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This work considers a teleportation task for Alice and Bob in a scenario where
Bob cannot perform corrections. In particular, we analyse the task of multicopy state
teleportation, where Alice has k identical copies of an arbitrary unknown d-dimensional
qudit state [i) to teleport a single copy of [¢) to Bob using a maximally entangled
two-qudit state shared between Alice and Bob without Bob’s correction. Alice may
perform a joint measurement on her half of the entangled state and the k copies of [¢).
We prove that the maximal probability of success for teleporting the exact state |1) to
Bob is p(d, k) = m and present an explicit protocol to attain this performance.
Then, by utilising k copies of an arbitrary target state |¢), we show how the multicopy
state teleportation protocol can be employed to enhance the success probability of
storage and retrieval of quantum programs, which aims to universally retrieve the
action of an arbitrary quantum channel that is stored in a state. Our proofs make
use of group representation theory methods, which may find applications beyond the
problems addressed in this work.
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1 Introduction

Quantum state teleportation is a protocol which allows two parties who share entanglement, Alice
and Bob, to transmit a quantum state without having direct access to a quantum channel [1]. If
Alice and Bob share a maximally entangled state |¢ ) := ﬁ Zztol |ii) € C¢®C? and Alice wants

to send an arbitrary unknown qudit state |1)) € C?, she performs a joint measurement on her side,
and send the outcome of this measurement to Bob by classical communication. Bob may then
perform a correction step, which depends on the outcome of Alice’s measurement. In this way,
Bob is ensured to hold the state |¢/) by consuming only entanglement and classical communication.
Today, quantum teleportation is a fundamental element ubiquitous in quantum information, being
used as a building block of several protocols and tasks [2—11].

Despite its wide variety of applications, the necessary correction step in the standard tele-
portation protocol has some undesirable consequences. For instance, it forbids us from using the
standard teleportation protocol to store a quantum program, i.e., a unitary operation, and later
retrieve it to apply on an arbitrary state i) [5] since the correction step depends on the quantum
program to be stored. To overcome the correction step, Ishizaka and Hiroshima [12, 13] have
proposed a protocol referred to as Port-Based-Teleportation (PBT), where Alice and Bob share N
copies of maximally entangled qudit states, and apart from discarding a part of his qudits, Bob
does not need to perform any correction. Since its first appearance, PBT has been an active topic
of research, and optimal protocols were obtained when Alice wants to teleport arbitrary qudits
via an arbitrary number of ports [14], in a scenario where Alice and Bob may share states which
are not maximally entangled [15], and also recycling [16], and a multiport scenario [17]. Since no
corrections on Bob’s side are required, PBT allows us to bypass the no-programming theorem [5],
and to perform a probabilistic or deterministic non-exact protocols for programming quantum
operations into quantum states, a problem closely related (or even equivalent to some extent) to
unitary learning [18] and storage and retrieval [19]. Additionally, the possibility of performing
PBT teleportation has found applications in seemly unrelated problems such as unitary estima-
tion [20], unitary inversion [21, 22|, unitary transposition [23], Bell nonlocality [24], and nonlocal
computation [25].

We can view the PBT protocol as a teleportation protocol which, at the cost of consuming
entanglement, performs high-quality teleportation without any corrections on Bob’s side (apart
from discarding parts of his system). A natural question is which other resources or scenarios allow
a high-quality correction-free teleportation? Can we improve our performance without consuming
extra entanglement? For instance, how can we do a high-quality correction-free teleportation in a
scenario where Alice wants to teleport a d-dimensional system, and Alice and Bob have a single copy
of a d-dimensional maximally entangled state, the same amount of entanglement of the standard
protocol. In some scenarios, a natural extra resource to consider is the case where Alice has access
to k identical copies of an unknown input state. This scenario arises in a case where Alice has an
uncharacterised source that can be used to produce IID (independent and identically distributed)
quantum states. Situation encountered in various cryptographic scenarios [26]. We note that these
copies constitute a nontrivial resource: although they do not reveal the state perfectly for finite
k, they can be processed jointly to increase the probability of successful teleportation without
requiring any correction on Bob’s side. And, even when Alice has access to infinitely many copies
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(hence, allowing to perform state tomography and having perfect knowledge of her state), as we
detail later, the problem remains nontrivial, in the sense that deterministic and exact teleportation
without a correction step is not possible.

In this work, we consider a scenario of multicopy state teleportation, where Alice and Bob
share a single maximally entangled qudit state, and Alice has access to k identical copies of of an
arbitrary qudit state |¢) which she desires to teleport a single copy of |1) to Bob. We show that,
by consuming k copies of |¢), Alice may teleport ) to Bob with a success probability increasing
with the number of copies k in a scenario where Bob does not need to perform any correction. The
scenario we consider may be viewed as a probabilistic PBT where Alice and Bob have a single
port, but Alice has k copies of the state she desires to teleport. We prove that, when k copies
of a d-dimensional state are available, the optimal success probability to teleport |¢) to Bob is
p(d, k) = m and present an explicit protocol to attain this performance. As an immediate
application, we analyse how multicopy state teleportation may be used to increase the success
probability of storage and retrieval of quantum programs (arbitrary quantum channels) when k
copies of the desired input state are available.

2 The multicopy state teleportation task and the main result

2.1 Motivation and conceptual presentation of the problem

P ! \
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i = p(d7 k) B
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B

Figure 1: Pictorial illustration of the teleportation scenario considered in this work. Alice and Bob share one
pair of a maximally entangled qudit state |¢;> and Alice has k copies of an arbitrary qudit |¢). In order to
teleport the state |¢) to Bob, Alice performs a joint measurement M on all quantum states on her side. We
consider the case where Bob probabilistically receives a single copy of |¢) without any corrections, hence Alice's
measurement outcome may be assumed to be dichotomic, where one measurement outcome corresponds to
success, where Bob receives the exact state |1)) with probability p(d, k), and a failure case where Bob receives a
quantum state which is not |¢).

In a standard teleportation protocol, Alice has a pure qudit state |¢)) € C? which she wants
to send to Bob in a scenario where the parties do not have access to a quantum channel, but
they share one copy of a d-dimensional maximally entangled states |<Z)j> = ﬁ Zf:_ol lii) € C? @

C?. In this protocol, Alice performs a joint measurement on her side, and send the outcome
of this measurement to Bob by classical communication. Bob may then perform a correction
step, which depends on the outcome of Alice’s measurement. As discussed in the introduction,
in addition to requiring more work, the correction step required by Bob prevents the standard
teleportation scheme to be employed for other relevant informational and computational tasks, such
as gate programming [5], unitary storage-and-retrieval [18, 19]. One way to obtain a high-quality
teleportation scheme without any correction is to perform PBT, a protocol which its performance
depend on the amount of entanglement shared by the parties. But, when the parties share a single
copy of a d-dimensional maximally entangled state, PBT reduces to standard teleportation without
correction, and it has a success probability of 1/d>.

While from a foundations perspective it is common to analyse a situation where one has access
to a single copy of a completely unknown quantum state |¢), in various information and quantum
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information protocols, one has access to a source which produces multiple copies of a desired state.
This is the situation on tasks such as cryptography [26], data compression of known states [27] and
unknown states [28], entanglement distillation [29], among others. It is then natural to consider
the case that Alice does not have classical knowledge of the quantum state |¢) she holds, but, she
has many copies of it. This situation arises for instance, in a scenario where Alice has access to
an uncharacterised source which can produce copies of the same quantum state. Alice’s goal is
then to send this state to Bob in a scenario where the parties do not have a quantum channel, but
Alice and Bob share a single copy of a maximally entangled state. Since our teleportation protocol
does not require any correction step, it can be directly used for storing-and-retrieving quantum
programs in a scenario where one has access to multiple copies of an input state. This application
is detailed in Sec. 3.

The multicopy teleportation task is presented in Fig. 1, in a scenario where two parties, Alice
and Bob, share a d-dimensional qudit maximally entangled state f¢j> = ﬁ > i) € Cl®C? and

Alice has k copies of an arbitrary qudit state 1)) € C?. Alice’s goal is to perform a measurement
on her part of the state and prepare the state |¢) at Bob in a probabilistic heralded manner, that
is, with probability p(d, k), Alice knows that the state |¢)) was teleported to Bob perfectly, and
with probability 1 — p(d, k), Alice knows the state |1)) was not perfectly teleported. In a standard
quantum state teleportation [1] scenario, it is always possible for Alice to inform Bob the outcome
of her measurement in a way that Bob may perform a correction step. After the appropriate
correction, Bob can recover the state |¢)) with p = 1. We consider a scenario where Bob cannot do
any correction and Alice can only communicate to Bob whether the protocol has worked or failed.
This goes in a similar direction of Port-Based-Teleportation (PBT) [12-14, 16], where Bob does
not perform any correction operation, except for discarding some of his qubits.

