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Quantum signal processing (QSP) and quan-
tum singular value transformation (QSVT)
have provided a unified framework for under-
standing many quantum algorithms, including
factorization, matrix inversion, and Hamilto-
nian simulation. As a multivariable version of
QSP, multivariable quantum signal processing
(M-QSP) is proposed. M-QSP interleaves sig-
nal operators corresponding to each variable
with signal processing operators, which pro-
vides an efficient means to perform multivari-
able polynomial transformations. However,
the necessary and sufficient condition for what
types of polynomials can be constructed by M-
QSP is unknown. In this paper, we propose
a classical algorithm to determine whether a
given pair of multivariable Laurent polynomi-
als can be implemented by M-QSP, which re-
turns True or False. As one of the most impor-
tant properties of this algorithm, its returning
True is the necessary and sufficient condition.
The proposed classical algorithm runs in poly-
nomial time in the number of variables and
signal operators. Our algorithm also provides
a constructive method to select the necessary
parameters for implementing M-QSP. These
findings offer valuable insights for identifying
practical applications of M-QSP.

1 Introduction

Quantum computers are expected to offer advantages
over classical computers in solving many important
problems, such as factoring [1], matrix inversion [2, 3],
and Hamiltonian simulation [4, 5, 6, 7]. To im-
prove efficiency in solving these problems, numerous
quantum algorithms have been developed. In par-
ticular, recently proposed quantum signal process-
ing (QSP) [8, 6] and quantum singular value trans-
formation (QSVT) [7] have brought about signifi-
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cant progress. These include the development of a
comprehensive theoretical framework that enhances
the understanding of many existing quantum algo-
rithms [9] and improves their performance. More-
over, the high extensibility and efficiency of QSP and
QSVT have facilitated the creation of new quantum
algorithms [7, 10, 11, 12, 13, 14, 15].

Specifically, QSP performs polynomial transforma-
tions of a fixed operator, called a signal operator, in-
terleaving it with controllable parameterized rotation
gates, called signal processing operators. Both oper-
ators are represented by 2 x 2 unitary matrices, and
QSP generates 2 x 2 unitary matrices, whose elements
correspond to polynomials of a signal variable. To ex-
tend the applicability of QSP from two-dimensional
unitary matrices to higher-dimensional ones, which
are commonly encountered in most quantum algo-
rithms, a technique known as qubitization was in-
troduced [16]. Qubitization decomposes a higher-
dimensional unitary matrix into a direct sum of one-
or two-dimensional unitary matrices. This decompo-
sition enables QSP to be applied to each of the de-
composed unitary matrices. Combining QSP with
qubitization led to QSVT, which performs efficient
polynomial transformations of the singular values of
any matrix embedded in a unitary matrix [17, 7, 9].
By varying the polynomial utilized in QSVT, QSVT
provides systematic solutions to various problems in-
cluding factoring, matrix inversion, and Hamiltonian
simulation [7, 9, 11].

Extending such polynomial transformations to mul-
tiple variables, multivariable quantum signal process-
ing (M-QSP), a multivariable version of QSP, has
been proposed [18]. M-QSP achieves multivariable
polynomial transformations of several types of signal
operators, corresponding to each variable, interleav-
ing them with signal processing operators. Similarly
to the single-variable case, these operators are repre-
sented by 2 x 2 unitary matrices, and M-QSP gener-
ates 2 X 2 unitary matrices consisting of a pair of two
multivariable Laurent polynomials (P, @), i.e., poly-
nomials that allow both negative and non-negative
exponents. As applications of M-QSP-CDA, the ef-
ficient preparation of initial states required for mul-
tivariate Monte Carlo simulations [19] and Coulomb
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potential calculation [20] have been proposed.

To develop the applications of M-QSP, it is impor-
tant to clarify which multivariable Laurent polyno-
mials can be constructed by M-QSP; this is because
the complete characterization of the polynomials that
QSP can realize has enabled a wide range of applica-
tions [8, 7, 9]. Unfortunately, as far as we know, there
are no characterizations of such multivariable Laurent
polynomials. Instead of characterizing such polyno-
mials, the original paper of M-QSP [18] presented a
characterization of the pair of two multivariable Lau-
rent polynomials (P, ) that can be constructed by M-
QSP. However, subsequent research has proven that
its characterization is erroneous [21, 22]. To date, the
necessary conditions for the pair of multivariable poly-
nomials (P, Q) that can be realized by M-QSP [21, 22]
and the sufficient conditions for a SU(3)-variant of
M-QSP [23] are known. However, the necessary and
sufficient condition remains unclear.

In this paper, we propose M-QSP constructivity de-
cision algorithm (M-QSP-CDA), a classical algorithm
to determine whether a given pair of multivariable
Laurent polynomials (P, Q) can be constructed using
M-QSP with n signal operators. That is, M-QSP-
CDA provides the necessary and sufficient condition
in the sense that if (P, Q) can be constructed by M-
QSP with n signal operators, it returns True; other-
wise, it returns False.

More precisely, this algorithm works as follows:
first, it checks whether the degree of a given pair
of multivariable Laurent polynomials (P, Q) can be
reduced by multiplying it by the inverse of a signal
processing operator followed by the inverse of a sig-
nal operator. If the degree of (P,@Q) cannot be re-
duced, M-QSP-CDA terminates the process and re-
turns False. M-QSP-CDA iterates this procedure up
to n times, or until the degree of the pair of polynomi-
als is reduced to 0. Finally, it verifies whether the pair
of polynomials that is provided after the repetition
can be constructed by M-QSP, which can be decided
efficiently from the definition of M-QSP. If the pair
can be constructed by M-QSP with 0 signal opera-
tors, M-QSP-CDA returns True; otherwise, it returns
False. From its construction, whenever this algorithm
returns True, such a pair of Laurent polynomials can
be constructed by M-QSP. Thus, this serves as a suf-
ficient condition. However, it is highly nontrivial that
this algorithm returning True implies a necessary con-
dition. This is because there is the possibility that the
pair can be implemented by M-QSP using the number
of signal operators that exceeds the total sum of its de-
grees of each variable. To show the necessity, we show
a lemma that if a given pair of multivariable Laurent
polynomials can be constructed by M-QSP, the pair
can be realized with the number of signal operators
equal to the sum of its degrees of each variable.

The proposed M-QSP-CDA possesses two proper-
ties. First, it runs in polynomial (classical) time in

the number of variables and signal operators. This
property theoretically ensures that we can check the
proposed necessary and sufficient condition with clas-
sical computers efficiently. In contrast, with finite
precision, it is possible that the proposed algorithm
does not work well. The algorithm performs repeated
matrix computations, and numerical error may ac-
cumulate. This implies that, as in Ref. [24], our
algorithm does not guarantee numerical stability in
practice. Nevertheless, theoretically, the algorithm
ensures that we can verify, using a finite procedure,
whether a given pair of Laurent polynomials can be
constructed using M-QSP. Second, the proposed algo-
rithm provides a constructive method to generate the
sequence of signal operators and signal processing op-
erators that implements a given pair of multivariable
Laurent polynomials if the pair can be constructed by
M-QSP. This fact provides a practical advantage if we
need to construct such a pair of Laurent polynomials
by M-QSP. As an application, we also confirm that
the specific pair of multivariable Laurent polynomi-
als in Ref. [22], which is provided as a counterexam-
ple to the original paper of M-QSP [18], cannot be
constructed using M-QSP with an arbitrary number
of signal operators. This example complements the
statement of the previous work [22].

These results are of great importance to specify a
more concrete necessary and sufficient condition for
the characterization of the pair of Laurent polynomi-
als that M-QSP can implement. Our findings also
provide an insight into seeking practical applications
of M-QSP.

The rest of the paper is organized as follows. In
Sec. 2, we introduce the definition of Laurent polyno-
mials and M-QSP. In Sec. 3, we describe the proposed
algorithm M-QSP-CDA. Then, we prove that M-QSP-
CDA provides the necessary and sufficient condition
for the M-QSP constructivity. Additionally, we ex-
plain other properties of M-QSP-CDA. In Sec. 4, as
an application of M-QSP-CDA, we generalize the re-
sult obtained in Ref. [22]. Sec. 5 is devoted to the
conclusion and discussion.

2 Preliminary

In this section, we introduce Laurent polynomials and
M-QSP with fixing our notations. First, let us define
Laurent polynomials. Given variables aq, ..., a.,, we
say a polynomial P is an m-variable Laurent polyno-
mial if

I I

k km

Play,...,am) = E E Chy ooy @1 v Qg
=—1

klzfll k)m_* m
(1)

holds, where l1,...,l, € Z>o, Cky.... k,, € C ([k1] <
li,.- oy lkm| < ln). When the context is clear, we
write P(a) or simply P instead of P(ai,...,an),
where a = (ay,...,a,). Then, we define the degree
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of a Laurent polynomial as follows. For an m-variable
Laurent polynomial P € Cla1,a]’,...,am,a;}], if P
can be represented as

P(al,...,am)
1
= Z Pa;;(al,...,aj_l,aj_,_l,...,am)a? (ZEZZO),
k=—1
2)
for j € {1,...,m}, then the degree of P with respect

to aj, denoted as deg, P, is defined as the maximum
number |k| satisfying P 5 # 0. For P =0, we simply

define deg, P = 0 for j e {1,...,m}. Also, let deg P
denote the sum of the degrees of each variable of P,
i.e., deg P satisfies deg P = deg, P +--- +deg, P.

Next, we explain M-QSP, starting with a descrip-
tion of QSP. QSP is a technique to perform polyno-
mial transformations of the upper-left element of a
signal operator

V), 3)

x
<i\/1 —x? x

where € [—1,1] [8, 6]. That is, QSP consists of
signal operators and a carefully chosen sequence of
Pauli Z rotations, providing the unitary

( P(x) iQ(x)V1 — m2>
iQ*(z)v1 — a2 P*(x)

with the upper left elements being transformed as = +—
P(z). When lifting QSP to M-QSP, we change the
view of the signal variables from the z-picture to the
Laurent picture. That is, we transform the variables
of the signal operators as follows:

(4)

a+a !

z (xe[-1,1]) —

where T is the set of complex numbers of modulus
one. In this picture, the polynomials constructed by
M-QSP are defined as Laurent polynomials. Then, we
define the m-variable M-QSP for a positive integer m,
based on Refs. [18, 25]. For m-variable Laurent poly-
nomials P,Q € C[al,afl, o Qm,at], we say that

(aeT), (5)

m]7

(P, @) can be constructed by m-variable M-QSP in n
steps, where n is a positive integer, if (P,Q) can be
represented as

P(a) Q(a __ _i¢poo, PRITEE
ooy Eoy) =< H“‘ ¢
)

where o, is the Pauli Z operator, (¢g, ¢1,...,0,) €

R (s1,...,8,) € {1,...,m}" and the signal oper-
ators
afa;’  a—a;
Alaj) = aat et (Ge{l,...,m})
T2 2

(7)

are the Pauli X rotations. Moreover, we state that
(P, Q) can be constructed by m-variable M-QSP in 0

step, if (P, Q) satisfies
Q(a) ) — ei¢0027 (8)

( P(a)

—(Q(a))" (P(a))"

which means P € T and Q = 0. The number of
steps n means the number of signal operators in the
sequence. We call (¢g, ¢1,...,¢,) € R angle pa-
rameters and (sq,...,s,) € {1,...,m}" index param-
eters.

