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A defining feature of quantum many-body
systems is the exponential scaling of the
Hilbert space with the number of degrees of
freedom. This exponential complexity naïvely
renders a complete state characterization, for
instance via the complete set of bipartite Renyi
entropies for all disjoint regions, a challeng-
ing task. Recently, a compact way of stor-
ing subregions’ purities by encoding them as
amplitudes of a fictitious quantum wave func-
tion, known as entanglement feature, was pro-
posed. Notably, the entanglement feature can
be a simple object even for highly entangled
quantum states. However the complexity and
practical usage of the entanglement feature for
general quantum states has not been explored.
In this work, we demonstrate that the entan-
glement feature can be efficiently learned us-
ing only a polynomial amount of samples in
the number of degrees of freedom through the
so-called tensor cross interpolation (TCI) al-
gorithm, assuming it is expressible as a fi-
nite bond dimension MPS. We benchmark this
learning process on Haar and random MPS
states, confirming analytic expectations. Ap-
plying the TCI algorithm to quantum eigen-
states of various one dimensional quantum
systems, we identify cases where eigenstates
have entanglement feature learnable with TCI.
We conclude with possible applications of the
learned entanglement feature, such as quan-
tifying the distance between different entan-
glement patterns and finding the optimal one-
dimensional ordering of physical indices in a
given state, highlighting the potential utility
of the proposed purity interpolation method.

1 Introduction
Recent developments of quantum simulators [1–6] and
theoretical methods have dramatically changed our
approach to characterizing many-body quantum sys-
tems [7]. In the early days of quantum simulators,
experiments provided access to only a few local ob-
servables, often already as ensemble averages. More
recently, various experimental platforms gave access

to the quantum measurement outcomes of individ-
ual quantum degrees of freedom — full “snapshots” of
the many-body quantum wave function became avail-
able [8]. Building on these experimental advances,
the shadow tomography framework was proposed [9],
that, relying on snapshot taken in different basis, al-
lows one to efficiently reconstruct general few-body
observables, and with additional assumptions on the
wave function, even more complicated properties such
as global purities [10].

Despite these advances, the exponential scaling of
the Hilbert space dimension with the number of de-
grees of freedom remains a fundamental obstacle to
the complete characterization of the quantum wave
function. While in some cases, quantum states may
be simple and easy to characterize, recent experiments
realized states emerging from the dynamics of inter-
acting quantum systems that have non-trivial arbi-
trary multi-point correlation functions of local observ-
ables [11]. In contrast to correlation functions, that
depend on the choice of operator, entanglement and
Renyi entropies allow one to quantify quantum corre-
lations in a basis-independent way for pure states [12].
For quantum states of interacting systems with local
Hamiltonians, entanglement scaling, i.e. the depen-
dence of the bipartite entanglement entropy on the
size of region provides valuable insights into the state
complexity [12–14]. In particular, area-law entangled
states where entanglement stays bounded with the
region size in one dimension are considered as “sim-
ple” [15].

Recent numerical progresses in studies of quan-
tum many-body systems were partially fueled by the
possibility to compress quantum wave functions us-
ing an efficient representation. Specifically, for one-
dimensional quantum systems matrix product states
(MPS) allow for an efficient encoding of area-law en-
tangled quantum states [13], requiring amount of re-
sources that scale polynomially, O(Lχ2), rather than
exponentially in the system size, L. Here the param-
eter χ is the so-called MPS bond dimension, that de-
termines the rank of the state. Given the success of
the MPS in capturing ground states of gapped and
critical systems [13], and describing the early time
quantum non-equilibrium dynamics [16], it is natural
to ask if MPS can be used for encoding and process-
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ing physical properties of the quantum system, such
as observables or entanglement.

Motivated by this question, in the present work we
focus on the dataset that consists of all purities of a
given many-body quantum wave function. This set
of information is beyond the standard probes of en-
tanglement or purity scaling, that typically consider
only contiguous left/right cuts in the one-dimensional
system. Nevertheless, this set of complete purities
was considered previously in the literature as entan-
glement feature [17]. Past work has mostly focused on
studying the entanglement feature for random Haar
states, in part due to its potential uses in shadow
tomography scheme [18]. Also, the time evolution
of the entanglement feature under so-called locally
scrambling dynamics was considered [19]. Notably,
in the case of the Haar state, featuring maximal pos-
sible violation of area-law entanglement scaling, the
entanglement feature that contains information on all
bipartite purities turns out to be a remarkably sim-
ple object, namely, a matrix product state with the
lowest possible nontrivial bond dimension, χ = 2 [17].

This example of strongly-entangled and complex
Haar random state with a simple entanglement fea-
ture invites a systematic investigation of the entangle-
ment features of area-law violating states emergent in
quantum many-body systems; that is the subject of
our work. However, even assuming that such a sim-
ple MPS representation of the entanglement feature
exists, finding it in practice requires a novel approach
beyond those typically used in quantum many-body
physics. In particular, the MPS form of the wave
function is often found using variational optimization
or time propagation – procedures that do not work for
entanglement feature. Finding MPS representations
of the entanglement feature by compressing a com-
plete set of purities is highly inefficient, as it requires
not only the complete knowledge of the wave function,
but also subsequent calculation of all purities.

The key ingredient for computing the entanglement
feature proposed in our work is an application of the
tensor cross interpolation algorithm (TCI), developed
in the context of information processing and compres-
sion [20–25]. This algorithm, reviewed in more detail
below, constructs the interpolation of the entangle-
ment feature in an iterative way, requiring access only
to O(Lχ2) purity values, where L is the system size,
and χ is an (a priory unknown) rank of the entan-
glement feature. Hence, the application of TCI to en-
tanglement feature finds its interpolation in a scalable
and efficient way (assuming that purities are obtained
from experiment [12] or can be calculated efficiently),
provided that it can be represented as a state of the
bounded rank χ.

Utilizing the TCI approach to learning and in-
terpolating the entanglement feature, we systemati-
cally study entanglement features of various quantum
many-body states. In particular, we show that not

only the average entanglement feature of Haar ran-
dom states is representable as an MPS, but individ-
ual state realizations drawn from the Haar ensemble
also exhibit compressible entanglement features for
sufficiently large system size. In addition, we discuss
analytical expectations for entanglement features of
random MPS states, and numerically study the en-
tanglement feature of critical ground states, highly
excited eigenstates [26], and other classes of quantum
states [27–30]. Heuristically, we find that many states
violating area-law entanglement scaling have entan-
glement feature that can be efficiently learned. These
results imply that entanglement feature interpolation
procedures may be practically useful for characteriz-
ing quantum states and processing data from quan-
tum simulators.

Finally, we demonstrate two potential applications
of the interpolated entanglement feature. First, we
show that it can be used for quantifying similarity
between all purities of different quantum states, thus
going beyond usual entanglement scaling considera-
tions. Second, we suggest that entanglement feature
may be used to efficiently find the most natural re-
ordering of the spatial indices to minimize the purity
of conventional left-right cuts. Such reordering there-
fore makes entanglement structure more local, poten-
tially allowing one to store the wave function in the
form of matrix product states. Problems of similar
spirit have been considered before, ranging from tree
tensor network structure optimization [31–33] to non-
trivial disentangling unitary circuit construction [34].
We focus specifically on the setting where one is free
to change the physical ordering of sites.

The structure of the remainder of the paper is as
follows. First, in Section 2 we review the entangle-
ment feature and TCI algorithm that will be used
for the interpolation of entanglement feature. Next,
in Section 3 we systematically study the feasibility of
learning entanglement feature with the TCI approach,
starting with analytical results for individual realiza-
tions of Haar random states and MPS states, and fin-
ishing with numerical study of more general eigen-
states of many-body quantum systems. Finally, in
Section 4 we present applications of entanglement fea-
ture to quantify the distance between different quan-
tum states, and also to find the optimal disentangling
spatial ordering of degrees of freedom. The code ac-
companying numerical part of the study is available
at [35]. We conclude with the summary of our results
and discussion of open questions in Section 5. Appen-
dices A-C provide additional details on the considered
wave functions and the disentangling algorithm.
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2 Entanglement feature and tensor
cross interpolation
This section introduces in a pedagogical manner two
main ingredients of our work: the so-called entangle-
ment feature wave function (Sec. 2.1) that encodes all
purities of the quantum state, and the tensor cross
interpolation algorithm [20, 25] (Sec. 2.2) used to ap-
proximate the entanglement feature without requiring
complete knowledge of all purities. We assume that
the reader is familiar with the language of the matrix
product states [36].