When k = 1, Alice has a single copy of the arbitrary qudit state |¢), and the task we consider
corresponds to the standard quantum teleportation where Bob cannot perform corrections, which
is equivalent to probabilistic PBT with a single port. In this case, the optimal measurement for
Alice is any measurement where one of the measurement elements is the projector onto a maximally
entangled state |¢;‘ ><¢>j | The simplicity of this measurement, together with the lack of correction,
makes this correction-less teleportation the most commonly implemented experimentally [30]. Fol-
lowing the same calculation of standard state teleportation, we see that with probability p = 1/d?
the outcome corresponding to |¢ )Xo | is obtained, and Bob’s state is transformed into [¢)(1)].
This problem becomes non-trivial when k& > 1, where Alice has then more options for joint meas-
urements to perform on her side.

Finally, we mention that, by design, independently of the dimension d and number of copies k,
in the probabilistic multi-copy state teleportation protocol, Alice communicates a single bit to Bob.
She just informs Bob if she obtained the successful outcome, hence the protocol worked perfectly,
or, if the protocol failed. This is in contrast with the standard teleportation protocol, where Alice
must send one out of d? symbols to Bob (that is, 2 classical dits). This shows that, one may have
non-trivial probabilistic exact teleportation protocols even when Alice has very restricted classical
communication to Bob, and motivates the question of quantum teleportation with limited classical
communication.

2.2 Precise mathematical description of the problem

Consider a scenario where Alice and Bob share a d-dimensional qudit maximally entangled state
|¢>}'> € Ha @ Hp, where Hy = Hp = C? and Alice has k copies of an arbitrary qudit state
|¢) € C4, states defined in the linear spaces H; = C?, where the index i ranges from 1 to k. The
initial state held by Alice and Bob can be described by

|¢>1®W>2®-~-®|w>k®|¢,}_>AB€H1®H2®.--®Hk®HA®HB, (1)

where the first k + 1 subsystems are held by Alice and the last system is held by Bob, see Fig. 1.
Alice then performs a two-outcome quantum measurement, described by the Positive Operator
Valued Measure (POVM) [10] {M,1 — M}, where M is a measurement operator, that is, a linear
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operator respecting

MeL(H1®...0 Hir ® Ha), where L(H) is the set of linear operators H — H (2)
M >0 (3)
M <1, because 1 — M > 0. (4)

In the multicopy quantum state teleportation task, the goal is that, when Alice’s measurement
succeeds, Bob should hold the state |¢) on his space Hp with a success probability of p(d, k), that
is,

s ([ONUI5 @ |65 X0F Lap Mika ®1n) = p(d ) 0wl 5. (5)

As previously stated, M € L (((Cd)®(k+1)) is a measurement operator, that is, a linear operator
respecting 0 < M < ]l?<k+1), in a way that the set {M,1 — M} is a valid POVM, since M > 0,
1-M>0and M+ 1 —-M = 1. We observe that, in the multicopy state teleportation task
considered here, the protocol is allowed to fail with probability 1 — p(d, k), but, when successful,
we require the output state to be the exact same state as the input state. The exact requirement
imposes severe constraints on the measurements performed by Alice. For instance, most of the
possible measurements, including the case where M is the projector onto the symmetric space,
would not be able to satisfy Eq. (5) for every state |¢).

In this work, we will present the measurement operator My ;4 € L(H1®...@H) ®H 4) which
maximises the success probability p(d, k) of Bob obtaining |¢)) perfectly. In more precise terms, we
solve the following optimisation problem,

Given d, k € N,
max p(d, k) € [0,1] (6)
MeL(Cd)®U+D
such that: V|¢) € C? with |||¢)] =1 (7)
tri. kA (WXW%&W ® g Xbg | 1p Mika ® 113) =p(d, k) [YXdlg,  (8)
0<M<1. (9)

In Sec. 5, we show how to rewrite the above problem as a Semidefinite Program (SDP). In this
current version, it is not immediately a SDP, since Eq. (8) has to hold for all normalised vectors
|1}, the problem has infinitely many constraints, and it is not an SDP. However, due to linearity,
we can reduce these infinitely many constraints to a finite number of them, and by making use
of the symmetries in this problem, we solve the optimisation problem and obtain our main result:
the optimal measurement M and its probability p(d, k) for every d,k € N.

Theorem 1 (Main Result). The maximal success probability in the multicopy state teleportation
problem described in Eq. (6) with k copies of the arbitrary qudit state |1) € C? is given by

k
d, k)= ——-—. 10
The mazimal success probability is attainable by the POVM element
M s = ¢(Psym ® ]lA) (]11 (k1) @ |og X o | ) (Psym ® ]lA) (11)
(k 1 + d) 1...k d d kA 1...k ’
where P;Y"}" is the projector onto the symmetric subspace' of ((Cd)®k, and acts on systems 1,...,k,
while the identity operator 1y, (x—1) acts on systems 1,...,k —1.

k k
LA vector |¢) € ((Cd)@ , belongs to the symmetric subspace of (Cd) © if it is party permutation invariant, that
is, for any permutation 7w € Sy, of a set with k elements, we have |1),5 , = |1[1>7T(12mk> [31, 32].
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The proof of Thm. 1 is presented in Sec. 5. For now, we notice that, as it should be, when a
single copy of the arbitrary state 1)) € C? is available, we obtain ps(d,k = 1) = d—127 which is the
optimal success probability in the standard teleportation scenario without correction. Also, when
k is very large, we obtain p(d, k — o0) = é, which is the performance of Remote State Preparation
(RSP) [33]. One interpretation of the RSP is that Alice performs a teleportation protocol with
a known state |[¢), in contrast with the standard quantum teleportation protocol where |¢) is an
unknown arbitrary state. From this perspective, we may understand the formula p(d, k — o0) = é
as, when Alice has infinitely many copies, she may first perform quantum state tomography, and
then implement the RSP protocol to obtain a success probability of é.

In the Appendix A, we discuss the relationship between multicopy state teleportation and the
concept of probabilistic simulation of quantum channel from the future to the past proposed at
Ref. [34]. More precisely, we stablish a lemma that allows a strong connection between our work

and Ref. [34], this lemma then leads to an an alternative proof of our Thm. 1.

3 Application: storage and retrieval of quantum programs when k copies
of the input state are available

(a)
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Figure 2: (a) The task of storage and retrieval of quantum programs, which can be used to universally retrieve
the action of an arbitrary quantum channel C : £(C%) — E((Cd/) on an arbitrary state |¢)) € C* with probability
p(d,k—1) = d%
(b) Employing the multicopy state teleportation protocol to retrieve the action of an arbitrary operation C :
L(CY — £((Cd,) when k copies of an arbitrary state |)) € C? are available, with probability p(d, k) = m.
The standard state teleportation protocol may be used to teleport quantum operations, which
in this context are also referred to as a quantum programs, in a scheme sometimes phrased as gate-
teleportation [8, 9], a technique which may be used to perform quantum unitary programming [5]
and probabilistic unitary storage and retrieval [19]. The idea works as follows (see Fig. 2), let
U € £(C?%) be an arbitrary (unknown) unitary operation, which may be implemented by a whole
quantum circuit, referred to as a unitary quantum program U. We may then make a single use of
this operation and apply it into a half of a maximally entangled qudit state ’¢j> ap € Cl®C? to
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obtain the state 1 ,®Up |¢;‘> g Which will be stored until the user desires to retrieve the use of the
operation U. When the user desires to obtain the operation U on an arbitrary state |¢)) € C%, the
user performs a measurement with a POVM element M = |¢j ><¢)j{|1A on the state 1), ® |¢;>AB.
It follows from the same calculation used in the teleportation trick of Eq. (19), that the state
U |¢) is obtained in the space Hp with probability d—lz. Note that we may drop the assumption
that the operation considered is unitary. An analogous argument shows that we can teleport the
action of non-unitary quantum programs as well. The concept of a general deterministic program is
formalised by a quantum channel [11, 31|, which is a completely positive trace-preserving (CPTP)
linear map C : £(C%) — £(C%) that transforms qudit states in C? into quantum states in C%. The
protocol for storage and retrieval of arbitrary quantum programs follows the same steps as in the
unitary case. In the storage phase, we apply the arbitrary (unknown) channel C on one half of a
maximally entangled qudit state |¢j> € C? ® C?, obtaining the state 1 ® C (|¢j >< :{|) Later, in
the retrieval phase, the same measurement with M = ‘(bj ><¢j’1 4 on the resulting state allows us
to universally retrieve the action of C on an arbitrary state |1) with probability d—12 see Fig. 2).
We may now use multicopy state teleportation in the retrieval step described in the previous
paragraph. The idea now is, if instead of having a single copy of the arbitrary qudit state |) € CY,

we have k copies of it, that is, we hold |’(/J>®k. Instead of performing the retrieval operation M7 4 =
|o5 X & |, we perform the operation My, x4 := ‘(k7d1k+df) (Pf?f}:@]l,q) (L1 ® ‘¢;><¢;|k14) (Pf'w,':@
]lA) on |1/J>?kk and Alice’s part of the maximally entangled state |¢I>AB to obtain the output

state U [¢) g with probability p(d, k) = m. Similarly, as in the case where a single copy of
|1} is available, we may drop the assumption that the operation is unitary. More precisely, we can
perform a single application of an arbitrary (unknown) channel C : £(C%) — £(C%) on one half
of a maximally entangled state to obtain the state 1 ® C (|¢j ><gz$;r|) Then, if the measurement
M. ra is performed on the first k 4 1 systems, as in Fig. 2, the state C(|¢))(1)|) is teleported to
Bob with probability p(d, k) = m.