3 M-QSP Constructivity Decision Al-
gorithm (M-QSP-CDA)

We propose a classical algorithm to determine in poly-
nomial time whether a given pair of m-variable Lau-
rent polynomials (P,Q) can be constructed by m-
variable M-QSP in n steps. This algorithm is called
M-QSP constructivity decision algorithm (M-QSP-
CDA). The procedure of M-QSP-CDA is summarized
in the following Algorithm 1. Furthermore, we illus-
trate the process of M-QSP-CDA in Fig. 1.

3.1 M-QSP-CDA and the Necessary and Suf-
ficient Condition for the M-QSP Constructivity

As one of the most important properties of M-QSP-
CDA, it provides the necessary and sufficient condi-
tion for the M-QSP constructivity, as shown in the
following Theorem 1.

Theorem 1. Given m-variable Laurent polynomials
P,Q € Clay,a;t,... am,a;!] and a non-negative in-
teger n, (P,Q) can be constructed by m-variable M-
QSP in n steps if and only if

M-QSP-CDA(P,Q,n) = True, (9)
where the function M-QSP-CDA is defined in Algo-
rithm 1.

Proof. See Appendix A .4. O

While detailed proofs are given in the Ap-
pendix A.4, in the following, let us first explain how
M-QSP-CDA shown in Algorithm 1 works in order to
know that M-QSP-CDA gives the necessary and suf-
ficient condition and provide a sketch of proof later.

The algorithm adopts a recursive structure. In
detail, according to Algorithm 1, for a given pair
of m-variable Laurent polynomials, M-QSP-CDA re-
cursively checks if the degree of the pair can be re-
duced by multiplying it by the inverse of a signal
processing operator followed by the inverse of a sig-
nal operator. More precisely, for a given pair of m-
variable Laurent polynomials (P,Q), it recursively
verifies whether there exists an angle ¢; € R such
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Algorithm 1 M-QSP-CDA

1: Input: A pair of m-variable Laurent polynomials (P, @), and the number of steps n.

2: Output: The boolean M-QSP-CDA(P,Q,n).
3.

4: function M-QSP-CDA(P,Q,n)

5 if n =0 then

6: if Pe T and Q =0 then

7 return True

8 end if

9 else

10: for j=1,...,mdo

11: dj < deg, P

12: end for

13: ifdi+---+d,, <n-—2then

14: return M-QSP-CDA(P,Q,n —2)

15: else if dy +---+d,, = n then

16: for j=1,...,mdo

17: if 3p; €R s.t. P a; = e*%iQ 4; then
. a »—&-jafl . ¢j1'—a,71

18: P+ e it P —elvil1Q

—1 —1

19: Q; + i GG v Ylp

20: return M-QSP-CDA(P;,Q;,n — 1)

21: end if

22: end for

23: end if

24: end if

25: return False

26: end function

that P 4, = e2i®; Q a; for j € {1,...m} in order,
J J
where the degree d; is equal to deg, P, and Paf_zj , Qaqj
J J

are the coefficients of a?-’ in P and @ respectively for
j €{1,...,m}. Therelation P a; = e2i‘piQadj implies

J J
there exists (P, ;) such that deg, P; = deg, P —1,
deg,,Q; = deg,,Q — 1, and the decomposition

< Pj(a)
(@)
_ P(a) Q(a) N eipio -1
<—(Q(a))* <P<a>>*) (Alag)e™=)

M-QSP-CDA repeats this verification up to n times,
or until the degree of the pair of polynomials is re-
duced to 0, where n is the given number of steps.
Finally, M-QSP-CDA examines if the pair of polyno-
mials (P(®, Q(®) that is provided after the repetition
PO (a) Q) (a)

QW (a)) (PO (a))*>
is a signal processing operator, i.e., P(® € T and
Q© = 0. If a given pair of m-variable Laurent
polynomials passes the all examination by M-QSP-
CDA, M-QSP-CDA returns True; otherwise, it re-
turns False.

From these procedures, M-QSP-CDA returning
True is sufficient for a given pair to be constructed

i(a)
a

(gj( ))*>

(10)

meets the condition that (

by m-variable M-QSP. This is because repeatedly in-
verting the decomposition in Eq. (10) recovers (P, Q).
Thus, M-QSP-CDA(P,Q,n) = True is a sufficient
condition for the M-QSP constructivity.

However, it is mnot trivial to show that
M-QSP-CDA(P,Q,n) = True is also a neces-
sary condition for the constructivity, from the

process of M-QSP-CDA shown in Algorithm 1. This
is because it is possible that a given pair of m-variable
Laurent polynomials can be implemented by M-QSP
with much larger steps than the total sum of its
degrees of each variable. To complete the necessity,
we show the following Lemma 1.

Lemma 1. For an integer n
given  m-variable Laurent polynomials
Clay,ait,. .. am,a;], it holds that

> 2
P,Q

and
S

{(P | (P, Q) can be constructed by }
" im-variable M-QSP in (n — 2) steps.
(P, Q) can be constructed by
(P, Q)|m-variable M-QSP in n steps,
and deg P <n — 2.

(11)

Proof. See Appendix A.3. O

Lemma 1 ensures that a given pair of m-variable Lau-
rent polynomials implemented by m-variable M-QSP
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M-QSP-CDA

iststep: (P,Q) @7 @@ -3

Reducible ?

Reducible ? No

No
Yes
2nd step : s+ e/ mliy
No Reducible ?
Yes
No
Yes
n-th step : R/ mliy

Yes

(n+1)thstep: g+
—
signal processing operator ? No

Yes

M-QSP-CDA(P, Q,n) = True

M-QSP-CDA(P, Q, n) = False

{4} signal processing operator

Y- signal operator

Figure 1: An overview of how M-QSP-CDA shown in Algorithm 1 works. M-QSP-CDA recursively verifies if the degree of a
given pair of m-variable Laurent polynomials can be reduced by multiplying it by the inverse of a signal processing operator
followed by the inverse of a signal operator. M-QSP-CDA iterates this verification up to n times, or until the degree of the pair
of polynomials is reduced to 0. Finally, it checks whether the pair of polynomials that is provided after the iteration corresponds
to a signal processing operator, based on the definition of m-variable M-QSP in 0 step. If a given pair of m-variable Laurent
polynomials (P, Q) passes all verification by M-QSP-CDA, it returns True. Otherwise, it returns False.

can always be constructed with the number of steps
equal to the sum of the degrees of each variable. That
is, there are no pairs of Laurent polynomials that can-
not be constructed with the same number of steps
as the total degree, but can only be constructed by
adding more steps. Consequently, M-QSP-CDA also
provides a necessary condition for the M-QSP con-
structivity.

Based on this observation, we describe a sketch of
the proof for Theorem 1. Note that the detailed proof
is provided in Appendix A.4.

Proof sketch of Theorem 1~ We prove by induction
on n € Zx>g. For n = 0, we can see the definition of
the O-step m-variable M-QSP in Eq. (8) is equivalent
to M-QSP-CDA(P,@,0) = True.

Next, assuming that Theorem 1 holds for less than
or equal to n — 1(> 0), we consider the case for n.
(=) First, assume that (P, Q) can be constructed by

m-variable M-QSP in n steps. Let d; = deg,, P for
j€{1,...,m}, and it is obvious that d;+- - -+d,,, < n.
Next, we show that M-QSP-CDA(P,Q,n) returns
True for the cases di+- - -+d,, <nanddi+---+d,, =
n, separately.

Suppose that d; + --- + d,, < n. Then, due to
the parity constraint d; + - - + dp, = n (mod 2)
(see Lemma 6 in Appendix A for detail), we have
dy + -+ d, < n—2, which implies the statement
on line 13 of Algorithm 1 holds True. From line 14
of Algorithm 1, we obtain M-QSP-CDA(P,Q,n) =
M-QSP-CDA(P,Q,n — 2). Furthermore, by apply-
ing Lemma 1 to (P, Q), (P, Q) can be constructed by
m-variable M-QSP in (n — 2) steps. From the induc-
tion hypothesis, we have M-QSP-CDA(P,Q,n—2) =
True, which leads to M-QSP-CDA(P, @, n) = True.

Assume that di + - - - + d,,, = n. From the assump-
tion that (P, Q) can be constructed by m-variable M-
QSP in n steps, focusing on the final step, we obtain
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the decomposition of (P, Q) as

(—(g((:\)))* (19 ((:L)))*)

- Fonl2) Qs, () a. eiPno=
- <(Q5n(a))* (Ps"(a))*) Alas, )e'* 7,

where s, is index of the nth signal operator and
¢n is n-th angle parameter of the signal process-
ing operator that implements (P,Q) by m-variable
M-QSP, appeared in the definition of m-variable M-
QSP in Eq. (6). That is, s, is the index for the fi-
nal signal operator and ¢,, is the angle parameter of
the final signal processing operator. Considering the
highest-order coefficient of as, of Eq. (12), we have
P a., = 62i¢"Qagsw where P a.,,@Q 4., denote the

(12)

coefficients of agjf‘ in P and @ respectively. Thus, if

the index j for the signal operator on line 16 of Al-

gorithm 1 is equal to s, at least, the statement on

line 17 of Algorithm 1 holds True. In addition, there

might be other j than s,, that satisfies the condition

Padj = 2 Qadj on line 17 of Algorithm 1, where
J J

P a4, Qadj represent the coefficients of a;lj in P and

Q Jrespecjtively for j € {1,...,m} (in the same way as
P, ,Q a,, case).

as, as,

Let s’ be the smallest index j € {1,...,m} among
such, and the index used in lines from 18 to 20 of Al-
gorithm 1. Then, (P, Q) defined by lines 18 and
19 of Algorithm 1 satisfies M-QSP-CDA(P,Q,n) =
M-QSP-CDA(Py,Qs,n — 1). Furthermore, since
we can obtain (Ps, Q) by multiplying (P, Q) by
et m/2)0= g )e=U"/2)7: (P, Q) can be con-
structed by m-variable M-QSP in (n + 1) steps.
Moreover, since Pads, = eQi“"s’QadS, holds, we have

deg Py < n + 1.” Due to the parity constraint
degPy = n + 1 (mod 2) from Lemma 6 in Ap-
pendix A, we confirm that deg P,y < n — 1. That
is, (Py,Qs) can be constructed by m-variable M-
QSP in (n + 1) steps, which satisfies deg Py < n — 1.
Applying Lemma 1 to (Py,Qs), we obtain that
(P, Qs ) can be constructed by m-variable M-QSP
in (n—1) steps. By the induction hypothesis, we have
M-QSP-CDA(Py, Qs ,n — 1) = True, which implies
M-QSP-CDA(P,Q,n) = True.

