+|010⟩+|100⟩−2 |111⟩+|122⟩+|212⟩+|221⟩√
10 ,

|001⟩+|010⟩+|100⟩−|122⟩−|212⟩−|221⟩√
6 ,

4 |002⟩+4 |020⟩+4 |200⟩−|112⟩−|121⟩−|211⟩−3 |222⟩√
60 ,

|011⟩+|101⟩+|110⟩−|022⟩−|202⟩−|220⟩√
6 ,

|112⟩+|121⟩+|211⟩−|222⟩
2 ,

|012⟩+|021⟩+|102⟩+|120⟩+|201⟩+|210⟩√
6


. (151)

Similarly, a basis of qH1
3 is simply {qX0, qX1, qX2}. By renormalizing it and applying the iso-

morphism to it, we get that the 3-dimensional eigenspace of ρR3
3

associated to the eigenvalue 1
5 is

generated by 
3 |000⟩+|011⟩+|101⟩+|110⟩+|022⟩+|202⟩+|220⟩√

15 ,
3 |111⟩+|100⟩+|010⟩+|001⟩+|122⟩+|212⟩+|221⟩√

15 ,
3 |222⟩+|200⟩+|020⟩+|002⟩+|211⟩+|212⟩+|112⟩√

15

 . (152)
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C.5.3 Second example: computing the spectral decomposition of ρR2
3

using an orthogonal basis of
spherical harmonics

Another technique we could have used is starting from an orthogonal7 basis of spherical harmonics.
For instance, such a basis for d = 3 and t = 2 is given by

sin2(θ)e−2iφ,
sin(θ) cos(θ)e−iφ,

3 cos2(θ)− 1,
sin(θ) cos(θ)eiφ,

sin2(θ)e2iφ

 . (153)

Spherical harmonics are usually expressed in terms of spherical coordinates. We thus want to
translate them to cartesian coordinates. We thus take

cos(φ) = X0√
X2

0 +X2
1

sin(φ) = X1√
X2

0 +X2
1

cos(θ) = X2√
X2

0 +X2
1 +X2

2
sin(θ) =

√
X2

0 +X2
1

X2
0 +X2

1 +X2
2

(154)

which gives us 

X2
0 −X2

1 −2iX0X1
X2

0 +X2
1 +X2

2
,

X2(X0−iX1)
X2

0 +X2
1 +X2

2
,

2X2
2 −X2

0 −X2
1

X2
0 +X2

1 +X2
2
,

X2(X0+iX1)
X2

0 +X2
1 +X2

2
,

X2
0 −X2

1 +2iX0X1
X2

0 +X2
1 +X2

2


. (155)

Now, if {Yi}i is an orthogonal basis of spherical harmonics, then
{
q

t
2Yi

(
X√
q

)}
i

is an orthogonal

basis of Htd [DX13]. This gives us 
X2

0 −X2
1 − 2iX0X1,

X2 (X0 − iX1) ,
2X2

2 −X2
0 −X2

1 ,
X2 (X0 + iX1) ,

X2
0 −X2

1 + 2iX0X1

 . (156)

Note that this is an orthogonal basis of H2
3 viewed as a C-vector space. Renormalizing then gives

us 

X2
0 −X2

1 −2iX0X1
2 ,

X0X2 − iX1X2,
2X2

2 −X2
0 −X2

1√
6 ,

X0X2 + iX1X2,
X2

0 −X2
1 +2iX0X1

2


. (157)

We can then apply the isomorphism to get the set of vectors that span the first eigenspace of ρR2
3
,

that is 

|00⟩−|11⟩−i |01⟩−i |10⟩
2 ,

|02⟩+|20⟩−i |12⟩−i |21⟩
2 ,

2 |22⟩−|00⟩−|11⟩√
6 ,

|02⟩+|20⟩+i |12⟩+i |21⟩
2 ,

|00⟩−|11⟩+i |01⟩+i |10⟩
2


. (158)

In general, one can use the orthogonal basis for spherical harmonics derived in [DX13, Theorem 5.1]
and transform it into a basis of Htd using the aforementioned transformation.

7Note that there are several conventions for the inner product used to define orthogonality for spherical harmonics,
but they are all proportional to the Bombieri inner product. This preserves orthogonality, but one may have to
renormalize.
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C.6 Proof of Corollary 1
Using the expression for the eigenvalues of ρRt

d
along with their multiplicity, it follows that the

trace distance between ρRt
d

and ρCt
d

can be expressed as

1
2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1

=
∑
k

αk

∣∣∣∣∣λk −
(
d+ t− 1

t

)−1
∣∣∣∣∣ . (159)

The following Corollary shows that under some constraint on d and t, the trace distance admits a
simpler form.

