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Dynamical Lie algebras (DLAs) have emerged as a valuable tool in the
study of parameterized quantum circuits, helping to characterize both their
expressiveness and trainability. In particular, the absence or presence of bar-
ren plateaus (BPs)—flat regions in parameter space that prevent the efficient
training of variational quantum algorithms—has recently been shown to be
intimately related to quantities derived from the associated DLA.

In this work, we investigate DLAs for the quantum approximate optimiza-
tion algorithm (QAOA), one of the most studied variational quantum algo-
rithms for solving graph MaxCut and other combinatorial optimization prob-
lems. While DLAs for QAOA circuits have been studied before, existing results
have either been based on numerical evidence, or else correspond to DLA gener-
ators specifically chosen to be universal for quantum computation on a subspace
of states. We initiate an analytical study of barren plateaus and other statistics
of QAOA algorithms, and give bounds on the dimensions of the corresponding
DLAs and their centers for general graphs. We then focus on the n-vertex cycle
and complete graphs. For the cycle graph we give an explicit basis, identify
its decomposition into the direct sum of a 2-dimensional center and a semisim-
ple component isomorphic to n — 1 copies of su(2). We give an explicit basis
for this isomorphism, and a closed-form expression for the variance of the cost
function, proving the absence of BPs. For the complete graph we prove that
the dimension of the DLA is O(n3) and give an explicit basis for the DLA.

1 Introduction

Variational quantum algorithms (VQA) [1] are one of the two main paradigms in quan-
tum algorithm design. While structured algorithms—the other main pillar, which includes
Grover search 2], Shor’s factorization algorithm [3], the HHL linear systems algorithm [4]
and many others [5]—are amenable to mathematical analysis and often have provable per-
formance guarantees, the need for fault-tolerant quantum computers to run them comes
with large resource overheads [6, 7|. Variational algorithms, on the other hand, were origi-
nally proposed [8] to be run on current and near-future noisy, intermediate-scale quantum
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(NISQ) computers. Comprising parameterized quantum circuits (PQC) with tunable pa-
rameters, the structure and size of the circuits can be tailored to the hardware available,
and the parameters tuned to optimize the value of a given loss function in a manner similar
to artificial neural network training.

The broad and flexible VQA framework comes, however, with a number of challenges,
including how to (i) design the circuit to balance expressiveness with trainability (i.e., the
ability to produce good solutions without requiring a surfeit of parameters); (ii) effectively
encode input data into the circuit; (iii) maintain performance in the presence of noise; and
(iv) efficiently compute and optimize the loss function.

While some challenges may be coped with by a trial-and-error approach and many ex-
periments, training efficiency is a prominent difficulty encountered in almost all VQAs. The
optimization of the loss function can be problematic for several reasons. Firstly, evaluating
gradients on a quantum computer is typically a time-intensive procedure, requiring many
measurements. Secondly, even if the gradients can be computed, or gradient-free optimiza-
tion methods used, VQAs can be susceptible to the ‘Barren Plateaus’ (BP) phenomenon [9],
where the loss function becomes exponentially flat in large regions of parameter space as the
problem size increases. Various causes of this phenomenon have been studied, including the
expressiveness of the PQC [9, 10, 11, 12, 13, 14, 15, 16, 17], the presence of entanglement
or randomness in the initial state [9, 18, 19, 20, 21, 22|, the locality of the measurement
operator that appears in the loss function |18, 23, 24, 25|, and noise [26, 27, 28]. In two
recent works, these seemingly disparate factors were identified as all being mathematically
connected to the dynamical Lie algebra (DLA) of the VQA [29, 30|, at least when the
initial state or measurement operator lies in the DLA (a requirement relaxed in [31]). For
an n-qubit VQA, the DLA g is a subalgebra of the Lie algebra su(2"), and the variance of
the loss function decomposes into a sum of contributions, each corresponding to a simple
Lie subalgebra g; C g of the DLA. For each subspace, the contribution to the variance
scales proportionally with the squared norm of the initial state and measurement oper-
ator, and inversely proportional to the dimension of g; [29]. Viewed through this lens,
the tradeoff between expressiveness and trainability becomes more clear: fully expressive
circuits — those that are universal for quantum computation — are those with DLAs that
are equal to su(2"), but in this case the loss function variance is exponentially suppressed
in n. On the other hand, smaller DLLA dimensions are compatible with larger loss function
variances, and hence favor trainability. In addition, the dimension of the DLA has been
linked to the classical simulatability of VQAs [32|, phase-transitions in solving satisfiabil-
ity problems [33], and has been shown to upper-bound the number of parameters required
for overparameterization [34] — where there are enough degrees of freedom to explore all
relevant directions in state space — and facilitate convergence to global optima [35, 36, 37].

While the connection between DLAs and BPs is of fundamental conceptual significance,
making use of this as a practical tool for understanding specific VQAs relies on our ability
to compute various properties of interest: (i) the dimension and set of basis vectors for a
particular DLA; (ii) its decomposition into abelian and simple components; and (iii) basis
vectors for these components (which may not be easily deduced from a basis for the whole
DLA). For a specific VQA with a fixed number of qubits, it is straightforward to evaluate
the dimension and basis numerically although, in the worst case, the time complexity can
scale exponentially in the number of qubits. However, the evaluation of (ii) and (iii) is
more challenging, yet necessary for the loss function variance to be lower-bounded.

In this work, we investigate the DLAs for one of the most well-known variational al-
gorithms: the quantum approximate optimization (QAOA) algorithm [38, 39| for solving
the MaxCut problem on graphs (QAOA-MaxCut). In contrast to the DLAs studied in [40]
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and [41], whose generating elements are each a single string of Pauli operators, QAOA-
MaxCut DLAs have generators which are each sums of Pauli strings. This corresponds
to a single tunable parameter being shared by all Pauli strings in a generator, similar to
parameter sharing that occurs in classical neural networks such as a convolutional neural
network. The fact that the generators are sums of Pauli strings may benefit the train-
ing, but it makes the DLA analysis considerably more challenging, and previous studies
where this has been the case have either relied on numerical studies [42, 14, 37, 43|, gen-
erators chosen specifically so that the resulting DLAs were universal [44, 45|, or focused
on subspace-controllable systems [46, 47, 48| where the DLA allows for arbitrary unitary
operators to be applied to each symmetric-group invariant subspace, and where tools from
representation theory can be applied.

Here we initiate an analytical study of QAOA-MaxCut DLAs. We make use of sym-
metry properties to give upper-bounds on the dimension of QAOA-MaxCut DLAs for
arbitrary graphs, and upper-bound the dimension of their centers (a subalgebra that com-
mutes with the DLA). We then focus on two particular families of graphs: the n-vertex
cycle graphs C,, and complete graphs K,,. These two graph families have the dihedral group
and symmetric group as automorphism groups [49], respectively, two important nonabelian
groups with longstanding significance in quantum computing through their connections to
quantum hidden subgroup algorithms for certain hard lattice problems [50] and the graph
isomorphism problem [51, 52, 53]. For C,, we show that the corresponding DLA has a 2-
dimensional center, and a 3(n — 1) dimensional semisimple component isomorphic to n — 1
copies of su(2). In addition, we give an explicit basis for this isomorphism which enables,
for the first time, an analytical expression for the expectation and variance of a QAOA-
MaxCut loss function to be given, and shows that the loss function variance essentially
does not decrease with n, and thus BPs are not present. Despite the low dimension of the
DLA, and hence low expressiveness, QAOA-MaxCut is guaranteed (in the limit of long
circuit depths) to give an optimal solution to the target problem [38|. For K,, we pin down
the exact dimension of the DLA, which turns out to be O(n?), and give an explicit basis
for it. The dimension we find is strictly smaller than the space of all permutation invariant
matrices in su(2") [46], and the DLA thus does not correspond to a subspace-controllable
system.

Our results initiate a rigorous analysis of barren plateaus in specific variational quantum
algorithms through the lens of DLAs, which helps to deepen our understanding of the
algorithms and sheds light on the future design of them.

1.1 Related work

It is well-known that if a DLA g has two randomly chosen generators, then, with prob-
ability one, g = su(2") [54] or [55] (Theorem 12, ch.6), in which case the system is said
to be universal for computation, or controllable. Controllability was also shown for the
DLASs corresponding to a family of one-dimensional spin chains [44], Hamiltonians involv-
ing ZZ and ZZZ terms arranged according to the adjacency matrix of certain graphs
and hypergraphs [45] and, in [14], those corresponding to the Hardware-Efficient Ansatz
(HEA) [56] and a particular spin-glass Hamiltonian. A full classification of the DLAs for
two-local spin systems on linear, circular and fully connected topologies was analytically
carried out [40], and it was found that the DLA dimension of any such system scales as
either O(n), O(n?) or O(4"). But note that there the generators are individual Pauli
terms, whereas in QAOA the generators are the summation of Pauli terms (3_; X; and
Z(j,k)e £ ZjZy), and the two-local interactions are between edges of a general graph.

A full classification of all DLAs generated by individual Pauli terms was recently given
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in [41], where it was shown that all such DLAs fall into one of four possible categories
depending on the structure of an associated anticommutation graph. For the specific case
of multi-angle QAOA [57]—a variant of QAOA, where the sums of Pauli terms are split up
into individual Pauli strings—applied to MaxCut, a complete classification of the DLA for
all graphs was given in [58, 59| where it was shown that P, and C), have DLA dimensions
O(n?), and all other graphs, including K,, fall into one of four categories, all with DLA
dimension exponential in n. In contrast, our results for C,, and K, show that, in some
cases, the standard QAOA ansatz, with summations of Pauli strings as generators (and
being significantly more challenging to analyze), can lead to a significant reduction in DLA
dimension.

QAOA-MaxCut for a graph G is an example of an equivariant quantum neural net-
work 43, 60], where the DLA generators commute with representations of a group, in this
case the automorphism group of the corresponding graph. The DLA dimension for G = P,
(the n-vertex path graph) has been numerically investigated and found to be n? [14, 43].
In [14], the authors also performed numerical studies of the DLAs for random Erd&s-Rényi
graphs, and the dimension was found to increase exponentially with system size. The DLA
for G = C), has been analyzed in [61] and stated to have dimension 3n—2, although a proof
was not given. In comparison, our result for C,, proves the dimension of the DLA, gives an
explicit basis, and also gives a decomposition into a center and simple subalgebras, each
with an explicit basis. Our follow-up study [62| analyzes the DLAs of QAOA-MaxCut for
both weighted and unweighted graphs. We prove that for almost all weighted graphs with
continuously distributed weights, as well as for unweighted graphs, the DLA dimension
scales as ©(4™). Combined with the results in this paper, we can see that QAOA for most
graphs has exponentially large DL As, but graphs with enough symmetry can have polyno-
mially small DLAs. These analytical results complement and partially explain numerical
studies of graphs [63, 64] which found that the amount of symmetry in a graph is a strong
predictor of QAOA success.

2 Results

We use the following notation and conventions. For any positive integer n, we let [n] def

{1,2,...,n}, and define the parity function parity(n) = 1 if n is odd and parity(n) =
if n is even. We denote n-qubit Pauli strings by P = P P... P, def PP ®...QF,,
where P;j € {I,X,Y,Z}, I is the 2 x 2 identity matrix, and

e=(0a) =0 5) 2= Y

are the standard Pauli operators. The set of all n-qubit Pauli strings is denoted P,,.
Subscripts indicate the qubit number that a Pauli operator (or identity) acts on, e.g.,
X1YsZ31415 means to apply X, Y and Z on the first, the second and the third qubits,
respectively. Identity operators may be dropped, e.g., we may simply write X;Y5Z3 for
X1YoZ31415. S, denotes the symmetric group on n elements. For sets 17 and 75, we set

Ti\T> def {t: teTy, t¢Ts}. Forany A, B € C"*" their Hilbert—Schmidt inner product

is defined as (A, B) def tr(ATB). Finally, | - | denotes the matrix Frobenius norm.

—

2.1 Variational quantum algorithms

We consider variational quantum algorithms with a layered structure. Such algorithms can
be specified by (i) an initial n-qubit state p; (ii) a parameterized quantum circuit acting
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on n-qubits corresponding to a unitary operator

L K
U =11 ( e“’uka> : (1)
k=1

=1

where 0 = (611,...,0r k) are real parameters, and Hi,..., Hg € su(2") are Hermitian
operators; (iii) a measurement operator O € u(2"), ||O||% < 2". For a specific choice of
parameters 6, the output of the circuit is given by the loss function

(p, 0;0) = tr(U(0)pU'(6)0),

and training the quantum circuit involves tuning the parameters to minimize the loss. The
ease with which this can be done can be captured, in part, by the variance of the loss
function, Vary[l(p, O;0)]. If the variance decreases exponentially in n, the loss is said to
exhibit a barren plateau, and the VQA is generally extremely hard to train by gradient-
based methods—the methods most useful in practice for both classical machine learning
and variational quantum algorithms.

2.2 Dynamical Lie algebras

Our analysis employs tools from Lie algebra. A Lie algebra g is a vector space over
some field F equipped with a bilinear map [-,| called the Lie bracket that satisfies, for
all A,B,C € g, (i) [A,A] = 0 and (ii) [4,[B,C]] + [B,[C, A]] + [C,[A, B]] = 0 (Jacobi

identity). Two important families of Lie algebras for us will be

def def

slin,C) L g e tr(H) =0}, su(n) € {H e Ccv™ . H = —H, te(H) = 0}.

The dynamical Lie algebra corresponding to the PQC (Eq. (1)), denoted
g= <-A>Lie,R7

is the Lie algebra over R spanned by all possible nested commutators (such as [A, [B, C]]) of

elements in A. Here, A = {iH;,...,iH} is the set of generators of g, and the Lie bracket
is taken to be [A, B] 4f AB_ BA. Due to the Jacobi identity, without loss of generality, all
nested commutators can be assumed to take the form [Hy, [Ha, ..., Hs]]]. As a subalgebra

of su(2"), the DLA of a parameterized quantum circuit admits a decomposition [65]
g=cDgD...O0

into simple Lie algebras g; and a center ¢ of elements that commute with all of g. The
semisimple component of g is [g, g] def span{[A,B]: A, B€g}=g:1®D...Dgx. IfO € igor
p € ig, and the circuit is deep enough to form a unitary 2-design, then it was shown that
the variance of the loss function ¢ is related to the DLA in the following way [29]:

k
Eg[l(p, 0;0)] = tx(pOc), Varg[l(p,0;0)] = W'

=1

(2)

Here Ps(H), the s-purity of a Hermitian operator H € iu(2"), with respect to a subalgebra
s of u(2"), is defined as

dim(s)
def
Po(H) € te(H2) = |Hl2 = Y [te(E[H)P,
j=1
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where H, is the orthogonal projection of operator H onto sc (the complexification of s),
and {E;:j=1,2,...,dim(s)} is an orthonormal basis for s.

Note that the dimension of g alone is not sufficient for making use of Eq. (2), nor is a
basis for the whole of g, as the purities of p and O may distribute on different subspaces
g;, in which case the variance can be 0. Therefore, lower bounding the variance requires
understanding the decomposition of the Lie algebra into simple subalgebras, and finding a
basis for these subalgebras, so that one can determine how the purities distribute amongst
the gj-

2.3 QAOA

The quantum approximate optimization algorithm (QAOA) [38] was originally proposed
to approximately solve combinatorial optimization tasks specified by n bits and m clauses

Ci,...,Cp :{0,1}™ — {0,1}, where the aim is to maximize the objective function
m
C(z) = Cy(2),
j=1

over the set of bit strings z L .zn € {0,1}". QAOA begins by initializing an n-qubit

system in the state |+)®" = —L Zze{o,l}”|z>a and then executes the layered variational

27l
circuit
U(v,8) =Us(Bp)Uc(Vp) - - - Us(B1)Uc(m),

where p is a positive integer, v = (71,...,7%p) and 8 = (B1,...,5,) with 3; € [0,7) and
v; €10,27), and

Un(y) = [T e, Ucly) =[] e .
j=1 Jj=1

At the end of the circuit one measures in the computational basis and evaluates C(z).
When applied to the MaxCut problem on an n-vertex graph G = (V, E), the Uc and Up
operators take the form

UB(ﬁ) = e_iﬂzjeva, UC('Y) — eii'yz(j,k)eEZjZk.

By comparison with Eq. (1), for an undirected graph G = (V, E), the DLA of the corre-
sponding QAOA MaxCut algorithm is then

9o =i > Xji Y. ZiZk})Lier-

% (J,k)eEE

As in [29], we normalize the measurement O so that ||O||% = 2". This can be motivated
by noticing that ||P||% = 2" for any Pauli string measurement such as X; or Z1 2. .. Z,.
In the case of QAOA, we can thus take the measurement to be O = ﬁ Z(ﬂf)EE AV

Note that O € igg and ||O||% = 2.

2.4 Results for general DLAs

We first prove two general results that apply to any DLA g. The first is a simple upper
bound on the dimension of the center.
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Theorem 1. Let g = (A)Lie,r, and ¢ its center. If A is a set of s linearly independent
elements then dim(c) < s.

In the case of QAOA, which has two linearly independent DLA generators, this imme-
diately gives dim(c¢) < 2. The second result is an upper bound on the dimension of g, when
the elements of A (which are sums of Pauli strings) are invariant under certain symmetries.
More precisely, for any Pauli string P = PP ... P, € Py, and any permutation w € S,
define

7T<P) == P7r(1)P7r(2) ce Pﬂ(n)

By linearity, the action of 7 can be extended to the whole of su(2"). We then have:

Theorem 2. Let A C su(2"), g = (A)Lier and S < S,,. If m1(A) = A for all A € A and
all m € S, then

where | Py, /S| is the cardinality of the set Py /S of orbits of the n-qubit Pauli strings under
the group action of S.

Applied to QAOA-MaxCut on an arbitrary graph G, the generators of g¢ are easily seen
to be Aut(G) invariant, where Aut(G) is the automorphism group of G. Thus, dim(gg) <
|Pn/Aut(G)| — 1. As an application of this result, by additionally showing that gq is
contained in a subalgebra spanned by Pauli strings where the total number of Y and Z
operators is even and non-zero, we obtain a simple dimension upper-bound for the DLA
of the complete graph of

1 (.3 2
. = (n° +6n* + 14n — 12 n even
dlm(gKn) < {112 ( ) ( )

. 3
& (n® + 6n% + 11n — 18) (n odd) )

We then focus more deeply on the cases where G = C,, and G = K, the cycle and
complete graphs on n vertices, respectively. Among other things, this allows us to exactly
determine the respective DLA dimensions.