(<) Next, assume that (P,Q) satisfies
M-QSP-CDA(P,Q,n) = True. From the as-
sumption n — 1 > 0, (P,Q) satisfies either

M-QSP-CDA(P,Q,n) = M-QSP-CDA(P,Q,n —
2) or M-QSP-CDA(P,Q,n) =
M-QSP-CDA(P;,Q;,n — 1) for P;,Q; defined
in lines 18 and 19 of Algorithm 1. We show that
(P, @) can be constructed by m-variable M-QSP in n
steps for each case.

Suppose  that M-QSP-CDA(P,Q,n) =
M-QSP-CDA(P,Q,n — 2). By the induction
hypothesis and M-QSP-CDA(P,Q,n — 2) = True,
(P,Q) can be constructed by m-variable M-QSP in

(n—2) steps. Also, since line 13 of Algorithm 1 holds
True in this case, we have 0 < dy 4+ -+ d,, < n —2,
which implies n > 2. By n > 2 and Lemma 1, (P, Q)
can be implemented by m-variable M-QSP in n steps.

Assume  that M-QSP-CDA(P,Q,n) =
M-QSP-CDA(P;,Q;,n—1) for some j € {1,...,m}.
Then, we obtain M-QSP-CDA(P;, Q;,n—1) = True.
Furthermore, by the induction hypothesis, (P;,Q;)
can be constructed by m-variable M-QSP in (n — 1)
steps. Since we can obtain the unitary consisting
of (P,Q) by multiplying (Pj,Q;) by A(a;)e*%i, we
see that (P,Q) can be implemented by m-variable
M-QSP in n steps. O

3.2 The Necessary and Sufficient Condition for
the Single-variable Case

Let us consider the case with m = 1, i.e., the neces-
sary and sufficient condition for single-variable QSP.
From Theorem 1, M-QSP-CDA(P,Q,n) = True is
also the necessary and sufficient condition even in the
case that (P,Q) is a pair of single-variable Laurent
polynomials.

According to Ref. [18, 23], there exists another de-
scription of the necessary and sufficient condition.
The characterization of the pair of single-variable
Laurent polynomials (P, ) implemented by single-
variable QSP in n steps is as follows: a pair of
single-variable Laurent polynomials (P,@) can be
constructed by single-variable QSP in n steps if and
only if (P, Q) satisfies

1. deg(P), deg(Q) <n,

2. P(a™') = P(a), Q(a™") = -Q(a),

3. P(=a) = (-=1)"P(a), Q(=a) = (=1)"Q(a),
4. Forall a € T, |P(a)|® + |Q(a)|? = 1.

The conditions 1 to 4 in this characterization are
equivalent to M-QSP-CDA(P,Q,n) = True from
Theorem 1. Specifically, the conditions 2 and 4 in
this characterization ensure that there exists ¢1 € R
in line 17 of Algorithm 1.

Note that, in the multivariable case, as far as we
know, there is no algebraic necessary and sufficient
condition for the M-QSP constructivity. A main ob-
stacle to the characterization is the multivariable Lau-
rent polynomial constraint appearing in line 17 of Al-
gorithm 1 at each recursive step. In fact, the concise
algebraic necessary conditions proposed in Ref. [21]
are not sufficient, because there is a pair of Laurent
polynomials that satisfies the multivariable constraint
at some intermediate step but fails at another step.

3.3 Other Properties of M-QSP-CDA

We introduce two other properties of M-QSP-CDA.
The first property is that M-QSP-CDA runs in poly-
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nomial time in the number of variables m and signal
operators n, as stated in Remark 1.

Remark 1. From Theorem 1 and Algorithm 1, we
can determine whether (P, Q) can be constructed by
m-variable M-QSP in n steps in O (nmL) computa-
tional complexity, where L is

m

L= H (2 . max{degajp, degan} + 1) ) (13)

j=1

which denotes the mazximum number of terms in P
and @Q based on the degrees of P and Q.

M-QSP-CDA adopts a recursive structure, where the
computational complexity of each step of recursion is
at most O (mL), and the number of recursive calls is
at most n+ 1. Thus, the computational complexity of
M-QSP-CDA is O (nmL). This means that, in the ab-
sence of numerical errors, we can verify the proposed
necessary and sufficient condition with classical com-
puters efficiently. In contrast, with finite precision,
it is possible that M-QSP-CDA does not work well.
It recursively determines variable indices and angle
parameters step by step through polynomial compu-
tations, and numerical error may accumulate. This
implies that it does not guarantee numerical stability
in practice. Nevertheless, theoretically, M-QSP-CDA
provides a finite procedure for checking whether a
given pair of Laurent polynomials can be implemented
by m-variable M-QSP.

Second property is that if M-QSP-CDA returns
True for a given pair of m-variable Laurent polyno-
mials (P, @) and the number of steps n, M-QSP-CDA
tells us the angle and index parameters to implement
(P, Q) using m-variable M-QSP, as described in the
following Remark 2.

Remark 2. If M-QSP-CDA returns True for (P, Q)
and n, it gives parameters (¢o, P1,...,¢,) € R
and (s1,...,8,) € {1,...,m}™ in the following way.
If deg P < n — 2 holds, let

Sp_1 = S, = 1. (14)

i ™
¢n71:§a ¢n:_§a

Nezt, if deg P = n and 3p; € R s.t. Padj = %% Qadj
for some j € {1,...,m} holds, let

¢n = ¥j, Sn = ] (15)
Then, we inductively determine (¢1,...,¢,) € R"
and (s1,...,8n) € {1,...,m}"™. Finally, if n is equal
to 0, g € R should be chosen to satisfy P = e'%0.

Note that since A(ay),A(ar?),...,A(am), Ala;l)

are mutually commutative, the parameters
(¢o, P1,---s0n) € R and (sqy,...,s,) €
{1,...,m}"™ that construct (P,Q) may not be
uniquely determined. In this case, M-QSP-CDA
provides one possible choice of the parameters for

(P,Q). Combining this Remark 2 and Theorem 1,
if a pair of m-variable Laurent polynomials (P, Q)
can be constructed by m-variable M-QSP in n steps,
M-QSP-CDA provides a constructive method to
select the angle and index parameters to realize

(P, Q).
4 Application to the counterexample

in Ref. [22]

In this section, by using M-QSP-CDA and Lemma 1,
we can show that (P2 2(a,b),Q2.2(a, b)) in Ref. [22],

6 /|37
P272<a, b) :?5 @ [a2b2 + G_Qb_z
122 8\ .,
<37 +37>(b +b7?)

114 563 2,9 2,9
— + = + 1
(37 37)(a b a“b ) (16)

362 2481\, ,
+(111_111>(a +a)

692 T719i
111 222 |’
_ 6 /37T 90 9
Q2,2(a,b) =25\ 103 [a®b* —a™?b
122 667
_ —es e b2 _ b72
(57 + %) 0=

17
56 114¢ (17

—212 272

+<37+ 37>(a b —a’b?)
362 418 9 o
* (111 111) (o —a )}

cannot be constructed by m-variable M-QSP in
an arbitrary number of steps.  Note that this
(Py2(a,b),Q2,2(a,b)) is the counterexample to the
necessary and sufficient condition proposed in the
original paper of M-QSP [18]. The authors of
Ref. [22] explained that (P2 2(a,b), Q2.2(a,b)) cannot
be constructed by m-variable M-QSP in exactly four
steps. However, there might be the possibility that
(P2 2(a,b), Q2,2(a,b)) is implemented with larger steps
than four, which will be further ruled out by the fol-
lowing argument.

From Lemma 1, a pair of m-variable Laurent
polynomials (P, Q) that can be implemented by m-
variable M-QSP can always be constructed with the
number of steps equivalent to the total degree of
P. Verifying if (P,Q) can be constructed by m-
variable M-QSP in deg P steps is necessary and suf-
ficient to determine if it can be implemented by m-
variable M-QSP. For the case (Ps2(a,b),Q2,2(a,b)),
we have deg P> = 4, and we only need to exe-
cute M-QSP-CDA(P,2,Q22,4). Focusing on the

coefficients of a? and b? in Py 5 and @22, we ob-
tain M-QSP-CDA(P, 2, (Q)2,2,4) = False. This means
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(P22(a,b),Q2,2(a,b)) cannot be constructed by m-
variable M-QSP in an arbitrary number of steps. This
fact extends the result of Ref. [22].

5 Conclusion and Discussion

In this paper, we proposed M-QSP-CDA, a classi-
cal algorithm to determine whether a given pair of
m-variable Laurent polynomials (P, Q) can be con-
structed by m-variable M-QSP in n steps. As one
of the most important properties of M-QSP-CDA,
we proved that its returning True is the necessary
and sufficient condition for the M-QSP constructiv-
ity. The construction of M-QSP-CDA shown in Al-
gorithm 1 obviously provides a sufficient condition,
but does not directly mean a necessary condition. To
complete the necessity, we showed that if a given pair
of m-variable Laurent polynomials can be constructed
by m-variable M-QSP, the pair can be realized with
the number of signal operators equal to the sum of
its degrees of each variable. As another property of
M-QSP-CDA, we explained that it runs in polyno-
mial (classical) time in the number of variables and
signal operators. This implies, theoretically, it pro-
vides a finite procedure for verifying whether a given
pair of m-variable Laurent polynomials can be imple-
mented by m-variable M-QSP. Note that, since it re-
cursively performs polynomial calculations, numerical
error may accumulate with finite precision arithmetic,
and M-QSP-CDA does not guarantee numerical sta-
bility in practice. We also described that M-QSP-
CDA provides a constructive method to choose the
necessary angle and index parameters for construct-
ing a given pair of Laurent polynomials by m-variable
M-QSP, if the pair can be implemented. These re-
sults provide insight into specifying a more concrete
characterization for a pair of m-variable Laurent poly-
nomials (P, Q) that can be realized by an m-variable
M-QSP.