As discussed earlier, when k — oo, we obtain p(d,k — o0) = é, which corresponds to the
case where we want to retrieve the operation U stored in 1 ® U |¢;> in a “known” input state |t))
instead of an arbitrary unknown one. As also discussed earlier, when one has access to infinitely
many copies of the state, one can perform quantum state tomography and know exactly the state
|1}, hence the measurement M may depend explicitly on [¢). When k — oo, the task presented
in this section is in a close relationship to remote state preparation [33], and may be viewed as a
variation of the storage and retrieval task [19] in a scenario where the state on which one desires
to retrieve the operation is known. Also, when restricted to the case where k& — oo, the task
presented here is equivalent to the single-port version of the Port-Based State Preparations task
presented in Ref. [35], and the problem of retrieving the usage of multiple calls of a quantum
operation on known quantum states is also analysed in Ref. [36] in the context of higher-order
quantum computing with known input states.

4 Proof of attainability and the intuition behind the protocol

We restate here Eq. (11) from Thm. 1, which gives the POVM element describing the optimal
measurement:

My ks = (kdlkqtd) (wa;? ® 1A) (11“.(1@71) ® |¢er><¢;‘k,4) (Piwl: ® ]lA)- (11)

Before presenting in Sec. 5 a detailed proof that this is indeed the optimal measurement, we
analyse some properties of this measurement to give an intuition on why this measurement is
useful for multicopy state teleportation, and prove that the success probability p(d, k) = m
is attainable.

First, notice that My 4 = ﬁ (PfyT];L ®ILA) (11“‘(]@,1) & ‘(bjx(ﬁ;r ’kA ) (F)fy'r];I ®ILA) gener-
alises the measurement performed by Alice in the standard probabilistic teleportation protocol, i.e.,
when k£ = 1, we obtain M7 = |¢3‘ ><¢jl' | 14+ Also, it is not hard to show that, if we set Alice’s measure-

ments to be My..ka = gy (PR @14 ) (11 o1y @ [0 X0 |y ) (PP @14 ), the multicopy
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state teleportation protocol is successful with probability p(d, k) = By successively using

k
d(k=1+d)
the cyclic property of the trace tr (ABC) = tr (BCA), the identity P} |¢>12 = |77[1>12 . and
the equality derived by the “teleportation trick” [1]

trua (10| 1) (10301, @ 105 X0 L ) )= 5 1RO (12)

one may check that,

tri.xa <¢>(TZJ ?2’?& ® ’¢:[><¢; ’AB M. kA ® 1B> (13)

dk o
:Mtrlmm(wx % 0|00t (P2 01)

(14)
(11“‘(1«—1) ® ‘¢$><¢HM) (PfyTZ ® ﬂA) ® 13)
dk sym sym
- m..m((pl 70 Lan) KOS @ |63 X6E |y (L2 © 10) "
(mwkn®ww@nm®n@)
= Goitd _dlk+ ) tri. ka (7/’)(1/’12 & ® ’¢(Jir><¢ﬂAB (111.4.(1@71) ® |¢I><¢HM ® 13)) (16)
dk 1
S e A OO (17)
k
Sdk—1+d) [N 5 - (18)

Finally, since M7 i 4 is the composition of positive semidefinite operators, we have that M7 x4 > 0.
In order to finish the attainability proof, one must also show that Mj a4 < 1, of which detailed
proof is shown in Section 5.

In the next subsections, we present an alternative approach to the problem which, in addition
to providing an intuition on why the proposed measurements are optimal, it will lead into an
eigendecomposition of the measurement operator M; x4 from Eq. (11).

4.1 The k =2 case

Before start analysing the k = 2 case, let us quickly revisit standard state teleportation, i.e., the
k =1 case. When k = 1, Alice’s measurement operator is given by My = |6 Yo/ |, ,, Alice and

Bob share the state |¢); ® |q5ﬂ,/+>7 and the teleportation protocol works thanks to the “teleportation
trick” calculation

(<¢$’1A®13><|¢>1®’¢;>A3) :élqu- (19)

This calculation is shown by recalling that |¢}) = ﬁ >, lii) and that an arbitrary state can
always be decomposed in the computational basis as ), (i|[) |i), and then we have

(610 1m) (102 168)00) =3 2 (a2 1) (G0 04 ) )

=25 (kli)y (k11 (i) ) (21)
1kl

—LS i) 1y, (22)

d “~

=215 (23)
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Rewritten in density matrix notation, the teleportation trick of Eq. (19)

trua (165X 10 © 1) (W01 © 165 K05 15 ) )= 16 24

is obtained. It may also be shown by making use of the identity A ® 1 }¢j> =1 A7 |¢>j,> which
holds for any linear operator A : C* — Cc?, and AT represents the transposition of A in the
computational basis.

We may now try to imagine a way to generalise Alice’s measurement for k = 2, for that, we
seek for states which is permutation invariant in the spaces H; ® Hs2, and has the teleportation
property of gbj in the space A. One idea to attain this goal is to define the states:

i)y ® ‘¢;—>2A 10, ® |¢:l_>1A
/'Y b

Irs) = | ie{l,....d} (25)

where v € R is a normalisation factor to ensure |||r;)|| = 1. Notice that, for any state |1)) € CY,

by using the teleportation trick from Eq. (19), we have” from the context, we may suppress the
tensor product symbol ®, that is we may use the notation given by |1), [¥)5 1= |¥); ® |¢),.

((riliaa @ 1s) (161 10) 63 45 ) = %(ml (6|0 @ 1n + Gl (0F 4 @ 16) (19D 192 |67 a5 )

)

= (Moh s + 3 ), 101, ) 0
2 .

= 2 o). )

Then if we set Mio4 = Z?:l [7iX7il19.4, We have

d
>tz (1o © L WKV © W01 © 163 X0 Lan ) = 32 5 22 (i) () [0l (29)

vdvd
— <Z| ilv)| >|w (¥lp (30)
4
Ry VXY, (31)

where the identity 37, [(i[¢))|* = ||[#))|| = 1 follows from the fact that [¢)) is a quantum state, hence
a normalised vector.
In direct terms, if we prove that the vectors |r;) are orthonormal and the constant ~ is calcu-

lated, it is enough to set the measurement operator as Miaa = Z‘Ll |73 )(i]154 to obtain perfect
teleportation with probability p(d, k = 2) = (2/ yd)z. As we will verify soon, Lemma 1 ensures that

the vectors |r;) are orthonormal and that % = holds.

__d
E(k—1+d)

42 The k = 3 case
i), @67 ), +1D):0]¢7),

For the k = 3, we aim to generalise the states |r;) := ie{l,....,d},ina
way that it is permutation invariant in the spaces Hi; ® Hs ® 7—[3 One 1dea is to set

s 0i)aa s © D+ s,y (D)
5 gee ey 2

|ri) :=
5

2When it is apparent
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d
where { |81>}1(i)1 be an orthonormal basis for the symmetric subspace® of (C?) “2, Following the
same steps of the k = 2 case, we see that

((rshzsa ©10) (1602 10021003 ) 05 ) = 10 sl (10} @14 ). (33
and then
(4)
> trizsa ([ririlissa © s WKL @ WEXWL, @ [0)0bls © 05 X |u ) (34)
%y == (oo 902 190, ) (G e lsih ) 10015 (35)
:2%2 (Z fsilia 190, |w>2|2> YK (36)
ng |¢><¢|B ; (37)
where the identity 253)1 [{sil1o |¥)4 |z/1> |> = 1 follows from the fact that the state [¢)) ® |4 belongs

to the symmetric subspace of* ((Cd)

43 The k € N case

We are now in a position to define the general form of the states |r;) which will form an orthonormal
basis leading to Alice’s measurement.

k— 2+d
Definition 1. Let {\sﬁ}f ) be an orthonormal basis for the symmetric subspace of (Cd) Bk 1),

Viak) ((Cd)®k — ((Cd) O be the operator which swaps the system in position a with the system in
position k. For any k,d € N andi e {1,..., (k 2+d)} we define the vectors |r;) € (Cd)@)(k“) as

d k
i) i= W= 1Ed) (; Viak) © ﬂA( |si)1a...(k-1) ® |¢I>M>) : (38)

where ’¢j> = % Z?:_OI |i7) is the mazimally entangled qudit state.
We start by proving that the vectors |r;) presented in Def. 4.3 are indeed orthonormal.

Lemma 1. The vectors |r;) € (Cd)®(k+1) presented in Def. 1 are orthonormal, that is (¢;|¢;) = &;;.

Proof. First, notice that it follows from the “teleportation trick” presented in Eq. (19) that for any

vector |s;), ., it holds that

1
(]112--~(k—1) ® <¢a+l‘k,4> ( |8j)2. 1 ® |¢;>1A) ~ 4 1Si)9...a - (39)

Now, let us focus on the vectors |Z(a, 1)) := Vigr) ® 14 ( Sl (k—1) ® ’¢d ) Direct calculation
shows that (Z2(a,?)|=(a,j)) = 0;; holds. But, when a # o', we have (Z(q,?)|E(d’, j)) =

k _ . .
3The symmetric subspace of ((Cd) ® has dimension (k ,1+d), and an orthonormal basis for this space may be

obtained by a “type” approach and other standard techniques [31, 32].