2.5 Results for cycle graphs

To state our results for cycle and complete graphs let us first define some notation. Let
P =P P,... P, be an n-qubit Pauli string, and S a subgroup of the symmetric group .5,.
Define the corresponding orbit-sum of P to be

S(P) < Y n(P). (4)

TesS

The automorphism group of C,, is the dihedral group D,, (the group of symmetries of a
regular n-gon), and we consider the following Pauli orbit-sums, where the n qubits are
indexed by Z,, = {0,1,...,n — 1} and the summation of the subscript indices is over the
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cyclic group Z,.

Xd—efED (Xo) —ZZX (5)
d ¢ n—1
Xt E g Pn(Xo. . Xo) =i Y XiXj1 Xjgn—2 (6)
j=0
dof % n—1
e .
ZX'7'= 3 Dn(ZoX1 - XiZpyr) =1 Y ZiXji - XjreZjrern, (7)
j=0
def i n—1
€ .
YX'Y S Dy (YoXy - XiYier) =1 3 VX Xjpa Yoo, (8)
7=0
def n—1
YX'Z = iD, (Yo X1 X¢Zp) = Z YiXji1 XjiZjri1 + Zj X1 - Xja Y1),
(9)
where t =0,1,...,n — 2.
Theorem 3. gc, has the following direct sum decomposition
9c, =¢Dg1 D Dgn-1,
where each g;j = su(2) and the center ¢ = spang{ci, ca}, where
n-l n=3
2 2
a=-X+Y (ZX*Z+YX*Y), and c;=X""'+ > (ZX*Z+YXY)
t=1 t=0

if n is odd, and

n—2

2 2
a=X""-X+> ZX*'Z+YX*Y), and ca=> (ZX*Z+YX™Y)
= t=0

if n is even.

It follows that dim(gc, ) = 3n — 1. In addition, we give an explicit construction for the
above isomorphism. More specifically, we say that a basis UZ;% { Xk, Yy, Z} forg1 & ... P
On—1, where each g; = su(2), is canonical if it respects the su(2) commutation relations

(Xi, Vil =22k, [Vi, Z] = 2X5, [ Zk, X3] = 2V},
as well as the Lie algebra direct sum decomposition, i.e., [z,y] = 0 for any z € {Xj, f/j, Zj}
and any y € { Xy, Yi, Z}, where j # k.
Theorem 4. For each k =1,2,...,n—1, let

=1
o aef 1 k 2 k(+1 . kj : k(n—1
A déf7< in—x -3 (sin FGADT i1y in ST 72 X9 7) + sin uxn—l),
2n n = n n n
- 1 k k(n—1
Y d:'3f7< —cos T x + cos krY X" %Y + cos MX’F1 + ZZ)
2n n n

1= k(j+ 1 , kj ,
+ — Z (cos MYXJ_1Y+COS£ZX]Z).
n
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Figure 1: Numerical simulation of the cost function expectation value Eg[¢(p,0;0)] (left) and variance
Vary[£(p, O;0)] (right) for QAOA-MaxCut on cycle graphs C),. L denotes the number of layers of the
QAOA ansatz. The dashed Theory lines correspond to the values from Theorem 5 of Ey[¢(p,0;0)] =

parity(n)/+/n and Varg[l(p, O;0)] = 2(n — parity(n))/(3n).

Then, { X, Y, Zi - k=1,2,...,n—1} is a canonical basis for g, ® ... ® gn_1 where each
g; = su(2).

Remark. While this manuscript was being revised, we became aware of the recent work
of D’Alessandro and Isik [66] who also derived the above results for g¢,, i.e., that it has a
2-dimensional center and n — 1 simple components each isomorphic to su(2), and provided
a basis for the isomorphism. However, their proof technique differs from ours, as does the
explicit form of their basis (in particular, the coefficients of the Pauli orbit-sums in the
basis vectors are expressed in terms of recursively defined polynomials, compared with the
trigonometric coefficients that appear in our Theorem 4. Our form also makes it easy to
compute the purities and the variance of the standard cost function.

Using this canonical basis, we can explicitly compute the associated measurement and

initial state g;-purities.

Theorem 5. For QAOA-MazCut on the n-node cycle graph, if the circuit is a unitary
2-design, then the expectation and variance of the loss function ¢(p,O;0) are

arity(n 2(n — parity(n 2
Eg[ﬁ(p,O;@)]—p\};L(), and  Varg[l(p, 0;0)] = 2 et ( >)%3,

where parity(n) is equal to 1 if n is odd and 0 if n is even.

We numerically simulate QAOA circuits for solving MaxCut on cycle graphs C),, and
compare the expectation and variance of the loss function with the theoretical values from
Theorem 5. Simulations were carried out using the TensorCircuit [67] software package.
Means and variances were computed based on 1,000 random initializations of the circuit
parameters, each in the range [0, w]. Cycle graphs C, from n = 3 to n = 10 were simulated
and, for each value of n, QAOA circuits comprising L-layers for various values of L were
tested. Results are shown in Fig. 1 and show that, as L increases, the simulated values
converge towards the theoretical values, indicating the correctness of our analysis and the
depth needed for the circuit to form an approximate 2-design.
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2.6 Results for complete graphs

For the complete graph K,,, the automorphism group is the full symmetric group S,, and
we define, for non-negative integers p, q, r with p+qg+r < n, the following Pauli orbit-sums:

def .
XPyiz" = WS (X1 XpYpi1 - YorgZprgt1 - Zptgr)
=q- > XrYsZr, (10)

mutually disjointR,S,TC[n]
with [R|=p, |S|=q, |T]=r

where Xg def ®jerX;, and similarly for Ys and Z7. That is, XPYPZ" is the orbit-sum
containing all Pauli strings with the number of X, Y and Z operators being p, ¢ and r

respectively. If p,q or r is zero, we omit the corresponding Pauli operator, e.g. we write
Z? instead of XY 0272,

Theorem 6. gk, = ¢® [k, , 9Kk, ], where the semisimple component has dimension

1 3 2
‘ 1 +6n2 4 2n) (n even)
d )= {2
lm([gKn gKn]) {112 (7’L3 + 6n2 —n — 6) (n Odd)

I

and basis
{XPYyiz" (XY, XPY1Z"),[Z* XPY Z"): p>0, q andr are odd}; (11)
and the center ¢ has dimension dim(c) = 1 + parity(n).

In the process of proving Theorem 6, we also identify a basis for gk, , and pin down
the exact dimension of gy, as:

& (n® 4+ 6n% 4 2n + 12) (n even)

: 12
L (n®+6n? —n+18) (n odd) (12)

dim(gr,) = {

showing that the above simple upper bound in Eq. (3) is close to tight.

While we are able to show this exact polynomial expression for dim(gg, ), for complete
graphs we are not able to give a closed form expression for expectation and variance of
the cost function (as we were able to for the cycle graph), and cannot draw a definitive
conclusion about the presence or absence of barren plateaus.

3 Discussion

In this work we initiated a study of the dynamical Lie algebras for QAOA, proved a
number of dimension bounds that apply to arbitrary graphs and, in particular, gave a full
characterization — including an isomorphism to a direct sum of simple Lie algebras, and
explicit basis vectors for each component — of the DLA corresponding to the n-vertex
cycle graph C),, and a partial characterization of the DLA for the complete graph K,,.
There are a number of natural open questions:

e Comparison between Egs. (3) and (12) shows that the dimension bounds based on
symmetry and Y Z-parity are close to tight for K. This is not the case for graph
families with smaller automorphism groups. Can tighter dimension bounds be proven
for general graphs G?
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e What is the the decomposition of [gx, , gk, | into its constituent simple Lie algebra
components? Since K3 = C3, our results for the cycle graph give [gks, 9k, =
su(2) @ su(2). In the Supplementary Information we show that [gk,, 9x,] = su(2) ®
su(2) @ su(3). What about in general? Based on the dimension of gg, in Eq. (12),
the fact that dim(su(n)) = n? — 1, we conjecture that, for n > 2,

(05,5 8K, = je}isu (V;lJ + 1) .

e For what families of graphs can a full characterization of the DLAs be given? For
which families of graphs are barren plateaus not present?

e Beyond QAOA-MaxCut, which other variational quantum algorithm DLAs with gen-
erators that are sums of Pauli strings can be fully characterized? This scenario cor-
responds to parameter sharing, where a single tunable parameter is used to tune
multiple Pauli strings at the same time.

In the longer term, a better understanding of DLAs for variational circuits with pa-
rameter sharing can hopefully be useful not only for analyzing quantum circuits, but also
as a tool in algorithm design. For example, to accelerate algorithm convergence, one can
consider reducing the depth of a circuit and correlating parameters [13], or adding addi-
tional DLA generators that do not preserve the symmetries of solutions [42]. Knowing
how a set of A of generators is related to the corresponding DLA, and how adapting A
quantitatively changes the expressiveness and trainability of the circuit, is key to tailoring
variational algorithms for improved performance.

4 Methods

In this section we prove, or outline the proofs of, the theorems and other claims made in
the Results section. For brevity, we omit some of the proofs of supporting lemmas here.
All missing proofs appear in the Supplementary Information.

Let us first review some concepts from the theory of Lie algebras. Given a Lie algebra g,
if [A,B] =0 for all A, B € g then g is said to be commutative or abelian. A Lie subalgebra
h C g of a Lie algebra g is a linear subspace of g which is closed under the Lie bracket, i.e.
[H1, Hy] € b for all Hy, Hy € h. A Lie algebra is said to be compact if it is the Lie algebra
of a compact Lie group (see |68] or [65] for further details). A Lie algebra g is said to be
the direct sum of subalgebras g1, go, ..., gi, denoted

g=91PgD... D gk,

if it is the direct sum of gq,...,g; as vector spaces, and [g;,g;] = 0 for all ¢ # j. An
ideal of a Lie algebra g is a Lie subalgebra i of g satisfying the further requirement that
[A,B] €iforall A€ gand B €i. An ideal i of g is trivial if i = g or i = {0}. For any g,
one can define the following two ideals:

Z(9) o {A€g:[A, B =0,YB € g}, (center of g)

g, g] o span{[A, B] : A, B € g}, (commutator ideal)

A simple Lie algebra is a Lie algebra that is non-abelian and contains no nontrivial ideals.
A semisimple Lie algebra is one which is the direct sum of simple Lie algebras. Given
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a Lie algebra g and any A € g, the associated adjoint map is the linear transformation
ads : g — g given by ada(B) = [A, B]. A Cartan subalgebra )y C g of a complex semisimple
Lie algebra is a maximal commutative subalgebra of g, where ady is diagonalizable for all
H e

4.1 General DLAs

Here we give proofs of Theorems 1 and 2, as well as the upper bound for the DLA of the
complete graph given in Eq. (3).

Computing a basis B for a DLA (and hence its dimension) from a set of generators A
is algorithmically straightforward, but has time polynomial in the DLA dimension, which
can be exponential in the number of qubits n. The basis is constructed iteratively: first set
B = A. Then compute the set of all possible commutators {[A, B] : A € A, B € B} and, for
each commutator, if it is linearly independent from the elements in B, add it to the basis.
Repeat the process until no new linearly independent elements are found. Algorithm 1 in
the Supplementary Information makes this procedure precise.

We now prove Theorem 1, which we recall below.

Theorem 1. Let g = (A)Lie,r, and ¢ its center. If A is a set of s linearly independent
elements then dim(c) < s.

Proof. Suppose that A= {H;,..., Hs}, and Algorithm 1 outputs the basis
(Hy,...,H,,... Hpy).

Then by the algorithm, any element H; with t > s + 1 is generated by taking the com-
mutator of two previously generated matrices H; and H;. H; and Hj are both in g, and
thus H, = [H;,Hjy] is in [g,g]. Thus Hei1,..., Hy,, are all in [g, g]. Since they are also
linearly independent as required by the algorithm, we know that [g, g] has dimension at
least m — s. As g = ¢ @ [g, g], we obtain the claimed bound by

dim(¢) = dim(g) — dim([g, g]) <'s.
O

We remark that if the elements of A are not linearly independent, then dim(c) is
upper-bounded by the maximum number of linearly independent elements of A.

To prove Theorem 2, first recall that a (left) group action of a group G on a set X is
a function f : G x X — X, (¢,z) — g.x, such that (i) e.x = z, (ii) g1.(g2.2) = (9192).7,
where e is the identity element of G. The orbit of x € X under the action of G is

Gx(x) ¥ {ga: g ay, (13)

and the set of all orbits of X under the action of G, denoted X /G, forms a partition of X.
Note that the orbit-sum of a Pauli string P (see Eq. (4)) is just an equally weighted linear
combination of all elements in the orbit of P under the action of a subgroup of 5,,.

For any Pauli string P = P P;... P, € Py, and any permutation m € .5, define

7T<P) = Pﬂ.(l)Pﬂ.(Q) e Pﬂ'(n)

This defines an action S, on the set P, of all n-qubit Pauli strings. By linearity this
can be extended to the whole of sl(2",C), by expressing any element in s[(2",C) as a

linear combination of Pauli strings. For 7 € S,,, we say that A € su(2") is m-invariant if
m(A) = A.
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Lemma 7. Let A C su(2"), g = (A)rier and m € S,,. If 1(A) = A for all A € A, then
w(H) = H for all H € g.

Proof. 1t is straightforward to show (see Supplementary Information) that m-invariance is
preserved by the commutator, i.e., if 7(A) = A and 7(B) = B then 7([A4, B]) = [A, B].
The result then holds by linearity. O

Now, any n-qubit traceless skew-Hermitian can be written as H = i ) pep_ apP, where
ap € R. If the generators of g are w-invariant for all w € S, the coefficients ap are the
same for all Pauli strings P in the same orbit-sum, and we obtain:

Corollary 8. Let A C su(2"), g = (A)Lier and S < S,,. If m(A) = A for all A € A and
all m € S, then every element of g is a linear combination (over R) of Pauli orbit-sums.

Now recall Theorem 2.

Theorem 2. Let A C su(2"), g = (A)Lier and S < S,,. If 1(A) = A for all A € A and
all m € S, then

dim(g) < [P /S| - 1,

where |Py, /S| is the cardinality of the set P, /S of orbits of the n-qubit Pauli strings under
the group action of S.

Proof. By Corollary 8, any H € g can be written as

H= > ao> P

0eP,/S  PcO

where ap € R. Thus, dim(g) < |P,/S|. As g consists of only traceless matrices, we
exclude the Pauli string I1 15 ... I, which is the sole element in its orbit. O

The above can be applied to QAOA-Maxcut on a graph G = (V| E) by considering
Aut(G) o {m €Sy (u,v) € E < (m(u),m(v)) € E}, the group of automorphisms of G.

Theorem 9. For any G = (V, E) on n vertices, dim(gg) < |Pn/Aut(G)| — 1.
Proof. Note that
1. 7 is a permutation of vertices, and therefore 7(i 3_7_1 X;) =i >0y Xr(j) = 20y Xj;

2. 7 induces a permutation of edges, i.e. {(w(j),n(k)) : (j,k) € E} = E, thus
T 2 myer ZiZk) =1 2 k)ek Zr() Zntk) = 1 2 (5 k)eb ZiLk-

Thus, by Lemma 7, m(H) = H for all 7 € Aut(G) and all H € gg. The result follows from
Theorem 2. O

For the complete graph K, on n vertices, the DLA dimension then satisfies:

- 3
Corollary 10. dim(gg,) < ("37).

Proof. Aut(K,) = Sp, and thus, by Theorem 9, dim(gx,) < |Pn/Sn|. Any two Pauli
strings are in the same orbit under the action of the symmetric group if and only if they
contain the same numbers of I, XY, Z operators. |P,,/Sy| is therefore equal to number of
partitions of n into four nonnegative integers that sum to n. The number of k-tuples of
non-negative integers whose sum is n is (”+s_1) = (”;gf;l) because we choose n elements
from k with repetition. Taking k = 4 gives |P,/Aut(K,)| = ("5°). O
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We remark that (";3), which is the tetrahedral number Te(n+1), is the dimension of the
space of Sp-equivariant su(2™) operators (those that commute with representations of S,)
[46, 69, 60], and is also the dimension of the DLA spanned by {3°; Xi, >=; Yx, > ZiZ;} [46,
48], of which gg,, is a subalgebra.

We now show how the above upper bound on dim(gg, ) can be improved, essentially by
a factor of 2. While the Aut(G) invariance of the DLA generators restricts all g € gg to be
linear combinations of Pauli orbit-sums, we shall see that not all orbit-sums are permitted.
Let nx,ny,nz be the numbers of Pauli X,Y, Z in a given Pauli string P = PP --- P,
respectively. A Pauli string will be called Y Z-even if ny + nyz is even.

Lemma 11. For any G = (V, E), |V|=n > 2,
gc Cspan ({iS: S is YZ-even} \ {iX1Xa... Xp,il112... I5}).
The upper bound of Eq. (3) is then stated as the following corollary.
Corollary 12. dim(gg, ) < S (25 + 1) (n — 25+ 1) — 2
B {112 (n3 +6n2 + 14n — 12), if n is even;
B & (4 6n%+11n — 18), if n is odd.

Proof. For each s € {0,1,...|n/2]}, the number of ways to choose ny +nyz = 2sis 2s+1
((ny,nz) € {(0,2s),(1,2s — 1),...,(2s,0)}). For each (ny,nz) pair, there are n — 2s + 1
values of (nx,nr). Thus, the number of Y Z-even Pauli string orbits is le-i/ogj (2s+1)(n—
2s + 1). Excluding the I; ... I, and X ... X, strings gives the result. ]

We remark that as dim(gg, ) < (";3), the DLA for gk, is a strict subalgebra of the S,,-
equivariant su(2") operators, and thus g does not correspond to a subspace-controllable
system.

Lemma 11 shows that, despite being Y Z-even, I1I5...I, and X1 X5 ...X,, cannot lie

in gg. Interestingly, these are the only Pauli strings that lie in the centralizer of gg in
C2”><2”'

Proposition 13. Let G be a connected graph on n vertices, and P = PP, ... P, a Pauli
string. If [P,H] =0 for all H € g then P = X1 Xy--- Xy, or P =115+ 1I,.

4.2 Cycle graphs

We now focus on the DLA for QAOA-MaxCut on the n-node cycle graph C,,, and outline
the proofs of Theorems 3-5 and related results. Throughout this section, we will use g to
denote gc,, .