Note that, from the counterexample in Sec. 4, the
M-QSP definition introduced in the original paper [18]
has a limitation regarding which multivariable poly-
nomials can be constructed. Nevertheless, this origi-
nal definition of M-QSP can be regarded as standard,
since it includes the single-variable case as a special
case and naturally extends QSP [7] by choosing signal
operators corresponding to the variables.

One direction for future work is to improve the
numerical stability of M-QSP-CDA. Recent work re-
lating single-variable QSP to the nonlinear Fourier
transform [26, 27, 28, 29, 30] may offer useful insights
in this direction. In particular, under certain con-
ditions, the nonlinear Fourier transform provides a
numerically stable method for sequentially determin-
ing each angle parameter for constructing a target
polynomial [30]. These results may help improve the
numerical stability of M-QSP-CDA through an appro-
priate extension of the nonlinear Fourier transform to

the multivariable setting.

Another direction for future work is to character-
ize the M-QSP constructivity, not by an algorithmic
condition such as M-QSP-CDA, but by a concise al-
gebraic condition as in the single-variable case [7]. A
main obstacle is that the recursion in Algorithm 1 re-
quires, at each step, the multivariable Laurent polyno-
mial constraint Jp; € R s.£. Pagj = 2% Qagj in line

17. Understanding this recursive obstruction more
deeply may be the key to clarifying the algebraic char-
acterization of m-variable M-QSP. Turning to recent
work, another possible route toward such an algebraic
characterization comes from the adversary-bound ap-
proach [31]. This line of research shows that the ad-
versary bound for a state conversion problem charac-
terizes the single-variable QSP constructivity, while in
the multivariate setting it gives sufficient conditions
for the constructivity of variants of M-QSP. Under-
standing how this adversary-bound approach relates
to the decision of M-QSP constructivity produced by
M-QSP-CDA might help lead to a compact algebraic
characterization of M-QSP.

For future work, it is also important to identify
a complementary m-variable Laurent polynomial @Q
for a given Laurent polynomial P, such that the pair
(P, Q) can be constructed by m-variable M-QSP. Re-
call that M-QSP-CDA returns True if and only if a
given pair of m-variable Laurent polynomials (P, Q)
can be constructed by m-variable M-QSP. This im-
plies that even if P itself can be implemented by m-
variable M-QSP, M-QSP-CDA will return False if we
do not provide a complementary m-variable Laurent
polynomial @ for P. Thus, to ensure that M-QSP-
CDA returns True, it is crucial to identify a comple-
mentary m-variable Laurent polynomial ) for P. For
finding the complementary polynomial in the single-
variable setting, the theoretically known methods in-
clude a root-finding method [7, 24] and a complex-
analysis-based approach [32]. However, these meth-
ods cannot be extended to a multivariable setting
straightforwardly, due to the multivariable polyno-
mial constraint in line 17 of Algorithm 1 at each recur-
sive step. We think it is difficult to find the comple-
mentary polynomial by merely inverting or generaliz-
ing the multivariable constraint, because this recur-
sive constraint does not imply a terminal constraint
at n = 0 in line 6 of Algorithm 1. Simultaneously sat-
isfying the multivariable condition and the terminal
constraint may be crucial for finding a complemen-
tary polynomial.

In addition, to improve m-variable M-QSP us-
ability, identifying concrete multivariable polynomials
constructed by m-variable M-QSP is important. As
far as we know, it remains unknown which polyno-
mials M-QSP can implement, including polynomials
relevant to physical applications, such as multivari-
able Hamiltonian simulation. Regarding alternative
structures that broaden families of polynomials, one
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possible direction is to extend the framework by gen-
eralizing the signal processing operators from Pauli
Z rotations to arbitrary elements of SU(2), as in the
generalized QSP case [33]. Another possible exten-
sion is to relax commutativity of the operators, as
stated in Ref. [22]. We expect that addressing these
open problems will stimulate the development of the
practical application utilizing m-variable M-QSP.
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A Proof of Theorem and Lemma in
Section 3

We prove the theorem and lemma in Section 3, as in
Fig. 2.

A.1 Preparation for Proof of Lemma 1

We introduce and prove lemmas necessary for show-
ing Lemma 1, which describes the equivalence of the
number of steps under the degree condition. First, the
following Lemma 2 ensures that if the sum of the de-
grees of each variable of P that can be constructed by
m-variable M-QSP in [ steps is less than the number
of steps [, the possible values of the angle parame-
ters can be characterized. As a result, the necessary
number of steps to construct (P, @) is reduced by two.
Intuitively, suppose that a M-QSP protocol starts and
ends with a signal operator corresponding to the same
variable as, , and ag, is not chosen in the intermediate
signal operators. If, in addition, the resulting polyno-
mial P contains no terms involving as,, then the in-
termediate signal-processing operators must be equal
to £1 or £iZ. Thus, the signal operators correspond-
ing to as, can be commuted through the sequence so
that they are moved next to each other and cancel
each other. This reduction technique is used in the
proof of Lemma 1.

Lemma 2. Let | be an integer and I > 2. For
(b1,...,¢1) € R and (s1,...,5) € {1,...,m}!, de-
fine
PW(a Q(ll)(a) — l ipro.
(omimy @ney) = [Tt

(18)
forl' € {1,...,1}. If the following four conditions are
satisfied:

1. s1 = sy,

2. Forallke{2,...,1—1}, sp € {1,...,m}\ {si},
3. degPU-1 =] -1,

4. degaSlP(” =0,

then,

¢1a"'a¢l—l S gZ (19)

Furthermore, (P®, QW) can be constructed by m-
variable M-QSP in (I —2) steps.

Proof. See Appendix A.2. O

Next, the following Lemma 3 describes a symme-
try with respect to the inverse of the variables. This
implies that, if we need to examine the degrees of P
and @, it suffices to focus on the coefficients of non-
negative powers. Note that, in Lemma 3, the condi-
tion (ii’) of the revised necessary condition of M-QSP
in Ref. [21] is extended to m variables.
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Figure 2: An overview of Appendix A. The black arrows indicate the dependencies between Lemmas. The orange arrows

represent the flow between each subsection.

Lemma 3. Let n be a non-negative integer and
PQ € C[al,afl,...,am,a;ﬁ] be m-variable Lau-
rent polynomials. If (P,Q) can be constructed by m-
variable M-QSP in n steps, then

P(a™!) = P(a), (20)
Q™) =-Q() (21)
hold, where a=* = (a7, ...,a;}).

Proof. Since (P, Q) can be constructed by m-variable
M-QSP in n steps, there exists (¢g, d1,...,¢n) €
R and (s1,...,8,) € {1,...,m}" such that we
have

< P(a)

Q(a) — pit0os - 0. Yeldros
_(Q(a)* > - ]];[IA( Sk) .

(P(a))”

(22)
If n = 0, we obtain P = ¢ and Q = 0,
and thus Egs. (20) and (21) obviously
hold. If n > 1, noting that A(a;l) =

ei8/D0: Afa)e=iF/Do: (je {1,...,m}), we can
calculate as follows:
< Pa™) Qa™t) )
—(Q@™h)* (Pa™)*
— iP00= H A<as—k1>ei¢wz (23)
k=1
_ ei¢oUz ﬁ (ei(ﬂ'/2)ozA(aSk)e—i(ﬂ'/2)ozei¢kaz) (24)
k=1
= 67;(7"/2)‘72 <6i¢002 ﬁ A(ask)ei¢kaz> e—i(ﬂ-/2)az
= (25)
(i 0 P(a) Q(a) i 0
(0 %) (@ dar) @ 5) e
_ ([ P@& -Qa)
= (1o i) )

Thus, Egs. (20) and (21) hold for all n > 1. O

Next, the degrees of the m-variable Laurent poly-
nomial P and @ constructed by m-variable M-QSP

are equal for each variable, as stated in the following
Lemma 4. This implies that it is sufficient to examine
only the degrees of P if we need to know the degrees
of P and Q.

Lemma 4. Let n be a non-negative integer and
PQ € C[al,afl,...,am,a;l] be m-variable Lau-
rent polynomials. If (P,Q) can be constructed by m-
variable M-QSP in n steps, then

deg,, P = deg, Q (28)
holds for all j € {1,...,m}.

Proof. Note that deg, 0 =0 for all j € {1,...,m}.

First, we show an important relationship between P
and Q. Since (P, Q) can be constructed by m-variable
M-QSP in n steps, the matrix

Pa)  Qa)
(—(Q(a))* <P<a>)*> (29)

is represented as a product of elements of SU(2). Tak-
ing the determinant, for a,...,a, € T, we have

[P(a)l® +1Q(a))® = 1. (30)

Also, from Lemma 3, which describes the sign change

under inversion of the variables, for ay,...,a,, € T,
(P(a))* = (P(a™))* = P*(a), (31)
(Qa)* = (-Qa™))" = -Q*(a) (32)

hold, where P*,Q* are the Laurent polynomials ob-
tained by taking the complex conjugate of the coeffi-
cients of P, ) respectively. Therefore, for a1, ..., a, €
T

7 P(a)(P*)(a) - Q(a)(Q")(a) =1 (33)
holds.
Next, we use Eq. (33) to prove Eq. (28). Let

djp =deg, P, djq =deg, Q. (34)

Assume dj p < dj . Since the degree can take non-
negative values, we obtain d; o > 1. From the as-

sumption d; p < djq, the coefficient of a?d”‘Q in
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—QQ"is _Qa%‘,cz (Qaﬁ‘j,Q )%
sents the coefﬁcientjof Q foi ajj 9. 2d;,o > 0 obtained
by d; o > 1 and Eq. (33) imply —Q o5 (@ o o) =0.
Thus, @ d]- o = 0 holds. Con51der1ng Q( b =
—-Q(a) from Lemma 3,Q 4,0 = 0leads to @ Qe =

where Q) 4, , repre-
QajJ,Q P

0, where @ o 0 is the coefﬁment of @ for a; “ha

As a result of Qo = Q -4, = 0, we obtain

deg, Q@ < djq, which contradicts dj,q = deg, Q.
Hence,
dj.p 2 djQ (35)

holds.