Corollary 1 Let d ⩾ 2 and t ⩾ 1 be two natural numbers such that

t!(d− 2)!!
2(d+ 2t− 4)!! ⩾

(
d+ t− 1

t

)−1
. (34)

Then the trace distance between ρCt
d

and ρRt
d

is given by

1
2

∥∥∥ρCt
d
− ρRt

d

∥∥∥
1

=
(

1− t(t− 1)
(d+ t− 1)(d+ t− 2)

)(
1− (d+ t− 1)!

(d− 1)!!(d+ 2t− 2)!!

)
. (35)

2

Proof Let us denote λk the k-th lowest eigenvalue of ρRt
d
:

λk = t!(d− 2)!!
(2k)!!(d+ 2t− 2k − 2)!! (160)

and let us denote αk its associated multiplicity. Since ρCt
d

can be diagonalized in the same basis as
ρRt

d
and has a single non-zero eigenvalue, we have

1
2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1

=
K−1∑
k=0

αk

(
1(

d+t−1
t

) − λk) (161)

with K being the smallest number such that for all k ⩾ K, we have that λk ⩾ 1
(d+t−1

t ) . If
Equation (34) holds, then it means that K = 1. The trace distance is thus equal to[(

d+ t− 1
d− 1

)
−
(
d+ t− 3
d− 1

)][
1(

d+t−1
t

) − t!(d− 2)!!
(d+ 2t− 2)!!

]
(162a)

=
(
d+ t− 1
d− 1

)[
1− t(t− 1)

(d+ t− 1)(d+ t− 2)

] [
1(

d+t−1
d−1

) − t!(d− 2)!!
(d+ 2t− 2)!!

]
(162b)

=
[
1− t(t− 1)

(d+ t− 1)(d+ t− 2)

] [
1− t!(d− 2)!!(d+ t− 1)!

(d− 1)!t!(d+ 2t− 2)!!

]
(162c)

=
[
1− t(t− 1)

(d+ t− 1)(d+ t− 2)

] [
1− (d+ t− 1)!

(d− 1)!!(d+ 2t− 2)!!

]
(162d)

which recovers Equation (35) as expected. ■

C.6.1 Proof of the asymptotics

In this subsection, we want to study the asymptotic regime of Equation (34), which we restate
here for convenience

t!(d− 2)!!
2(d+ 2t− 4)!! ⩾

(
d+ t− 1

t

)−1

for d and t being two natural numbers.
We will show that under a suitable condition on t and d, this inequality holds for sufficiently

large d. We will also compute the asymptotics of the trace distance between ρRt
d

and ρCt
d
.

All in all, we show the following Lemma.
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Lemma 9 For d and t being natural numbers, if t <
5+
√

9+8d ln( d
2 )

2 , then

t!(d− 2)!!
2(d+ 2t− 4)!! ⩾

(
d+ t− 1

t

)−1
(163)

holds for a sufficiently large d. Furthermore, we have under this condition that

1
2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1

=
(

1 + Θ
(
t2

d2

))(
1− e− t(t−1)

2d +Θ
(

t3
d2

))
. (164)

2

Proof First of all, note that Equation (163) is equivalent to

ln
(

(d+ t− 1)!
(d− 1)!!(d+ 2t− 4)!!

)
⩾ ln(2) . (165)

Let us recall that Stirling’s approximation can be written as

ln(n!) =
(
n+ 1

2

)
ln(n)− n+ 1

2 ln(2π) + 1
12n + Θ

(
1
n3

)
. (166)

We thus have

ln((d+t−1)!) =
(
d+ t− 1

2

)
ln(d+t−1)−d−t+1+ 1

2 ln(2π)+ 1
12(d+ t− 1) +Θ

(
1

(d+ t)3

)
. (167)

Using the Taylor expansion of x 7→ 1
1+x and the fact that t = o(d), we get

ln((d+ t− 1)!) =
(
d+ t− 1

2

)
ln(d+ t− 1)− d− t+ 1 + 1

2 ln(2π) + 1
12d + Θ

(
t

d2

)
. (168)

We can then use the Taylor expansion of x 7→ ln(1 + x) to get

ln((d+ t− 1)!)