We will make use of the following well-known classification result for Lie algebras.

Theorem 14 ([68]). Every finite-dimensional simple Lie algebra over C is isomorphic to
precisely one of the following.

1. A, =sl(n+1,C) forn > 1, of dimension n* + 2n;
2. B, =s0(2n+1,C) forn > 2, of dimension 2n% 4+ n;
3. Cp = sp(n,C) for n >3, of dimension 2n? + n;

4. Dy, = s0(2n,C) for n > 4, of dimension 2n? —n;
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5. The “exceptional” Lie algebras Ga, of dimension 14; Fy, of dimension 52; Eg, of
dimension 78; Er, of dimension 133; and Eg, of dimension 248.

The dimensions of Cartan subalgebras of A,, B,, Cn, and D,, are n, while those of Gs,
Fy, and E; are 2, 4, and j respectively, for any j € {6,7,8}.

As this classification result holds for complex simple Lie algebras, we will at times
consider the complexification [g, g]c of the semisimple component of g, and use results for
[g, g]c to make conclusions about [g, g].

4.2.1 Basis and dimension

Let B={X, X" 1 ZX'Z YXY,)YX'Z :t € {0,1,...,n — 2}} be the set of Pauli orbit-
sums defined in Egs. (5)-(9), and note that we adopt the convention that when ¢ = 0,
there is no Pauli X; for example, ZX°Z = iD,(ZyZ,), and we sometimes also write ZZ
for ZX°Z. Table 1 gives the commutators of the Pauli orbit-sums of B with the DLA
generators X and ZZ.

Theorem 15. Forn >3, dim(g) =3n—1, and B={X, X" 1, ZX!Z, Y XY,)YX!Z : t €
{0,1,...,n —2}} is a basis of g.

Proof. As the elements of B are each summations of distinct Pauli strings, they are or-
thogonal (with respect to the Hilbert-Schmidt inner product) and thus also linearly in-
dependent. In the Supplementary Information, using Table 1, we show that g = spang B
from which the result follows. O

Table 1: Commutators of the DLA generators with the elements of B. Values of ¢ are in the range

{0,1,--+ ,n—2}. We adopt the convention that Y X1V % _ X, zxn-17 % xn-1and YX~17 =

yxn-iz
1] X zZXtZ Y XY YXtZ xn-1
X 0 2YX'Z  2YX'Z  AYX'Y - ZX'Z) 0
Z7Z | =2YZ 2¥Xt=lz 2oy Xtz 4(zXx*tlz-yXtly) -—2vx"2Z7

4.2.2 Center, Cartan subalgebra, and simple Lie algebra decomposition

With a basis for g identified, we now outline the proof of Theorem 3 which has two
components: a characterization of the center ¢, which appears below as Theorem 16; and a
direct sum decomposition of g into the center and n—1 simple Lie algebras, each isomorphic
to su(2), which we show in Theorem 26.

Theorem 16. The Lie algebra g has a 2-dimensional center ¢ = spang{ci, ca}, where
n—3

n—1
2

a=-X+Y ZX*"Z+YX*"Y), and o =X""'+ > (ZX*Z+YX*Y)
t=1

v ‘

T
o

if n is odd, and

n—2 n—2
2 2

a=X""-X+ Y ZX*'Z+YX*Y), and 2= (ZX*Z+YX*Y)
t=1 t=0

if n is even.
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Proof. Any H € g can be expressed as a linear combination of the basis vectors, viz.,

n—2
H=aX+ > (BZX'Z+ PoyYX'Y + B3, YX'Z) + 4 X", for a, B, 7 €R.
t=0

It is easily verified by induction and the Jacobi identity that H € c¢ if and only if
[X,H] = [ZZ,H] = 0. Using Table 1, [X, H] and [ZZ, H] can be computed, giving
two linear equations for the coefficients «, 3; 1,y which, when solved, yield the result. See
Supplementary Information for more details. O

Additionally, from the Jacobi identity and Table 1, it is not hard to verify that the
semisimple component [g, g]c of gc satisfies:

Theorem 17. dim([g, g]lc) = 3(n — 1), and
[g,0]c = spanc{ZX"'Z Y X"Y, YX'Y - ZX'Z, YX'Z:0<t<n-2}.

The next step will be to determine the dimension of a Cartan subalgebra of [g, g]c. To
proceed, note that [Y X!Z Y X*Z] = 0 for all 0 < s,t < n — 2, and thus the vector space

b’ def spanc{Y X'Z : 0 < t < n — 2} is commutative. We then make use of the following
facts.

Fact 18. The operator ady is diagonalizable, for all H € b’

Fact 19. All Cartan subalgebras of a complex semisimple Lie algebra have the same
dimension.

Fact 20. Let g = g1®Dgo®- - -Dgi be a complex semisimple Lie algebra, with the g; simple.
If b; is a Cartan subalgebra of gj, then h = b1 © o @ --- Dby, is a Cartan subalgebra of g.

Fact 21. The dimension of any simple complex Lie algebra is at least three times the
dimension of its Cartan subalgebra.

Facts 18 and 19 imply that dim(h) > dim(h’) = n — 1, for any Cartan subalgebra b C
[g, g]c. Fact 20 shows that the dimension of a Cartan subalgebra is dim(h) = Zle dim(b;).
Accounting for Fact 21 then gives

k
3n — 3 = dim(] Zdlm g;) Z 3dim(h;) = 3dim(h), (14)

which implies dim(h) < n — 1. It follows that:
Theorem 22. Let b be a Cartan subalgebra of [g,g]c. Then, dim(h) =n — 1.

Note that Theorem 22 implies that the inequality in Eq. (14) actually takes equality,
and furthermore k = n — 1. From Theorem 14, apart from s[(2,C) which has dimension 3
and a one dimensional Cartan subalgebra, the dimension of all other simple complex Lie
algebras is strictly larger than three times the dimension of their Cartan subalgbras. We
therefore must have that g; = sl(2,C) for all j =1,2,...,n — 1, ie,

Theorem 23. [g,g]c = sl(2,C) @ --- ®sl(2,C).

n—1 times
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We now use the decomposition of [g, g|c to identify [g, g].

Lemma 24. Consider a matriz Lie algebra g C My (C) over the real field R, and its
complexification gc.

1. Ifg=91® - ® gn, then gc = (g1)c ® - - ® (gn)c-

2. Conversely, if gc = ¢ ® -+ ® g, for some complex Lie algebras gi,...,q.,, then
g=019D - Dgn, and (gj)c = g for each j=1,...,n.
In addition, the following is well known.

Lemma 25 ([70]). sl(2,R)c = su(2)c = sl(2,C), and the only real Lie algebras whose
complexification is sl(2,C) are sl(2,R) (non-compact) and su(2) (compact).

Combined with the results shown earlier, these two lemmas allow us to conclude:
Theorem 26. The Liec algebra g has the following direct sum decomposition
g=¢cS901 D - DYn—1,
where the center ¢ is given in Theorem 16.

Proof. By Theorem 23 and Lemma 24, [g,g] = g1®- - - @ gn—1 for (n—1) 3-dimensional real
Lie algebras g1, . . ., gn—1, whose complexifications are all isomorphic to s[(2,C). Lemma 25
says that the only real Lie algebras whose complexification is s[(2, C) are su(2) and s[(2, R).
Since a subalgebra of a compact Lie algebra is compact, [g,g]—as a subalgebra of the
compact Lie algebra su(2")—is compact. Thus each g; must be isomorphic to su(2). O

4.2.3 Isomorphism

Having shown that [g, glc = @,,_; s/(2, C), we now outline how to explicitly construct such
an isomorphism, by giving a basis for each simple component in Theorem 23 that respects
the s[(2,C) commutation relations.

Definition 27 (Canonical basis). We say that a set of nonzero matrices I' = UZ;%{U;C, Vie, Hy }
is a canonical basis for [g, glc = @,,_; s[(2,C) if T satisfies the following relations:

[Hi, Ukl = 2Uk,  [Hi,Vi] = =2Vi, (U, Vi| = Hi, (15)
and [x,y] = 0 for any x € {Uy, Vi, Hi} and any y € {U;,V;, H;} where j # k.

Note that I is indeed a basis for [g, g]c as a vector space, i.e., the elements are linearly
independent. To see this, for any x = >, (axUy + b Vi + ¢, Hy) we must show that x = 0

implies ar, = by = ¢ = 0 for all k. One can easily verify that [Hy, [Ug,z]] = —4ex Uy,
thus = 0 and U # 0 imply ¢ = 0. The other coefficients can be similarly handled by
noticing [Ug, [Hk, z]] = —2bpHy, and [Vi, [Vi, x]] = —2a; V.

Theorem 28 (Explicit isomorphism). For each k =1,2,...,n—1, let

. n—1 .
def 1@ . kym 1
H, = —%jz::lsm TYXJ Z,

[ (efik(jJrl)fr/nYXjle+eikjﬂ/nZXjZ>’
§=0

n—1

v, (eik(j+1)7r/nYXj—1Y+e—ikjw/nZXjZ).

Then, {Ug, Vi, Hi : k =1,2,...,n— 1} is a canonical basis for [g, g]c.
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Note that, given a basis {Uy, Vi, Hi}j_ ! for 5[(2 C), one can define a set of vectors
{Xk = iU+ Vi),V = Vi — Up, Zjp = sz}k 1 which satisfies the su(2) commutation
relations

(X0, Vil =22, Vi, Z1) = 2X%,  [Zk, Xi] = 2Y4,

and therefore { Xy, Yy, Z }7—1 forms a canonical basis for n — 1 copies of su(2) (defined in
an analogous fashion to a canonical basis for n — 1 copies of s[(2,C)). This immediately
gives Theorem 4.

To prove Theorem 28, one approach is to simply verify that {Uy, Vi, H, k}z;i satisfies
the sl(2,C) commutation relations, and that elements from different simple ideals of [g, g]c
commute. This involves elementary but tedious manipulations of trigonometric identities,
and we defer these calculations to the Supplementary Material. Here we outline another
proof technique, which is how we originally identified the isomorphism.

The idea is based on the following theorem, which gives conditions under which one
canonical basis for s[(2,C) can be transformed into another canonical basis for s((2,C) —
one which is expressed in terms of two DLA elements (which we will take to be the DLA
generators) and a chosen Cartan subalgebra.

Theorem 29. Let |}~ 1{Uy, Vi, Hy} be a canonical basis for [g,9lc = @,_,51(2,C).
Without loss of generality, any two elements A, B € [g, g]c can be expressed as

n—1 _
=3 (05 + 0V + o 1), Z (b0, + Ve + 6 ) (16)
j=1 j=1
with a( ), gv)’ a§h), bg»u), b;v) b( € C for all j. Define, for each k € {1,. — 1},

ﬁlgmk,ck) — [Hka _i (A + e—iﬂka>:| ’ Vk(mk’ck) {H]m (A + e”rkaﬂ (17)

Ck

where my,c, € Ryc, > 0. Then, jZ {U(m’“ k) , (m’“’c’“) ,Hy} is a canonical basis for
(9. 9]c if and only if

o 4 e g, (c1)
ay) + e—”mkb(” — 0, (C2)
(“) +emimmip() £ (C3)
ol 4 g 2 (C4)

ck =4 ( (U)b,(gu) — agcu)b,(:)) (ei”m’“ — e_i”m’“) . (C5)

We remark that Egs. (C1)-(C4) imply that x # 0, for all z € J}Z] al(Cu), al(f), b,(cu), b,(:)}.
The aim will be to consider the case where A = X and B = ZZ, i.e., A, B correspond to the
DLA generators of [g, g]c', and choose the { H}} in such a way that conditions Eqs. (C1)-
(C5) are satisfied, so that one can construct a canonical basis {Uy, Vi, Hy} (suppressing

the (my, c) superscripts) via Eq. (17), even without initially knowing an explicit form for
the {Uy} and {V4}.

!Strictly speaking, we view X and ZZ as generators of gc = cc @ [g, g]c and thus, without loss of
generality they can be expressed as X = A+ A., ZZ = B + B, where A, B are as in Eq. (16) and
A, B. are the central components of X and ZZ. However, as the central components vanish under taking
commutator, they will not impact our analysis, and we can therefore ignore A. and B, in our discussion.
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To proceed, let us define some notation. For any A, B € g, k € N, we use (AB)* to de-
note (adadg)*~1[A, B], and similarly A(AB)* = ads((AB)¥), B?(AB)* = adg(adp((AB)¥))
etc. When A = X, B = ZZ, we use Table 1 and induction on k to prove the following
lemma.

Lemma 30. For A=X,B=7Z, and any k € {1,2,...,n— 1},

k—1
(AB)F => e ;Y X/ Z, (18)
§=0
where the ¢y j can be computed from the recursive relation ci; = 8(Ck—1,j—1 + Ch—1,j+1);
with initial values c19p = 2 and coj = 0,Vj € {0,1,...,k}; and c,; = 0 if k ¢ [n] or
j¢{0,....,k—1}.

Furthermore, the recursive relation for the coefficients ¢ ; can be solved to give

, (19)

R = W C RS VY L R
i = "

sin ——— sin = cos
s n n

which, when substituted into Eq. (18) can be used to prove the following relation between
(AB)™ and lower powers of AB.

Theorem 31.

n—1

(AB)" = 3 ap(AB), (20)
k=1

where
ar, = (=1)" o, k(16 cos(m/n), ..., 16 cos((n — 1)7/n)),
with oy the k-th elementary symmetric polynomial in n — 1 variables.

The expression Eq. (18) is useful, and from it a number of facts can be proved (see
Supplementary Information). In particular:

Fact 32. b def spanc{(AB), (AB)?,...,(AB)""'} is a Cartan subalgebra of [g, g]c.

Fact 33. The generators A = X and B = ZZ have no overlap in Y, i.e., (A, H) =
(B,H) =0 for any H € .

Fact 34. A%(AB)) = B*(AB)’ = —16(AB)’.
We are now in a position to prove Theorem 28.

Proof of Theorem 28. As the n — 1 vectors {Hk}Z;% in Theorem 29 mutually commute,
they form a Cartan subalgebra of [g, g]c. In addition, for any two Cartan subalgebras b1, ha
of a complex semisimple Lie algebra ¢ there exists a bijective linear map ¢ : £ — € satisfying
[p(A),p(B)] = ¢([A,B]) and ¢(h1) = b2 (see e.g, [65]). Thus, from Fact 32 above,
without loss of generality we can take the {Hk}Z;% such that spanc{Hi,...,H,—1} =
spanc{AB, (AB)?,...,(AB)"'}. Fact 33 then implies that the coefficients a;h) = §-h) =0

in Eq. (16), for all j. Direct calculation gives [A, [A, H;]] = 4a§“)a§U)Hj and [B, B, Hj]| =
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—

4b§-u)b-v)Hj and, together with Fact 34, one can see that agu)agv) = g-u)by}) = —4. With
(h)

a;’ = b§h) = 0, evaluating the commutators [A, B] and [A, [B, H;]] gives

<

[A, B] = nfijj, (21)
j=1
[A,[B,H;|) = \jH;, Vje{l,2,...,n—1}, (22)

() (©)

where v; = a;
to Eq. (21) gives

- ag-v)bg.u) and \j; = 2(a§u) bg-v) + agv)bg-u)). Repeatedly applying Eq. (22)

n—1
(AB)F =" ujAj?—lHj (23)
j=1

forall k € {1,...,n}. Substituting Eq. (23) into Eq. (20) then implies, via Vieta’s formulas
(see Supplementary Information), that

Aj = 16cos(jm/n), (24)
from which it follows that agu) b;-v) + agv)bg-u) = 8cos(jm/n). Combined with a§~h) = b§~h) =0

and a§u)a§v) = bgu) bgv) = —4 gives

@) 4 0 @ L@ W
4 (u) (i; == agu) + agv) = % + % = —2COS(j7r/n),
bj bj bj bj bj a;

Thus, a§u)/b§u) = —eTUT/n We take a§u)/b§v) = —glim/n (taking ag-u)/bg-v) = —eUm/n

leads to another valid isomorphism), and bg-u) = —2, obtaining the following parameters:

ag-u) = 2¢Vm/m, a§~v) = —2¢ U/, b§u) = -2, b;v) =2.

Taking ¢; = 8sin(jn/n), these parameters satisfy Egs. (C1)-(C5) and thus, by Theorem 29,

{ {Hk —W (x+ e—”’f/”zz)} ,

i .
Hp,——— (X ”k/"ZZ]H:1<k< —1} 25
[ k’8sin(k:7r/n)( te ) kL= RS (25)
is a canonical basis for n — 1 copies of s[(2,C). What remains to do is express the Hj in
terms of A = X and B = ZZ. Eq. (23) can be expressed as the matrix equation

(AB) 1 1 1 V1H1
(AB)? A A A voHy

. - : . (26)
(AB)"! Aot o) v H

where \j = 16 cos(jm/n) and v; = 8isin(jn/n). As the \; are distinct, the Vandermonde
matrix in Eq. (26) can be inverted, to express the H; in terms of the (AB)*. In the
Supplementary Information, we show how this can be done which, when combined with
Eq. (18), gives

i . Jkm 1
Hy, = —5 ; sin TYXJ Z. (27)

Finally, using Table 1 to evaluate the commutators in Eq. (25) then gives the canonical
basis of Theorem 28. O
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4.2.4 g-purities

Recall the expectation and variance of the cost function from Eq. (2):

Eg [Z(p, O; 9)] = tI'(,OcOc),

n—1
ot 00 = § PP ()
V. 9[£<p7 Oa 9)] ~ dlm(gk)

where, the gj-purity of a Hermitian operator H is defined as Py, (H) def Z;ﬁ:rri(gk)

tr(Ej.H)’,
and {EF;:j=1,...,dim(gg)} is an orthonormal basis for gy.