By interchanging the roles of P and ) and arguing
analogously to the above, we obtain d; p < dj; g by
contradiction. Thus, d; p = d; g holds. O

The following Lemma 5 states that the Laurent
polynomial P constructed by m-variable M-QSP is
non-zero. This property plays an important role in
the proof of Lemma 1 and 6.

Lemma 5. Let n be a non- negative integer, and
let P,Q € Clay,a7’,...,am,a;'] be m-variable Lau-
rent polynomials. If (P Q) can be constructed by m-
variable M-QSP in n steps, then

P(a)#0 (36)
holds.

Proof. Assume P(a) = 0. Then, it follows that
deg, P =0 for j € {1,...,m}. Since (P,Q) can be
constructed by m-variable M-QSP in n steps, we can
apply Lemma 4, which describes the degree relation
between the pair, to (P,Q). We obtain deg, @ =0
for j € {1,...,m}. Thus, there exists ¢ € C such that

Qa) =c (37)

From Lemma 3, which describes the sign change under
inversion of the variables, it follows that

Q) = ~Q(a) (3%)
L ec=—c (39)
s.e=0 (40)

Qa) = (41)

Therefore, we have
P(a) =Q(a) =0. (42)
Since (P, Q) can be constructed by m-variable M-QSP
in n steps,
P(a) Q(a) )
(0w P ()

is represented as a product of elements of SU(2). Tak-
ing the determinant, it follows that

[P))® +1Q(a))* =1 (44)

for ai,...,a,, € T, which contradicts Eq. (42). O

The parity of the degree of each variable in the Lau-
rent polynomial P constructed by m-variable M-QSP
matches the parity of the number of choosing each
variable in the sequence of M-QSP, as in the following
Lemma 6. This parity constraint allows us to limit the
cases to be considered in the proofs of Lemma 1 and
Theorem 1. Moreover, Lemma 6 extends the condi-
tion (iii’) of the revised necessary condition of M-QSP
from the Ref. [21] to m variables.

Lemma 6. Let n be a positive integer and P,Q €
Clay,art,. .., am,a;,'] be m-variable Laurent polyno-
mials. If (P Q) can be constructed by m-variable M-
QSP inn steps, that is, there exists (¢o, d1,...,Pn) €
R and (s1,...,8,) € {1,...,m}"™ such that

P(a) Q@) \ _ iso. T Jibuor
<—(Q(a>)* (P(a))*>e¢ kl;[lA(ak) or=,

(45)
Then, we obtain
deg, P=|{ke{1,...

s} | sp =34} (mod2) (46)

forall j € {1,...,m}. In particular,

degP=n (mod 2) (47)
holds.
Proof. For j € {1,...,m}, let
ke {Lon} [se= ) (49)
From Eq. (45),
P(ai,...,aj-1,—aj,aj41,...,0m) = (—1)9 P(a)

(49)
holds. Thus, P becomes an even or odd function with
respect to each ay,...,ap,. Since P # 0 by Lemma 5,

we have
deg,, P =c¢; (mod 2) (50)
for j e {1,...,m}. c1+---+¢, = nimplies Eq. (47).
O

The following Lemma 7 describes the change in the
degree for each variable of P which is constructed by
m-variable M-QSP if the number of steps increases by
one. By focusing on this change, we can obtain the
degree of the m-variable Laurent polynomial P with
respect to a specific variable, which is utilized in the
proof of Lemma 1, 8 and Theorem 1.

Lemma 7. Let n be a non-negative integer and
PQ € (C[al,afl,...,am,a;ll] be m-variable Lau-
rent polynomials. If (P,Q) can be constructed by m-
variable M-QSP in n steps and

((ﬁi((?»* - )

(
o (a) Q(a) ibpo,
‘( (Qa))" <P<a>>*) Afas)et?

(51)
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defines (P,Q) with s € {1,...,m} and ¢ € R, then
we obtain

deg%P
degajP —1or degajPJr 1 (if j = s),
| deg,, P Gf j e {1,...,m}\ {s}).

(52)

Proof. Since (P, Q) can be constructed by m-variable
M-QSP in n steps, Lemma 4, which describes the de-
gree relation between the pair, implies that deg, P =
deg, @ for all j € {1,...,m}. From the definition of

(P,Q) in Eq. (51), we have

degajﬁ <deg, P+1 (if j=s),
degajpgdegajP (if j e {1,...,m}\ {s}).
o (53)
Additionally, from the definition of (P, Q) in Eq. (51),
we can calculate as follows:

( P(a) Q(a))

Q) (P(a)*

_ I5~(a) Q(a) o199 A(g.)"1

= (L (Pl A o4
_( P(a) Q(a) =04 7/2)0- 4 (g ) pil—7/D
‘(—( (a))* <P<a>>*) TR Alas) :

(55)

Moreover, since (P,Q) can be constructed by m-
variable M-QSP in (n + 1) steps, applying Lemma 4
to (P, Q), we have

deg,, P = deg,,Q (56)

for j € {1,...,m}.
First, we show the case of j € {1,...,m}\ {s} in
Eq. (52). From Egs. (55) and (56), we have

deg, P < dega],p. (57)
From Egs. (53) and (57), we obtain
deg,, P =deg, P (j€{l,...,m}\{s}). (58)

Next, we show the case of j = s in Eq. (52). From
Egs. (55) and (56), we have

deg, P < dcgasf’ + 1. (59)
According to Egs. (53) and (59), we obtain
deg, P—1< degasp < deg, P+ 1. (60)

Additionally, from Lemma 6, which describes the par-
ity constraint between the degree and the number of
steps, and the definition of (P, Q) in Eq. (51),

deg, P=deg, P+1 (mod 2) (61)

holds. From Egs. (60), and (61), we have
degaSP =deg, P —1ordeg, P+ 1. (62)
This completes the proof. O

If the sum of the degrees of each variable in P equals
the number of steps n, the degree of P for each vari-
able is equal to the number of times that variable was
chosen, as stated in the following Lemma 8. Further-
more, the same fact holds for each (P®), QW) con-
structed by m-variable M-QSP in [ steps leading up

to (P, Q).

Lemma 8. Let n be a positive integer, and
for  me-variable Laurent polynomials P,Q €
Clay,art, ... am,a;l]. Suppose (P,Q) can be
constructed by m-variable M-QSP in n steps,
i.e., there exists (¢o,¢1,...,¢6n) € R and
(8$1y...,8n) € {1,...,m}"™ such that

P(a) Q(a) _ ei¢00z = a ei¢k0z
(~omr o) = 1At e
(63)
Then, we define
PO@)  QU() \ _ oo TT A(a. 1eite-
(v Fomr) = [ Ataere
(64)
forle{1,...,n}. If deg P = n, then
deg PY =1, (65)
deg, PO =|{ke{l,....1} [sp =3} (66)

hold for all (I,7) € {1,...,n} x {1,...,m}.

Proof. First, we show Eq. (65) for [ € {1,...,n}. If
I = n, Eq. (65) holds by the assumption. Next, as-
suming that Eq. (65) holds for [ > 2, we show that
it also holds for | — 1. According to the definition of
(PU=D, QU=1) (PI-D QU-1) can be constructed
by m-variable M-QSP in [ — 1 > 1 steps. Also, we
have

P (a) Q" (a)
(—(Q(”(a))* (PO (a))*

(PR QU@ Y e
_(—(Q(”)(a))* >*>A( e
(67)

Therefore, from Lemma 7, which describes how the
degrees change when adding one step, we obtain

degajP(lfl)
deg,,, PO —1 or degajP(l) +1 (if j = s),
degajP(l)
(if je{1,...,m}\ {s1}).
(68)

Next, we assume degajP(l_l) = deg,, PW 1. In this

case, by the induction hypothesis, we have deg P() =
[. Thus, we see that

deg PU"D = deg PY + 1 =1+1. (69)
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On the other hand, since (P~ Q(=1) can be con-
structed by m-variable M-QSP in (I — 1) steps,

deg P <1 -1 (70)

holds, which is a contradiction. From Eq. (68), we
have degajP(l’l) = degajP(l) — 1. Hence, by the in-
duction hypothesis, we have

deg PU"Y = deg P —1=1-1 (71)

and Eq. (65) holds. By recursively repeating this pro-
cess, Eq. (65) holds for [ € {1,...,n}.

Next, using Eq. (65), we show Eq. (66). For [ €
{1,...,n}, according to the definition of (P®), QW),

A3 sk =g} (72)
m}. From Eq. (65) and

degajP(l) <Hkedl,...
holds for all j € {1,...,

S Kkefl,.. 1} | se=3} =1, (73)
j=1
we have
deg, PV = [{k € {1,...,1} | s = j}I. (74)
We obtain the desired result. O

A.2 Proof of Lemma 2

Next, we prove Lemma 2. The M-QSP sequence sat-
isfying the four conditions in this lemma implies that
intermediate angle parameters must lie in §Z, and
the sequence can be constructed in two fewer steps.

Proof of Lemma 2
le ZZQ.
(I) For I =2, P? in Eq. (18) satisfies

We prove by induction on

2 2 %2
(75)
From the condition 4 in Lemma 2, we obtain cos ¢; =

PP (a) = it (COS $1 a2, +isin gy + cos g1 a—2>

0. Therefore, ¢, € (§+WZ) C 37 holds. Since
the condition 1 in Lemma 2, ie., s = s9, and
€19 A(ag,)e' =% = A(a,,) ™!, we have
( P®)(a) Q% (a) >
—(Q@(a))* (PP (a)) (76)
_ A(a81)6i¢lazA(a82)ei¢2Uz
_ A(GSQ) (ei¢1azA(as2)ei(—¢1)az) et (P1+2)0- (77)
= Alas,)A(as,) tel1F 0200 (78)
_ ei(¢1+¢2)02. (79)

Then, (P®,Q®) can be constructed by m-variable
M-QSP in 2 — 2 = 0 step. Hence, Lemma 2 holds for
l=2.

(IT) Assuming Lemma 2 holds for [ —1 > 2, we prove
it for {. To keep the main line of the proof clear, we
state the following claim and use it first.