2
4To prove that, just notice that |¢) ® |)) belongs to the symmetric subspace of ((Cd)® , we can write ) ® |¢)
as a linear combination of the vectors {|s;)};.
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that, let us first fix a = k and o’ = 1 to see that

<E(a,i)|5(a’,j)> :( <Si|12...(k—1) ® <¢j|k,4 ) ( |5j>2...k ® }¢;>1A) (40)
( (silia... (k—1) ) (Illlu(k*l) ® <¢ZH]<A> ( |3j>2...k ® ’¢¢J1r>1,4) (41)
—é (sil 42... (k—1) ) ( ‘Sj>2,..A) (42)
0
= (43)
Hence, we have that
d : = =
(rilr;) = m <;; (E(a,1)[=(d, J))) (44)
d - 5i;
T k(k—1+d) (; 0ij | + =, d (45)
d k(k—1)
i k=11 d) <k+ d > (46)
d kd+ k(k—1)
Yk(k—1+d) < d ) (47)
1 d+k—-1
’%k—1+d)< 1 ) (48)
= 0;j, (49)
which concludes the proof. O

Now, we prove that if we perform a quantum measurement using the orthonormal basis {|r;) }.,

we perform multicopy state teleportation with a success probability of p(d, k) = m, as
presented in Thm. 1.
Lemma 2. If we set
(5219
M. ka = Z [riXril pas (50)
i=1
it holds true that, for any normalised vector ) € C¢ and any d,k € N we have
tr1 pa (\wxwhz 5@ |0TXOT | 4p Mika ® ﬂB) = p(d, k) [} 5 (51)
with
(k) = o (52)
OB =gk —1+a)

Proof. The proof follows from similar steps of the calculations made in previous sections with k = 2
and k = 3. For convenience, let us define the vector |E(a, 7)) := Viar) @14 ( sid12.. (k—1) ® ‘q§j>kA)
and evaluate the quantity

((2la = ki)l o ® 15 ) 10y - [, |65) 4 (53)
({sibioemry ® (B la ) 01 - 001 |93 (54)
=({siliamny 1011001 ) (05 |oa @ 18) 1004 63 (55)
== ({5this sy 1901 WYy ) ) (56)
(57)
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Analogous calculation shows that, for every a € {1,...,k} and every i € {1, . (k;?{d) }, it holds
that

= 1
(E@dly xa®16) 1) 100 [63) 45 = 5 ((Sihaumny )1 W)y ) [0D5, (58)
and since |¢), ... |1),_, belongs to the symmetric subspace of (C*)®(*~1 it holds that
k—1

Z (silya.. (k—1) )y - ) =1, (59)

i=1

(k72+d)

hence

k

i L k
Z E B Z 31‘12...(1@—1) |¢>1 e |'(/J>k—1 = d |¢>B : (60)
a=1 =1
We can then finish the proof by direct calculation,
1. (NI 4 © 65X [ap Mia ©1n) (61)
(k;Z-%l—d)
- Xt (X1 s © [65 X5 |ap Irikrilssa © 1) (62)
d
:md2 WX 5 (63)
1
= =g s (64

In order to have another perspective on why the measurements M;  r4p attain the success
probability of p(d, k) = in Sec. 5.7 we present an alternative proof of Lemma 2 which
makes use of Lemma 3.

Finally, we may recognise that the measurement presented in Lemma 2, is precisely the eigen-
decomposition of the measurement presented in the statement of Thm. 1.

1
d(k—11d)>

Lemma 3. The operator My, 4 := m(psyk ® ]1A> (11, ® ’¢z{><¢;r|kA) <psyk ® ]1A) is
a projector (hence M < 1), and has its eigendecomposition given by

k—1

M. ka = Z raXrily. pas (65)
i=1

where |r;) = 4 /m (Z];:l Viak) ® 1A<|3i>12_“(1€_1) ® }¢;>kA>) are the vectors in Def. 1

The proof of Lemma 3 will make use of some group representation theory methods and is
presented in Sec. 5

(k—2+d)

5 Proof of optimality and group representation theory methods

In this section, we present the proof of Thm. 1, but before proceeding with the proof, we introduce
some ideas borrowed from group representation theory and develop the necessary notation.
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5.1 Partitions and Young frames

A partition « of a natural number k, denoted by « F k, is a sequence of positive numbers o =
(a1, @, ..., ) such that

> ag > ... > a >0, Zai:k. (66)
i=1

Every partition can be visualized as a Young frame which is a collection of boxes arranged in left-
justified rows. The number of Young frames for a fixed number % can be evaluated recursively [37].
In this paper by «, u we denote Young frames with k, k+1 boxes respectively. The length of the first
column in a given Young frame p (equivalently, number of summed elements in (66)) is denoted
as a height ht(p). From the set of all Young frames with & boxes we distinguish a particular one
called a symmetric frame denoted by symy - k& boxes arranged in one row. By writing y = o+ 0
we denote a Young diagram p - k4 1 obtained from « - k by adding one box, while by a = pp— 0
by subtracting a single box.

(2,1,1) (2,2) (3,1)
@3 = n p+0

a=(2,2) \\\\T
/Bj

B

H

ﬁj o= (2.1,1)
g

.

(2,1) p=a+0
\

. B emuec

(2) (1,1)

A B

Figure 3: Panel A presents five possible Young frames for £ = 4. Panel B presents possible Young frames
obtained from a frame p = (2,1) by adding a single box, depicted here in green, and by subtracting a single box,
depicted in red.

With a given Young frame p - k£ we can associate a Young tableau which is obtained by filling
in the boxes of the Young frame with numbers 1,...,k. Numbers in the boxes must strictly
increase from left to right in every row and from top to bottom in every column. The number
of the standard Young tableaux, denoted by d,,, can be evaluated by using certain combinatorial
expressions like the hook-length formula [38, 39]. With a given Young frame p - k we can associate
semi-standard Young tableaux. These objects are obtained by filling in the boxes of the Young
frame with numbers 1,...,d, where d is some natural number. In every row, numbers must be
arranged in non-decreasing order from the left to the right and strictly increasing order in every
column from the top to the bottom. The number of all semi-standard Young frames for a given
tableau is denoted by m,,, and it can also be evaluated by combinatorial rules like the hook-content
formula [38, 39]. It is easy to see that when d < k not all semi-standard Young frames exist. Namely,
we have to exclude all Young frames whose height is greater than d. In the particular case, when
we consider symmetric frames of k—1, k, k+ 1 boxes, we know closed expressions for the numbers of
the corresponding (semi-)standard Young tableaux dgym, _,, dsym,. > symysrs Msymy_1, Msym,,, and

Accepted in {Yuantum 2026-04-12, click title to verify. Published under CC-BY 4.0. 13



Msympqq*

dsymk,l = dsym,;C = dsykarl = 17 (67)
k—2+d
Msymy_1 = ( k—1 ) (68)
k—1+4+d
k+d
msykarl - <k + 1> (70)

5.2 The Schur-Weyl duality

We start from defining the permutational representation V : S — Hom((((:d)@k) of the symmetric
group Sy, in the Hilbert space H = (C%)®¥. The elements of V(S)) permute vectors in (C¢)®¥
according to a given permutation o € Sy, as

VU‘U1> ® I’U2> ®...0 |’Uk> = |’U071(1)> ® |U(.,71(2)> ®...0 |UU—1(k)> . (71)

The representation V(Sk) extends in a natural way to the representation of the group algebra
C[Sk] := spanc{V, : 0 € Si}. In the similar manner, we can define a diagonal action U®* :
SU(d) — Hom(C?)®* of elements U from the special unitary SU(d). The elements U®* act in
((Cd)®k as

Uk |0) @ |vg) @ ... @ |vg) :=Ulwn) @ Ulvg) @ ... ®@ Ulwy,). (72)

It is easy to see that actions Egs. (71), (72) commute and due to this property, there exists a basis
in which the tensor product space (C%)®*, as well as V,,,U®*, can be decomposed as

CH** = P U, 28,, (73)
pk
ht(p)<d

Vo= P 1y, @¢"(0), (74)
ukk
ht(p)<d
Utk = P vrels,, (75)
ukk
ht(p)<d
where the direct sum runs over all Young frames of k boxes with a height no larger than the local
dimension d. By ¢"(c),U* we denote irreducible representations of V,, U®* respectively. From
the decomposition Eq. (73) we deduce that for a given irreducible representation (irrep) p of Sy,
the space U, is the corresponding multiplicity space of dimension m,, (multiplicity of irrep p =
number of semi-standard Young tableaux for integer d), while the space S, is the representation
space of dimension d,, (dimension of irrep g = number of standard Young tableaux). It means
permutations are represented non-trivially only on the space S,,.
By P,, P, we denote the Young projectors onto irreps of the symmetric groups Sy, Sk+1 labelled
by p and o respectively. For a fixed p F k, the Young projector P, on the space U, ® S, is
represented on (C%)®* as

dy -1
P, = o ; (o™ YV,, (76)
TESK

where y#(0~1) = tr(¢* (o)) is the irreducible character associated with the irrep indexed by . When
we have a symmetric Young frame p = symy, we denote the corresponding Young projector by
explicitly writing underlying systems as P;*"'. Then we have