For QAOA-MaxCut, the normalized measurement operator O = —ﬁZ Z € ig, and it
is straightforward to use Theorems 4 and 16 to show that

27’l

P(0) = Py (0) = (28)
To compute the purities of the initial state p = |+")(+"|, where |[+") = # >efo,pn12)s
note that p can be expressed as

1

p= on (I—I—ZX]'—|—ZXij+"'+X0...Xn_1)
J J#k
1 X _ix® -1 _x )
:27(1—@)(—1)( — e —ix (D) _x ) (29)

t) def . . . =
where X(®) = 45 oo J1vj2yege€{0,1,n—1} X1 Xjz - - - Xj,. From Theorem 15,

B={X, X" zX'ZYX'Y,YX'Z:tc{0,1,...,n—2}}

is a basis for g, from which we can see that the X and X"~ ! components of p are in g,
and all other components X® with ¢t # 1 or n — 1 have zero overlap with g. Thus, for
any Lie subalgebra s of g, Ps(p) = —55Ps(X + X™~V). By some basic calculations and
trigonometric identities, it can then be shown that

1 parity(k
Pp) = gors Paclp) = P () (30)

From Egs. (28) and (30), and noting that dim(gy) = 3 for all 1 < k < n — 1, the variance
is thus

n—l n—1 parity(k;) o
Vary[¢(p, O;0)] = Z M _ Z %

o dim(gg) =1

4 2(n — parity(n))
= — ity(k) = .

The calculation of the expectation value of the cost function is elementary, given the basis
for ¢ in Theorem 16. We defer details to the Supplementary Information, and merely state
the result:

Balt(p. 0:6)] = n(p0) = P21,
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4.3 Complete graphs

Here we show how to construct a basis for g = gg,, (in the remainder of this section we will
omit the subscript K,,). Constructing a basis for [g, g is conceptually similar, and we defer
details to the Supplementary Information. The dimension of ¢ (as stated in Theorem 6)
then follows from the fact that dim(c) = dim(g) — dim([g, g]). We remark that, while
we can exactly determine the dimension of gk, , we are not able to give a closed form
expression for the variance of the loss function for K, (as we were able to for C,,, and thus
we cannot draw a definitive conclusion about BPs in this case.

Recall the Pauli orbit-sums XPY?Z" from Eq. (10), with the convention that we drop
the superscript if it is 1 and omit writing the Pauli operator if the superscript is 0. With
this notation, the two generators are X' and Z2. For convenience, we also adopt the
convention that

XPY17" =0, whenp<0, ¢g<0, r<Qorp+qg+r>n.

The following commutation relations are easily verified:

(X1, XPY1Z"] =2(q + 1) XPY T 7771 —2(r 4 1) XPY I Z7HY, (31)
[ZQ7 XquZT] :alXp+1yq—1Zr—1 + Oész'HYq_lZH'l
_ agXp—IYq—i-er—l o a4Xp—1Yq+IZr+1’ (32)
where
a=2(n—p—qg-r+1)p+1), az =2(p+1)(r + 1),
az=2(n—p—q-r+1)(g+1), as=2(qg+1)(r+1).

In particular, ady1 changes the parities of Y and Z and leaves the number of X
unchanged, and adz2 changes the parities of all X, Y and Z.
In the Supplementary Information, we prove the following and other related facts.

Lemma 35. For any p and any odd q > 3 and any odd r,
ady2 (XPYIZ") =Fradxi (XPTYYIT72Z7) + Brad i (XPTLY 97277 +2) -

Bzadx1 (XP7YYIZ") — Bradx1 (XPTIYIZ™F2) + Bsad 2 (XPYI2Z712),
where

(n—p—qg—-r+1)(p+1)
qg—1

(r+1)(p+1)
qg—1
r+1

Bs=n—-p—q—r+1, Ba=r+1, 55=q_1-

B = : B2 =

Y

Below we use shorthand notation to denote the p,q,r values in XPY 12" e.g., “10e”
denotes p =1, ¢ =0, r is even, “x00” denotes p can be anything, ¢, odd, etc.

Fact 36 (“Olo,110,10e”). Y'Z" XY Z" < [g,9] for all odd v, and X'Z" € g for all
even .

Fact 37 (“x00” and “oee”).

1. XPY1Z" € [g,9], for any p and any odd q,r.
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2. XPYIZ" € g, for any odd p and any even q,r, when n is even.

3. X'Y1Z" € g, for any even q,r, when n is odd.

Fact 38 (linear independence). Let L1 def {[XY, XPY9Z"] : q,7 odd}, Ly def {[Z2%, xPYizm) .
r odd}. Then, the vectors in L def Lx1 U Ly are linearly independent, and |L| =

|Lx1|+ |Lg2|.

Using the above facts, we now construct basis for gg, when n is even. The odd n
case is similar and can be found in the Supplementary Information. In the following, let
ada(S) f {[A,t] : t € S} for any set S.

Define the following sets.

g, {XPY4Z" : pis even, q and r are odd}\{Y'Z1},
Jp {XPY1Z" . p and r are odd},

J3 def {XPYIZ" : p, g and r are all odd and g > 3},

Jy def {XPYIZ" : pis odd, q and r are even},

Js 172 v2 ylghy,

L € {[X" 0] v e i},

Ly ¥ 1122 0] v € B}
Note that (i) J2 U J3 contains those XPY9Z" with odd p,q,r (“000”); (ii) J1 U J5 is a
superset of those XPY 12" with even ¢ and odd g and r (“e00”); and (iii) vectors in L; and
Lo all have even p, q,r (“eee”). These are indicated in the second row of Table 2.

Theorem 39. When n is even,

5
REY | JhULIULy
k=1

is a basis for g, and dim(g) = & (n® + 6n2 + 2n + 12).

Proof. Let © e spang R. In the remainder of this section we will show that (1) the basis
vectors in R are linearly independent, (2) |R| = %,(3) gCrt, (4)vCyg. O

(1) The basis vectors in R are linearly independent.

e For any i € [5], the Pauli strings in J; are mutually orthogonal, as distinct elements
in J; have distinct values of (p,q,r). For the same reason, all Pauli strings in J;
are orthogonal to those in Jj, for ¢ # j. The vectors in U_, J; are thus linearly
independent, and |.J| = S20_, | J;].

e [y C Lx1, and L C Ly2, where Ly1, Ly2 are defined in Fact 38. By Fact 38, the
vectors in Lj U Ly are linearly independent, and |L; U Lo| = |L1| + | La|.

e Vectors in Ly U Lo have (even, even, even) parity for (p,q,r), and thus are linearly
independent from vectors in U§:1 J;U{Y1Z'}. Finally, it can be seen from Eqs. (31)
and (32) that the Pauli string orbits Y2 and Z2? do not appear as any component
term in Ly U Lo.
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Table 2: Adjoint map on basis vectors of t (n even). The second row gives the signature of (p, g, ) for
the elements XPY'9Z" in the sets. Parentheses indicate proof method (see main text).

J1 Jo J3 Ju Js Ly Ly
) - B (X1, eoo] [Z2,0l0]
(p,q,7) | eoo— 011 olo 000 — olo oee 020,002,011 C eee C e0e U e2e C ecee
adr L4 Ju Jy Jo U J3 J5 J1UJs JiUJs
X (by def)  (parity) (parity) (parity) (computation) | (parity) (parity)
ad Ju Lo Ly ULy JiUJs Jo U Jy JoU J3 JoU J3
z (parity)  (by def) (complicated) (parity) (computation) | (parity) (parity)

(2) |R| = %: The above proof of linear independence also implies that |R| =
> |Jil + 322, |Ls|. The results follows from the fact that

n/2 3 2
n° + 6n* 4+ 8n — 48
Jil = |L1| = ttn/2 —t+1)—-1=
|1 |1!;(n/ +1) T ;
n/2—1 2
n< —2n
[ Jo| = |La| = D (n/2—t):T7
t=1
n/2—-1 3 2
n’ —6n° + 8n
J3| = t—1 2—t)= —————
= 3 (6= 1)(n/2 1) —
n/2—1 3 2
n n° + 6n° + 8n
\J4\=§+ Z (t+1)(n/2—t):T,
t=1
|J5| = 3.

(3) gCrt. As X! e Jyand Z2 € J5, thus X!, Z2 € v. It suffices to show that t is closed
under adx1 and adz2. This can be verified using Table 2, where the terms in parentheses
indicate the proof methods we used, summarized as follows:

e “by def” adx1(J1) C L; and adz2(J2) C Lo hold by definition of L; and Ls.

e “parity’”: The result follows from how the adjoint map changes the parities. For in-
stance, adx1(Jy) C spang JoUJ3 because the parities of (p, g, r) for Jy is (odd, even, even)
(as indicated by “oee” under Jy in the second row), and the adx:1 map changes the
parities of Y and Z, which makes the new parity (odd, odd, odd), thus in spang JoU.J3.
Other “parity” entries can be easily proved in a similar way.

e “computation” Js has three specific orbit-sums, and the adjoint actions on them can
be verified by direct computation: ady1(Z2?) = 2Y1Z!, adx:(Y1Z') = 4Y?% — 422
and adx1(Y?) = —2Y'Z! are all in spang J5; adz2(Z2%) = 0; ady2(Y1ZY) = 2(n —
1) X! +4X172 € spang Jy and ad42(Y?) = 2X1'Y1Z! € spang Jo;

e “complicated” adz2(J3) is the only complicated case. We now show adz2(J3) to be
in spang(Lj U Lg). Let p,q,r be odd, ¢ > 3. From Lemma 35

ady2(XPYIZ") = By adx1 (XPTYI72Z7) 4 By ad 1 (XPHY 17227 12)
el el
— Bzadx1 (XP7YYIZ") —Byadx1 (XPYYIZ72) 4 Bsad 2 (XPY T2 Z712), (33)

ST ely
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for some fi,... 05 € R. The first 4 terms in Eq. (33) are all in L, and the last term
has Y’s exponent decreased from ¢ to ¢ — 2. Apply Eq. (33) again to this last term,
and continue this process until Y’s exponent is decreased to 1, yielding an expression
for adz2(XPY1Z") as 4(¢ — 1)/2 = 2(¢ — 1) terms in Lq, plus a last term of form
adz> (XPY1Z9+7=1). Since p and g + 7 — 1 are both odd, adz (XPY1Z9+7~1) € L,.

(4) t Cg. We will show that Jp C g for all k € [5]. L1 =ada(J1) Cg,Lo =adp(J2) Cg
then follows immediately.

e By definition,

Ji U {YlZl} = {XPYIZ" : pis even, q and r are odd},
Jo U Js ={XPYIZ" : p,q,r are odd},

and, by Fact 37, XPY4Z" € g for all p, all odd ¢ and odd r. Thus, J; U{Y'Z'} Cg
and JoU J3 C g.

e By Fact 37, XPY1Z" € g for all odd p and all even ¢,r. Thus, Jy C g.

e Fact 36 gives Y1 Z! € g and therefore adx1(Y'Z!) = Y? — Z2 € g. Since Z2? € g, Y2
is in g as well. Thus, J5 C g.
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Additional details and proofs of our results stated in the main text can be found here.

A  General DLAs

In the Methods section, a procedure for computing a basis for a DLA was informally
described. A formal method for doing so is given in Algorithm 1 below.

Algorithm 1: Generate DLA

1 Input: a set of elements A = {Hy,..., Hs} in a finite-dimensional Lie algebra g
over field F.

2 Output: (B, k), where B is a basis of (A)rieF, i.6. (A)rier =spang{H : H € B},
and k = Deg({A)vie,F)-
1: Let By be a maximal subset of linearly independent elements from H
2: Vp :=spang{H : H € By}
3: for k=1,2,... do

4: Br:=Br_1, Vi := Vi1

5. for H® € B, do

6: for H*-1 S Bk-fl\kaQ do

7: compute H = [H(©), (=1

8: if H ¢V then

9: let By := Bi_1 U {H} and V} := spanF{Vk, H}
10: end if

11: end for

12:  end for
13: if B, = B._1 then

14: return (By, k — 1)
15: end if
16: end for

In the remainder of this section we give proofs of Lemmas 7 and 11, Proposition 13, and
Facts 18-21. Recall that for any Pauli string P = P1 P, ... P, € P,, and any permutation
T E Sh,

7T(P) = Pw(l)Pw(2) C Pﬁ(n)

defines an action S, on the set P,, of all n-qubit Pauli strings. By linearity this can be
extended to the whole of sl(2",C):

™ (Z Osz) = Z OépP,r(l)Pﬂ.(g) ce Pﬂ.(n), Vap € C. (34)
P P

Lemma 7. Let A C su(2"), g = (A)rier and m € S,,. If m(A) = A for all A € A, then
n(H) = H for all H € g.

Proof. Let A, B € A, and consider their Pauli string decompositions A = i) papPiPs... P,
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and B =iY fqQ1Qs .. Qn. Then,

(A, B])

=T iZapP1P2.--Pn,iZﬁQQ1Q2~~Qn])
P Q

=r (Y apPiPy...PyY BoQiQz...Qn— i) BQ1Q2...QnY_ apPP;. ..Pn)
P Q Q P

=m | =) apbo®_y (P;Q)) + ) apfo &) (ijj))

PQ P,Q
:_ZapﬁQ(X)?:l( )Qﬂ']) +ZQP6Q = 1(@71' 7'('(])
PQ PQ

= — ; O[pPﬂ. 7r(2 7T('n, Z IBQQW(I)QW Qﬂ'(”)

Y BeQr1)Qn) -- Qﬂ(n ZaP (1) Pr2) - - Pr(n)
Q

=m(A)m(B) — m(B)m(A)
—AB— BA=A,B.

Thus, m-invariance is preserved by the commutator. The result follows from linearity
(Eq. (34)). O

We say that a Pauli string P = P1Ps--- P, is of type (nx,ny,nz) if the numbers of
Pauli X, Y, and Z in the string are nyx, ny, and nz, respectively. A Pauli string will be
called Y Z-even if ny + nz is even.

Lemma 11. For any G = (V, E), |V|=n > 2,
g Cspan ({15 : S is YZ-even} \ {iX1Xo... Xp,il112...I,,}).

Proof. Let X = {X1Xy... X, [115...1,}. We prove this by induction on the generation
steps. The base cases are the DLA generators (ignoring the prefactor of i), 37, X; and
>(jk)ek ZjZk, which have (ny,nz) = (0,0) and (0,2), respectively, thus satisfying the
claimed parity. Now consider any Y Z-even Pauli string P = P1Ps--- P, ¢ X, and we will
show that [>-, X;, P] and [Z(j,k)e £ ZjZy, P] are also in the span of Pauli strings satisfying
these conditions. To that end, it suffices to consider each individual [X;, P] and [Z;Zy, P].
Without loss of generality, assume j = 1 and k = 2. From the su(2) commutation relations

[X1,X1] =0, [X1,Y1]=2iZ1, [Xi,Z1]= —2iY1,

and the fact that [X;, ;] = 0, it follows that (i) [X1,P] = [X1, PA]|P»... P, either has
ny + nz equal to that of P, or else [ X, P] =0; (ii) P ¢ X = [X;,P] ¢ X.
Similarly, the values of [P, Py, Z1Z5| are given in the following table.

[.] [ Ll | Xy | LY, |LZ| Xl | XX | X0Va [ XaZo | Vil | VX | Vo | ViZ | 2Dy | Z4Xe | Z0Ya | 247,
Z1Zy | 0 |22\, | —2Z:Xo | 0 [2Y1Zx| O | 0 | 2Y) [ -2X1Zy| 0 | 0 |-2X,| 0 | 2iY2 | —-2iXa| O
Again, it follows that (i) [Z1Z2, P] = [Z1Z2, PLP3]Ps ... P, either has ny +ny of [Z1 25, P]
equal to that of P plus a, with a € {0,2, -2} or else has [Z1Z2,P] = 0; (ii) P ¢ & =
[Z1Z2, P] §é X. O
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Proposition 13. Let G be a connected graph on n vertices, and P = PP, ... P, a Pauli
string. If [P,H]| =0 for all H € g then P = X1 X9--- X, or P=11I5---1I,.

Proof. Recall that gg has the generating set A = {i>>7 | Xj,i Y (st)CE ZsZy}. From the
Jacobi identity it is straightforward to see that [P, H] = 0 for all H € g¢ if and only if
[P,A] =0 for all A € A.

Let P_j = Qpepn)—5} Pis then [P 30 4 X5] = 370 4 [P, X;] ® P_j. For the Pauli
string [P, X;] ® P_;, the j-th position is [P}, X;], which is either 0, or some Pauli operator
different from P;. But for the Pauli string [Py, Xi] ® P_j, the j-th position is P; if j # k.
Therefore, to ensure [P,i3°7_; X;] = 0, we need [P}, Xj] = 0 for all 1 < j < n. Therefore,
P; = X or P; = I; for all j.

Let P51y = Qrefn)— (s, Di> then [Pi 30 yep ZsZt] = 132571 [PsPr, ZsZ4) @ P54y
For the Pauli string [Ps Py, ZsZt] ® P_( 43, the s-th and t-th positions are [Ps P, ZsZ;]. But
for the Pauli string [Py Py, ZxZ¢] ® P_(. ¢y, the s-th position is Ps or the ¢-th position is
Py if (s,t) # (k,{). Therefore, to ensure [P,i > yecp ZsZi] = 0, we need [PsPy, ZsZ) = 0
for all (s,t) € E. Since we have shown that Py, P, € {I, X}, we know that PsP, = I,I; or
PsP, = X Xy, ie., Ps = P, for any (s,t) € E. As G is connected the result follows. O

Fact 18. The operator ady is diagonalizable, for all H € b’

Proof. H has the form H = 3 ;c;jM;, where ¢; € C and M; € su(2"). Each M; is
diagonalizable, and diagonalizable operators that mutually commute are simultaneously
diagonalizable. Therefore H is diagonalizable. The result follows from that fact that,
for g a matrix Lie algebra over C or R, if H € g is diagonalizable then ady : g — g is
diagonalizable (see e.g.,[71]). O

Fact 19. All Cartan subalgebras of a complex semisimple Lie algebra have the same
dimension.

Proof. This follows from the fact that, for any two Cartan subalgebras hi,hs of a com-
plex semisimple Lie algebra £, there exists a bijective linear map ¢ : € — ¢ satisfying

[6(A), p(B)] = ¢([A, B]) and ¢(h1) = b (see e.g, [65]). -

Fact 20. Let g = g1 Dga2®---Dgi be a complex semisimple Lie algebra, with the g; simple.
If b; is a Cartan subalgebra of g;, then b = b1 @ o @ --- D by, is a Cartan subalgebra of g.

Proof. Elements in the same h; commute as bh; is a Cartan subalgebra. Elements in different
h; and h; commute because of the Lie algebra direct sum definition. This b is also maximal
Abelian because any other element x1 4 --- + x; with x; € g; cannot commute with any
h; with z; # 0—otherwise b; is not maximal and thus not Cartan subalgebra in g;. By
Fact 18, ady is diagonalizable. O

Fact 21. The dimension of any simple complex Lie algebra is at least three times the
dimension of its Cartan subalgebra.