2.1 Encoding purities by wave function
A generic pure state |ψ⟩ of a system of L qubits can
be characterized by exponentially many bipartite en-
tanglement entropies. The entropies can be stored in
an artificial quantum state defining the entanglement
feature [17] of that state:

|EF⟩ =
∑

b∈{0,1}L

e−S(b) |b⟩ , (1)

where S(b) denotes an n-th Renyi entanglement en-
tropy of the state |ψ⟩ with respect to the bipartite
cut into the region Ab [defined by i ∈ Ab ⇔ bi = 1,
see Fig. 1(a)] and its complement. Note that we do
not assume the state |EF⟩ to be normalized. In this
paper, we will focus on the second Renyi entropy

S(b) = S2(b) = − ln tr ρ2
Ab
, (2)

where ρAb
denotes the reduced density matrix of the

state |ψ⟩ for region Ab. For example, the entangle-
ment feature of the state |ψ⟩ = (|00⟩ + |11⟩) ⊗ |0⟩ /

√
2

is given by: |EF⟩ = 1 · (|000⟩+ |001⟩+ |110⟩+ |111⟩)+
(1/2) · (|100⟩ + |010⟩ + |011⟩ + |101⟩), where the bit-
strings that have 00 or 11 configuration for the first
two bits give purity of 1, and remaining bitstrings
where first two spins belong to different regions have
purity of 1/2.

The concept of entanglement feature has proven
useful in analyzing the entanglement dynamics in lo-
cally scrambled quantum systems [17, 19] where the
quantum dynamics leads to changes in the entangle-
ment that can be followed without reference to the
quantum state itself. Moreover, in a locally scram-
bled dynamics setting, the entanglement feature has
found applications in quantum tomography [18, 37]
around the classical shadow method [38]. The entan-
glement feature was also used to study entanglement
combined with machine learning methods [39, 40].

From the definition of the entanglement feature
given by Eq. (1), we can highlight two important prop-
erties: first, for pure states the entanglement feature
is Z2 symmetric, and second, all wave function coeffi-
cients are positive numbers. While the latter property
is clear from the entanglement feature definition, the

first property follows from the invariance of entangle-
ment entropy under the exchange of partition A with
its complement, Ac. We can resolve this Z2 symme-
try by fixing the first spin to belong to the subregion
of interest (fixing b1 = 1). Then the remaining bit
configuration may be specified by the location of the
domain walls of the bipartition, thereby correspond-
ing to the standard duality of the Ising model where
b = 0, 1 is interpreted as an Ising spin. Applying this
duality transformation results in a wave function be-
longing to a smaller Hilbert space of L − 1 virtual
spins, encoding position of “domain walls” separat-
ing region A and its complement Ac locally (simple
left-right bipartite cut corresponds to a single domain
wall, i.e. bitstring with only one non-zero bit). We
call this smaller virtual state space the dual basis to
distinguish it from the one used in Eq. (1), which we
call the natural basis. In the dual basis, that will be
used in the remainder of the paper if not stated oth-
erwise, the entanglement feature is written similarly
to Eq. (1), ∣∣EF

〉
=

∑
b̄∈{0,1}L−1

e−S(b̄) ∣∣b̄〉 , (3)

and it encodes the same information, however remov-
ing the double redundancy stemming from Z2 sym-
metry discussed above.

A promising property of the entanglement feature
is its ability to efficiently encode entanglement en-
tropies of a maximally entangled state [17, 41] (whose
entanglement is well approximated by that of Haar
random states). In particular, typical maximally en-
tangled states are incompressible, i.e. they require an
amount of memory that is exponential in the system
size, O(2L) to store them. At the same time, it was
observed that the complete set of average purities
of Haar states written as an entanglement feature,
results in a much simpler |EF⟩ wave function that
can be compressed. Specifically, for one-dimensional
systems, |EF⟩ of typical Haar state is representable
as a simple matrix product state (MPS), which can
be stored with only O(Lχ2) resources, where χ de-
notes the so-called MPS bond dimension, encoding
the maximal rank of the state. While a Haar ran-
dom state is maximally entangled and complicated,
its individual subsystems are just maximally entan-
gled, so the details and local structure of the biparti-
tion do not matter (purity depends only on the size of
the subregion), thus explaining the simple structure of
the entanglement feature. Inspired by this simplicity,
we study a broader class of quantum states relevant
for many-body quantum physics using the TCI algo-
rithm, which we review below.

2.2 Learning MPS states by TCI
Assume that a quantum state has a low-rank entan-
glement feature state, that can be approximated by a
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SVD SVD|EF⟩
…

Figure 1: (a) All possible bipartite purities of an entangled
quantum state of a many-body system of L spin-1/2 de-
grees of freedom can be labeled by the bitstrings that specify
which degrees of freedom belong to partition A (1-bits) and
its complement (0-bits). An exponentially large set of 2L

purities for all possible partitions may be encoded in the en-
tanglement feature wave function, |EF⟩, whose amplitudes
coincide with the corresponding purities. (b) In order to find
the matrix product state representation of |EF⟩ one naïvely
needs to first calculate or measure all purities, obtaining the
full wave function |EF⟩, and then apply sequential singular
value decompositions (SVD). (c) The tensor cross interpola-
tion algorithm (TCI) provides an alternative, where a poly-
nomial in L number of purities is required. The algorithm
iteratively determines the best set of purities labeled by the
bitstrings {bj} required for interpolating the full |EF⟩ wave
function. After convergence, we obtain an interpolation of
all purities of the system.

matrix product state (MPS) of low bond dimension,
see Refs. [36, 42] for a review of MPS. To obtain an
MPS representation of such an entanglement feature
in practice, a typical way is to perform a sweep ap-
plying singular value decompositions (SVD) over all
the sites of the entire entanglement feature tensor,
as shown in Fig. 1(b). Such left-to-right sweep fac-
torizes out a local MPS tensor site after site by (at
each step) grouping the leftmost physical index with
any virtual ones into a left group of indices, and all
the other ones into a right group of indices. This re-
sults in an EF tensor reshaped into a matrix to which
SVD is applied with a given maximum bond dimen-
sion and/or singular value cutoff restriction. However,
the application of such SVD sweeping process requires
knowledge of all the elements of entanglement feature,
i.e. requires the complete knowledge of all purities in
advance. This is not scalable, since the number of pu-
rity computations (or measurements in experiments)
scales exponentially with the system volume.

The scalable TCI approach that allows us to in-
terpolate the full entanglement feature state in the
MPS form using only a limited number of purity com-

⋮
 0  0
 1  1

 0  0  1

I2 J5
 0  0  0

I− 3 J− 4
 0  0  0  1
 1  0  0  1

I2 J5
 0  0  0

 1  1  1
 1  1  0

 0  0  0  1
 1  0  0  1

 1  1  1

i(3)
2

i(3)
1

j(5)
1 j(5)

2

⋮ ≡1

Selected slices

(a)

(b)

 0  0  1

Figure 2: (a) Schematic depiction of matrix cross interpola-
tion, that selects the set of most relevant rows and columns
approximating the entire matrix. (b) Application of the ma-
trix cross interpolation during TCI sweep steps. Sets of bi-
nary indices to the left (right) of the cut are viewed as multi-
indices labeling rows (columns) of the matrix. The indices
of the legs adjacent to the cut are not fixed, whereas in-
dices of the underscored legs (⊥) are taken from the fixed
set, resulting in the overall enlarged index set. Matrix cross
interpolation is used to select most relevant indices, resulting
in updated index sets.

putations or measurements is shown in Fig. 1(c). It
relies on some initial guess of the relevant purities as
encoded by the set of bitstrings. Afterwards, the al-
gorithm uses sweep-like iterations to update the set of
bitstrings and requires input of the associated purity
values. The required purity values may be calculated
numerically on the fly, or provided by experimental
measurements [12]. The key advantage is that if the
entanglement feature is approximated by an MPS of
bond dimension χ, the TCI will return a good approx-
imation after requesting calculation only of an order
O(Lχ2) purities.

Although the details of the implementation of TCI
are not important for the present work, we briefly re-
view its conceptual idea in Fig. 2. The TCI algorithm
interpolates a tensor from a subset of its entries using
the matrix cross interpolation algorithm, which cre-
ates a rank-r approximation based on r columns and
rows of the matrix (instead of requiring all matrix en-
tries) schematically shown in Fig. 2(a). The TCI uses
matrix cross interpolation as a subroutine, and in a
sweeping manner seeks the components of the tensor
(labeled by a set of bitstrings) that provide the best
interpolation. As a result, the number of purities re-
quired for the application of TCI is expected to grow
as O(Lχ2). TCI, implemented in the TensorCrossIn-
terpolation.jl package [25], can potentially be used in
two modes: either to construct an approximation of a
chosen bond dimension χ (mode I), or to adaptively
increase the bond ranks until the error is below the
chosen tolerance (mode II). Mode I can be used to cre-
ate a truncated entanglement feature when there are a
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limited number of computational resources available.
Mode II is perfectly suited to quantify the complexity
of the entanglement feature in a given state by calcu-
lating the minimum required bond dimension to store
the interpolation of entanglement entropies. There-
fore, in the remainder of this work, we will adapt the
package and use the mode II of TCI algorithm [25] to
obtain numerical data.