SYym 1
PV=m > Ve (77)

o€Sk
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since all irreducible characters from Eq. (76) in this case are equal to 1. For the fixed symmetric
group, the Young projectors satisfy the orthogonality property P, P, = d,, P, with the trace rule
tr(P,) = myd,. For irrep pu of Si, we define the natural representation of the matrix basis for the
irrep p including multiplicities:

. d -
Vubk, dj=1,....d, E;;:ﬁ‘ > (o V. (78)
o€Sk
Here goé-‘i(a_l) are matrix elements of irrep ¢ (oc~!) and i,j = 1,...,d,. The basis operators given

by Eq. (78) satisfy the following rules:
EZEZZ = 5wj5jkE57 tr(Ez‘;) = m#(&j. (79)

It is easy to see the diagonal operators, i.e. the operators of the form EZ are projectors of rank
my,. There is a connection between Young projectors P, given by Eq. (76) and irreducible matrix
basis operators E!. given by Eq. (78) as

d,

Vulk P,=> El (80)
i=1

Now consider the subgroup Sx_1 C Sk. We can restrict an irrep p to this subgroup and obtain a
representation called the reduced representation. Then « labels its irreducible components within
irrep p, determining blocks. What is more, each copy of irrep a appears with multiplicity one, so
we deal with the multiplicity-free process. We can choose the basis in such a way that the matrix
elements of ¢# (o) are written compatible with the « blocks, and we obtain partially reduced
irreducible representation [14]. Then every label ¢ in Eq. (78) can be rewritten by means of a pair
iy = (@,1q) — every index « indicates in which irrep o we are, while the index i, points us to the
position in that irrep. In the same way, the index i, denotes the position in irrep p (the position
in the matrix). Using this argumentation, for example, we can write operators EZ =k, given
by Eq. (78) for p F k in terms of the basis adapted to the subgroup Si—_; as

Bl =B, =E" (n). (81)

indn iajp
5.3 The algebra of partially transposed permutation operators

Before we proceed, let us remind the notion of partial transposition. The partial transposition
(1) with respect to the k—th system is defined as the linear extension of the ordinary matrix
transposition (-)* with respect to a given basis (i|X*t|j) := (j| X |i). Namely, for a bipartite system,
the partial transposition with respect to the first subsystem t; transforms

tr: [0 (Gl @ [R) (] = [5) (] @ [k)(] . (82)
Analogously, we define the partial transposition with respect to the second subsystem. The partial
transposition relates the permutation operator V(y2) to the Bell state [¢T) = % Zle |iz) through

Viigy =d |¢+>(¢+|t1. We can extend the definition of the partial transposition to the multi-partite
scenario.

Having the definition of the group algebra C[Sk] and the partial transposition, we can naturally
define the algebra of partially transposed operators with respect to the last subsystem:

Ajk(d) == spang{ V¥ : 7 € Sy} (83)

The elements of AZ’“ (d) commute with the mixed action of the unitary group of the form U®*~V U,
where the bar denotes complex conjugation, and U € U(d). The algebra A%*(d) has been extensively
studied in the context of the port-based teleportation schemes and their effective quantum circuits,
and semidefinite problems for covariant quantum channels, see for example in [14, 15, 17, 40-44].
Here we only summarize the facts from the point of view of the irreducible representation theory
of AZ’“ (d) which are necessary for this paper’s consistency. For more details and proof, we refer
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the reader to the cited papers. The algebra AZ’“ (d) is a direct sum of two ideals (see Proposition
27 in [45])

AF(dy=MaS=F A¥(d) F& (ida — F)AF(d)(ida — F), (84)
where the idempotent FF =3, , th:am F, () is the identity on the ideal M, i.e., F = idp,
and id 4 is the identity operator on the whole space. The operators F),(«) are projectors onto the
irreps of A (d) contained in the ideal M and they satisfy the following rules (Theorem 1 in [14]):

Fu(a)F,(B) = dbapFu(a), tr(Fu(a))=mqad,. (85)

Due to Eq. (145) in paper [15], the explicit form of the projectors F,(c) in the natural represent-
ation is given by

k—1
1
Fﬂ(a) = ,Y#(a) PH § :V(a,kfl)Pa ® V(?—l,k)v(a,kfl)PM ’ (86)
a=1

where P,, P, are the Young projectors onto irreducible spaces labelled by the Young diagrams
at k—2and pu b k — 1, respectively, defined in Eq. (76), and y,(a) = (k — 1)22%  The

mad, "
projectors F),(a) can be understood as an analogue of the Young projectors P, in Eq. (76). The
full orthonormal irreducible basis of the ideal M - the analogue of the operators E:; in Eq. (78) -
when we deal with a single partial transposition, is given by Theorem 11 in [17] as
Mo

a t oY
— B SVl L E (87)

F . (a) = -
7«H]u( ) MM, o (k—1,k) " 1ajv

Here 1, represents an arbitrarily fixed label since the considered operator does not depend on its
choice [17] and we have written one of the index the partially reduced notation - see discussion in
Section 5.2. Now, due to Definition 15 presented in [17], the operators F),(c) given by Eq. (86)
and operators Fj j, () are related by

Fu(a) = Z F i, (a). (88)

The ideal S from the direct sum in Eq. (84) is generated by the following set of elements [45]:
{Vg(]lA—F) : UESk_l}. (89)

In fact, in the ideal S, only elements of Sy_; are represented non-trivially, while elements from
Sk for o(k) # k are represented by the zero operator. Irreducible representations contained in S
are the standard irreducible representations for Si_; and the Young frames of k — 1 boxes label
them. However, some of them also exist in the ideal M causing technical difficulties in practical
calculations [40, 45]. Elements from Sy, for (k) # k are fully represented only on the ideal M.

5.4 Auxiliary facts regarding the group algebra C[S;1] and the algebra A}*(d)

Lemma 4. For the operators Pls_?f_’g_i_l and P, for =k, the following relation holds:
Pf%rlpu = 5uysymkpf.7.!$+1~ (90)

Proof. The operator P, has the natural representation P, = %‘ Yoo Sk * (o~ HV,, where x* is
the irreducible character of the representation p, and V, is the canonical representation of the
permutation o € Sy on the space (C4)®¥. Then we can write explicitly

R X d W —
PR Pu= P D X e Y, (91)
’ o€Sk
d —_ sym
ﬁ Z X (o 1)P1.1".l.1g+1 (92)
" o€eSy
= 5uysymk Pf.?$+1v (93)
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where % Y vess xH(o71) = 1if p = symyg, and 0 otherwise, and we also have dgy,, = 1. In
Eq. (91), we use the fact that the symmetric projector Py’ 1 annihilates all permutation operators
V. O

Let us denote by t4 transposition with respect to the system A and consider the symmetric
projectors PV and P;Y7}' ,. In the next lemma, we find decompositions of P;¥} @ 14 and

(PyY 4)™ in the algebra Alk(d).

Lemma 5. Operators (P;Y)! )4 and P;Y} @ 14 have the following decomposition in the algebra

Al (d):

sSym d + k 1 Sym
(Pl,?.{‘,k,A)tA = TFSymk (Symk—l) k + 1PSy kv (94)
PV @14 = Foym, (symi—1) + Pg'™". (95)

The projector Feym, (symy_1) projects on the irrep labelled by the pair (symy, symy_1) contained
in the ideal M, while the projector P¢*"™ projects on copies of the irrep symy, contained in the

ideal S.

Proof. In the first step, we calculate the overlap of the operator (Pfymk )™ with the basis given
in Eq. (87)

mOé sym [e% [6% mOé SYym « [e%
7mumy r (P1f..,k,A)tAEz‘ulnv(tka)Elaiy} = \/Wtr {Plf./..,k,AEiulaV(MA)ELJ,,} (96)
My o
= ™, tr |:P 1,...,k, A‘/(k A)El z,,Ez 1o :| (97)
= G Giyy 2t | PV ER (1) (98)
uv lul,,m kAT 101, H

mOé sSym (o707
= i e tr[py Loa S B u)] (99)
« da,

= 5,0 Py, APaPy). (100)

Mo, {
o r
Tty muda
For the equality in line (96), we use the property of tr (XtA F, (a)) =tr (XF?AJ, (a)) and the

v tuiv

fact that the operators E; ¢ and ET ; act trivially on the system A. In lines (97) and (98), w
use the fact that for every o € S for I <k +1, we have Vo P, = P/, Vo =P, . Next,
in line (99), we use the fact that the trace is constant for every mdex 1 § bo < dg. Flnally, in
line (100), we use the decomposition of the Young projectors in terms of the operator basis given in
Eq. (80), and the fact we take only a single copy of the irrep « that is contained in u. Now, we
continue calculations, taking into account that the Young projectors P, and P, do not act on the
system A:

Mmea sym o t a mey sYym
o tr[(PL?.{.,k,A)tAEmla V(ka)Elaiu] - 5#V6iuium tr Pl}./..,k,APOéP# (101)
= G0 0, d tr [P P, tra(P{™, )} (102)
na
Mgy M
= 5,0, 1 e Tsymie [PQP Psym} 103
w " Vmuda msyWLk g HE Lk ( )
Msymy_, Msym sym sym
= 5symk71a58ymw5u1/5imu Pl IR [Pl y k111 y k] (104)
symn Maym, s rees
Meymy,_1 Msymy 41 sym
= Osymi_raOsymiuOpuri,i, e T tr[Ply.J.A k:| (105)
symy,  Mlsymy, ”
Msymp1 Msymp_1
= 5symk71a5symku5uv5imy o et (106)
Msymy,
In line (102), we exploit Corollary 10 from [17]. In line (103), we use the orthogonality relations
P,P, = 6,,P, and dsym,_, = 1, together with the fact that we have o € pu F k from the
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construction, so since p = symy, it must be o = symy—1. In line (104), we apply Lemma 4, and
then in line (105), the trace rule tr(P,) = m,d, is applied. The final result contained in line (106)
shows that the considered trace is non-zero only when p = symy and o = symy_1 are satisfied,
i.e. for Fyym, (symy—_1), since the sum in Eq. (88) is trivial in this case. Now we must find the rest
of the operator (P;”™, ,)*4 which is represented on the ideal S. This operator must be written
in the basis of the algebra A (d). However, we know that on the ideal M, only Fyym, (symy—_1)
survives, so we can assume the following decomposition:

(PP ) = e1Fsym, (symy_1) + coPS™", (107)

yees Ry

where ¢1, ¢z € R, and P =14 — Fyym, (symy_1), since we had to subtract irreps symy, which
are represented on M. In an analogous way, we can determine the following decomposition of the
operator P, @ 1 4 in the algebra Aj*(d):

Plswl? @ Lg = Foym,, (symi—1) + ngmk- (108)

We have a trivial coefficient in the above decomposition since the left-hand side is a projector, and
both Fyym, (symi—1) and P¢Y"* are supported on orthogonal spaces, so tr(Fsym, (symy—1)Pe’"*) =
0 has to hold. This already proves the expression given by Eq. (95), since as we will show later on,
we are not interested in the explicit form of the projector Pg’™*.

Now we are in the position to determine the unknown coefficients in Eq. (107). Let us calculate
the overlap of Eq. (107) with Fyym, (symr—1), so that

tr ((Pls,y.;.rfk,A)tAFsymk (Symk—l)) = C1Msymy,_1» (109)

where from previous calculations, i.e. from Eq. (106), we know that the left-hand side is equal to

m- L m - . . .
— A _—2Th-1 | This gives the value of the coefficient ¢, as
symy

Msymiia _ d+k
Msymy, E+1°

(110)

C1 —

To evaluate the coefficient cg, let us combine the expression given by Eq. (107) with Eq. (108) to
remove the projector Pg’™* as

sym Msym 1 sym
(Pi},j,,,k,A)tA = 7my "L Foymy (Syme—1) + c2 (P @ 1A — Foym, (symp—1)) . (111)
sYymp

Evaluating the trace from both sides and taking into account that tr(Fsym, (symi—1)) = Msym,_,
(see Theorem 1 in [14]), we obtain

msymk+1 msymk—l

Msymp1 — m + dc2msymk — C2Msymy,_q - (112)
sYymp
This finally gives
_ Msymy ¢ _
oy = Ty (- ) _drk(lothm) 1 (113)
Msym,, <d . mniymk_l ) E+1\d— 7d+§71 k+1
symy,

In Egs. (110) and (113), we have explicit formulas for the coefficients c;, ca, so we proved the
decomposition given by Eq. (94). This finishes the proof. O

5.5 The proof of the main theorem
Now we are in a position to formulate and prove the main result of this section.

Theorem 1 (Main Result). The maximal success probability in the multicopy state teleportation
problem described in Eq. (6) with k copies of the arbitrary qudit state |¢) € C? is given by

k

p(d, k) = m (10)
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The mazimal success probability is attainable by the POVM element

dk s N/t s
My ja = m(ayk @) (Lo @ |6 X0 |a ) (P @ 1a). (11)
where P} is the projector onto the symmetric subspace’ of ((Cd)®k, and acts on systems 1,....k,
while the identity operator 1y, (x_1) acts on systems 1,...,k —1.

Proof. The proof consists of two main steps. In the first step, we show that the problem of finding
the optimal success probability p(d, k) can be recast as an SDP problem. In the second step, by
exploiting the internal symmetries of the problem, we show the achievability of Eq. (10) by explicitly
constructing a feasible solution to SDP, i.e. postulating a particular form of the measurements
given by Eq. (11).

From the general consideration presented in Sec. 2, the probabilistic teleportation condition can
be written as

tri kA <|1/)><1/J|12 5 ® ’¢;{><¢2{‘AB M xa® ﬂB) =p(d, k) [V)XY| 5 - (114)

This condition is equivalent to the following two relations:

(Iw><w|12 2 @GNS 1y Mrka © 1) = pld.B). (115)

(Y[ tr1k,a (|1/J>< 12 £ ® |¢d Xoq ‘AB M. ka® HB) [¥) = p(d, k). (116)

Before proceeding, let us notice that the operator M7 _ x4 may be assumed to respect several
symmetries. In particular, the following commutation relations:

[My ks, US* @ U] =0, VU € SU(d) (117)
[Ml.,_kA,V(,@]lA] =0, Vo € Sk, (118)
must hold, where V, is the canonical representation of the permutation o € Sy, on the space (C%)®*
defined in Eq. (71), the identity operator 14 acts on the system A, and the bar denotes complex
conjugation. From the unitary group symmetry in Eq. (117), we can show that the left-hand sides

of Egs. (84) and (116) do not depend on the input state [¢)). Therefore, we can rewrite the above
two conditions as

p(d, k) /dwtr [N, ® |od Xod | 4 Mrka ® ]113)7 (119)
p(d, k) / A Wl trria (O @ [65X05up Mika®@Lp) ), (120)

where dt) is the uniform distribution given by |¢) = U |g) for a Haar-random unitary and a fixed
state |1p). The first condition (119) can be further evaluated as

p(d,k) = / dtr ([VEIS 1 © |65 X0E | ap Mika®1p) (121)
1
_ &/d@btr(h/))(i/)\lz K@ L4 M) (122)
1 sym

= —tr

1...k
Sk g, M ) 123
d (msymk QLa My kA (123)

where Mgy, is the multiplicity of the projector P;'¥")". The second condition (120) can be rewritten

k k
5A vector |[¢) € ((Cd)® , belongs to the symmetric subspace of ((Cd) © if it is party permutation invariant, that
is, for any permutation m € Sy, of a set with k elements, we have [¢),, , = |¢>7r(12...k) (31, 32].
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p( k) = [ o (ol erraa (XD 4 ©161)0F p Mira® 1a) 1) (124)
— [ vt (167 X075 |up (L @ 1X01a) @ [OKGIES , Misa@le) (129
/dw tr ( |¢d ><¢d |AB W 1/1|A ® ]lB) ® |¢><¢|12 k M. ka® ]lB) (126)

=5 [ wer (Xl o loKely Miva) (120)
1 PSym ta
=gt [(:nszjz Ml.“kA]a (128)

where t 4 is the partial transpose with respect to the system A and mgym, ., is the multiplicity of
the symmetric projector P;¥"} , acting on systems 1,...,k, A. Now, collecting our considerations,
we see that the problem of ﬁﬁding the optimal probability of success p(d, k) can be recast as an
SDP problem:

sym
pld k)= o d (ﬁn’; ®1a Ml.JcA), (129)
such that: (130)

tr (ﬂ @14 Ml...kA) =tr [w Ml_,,kA}, (131)

Msymy, Msymp1

My, 4, U* @TU] =0, YU € SU(d) (132)

[My ka, Ve ®@1a] =0, VY7eS, (133)

0< M pa <L (134)

The maximisation in line (129) is over all operators acting on the space (C*)®*+1) with additional
constraints shown in lines (131)-(134). Now we are going to solve the above optimisation problem
using symmetries appearing in its formulation. The commutation relation given by Eq. (131) implies
that the measurement M7 a4 belongs to the algebra of the partially transposed permutations
Ak+1( ) where the transposition ¢4 is applied with respect to the A*™™ system. The second
commutation relation given by Eq. (132) implies that the operator M; 4 must be constant on
the irreps of S;. Due to our discussion, we can assume that M; x4 is a linear combination of
projectors F),(c) living on the ideal M and projectors on irreps p - k contained in the ideal S:

M . kA_ZZa@ +Zau ' VakFk—-1VuFk aq(p),a, >0. (135)

a pea

The projectors F,(c) for i € a project on the irreducible components of the algebra Ak % 1(d), and
they have been studied in the context of the port-based teleportation [14, 15]. Moreover, from
Theorem 1 in [14], we have [F,(«), P,] = 0 for v - k, so indeed the measurement is constant on the
irreps of Sk. We can simplify the form of the measurement represented by Eq. (135) more. Namely,
we know that the measurement must satisfy the relation given by Eq. (131). On the other hand,
thanks to Lemma 5, we know the decomposition of the operators P/} @ 1.4, (PyY} 4)™ in the
algebra Ak+1( ). Combining these facts, we can write M. ;4 given by Eq. (135) without loss of
generality as