Proof. Follows directly from Theorem 14. O

B Cycle Graphs - Verification of Commutation Relations

Here we prove Theorem 28, restated below, by showing that the {Uy, Vi, Hy } vectors satisfy
the sl(2,C) commutation relations. Throughout this section, we will use g to denote g¢,, -

Accepted in {Yuantum 2026-05-25, click title to verify. Published under CC-BY 4.0. 32



Table 3: Extended Pauli orbit-sums.

Range of integer k ‘ (—o0, —1] -1 [0,n—2] n—1 [n—1,+00)
Y XFYy ZX 27 X YXFy X1 Zzxk2z
ZXkz YXk2y _x zXxkz Xn1 yXx¥ok2y
YXkZ —YX k27 0 YXkZ 0 —_Yy X2n—k-2g7

Table 4: Commutators of extended Pauli orbit-sums.

[ | Y XY zZX'7 YXtZ
Y XY 2y Xs 17 —2Y X7 4(ZX5 17 Y XY
7X°7 2y X5tz 2y X517 A(ZXxtsH 7z — Yy X1y
YX5Z | A(YXUHsHY — ZzXs71717) (Y X*717lY — ZX!+st17) 0

Theorem 28 (Explicit isomorphism). For each k =1,2,...,n—1, let

H, S LN gin My xi-1y
2n =
def 1 o —ik(j+1)m/n i—1 ikjm/n j
Un €~ (e J . ) L ZXJZ),
nj:()
def 1 = ik(j+1)m/n i—1 —ikjm/n j
VS S (MUY XY e Tz X0 7).
n -
J=0

Then, {Ug, Vi, Hy : k =1,2,...,n— 1} is a canonical basis for [g, g]c.

For ease of later computations, we first extend the definition of Pauli orbit-sums. Recall

that the orbit-sums Y X*Y, ZX*Z and Y X*Z (see Table 1) are only defined for k =

0,1,...,n — 2, with the exceptions of Y X~V % _X and ZX" 17 ¥ x71. Now we

extend the definition to all integers k.
Definition 40. Define the extended orbits Y X*Y, ZX*Z and Y X*Z as in Table 3.

By definition, these extended orbit-sums have a period of 2n: Y X*Y = Y X?t+ky
ZXk7Z = ZX> k7 and YXFKZ = YX?"*Z for any k € Z. By direct calculation, the
commutator relations of these orbits can be computed as in Table 4, which generalizes
Table 1.

We will also use the following elementary facts.

Fact 41. For any o, 3,0/, ' € R,

catfta’+p a+p—ao —p | epra-p
ey B ﬁ-}-@'elf

. -, )
e sin B+€'* sin ' = —ie 5 5

COSs

Fact 42. Let 6 = kw/2n for some integers 1 < |k| <2n—1 and n > 1. Then

n—1

Z cos(2j +1)8 = 0.
=0

We are now in a position to prove Theorem 28.
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Proof of Theorem 28. The canonical basis in Theorem 28 has 9 commutator relations to
verify (Eq. (15)): three within each {Uy, Vi, H} and six across different sets {Uy, Vi, Hy }
and {Uy, Vi, Hy} (namely (U, Ugl, [Uk, Vil, [Hy, Udl, [Vk, Vil, [Hg, Vi], and [Hy, Hy] all being
0). We can prove these by directly computing the commutators, which involves elementary
but tedious manipulations of trigonometric identities.

(1) [H, Uyl =0 if k # ¢ and [Hy, Uy| = 2Ug. Plugging the definitions of Hy and Uy into
the commutator [Hy, Uy] and using Table 4, we have

n—1ln—1 k?

[Hk, Ug - _ Z Z 2(q+1)7f

Ty xpra-ly _ gxp-i-lg)
n
q=0 p=1

4 e sin @(YXP—Q—QY — ZXPr7)).
n

According to the definitions in Table 3, Y X*Y % 7 x2n-k=27 and zxkz & v x2n—k-2y
itk >n—1and YX*V & Z2X*27 and Zzx*Z ¥ y X—5-2y if k < —1. Therefore,
we transform (1) YXPHa—ly — ZX?20=P=4=17 and ZXPH1Z - Y X2 P=972Y ifn — ¢ <
p<n—1;(2) ZXP971Z 5 YXPHIY and YXP42Y - ZX PHZif1<p<q In
this way, [Hy, Uy can be written as follows, where the four lines correspond to the four

terms in the RHS of the above equality of [Hy, Uy]. (We also slightly adjust the range of
the p to make the inner summation over ¢ in a legal range.)

[Hy, Uy
. n—2n—qg—1 — —
:%(Z Eq: eiiWsi kp 2y xrtaely 4 Z Z qﬂ)ﬂ si @ZXQ"*I’*(HZ
n q=0 p=1 q=1 p=n— n
n—1
LS e i BTy ety Z Z e iqff)" sin M 7 xv-0-1 7
a=1p=1 q=0 p=q+1 n
n—1 q tqn kp n—2 n—1
+ Ze n sm—ZX p+qZ+Z Z e - sm YXp -2y
q=1p=1 q=0 p=g+1
n—2n—q—1 k‘ n—1 n—1 tgn
-3 Y LRzxrtig =3 Y @ sinLny XMooy,
q=0 p=1 g=1p=n—q

Now we change the inner variable p to j to transform all Y XY terms to Y X7~1Y,
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and all ZX " Z terms to ZX7Z. Then we can obtain that

LSS e kG-
[Hy, Uy = (Z Y e sin Ly xitly
q=0 j=g+1 n

ol Ck@2n-q—j—Un

FRaCas L .
+ Z e sin ZX7
=1y

n

—1q—1 .
- it G FA= Ty vy

—1j=0 n
—2n—q—2 .
LgtD)m k 1 .
Z it Kt at DTy
n
—lazl AgqTm n—2mn— Eqﬂ' q—'—]—'—l)ﬂ' .
n &5 i M=) ZXJZ+Z Z e'n sin —————YX/7ly
]:0 ¢=0 j=0 n
-2 n—1 .
Z itar SlnMZXjZ
4=0 j=q+1 n
n—1 n—1 .
- k(n—q—j—1 .
—Z Z i sin L )WYXjle).
q=1j=n—q n

We add the following four terms which are all equal to 0 to the RHS of the above equation:

e_ié(thr sin MYX‘]_1Y, e_iaqtl)ﬂ sin Mn—g=1)—q- 1)WZX”—‘Y—lZ,
n n
s k —_— . ™ k - - 1 1
eléqT sin MZ)(QZ7 el% sin ((n q ) + q + )YXn_q_QY

n n

Then we have

. n—1n—1 . y
it k(j —q)m st k(j+q+ 1w i—1
U = 5y 3 5 (e 5 sin MU OT | gt BU A0 DTy iy
Jj=0¢=0
0 )T k} —7—qg—1 s k —-J j
+(e”%sin ol )W—FeZ%SIDM)ZX]Z)'
n mn

Using Fact 41, we can obtain that

[(Hy, Up) =
. n—1ln—1
i B =Or (k+0)(2¢+ 1) . _(k@i+H+ox (k—=0)(2¢+ 1)m i1
5 Z Z cos +ie " In coS )YX77Y
2n i=0 a=0 ( 2n 2n
(—ie (@itron —(k + 6)2(2(1 + )7 L= L (k — E)é2q + 1)7T)ZX]-Z).
n n

By Fact 42, we know that if & # ¢, then >_" éco (kﬂ)gw = 0 and thus [Hy, Uy] =0
If k =/, then ZZ;& cos % =0 and

1 n—1

[Hy, Uy] = (emhtiminy X7ty him/n z X 7) = 20

2n0
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(2) [Hk,W] =0ifk 75 ¢ and [Hk, Vk] = —2Vk.
Plugging the definitions of Hj and V; into the commutator [Hy, V;] and using Table 4,

.k
Ho V=23 % (5 sin 2T (v xpra-ly - zxv-i-lg)
2n =0 p=1 n
. kpr
+ e sin L1 (Y XPUO2Y — ZXPH7)).
n

According to the definitions in Table 3, v Xy € g x2-k=27 and zxkz €y x2n-k-2y
if £ >n—1and YXFV ¥ ZX#27 and 2X%Z ¥ yX—*2y if k < —1. There-
fore, we transform (1) YXPti-ly — ZX20=P=4-17 and ZXPH1Z — Y X2 P-472Y if
n—q<p<n-—1; (2) ZXP7971Z - YXPTlY and YXP972Y — ZXPtiZ if
1 < p < q. In this way, [Hg, V;| can be written as follows, where the four lines correspond
to the four terms in the RHS of the above equality of [Hy, Vp]. (We also slightly adjust
the range of the p to make the inner summation over ¢ in a legal range.)

[Hy, Vi

S
&
S
<
L

I
|
B

[\o}
g

—_

. -1 n—1
datnn o kpT 3 jtatr  kpm g
e sin SRy Xty — o 3T ST T sin Szl
n

_I._
DN
gl
[\]
T
_= O
MQ”ﬁ
a

i G kpm Py x—rta- 1Y+27.2 i sinkplZXp -1z
n

70
I
T
—_
Ji
o
)i
Q
+
—

7r k
e_’[qT smﬁYXp -2y

+ |
IR
3 ~. 3 ~
[\] no
Q 3 9
I Il
(e} [N
3
. 1M
Il Q =
= | c'c
—
s\?
3
@\,
=
: »?
3
»
|
=
+
£)
N
-~
=)
sz 11
Il o
— — s
3 Il
I 3
3 +
| —
[}

Now we change the inner variable p to j to transform all Y XY terms to Y X7~1Y, and
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all ZX " Z terms to ZX7Z.

. n—2 n—1 ]
g+ D)7 k(j — '
[(Hy, Vi) = — # el% sin Myxf_lY
n q:O ]:q+1 !
A S S SNt it RN LPP
2
2n g=1 j=n—q "
. n—1q—1 ]
i o i MU ATy iy
2n2 o n
L SIS itz KRGt a+ DT
2n? q=0 j=0 !
. n—1q-1 ‘
x k(q — ‘
v eI smMZX]Z
2n? a=1j=0 "
. n—2n—g—2 ]
i itz o Klar i+ Dmy oy
2n2 =0 i n
n—2 n—1 .
Lqm k B j
R S ST CETIL I
n q=0 j=q+1 !
-1 n—1 ]
+Ln N it KCn—j—q DTy
2
2n q=1j=n—q "

We add the following four terms which are equal to 0 to the RHS of the above equation:

AR G KA Z Oy gy, tete o R Zg 2 ) 2 g Z DT ) g1y
n n
7 k(g — tqm k(n—q—1 1
e ’LZ;ZL sin MZXQZ’ e—ZeqT Sin ((n q ) +q+ )YXn_q_2Y
n n
Then we have
. n—1n-1 . .
1 et k(j—q)m e k(F4+q+1) i1
[Hlm‘/é]:_ZnQZZ(Cl n SIHT'FG o Slnn>YXJ Y
7=0 g¢=0
. n—1n—1 . .
i et k(fHqg+1)m _jean . k(j—q) ;
—I—WZZGZ " smTjLezn s1nn>ZXJZ.
7=0 g¢=0
According to Eq. (35), we can obtain that
[Ehnvﬂ
i "= 1n—1
RIS (L—k)(2¢+1)m . @—kEj+D)r L+ k)(2¢+ 1)m 1
=90 Z Z ( cos 5 +ie' on cos o )YXJ Y
j=0 ¢=0
. n—1n-1
(i1 + O (k+0)(2¢+ 1) . ;¢=k@j+i)r (L—Fk)(2¢+ 1)m ,
2n2 ;)qz:o (—ze cos 57, +ie' o cos o™ )ZXJZ.

By Lemma 42, we knovv that if k # £, then Zq o COS W = 0 and thus [Hy, Vy| = 0.
If k = ¢, then "7 cos % 0 and

[Hy, Vi] = —— Z ( ik(G+DT/ny -1y e_”“”/"ZXJZ) — 9V,
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(3) [Uk, Vi) =0 if k # ¢ and [U, Vi] = H,
First, we prove that [Uy,Vy] = Hy. Plugging the definitions of Uy and Vj into the com-
mutator [Ug, Vi| and using Table 4,

n—1ln—1

1 _k(p—ow k(p Qm 1
[Ukavk]:WzZ((e L — e )YXP -tz
p=0 q=0
4 (e*ik<p+i+1)ﬁ _ eik<p+:zl+1)rr )YXp+qZ).
Then we can obtain that
. n—1n—1
k k 1
(U, Vi] = — QZZ(SIHMYXP 1y 4 gin meerqz)_
n n
p=0 ¢=0

According to the definition in Table 3, YX*Z & v X%27if p < —1 and YXF7Z &
—YX2 k=27 if b > n— 1. we transform YXP~ 117 —» _y X Pte-ly ifp<qg<n-1
and YXPT1Z — — Y2 P97 27 ifn—p—1<q<n—1. Then we have

[Uk, V]
. n—1p—1 n—1n—1 )
= 4n2(ZZsm (p— o) Yy Xxra- 1Z—|—ZZsm kp — g)m (Y X Pra-ly)
p=1¢=0 p=0 q=p
L p+q+1) k(p+q+Dm
—G—Z Z sin ————— Xp+qZ—|—Z Z sin—(—YXZ”_p_q_2Z)>.
p=0 ¢=0 p=0 g=n—p—1 "

For the terms Y XP~9~1 7 Y X Pta-17 Y XP+17 and Y X?"~P~972 7 we replace them by
term Y X7~1Z. Therefore, we have

i n—1 p k‘ . n—1n— .
Uk Vil = = 75 (X Y sin =y X~z = 37 Z sin — Y X/17
p:l 7j=1 p=0 j=0
n—2 n— ,7 )
+ Z Z sin YXJ lz — Z Z SlIl = Ny XiT 1Z)
p=0j=p+1 p=0 j=n—p
The above equation can be simplified as
] kjm
1 1
[Uk, Vi] = (Znsm Y X7~ Z—i—jz%nsm TYXJ Z)

Cnel g |
L Z sin 2y xi-lyz — H,.
n “— n

Second, we prove that [Ug, V] = 0 if k # (. For any z,y € {U;,V; : 1 < j <n-—2}
[z,y] can be represented as [z,y] = >V, 2 ;Y X7 Z based on Table 4 and definitions of
U;,V;. Then for any 1 < k <n —1,

-n2n1

[Hg, [z, y]] i (H, YXIZ) = —— z% Z a; sm
j=0 Jj=0j=1

Tlyxilz,YXiz] =0, (36)
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since [Y X712, Y X7Z] = 0 (Table 4). According to [Hy,Uy] = 2Uy, [Vi, Hy] = 0, Eq.
(36) and Jacobi identity, we have

(Ui, Vil = —5 Ve, [Hi, Ukl) = 3 [Hi (Ui Vil + 3 Uk, Ve i) = 5 [Hi, [V, Vl] = 0.
(4) [Uk, U] =0 and [V, V] = 0.

If k = ¢, then [Ug,Us] = [V, Vo] = 0. If k # ¢, based on [Hy, Uy] = 2Uy, [Hy, Vi = =2V,
[Hy, U] = [Hy, V] = 0, Eq. (36) and Jacobi identity, we have

—_

e, (U, U] = 0

Vi Vi, Hel) = =5, [Vi, Vi) = 0

[Uka Uf] = 7[Uk7 [va UEH = —%[Hg, [Uf? Uk“ - [Ug, [Ukﬂ HZH =

[\V]
N |

%[He, Ve, Vil] +

Ve, Ve = _%[Vlm [Hy, Vil] = %

(5) [Hy, He| = 0. )
Based on [Y X717 Y X7 ~1Z] = 0 (Table 4), we have

n—1n—1 E

[Hy, Hy) = Z Z sm—sm

Jj=1j'=1

[YXJ 'z, vyxi—lz]=o.

C Cycle Graphs - Other Proofs

This sections includes proofs of Theorems 15, 16, 29, 31; Facts 18-21, and Lemmas 24, 30.
We also show how to derive Eq. (24), that shows that A; = 16 cos(jm/n), and Eq. (27),
which expresses the H), operators in terms of the Y X7Z operators. Throughout this
section, we will use g to denote g¢,, .

Theorem 15. Forn >3, dim(g) =3n—1, and B={X, X" 1, ZX!Z, YX'Y,)YX!Z : t €
{0,1,...,n —2}} is a basis of g.

Proof. Define a Lie algebra s def spang B. Since the elements in B are all summations
of distinct Pauli strings, they are orthogonal (with respect to the Hilbert-Schmidt inner
product (A, B) = tr(ATB)), and thus also linearly independent. Therefore dim(s) = 3n—1,
and what remains is to show that g = s.

1. The inclusion g C s. Note that both generators X and ZZ are in B. Table 1 shows
the actions adx and adzz on the elements in the basis B, and the actions can be verified
by direct calculations. We can see from the table that the actions map each basis element
in B to within s. Since g is generated by repeated applications of adx and adzz to the
generators (as in Algorithm 1), ({X, ZZ})1ier C s.

2. The inclusion s C g. We need to show that all the basis vectors in Eq. (7)
can be generated from X and ZZ. Using the notation in Table 1, it suffices to show
that (1) ZX'Z, YX'Y and YX'Z can be generated for all t = 0,1,...,n — 2, and (2)

zx717 % xn=1 can be generated.
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When t = 0, YX' 'Y and ZX'Z are the generators X and ZZ. The claim follows
from the following relations, which hold for all t =0,1,...,n — 2:

1
YX'Z = 5[X, zZX'7),

1
YX'Y =ZX'Z + Z[X YX'Z7),

ZXMz =yXxtly + = [ZZ YXtz].

Theorem 16. The Lie algebra g has a 2-dimensional center ¢ = spang{ci, ca}, where

o2 n=3
2 2
=—-X+> (ZX*"'Z+YXH*Y), and e =X""'+ > (ZX*Z+YX?Y)
t=0
if n is odd, and
i 552
a=X"1-X+> ZX*'Z+YX*Y), and cx=> (ZX*Z+YXY)
t=1 t=0

if n is even.