=
(
d+ t− 1

2

)[
ln(d) + t− 1

d
− (t− 1)2

2d2 + Θ
(
t3

d3

)]
− d− t+ 1 + 1

2 ln(2π) + 1
12d +O

(
t

d2

)
(169)

which we can simplify to

ln((d+ t− 1)!) =
(
d+ t− 1

2

)
ln(d)− d+ 1

2 ln(2π) + t(t− 1)
2d + 1

12d + Θ
(
t3

d2

)
. (170)

Similarly, we can apply Stirling’s approximation to the double factorial, which is stated as

ln((2n)!!) = n ln(2) +
(
n+ 1

2

)
ln(n)− n+ 1

2 ln(2π) + 1
12n + Θ

(
1
n3

)
(171a)

ln((2n− 1)!!) = n ln(n) +
(
n+ 1

2

)
ln(2)− n− 1

24n + Θ
(

1
n3

)
. (171b)

We thus have if d is even

ln((d+ 2t− 4)!!) + ln((d− 1)!!) = ln
((

2
(
d

2 + t− 2
))

!!
)

+ ln
((

2d2 − 1
)

!!
)
. (172)

We can now use Stirling’s approximation and gather the terms from these expressions to get

ln((d+ 2t− 4)!!) + ln((d− 1)!!)

=
(
d

2 + t− 3
2

)
ln (d+ 2t− 4)− d− t+ 2 + 1

2 ln(2π) + 1
6 (d+ 2t− 4) +

d

2 ln (d)− 1
12d + Θ

(
1
d3

)
.

(173)
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We can then use the Taylor expansions of x 7→ ln(1 + x) and x 7→ 1
1+x to get

ln((d+2t−4)!!)+ln((d−1)!!) =
(
d+ t− 3

2

)
ln(d)−d+ 1

2 ln(2π)+
t2 − 3t+ 25

12
d

+Θ
(
t3

d2

)
. (174)

This then yields in this case

ln((d+ t− 1)!)− ln((d+ 2t− 4)!!)− ln((d− 1)!!) = ln(d)− (t− 4)(t− 1)
2d + Θ

(
t3

d2

)
. (175)

On the other hand, if d is odd we have

ln((d+ 2t− 4)!!) + ln((d− 1)!!) = ln
((

2
(
d− 1

2 + t− 1
)
− 1
)

!!
)

+ ln
((

2d− 1
2

)
!!
)
. (176)

We once again use Stirling’s approximation and gather the terms to get

ln((d+ 2t− 4)!!) + ln((d− 1)!!) =
(
d− 1

2 + t− 1
)

ln (d+ 2t− 3)− d− t+ 2− 1
12(d+ 2t− 3) +

d

2 ln(d− 1) + 1
2 ln(2π) + 1

6(d− 1) + Θ
(

1
d3

)
.

(177)

Using the Taylor expansion of x 7→ ln(1− x), x 7→ ln(1 + x) and x 7→ 1
1+x then gives us

ln((d+2t−4)!!)+ln((d−1)!!) =
(
d+ t− 3

2

)
ln(d)−d+ 1

2 ln(2π)+
t2 − 3t+ 25

12
d

+Θ
(
t3

d2

)
. (178)

Note that this expression is the same as the one in Equation (174), found in the case where d is
even.

Thus, in all cases, we have

ln
(

(d+ t− 1)!
(d− 1)!!(d+ 2t− 4)!!

)
= ln(d)− (t− 4)(t− 1)

2d + Θ
(
t3

d2

)
. (179)

Thanks to Equation (179), we know that if t = o
(
d

2
3

)
, then Equation (165) can be restated as

ln(d)− (t− 1)(t− 4)
2d + o(1) ⩾ ln(2) . (180)

In particular, if d is sufficiently large, then this inequality holds whenever

ln(d)− (t− 1)(t− 4)
2d > ln(2) (181a)

⇐⇒ t <
5 +

√
9 + 8d ln

(
d
2
)

2 . (181b)

Furthermore, we know from Corollary 1 that if this inequality holds, then we have

1
2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1

=
(

1− t(t− 1)
(d+ t− 1)(d+ t− 2)

)(
1− (d+ t− 1)!

(d− 1)!!(d+ 2t− 2)!!

)
.

We can then reuse Equation (179) to assert that

ln
(

(d+ t− 1)!
(d− 1)!!(d+ 2t− 2)!!

)
= ln(d)− (t− 4)(t− 1)

2d + Θ
(
t3

d2

)
− ln(d+ 2t− 2) . (182)

We can then use the Taylor expansion of x 7→ ln(1 + x) to get

ln
(

(d+ t− 1)!
(d− 1)!!(d+ 2t− 2)!!

)
= ln(d)− (t− 4)(t− 1)

2d +O

(
t3

d2

)
− ln(d)− 2t− 2

d
+ Θ

(
t2

d2

)
(183)
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which can be simplified to

ln
(

(d+ t− 1)!
(d− 1)!!(d+ 2t− 2)!!