3 Complexity of the entanglement fea-
ture
This section summarizes our understanding of the en-
tanglement feature complexity for different classes of
quantum states. First, we discuss the behavior of indi-
vidual realizations of Haar random states and random
MPS states. For these two simple classes of states in
Sec. 3.1-3.2 we obtain analytic insights that are in
agreement with numerical results. Finally, in Sec. 3.3
we consider the broad class of many-body quantum
states and study their entanglement feature numeri-
cally using the TCI algorithm.

3.1 Entanglement feature of Haar states
We use Haar random states as a benchmark to test the
applicability of adaptive-mode TCI in evaluating the
complexity of quantum state entanglement patterns.
For Haar states, the average entanglement entropies
can be encoded in a matrix product state with bond
dimension χ = 2 [17], see discussion in Appendix A
and Eq. (A2). When we consider a single Haar ran-
dom state (one sample from the distribution), its bi-
partite entanglement entropies are expected to devi-
ate from the average values by an exponentially small
factor. These expectations follow from the mathe-
matical results on the average moments of arbitrary
powers of density matrix calculated in Ref. [43]. Com-
bining expressions for the average purity and average
square of purity, one can show that the variance of
the purity of a region A of fixed size, denoted as α2,
decays exponentially with the system size L

α2 ∼ var
[
tr ρ2

A

]
∼ d−L, (4)

where d denotes the local Hilbert space dimension. An
alternative argument supporting this scaling can be
made using known concentration results for the entan-
glement entropy of random states [41]. Such results
show that, asymptotically for large system sizes L, the
probability of observing deviations in entanglement
entropy far from the average decreases exponentially
with the system’s Hilbert space dimension dL and the
deviation considered (squared) α2 with a region-size-
dependent prefactor. If we fix a tolerance probability
for the entanglement entropy to deviate beyond an
in-variance neighborhood of the average value, consis-
tency across different system sizes requires the prod-

uct dLα2 to remain constant. This directly implies
the expected exponential scaling, α2 ∼ d−L.

Since the fluctuations of purities decrease with the
system size, we expect the entanglement feature of a
Haar random state to exhibit a size-dependent tran-
sition in terms of complexity. At small system sizes,
when sample-to-sample fluctuations in purity are rel-
atively large, the TCI will seek to interpolate the en-
tire set of purities, effectively learning random noise
on top of the average value. Since this noise car-
ries no spatial information, we expect that interpola-
tion of the complete set of purities does not allow for
any compression and requires a bond dimension that
grows exponentially with the system size. In contrast,
for sufficiently large systems, when the variance (4)
becomes sufficiently small, TCI working at finite pre-
cision, can ignore the fluctations and effectively learn
the entanglement feature of the average Haar state,
converging to a bond dimension χ = 2 MPS.

In order to test these expectations we apply the TCI
algorithm to numerically generated wave functions
sampled from the Haar distribution. Specifically, we
generate Haar random states by sampling unnormal-
ized wave function coefficients from a circularly sym-
metric complex normal distribution with mean 0 and
standard deviation 1, followed by normalization. We
process this dense representation to produce purity
inputs for the TCI. In all of our tensor cross in-
terpolation tests we use crossinterpolate2 func-
tion from the julia TensorCrossInterpolation.jl [25]
package with the following adjusted default pa-
rameters: tolerance=1e-12, maxiter=4000, maxn-
globalpivot=2, nsearchglobalpivot=2, where the
tolerance parameter bounds the local error allowed
during the sweeps.

In order to independently assess the performance
of TCI, at every sweep step we define and check the
average global relative error,

ε = 1
Nel

Nel−1∑
b=0

∣∣∣∣TCI[b] − EF[b]
EF[b]

∣∣∣∣ , (5)

where EF[b] = ⟨b|EF⟩ is the value of exact entangle-
ment feature, and TCI[b] is the value of the corre-
sponding interpolation. Nel = 2L−1 is the total num-
ber of purities for the pure state defined on L spins.
Although TCI algorithm does not have access to this
error, if it falls below a threshold, ε ≤ εth, we stop
the algorithm early and note down the TCI bond di-
mensions. Due to the fact that bond dimension is
increased in discrete steps, with increments possibly
larger than one, resulting bond dimensions give up-
per bound on the minimal bond dimension required
to achieve the desired tolerance with TCI.

Our numerical TCI tests of randomly sampled Haar
states confirm the expectations for the transition in
complexity, as shown in Fig. 3. First, in Fig. 3(a)
we compare the maximum bond dimension of the en-
tanglement feature computed in both the natural and
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Figure 3: Tensor cross interpolation of Haar random state
entanglement feature. (a) Maximal bond dimension as a
function of system size for dual and natural basis encoding
of entanglement feature. Dual basis encoding gives the ex-
pected factor of two improvement in bond dimension, hence
it will be used in the remainder of this work. TCI error thresh-
old (5) was set to εth = 1.1−66, which is just below the
0.2%. (b) Behavior of average bond dimension of entangle-
ment feature with the system size shows an error-threshold-
dependent transition. The error threshold from left to right
curves changes as εth = 1.1−{40,50,52,54,56,58,60,70,80}. In
both panels (a)-(b) the averaging is performed over 10 real-
izations of Haar random state. The error bars denote statis-
tical error across state realizations. The blue dashed curve
denotes the maximum possible average bond dimension line.

dual bases. As expected, the dual basis features lower
bond dimension, and both curves display an abrupt
transition where χ sharply drops as the system size
increases. Figure 3(b) studies the sensitivity of this
transition to the error threshold described in Eq. (5)
above. As expected from the analytical results for the
variance, increasing the threshold exponentially re-
sults in displacement of the transition point to smaller
system sizes.

3.2 Entanglement feature of MPS
Above we discussed the expectations for the EF of
the typical Haar random states that are highly en-
tangled, and confirmed these expectations by results
of TCI interpolation. In this subsection, we consider
another class of tractable states: random matrix prod-
uct states that are controlled by their bond dimension,
denoted as φ, to distinguish it from the bond dimen-
sion of EF MPS encoding. Random MPS states are
known to feature nearly maximal possible entangle-
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Figure 4: (a) Construction of the MPS form of the EF in the
dual basis from a matrix product state. The tensors of EF
MPS are built from 4 copies of original MPS tensors supple-
mented with the tensor that yields an identity or swap in the
space of virtual indices, and the number of physical legs is
L − 1. (b) Half-cut entanglement spectrum of the normal-
ized entanglement feature (EF) created from a random MPS
of bond dimension φ generated on L = 31 sites. We av-
erage squares of singular values ordered by their magnitude,
λ2

1 > λ2
2 > . . ., over 10 random MPS realizations, and plot

resulting λi. The main feature is the widening of the gap,
suggesting that the EF of random MPS with large bond di-
mension is progressively better described by the χ = 2 MPS.

ment, lnφ, and in the regime of exponentially large φ
reproducing Haar random states [44].

The direct construction of the EF MPS represen-
tation is obtained from the observation that purity
can be calculated using two copies of the density ma-
trix and applying swap or identity operators [19, 45].
Moving these operations to the space of virtual in-
dices, we obtain the following compact representation
of the EF MPS state shown in Fig. 4(a). In this figure
we defined the tensor with 8 virtual indices and one
physical index, that depending on the input of the
physical index applies trivial or swap operation to the
pair of legs. We note, that although this construction
is exact and formally scalable, it results in the rapidly
growing bond dimension of the entanglement feature,
χ = φ4. In practice, scaling χ = φ4 does not allow to
construct entanglement feature in this way when the
bond dimension of the original wave function exceeds
φ ≥ 10.

At the same time, expectations that at large bond
dimension, the random MPS approaches Haar states,
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Figure 5: Average bond dimension of entanglement feature
of highly excited eigenstates of (a) TFIM at chaotic point
and (b) weakly-disordered TFIM shows a transition similar
to the entanglement feature of Haar random states. As the
TCI error threshold is changed (bottom to top) in the range
1.1−{40,50,52,54,56,58,60,70,80}, the drop in the average bond
dimensions moves to progressively larger system sizes. The
blue dashed curve denotes the maximum possible average
bond dimension line.

suggest that its entanglement feature should have
much lower complexity compared to χ = φ4. Our
analytic considerations in Appendix A allow to put
these expectations on a more solid basis. By consid-
ering the properties of average entanglement feature,
we show that when φ → ∞ entanglement spectrum
of entanglement feature is expected to have only two
relevant singular values, indeed reproducing the case
of Haar state. Moreover, we argue that the finite-φ
corrections are scaling as O(φ−4), see Section A.2 for
details.