Proof. Any H € g can be expressed as a linear combination of the basis vectors, viz.,

n—2
H=0oX+)Y (B14Z2X'Z+ oY XY + B3,YX'Z) + X', for o, Bjk, 7 €R.
t=0

It is easily verified by induction (and Jacobi identity) that H € c¢ if and only if [X, H] =
[ZZ,H] = 0. Using Table 1:

n—2
(X, H] = ofX, X]+ Y (Bl X, ZX' Z) + Boy[ X, Y XY ] + B34 [X, Y X' Z]) + ~[X, X" 7]
t=0

|
N

n n—2
= 2By — b)Y X'Z+ D 4B (YX'Y — ZX'Z)
t=0

~+
I
)

As the basis vectors are linearly independent, [X, H] = 0 requires that
/Bl,tzﬁzty /63,15:07 Vte {07177n_2}
To simplify notation, let 8y, := B1x = Bak. Then H = aX + X 2(BiZXZ + Y X'Y) +
vX"~ 1. Again, from Table 1:

n—2
(ZZ,H) = a[ZZ, X]+ Y (B[22, ZX"Z) + B[22, Y X'Y])) + ][22, X"
t=0

n—2
=-2aYZ -y 28,YX"'Z+ Z 28, Y Xt Z — oy X727

t=1 =0
n—3

—2(a+ )Y Z + Z 2(Bt—1 — Be41) Y X' Z 4+ 2(Br—g — 7)Y X" 2Z
t=1

Accepted in {Yuantum 2026-05-25, click title to verify. Published under CC-BY 4.0. 40



Forcing [ZZ, H] = 0 gives that

a+p1 =0, Buns3=7, and fi—1 =P, VE=12,...,n—3.

If nis odd, then —a =31 =83 =--=pfu=Pp2and fo=PF2=--- =By 5= Pn3=
7v; if nis even, then —a=p1 =3 ==, 5=Pp3=7vand fo =P = = Ppa =
Bn72~ O]

Lemma 24. Consider a matriz Lie algebra g C M, (C) over the real field R, and its
complexification gc.

1L Ifg=g1® @ gn, then gc = (g1)c © -~ D (gn)c-

2. Conversely, if gc = ¢ @ -+ ® g, for some complex Lie algebras gi,...,q.,, then
0=019 D gn, and (gj)c = ¢ for each j=1,...,n

Proof. 1. Suppose that g = g1 @ --- ® g,. Take any basis B; for vector space g;, and
combine them as a basis B = By U--- U B, for vector space g. Then each element
A in g is a block diagonal matrix diag(Ai,...,A,) under this basis B. By the
definition of complexification, gc contains the matrices A + Bi where A, B € g. But
A+ Bi is exactly diag(Ay + Bii, ..., Ay + Byi), which form the complex Lie algebra

(g1)c @ @ (gn)c.

2. Suppose that gc = g} @ --- @ ¢/, for some complex Lie algebras g/,...,g,. Again,
take the basis B} for vector space g, and combine them as a basis B’ = BjU---UB,
for vector space gc. Now take any matrix A € g, and write it in blocks as A =
[Ajk]jken), Where Ajp is the (j, k)-th block of A. Since the complexification gc
contains all matrices A+ Bi where A, B € g, in particular, it contains A+ Ai. For each
off-diagonal block (j, k) with j # k, A + Ai inside this block is A, + Ajii. Suppose
Aji, = B+ Ci with B, C both real matrices. Then A, + Ajpi = (B—C)+ (B+C)i.
Since all matrices in g¢ has 0 off-diagonal blocks, we know that B—C = B+ C =0,
which enforces B = C' = 0. Therefore, any matrix A € g has all off-diagonal blocks
being 0. Therefore A = diag(Ay,...,A,), and thus g = g1 & --- @ g, for some
g1, - -, n, With matrices in g; inside g as a space, and g; = (g;)c-

O

Theorem 29. Let U}—{{Uk, Vi, H} be a canonical basis for [g,glc = @,_,5(2,C).
Without loss of genemlzty, any two elements A, B € [g,g|c can be expressed as

n—1 —
A=Y (05 + "V + ol 1), Z (b0, + Ve + 6 ) (16)
j=1 j=1
with ag-u), ag-v), ag.h), bg»u), bg-v), bgh) € C for all j. Define, for each k € {1,. — 1},

0]§mk7ck) — [Hk; _CZ (A-|— e—iﬂka)} ) Vk(mwk) ) [Hk, o (A+ e“rka)} (17)

where my,c, € R,e, > 0. Then, UiZ {Ukmk’ck) Vk(mk’c’“),Hk} is a canonical basis for
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g, glc if and only if

af" + eimmp") — o, (C1)
('U) + e—iwmkb(v) — 0 (02)
(“) + eI £ 0, (C3)
ol 4 ) 2 (C4)
ck =4 ( (U)b,(gu) — agﬁu)b,(:)) (ei”m’“ — e_i”m’“) . (C5)
Proof. From the sl(2,C) commutation relations we have
n—1
Hk; Z |:Hk7 ] U + a(’U)V + a( )H] =2 (a](cU)Uk - a/](g,U)Vk) ’
7j=1
(Hy, B (b(“ Uk—b”)V)
It follows from Eq. (17) that
~(my,c 24 u —q u v —itm v
o) = == ((af + e Ug = (af) + el ) V), (37)
c
cr(myg,c 2 u immy, 1, (U v irm \V
Vk,( ks ’“):?Z((a,g)—i-e ’“b,(f))Uk—<a,g)+e kb,(f))Vk), (38)
and thus
[Hk, U]gmk,Ck)] _ C (( (u) + e—wrmkb( )) Uy, + (a]gv) + e_imnkb,(:)) Vk) ,
mien)y _ A () i () () | gimmi ) 17
[Hy, V, ] C((ak +e 3 )Uk—i-(ak +e 3 ) k)
The requirements that [Hk,vk(m’“’ck)] = —QIN/k(m’“’C’“) and [Hk,(?,gm’“’c’“)] = 2U,£mk’ck) give

Eq. (C1) and Eq. (C2), respectively. However, if Eq. (C1) and Eq. (C2) are satisfied, then
Eq. (C3) and Eq. (C4) must also be true, otherwise one or both of Uy, V), will be zero.
Next, we consider

[Uémk,ck)7 Vk(mk,ck)]

:é ( ( (w) b kab( )) (ag)) 4 6i7rmkb§€v)) + (a;u) + e”mkbéu)) (ag)) + e_iﬁmkb,(g’)>) H;

() — a2 (et — e,

and Eq. (C5) follows from the requirement that [U(m’“’c’“), ‘N/k(m’“’c’“)] = Hy.
In the other direction, if Eq. (C1) to Eq. (C5) hold then the sl(2, C) commutation rela-

tions Eq. (15) are satisfied by ff,gm’c), Vk(m’c), Hy, for all k € [n—1], and we see from Eq. (37)
and Eq. (38) that Uém’“’c’“) and Vk(mk’ck) are proportional to Uy and Vj, respectively, and
Nnon-zero. O

Lemma 30. For A=X,B=27, and any k € {1,2,...,n — 1},
k—1
(AB)F =3 e ;YX'Z, (18)
7=0
where the ¢y j can be computed from the recursive relation cyj = 8(ck,17j,1 + ck,l,jﬂ),
with initial values c19o = 2 and coj = 0,Vj € {0,1,...,k}; and c; = 0 if k ¢ [n] or

¢ 10, k—1}.
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Proof. The proof is by induction on k. For k = 1, we have AB = [A,B] = 2Y Z. For
kE = 2,...,n, assuming that (AB)¥1 = Zk 2ex1,YX7Z, we can directly calculate
(using the rules in Table 1) that
k—2
(AB)F = AB(AB)" ' =) "dep14[X, ZXH Z — Y XT71Y)
7=0
k—2 ' '
=> 81, (YXITZ+YXI7' 7).
j=0
Noting that cp,—1 = cx—1 k-1 = ck—1,, = 0 and YX~1Z =0, we obtain
k—1 ) k—1 ) k—1 )
(AB)k =8 Z Ck:—l,j—IYX]Z + 8 Z Ck—l,j—&—lYX]Z = Z 8(Ck_17j_1 + Ck—l,j+1)YX]Z7
j=0 j=0 j=0

as claimed. O

The recursive relation for the coefficients ¢ ; in Lemma 30 be solved to give an ex-
plicit formula, as shown in the next lemma. In the proof, we will use the tridiagonal
Toeplitz matrix T}, (a, b, ¢), whose subdiagonal elements are all a, diagonal elements are all
b, superdiagonal elements are all ¢, and all other elements are 0.

Lemma 43. For any (k,j) with 1 < k < n and 0 < j < k — 1, we have (AB)* =
i OckJYXJZ with
22+ Djm  jm

sin ~—=— gin = cos" " —,
o n n n

where T is the tridiagonal Toeplitz matriz T = T,-1(1,0,1).

Proof. Define an (n—1) x (n—1) matrix C’ with the (k, j)-th entry being ¢ j_1. Let T be
the tridiagonal Toeplitz matrix T' = T,,—1(1,0, 1), whose subdiagonal and superdiagonal
elements are 1, and all other elements are 0. The recursion in Eq. (18) can be then
rephrased as (k|C’ = 8(k — 1|C'T}; indeed the j-th entry of the RHS is

n—1

/
8 Z Ck 1J/T/ =8 Z Ckflyj/*lrj/,]’ = 8(Ck,17j,2 + Ck*l,j) = Ckj—1 = Cij,
J'=1

cry =28 T ) =

the ]—th entry of the LHS. Repeatedly applying this yields

n—1
= (k|C"j + 1) = 8T UCT i+ 1) =851 3 O (T ey = 2851 (T )y,
t=1
where in the last equality we used the observation that the first row of C is (2,0,...,0).
The power of T can be computed by its spectral decomposition, which is well known
to be T = Y77} pjlvj)(v;| with eigenvalues p; = 2cos ] and (normalized) eigenvectors

lvj) = \/72 i sin ”“ |7'). The power of T'is thereforeT’“_1 P {261 cosh =1 Iy, (v,
and

n—1 . . . .
1 gk - - 2 (+jm j'w
c ':2-8k1Tk1 . :216k1 Cosklji—su'lisnli
¥ Gau X e 2 W
94k—2 n—1 1) -/ ./
= g sin 7(‘7 + i sin J 7 cost 1 J—W.
noio n n n
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To prove Theorem 31 we will make use of Vieta’s formulas and the Cayley-Hamilton
theorem:

Lemma 44 (Vieta’s formulas, [72]). Let P(z) = Y"_ a2’ be a degree-n polynomial with
coefficients a; € C, and let z1,...,z, € C be the roots of P. Then, for 1 <k <mn,

(—1)kan_k/an =o0k(z1,. -+, 2n),

def , ,
where o (21, ., 2n) = D1<ji<joc<in<n i1 %ia % 18 the elementary symmetric poly-

nomial of degree k.

Lemma 45 (Cayley-Hamilton theorem, [73]). Let A € C"*" be a square matriz, and
pa(A) = det(AI — A) its characteristic polynomial. Then ps(A) = 0.

Theorem 31.

(AB) = 5" ar(AB), (20)
1

3
I

B
Il

where
ap = (—1)"_k+10n,k(16 cos(m/n),...,16cos((n — 1)m/n)),

with oy the k-th elementary symmetric polynomial in n — 1 variables.

Proof. For any fixed k consider the vector ¢ def (Ck0y-- - c;m_g)T, where ¢y, ; are the coeffi-
cients in Lemma 43. Note that T' = T,,_1(1,0, 1) is symmetric, therefore the Proposition 43
shows that ¢, = 2- 87 1T*e)). Let pr(A) = A"~ — 2722 di\* be the characteristic
polynomial of 7. By Vieta’s formulas (Lemma 44), we know that

n n

—1
dk = (_1)71*]60.”7]671 (2 CcOs za e 72COS (n)ﬂ-> ’ (39)

where we used the fact that the roots of the characteristic polynomial of a diagonalizable
square matrix A are just the eigenvalues of A. By Lemma 45 we have

n—2
T =" d TR (40)
k=0

Therefore, Lemmas 30 and 43 combined gives (AB)" = Z?;& 2.8 (Tt YXiZ.

Plugging Eq. (40) in and changing the order of summation, we see that

1,5+1

n—1 n—1
_ —k k=1 (k=1 '
(AB)" = kzz:lgn dk_l;)Z 8 (T )1,j+1 YXiz.

Now apply Lemmas 30 and 43 again to change it back to (AB)* form:

n—1
(AB)" =Y 8" *d,_,(AB)".
k=1

Finally, use Eq. (39) to replace dj, and absorb the factor 8"~* into the function o,,_j, we

get the claimed formula for (AB)". O

Fact 32. § © spanc{(AB), (AB)?,...,(AB)" "1} is a Cartan subalgebra of [g,g]c.
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Proof. From Lemma 30 and Table 4 it follows that (AB)’ and (AB)* commute. Thus b is
Abelian. From Lemma 30, each (AB)¥ contains an orbit Y X*~1Z that (AB)!, ..., (AB)*!
do not have. Thus, (AB)!,...,(AB)*~! are linearly independent, and dim(h) = n — 1.
Recall that [g, g]c is isomorphic to the direct sum of the n — 1 copies of s[(2,C), which
implies that any Cartan subalgebra is of dimension n — 1. Putting these together, we see
that b is a maximal Abelian subalgebra. By Fact 18, ady is diagonalizable, and b is thus
a Cartan subalgebra. O

Fact 33. The generators A = X and B = ZZ have no overlap in b, i.e., (A, H) =
(B,H) =0 for any H € .

Fact 34. A%2(AB)’ = B%(AB)’ = —16(AB)’.
Proof. By rules in Table 1 and Lemma 30,

k—1
AAAB)F = A dep;(YXIY — ZX7Z) = dey j(—2YXIZ — 2Y X7 Z) = —16(AB)*
Jj=0 j=
and
k—1 - . .
BB(AB)* = B 4, ;(ZX" M Z-YXI7'Y) = dey j(—2Y X Z—-2Y X7 Z) = —16(AB)*.
j=0 j

O
We now show how to derive Eq. (24), stated below as Proposition 46.
Proposition 46. For all k € [n — 1], \y = 16 cos(km/n).
Proof. Recall from Eq. (20) that (AB)" = >0~ ar(AB)*, where
ar, = (—1)" "o, (16 cos(m/n),..., 16 cos((n — 1)m/n),

and oy, is the kth elementary symmetric polynomial in n — 1 variables. Eq. (23) says that
(AB)k = 3"= = ! ]/\k 'H;, for all k € [n]. Combining these two expressions gives

n—1 n—1 n—1 n—1
Z Vj)\?ilHj = Z ag Zl l/j)\?ilﬂj = Z <)\31 ! Z ak)\k ) =0
j=1 k=1 j= j=1

Since (AB),(AB)?...,(AB)"! are linearly independent, from Eq. 26 we see that the

Aj must be distinct and the v; must be non-zero. Thus, for each j € [n — 1], /\?—1 -

n1a>\k‘1

[ =0, i.e., the A; are the n — 1 distinct roots of the polynomial equation

T +Z )" ok (16 cos(m/n), ..., 16 cos((n — 1)m/n)) z*.

By Vieta’s formulas (Lemma 44), the roots of this equation are
16 cos(m/n), 16 cos(2m/n), ..., 16 cos((n — 1)7/n)
and we are free to choose the ordering of the roots so that A\; = 16 cos(jn/n). O

Finally, we show how to derive Eq. (27), stated below as Proposition 48. We shall need
the following lemma regarding inverses of Vandermonde matrices:
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Lemma 47 (Inverse of Vandermonde matrix, [74]). Let Ai, A2, -+, An be distinct real
numbers and A = [Agy,] € R™™ with Ay, = )\fnfl be the Vandermonde matrixz. Then the
inverse of A is the matriz whose elements are

Un—m()‘[n]—k)

AT km = (=1)"7™ )
( ) ( ) H1§jgn,j;ﬁk(/\k - )‘j)

where Ajp—, = Ay -0 Ak—1, Akt 15 - -+ 5 Any 00(Ap)—k) 2t and 0 (Ajn)—k) s the elementary
symmetric polynomial of degree j for j > 1.

Proposition 48. For all k € [n — 1], Hy = — 5= >0~ | sin 87y x9-17.

Proof. Define C € R"=UX("=1) by €' = [¢; ;] where ¢ ; is as in Lemma 30. Define the
Vandermonde matrix A € R=Dx(=1) py Ap; = )\;‘5_1. Let N = diag(vi,...,Vn-1).
Denote the formal vectors

AB = (AB,(ABY,...,(AB)" 1T,

Y2 = (YZ,YXZ,...,YX"22)T,

H = (Hy, Ha, ..., Hy )T

Lemma 30 and Eq. (26) imply that

AB=C.YZ and AB=A-N-H, (41)

where \; = 16 cos(jm/n) and v; = 8isin(jn/n). Combining the two equations in Eq. (41)
gives

N.-H=A"'.C-YZ. (42)
To evaluate (A™1);,, we define the degree n — 2 polynomials
pe@) = I @@=, (43)

1<j<n—1,j#k
for 1 <i <n —1. Then Lemma 47 implies that

ne—lom Un—l—m()‘[nfl}fk)

A N = (—1 44
(A i = (1) S (14)
Putting this into Eq. (42), we have
n—1n—1 )
Vka = Z Z(A_l)kmcm’j_lyAXv]_lZ.
m=1 j=1

Substituting the ¢ values (Eq. (19)), the A™! values (Eq. (44)), and \; = 16 cos(jm/n),
we have

T 1 n 1-m .7r lm m—1 j—1
vpHy =— Z On—1—-m(A [n—1]— ) Zsm—& —/\ YX'7 Z,
n - pr Ak:)m 1j= 1
= JT I s n—1—-m m—1 j—1
)\ Z Z sm sin — Z (—1) On—1-m(Apm—1-) N Y X7 Z.
Npk k) j=1 £=1 L
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The coefficient of 2"~2 in the degree (n — 2) polynomial py(x) (Eq. (43)) is 1. For any
1</¢<n-—1and ¥ #k, )\ is the root of pi(z). By Vieta’s formulas (Lemma 44), py(zx)
can be represented as

n—1

pe(x) = Y (=1)" "o (A gm) ™

m=1

from which v H) can be simplified to

n—1n—1 Z]ﬂ’
sin 7 sin £Tpy (X) -
H = E E YX' ™ Z.
S n i P )\k)

Since pi(A¢) = 0 for all k # ¢, we have

n—1 k
v Hy — 4 Z sin =% sin —pk()\k)YXj_IZ _ 4sin(km/n) Z sip FIT kjm kiry xi-ig,
n pk()\k) n = n
and substituting v; = 8isin(jm/n) completes the proof. O

D Cycle Graphs - Purity Calculations

Here we prove Theorem 5, a proof of which was outlined in Section 4.2.4 of the main
text. We first need some preliminary results. Recall from the main text that, for any Lie
subalgebra s C g, Ps(p) = — o0 Ps(X + X(7D).