)
= − t(t− 1)

2d + Θ
(
t3

d2

)
. (184)

Finally, applying exp to this expression yields

(d+ t− 1)!
(d− 1)!!(d+ 2t− 2)!! = e− t(t−1)

2d +Θ
(

t3
d2

)
. (185)

All in all, if t <
5+
√

9+8d ln( d
2 )

2 , then we have

1
2

∥∥∥ρRt
d
− ρCt

d

∥∥∥
1

=
(

1 + Θ
(
t2

d2

))(
1− e− t(t−1)

2d +Θ
(

t3
d2

))
. (186)

■

C.7 Exact security analysis of the binary phases ARS
In order to give a more precise asymptotics of [HBK25]’s argument on the number of copies required
to test for the imaginarity of a state, we need to know for which regime does the trace distance
between the density matrix resulting from sampling t copies of a binary phase state and the one
resulting from sampling t copies of a Haar random state converges to a given value. In order to do
so, we will compute exactly the trace distance between these two density matrices.

Note that our result only holds whenever t ⩽ d. Fortunately, as we’ll see, this covers every
interesting regime for pseudorandomness, since this trace distance converges to 1 whenever t =
ω
(√

d
)
. Extending this result to t > d using the same technique is certainly possible, but this

assumption greatly simplifies the analysis of the problem.

Lemma 10 Let d ⩾ 2 and t ⩽ d be two natural numbers. Let F be the set of functions from [d] to
{0, 1}. Let ρBt

d
be the density matrix resulting from sampling t copies of a binary phase state, that

is
ρBt

d

def= 1
2d
∑
f∈F

(|ψf ⟩⟨ψf |)⊗t (187)

where |ψf ⟩ is defined as

|ψf ⟩
def= 1√

d

∑
x

(−1)f(x) |x⟩ (188)

for f being a binary function on [d]. We have

1
2

∥∥∥ρBt
d
− ρCt

d

∥∥∥
1

= 1− 1(
d+t−1
t

) ⌊ t
2⌋∑

k=0

(
d

t− 2k

)
. (189)

2

Proof By a similar argument to the one that was used in [BS19, Subsection 4.2.3], we have

ρBt
d

= 1
dt

∑
x∼y
|x⟩⟨y| (190)

with ∼ being an equivalence relation on [d]t which is defined as x ∼ y if and only if no element
z ∈ [d] appears an odd number of times in the concatenation x ∥ y of x and y. We thus know
via Lemma 13 that we can find the eigenvalues of ρBt

d
and their multiplicities by studying the

equivalence classes of ∼. Indeed, in this case, this Lemma asserts that the eigenvalue of ρBt
d

are
exactly the sizes of the equivalence classes of ∼ divided by 1

dt . Let us thus characterize these
equivalence classes.

Suppose an element z ∈ [d] appears an odd number of times in x ∈ [d]t. Then in order for
y ∈ [d]t to be in relation with x, y must also contain z an odd number of times. Putting things

Accepted in Quantum 2026-05-24, click title to verify. Published under CC-BY 4.0. 38



differently, two elements x and y are in relation if and only if they have in common their elements
that appear an odd number of times in them. Thus, an equivalence class is uniquely defined by a
set {z1, · · · , zk} ∈ [d]k which defines the elements of [d] that appear an odd number of times in the
t-tuple. Note that k necessarily has the same parity as t. Indeed, if t is odd and k is even, then
there will necessarily be another element zk+1 that must appear in x and y an odd number of times
to complete the t-tuple. Similarly, if t is even, then so must be k.

Let us write t as t = 2T + b with b ∈ {0, 1} being its parity and let us consider an equivalence
class uniquely defined by a set of 2k + b elements of [d]. We are then interested in the size of this
equivalence class. Note that this size does not depend on the individual values of z1, · · · , z2k+b
but only on k. In particular, it means that two distinct equivalence classes defined by sets of the
same size 2k + b have the same size. It means that if we denote λk the associated eigenvalue, it has
multiplicity at least

(
d

2k+b
)
, since there are

(
d

2k+b
)

ways of choosing the 2k + b elements of [d] that
must have an odd cardinality.