The analytic considerations above should be inter-
preted with caution, since the correct object to con-
sider is the typical entanglement spectrum of entan-
glement feature, which requires more advanced treat-
ment. Nevertheless, the numerical tests using the di-
rect numerical calculation of the entanglement feature
support the analytical results. In Figure 4(b) we show
that as the bond dimension φ of the random MPS in-
creases, the gap between the second and the third sin-
gular value of the entanglement spectrum of the EF
state also grows, leaving only two non-zero singular
values in the large bond dimension limit. The inset
in Fig. 4(b) shows that the ratio between third and
second singular values squared decays approximately
as 1/φ4 also consistent with heuristic analytical argu-

ments.
Surprisingly, we also see that magnitudes of all

other singular values λi≥3 decay according to an ap-
proximate power law with i, see Fig. 4(b). The ori-
gin of this power-law behavior remains to be under-
stood. However, practically it implies that truncating
the entanglement feature to the finite bond dimen-
sion χ < φ4 incurs an error that decreases polynomi-
ally with χ, provided that the singular value decay is
sufficiently fast. Finally, we note that random MPS
considered here may be viewed as similar to ground
states of gapped one-dimensional systems. At the
same time, many other interesting examples of MPS
states exist, such as MPS approximations to critical
ground states, MPS representations of eigenstates of
integrable models with long-range correlations, and
others. These states substantially differ from random
MPS, and hence the present results do not allow to
draw conclusion about their entanglement feature.

3.3 Numerical study of EF complexity
Finally, after describing the two cases where we have
some analytical understanding of the EF, we perform
numerical study of quantum states relevant in the con-
text of the many-body quantum physics. To this end,
we consider two classes of states: (i) highly entangled,
that may be thought to be similar to the Haar random
states considered above analytically and (ii) weakly
entangled states. In the following, we provide purities,
numerically computed from the quantum wave func-
tion, into the TCI algorithm operating in the Mode-II
(adaptively increasing the bond dimension until cer-
tain tolerance) and focus on the dependence of χ on
the system size. To reduce the random influence of
pivot initialization in TCI, we average bond dimen-
sion results over 10 TCI runs to obtain a single-state
TCI data point at a fixed error threshold.

First, as representatives of highly entangled states,
we consider highly excited eigenstates (ES) of the
chaotic Ising model with transverse and longitudinal
field without and with a weak disorder. The Hamil-
tonian of the system reads,

H = J

L−1∑
i=1

σz
i σ

z
i+1 +

L∑
i=1

(gσx
i + (h+ ri)σz

i ) (6)

where in systems with disorder presence we set J =
0.632, g = 0.902, h = 0 and ri are drawn uniformly
from an interval [0,W ] where W controls the disorder
strength. For the weakly disordered model we use
W = 1.0. We define the Hamiltonian of the chaotic
Ising model via Eq. (6) with J = −1.0, g = −1.05,
h = 0.5, and W = 0 [46]. We obtain excited states
using shift-invert iterations via eigs function (from
Arpack.jl julia library) with sigma=1e-3 argument to
target highly excited energies close to zero energy.

Results of TCI application to extract EF for
volume-law entangled states are shown in Fig. 5(a)-
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Figure 6: Three qualitatively different behaviors of average bond dimension of entanglement feature of (a) highly excited
MBL eigenstates, (b) highly excited MBLT eigenstates, and (c) ground state of critical TFIM. In panel (a) behavior is
consistent with bond dimension χ being constant with system size, in (b) the bond dimension increases exponentially with
L, and in (c) the data is consistent with the power-law increase. Different colors correspond to TCI error threshold being
1.1−{40,50,52,54,56,58,60,70,80}. The blue dashed curve denotes the maximum possible average bond dimension line.

(b). We see that for small system size, the EF bond di-
mension grows exponentially, transitioning into bond
dimension decay approaching a small constant value
at large system size that depends on the chosen er-
ror, see Fig. 5. As the error threshold decreases, the
transition point (or area in case of a softer crossover)
shifts to a larger system size. This behavior is quali-
tatively similar to the behavior of random states sam-
pled from the Haar distribution, see Fig. 3 (b). At the
same time, the collapse of the average bond dimension
in the states reported in Fig. 5 happens for larger
values of error threshold. This suggests that chaotic
eigenstates of Ising model feature more entanglement
fluctuations compared to the random Haar samples,
which is expected due to the local structure of the
Ising Hamiltonian.

Second, as representatives of weakly and interme-
diate entangled states, we consider the three different
classes of states. As an example of the states with
area-law entanglement scaling we choose the highly
excited eigenstates of the disordered Ising model (6)
with parameters J = 0.632, g = 0.902, h = 0, and dis-
order W = 5. At this disorder, the model is expected
to be in the fully many-body localized phase [26],
where even highly excited MBL eigenstates are area-
law entangled, although their entanglement spectrum
decays slower compared to entanglement spectrum of
the ground states of gapped Hamiltonians [47]. To
represent states with intermediate entanglement, we
decrease the value of disorder in the Ising model (6) to
W = 2.5, putting it into finite-size regime of many-
body localization phase transition (MBLT). At this
disorder strength, we expect the eigenstates available
from finite size exact diagonalization to have more en-
tanglement than area-law [47–50]. Finally, as a third
representative of the states with logarithmic entan-
glement we use the critical Ising model (6) without
disorder and field W = h = 0 with remaining pa-
rameters J = g = −1. We obtain the highly ex-
cited MBL and MBLT eigenstates in the same man-
ner as described above, while for finding numerically
the ground state of critical Ising model we use func-
tion eigs from Arpack.jl with parameter which=:SR
to target Hamiltonian eigenvalues with the smallest

real part.
In the previous Section 3.2 we discussed that en-

tanglement feature of generic MPS state with bond
dimension φ can be also represented as an MPS with
bond dimension χ = φ4. This result implies that
states with area-law entanglement, that can be well
approximated by an MPS of bond dimension φ that
is independent of the system size, have entanglement
feature with constant bond dimension. Figure 6(a)
shows the average bond dimension of numerically con-
structed entanglement feature of the highly excited
MBL eigenstates, which conforms to these expecta-
tions. We observe that irrespective of the requested
TCI error threshold, finite bond dimension ≤ 8 suf-
fices to approximate entanglement feature across the
range of accessible system sizes.

Following the same logic, one could conclude that
TCI interpolation of entanglement feature of states
with logarithmic entanglement scaling should be also
efficient, as MPS representation of such states requires
bond dimension φ ∼ La, leading to expected bond di-
mension of entanglement feature scaling as χ ∼ L4a

in the worst case scenario. This is still parametrically
better compared to the exponential scaling of χ with
L expected in the worst case scenario of fully incom-
pressible entanglement feature. Figure 6(b)-(c) shows
results of numerical interpolation of entanglement fea-
ture of two different classes of states, eigenstates at
MBLT and critical ground state of Ising model, re-
vealing more complex picture.

While both eigenstates at MBLT and critical
ground state of Ising model have logarithmic entangle-
ment with system size, entanglement feature of MBLT
eigenstates in Fig. 6(b) shows exponential increase in
average bond dimension χ with system size. This sug-
gests that the logarithmic average entanglement scal-
ing does not guarantee that entanglement feature, en-
coding all possible purities, to be compressible with
bond dimension that scales polynomially in L. On
the other hand, results for the learning entanglement
feature of the critical Ising ground state in Fig. 6(c)
fully conform with the expectations discussed above,
and show that average bond dimension χ grows slower
than exponentially with the system size L and is not
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very sensitive to the TCI error threshold.
Beyond the currently presented states, in Section B

we additionally study the entanglement feature of
more exotic quantum states arising in the context
of many-body quantum physics. In particular, we
consider the behavior of the entanglement feature of
ground state of the Sachdev-Ye-Kitaev (SYK) model
[27]. This state is known to feature volume-law entan-
glement, and indeed we find that average bond dimen-
sion of its entanglement feature grows exponentially
with the system size. However, in contrast to Haar
random and ETH eigenstates, which display eventual
drop in the average bond dimension (see Fig. 5), we
did not observe the similar drop in the bond dimen-
sion of entanglement feature of SYK ground state.
This suggests that fluctuations of purities of the SYK
ground state may have larger magnitude or more com-
plicated structure compared to Haar random states or
highly excited eigenstates of chaotic Hamiltonians, so
that larger system sizes may be needed to observe
decrease in χ. In addition to SYK, we also stud-
ied ground states of the so-called Fredkin [28, 29] as
well as the one- and two-color Motzkin chains [30],
all known for their area-law violation of entanglement
scaling. While we observe that entanglement feature
of Fredkin as well as one-color Motzkin ground state
can be learned efficiently, learning purities of two-
color Motzkin ground state leads to bond dimension
growing exponentially with the system size, see Sec-
tion B and Fig. 9 for details.