Lemma 49. For any Lie subalgebra s C gc,, take an orthogonal basis By, ..., Bs of s.
Suppose B; = 3y c;mH is the linear combination of B; in orbits H of n distinct Pauli
strings, and let c; be the coefficient vector (cj m)m. Then

Z\CJX+C]Xn1| - nZ!CJZZ!Z
5
2” HCJH% ’ HCJ||2

Proof. Let Bj = B;/||Bj||F, then By, ..., Bs is an orthonormal basis of s. Denote by Il
the orthogonal projection onto the subspace s. Then by definition

(X + X1, B2
Palp) = 477 X =7 (00 B =4 S S P BT
Jj=1 JIF

Bj is a linear combination of different (and orthogonal) Pauli orbit-sums, and only the
components of X and X"~ ! have contribution to the inner product in the numerator.
More specifically,

(X + X" B)) = (X + X" e x X + ¢jxn1 X" 1) =n2"(¢j x +¢jxn-1),

s (X, X) = (X" L X" 1) = n2" and (X, X" ') = 0. Finally note that ||Bj||% =
l|cjl|3n2™, therefore

n &l + e
Ps(p)zzinz ’ ]’2 .

j=1 HCJ ||2
Very similar calculations yield that

1 (22, B)) (22, ¢;2222)) cj.z22”
P (0) = |, ZZ|? . (i =2 I
+(0) n” 22 = ; 1B; HF ”Z lejlI3n2n Z lesllz

Jj=1
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Theorem 50. The purity of the initial state p and the measurement O in the center ¢ of
gc, 18
Pelp) = parity(n) /2"~ and  Pe(O) = 2"/n,

where parity(n) = 1 if n is odd and 0 if n is even.

Proof. Recall ¢ and ¢z from Theorem 16 such that ¢ = spang{ci, ca}:
n_1 n-3
2 2
c1=-X+Y (ZX*'Z+YX*Y), and ¢ =X"""+ Y (ZX*Z +YX*Y)
t=1 t=0
if n is odd, and

n—2 n—2

2 2
a=X"'-X+> (ZX*'Z+YX*Y), and o =) (ZX*Z+YX*Y)
t=1 t=0
if n is even.
Note that c¢; and c both have n orbit-sums all with 41 coefficients. Thus ||c1||3 =

[e2]|3 = n.

n odd: ¢ has X and no X" ! or ZZ; ¢, has X" ! and ZZ but no X. By Lemma 49,
we have

1 1 1 1 2"

P =g (b4 1) =g and R0y =2 (04 1) =2

n n

2n n AL n

n even: c; has a component of X”~! — X (which is orthogonal to X + X"~!) and no
component of ZZ; ¢y has a component of ZZ and no component of X or X"~ !. Again,
by Lemma 49:

n

_ 1 2
]

Theorem 51. The purity of the initial state p and the measurement O in the subspace g
of gc,, is
parity (k) 2"
ng (p) = W, and ng (O) = ;
Proof. The subspace g, = spang{ X}, Yi, Z),} as defined in Theorem 4. By Lemma 49 and
some basic trigonometrical identities, we can see that the purity of p is

2 2
k(n—1 k(n—1
n (Sln + sin %) n (cos % _ cos %w)
Py (p) = - 4+
Ok on n—1 (2 k(G+Dm 2 kjm on 1 5 kGt 1)m e
=0 (Sln —— +sin ) =0 (cos — == + cos T)
2 2
kT oog B=2)m kr oo k(n—2)w
n (2 sin 5 COS —5 n —2sin 5 sin o
2 ?:_& (2 sin? kﬁr) 2 J ~0 (2 cos? MTW)
2T cos? k(n=2)m 2 k12 k(n—2)m
_n. 4 sin Cos o n 4 sin 5 sin o
n 1 2k n 1 2%i
2 Y (1 —cos T) 2"y (cos KT 4 1)
n  4sin® i cos® 16(712;2) 4sin® X sin 16(712_2)7r
2” n 277, n
sin? %ﬂ _ parity(k)
- 271—2 - 2n_2 )
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and the purity of O is

2n
P, (0) = , |
" Z?:_& (0082 L]:l)ﬁ + cos? ]”T”)
2™ 2" 2"
= — — = —— , =—. (45)
Z?:& (2 cos? k]TW) Z?:& (cos %% + 1) n
]

We are now in a position to prove Theorem 5.

Theorem 5. For QAOA-MazCut on the n-node cycle graph, if the circuit is a unitary
2-design, then the expectation and variance of the loss function £(p,O;0) are

Bolt(p. 0:0)) = P2 g vargle(p, 0:)) = 2P 2

vn 3n

where parity(n) is equal to 1 if n is odd and O if n is even.

Proof. Let {¢; = ¢;/vn?2" : j = 1,2} denote the orthonormal basis of ¢, where c1, ¢y are
defined in Theorem 16. The p, and O, are p. = (¢1, p)¢1 + (€2, p)é2 and O, = (¢1,0)¢1 +
(C2,0)é,. Since ¢; and ¢ consist of distinet Pauli orbit-sums, we have
(0e00) = (&1, ) (@1, 0) tr((21)2) + (@2, ) (72, O) r((2)?)
<Cl, p) <01, O> 2 <627 P> <627 O> 2
= W tr(Cl) + W tr(Cz)

If n is odd, we can compute that (c;,0) = 0 and
—t
NZD

Therefore, tr(p.O.) = ﬁ if nis odd . If n is even, (c1,0) = (c2,p) = 0, which implies

(ca,p) = (X" L == X" 1) = —in, (cs,0) = (22,

5 Z7Z) = —iyn2", tr(c) = —n?2".

tr(p.O.) = 0. Directly computing Eq. (2) gives

Balt(p,0:0)] = tr(p.0) = 1)

Similarly, combining Theorem 51 and Eq. (2) gives

n—1 n—1 parity(k) 2n n—1 .
. _ Pg,, (p)ng (0) _ =2 n i : _ 2(n — parity(n))
Vary[{(p,O;0)] = kZ::l ~dimgy) kz::l — 5 =3, kz::l parity(k) = ™ .

O]

E Complete Graphs - Properties of Pauli Orbit-sums

Here we give proofs of Lemma 35, as well as Facts 36, 37, 38. In this section g will be used
to denote gg,,. We first prove the following additional facts (Facts 52-56) which will be
needed in this and other sections.

Fact 52 (“xlo = 00" ). For any fivedp, if XPY'Z" € [g,g] for all odd r, then XPY1Z" €
lg, 8] for all odd q and odd r.
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Proof. Fix an arbitrary p. We will prove the conclusion by induction on odd g. The base
case is just the assumption that XPY'1Z" € [g, g] for all odd r. Now, for any odd ¢ > 3, if
XPYd zr e [g, g] for all odd r and all ¢’ < g — 2, by Eq. (31), we have

[Xl, [Xl, Xpyq72z7‘+2]] =7 Xpyq74zT+4 +’YZ Xqu*ZZ""i’z +’}/3XquZT7 (46)

€lg.g] €lg.0] €la,g]

where y1 = 4(r+4)(r +3), 72 = —4(r+3)(¢—1) —4(g—1)(r +2) and 73 = 4¢(¢ — 1) # 0.
The LHS and the first two terms on the RHS are all in [g, g], thus XPY?Z" must therefore
also be in [g, g]. O

Fact 53 (“00e = oee”). For any fized odd p, if XPZ" € g for all even r, then XPY1Z" € g
for all even q and even .

Proof. Fix an arbitrary odd p. We will prove the conclusion by induction on even q. The
base case is just the assumption that XPZ" € g for all even r. For any even ¢ > 2, assume
that XPY9Z" € g all for all even r and all ¢ < ¢ — 2. Again Eq. (46) implies that
XPYZ" € g. O

Fact 54. When the number of vertices n > 3 is odd, Y?, X? € g.

Proof. From Fact 36, Y'Z! € g and therefore [X!,Y'Z!] € g. Since [ X!, Y'Z!] =
—47? 4+ 4Y?, we have Y? € g. Again, from Fact 36, X'Y'Z" € g for all odd r. Therefore,
[Z2,X1Y1Z"] € g. Then, using Eq. (32) we have

(22, X'Y'1ZY) = 4(n — 2)(X? - Y?) +8(X? 2% - Y?Z?) € g,
[(Z2, XWY1ZT) = 4(n —r = 1)(X2Z7 Y227 Y 4 A(r + 1) (X227 Y2727 e g,
[ZQ’lelzn—Z] — 4(X2zn—3 _ Yan—3) €y,
where 3 < r < n —4 and r is odd. Substituting the last equation into the second one for
r =n — 4, we see that X22"5 — Y2775 ¢ g. Substituting this in the second equation

for r = n — 6, and so on, until finally we get X222 — Y272 ¢ g. Now the first equation
implies that X2 —Y? € g. As Y2 € g, it follows that X2 € g. O

Fact 55 (“x1o induction on p”). For any fized p, if XP'Y'Z" € [g,g] for all odd r and all
p <p—1, then XPY'Z" € [g,g] for all odd r.

Proof. Fix an arbitrary p, and assume XP'Y1Z" € [g, g] for all odd +' and all p/ < p — 1.
From Fact 52, X?'Y3Z" € [g,g] for all odd ' and all p’ < p — 1. We prove the claim by
induction on r. For the base case r = 1,

(X1 (22, XP7WY 2] = 8pXPY' 2t 4 8(n — p) XP2Y I 2! a8 XP 2y 73
€ls.g €lg.g] €lg.0]
— R XP?Y? 7 = XPY'Z! € [g, 4],
N————

€la,g]

where all the “€ [g, g]” use the assumption that X?'Y1Z" ¢ [g, g] and the fact X?'Y32" ¢
[g, g] for all odd 7’ and all p’ <p— 1.
For the induction step, assume that XPY!1Z"~2 € [g,g]. Then
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(X1 (22, XP Y127 = A, XPY1 272 Al XPY L 2"
—_—
€la.gl €lg.0]
_i_,yé Xp72ylzr‘ +/YZI,L Xp72y3zr72 +7é Xp72ylzr+2 _’_,.yé )([)72}/3Z7“7
€lg.0] €lg.g] €(g,9] €[g,9]

which implies that XPY'Z" € [g,g]. Here v = 4(n — 7 —p+ 1)p, ¥4 = 4(r + 1)p,
Yo =8Mn—r—p+1)r,v)=-24n—r—p+1),4% =8(r+1)(r+2) and v = —24(r +1).
All the “€ [g, g]” use one of the assumptions and fact: (1) XPylzr e [g,9] for all p’ < p
and all odd +/, (2) XPY'1Z"" € [g,g] for all ¥ < r, and (3)XP'Y3Z" € [g,g] for all p’ < p
and all odd . 0

Fact 56 (“x0e induction on p”). For even n and any fized even p, if XPY1Z™" e g for all
odd v, and X?' Z™" € g for all even r”, all odd p' < p—1, then XPT1Z" € g for all even r.

Proof. It XP'Z™ € g for all even r”, by Fact 53 X?'Y2Z"" € g for all even . Then, for
all odd 7/, if 1 <7’ <n —p— 3, we have

[22’ Xpylzr’] _ ,.y?l"’Xerlzr’fl + ,yg’Xp+1Zr’+1 + 75' xp-ly2yr-1 +’y£l prly2z7'/+l7
N— —— N—————
€9 €g €g

and if ¥’ =n —p— 1, we have

[ZQ, Xpylzr'] _ ,yalzfplep—H Zn—p—2 + ,y;zfpfl Xp_IYQZn_p_2,
_,_/
€g €g

W =2n—r" —p)(p+1), A5 =20 +1)(p+1), A = —d(n—r'—p), A~ =40 +1)

for1 <7 <n-p-3and 'y?_p_l =2(p+1), 'yg_p_l = —4. Note that the case of
7" =n —p— 1 implies that XPT1Z"~P=2 ¢ g. (This case can happen as the parity of p, n
and ’ match.) Applying this to the case of 7’ = n —p — 3 gives XPH1Z7"P~4 ¢ g Again
applying it in turn to the case of ' = n — p — 5 gives XPT1Z"~P=6 ¢ g. Continuing this
process gives XPT1Z" ¢ g for any even r. O

We are now ready to prove the lemma and facts from the main text.
Lemma 35. For any p and any odd q > 3 and any odd r,
ady2(XPYI1Z") =Bradx1 (XPTYYI72Z7) + Brad 1 (XPTY T2 77+2) -
Baadx1(XPIYIZ") = Brady (XPIYIZ7H2) + Byad 2 (XPY T2 Z7H2),
where

m—p—gq—r+1)(p+1) _r+D+1)
q—1

q—1
r+1
Bs=n—-p—q—r+1, Ba=r+1, Bs = :

pr =

Y

Proof. Eq. (32) gives

[Z2,XPY 12" = a, XPHY 12771 4 xPHya-1zrtl

—1 +1 7r—1 —1 +1 7r+1
oz XPlyatlgr=l o xpolyatl gril
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where a1 =2(n—p—q—r+1)(p+1), aa =2(p+1)(r+1), a3 =2(n—p—q—r+1)(¢+1),
ay =2(q+ 1)(r +1). Thus,
(¢ —1)ady2(XPYIZ") — (r + Dady(XPYI2Z712) =
20¢-D(n-p—g-—r+Dp+)XPTYIZ 4 2(g - D(p+ 1)(r + DXPHY T ZmH
—2(n—p—q—r+1)(g—1)(g+ )XPYZ "1 —2(qg—1)(r + 1)(g + 1) XP 1y st zrtl
—2r+1D)(n—p—q—r+1D)(p+D)XPTYI 32 _9(r +3)(p+ 1)(r + 1) XPHy a3 7m+3
+2n—p—q—r+1)(g—1)(r+1D)XPyzm L o(g —1)(r 4+ 1) (r + 3)XP Lyt zr 3

Rearranging these 8 terms (pairing up terms 1 and 5, 2 and 6, 3 and 7, 4 and 8) gives the
O

result.

Fact 36 (“0lo,110,10e”). Y'Z" X'Y1Z" < [g,9] for all odd v, and X*Z" € g for all

even r.

Proof. We will show that Y1Z"=1 X1y177=! ¢ [g,g], X' Z" € g for all even r by induction
on 7. The proof is by induction on r. For the base case r = 2, we can easily verify (by
Egs. (31) and (32)) that

'zt = [X', 2%)/2 € [g, 9,

X122 = (22 Y24 - (n-1)X')2€ g

X'z =[x, X2 /2 € [g, 9.
Now for any r > 4, assume that Y1273 X'Y177=3 ¢ [g,g], X1Z"72 € g. Then,

122, X' 27 = —2n—r+2)Y' 2" 3 2(r —1)Y'27 7 > V' 27 € g,4),

N————
e[g’g} G[g,g]
22y =2 —r+ 1) X' 2724 4r X1 2" = X127 e g,
N—_—— 9
N————
€[o.0] ce
(XL x1zr) =2xv'z7' = X'y Zz7 € [g, 9]
[9.9]
€|9,9

Fact 37 (“x00” and “oee”).
1. XPY1Z" € [g,9], for any p and any odd q,r.
2. XPY1Z" € g, for any odd p and any even q,r, when n is even.
3. X'Y9Z" ¢ g, for any even q,r, when n is odd.

Proof.

1. By Fact 36, Y1Z" € [g, g] for all odd 7. Then Fact 55 gives XPY1Z" € [g, g] for all p
and all odd r. Finally, by Fact 52, XPY9Z" € [g, g] for all p and all odd ¢ and odd
r.

2. By point 1 above, XPY1'Z" € g for all p and all odd r. Fact 36 gives X'Z" € g for
all even r. Repeatedly applying Fact 56 then gives XPZ" € g for all odd p and all
even r when n is even. The result then follows from Fact 53.
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3. Fact 36 gives X' Z" ¢ g for all even r. The result then follows from Fact 53.
O

Fact 38 (linear independence). Let L x1 e {[ XY, XPY9Z"] : q,r odd}, L o {[Z%, XPY'Z"]
r odd}. Then, the vectors in L def Lxi1 U Ly are linearly independent, and |L| =
[Lx1|+ [Lz|.

Proof. We show that if

Z ap,q,r[Xla XPYIZ"] + Z /BPJ‘[Z27 XYz =0, (47)
p>0, g,r are odd p>0, ris odd

then all coefficients oy, 4, and 3, are 0.

1. Regime 1 (p > 0, odd ¢ > 3, odd r): We show this by induction on decreasing
values of ¢, i.e., we show that if o, 4. . » = 0 for all p,r, then o, 4, . 2, = 0 for all

p,r, and so on. The base case is ¢ = ¢max & —p— 1 —parity(n — p), in which case
r = 1. From Eq. (31), only [X!, XPYaxZ1] can contribute to term XPY maxtl
and thus Eq. (47) implies that oy g,..,1 = 0. Now assume that ., = 0 for all
p, all odd ¢’ with ¢ +2 < ¢’ < gmax, and all odd 7 with 1 < r < n —p—¢'. The
gl X, Xqu/Z’"] does not contribute to any term as the coefficient is 0. By Eq.
(32), only [X*!, XPY9Z"] can contribute to term XPY 41 Z"=1 for any p, ¢ > 3 and
1 <r <n—p—gq. Therefore, Eq. (47) implies that 4, the coefficient for XPY 97",
is 0.

2. Regime 2 (p > 0, ¢ = 1, odd r): This can be shown by induction on increasing
value of . The base case is r = 1. Since for all p, only [Z2, XPY! Z!] can contribute
to term XPT1 we see that 8,1 = 0. Since 8,1 = 0, only [X', XPY'Z!] contributes
to term XPY?2, which implies ap1,1 = 0 for all p. For all p, assume that ;1,2 =0
and B,,» =0 forall 1 <7/ <r—2. Since o1, = 0and 3,,» = 0, only [Z%, XPY1Z"]
can contribute to term XP*t!1Z"~1. Therefore, Bpr = 0 for all p. Since £, = 0 for
all p, only [X!, XPY1Z"] can contribute term XPY2Z"~1, which implies a1, = 0.

O]

F Complete Graphs - Explicit basis for odd n

Theorem 39 in the main text gives a basis for gx, when n is even. Here we show a similar
result for n odd. In the remainder of this section, we will drop the subscript K, and simply
use g to denote g, .