Furthermore, note that the larger k and the lower the size of the equivalence class. Indeed,
consider an equivalence class defined by a set containing 2k + 2 + b elements {z1, · · · , z2k+2+b}.
Consider a t-tuple within this equivalence class and replace each z2k+1+b and z2k+2+b by any element
z′ ∈ [d]. Note that this results in an element of the equivalence class defined by {z1, · · · , z2k+b}.
Indeed, since both z2k+1+b and z2k+2+b appear an odd number of times, the sum of their cardinality
is necessarily even. As such, for each element in an equivalence class defined by 2k + b+ 2 elements
we can find strictly more than one element in the equivalence class defined by {z1, · · · , z2k+b}. In
particular, the smallest equivalence class is the one defined by having the maximum number of odd
cardinality elements, namely t (recall that we assumed t ⩽ d). The size of this equivalence class
is then the number of permutations of these elements, namely t!. As such, the smallest positive
eigenvalue of ρBt

d
is t!

dt .
Now, note that we have

rank
(
ρBt

d

)
=
⌊ t

2⌋∑
k=0

(
d

t− 2k

)
(191)

which we find by summing the multiplicities of the eigenvalues. In particular, when seen as an
operator on ∨tCd, ρBt

d
is not full-rank. As such, the lowest eigenvalue of ρBt

d
is 0, and its second

lowest is t!
dt . But now, note that we have

(d+ t− 1)!
(d− 1)! ⩾ dt (192)

which can be seen by rewriting the left-hand side term as a product of t terms larger than d. In
particular, this means that we have

1(
d+t−1
t

) ⩽
t!
dt
. (193)

Since the second lowest eigenvalue of ρBt
d

is always larger than the unique eigenvalue of ρCt
d
, their

trace distance admits a simple form, namely

1
2

∥∥∥ρBt
d
− ρCt

d

∥∥∥
1

=

(
d+t−1
t

)
− rank

(
ρBt

d

)
(
d+t−1
t

) (194)

with
(
d+t−1
t

)
− rank

(
ρBt

d

)
being the multiplicity of the 0 eigenvalue of ρBt

d
viewed as an operator

on ∨tCd. ■

Now that we have this expression for the trace distance, we are able to give out its asymptotics.
In particular, we have

1
2

∥∥∥ρBt
d
− ρCt

d

∥∥∥
1

= t(t− 1)
d

+ Θ
(
t2

d4

)
. (195)

Furthermore, we can use Stirling’s approximation to get that if t ∼ α
√
d, then

1
2

∥∥∥ρBt
d
− ρCt

d

∥∥∥
1

= 1− e−α2
+ o(1) . (196)
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D Additional lemmas and proofs
Lemma 11 Let d ⩾ 2 be a natural number. Let n0, · · · , nd−1 be natural numbers and let us denote
their sum by N . Let W ∈ Rd be distributed according to a standard centered multivariate normal
law N (0, Id). We have

E

[
d−1∏
i=0

Wni
i

∥W∥ni

]
=

 (d−2)!!
(d+N−2)!!

d−1∏
i=0

(ni − 1)!! if all ni are even,

0 otherwise.
(197)

2

Proof We’ll use the well-known fact that the magnitude ∥W∥ and the direction W
∥W∥ of a gaussian

vector are independent random variables. We then have on the one hand

E

[
d−1∏
i=0

Wni
i

]
=
d−1∏
i=0

E [Wni
i ] (198)

since the {Wi}i are independent. We then have that if one of the ni is odd, this expectation is
equal to 0. Otherwise we have

E

[
d−1∏
i=0

Wni
i

]
=
d−1∏
i=0

(ni − 1)!! . (199)

On the other hand, we have

E

[
d−1∏
i=0

Wni
i

]
= E

[
∥W∥N

d−1∏
i=0

Wni
i

∥W∥ni

]
= E

[
∥W∥N

]
E

[
d−1∏
i=0

Wni
i

∥W∥ni

]
. (200)

Thus, we know that the expectation that we want to compute will be nil if at least one of the ni is
odd. Let us thus assume that all the ni are even. This means that N is also even, which means
that ∥W∥N follows a χ2 (N

2
)

law. This gives us

E
[
∥W∥N

]
= (d+N − 2)!!

(d− 2)!! (201)

from which the result follows. ■

Lemma 12 Let (n, p, q) ∈ N. We have

n∑
k=0

(
n

k

)
(2n− 2k − 1 + q)!!(2k − 1 + p)!! = (p− 1)!!(q − 1)!!

(p+ q)!! (2n+ p+ q)!! . (202)
2

Proof We prove this by induction on n. We denote un,p,q this sum. First, note that this is true
for n = 0. Let us thus assume that this assertion is true for n ∈ N and all p, q ∈ N and let us show
that it also holds for n+ 1 and all p, q ∈ N. We have

un+1,p,q =
n+1∑
k=0

(
n+ 1
k

)
(2n− 2k + 1 + q)!!(2k − 1 + p)!! . (203)

Let us first remove the first and last terms out of the sum to get

un+1,p,q = (2n+1+q)!!(p−1)!!+(q−1)!!(2n+1+p)!!+
n∑
k=1

(
n+ 1
k

)
(2n−2k+1+q)!!(2k−1+p)!! .