To summarize, our numerical experiments with
learning entanglement feature of a broad range of
quantum states reveal three qualitatively different be-
haviors: (i) for Haar-like eigenstates with volume law
entanglement, the bond dimension of entanglement
feature experiences eventual drop with system size,
(ii) for area-law and some states with sub-volume
law entanglement scaling entanglement feature can be
captured using χ constant or polynomially increasing
in L, and finally the most interesting class of states
(iii) where entanglement feature seems to be incom-
pressible. We also emphasize that knowledge of entan-
glement scaling is not always indicative of the behav-
ior of the entanglement feature, as the latter contains
more information.

4 Applications of Entanglement Fea-
ture
In the previous section we explored the behavior of
entanglement feature across a broad range of physical
states of quantum many-body systems, finding that
in many cases it can be efficiently learned and stored
using TCI algorithm. In this section we explore po-
tential applications enabled by the knowledge of en-
tanglement feature. First, in Sec. 4.1 we use entangle-
ment feature to quantify the distance between entan-

glement patterns of different quantum states. Second,
in Sec. 4.2 we demonstrate how the entanglement fea-
ture may be used to find the an optimal ordering of
spatial indices for decreasing the entanglement scaling
of a quantum state. Finally, in Sec. 4.3 we discuss po-
tential broader applications of the entanglement fea-
ture.

4.1 Distance between entanglement structures

Classifying states according to their entanglement
content gives valuable insights into existing phases
of quantum matter [51], fundamental complexity of
quantum operations [52], and possibility of state
preparation. However, most of the times, a very lim-
ited amount of information – scaling of bipartite en-
tanglement entropy – is used to infer the entangle-
ment properties of quantum states. The knowledge of
entanglement feature, assumed in this section, gives
access to a much larger amount of information about
purities across all bipartite cuts, and allows us to go
beyond just the single-cut scaling analysis.

In order to quantify the distance between entangle-
ment features of different quantum states we use the
simple ℓ2-norm applied to difference between entan-
glement features,

D
(∣∣EF1

〉
,
∣∣EF2

〉)
=

∥∥∣∣EF1
〉

−
∣∣EF2

〉∥∥
2

=
√∑

b̄

[
e−S1(b̄) − e−S2(b̄)

]2
, (7)

that intuitively quantifies the difference between pu-
rity of two quantum states over all possible cuts en-
coded by bitstrings b̄ in the dual basis, see Eq. (1).
This overlap can be easily computed using the MPS
representation of the entanglement feature. We note
that although it is possible to define more complex
distances, which can be still efficiently computed us-
ing entanglement feature, we focus on the simplest
definition above.

Since some of the states in our catalog are random,
we sample the distance matrix Nsamples = 1000 times
by sampling from every random state ensemble gen-
erated before (10 random states in Haar, disordered
Ising and SYK ensembles, plus 4 states in the GUE-
H ensemble) and evaluating the distances for a cur-
rent realization of states (with TCI error threshold
εth = 10−2 which did not significantly distort the fi-
nal EF distance estimates). The compact representa-
tion of this distance matrix is available in Section B.4,
Fig. 11. To visualize all pairwise distances we ap-
ply stress majorization implemented in NetworkLay-
out.jl [53] to every sampled matrix. We first apply
stress majorization to all the non-random states, and
fix their positions. Leaving the positions of random
states unpinned we apply stress majorization now to
all the states across the distance matrix ensemble.
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Figure 7: Entanglement map illustrating the entanglement-
feature-induced distance measure, which is visualized using
stress majorization [53] of the distance matrix. The legend
lists a total of 13 of various states described in the previous
section and Section B. The averaging procedure is described
in the main text, and application of clustering to MBLT,
MBL and GUE-H states results in multiple representatives
for each class of states. System size is fixed to L = 12.

In order to better visualize fluctuations among dif-
ferent random realizations, we apply clustering tech-
nique, that yields several clusters for each class of ran-
dom states. Specifically, we cluster the positions of
all states using K-means clustering implemented in
sklearn python library as sklearn.cluster.KMeans
function. We use 3 clusters for the MBLT state (since
it was fluctuating the most), 2 clusters for the MBL
and GUE-H states, while all other states’ positions
were significantly less volatile and required no clus-
tering. Every cluster is visualized by its mean and
a shaded uncertainty ellipse corresponding to three
standard deviations across Nsamples distance matrices.

Despite this somewhat complicated averaging pro-
cedure, in the end we obtain an intuitive visualization
of distances between different states, referred to as en-
tanglement pattern map in Fig. 7. Intuitively, the vi-
sualization implements a two-dimensional projection
of the distance matrix with uncertainty (see Fig. 11)
that minimizes the stress energy of all state vertices,
connected by different springs with the equilibrium
distances defined by the distances between entangle-
ment features of states. Hence, although coordinates
on the axes in Fig. 7 do not have an immediate mean-
ing, proximity of dots implies a relative similarity of
EF and vice versa.

Figure 7 reveals two apparent regions where several
classes of states concentrate. The first region is near
Haar random state, that also has excited eigenstates
of models covered by ETH (chaotic TFIM, weakly
disordered TFIM), and slightly further away from
Haar state, the SYK ground state. All these states
have volume-law entanglement scaling. The second
region of concentration encompasses states with area-
law entanglement behavior. In particular, next to the
product state we see markers corresponding to the
mid-spectrum state of the MBL TFIM with disorder
W = 5.0, ground state of the so-called GUE-H model

with Hamiltonians generated from a sum of random
two-site Hermitian operators, as well as the ground
state of the TFIM. Some states with a logarithmic
entanglement scaling, such as the ground state of crit-
ical TFIM, are also located in the relative vicinity of
the product state, but are relatively closer to the Haar
cluster, compared to other neighbors of the product
state. The other critical states, such as the Fredkin
state, and the colorless Motzkin state [28–30, 54], tend
to be near the volume-law states, with the more com-
plex states being progressively closer to the Haar state
location.

Apart from the two groups of states, we see also ap-
parent outliers in the Fig. 7, represented by MBLT ES
– a highly excited states at the MBL transition of dis-
ordered Ising model with W = 2.5, as well as the two-
color Motzkin. In the case of MBLT state strong fluc-
tuations complicate the entanglement structure of the
state, with our clustering method resulting in three
separate representatives, all being significantly differ-
ent from area-law and volume-law clusters in certain
realizations. In the case of the two-color Motzkin
state, notably, the scaling of the second Rényi en-
tanglement entropy is still logarithmic (although the
von Neumann entanglement scales as SvN ∼

√
L [54]).

At the same time, despite similar scaling of the sec-
ond Rényi entropy, this state is not located between
the volume-law and the area-law regions, and goes
a bit beyond those regions. The distances between
any non-volume-law state and the two-color Motzkin
state are larger than those between volume- and non-
volume-law states. Hence, we conclude that the dis-
tance between entanglement features contains infor-
mation beyond the entanglement scaling.

4.2 Optimal ordering of real space basis
While entanglement and purities are invariant with
respect to arbitrary rotations of local Hilbert space
basis, they sensitively depend on the chosen biparti-
tion of the system. Typical characterization of quan-
tum states by their entanglement scaling considers the
most natural bipartition, which in turns implies the
knowledge of the most natural ordering of the phys-
ical sites. While such ordering is obvious in simple
cases, for example in one-dimensional spin chains with
local interactions, the best ordering of sites in more
complex cases, for instance when interactions are rep-
resented by a random graph, or in two-dimensional
systems, is far from being obvious. In this subsection
we demonstrate that the knowledge of entanglement
feature allows us to find the close-to-optimal ordering
of physical indices that can reduce bipartite entangle-
ment of the state over all left-right cuts.

We test our algorithm on the problem of disentan-
gling an initial area-law entangled MPS, whose physi-
cal indices are reshuffled in random (unknown) order.
Such reshuffling results in volume-law entanglement
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Figure 8: (a) Seemingly volume-law randomly shuffled MPS can be reordered into a locally clustered area-law state. (b)
Disentangler lowers the Page curve of the randomly shuffled MPS state, converting it from a volume-law into an area-law
state. (c) Half-cut averaged (over 3 random MPS samples) entropy of entanglement for random MPS state with χ = 3.
Disentangler transforms randomly shuffled MPS state from a volume law state to a close-to-area-law state. Bond dimension
2 was used for the TTOpt procedure. Linear fit coefficient errors come from model error only (spread of entropy values was
not taken into account).

scaling of left-right cuts, hence recovering original or-
dering of indices is expected to result in the drastic re-
duction of entanglement scaling from volume to area-
law, see Fig. 8(a). We assume that we have “purity
oracle” that returns purities of arbitrary regions upon
request, and demonstrate efficient algorithm that has
complexity scaling polynomially rather than exponen-
tially with the system size, L. We sample a random
MPS of bond dimension φ = 3 using randomMPS func-
tion from ITensors.jl julia library [55] together with
a random permutation of its physical indices. We di-
rectly build the corresponding EF (as an MPS of bond
dimension χ = φ4) and use it as purity oracle.