Claim 1. -
¢1-1 € 52- (80)

Assuming Claim 1 and using the induction hypoth-
esis, we prove that ¢1,...,¢;2 € 5Z and (PO QW)
can be constructed by m-variable M-QSP in (I — 2)
steps. Let

o =¢r (ke{l,....,1-3}), (81)

b1z = P_a + P11, (82)

Gr_1 =0 (83)

Sp=s (ke{l,...,1—2}), (84)

=§l—1 = 8. (85)

Then, for I’ € {1,...,1 — 1}, we define
]%(z’)(a) Q(l )(a > Alas, wk
(-(Q(l/)(a))* (P")(a))* H

(86)

We check that (¢1, ..., ¢1—1) and (31, ...,5_1) satisfy
the conditions 1 to 4 in Lemma 2. From the definition
of (81,...,8-1) and the fact that (s1,...,s;) satisfies
the conditions 1 and 2 in Lemma 2, we have

1. 51 =81,

2. Forallk € {2,...,1-2}, 5, € {1,... ., m}\{8i-1}.
Furthermore, from the definition of (¢1,...,¢1_2),
(81,. .., 51_2) and Eq. (86), we have

< P(2) (a) QU?(a) )
@-2ay (P -

Q(l72) (a) ip_102
<P<l-2><a>>*) |

( ?(a)
(Q” ?(a))”

Since e'?-17= is a diagonal matrix and its diagonal
elements are non-zero complex numbers, we obtain

deg,, P2 — deg,, pU=2), (88)

for all j € {1,...,m}. From Eq. (18), (P(!~1, QU~1)
can be constructed by m-variable M-QSP in [ —1 > 2
steps. Furthermore, from the condition 3 in Lemma 2,
deg P~ = [—1 holds. Then, by applying Lemma 8,
which describes the degrees if deg P equals the num-
ber of steps, to P41 we have

deg P=2 =] -2, (89)
Egs. (88) and (89) imply
3. deg PU=2) =] -2
From Egs. (80) and (86), we have
(B g )
—(Q" V(a)) (P(l 1)(3))*
( P2 (a) ?)(a) )
= \—(QU(a))* (P“ ) (a))* (90)

T Afa, )
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PO@)  QU()
_ (v Fomy)

(A(CLSFI)eid)L’ldzA(asl)emmZ)_l eifﬁlﬂdzA(a&)

(91)
< PO(a QW (a) >
_ @@y PO@)
e_w)lng(aSl)—1e—i¢z710zA(aSl71)—1ei¢L71UzA(asl)
(92)
< PO (a (a) )
= \—(QV@)* (P (l)(a))* (93)
6*¢(¢z—1+¢l)UzA(agl 1) leidi-10-
(o e )
= (@) (PY(a)) (94)

e_i(¢l—l+¢l+7r/2)0'zA(aS’ ) )ei(¢l—1+7"/2)0’z

using the fact that we have

e‘iq&lfl"zA(aslf1
Alay) (itore S +mZ),  (95)
Alagl,) (f ¢y € 7Z),

)_1ei¢l710-z

Alar), A(arh), ..., Aam), Ala;l) are mu-
tually  commutative, and  A(as, ,)7' =
e~ /2= A(ay,, )e™/?)7= holds.  From Eq. (18),
(PW, QW) can be constructed by m-variable M-QSP
in [ > 3 steps. Hence, by applying Lemma 4, which
describes the degree relation between the pair, to
(PW,QWM), we see that deg, ’P(l) = deg, Q O Fur-
thermore, since (¢1,...,¢;) and (sq,.. sl) satisfy
the condition 4 in Lemma 2, we have deg%l PO =0.

Therefore, dega” PO = degaSLQ(l) = 0 holds. Conse-
quently, from Eq. (94), s;—1 # s and §;_1 = s;, we
have

4. degaglilp(lfl) =0.

Therefore, (¢1,...,¢—1) and (31, ..., 5_1) satisfy the
conditions 1 to 4 in Lemma 2. By the induction hy-
pothesis, we have

~ ~ ™
$15---, 012 € 52 (96)
From the definition of (¢, ..., ¢;_2) and Eq. (80), we
obtain -
O,y 11 € G2 (97)

Additionally,  from the induction hypothesis,
(PU=1 QU=1) can be constructed by m-variable
M-QSP in (I — 3) steps. From Eq. (93), we obtain

PO@) QU
(@ Po)
( PY@) G0 (98)
= (LGuny Feomy)

e—i@flt’zA(aSFI)ei(¢171+¢z)0z.

Thus, (PW, QW) can be constructed by m-variable
M-QSP in (I —3) +1 =1 — 2 steps.
It remains to prove Claim 1. Let

P (a)
<(Q“’l')(a))*
(99)
where I’ € {2,...,1—1}. Note that the notation [1,)
is specific to this Lemma 2, which indicates that the

M-QSP sequence starts from the signal processing op-
erator with parameter ¢;. Now we show

QM1 (a)

l/
. Lip10;
L *> =e H Ala
(P (a) 1

PLED Q=Y ¢ (iR)[ay, a1, ..., am, a;t]. (100)

We also prove, focusing on coefficients with respect to
a8171 Y

1,l-1

pltY

= e2i¢l—1Q([il,vl*1)’ (101)

where PL'™Y s the coefficient of P for af!
and Qll U is the coefficient of Q=1 for asl .

Eq. (100) states that PH=1 and Q=Y have purely
imaginary coefficients. Eq. (101) provides a relation
between some coefficients of P4=1) and Q=Y. If
Egs. (100) and (101) hold, then e??:-1 must be real,
and hence

—1

e?P-1 = 1or —1,

which implies Eq. (80) and Claim 1.

We first show Eq. (100). From the condition
2 in Lemma 2, it follows that degaSlP[l*l’l) =
degaSl Q=1 = 0. Focusing on the coefficients of agl
and a;,? in PY) defined in Eq. (18) and the condition
4 in Lemma 2,

(102)

P[l,l—l) (a) + (P[l’l_l)(a))*

+ QM@ - (@ iay =0
P[l,l 1)(a)

Q)+ (@ =0

hold. From Eq. (99), it is obvious that
(PILI=D Q=1 can be constructed by m-variable
M-QSP in [ — 2 > 1 steps. Then, Lemma 3, which
describes the sign change under inversion of the vari-
ables, can be applied to (P11=1 QU= that is, for
a1y 0, €T,

(P[l,lfl)(a))* _ (P[l,lfl)(afl))* _ (p[l,lfl))*(a),

(104)

—(Q[l’lil))*(a),
(105)

(@D @) = (@M D(a )" =

where (PM1=D)* (Q[H=1)* are the Laurent polyno-
mials obtained by taking the complex conjugate of the
coefficients of PLI=1 QUI=1 respectively. Inserting
Egs. (104) and (105) into Eq. (103) yields

Re[P"1~](a) + Re[Q!"'V](a)
Re[P"'~D](a) — Re[Q'Y](a)

0 (106)
0,
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where Re[PI1'=1] Re[Q!!'~ V] are the Laurent poly-
nomials whose coefficients are the real parts of the
coefficients of P11 Q[Li=1) respectively. Thus, we
have Re[P1=1D] = Re[Q!~V] = 0. That is, P~V
and Q'Y have purely imaginary coefficients, which
implies Eq. (100).
Next, we show Eq. (101). We first see

Q[l’l72) _ d/ _ 17

S1—1

degaSlilP[l’l*Q) = deg, (107)

where d' = degaSl_lp[l’l*I). From Eq. (18),

(PU=1D QU=1) can be constructed by m-variable M-
QSP in I — 1 > 2 steps. From the condition 3 in
Lemma 2, we have deg P/~1) = [—1. Thus, Lemma 8,
which describes the degrees if deg P equals the num-
ber of steps, can be applied, and we obtain

deg, PU2=|ke{l,....1—2}|sp=s1-1}],

Si—1

(108)
degaSHPU*l) =H{ke{l,...,1—=1} | sp =s_1}],
(109)
which leads to
degaSHP(l*) = degaSHPU*” —1. (110)

Since s1 # s;—1 holds from the condition 1 and 2 in
Lemma 2, we have

deg,, PP =[{ke{2,...,1-2}] sk =s1}],

(111)
degaSlilP(l_l) =H{ke{2,....1—1}| sg = s;—1}|-
(112)
Therefore, from Eq. (99), we obtain
degaSlilP[l’l*Q) < degaSlilP(l*Q), (113)
deg,, PNV <deg, PUTY. (114)
Next, we show the converse:
deg,, P2 < deg,, piti=2), (115)
dega‘glilP(l*D < degaSlilP[l*l’l). (116)

From the definition of P!~2) in Eq. (18), we have
P12 (a) Q(a)
(—(Q(l_2)(a))* (P2 (a))*)

Q=) (a)
(PIL-2) <a>>*) |

PRi-D () (117)

:A(a81 ) (_(Q[uz) (a))*

Since as,_, # a5 from the condition 1 and 2 in
Lemma 2 holds and (P12 Q[1!=2) can be con-
structed by m-variable M-QSP in [ — 3 > 0 steps
from Eq. (99), we can apply Lemma 4, which de-
scribes the degree relation between the pair, to
(P11=2) QI1=2)), Thus, we obtain

Q[l,l*Z).

S1—1

deg,, . P2 — deg, (118)

Therefore, we have Eq. (115). Similarly, we obtain
Eq. (116). Then, from Egs. (113), (114), (115) and
(116), we have

deg,, pli=2) — degaSlilP(l_Q), (119)
deg,, phi=b — deg,, pU—b, (120)

From Egs. (110), (119) and (120), we obtain
deg,, | plbi=2) — deg,, | pi=2) (121)
=deg,, PU7V -1 (122)
=deg,, PPV -1 (123)
=d -1 (124)

Thus, Eq. (118) implies Eq. (107).
Next, combining Eq. (107) with Eq. (99), we have

1,1-1 eldi-1 1,1-2 1,1-2
Pd[/ ) = 2 (Pc[l/fl ) + Q([1171 )) )

—idr—1
1,l-1) € 1,1—2) 1,1—2)
b = O (B 4 Q).

where Pg};l_m is the coefficient of P[:1=2) for agl/jll

and Q([jl,’if) is the coefficient of QM'=2) for a‘;l;fll.

Thus, we obtain Eq. (101). Therefore, we have the
desired result. O

(125)

A.3 Proof of Lemma 1

Next, we prove Lemma 1. This lemma states that a
pair of Laurent polynomials (P, Q) can be constructed
by m-variable M-QSP in (n — 2) steps if and only if
the pair can be constructed by m-variable M-QSP in
n steps and satisfies deg P < n — 2.

Proof of Lemma 1 (C) First, assume that (P, Q)
can be constructed by m-variable M-QSP in (n — 2)
steps. By appending

A(a1)e'27: A(ar)e "2+ (: ((1) (1)))

to the end of a sequence of (n —2) steps of m-variable
M-QSP consisting of (P, Q), (P, @) can be constructed
by m-variable M-QSP in n steps. deg P < n — 2 also
holds since (P, Q) can be constructed by m-variable
M-QSP in (n — 2) steps.