(204)
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We can then split
(
n+1
k

)
into

(
n
k

)
+
(
n
k−1
)

to get

un+1,p,q = (2n+ 1 + q)!!(p− 1)!! +
n∑
k=1

(
n

k

)
(2n− 2k + 1 + q)!!(2k − 1 + p)!! +

(q − 1)!!(2n+ 1 + p)!! +
n∑
k=1

(
n

k − 1

)
(2n− 2k + 1 + q)!!(2k − 1 + p)!! .

(205)

We then change the index of the second sum to get

un+1,p,q = (2n+ 1 + q)!!(p− 1)!! +
n∑
k=1

(
n

k

)
(2n− 2k + 1 + q)!!(2k − 1 + p)!! +

(q − 1)!!(2n+ 1 + p)!! +
n−1∑
k=0

(
n

k

)
(2n− 2k − 1 + q)!!(2k + 1 + p)!! .

(206)

We are now able to merge into these two sums the terms that we previously left out to get

un+1,p,q =
n∑
k=0

(
n

k

)
(2n−2k+ 1 + q)!!(2k−1 +p)!! +

n∑
k=0

(
n

k

)
(2n−2k−1 + q)!!(2k+ 1 +p)!! (207)

which we identify as
un+1,p,q = un,p,q+2 + un,p+2,q . (208)

We thus have by our induction assumption

un+1,p,q = (p− 1)!!(q + 1)!!
(p+ q + 2)!! (2n+ p+ q + 2)!! + (p+ 1)!!(q − 1)!!

(p+ q + 2)!! (2n+ p+ q + 2)!! . (209)

We then factorize this expression to get

un+1,p,q = (2n+ p+ q + 2)!!
(p+ q + 2)!! (p− 1)!!(q − 1)!!(p+ 1 + q + 1) (210)

which we can finally simplify to

un+1,p,q = (2(n+ 1) + p+ q)!!
(p+ q)!! (p− 1)!!(q − 1)!! (211)

which concludes the proof. ■

Corollary 5 Let d ⩾ 2, k0 ∈ N, p ∈ N and q ∈ N be four natural numbers. We have

k0∑
kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)
(2kj − 2kj+1 + q − 1)!!

 (2kd−1 + p− 1)!!

= (2k0 + p+ (d− 1)(q + 1)− 1)!!(p− 1)!! [(q − 1)!!]d−1

(p+ (d− 1)(q + 1)− 1)!! .

(212)
2

Proof We prove this by induction on d. The case d = 2 reduces to the previous lemma and is
thus true. Let us assume that this proposition is true for some d, and let’s prove that it’s also true
for d+ 1. Let us denote

ud,k0,p,q =
k0∑

kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)
(2kj − 2kj+1 + q − 1)!!

 (2kd−1 + p− 1)!! (213)

for all d ⩾ 2, k0 ∈ N, p ∈ N and q ∈ N. In particular, we have

ud+1,k0,p,q =
k0∑

kd⩽···⩽k1=0

d−1∏
j=0

(
kj
kj+1

)
(2kj − 2kj+1 + q − 1)!!

 (2kd + p− 1)!! . (214)
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By summing over the terms that depend only on the kd index, we find that we have

ud+1,k0,p,q =
k0∑

kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)
(2kj − 2kj+1 + q − 1)!!

u2,kd−1,p,q . (215)

We then have by Lemma 12

ud+1,k0,p,q

= (p− 1)!!(q − 1)!!
(p+ q)!!

k0∑
kd−1⩽···⩽k1=0

d−2∏
j=0

(
kj
kj+1

)
(2kj − 2kj+1 + q − 1)!!