EF oracle in principle has information about all
possible entanglement cuts, however finding the opti-
mal ordering by a naïve search over all permutations
scales factorially as L! for a system of size L. To avoid
this overhead, we use divide-and-conquer approach.
We efficiently split the system into two least entan-
gled subsystems of comparable size, assign one of the
subsystems to a left set of physical sites (available
at the current iteration), the other one to the right,
and, finally, repeat the same steps with the obtained
smaller subsystems until the smallest possible subsys-
tem of size ≤ 2 is reached. The crucial step at the
each iteration of the algorithm – finding the least en-
tangled split over fixed size bipartition – is performed
using an efficient search known as TTOpt [56]. The
idea of the TTOpt algorithm is based on the fact that
the maximal modulus element within the maximum
determinant-volume submatrix bounds the absolute
maximal element within the full matrix [57]. This
means that after efficiently constructing a TCI of a
given tensor it is enough to select the maximal ele-
ment across all the stored cross matrices to obtain a
close-to-maximal tensor element (and its indices) at a
fraction of a cost a full tensor search.

Application of the TTOpt procedure, however, re-
quires to have a restricted entanglement feature, that
encodes only purities corresponding to bipartite cuts
of a fixed size. In Appendix C we described a de-

tailed procedure with construction of such restricted
entanglement feature, that uses a different basis from
the one used in Eqs. (1) and (3). We obtain this
restricted entanglement feature using TCI (mode I)
that requests purities from the oracle, and interpo-
lates them with a minimal nontrivial bond dimension,
γ = 2, that turns out to be sufficient in practice. After
the construction of such restricted entanglement fea-
ture with bond dimension γ, we use the index of the
largest element to extract the encoding of the most
pure split.

Figure 8(b) shows results of the divide-and-conquer
disentangling described above with γ = 2 TTOpt,
applied to a particular reshuffling of the initial state.
We observe that the algorithm substantially decreased
entanglement in the center of the reshuffled chain. In
order to quantify systematically the gain after the ap-
plication of the algorithm, we average the results over
the ensemble of N = 3 random initial MPSs. For each
fixed system size L, we generate N random MPSs and
randomly permute their physical indices. After run-
ning the disentangler for each state, we obtain two
entanglement entropies: one original mid-cut entan-
glement entropy, and another the final mid-cut one
with the site ordering found by the disentangling al-
gorithm. Average entanglement before and after dis-
entangling are compared in Fig. 8(c), which reveals
that the algorithm decreases bipartite entanglement
by a factor of approximately 3.4 for largest system
size L = 40. Moreover, initially the entanglement of
the bipartite cut in the middle follows volume law, the
rate of increase in the bipartite entanglement of the
disentangled state is smaller by a factor of approxi-
mately 4.4, and it may be potentially consistent with
area-law entanglement already at the γ = 2 TTOpt.

In summary, we demonstrated that information
about all purities of the system, that can be efficiently
learned for some classes of states using TCI algorithm,
may be used to reorder the physical indices of quan-
tum states in order to decrease entanglement of left-
right cuts. This may be potentially useful for finding
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the best index arrangement for MPS representation of
the quantum states, in particular for the cases when
the obvious ordering of the physical indices is not ap-
parent. More broadly, using entanglement structure
to infer geometry was considered earlier [31–34], and
our work provides potential avenue for an efficient al-
gorithm that relies on knowledge of entanglement fea-
ture that can be applied in other settings.

4.3 Other potential applications
After illustrating two specific applications of entan-
glement feature, we outline its potential applications
to multipartite entanglement measures and error cor-
rection. In contrast to previous sections, here our
discussion is more conceptual, and establishing even
a proof of concept for these applications is beyond the
scope of the present work.

Before discussing additional applications it is im-
portant to discuss an alternative representation of en-
tanglement feature, where coefficients in front of basis
states in Eq. (1) are given not by purities (exponential
of n-th Renyi entropies), but instead directly by the
n-th Renyi entropy,

|logEF⟩ =
∑

b∈{0,1}L

S(b) |b⟩ . (8)

From a practical purpose, such log-entanglement fea-
ture may similarly learned with TCI algorithm, and
we observed slightly worse precision compared to
learning the conventional entanglement feature. The
immediate advantage of such log-entanglement fea-
ture is that simple local linear transformation of the
basis (MPO with bond dimension one) gives the ir-
reducible log-entanglement feature. Indeed, apply-
ing the basis transformation to each local site of log-
entanglement feature |1⟩ =

∣∣1̃〉
and |0⟩ =

∣∣0̃〉
−

∣∣1̃〉
maps the two-regions |logEF⟩ = Si |10⟩ + Sj |01⟩ +
Sij |11⟩ into

∣∣∣l̃ogEF
〉

= Si

∣∣1̃0̃
〉

+Sj

∣∣0̃1̃
〉

+ (Sij −Si −
Sj)

∣∣1̃1̃
〉
. We notice that the Renyi entropy of both

sites i and j got replaced by their Renyi mutual in-
formation.

Above we demonstrated that knowledge of log-
entanglement feature allows one to obtain via simple
basis transform the multipartite (Renyi) mutual infor-
mations. These were recently generalized in Ref. [58]
using notion of entanglement hyperlinks. Entangle-
ment hyperlinks were introduced as a different way
to think about all bipartite entanglement entropies
SA, where the idea is to rewrite all SA in terms of
irreducible components JA (based on set-inclusion-
exclusion principle analogy). For example, for a re-
gion of three sites Jijk = Sijk − Sij − Sik − Sjk +
Si + Sj + Sk, so that SA =

∑
I⊆A JI , e.g. Sijk =

Jijk + Jij + Jjk + Jik + Ji + Jj + Jk. Relying on the
factorization theorem [58] which states that if a probe
region I has nonzero intersections with both the zero-
entanglement-entropy region A (with SA = 0) and its

complement, then JI = 0, we can use information ob-
tained efficiently from the log-entanglement feature to
estimate how multipartite is the entanglement of the
certain state.

In a different direction, we expect that entangle-
ment feature may be also used to provide insights into
error correcting codes [59, 60] as well as their approx-
imate versions [61–63]. Provided one considers a spe-
cific code given by an isometry V mapping from the
space of k logical qubits into the space of p physical
qubits, one can obtain the purification of the maxi-
mally mixed code state by doubling logical degrees of
freedom from k qubits into k+k qubits (with the first
copy denoting purifying reference qubits) and consid-
ering the action of the map (1 ⊗ V ) on the doubled
wave function Ψ = 2−k/2 ∑2k

i=1 |bi⟩ ⊗ |bi⟩, where the
sum is over the complete set of 2k basis states. Cal-
culating the entanglement feature of quantum wave
function (1 ⊗ V )Ψ will allow for an efficient search
for sets of physical qubits whose erasure is (approxi-
mately) correctable, as these are expected to have (ap-
proximately) vanishing mutual information with the
purifying reference (first k) qubits [64, 65], and also
detailed characterization of such sets. Knowledge of
entanglement feature may also potentially assist with
spatial rearrangement of qubits along the lines of ap-
proach in Sec. 4.2 above. Finally, we speculate that
entanglement feature may be used to construct the ef-
ficiently computable metric for approximate quantum
error correcting codes [63]. In order to enable such
application, however, one should study if entangle-
ment feature of state (1⊗V )Ψ is efficiently learnable
with TCI, which seems to be plausible in view of spe-
cial entanglement structure of typical error correction
codes [64, 66–68].

5 Discussion
In this work, we have demonstrated that the entangle-
ment feature provides an efficient framework for char-
acterizing quantum many-body systems beyond the
standard study of entanglement scaling. Our analysis
reveals three distinct complexity regimes: strongly-
entangled ETH-like states showing a transition from
exponential to constant bond dimension with system
size, area-law states exhibiting consistently low bond
dimension encodings, and states at phase transitions
(like MBLT) displaying persistently complex entan-
glement features.

Learning of the entanglement feature by TCI al-
gorithm and resulting rank of the interpolated state
gives conceptual insights into the structure of the
complete set of its purities. In addition, we demon-
strated two proof-of-concept applications of interpo-
lated entanglement feature. First, we used it to effi-
ciently calculate the distances between complete set of
purities for a broad class of quantum states. Among
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the considered broad class of different quantum states,
we observed a natural clustering of states near the
Haar random and product state extremes, as well as
presence of several outliers that exhibit markedly dif-
ferent entanglement structure. Second, we have also
demonstrated that entanglement feature can be used
practically for tasks like finding optimal basis order-
ings that minimize entanglement across bipartitions.
This was demonstrated successfully on the test case
of randomly shuffled MPS states, where our algorithm
recovered area-law scaling from apparent volume-law
behavior. We also discussed other, more speculative
applications of entanglement feature to multipartite
entanglement quantification and quantum error cor-
rection in Section 4.3.