Define the following sets:

QY {XPY9Z": qand r are odd} U {X'Y9Z" : ¢ and r are even} U {X?,Y? Z?},

U, ¢ {XPY1Z" : g and r are odd}\({X'Y9Z" : ¢ and r are odd} U {Y'Z'}),

Uy & (XPY1Z7 ¢ ris oddP\({Y'Z" : v is odd} U {X 'Y Z"2}),
Vi ¥ Xt vethd,

Vo @ {[22,0] : ve Ua).

Note that Uy, Us € Q and Uy N Us # ().
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Theorem 57. When n is odd,

REQUVIUV,

is a basis for g, and dim(g) = & (n® + 6n? — n + 18).

Proof. Let t© & spang R. We will show that (1) |R| = %, (2) the basis vectors
in R are linearly independent, (3) g C ¢, (4) t C g. O
(1) Linear independence of R. Pauli string orbits corresponding to distinct value
of (p,q,r) are mutually orthogonal, and therefore vectors in @) and mutually orthogonal,
and vectors in {XPY9Z" : g and r are odd} C @ are linearly independent from, and
orthogonal to, those in V; U Vs (which are orbits consisting of even numbers of both Y and
Z operators). We now show that the vectors in QU{X? Y2, Z2} UV, UV, are also linearly
independent, and |Q U {X?2, Y2, Z2}UVi U Va| = |Q| + |VA| + |Va| + |[{X?2,Y2, Z?}|, where
Q := {X'Y9Z" : g and r are even}. To see this, note that if

S a0 XLYIZT Y e [XLXPYIZT 4 Y B, XTYZ

(g,m)#(1,1) p>2, q,r are even
q,r are odd q,r are odd
+ 3 XY Y (2 XPYIZT) 4 00X 4 GaY 2+ 322 = 0,
r<n—4, p>2
7 is odd 7 is odd
then

1. aggr =0 (for p=0, odd ¢ > 3, odd 7) and a4, = 0 (for p > 2, odd ¢ > 3, odd 7)
by the same argument as in regime 1 of the proof of Fact 38.

2. ap1, =0 (for p=0, ¢ =1, odd r > 3) since only [X*,Y1Z"] can contribute term
VARRS

3. Byr = 0 (for even ¢ > 4, even r) since only basis vector X1Y9Z" contributes term
X'Y9Z" for all even ¢ > 4 and all even 7.

4. y1, =0 (for p =1, odd r < n — 4) We show this by induction on decreasing values
of 7. The base case is 7 = n — 4. Since only [Z2, X'Y1Z"~4] can contribute term
Y2Z"3 then 41,4 = 0. Assume that Y =0 forallodd v/, r +2 <7’ <n—4.
Since v1,» = 0, only [Z?, X'Y1Z"] can contribute term Y?Z"*! and thus 1, = 0.

5. 0; =0 (j = 1,2,3) since, with 71, = 0 for p =1, odd r < n —4 (as shown above),
only vectors X2, Y2 and Z2 can contribute terms X2, Y2 and Z2.

6. api1,r=0andy,, =0 (for p>2, ¢ =1, odd r) by the same argument as in regime
2 of the proof of Fact 38.

7. Bgr =0 (for ¢ = 0,2, even r) since , with 7,, = 0 for p > 2, ¢ =1, r odd (as shown
above), only basis vector X'YZ" can contribute X'Y9Z" when ¢ = 0,2 and r is
even.

i.e., all coefficients o g7, Bp,rs Yp,r and 01, d2, 03 are 0.
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Table 5: Adjoint map on basis Q U V3 UV, of v when n is odd, where Q@ = U; UQ' U Q" (Eq. (48)).

Uy Q' Q" V1 Vo
(p,q,7) | *00 — 011 —1loo leeUloo 011U200U020U002 | C *ee C xee
i Vi QCQ QCQ Q Q
(by def) (parity) (computation) (parity) (parity)

Table 6: Adjoint map on basis Q U V; U V5 of t when n is odd, where Q = Uy U Ui:l Qr (Eq. (48)).

Uz Q1 Q2 Q3 Q4 Vi Va
(p,q,7) | p(>0)lo—11(n —2) p(>3)ooU1l(n —2) 0lo lee 200U 020 U002 | C xee C xee
ados Va uu@ Q3CQ Q U2 CQ Q Q
z (by def) (complicated) (computation) (parity) (computation) | (parity) (parity)

(2) |R| = 75 (n® 4+ 6n* — n+ 18). The above proof of linear independence of R also shows
that |R| = |Q| + |Vi| + |V2|. The cardinality of R then follows from the fact that

(n—1)/2 (n—1)/2 3 2, 11
Q=3+ Y tn—2a+1)+ > (t+1)=" +6n;; n+78
t=1 t=0
(n-1)/2 (n-1)/2 ,
—n—24
Uil =Vil= > tln—-2t+1)— Y 1= T
t=1 =1 24
(n—1)/2 )
-1 — 9 —
U] = Vel = 3 (n—2t+1)— " _1:%”3’
t=1

(3) g Ct. Asin the even n case, we will show that t is closed under both adx1 and adz.
Since both generators X!, Z? € Q C R, we have that g C t.

We summarize the proof that v is closed under actions adx1 and adzz in Tables 5
and 6. In these tables, the value of an entry, for instance, V; for entry (adx1,U;), means
that [Xl,P] € spang Vq for any P € U;. Unlike the even n case, here adx and adyz
impose different structures on the commutator tables, and we need to consider two different
decompositions of @),

RQ=UUQUQR"=0,UQ1UQ2UQ3UQ, (48)

where

Q ={X'YIZ": g+ riseven}, Q'={V'Z'X%Y? 7%
and

Q1= {XPYIZ" :qand r are odd, ¢ > 3} U{X'Y1Z"2} Qo= {Y'Z":ris odd},
Q3 = {X'Y9Z" : g and r are even}, Qs = {X% Y2 7%,

Again, the parentheses in the tables indicate the proof method:
e “by def™ adx1(U;) = Vi and adz2(Us) = V; hold by the definitions of V; and V5.

e “parity”: for instance, adx1(Q'") C spang @ because the value/parities requirement
for (p,q,r) for Q" is p =1 and g + r is even. Recall that ady: changes the parities
of Y and Z and keeps the exponent of X unchanged. Thus, adx1(Q) C Q. Other
“parity” entries follow in a similar way.
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e “computation”: these follow from direct computation of specific elements: adx1(Y'Z!) =
4Y? — 472, adx1(X?) = 0, adx1(Z?) = 2YZ and adx:1(Y?) = —2YZ. There-
fore, adx1(Q") C spang Q". For ady2(Qs2), take any odd r, ad,2(Y'Z") = 2(n —

) X1Zm 1 4 2(r + 1) X1 2™ € spang Q3. For ady2(Q4): ady(X?) = —2X'Y1Z1 €
spang Ua, adz2(Y?) = 2X1Y1Zt € spang Us, ady2(Z?) = 0. Therefore, ad2(Q4) C
spang Us.

e “complicated” adz2(Q1) is the only complicated case, which will be proved to be in
spang (V3 U Vo U Q). For any XPY1Z" € Q1 (i.e., ¢,7 odd, ¢ > 3), by Lemma 35 we
have

ady2(XPYIZ") = By adx1 (XPTY 72 Z7) 4 By ad 1 (XPTY 17227 12)
€spang V1UQ Espang V1UQ
— B3 adx1 (XP7YIZT) —Byadxi (XPTYYIZ"2) 4 Bsad 52 (XPY T2 Z7F2). (49)

€spang V1UQ Espang V1UQ

where f1,...,05 € R. The first 4 terms in Eq. (49) are all in spang V; U @) because
the orbits inside the adxi(:) are all in @ and adx1(Q) C spang(Vy U Q) (Table
5). The last term in Eq. (49) has Y’s exponent decreased from ¢ to ¢ — 2. Apply
Eq. (49) again to this last term, and continue this process until Y’s exponent drops
to 1, yielding an expression for adz2(XPY1Z") as 4(¢ — 1)/2 = 2(q — 1) terms in
spang V1 U @, plus a final term of the form ady2(XPY!Zat7—1),

We now show that ady:(XPY1Z977=1) € spang Vo U Q, and thus ad,2(Q1) C
spang Vi1 U VL U Q.

Note that ¢ +7 — 1 is odd. There are two cases to consider.

Case 1: (p,q+7r—1) # (1,n —2) = XPY'Z9+"1 ¢ Uy U Q3. From Table 6,
adz2(Q2) C spang @ and, by definition, adz2(Us) = Vs.

Case 2: (p,q+7—1) = (1,n—2). To compute ady>(X'Y1Z"~2) we make use of the
fact that, by definition, for 1 < r < n —4, r odd, adz2(X'Y1Z") € V5. Then, from
Eq. (32), the following equations hold:

adyp2(X'WTZY) = 4(n —2) (X2 - Y?) +8(X22% - Y?Z?%)
N————— N————

eV Espang @
ad 2 (XWTZ27N) = 4(n — 26) (X2 2272 Y2722 L 8t(X2 2% - Y2 Z?h,
eVa

ady(X1Y1Z2) = 4( X223 —Y22n73),

where 2 < t < (n — 3)/2. Note that the third equation has only two terms on
the RHS due to our convention that XPY9Z" = 0 if p+ ¢+ r > n. The first
equation implies that X272 — Y2272 ¢ spang Vo U Q. Applying this to the second
equation with ¢ = 2 gives X274 — Y2Z* € spang V2 U Q). Applying this again to the
second equation with ¢ = 3 gives X226 — Y276 ¢ spang Vo U Q. Continuing this
process gives X2Z" 3 — Y2773 ¢ spang Vo U @Q and thus, by the third equation,
adz2 (X1Y1Z"=2) € spang Vo U Q.

(5) t C g. Recall that R = Q U Vi U Va. Since Vi & adx:(U7), Va & adys(Us) and
Ui,Uy C Q, then Q C g= R C g. Recall that

QY {XPY9Z": qand r are odd} U {X'Y9Z" : ¢ and r are even} U {X? Y2, Z?}.
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Then,
e By Fact 37, XPY1Z" € g for all p and all odd ¢ and odd r.
e By Fact 37, {X'Y9Z" : ¢ and r are even} C g.

e By Fact 54, X2,Y? € g. Since Z? is a generator, it is in g as well.

G Complete Graphs - Center and Semisimple Component

In this section, we prove Theorem 6. In the remainder of this section, we will drop the
subscript K, and simply use g to denote gg,, .

Lemma 58. Let L & {[X, XPY9Z7],[Z2, XPY'Z"] : q and r are odd}, then [Z?, XPY1Z"] €
spang L for any p and any odd ¢ > 3 and odd r.

Proof. From Lemma 35 it follows that

(22, XPY1Z"] =Bradx1 (XPTYYI72Z7) 4 Baad 1 (XPTY 172 2712)
— Bsadx1 (XPTYYIZ") — Buadx (XPLYIZ™2) 4 Byad 42 (XPY 722712,
(50)

for some f1,..., 85 € R. The first four terms are in L, and the last term has Y’s exponent
decreased from ¢ to ¢—2. Apply Eq. (50) again to this last term, and continue this process
until Y’s exponent drops to 1, yielding an expression for [Z2, XPY1Z"] as 4(q — 1)/2 =
2(q— 1) terms in L, plus a last term of form [Z2, XPY1Z9t"=1]. Since ¢+r —1 is odd and
the last term [Z2, XPY1Z9+7=1] ¢ L. O

Theorem 6. gg, = ¢® [gk,,, 0k, ], where the semisimple component has dimension

1 (.3 2
‘ L (n + 6n + 2n) (n even)
dim , =12 (n
and basis
(XPYZ7 [X', XPY1Z7), (22, XPY'Z7) : p > 0, q andr are odd); (11)

and the center ¢ has dimension dim(c) = 1 + parity(n).

Proof. Define
S {XPYIZ" (X, XPY9Z"), (2%, XPY 2] : p > 0, qandrareodd} = K UL

where

K {XPYIZ" : q and r are odd},

L (X1, XPy 127, (22, XPY' 2" : q and r are odd},
and let
§ = spang S.

We will show that S is a basis for [g, g], and calculate the dimension of s. The dimension
of ¢ follows from the fact that dim(c¢) = dim(g) —dim([g, g]), and the dimension of g proved
in Theorems 39 (n even) and 57 (n odd).
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(1) Linear independence of vectors in S. Since different Pauli strings are orthogonal,
the vectors in K are all linearly independent. Vectors in K are linearly independent from
those in L (which consist of Pauli strings with even parities for Y and Z). By Fact 38,
vectors in L are also linearly independent.

(2) Dimension. From the linear independence of the vectors in S, it follows that
dim(s) = |K|+|{[X!, XPY9Z"] : p > 0 and q,r odd}|+|{[Z% XPY'Z"] : p > 0 and r odd}}|.
Then, noting that

K| = ’{[Xl,XPY‘IZT] :p>0andq,r odd}’ =H(p,q,7) :p,q,r > 0,q,7 odd ,p+ q+r < n}|
{122, X7Y' 2" :p 2 0, and q,r odd}| = [{(p,7) : p,7 2 0,7 0dd ,p+7 < n}|

gives
dim(s) =
2.5t -2t +1) + S5 (n - 2t + 1) = 5 (n® + 6n% + 2n) (n even)
2 £t - 24 1) + ST - 24 1) = (o —n—6)  (n odd)

(51)

(3) s C [g,9]. By Fact 37, K C [g,g], and vectors in L are also in [g, g] since they are
commutators of X' and Z? with elements from K.

(4) [g,9] €s. Note that if R is a basis of g, then [g, g] = spang{adyi1(R)Uadz2(R)}. It
will therefore suffice to show that spang{adyi(R)Uadz2(R)} C s.

There are two cases to consider. The term ‘by parity’ used below has the same meaning
as in the main text and in the Supplementary Information section F.

Case 1 (n even): R o Uiy Ji U L1 U Ly is a basis for g (Theorem 39). It can be
verified that

adx1(J1 U Jy U J3 U{Y1ZY)) = spang{[X !, XPY9Z"] : ¢, r are odd} C spang L,  (by definition)
adx1(JyUJs ULy UL\{Y'Z"}) C spang K, (by parity)
ady2({XPY1Z" : ris odd}) = spang{[Z%, XPY'Z"] : r is odd} C spang L, (by definition)
ady2(Jy U Jo UJ3 U{YTZIW\{XPY!Z" : r is odd}) C spang L, (by Lemma, 58)
ady2(Jy U Js ULy UL\{Y'Z'}) C spang K, (by parity)

and thus, [g, g] = spang{adxi1(R)Uadz(R)} C s.

Case 2 (nodd): R ey QUV1UV; is a basis of g (Theorem 57). Again, it can be verified

that

adx1 ({XPYIZ" : q, r are odd}) = spang{[ X', XPY9Z"] : q, r are odd} C spang L,  (by definition)
adx1(Q U VI UW\{XPYIZ" : q, r are odd}) C spang K, (by parity)
ady2({XPY1Z" : ris odd}) = spang{[Z%, XPY'Z"] : r is odd} C spang L, (by definition)
ady2({XPY1Z" : g, r are odd}\{XPY'Z" : r is odd}) C spang L, (by Lemma 58)
adz2(QU VL UW\{XPYIZ" : q, r are odd}) C spang K, (by parity)
and thus, [g, g] = spang{adxi1(R) Uadz(R)} C s. O
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H K, decomposition

Here we prove a decomposition of gk, , gk, ] into simple components, for the special case
that n = 4.

Lemma 59. [gk,, 9r,] = su(2) & su(2) @ su(3).

Proof. Define the following vy, va, vs, v4 € [9K,, 8K, ]c:

o 1
o (22 12 (22, (0, 22) a0l X1, 27)) = X,
vo ¥16[22, (X1, Z2)] + (X, [22, (X, (X1, Z2)]]) = 192X + 64(X'Y? + X1 22),

vy & — 448[2%, (X1, 27)] + [2%, 2%, (X1, [ 2% [ X, (XY, 2]

= —3840X" + 1536 X3 — 1792(X'V? 4+ X' 7?),

V4 déf[le [le [Z27 [227 [le [lezQH]H]

- 3[X1a [Z2a [Xla [22’ [Xla [Xla ZQ]H]H - 32[227 [Zza [Xla [Xla Z2H7
= — 4096 X2 + 2048(Y?2 4 Z?) — 2048(X2Y? + X27?%) + 3072(Y* + Z*%) + 1024Y2 Z*,

It can be easily verified that v, v, v3, v4 are linearly independent. By Eqs. (31) and (32),

[vs,v¢)] = 0 for any 1 < s < t < 4. Therefore b’ def spanc{vi, ve,v3,vs} is commutative.

Let b denote a Cartan subalgebra of [gk,,8k,|c. By the same argument as used in the
proof of Theorem 22, dim(h) > dim(h’) = 4. We decompose [gk,, 9x,]c as the direct sum
of simple complex Lie algebras [gk,, 9k, Jc = 91 @ g2 ® - -+ P gi. Since dim([gk,, 9k,]c) =
dim([gx,,9x,]) = 14 (Theorem 6), g1,92,...,gr are isomorphic to one of the following
simple complex Lie algebras Ay, A, Bs and GGo whose dimensions are no more than 14.
By Theorem 14,dim(A;) = 3, dim(A42) = 8, dim(B2) = 10 and dim(G2) = 14, with the
subscripts denoting the dimensions of their Cartan subalgebras. Assume that there are
ni, na2, N3, ng simple Lie algebras which are isomorphic to A1, As, Bs and G respectively
in the direct sum of [gx,, 9x,]c. We have

dim(h) = ny + 2n2 + 2n3 + 2ny > 4 (52)
dim([gK4, gK4]c) = 3nq + 8ng + 10n3 + 14n4 = 14. (53)

If ng > 1, then (ni,n2,n3,n4) = (0,0,0,1) which contradicts Eq. (52). This implies
ng = 0. If ng > 1, Eq. (53) has no solution, which implies ng = 0. If ny # 1, Eq.
(53) has no solution, which implies no = 1. Then the above linear system has only one
solution (n1,n2,n3,n4) = (2,1,0,0). Therefore, [gk,, 9x,]c = A1 ® A1 & Ay =5((2,C) &

5[(2,C)@sl(3,C) and, by the same argument used in the proof of Theorem 26, [gx,, 9x,] =
su(2) @ su(2) & su(3). O
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