My, kA = Gsymy (8YMe—1) Foym,, (syme—1) + asym, P, (136)

for 0 < asym, (symk,l),asymk < 1. Then, starting from the right-hand side, we can rewrite
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Eq. (131) in terms of the result of Lemma 5 and Eq. (136) as

1 sym
7tr[(Pl,?.!..,k,A)tAMl,m,k,A] = (137)
Msymy41
= ! trl:(d+sz m (symkfl) + Psym) (as m (symkfl)Fs m (Symkfl) + Asym Psym):l
Misympsr E+1 Yymyg k+18 Yymyg ymeg ymr= S
(138)
1 d+ k Asymy,
= —— | ——Qsym _ sym tPsym> 139
e (G povme (yma ) meym, 22 (P (139)
k 1 Asymy,
S —— _ SR p(PY™), 14
k—1+day k(symk 1)+k+1msymk+1 I‘( S ) ( 0)

since tr(Foym, (symr—1)) = Msym,_,. Now, applying Eq. (136) and Lemma 5 to the left-hand side
of Eq. (131), we obtain

1 Yym
tr[PY7 @ LaMi,. k4] = (141)
Msymy,
1 d s
= tr [ (Foymy, (symi—1) + Pa?™) (asymy, (symi—1) Foym, (symu—1) + asym, P5°™)]  (142)
symy
1 sym
= (aSymk (Symkfl)msymk_l + asym,, tl"(ng )) (143)
Msymy,
msymk,l asy?ﬂ;c sym
= Qgym, (SYME— + tr(P 144
(s ) TRy o gy (144)
k Asym sSym
i g L (symp_1) + ﬁ tr(P3Y™). (145)

Comparing lines (140) and (145), we see that as = 0 so that a; must be equal to 1 because of
Eq. (124), thus the form of the measurement is

Ml,‘..,k,A = -Fs;ym;c (Symk71)~ (146)

First, let us recall the explicit form of the projectors F),(c) from Eq. (145) in paper [15]. Using our
indexation of systems adopted for this paper, the projectors take the following form:

k

1

Fu(a) = WPM D VikayPa @ Vit g Vikay P Yula) =k
a=1

myde

147
mad,’ (147)

where t4 denotes the partial transposition with respect to the A™ subsystem (Alice), Vik,a) is a
permutation between systems k and a € {1,2,...,k}, and V(; 4) is a permutation between system
k and A. The Young projector P, acts on k systems except a, however, for simplification, we use a

single symbol to denote all of them. In our case = symy, o = symp_1 and dsym, , = deym, =1

g Msymy 1
thus Ysym,, (syme—1) = kmsymk,l = =ira-

In the second part of the proof, we are going to prove the explicit form of the measurement
given by Eq. (11). Up to now, we have shown that Alice’s measurement is of the form M; x4 =
Foym, (symy_1). Thus, we obtain

k
]' sSym sym sym
Mika = g 2= Ve PR (PR @ Vil a)Veea P (148)
a=1
dk sym  psym + \ psym
= k—1+ dpl.“k (Pl...k—l ® PkA)Pl...k (149)
dk
= k — 1_|_dplsy7£(]11(k*1) ®P;A)Plsyn]:’ (150)
dk sym sym
= o ixd) (P 1) (Mg @ 65 X608 ) (PR @ 1a), (151)
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where we used the fact that for every 1 < a < k we have Vi) PyY) = PyY Ve = PPV, relation
Viday = APy = d|¢5 X7 |, 4, and finally in line (149), we exploited Lemma 4.
In the last step of the proof, we calculate the resulting success probability, knowing the fact

that maximum in Eq. (129) is achieved by measurement of the form given in Eq. (151). We have

sym

1 dk

d,k) ==t 14 M =t (P @14 P, 152
p(d, k) y r(msymk ®1a 1...kA) K= 14 dmuym, T( 1.k @1a kA) (152)

_dk 1 sym R k 1 sym
o k—1+ d Mgym, " <P1 k trA(PkA)> B d(k =1+ d) meym, o (Pl'“k> (153)

k

_ kK 154
dik—1+4d)’ (154

since tra(P;h)) = 1,/d, and tr(P;”")) = msym, . Finally, we obtain the expression given by Eq. (10),
thus the proof is completed. O

5.6 Proof of Lemma 3 and the eigendecomposition of M

Now we re-state Lemma 3 and present its proof.

Lemma 3. The operator My ja : m(}?fyk ® ]lA) (11 x® |¢:l'><¢j|“) (Plsyk ® ]lA) is
a projector (hence M < 1), and has its eigendecomposition given by

(*:21)
M. ka = Z ri)rily. gas (65)
i=1
where |r;) = m (2221 Viar) ® ]lA(|si>12m(k71) ® ‘({)Z{>kA)) are the vectors in Def. 1

Proof. Let us rewrite the expression given in line (147) for u = symy and a = symy_1 as

k
1 SYym Sym sym
M. kA = Foym, (symy_1) = E—_1+1 dpl.y.k Z Vika) Prli-1 ® V(tl:A)V(kﬂ)Pl.?{.k (155)
a=1
dk Sym Sym + sym
= k—1+d dPL..k (Pl...k—l ® PkA)Pl...k7 (156)

where we used the fact that for every 1 < a < k, we have Vi) Py = P}V Vi) = P} and
the relation V(tkA a4 = de "y~ Using the definition of the Young projectors P1_7’_’. ., given by Eq. (77)
and the fact that we can generate all elements ¢ € Sy using only elements of the left coset
Y= {Viar 1 <a <k} and elements from the group Si—1 by writing Vo, = V(41 Vx for some
7 € Sp_1 and some 1 < a < k %, we can continue rewriting Eq. (156) as

k
Muka=p—7g 1+d kmz > VinVa(PUR @ PL) Y D VeV (157)

a=1nm€ESE_1 a’'=1n"€Sk_1
dk 1 sym
- T k—1+d(k)? Z Viak) (VaPrY5_ Ve ® Pily) Viarny (158)
dk sym
:k—l—i—d k:' Z Viar) Pl k- 1®PkA)V(a’k) (159)
- — 1 k(k—1+4d) Z Viary (PrY75-1 ® Ply) Viarn- (160)
a,a’=1

6The same decomposition holds also for multiplication from the right-hand side, i.e. we have V, = V., Viak) for
some ' € S;_1 and some 1 < a < k.
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In line (158) we used property that VPV | = P}Y'Ve = PV | for every m € Si_1. Now,

k—2+4d
let us notice that Young projector P;¥}’ | can be written in terms of vectors {|5i>1“_k_1}§:’1‘1 )
from Definition 1 as Py} | = 3", |si)(si|1...k—1, thus together with P,jA = |¢;><¢I|kA’ we rewrite
Eq. (160) as

(k—2+d

k—1 ) k k
d . d .
Ml...kA = Z ( m ‘; Vv(ak)‘&)lmkfl ® |¢d >kA> ( m CL,Z:1<SZ'|1..J<:71 & <¢d |kA‘/(a/k)> .

- (161)

Vectors in the brackets are precisely the vectors from Definition 1. Thus, we proved that My a4 =
>~ |Iri)(ri| and obtain the expression given by Eq. (11). O
5.7 Alternative proof to Lemma 2

We now present an alternative proof to Lemma 2 which will make use of Lemma 3.

Lemma 2. If we set

(4219

Myka= D Ira)rili gas (50)

i=1

it holds true that, for any normalised vector 1) € C? and any d,k € N we have

tri.sea (OXGIEY 4 @ [65 X0 |4y Mipa ®15) = pld,}) [0)] 5 (51)
with
k
p(d, k) = m (52)

Proof. We start the proof by showing that tri_ 4 (|1/)><w|12 5 ® |¢j><¢j|AB M 4a® ]lB> is pro-

portional to [¢)1|. For that, we recall that My 4 := m (Pfy & ®]l,4) (Z’;Zl 1z ® ‘¢Z{><¢j{ |aA).
We start by analysing the quantity

tri kA (|1/)><1/’|12 % ® |64 Xd | ap ((Plsyk ® 1A> (11~~-(k_1) © |¢d+><¢;r|kf4>) © ]IB)’
=t ([0X015 4 @ [0 )08 Lan (Tr6on @ 05 X0F|u @ 15)).
:m(w Wl ® (65 X065 an (1604080 ®18)).

(162)
(163)
(164)
1@ |6 X0F |ap (10Xl @ 1a |6F X0F |0 @ 18)), (165)
(166)
(167)
(168)

163

164

rea
= triea (L@ [0 X0F Lap (16 ® XUIE 167 X0F|ea ©15) ). 166
=trpa (1 @ [0 X6 | ap (M @ (00013 @ 1) (167 X[, 2 18)), 167
= trea (1@ 65 X065 (16 @10 © [0KW15 ) (104X 05] 0 ©15) ). 168
=tra (|63 X7 p (L2 ® )WI5 ) ( @15)). (169)
:WEZ?B- (170)

By analogous calculations, we see that trq_ 4 ( ‘1/)><1/1H®21?“k ® |¢:l'><¢;|AB Mi pa® ]lB) is propor-
tional to [¢)1)].
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Now, in order to evaluate the quantity p(d, k), it is enough to take the trace on the system in
‘Hp on both sides of Eq. (51) to find

p(d, k) =tr1. kap ( XISk @ |05 XS |4 Mrka ® ]lB) (171)
d - Sym
=g 2 (I @ 65 X0l Lap (PR ©14) (1 |67 %07 |,) © 1)
a=1
(172)
d 1
T azzl (ﬁ> (173)
d k
Tk-1+d) & (174)
k
Tdk—1+d)’ (175)
which concludes the proof. O

6 Discussions and future directions

In this work, we have introduced the concept of multicopy state teleportation and showed how the
optimal performance in this task is obtained. We have also connected the problem of multicopy
state teleportation with the problem of storing a quantum program, i.e., an arbitrary quantum
channel, into a quantum state, and then universally retrieving the stored quantum program and
applying it on an input state in a scenario where k copies of the input state are available.