Potentially interesting further application of the
TCI interpolation for purities constructed in our work
is the search for resonances within the many-body lo-
calized phase [50, 69]. These resonances are expected
to appear as small clusters of strongly entangled spins
among the majority of other spins featuring the area-
law entanglement. However, identifying such regions
and studying their behavior is a challenging task. The
existing algorithm for such resonance search revealed
interesting insights [70], but its extension to larger
system sizes is not possible due to exponential scaling
of complexity with the system size. Given the suc-
cess of the TCI learning of the entanglement feature
deep in the MBL phase, we expect that it may be
used as a basis of the more efficient polynomial-time
algorithm for the search and characterization of res-
onances. When applied to highly excited eigenstates
in the MBL phase, or physical states obtained after
long-time evolution, such algorithm may reveal useful
insights into the resonance structure for large systems.

More broadly, our results raise an interesting ques-
tion if other exponentially large sets of observables in
quantum systems can be efficiently interpolated with
TCI. The key insight that underlies the successful ap-
plication of the TCI algorithm to entanglement fea-
ture in present work is the fact that purities are invari-
ant under the local basis choice of the quantum wave
function. The TCI algorithm is guaranteed to have
no errors in the entries of the entanglement feature
that were used as pivots, while all remaining entries
are interpolated (see also recent work [71] bounding
the error on the Frobenius norm). Provided, we al-
low basis rotations, the errors from interpolated ele-
ments can spread to all entries in the rotated basis.
For the entanglement feature however, basis rotations
are not a natural operation since they would mix to-
gether purities of different spatial cuts. Therefore the
basis-specific nature of the EF is advantageous to keep
errors localized.

Hence, it is interesting to understand if other phys-
ically relevant characteristics of many-body eigen-
states, such as set of negativities for mixed states [52],
or set of pairwise mutual informations, featuring simi-

lar invariance, may be also efficiently learned via TCI
approach. In a different direction, it would be in-
teresting to test the efficiency of the TCI approach
for interpolating entire entanglement feature in the
restricted setting (which has been efficiently applied
to certain quantum many-body perturbative expan-
sions, see the cross-extrapolation reconstruction ap-
proach in [72]), for instance allowing it to access pu-
rities only of a certain size (or number) of cuts. Such
restriction combined with a technique to bound er-
rors [71] or mitigate noise error post-TCI-learning [73]
may allow to practically apply the TCI interpolation
using data from noisy intermediate scale quantum
(NISQ) devices as an input. Alternatively, approaches
that use entanglement feature interpolation from es-
timated purities [74] or state reconstruction [75] may
provide an alternative avenue for obtaining entangle-
ment feature from NISQ data.

Achieving progress on the interpolation of exponen-
tially large sets of observables in discrete quantum
systems discussed above complements the parallel ef-
forts on application of TCI to describing continuous
properties of quantum systems. In particular, the
TCI was recently applied to sampling problem of high-
dimensional integrals [76] and diagrams [77, 78] and
representation of functions [79–81], as well as to inter-
polation of time dependence of local observables [72]
and correlation functions [73] (see also review [25] and
references therein). We hope that together these ef-
forts will result in more effective description of com-
plex quantum phenomena in equilibrium and out-of-
equilibrium interacting quantum systems.

Code availability
Code accompanying the study (Ref. [35])
is available at https://github.com/dmytro-
kolisnyk/entanglement-feature-learning-tci.
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A Entanglement features of random
Haar and MPS states
In this appendix, we summarize the analytic expec-
tations for the EF of random Haar and MPS states,
using the formalism developed in Refs. [82, 83].

A.1 EF of random Haar state
Consider the EF of a random Haar state in the ther-
modynamic limit L → ∞, for a state of qudits. In-
tuitively, the expectation is that such states are vol-
ume law entangled, with a flat entanglement spec-
trum Sn ≃ (log d)LA where LA is the number of
spins in the region A, where Sn is the n-th Renyi
entropy. Naively, this would give a product state
EF: |Ψ ⟩ =

∑
{bi} e− log d

∑
i

bi |{bi}⟩, where bi = +1
if site i belongs to region A, and 0 otherwise. This
expression is only valid for LA ≪ L, and is not Z2
symmetric. To get the full answer, let us compute
the EF more carefully, by considering a random state
ρ = |ψ ⟩ ⟨ψ| with |ψ ⟩ = U |0 ⟩ and U ∈ U(D = 2L) a
Haar random unitary. Recall that the EF is defined
by the purity of this state over all possible partitions

Ψ({bi}) = trρ2
A = tr

(
ŜAρ

⊗2
)
, (A1)

where ŜA is the SWAP operation on the two copies
of ρ acting in region A. For L → ∞, we can estimate
the typical behavior of this quantity by averaging it
over the random Haar unitary U . Upon averaging, we
find that the EF is simply the symmetrized version of
the result above

Ψ({bi}) ∼ e− log d
∑

i
bi + e− log d

∑
i
(1−bi). (A2)

Note that in Eq. (A2) the state is just a sum of two
product states, or equivalently a sum of two matrix
product states with bond dimension one, which can
be stored exactly in a bond dimension χ = 2 MPS. In
other words, even though Haar random states are very
complex, the corresponding EF state can be captured
by a simple MPS with one bit of entanglement.

A.2 Random MPS of bond dimension φ

Now we consider a random MPS state of bond dimen-
sion φ with unnormalized density matrix ρ = |ψ ⟩ ⟨ψ|.

The EF requires computing the purity of this state
e−S2 = trρ2

A/(trρ)2, where the denominator is im-
portant to properly define the purity of unnormalized
random state. To estimate this quantity, we use the
tools developed in Refs. [82, 83] to compute entan-
glement properties of random tensor network states.
Properly dealing with the denominator in the defini-
tion of the purity requires a replica trick [83] 1

e−S2 = lim
n→0

trρ2
A(trρ)n−2 = lim

n→0
trŜAρ

⊗n, (A3)

where ŜA = ⊗iŝi is a permutation operator on the
n-folded replicated space that acts as SWAP on the
first two copies if the site is within the entanglement
interval A (and as identity is the site is not in A), and
as identity on the remaining n − 2 copies. Since the
purity is not a self-averaging quantity, computing the
typical behavior of the (entanglement of the) EF goes
beyond the scope of this paper. For simplicity, we will
gain some intuition by averaging the EF.

Averaging over the random MPS, we find that the
(average) EF is given by the partition function of a
one-dimensional classical statistical mechanics model,
whose degrees of freedom are permutations gi ∈ Sn,
with Hamiltonian [83]

H = logφ
∑

i

(n−C(g−1
i gi+1)+log d

∑
i

(n−C(s−1
i gi)).

(A4)
Here C(g) is a class function that counts the number
of cycles in the permutation g. Note this interaction
is ferromagnetic, and C(e) = n, with e the identity
permutation. Meanwhile si ∈ Sn is a permutation
determined by the entanglement partition {bi} corre-
sponding to ŝi above: if i ∈ A, then si is transpo-
sition gswap = (12) that swaps copies 1 and 2, that
is si swaps the first two replicas and leaves the rest
intact; whereas if i ∈ A, then si = e just acts as
identity. Intuitively, the term proportional to logφ
in Eq. (A4) acts a ferromagnetic interaction, whereas
the term proportional to log d plays the role of a “mag-
netic field” that favors the permutation si.

For any finite replica number n, the resulting EF
can be written as an MPS with a finite bond dimen-
sion. However, because of the analytic continuation
n → 0 in the replica limit, it can have a non-trivial
entanglement spectrum. In the limit of the large bond
dimension of the random MPS, φ → ∞, the ferromag-
netic interactions lock all the permutations together,
and we recover the result of the random Haar state
section above. To see this, note that for φ → ∞, we
have all permutations become equal to identity gi = e
or the transposition gswap = (12) to minimize the
“magnetic field” log d terms. Then using C(e) = n and
C(gswap) = n− 1, the Eq. (A4) reproduces Eq. (A2).

1Note that in one dimension it is also possible to go around
this normalization problem for random MPS [84, 85], but since
we are after nonlinear properties like the typical entanglement
spectrum of the EF, a replica trick is needed.
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For large but finite bond dimension φ ≫ 1, the
leading excitations over uniform permutation gi = g0
are domain walls with energy cost logφ. The min-
imal excitation is a single domain of a permutation
differing from g0 by a single transposition, leading
to 2 domain walls, costing energy 2 logφ. This im-
plies that the finite-φ corrections to the Haar case
should go as ∼ φ−2: this is indeed consistent with
our numerical observations, since generally we ex-
pect the EF state corrections of order O(ε) to gen-
erate entanglement spectrum corrections in the cor-
responding density matrix only at order O(ε2). In-
deed, the half-cut singular value corrections of state
can equivalently be thought of as the eigenvalue cor-
rections of the state vector reshaped into a 2L/2×2L/2

matrix. For a generic matrix correction we expect
the leading-order eigenvalue corrections to be of the
same order as the matrix correction. In this case,
the correction matrix is the reshaped EF vector cor-
rection, which means that the singular values will
be corrected by O(ε) terms, leading to O(ε2) en-
tanglement spectrum corrections. For example, con-
sider a state |µ0⟩ = |00⟩ with a simple entangle-
ment spectrum eigs[tr2 ρ|µ0⟩] = {1, 0}. If we add a
generic correction of order O(ε) the state becomes
|µ⟩ ∼ |00⟩+ε(α0 |00⟩+α1 |01⟩+α2 |10⟩+α3 |11⟩), and
the previously zero eigenvalue receives a O(ε2) cor-
rection, eigs[tr2 ρ|µ⟩] = {1 − α2

3ε
2, α2

3ε
2}. This means

that a finite-φ correction to the Haar-case EF of or-
der O(φ−2) should induce a new eigenvalue at order
O(φ−4), compare with the inset of Fig. 4. We leave a
detailed theoretical characterization of the entangle-
ment spectrum of the EF of typical random MPS for
future work.