(D) Next, we assume that (P, Q) can be constructed
by m-variable M-QSP in n steps and satisfies deg P <
n — 2. Then, there exists (¢o, @1, .., ¢n) € R"T! and
(s1,.-.58n) € {1,...,m}" such that

< Pla) Qfa) ) = ¢'Po= IEA(a‘sk)eid”“"Z.

(126)

(P(a))”
(127)
For Il € {0,1,...,n}, let

PO (a) QW) \ Jidoo ! e,
(—(Q(”(a))* (P<l>(a))*> = k];[lA( s )€
(128)
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Furthermore, for j € {1,...,m}, we define

C(.]vl) :|{k€{1avl}|$k:.7}|v (129)
where ¢(j,0) = 0.
First, we show the existence of
Jje{l,...,m} st
t:=min< ! € {0,1,...,n} ; ) .
deg, PO # c(j,1)
(130)
From
deg P <n—2, (131)
deg, P <c(j,n) (j€{l,...,m}) (132)
and .
> clim) =n, (133)
j=1
we observe that
3j €{1,...,m} s.t. deg, P # c(j,n). (134)
Thus, v exists.
Next, we show
t>2 (135)

In fact, considering that P(®) = % and ¢(j,0) = 0
for all j € {1,...,m}, it follows that

Vj€{l,...,m}, deg, P = ¢(j,0) (136)
holds, which means t # 0. From PM =
e'(%0+@1) (a,, + a;')/2 and the definition of c(j,1),
we obtain

Vie{l,...,m}, deg, P =c(j1),  (137)

which implies v # 1. Therefore, we see that Eq. (135).
Note that, due to the minimality of v, we have

V(l,7) €{0,1,...,v =1} x {1,...,m},
. ) (138)
deg,, PV = ¢(j,1)
holds. Next, we show
deg,, P < c(se,v), (139)

utilizing Eq. (138). From Eqgs. (128) and (135), we ob-
tain the fact that (P~ Q1) can be constructed
by m-variable M-QSP in ¢t — 1 > 1 steps. Moreover,
(PO, QW) satisfies

PO@) QU
(o o
(

(Do ><a )
-\ -(@F V(@) (P(t Y(a))*
A(ast)ew‘”z.

(140)

Then, according to Lemma 7, which describes how
the degrees change when adding one step, we have

deg,, P = deg,, pt=1) (141)

for all 5 € {1,...,m} \ {s¢}. From the defini-
tion of ¢(4,1), we obtain ¢(j,v — 1) = ¢(j,t) for all
j e {1,...,m}\ {s:}. From Eq. (138), for j €
{1,...,m}\ {s:}, we deduce that

degajP(t) = deg, P(t D= ¢(j,v—1) = ¢(j,v). (142)

Then, the definition of v implies deg,_ PO £ ¢(s,, v).
From Eq. (128), we also have degaSrP(f) < (8, ).
Therefore, we obtain

degaStP(t) < c(8e,t) = (S, v — 1)+ 1. (143)
Next, we show the existence of
l'=max{l € {1,2,...,t =1} | sy = s }. (144)

Note that {1,2,...,t — 1} # 0 by Eq. (135). Assume
that [ does not exist. Then, we have

Vie{1,2,...,v—1}, s # s (145)
Under this assumption, ¢(s.,t — 1) = 0 holds, and we
obtain ¢(s,t) = ¢(s¢,vt — 1) + 1 = 1. From Eq. (143),
we have degasl_ P < 1, which leads to

deg,, P =0. (146)
This implies
P(t)(aly"'aast—h_asraa‘sr-‘rlv"-7am) (147)
=P (a).

Furthermore, since (P, Q(*)) can be constructed by
m-variable M-QSP in t steps and we have ¢(s,t) = 1,
we obtain P(V) is an odd function with respect to Gs,,
which means

PO (q Qg 1, =gy Qg dlye e Om
(a1 1y ~Os; Gs 41 ) (148)
_p® (a).
From Egs. (147) and (148), we see that
P(a) = 0. (149)

However, since (P(), Q(*)) can be constructed by m-
variable M-QSP in t steps, we can apply Lemma 5 to
P which implies P(Y) # 0. This contradiction leads
to the existence of [. Furthermore, from the definition
of [, we have

1<i<t—1. (150)

Moreover, due to the maximality of [, we obtain

Vie{l+1, .. v—1}, s € {1,....m}\ {sc}. (151)

Next, we show

(152)
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which is the subsequence of m-variable M-QSP im-
plementing (P, @) in n steps, can be constructed by
m-variable M-QSP in (v — [ — 1) steps. This fact im-
plies that (P,Q) can be constructed by m-variable
M-QSP in (n — 2) steps. To prove the fact, we
show that Lemma 2 can be applied to (¢, ..., o)

and (sg,..., ). This Lemma implies that the sub-
sequence in Eq. (152) can be constructed in two fewer
steps.
Let
P (a) Q" (a) - iro
(—(Q“””) () (P (a)) = ,E’““S”e
(153)
for i, € {l,...,t} with I < r. From the definition of

[, we have |{I,...,t}| > 2. Furthermore, we obtain
1. sy = s¢.
From Eq. (151), we have
2. Forallk € {I4+1,...,v—1}, sy € {1,...,m}\{s:}
Next, we show
deg Pv=1) — ¢ — 1.
By Eq. (153), for all j € {1,...,m},
deg, P < [{ke{l,...,v =1} | sp = j}| (155)

holds. Furthermore, from the Egs. (128) and (153),

we see that
(o @) QDG )
(QFV(a)) (P(r Y(a))*

(154)

Y(a) )
pi=1) (=1)
= (Ll Bagy) 0
P(Kr D(a) ([r D(a)
< Q1 (a))” (P(“ Y(a ))*>

Moreover, by Eq. (150), (PU=D Q0-D) and
(PG Qr=1) can be constructed by m-variable
M-QSP in [—1 > 0 and v — [ > 1 steps, respectively.
Thus, from Lemma 4, which describes the degree re-
lation between the pair, we have

dega,P(lfl) = dega.Q([fl),
deg, P~ = deg, P(F—1),

for all j € {1,...,
(156), we obtain

(157)
(158)
m}. Then, from Egs. (138) and

deg, PC) < deg, PU"Y +deg, P71 (159)
c(jye—1)—c(j,1—1) < degajp(l,r—l) (160)

CHke{l e =1} [ sp=4H < degajp([,t—l).
(161)

By Eqgs. (155) and (161),

deg,, P' =Kk eft...,v =1} [ s =J}| (162)
holds for all j € {1,...,m}. By summing up Eq. (162)
for j € {1,...,m}, we have Eq. (154). That is, we
obtain

(Lr—1) _

3. deg P = ¢ — |,
Next, we show

deg,, P"9 =0. (163)
For convenience, we introduce the following coefficient
notation, which is specific to this Lemma 1. For a
Laurent polynomial R € Clay,a;?,...,am,a;'], and
an integer d > 0, let Ry denote the coefficient of R for
a‘fr. In particular, Ry denotes the constant term of R
with respect to as,.

From Egs. (128) and (153), we obtain

(Lo ey )

—(Q M) (P I(a))

_( PYa) QW (a)

~(Lan@y Eoy) 1o
( P([+1,t71)(a) Q([+1,t1)(a)>
_(Q(H’l,tfl)(a))* (P(H‘Lt*l)(a))* ’
( PO@)  QY(a) )
QW ()* (P (a))

_( P V() Q" (a) a. )eiteo=

(_(Q(r—l)(a))* (P(t—l)(a))*> Alas,) ( . |

165

First, we focus on the highest-degree coefficients of
(PO, QW) for a,,. By Egs. (138) and (157), we have

degaSrP([_l) = degaStQ([_l) = (8¢, [=1) = e(se, [)—1.

(166)
Thus, we obtain

1y

p € (1-1) (1—1)

Fesen = 73 (Pc(s,,[ 1)+Qc<sn ) (167)
—i¢r

o _¢€ ( (1-1)

Qc(st,[) - 2 (P( +Qc(sc,[ 1)

Eq. (138) and the definition of [ implies that
degas‘_P([) = (s, 1) > 1 and P([) y # 0. Thus, from
Eq. (167), we have

-1 -1
Pc((st,l)fl) + Qi(s“)[fl) 7é 0. (168)

Next, we check the highest-degree coefficients of
(PC=1 Q=) for a,,. From Eqgs. (151) and (153),
we have

deg,, P =deg, QUMD =0, (169)

Furthermore, by Eq. (164), we obtain

(r-1) o (+1,0-1) m (+1,e-1)\ "
Pioy = PeenBo 7 = Qe (Q ' ) ’
(x—1) (n ([+1t 1) ([) (I4+1,0—1)
Qoo = Fetsun Qo (B9 )

(170)
Next, we investigate highest-degree coefficients of
(P® Q) for a,,. By Egs. (128) and (135),
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(PC=1D Q1) can be constructed by m-variable M-
QSP in t — 1 > 1 steps. Then, Lemma 4 implies
deg,, Pl = deg,, Q(t D). Furthermore, from
Egs. (138) and (151), we have

deg,_ pt—D — deg,, QU = ¢(se,t — 1) = sy, I).