 (2kd−1 + p+ q)!!
(216)

which we can identify as

ud+1,k0,p,q = (p− 1)!!(q − 1)!!
(p+ q)!! ud,k0,p+q+1,q . (217)

We thus have by our induction assumption

ud+1,k0,p,q = (p− 1)!!(q − 1)!! [2k0 + p+ q + 1 + (d− 1)(q + 1)− 1]!!(p+ q)!! [(q − 1)!!]d−1

(p+ q)!![p+ q + 1 + (d− 1)(q + 1)− 1]!! (218)

which we can finally simplify to

ud+1,k0,p,q = (p− 1)!! [2k0 + p+ d(q + 1)− 1]!! [(q − 1)!!]d

[p+ d(q + 1)− 1]!! (219)

which concludes the proof. ■

Lemma 13 Let d ⩾ 2 and t ⩾ 1 be two natural numbers. Let ∼ be an equivalence relation on [d]t.
For an element x of [d]t, we define C(x) to be its equivalence class with respect to ∼ and we define:

|C(x)⟩ =
∑
y∼x
|y⟩ . (220)

Let ρ be a density matrix that can be written as:

ρ =
∑
x∈[d]t

αC(x)
∑
y∈[d]t

y∼x

|x⟩⟨y| (221)

with
{
αC(x)

}
x∈[d]t being arbitrary positive numbers that are constant across equivalence classes. We

then have:
ρ =

∑
z∈[d]t

/∼

αC(z)|C(z)|ΠC(z) . (222)

In particular, since ⟨C(x)|C(y)⟩ ̸= 0 ⇐⇒ C(x) = C(y), this is the spectral decomposition of ρ. 2

Proof Let z ∈ [d]t. Let us show that |C(z)⟩ s an eigenvector of ρ. We have by definition of the
different terms

ρ |C(z)⟩ =
∑
x∈[d]t

αC(x)
∑
y∈[d]t

y∼x

|x⟩⟨y|
∑
w∼z
|w⟩ . (223)

Since ⟨y|w⟩ = δy,w, this simplifies to

ρ |C(z)⟩ =
∑
x∈[d]t

αC(x)
∑
y∈[d]t

y∼x
y∼z

|x⟩ . (224)
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Now, note that the summand is independent of the summation index y, that is

ρ |C(z)⟩ =
∑
x∈[d]t

x∼z

αC(x) |x⟩
∑
y∈[d]t

y∼x

1 . (225)

The rightmost term simply counts the number of elements that are in relation with a given x ∈ [d]t,
which is the size of C(x) by definition. We thus have

ρ |C(z)⟩ =
∑
x∈[d]t

x∼z

αC(x)|C(x)| |x⟩ . (226)

Now, note that by assumption the coefficients in the summand are constant across a given equivalence
class, which means that we have

ρ |C(z)⟩ = αC(z)|C(z)|
∑
x∈[d]t

x∼z

|x⟩ . (227)

Finally, note that the rightmost sum is now |C(z)⟩ by definition, which finally gives us

ρ |C(z)⟩ = αC(z)|C(z)| |C(z)⟩ . (228)

Thus, for any z, |C(z)⟩ is an eigenvector of ρ with its eigenvalue being αC(z)|C(z)|. In order to
consider a single element of each equivalence class, we can quotient [d]t by ∼. Finally, note that
there is no other eigenvectors associated to a non-zero eigenvalue, since:

tr [ρ] =
∑
z∈[d]t

αC(z) =
∑

z∈[d]t
/∼

αC(z)|C(z)| . (229a)
■

Before introducing the next Lemma, we recall the definition and some properties of the Beta
distribution.

A random variable X follows a Beta(α, β) distribution with α and β being two positive numbers
if its density function is given by

fBeta(α,β)(x) =
{

Γ(α+β)
Γ(α)Γ(β)x

α−1 (1− x)β−1 if x ∈ (0, 1)
0 otherwise

(230)

with Γ being the Gamma function. In particular, note that we have∫ 1

0
xα−1(1− x)β−1 dx = Γ(α)Γ(β)

Γ(α+ β) (231)

for all positive numbers α and β. If X is distributed according to a Beta(α, β) law, then its
moments are given by

E [Xn] =
n−1∏
k=0

α+ k

α+ β + k
(232)

for n ∈ N.
Finally, we’ll make use of the fact that if A follows a χ2(p) law and B follows a χ2(q) law and

A and B are independent, then A
A+B follows a Beta

(
p
2 ,

q
2
)

law.
We are now ready to state the following Lemma on the distribution of imaginarity of Haar

random states.

Lemma 14 Let d ⩾ 2 be a natural number. Recall that the imaginarity of a pure state |ψ⟩ ∈ Cd is
given by

I(|ψ⟩) = 1−
∣∣〈ψ∣∣ψ〉∣∣2 . (233)

If |ψ⟩ is distributed according to the Haar measure on Cd, then I(|ψ⟩) follows a Beta
(
d−1

2 , 1
)

law.2
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Proof Since |ψ⟩ is Haar random, we can write it as

|ψ⟩ = A+ iB√
∥A∥2 + ∥B∥2

(234)

with A and B being independently distributed according to a central standard normal law N (0, Id),
as per [Mez07, Theorem 1]. We have