B Additional many-body quantum
states
Here we discuss the additional quantum states that
were only briefly mentioned in the main text, present
the scaling of EF bond dimension for these states, dis-
cuss the query efficiency of the TCI reconstruction,
and also show the raw distances between all the en-
tanglement features.

B.1 SYK model and partial tracing in
fermionic systems
The SYK GS state is the ground state of the SYK
model [27]. The ensemble of Hamiltonians we consider
is:

HSYK = −
√

6
N3/2

∑
1≤i<j<k<l≤L

4Jijklχiχjχkχl (B1)

where Jijkl are independent mean zero, variance one
Gaussian random variables, and χi are Majorana

fermions. We study the model numerically by group-
ing Majorana operator pairs χ2k−1, χ2k into the usual
Dirac fermion operators ck, c

†
k and use those Dirac

fermion sites to define a bipartition of system (with-
out splitting Majorana pairs into different regions).
For the fermionic computations we use the canoni-
cally ordered orthonormal basis:

{|i1i2 . . . iL⟩} = {(c†
1)i1(c†

2)i2 . . . (c†
L)iL |Ω⟩}, (B2)

with each index taking only two possible values,
ik=1,...,L ∈ {0, 1}. To create the Hamiltonian matrix
numerically in the dirac fermion basis from Eq. (B2)
we encode majorana operators as follows (for k =
1, . . . , L):

√
2χ2k−1 = c†

k + ck (B3)
√

2χ2k = i(ck − c†
k) (B4)

To compute entanglement entropy numerically we re-
quire the partial tracing procedure for the full density
matrix in the basis specified by Eq. (B2). We follow
the definitions from [86] where the authors start by
defining the partial trace of the last mode:

tr
L

((c†
1)i1 . . . (c†

L)iL |Ω⟩ ⟨Ω| (cL)jL . . . (c1)j1) =

= δiLjL
(c†

1)i1 . . . (c†
L−1)iL−1 |Ω⟩ ⟨Ω| (cL−1)jL−1 . . . (c1)j1

(B5)

Combining Eq. (B5) with canonical anticommutation
relations {cj , c

†
k} = δj,k results in a definition for an

arbitrary mode:

tr
m

((c†
1)i1 . . . (c†

L)iL |Ω⟩ ⟨Ω| (cL)jL . . . (c1)j1) =

= (−1)σδimjm
(c†

1)i1 . . . (c†
m−1)im−1(c†

m+1)im+1 . . . (c†
L)iL |Ω⟩

⟨Ω| (cL)jL . . . (cm+1)jm+1(cm−1)jm−1 . . . (c1)j1 (B6)

where the extra sign σ comes from the anticommuta-
tion of mode m to the last site:

σ = 0 if im = jm = 0,

σ =
L∑

q=m+1
(iq + jq) if im = jm = 1.

Using such tracing procedure iteratively we calculate
the reduced density matrix of the required biparti-
tion and purity, required for the interpolation of the
entanglement feature.

B.2 Motzkin wave functions
Now we briefly review additional area-law violating
states. We start from a c-color Motzkin state. This
state is defined on a space with local spin-c degrees
of freedom. It is an equal-weight superposition of
color-balanced Motzkin paths [30, 54]. Such path is
a sequence of steps directed up (1, 1), down (1,−1)
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Figure 9: EF complexity of (a) Fredkin state, (b) colorless Motzkin state, (c)-(d) two-color Motzkin state considering stan-
dard entanglement feature in (c) and also entanglement feature defined using von Neumann entropy instead of S2 in panel
(d), (e) EF of individual realizations of the SYK ground states (10 state samples), (f) EF created from average entan-
glement entropies of the SYK ground states (10 state samples). Different colors correspond to TCI error threshold being
1.1−{40,50,52,54,56,58,60,70,80}. The blue dashed curve denotes the maximum possible average bond dimension line.
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Figure 10: Number of queries to the purity function used by TCI for the Mode-II reconstruction of (a) highly excited eigenstates
of the weakly-disordered TFIM, (b) highly excited MBLT eigenstates, and (c) ground state of critical TFIM. In panel (a) behavior
mirrors the bond dimension behavior growing exponentially along the system sizes that were difficult to interpolate (compare
with Fig. 5), in (b) the number of queries is lower but grows steadily at a rate consistent with exponential or polynomial growth
depending on the error threshold (compare with Fig. 6) and in (c) the number of queries is astonishingly small and grows at a
slow linear pace (compare with Fig. 6). Different colors correspond to TCI error threshold being 1.1−{40,50,52,54,56,58,60,70,80}.
The blue dashed curve indicates the maximum possible number of purity function calls.

or sideways (1, 0) that ends on the same height (y-
coordinate) as the starting position, and never goes
below the starting height. The final crucial condi-
tion of being a color-balanced path is that the col-
ors of the up and down steps on the same height
level should match (this condition creates strong cor-
relations between distant spins, leading to large en-
tanglement). Throughout the paper we considered
a two-color and a one-color (or equivalently, color-
less) Motzkin state. As for the Fredkin state label
we used earlier, it was actually referring to the spin-
1
2 Fredkin state, where in general Fredkin states are
half-integer spin-(c− 1

2 ) analogues of c-color Motzkin
states. They are also equal-weight superpositions,
but of color-balanced Dyck paths, which are Motzkin
paths without the sideway (1, 0) steps [28, 29, 54].

B.3 GUE-H states
We also consider ground states of a random spin- 1

2
Hamiltonian constructed as a sum

HGUE = h1;2 + h2;3 + . . .+ hL−1;L (B7)

of two-site random local terms hj;k drawn from the
Gaussian Unitary Ensemble (GUE). These states
model ground states of local Hamiltonians, and are
labeled as GUE-H GS on the entanglement pattern
map.

B.4 Additional TCI complexity curves and raw
entanglement feature distance data
For completeness we add the entanglement feature
complexity curves for the rest of the area-law violat-
ing states that are briefly discussed in the main text,
see Fig. 9. We also clarify the intuition that the bond
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Figure 11: Raw statistics of the entanglement feature distances. System size is fixed to L = 12.

dimension of the tensor-cross-interpolated EF closely
follows the number of EF elements accessed during
the TCI procedure in Fig. 10. Moreover, we also show
the raw averages of distances between entanglement
features of all pairs of states in Fig. 11. Single real-
izations of this data were used to obtain the Fig. 7 in
the main text.

C Restricted discrete optimization
In one of the EF applications, when looking for a
minimal-entanglement 1D arrangement of a quantum
state in Sec. 4.2, an important subroutine that we
utilize finds a close-to-weakest entangled bipartition
among fixed size ones. To implement this, we choose
a fixed-subsystem-size basis that, given a subsystem
size |A|, specifies a bipartition of such size by spec-
ifying the position of the first spin belonging to A,
then specifying the position of the second spin from
A chosen from the leftover L − 1 possible positions,
and so on until the position of the |A|-th spin is spec-
ified. Note that different basis elements may refer to
the same bipartition, and that the local dimensions
are L,L − 1, . . . , L − |A| + 1. For example, in a sys-
tem with L = 7 spins a basis element (4, 6, 2, 2) refers

to the bipartition with a subsystem A = {4, 7, 2, 3}.
Finding a maximal element of a tensor that stores
purities in the fixed-subsystem-size basis is equiva-
lent to performing restricted-subsystem-size search for
the maximal EF element, which is our goal. There-
fore, it is enough to consider the problem of maxi-
mizing a discrete purity function given implicitly by
on-demand generated entries from EF in the fixed-
subsystem-size basis. We solve this problem by using
the TTOpt algorithm [56], that creates a TCI of the
oracle function (which in our case is the purity ora-
cle) and then simply selects the largest-modulus ele-
ment among all pivot matrix entries. This approach is
motivated by the fact that the maximum-modulus el-
ement in a maximum-determinant-volume submatrix
bounds the maximum-modulus element in the full ma-
trix [57], and by empirical tests [56].
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