(171)
Therefore, by Eq. (165), we obtain
() _ € D) o)
Pc(tst,t—1)+1 - 7 ( c(:t 9] + chet, ) (172)
Then, from Eq. (143), we have
P ectyen =0 (173)
By Egs. (167), (170) and (172), we obtain
_ p
0= c(tsc,tfl)+1 (174)
1P
= 5 (B +eflh) (175)
el 0 (I4+1,e—1) (0 (+1,e—1)\*
T2 (Pc(snl)Po T Qe (QO t )
4P c(ér [)Qgtﬂr 1) +Q © (P(I+1,t71)) )
(176)
_ e ) (1)
- T c(se,l-1) + CQc(st,[—l)
<e¢¢lpé[+1,tfl) o e_w;[ <ng+1’t71))* (177)
+ei¢[Q(()[+1,t—1) 1 et <P0(1+1,r—1)>*).
Furthermore, from Eq. (168),
eiqSIPO(H»l,tfl) _ it (Q(()Iﬂ,t,l))*
(178)

+ ei¢[Q(()[+1,t—1) 1 et (PO(K-H,t_l))* ~o
holds. By Eq. (153), we have

(Dol g )
Q")) (PUI(a))
P([+1,t—1)(a)

. (I4+1,e—1)
=) (_ gy (Bt n))

(P([+1,r71) (a))*

A(as‘:)ei(btgz.
(179)
From Egs. (169) and (178), we obtain
[
P
eV (i p(Hle=l) (+1,e-1)\*
= |e [P ’ —e ipy Q )
4 ( 0 ( 0 * ) (180)
+ei¢lQ((J[+1,rfl) + it (Pélﬂ,tq)) )
=0. (181)

Thus, from Egs. (150) and (153), (P9 Q) can
be constructed by m-variable M-QSP int—[+1 > 2

steps. Then, by Lemma 3, which describes the sign
change under inversion of the variables, we obtain

P =o. (182)

Furthermore, from Lemma 6, which describes the par-
ity constraint between the degree and the number of
steps, Egs. (151) and (153), we have
deg,,. P9 =2 (mod 2),
deg, P <2,

(183)
(184)

Thus, Egs. (181) and (182) lead to Eq. (163). There-
fore, we obtain

4. degaStP([’t) =0.

Hence, since (¢y,...,¢.) and (sg,...,s:) satisfy the
conditions 1 to 4 in Lemma 2, we can apply Lemma 2
to Eq. (152). This lemma implies that Eq. (152) can
be constructed by m-variable M-QSP in (v — [ — 1)
steps. Therefore, (P, Q) can be constructed by m-
variable M-QSP in (n — 2) steps. This completes the
proof. O

A.4  Proof of Theorem 1

Next, we prove Theorem 1, which is the main theo-
rem in this paper. This theorem states that the func-
tion M-QSP-CDA defined in Algorithm 1 provides
the necessary and sufficient condition for the M-QSP
constructivity.

Proof of Theorem 1
nec ZZO'

(I) Suppose that n = 0. By the definition of the
0-step m-variable M-QSP, we have

We prove by induction on

(P, Q) can be constructed by

m-variable M-QSP in 0 step
P(a)

—(Q(a))”

S PeTand Q=0

< M-QSP-CDA(P,Q,0) = True,

< Jog € R s.t. ( (P(a))*

Q(a) ) _ pidoo-

(185)
where P,Q € Clay,a;’,...,am,a;,'] are Laurent
polynomials. Thus, Theorem 1 holds for n = 0.

(IT) Assuming that Theorem 1 holds for less than or
equal to n — 1(> 0), we consider the case for n.

(=) First, assume that (P,Q) can be constructed
by m-variable M-QSP in n steps. Then, there
exists (do, d1,...,0n) € R and (s1,...,8,) €
{1,...,m}" such that

( P(a)

—(Q(a))"

Q(a) _ gitoo & 0. Yeidkos

(186)
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For j € {1,...,m}, let d; = deg, P. From Eq. (186),
we have di + -+ + d,, < n. Next, we show
M-QSP-CDA(P,Q,n) = True, considering the cases
di+---+dy, <nand d; + -+ d,, =n separately.
Case 1 Suppose that dy + -+ + d,, < n. From
Lemma 6, which describes the parity constraint be-
tween the degree and the number of steps, we have
diy + -+ dy, =n (mod 2). We obtain

di+ - +dy, <n-—2. (187)
This implies that the statement in line 13 of Algo-
rithm 1 holds True. Then, from line 14 of Algorithm 1,
we have

M-QSP-CDA(P,Q,n) = M-QSP-CDA(P,Q,n—2).
(188)
Next, we show M-QSP-CDA(P,Q,n — 2) = True.
By the definition of dy,...,d, > 0, we observe d; +
-+ +dy > 0. From Eq. (187), we have n — 2 > 0,
i.e., n > 2. Thus, we can apply Lemma 1 to (P, Q),
which means (P, Q) can be constructed by m-variable
M-QSP in (n—2) steps. By the induction hypothesis,
we have

M-QSP-CDA(P,Q,n — 2) = True. (189)
Since Eq. (188) holds, we obtain
M-QSP-CDA(P,Q,n) = True. (190)

Case 2 Assume that di + -+ + d,, = n. Now we
show that the statement in line 17 of Algorithm 1
holds True for j = s,, namely, we prove

P, =€"Q u.,, (191)

where ¢,, € R, and, Padsn,Qadsn denote the coeffi-

cients of a?j" in P and @ respectively. We define

(Dol e )
(@ V@) (P @)’

n—1 (192)
i=¢lP07= H Alag, )e'+o=,
k=1
Then, we have
deg, PV =deg, Q" V=d,, —1. (193)

In fact, by the fact that (P,@) can be constructed
by m-variable M-QSP in n steps and the assumption
di + -+ dy, = n, we can apply Lemma 8, which
describes the degrees if deg P equals the number of
steps, to (P, Q). Then, we obtain

deg,, PV =[{ke{l,....,n—1} s, =sn}l,
(194)
deg, P={ke{l,...,n}|sp=sn}|. (195)

Thus, we have

deg,, PV =deg, P-1=d,, —1.  (196)
By Eq. (192), (P, Q™~Y) can be constructed by
m-variable M-QSP in n — 1 > 0 steps. Then, we
can apply Lemma 4, which describes the degree rela-
tion between the pair, to (P(»~1), Q(»~1)). We obtain
Eq. (193). From Eq. (193), we have

i¢’7l
P, = (P + 000,

2 (197)
e "Pn n— n—
Qi = S (PPN Q0.

where Pé:l:l% represents the coefficient of P(™~1)
for agfl"il, and Qg:*i)l represents the coefficient of

Q=Y for agj;"_l. Thus, we obtain Eq. (191). Conse-

quently, the statement in line 17 of Algorithm 1 holds
True at least for j = s,,.

According to Algorithm 1, the index j in line from
18 to 20 of Algorithm 1 is the smallest j € {1,...,m}
for which P 4; = e*%iQ a; holds. We denote this j

by s'. Furthérmore, the (iDS/, Qs ) defined in lines 18
and 19 of Algorithm 1 is given by

-1 -1
Lip, Qs T ag, i, Qs — Qg
P, = e s STSP — elPs %Q,
asy +a ay —at
Qy =¥ = 5" g7 25" p
2 2
(198)

and, from line 20 of Algorithm 1, (Ps, Qs ) satisfies

M-QSP-CDA(P,Q,n) = M-QSP-CDA(Py, Qy,n—1).

(199)
Next, we show that
M-QSP-CDA(Py, Qg ,n — 1) = True (200)
holds for this (Py, Qs). (Ps, Qs ) satisfies
( Py (a) st(a)>
—(Qy(a))* (Py(a))*
_( P(a) Q(a) oo
- (—<Q<a>)* (P(a))*> (A(as)e™77) (201)
_( P(a) Q@) \ ipr g1y 1t
_(—(Q(a))* (P(a))*)e Alas) (202)
([ P(a) Qa) '\ Li(—putm/20x g(g,\o—ilT/2)0
B ((Q(a))* (P(a))*) * Alas) _

(203)

Thus, (Py, Qs ) can be constructed by m-variable M-
QSP in (n + 1) steps. By Lemma 6, which describes
the parity constraint between the degree and the num-
ber of steps, we have

deg Py =n+1

(mod 2). (204)
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From the definition of s, we obtain P, =

ezws’Qads,. Eq. (198) ensures that the coefficient

of Py for ai,lf’—|r1 is 0. Furthermore, since we have
P(a=!) = P(a) by Lemma 3, the coefficient of Py
for as_,(ds/ﬂ) is also 0. Hence, we obtain deg, , Py <
dy + 1. Moreover, by Lemma 7, which describes how
the degrees change when adding one step, we have
deg, Py =d; for j € {1,...,m}\ {s'}. From the as-
sumption dy+- - -+d,,, = n, we see that deg Pss < n+1.
From Eq. (204), we have deg Py < n — 1. Since
n + 1 > 2 holds by the assumption n — 1 > 0,
Lemma 1, which can reduce the number of steps by
two under the degree condition, can be applied to
(Psr,Qs). Then, (Py, Qs ) can be constructed by m-
variable M-QSP in (n — 1) steps. Then, by the induc-
tion hypothesis, we have M-QSP-CDA(Pys/, Qs ,n —
1) = True. Therefore, from Eq. (199), we obtain
M-QSP-CDA(P,Q,n) = True.

From the discussions in Case 1 and Case 2 above,
we have M-QSP-CDA(P,Q,n) = True.
(<) Next, we assume that (P,Q) satisfies
M-QSP-CDA(P,Q,n) = True. From the as-
sumption n — 1 > 0, (P, Q) satisfies

M-QSP-CDA(P,Q,n — 2)

or

M-QSP-CDA(P,Q,n) =

M—QSP—CDA(P], Qja n — 1)

(for some j € {1,...,m}),
(205)

where P;,(Q); are defined in lines 18 and 19 of Al-
gorithm 1. Then, we show that (P,Q) can be con-
structed by m-variable M-QSP in n steps, considering
each case separately.
Case 1 Assume that M-QSP-CDA(P,Q,n) =
M-QSP-CDA(P,@Q,n — 2). Then, we have dy +
-+ +d,, < n — 2. Furthermore, from the defini-
tionof dy,...,dpmy, d1,...,dy, > 0holds, which implies
di+--++dp >0and n—2 >0, i.e., n > 2. By the in-
duction hypothesis and M-QSP-CDA(P,Q,n —2) =
True, (P, Q) can be constructed by m-variable M-QSP
in (n —2) steps. From n > 2 and Lemma 1, which
can increase the number of steps by two, (P, Q) can
be implemented by m-variable M-QSP in n steps.
Case 2 Suppose that M-QSP-CDA(P,Q,n) =
M-QSP-CDA(P;,Qj,n—1) for some j € {1,...,m}.
Then, we have M-QSP-CDA(P},Q;,n — 1) = True.
From the assumption n —1 > 0 and the induction hy-
pothesis, (P;,Q;) can be constructed by m-variable
M-QSP in (n — 1) steps. Furthermore, (P, Q) and

(P, Qj) satisty
( P@)  Qa )
~(Qa)* (P(a))*
( ) N iPio:
~(@)° (P(a >*) Alag)e™”.

— < Pj(a) Qj
Therefore, (P, Q) can be constructed by m-variable
M-QSP in n steps.

= —

[V

(206)

~—

From the discussions in Cases 1 and 2 above, we
obtain the fact that (P, Q) can be constructed by m-
variable M-QSP in n steps. This completes the proof.

O
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