〈
ψ
∣∣ψ〉 = ∥A∥

2 − ∥B∥2 + 2i ⟨A|B⟩
∥A∥2 + ∥B∥2 . (235)

This gives us ∣∣〈ψ∣∣ψ〉∣∣2 =
(
∥A∥2 − ∥B∥2)2 + 4 ⟨A|B⟩2

(∥A∥2 + ∥B∥2)2 (236)

which finally gives us

1−
∣∣〈ψ∣∣ψ〉∣∣2 =

(
∥A∥2 + ∥B∥2)2 −

(
∥A∥2 − ∥B∥2)2 − 4 ⟨A|B⟩2

(∥A∥2 + ∥B∥2)2 (237a)

= 4∥A∥2∥B∥2 − 4 ⟨A|B⟩2

(∥A∥2 + ∥B∥2)2 (237b)

= 4∥A∥2∥B∥2

(∥A∥2 + ∥B∥2)2

(
1−

〈
A

∥A∥

∣∣∣∣ B∥B∥
〉2
)
. (237c)

We can rewrite this expression as

I(|ψ⟩) = 4
(

∥A∥2

∥A∥2 + ∥B∥2

)(
1− ∥A∥2

∥A∥2 + ∥B∥2

)(
1−

〈
A

∥A∥

∣∣∣∣ B∥B∥
〉2
)
. (238)

Since A is a standard normal gaussian variable, we have that ∥A∥ and A
∥A∥ are independent, and

similarly for B. As such, we have that ∥A∥2

∥A∥2+∥B∥2 and
〈

A
∥A∥

∣∣∣ B
∥B∥

〉2
are independent.

Furthermore, on the one hand, by the rotational invariance of the gaussian distribution, we
have that

〈
A

∥A∥

∣∣∣ B
∥B∥

〉2
has the same distribution as

〈
A

∥A∥

∣∣∣0〉2
, which we can write as A2

0

A2
0+

d−1∑
i=1

A2
i

.

Since A2
0 ∼ χ2(1) and

d−1∑
i=1

A2
i ∼ χ2(d − 1) are independent, we have that this variable follows a

Beta
( 1

2 ,
d−1

2
)

law. We thus have that 1−
〈

A
∥A∥

∣∣∣ B
∥B∥

〉2
follows a Beta

(
d−1

2 , 1
2
)

law. In particular,
its moments are given by

E

[(
1−

〈
A

∥A∥

∣∣∣∣ B∥B∥
〉2
)n]

=
n−1∏
k=0

d−1
2 + k
d
2 + k

= (d+ 2n− 3)!!(d− 2)!!
(d− 3)!!(d+ 2n− 2)!! (239)

for n ∈ N as per Equation (232).
On the other hand, by a similar argument, we have that ∥A∥2

∥A∥2+∥B∥2 follows a Beta
(
d
2 ,

d
2
)

law.
We thus have

E
[((

∥A∥2

∥A∥2 + ∥B∥2

)(
1− ∥A∥2

∥A∥2 + ∥B∥2

))n]
= Γ(d)

Γ2
(
d
2
) ∫ 1

0
xn(1− x)nx d

2 −1(1− x) d
2 −1 dx (240)

for n ∈ N. This simplifies to

E
[((

∥A∥2

∥A∥2 + ∥B∥2

)(
1− ∥A∥2

∥A∥2 + ∥B∥2

))n]
=

Γ(d)Γ2 (n+ d
2
)

Γ2
(
d
2
)

Γ(2n+ d)
(241)
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as per Equation (231). Using the Γ(z + 1) = zΓ(z) identity, we then find

E
[((

∥A∥2

∥A∥2 + ∥B∥2

)(
1− ∥A∥2

∥A∥2 + ∥B∥2

))n]
= (d− 1)![(2n+ d− 2)!!]2

4n(2n+ d− 1)![(d− 2)!!]2 . (242)

Now, since the two variables we computed the moments of are independent, the moments of
their product are given by the product of their moments. That is, we have for n ∈ N

E [In(|ψ⟩)] = (d− 1)!(2n+ d− 2)!!(d+ 2n− 3)!!
(2n+ d− 1)!(d− 2)!!(d− 3)!! = (d− 1)!(2n+ d− 2)!

(d− 2)!(2n+ d− 1)! = d− 1
2n+ d− 1 . (243)

Thus, the moments of I(|ψ⟩) match with the moments of the Beta
(
d−1

2 , 1
)

law.
Since I(|ψ⟩) is defined over the bounded interval [0, 1], its moments completely define its

distribution as per the Hausdorff moment problem, which concludes the proof. ■
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