It is also useful to place our results in the broader context of programmable quantum processing
protocols optimised for different resources. In particular, our setting is complementary to the
representation-matching framework introduced by Yang and Hayashi [46], where the main emphasis
is on communication and memory costs rather than on maximising the success provability of exact
teleportation.

More precisely, the two approaches address distinct operational regimes. In our work, the
primary optimisation goal is the success probability of exact, correction-free teleportation when
multiple copies of the input state are available. By contrast, the representation matching approach
is designed to reduce communication and memory overhead by exploiting representation theoretic
encodings of the relevant quantum information. Thus, while both frameworks exploit symmetry
and representation-theoretic structure, they do so for different resource objectives.

In the representation-matching framework, the main optimisation target is communication or
memory cost. For storage-and-retrieval of gate arrays, Yang and Hayashi show that a probabilistic
protocol can achieve the optimal logarithmic memory scaling, while exact deterministic approaches
based on directly storing the relevant operation would in general require substantially larger re-
sources. In contrast, our protocol operates in a different regime: rather than optimising memory or
communication, it uses multiple copies of the input state and achieves an exact teleportation prim-
itive without any correction step, whose probability approaching 1/d for large k. Our protocol also
has a very simple heralding structure: Alice only needs to communicate a one-bit success/failure
flag. This should not be viewed as a direct comparison with the Yang-Hayashi framework, whose
primary cost measures are quantum communication and quantum memory. Therefore, the two
approaches should be viewed as complementary rather than competing. In Table 1 we compare
the most important features between the two protocols discussed here.

One future direction is to consider the multicopy state teleportation in a scenario where Alice
and Bob share N maximally entangled qudit states, in a multicopy PBT scenario. We consider this
generalisation to be of great importance, since it would allow us to increase the success probability
by making use of extra entanglement, and it would allow us to generalise the results of learning
a unitary operation with N calls when k copies of the input state are allowed. We believe that
this problem is likely to be mathematically challenging, since one should then consider not only
symmetries of the k identical states |1), but also the symmetries of the N ports.
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Feature This work Representation matching
Primary optimisa- | Success probability of exact, | Quantum communication /
tion goal correction-free teleportation memory cost reduction

Main resource used

Multiple copies of the input state

Representation-theoretic encod-
ing / compression

Operational regime

Exact probabilistic teleportation
in a no-correction setting

Distributed or programmable
quantum information processing
with probabilistic resource com-
pression

Receiver-side correc-
tion

Not required

Not the central resource issue;
the protocol is based on coherent
matching and heralded postselec-
tion

Typical trade-off

Higher exact-transfer success
probability for fixed multicopy re-
sources

Lower communication / memory
cost at the price of reduced suc-
cess probability

Asymptotic feature

p(d, k) — 1/d for large k

Communication / memory can

achieve near-optimal, and in
some settings optimal, compres-
sion, while success probability
typically decreases polynomially
with the number of uses

Table 1: Comparison between our multicopy exact teleportation protocol and the representation-matching
framework of Yang and Hayashi [46]. The two approaches address different operational tasks and optimise
different resources, so they should be viewed as complementary rather than competing.

Second potential research direction is a natural hybrid approach suggested by comparing to
the representation-matching protocol. Such hybrid protocols may interpolate between different
resource regimes: on the one hand, maximising the success probability at fixed entanglement of
program resources, as in our setting; on the other hand, minimising classical communication or
memory overhead, as in the representation-matching setting. This points to a concrete future direc-
tion, namely the characterization of Pareto-optimal trade-offs among success probability, classical
communication, memory, entanglement, number of copies, and finally computational overhead.

Lastly, as aforementioned, our protocol requires a single bit of communication, and, if the
protocol is repeated several times, less than a single bit on average are required. This is a feature
of how probabilistic multicopy teleportation is designed. One interesting research direction is to
consider teleportation protocols where the classical communication form Alice to Bob is restricted
to a single bit, or to less than two dits. In this way, even when corrections are allowed, Alice and
Bob cannot perform perfect teleportation by consuming a pair of maximally entangled qudit states.
We can then see our construction as a possible candidate for optimal teleportation protocols with
a single bit of communication, even in scenarios where corrections are allowed.
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A Relation to probabilistic simulation of quantum channel from the future
to the past

In Sec. V.B of Ref. [34], the authors discuss the optimal probabilistic simulation of quantum
channels from & copies of the pure state in the future to a single copy in the past. This is formulated
as a probabilistic quantum channel C implementable in the form of Fig. 1, which satisfies

CBYLpPY ) = ptr (PR pPYE)  Vp € L((C)F), (176)

with the success probability p independent of the input state p. The optimal success probability
is shown to be p = m in Ref. [34], which coincides with our result in Theorem 1. However,

this does not imply that Theorem 1 is a straightforward consequence of the result in Ref. [34],
as discussed below. In our formulation, we assume that the input state is given in the form of
p= |1/J><1/)|®k, i.e., we assume

C(UXDI®) = ploXel Vi) € Csat. || [9)[* =1, (177)

while Ref. [34] considers arbitrary p supported on the symmetric subspace. Since
span{[)(¢|*" | ) € C'} € span{ Py oYV} | p € L((C1)®F)} (178)

holds”, Eq. (176) implies Eq. (177) from the linearity of C, but the converse is not shown from the
linearity. Therefore, the achievability of Theorem 1 can be considered as a corollary of Ref. [34],
but the optimality is not trivial.

On the other hand, we can show the implication of Eq. (176) from Eq. (177) by using the
twirling technique, as shown below.

Lemma 6. If a CP map C satisfies Eq. (177), then the SU(d)-twirled channel defined by
() = / dUUTCc(U®k(\UTeR)\U (179)
SU(d)

satisfies Eq. (176) with the same success probability p.

Proof. Since C is a CP map, it has a Kraus representation C(-) = 3, K]()K; with K : (C4)®k —
C4. Then, Eq. (177) reads

DK NI K] = p v, (180)

"The inclusion is strict because the dimension of the left-hand side is given by (d+3271), which is stricly smaller

2
than that of the right-hand side given by (d+Z—1) .
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i.e., there exists oz;b € C such that

K [9)** = ¥ o), (181)

2
Slat =p W) e C st )P =1 (182)
J

By linearity of Kj, a?’ is given as a (k — 1)-th polynomial of |¢), i.e., there exists a vector
In;) € (C4)®*=1 such that

af = )" (183)
and |n;) is in the symmetric subspace of (C%)®*~1). Therefore, K; satisfies
Ej[0)®" = ((njl © 1a) [9)*" ¥ [¢) € C7, (184)
ie.,
KPPy = ((ny| @ 1a) YY) (185)
holds. Then, the action of C’' on P;Y'pP;¥"}! is given by
P =Y [ U U BPHU (156
— Jsu(a)
=> / dUUTK; PV Uk Utk PRt KT (187)
7 J/su(d)
=2 /S oo 0 @UDPLUS TSP () © 0) (188)

J
=y / AU((ng| UZ*Y @ 1) PRV p PP (U [nj) © 1g) - (189)
5 /sU(d)

= tr k-1 (P g p Pl (K © 1)), (190)
where K is defined by

K::zj:/s

Due to the left- and right-invariance of the Haar measure, K commutes with U®*~1 for every
U € SU(d). Since |n;) is in the symmetric subspace of (C%)®( =1 Schur’s lemma implies that K is
proportional to the identity operator on the symmetric subspace, i.e.,

dU U TEED )y | USE1). (191)
U(d)

K =P, (192)

holds for some ¢ > 0. Therefore, we obtain
C(PYRpPY ) = ctry woa (P p PV, (193)

On the other hand, Eq. (177) implies that
C (1)) = p o)Xyl VW) € st [0} |* = 1. (194)
By comparing the two equations, we conclude that ¢ = p, which completes the proof. O

By using Lemma 6 and Ref. [34], we can show the optimality of Theorem 1 as follows.

Alternative proof of the optimality part of Theorem 1. We show the optimality by contradiction.
Suppose there exists a CP map C implementable in the setting of Fig. 1, which satisfies Eq. (177)
with success probability p > m. Then, by Lemma 6, the SU(d)-twirled map C’ satisfies
Eq. (176) with the same success probability p. Since the CP map C’ is also implementable in the
setting of Fig. 1, this implies that there exists a probabilistic simulation of quantum channels from
k copies of the pure state in the future to a single copy in the past with the success probability
P> m, which contradicts with the optimality result in Ref. [34]. O
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