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We prove new monogamy of entanglement bounds for two-local qudit Hamiltonians of
rank-one projectors without one-local terms. In particular, we certify the maximum energy
in terms of the maximum matching of the underlying interaction graph via low-degree sum-
of-squares proofs. Algorithmically, we show that a simple matching-based algorithm approx-
imates the maximum energy to at least 1/d for general graphs and to at least 1/d + ©(1/D)
for graphs with bounded degree, D. This outperforms random assignment, which, in expec-
tation, achieves energy of only 1/d? of the maximum energy for general graphs. Notably, on
D-regular graphs with degree, D < 5, and for any local dimension, d, we show that this simple
matching-based algorithm has an approximation guarantee of 1/2. Lastly, when d = 2, we
present an algorithm achieving an approximation guarantee of 0.595, beating that of [PT22],
which gave an approximation ratio of 1/2.
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1 Introduction

A fruitful line of research in theoretical computer science has been to study classical constraint satisfac-
tion problems (CSPs). These problems are generally NP-hard, and so the question of the limits of efficient
approximability of optimal solutions arises naturally. Under the widely-believed UNIQUE GAMES CON-
JECTURE (UGC), a semi-definite programming (SDP) based algorithm [Rag08] that achieves the optimal
approximation ratio is known.

The quantum analog of classical CSPs are (local) Hamiltonian problems. These problems are at the
heart of condensed matter physics and quantum complexity theory, in which one is tasked with efficiently
finding approximations of low-energy states of n-particle systems. Given a sequence of Hermitian oper-
ators (H;);, that each act non-trivially on k& < n particles, the k-LOCAL HAMILTONIAN (k-LH) problem,
when viewed as a maximization problem, is to find the most excited state of H = ), H;. Phrased as a
decision problem, the k-LOCAL HAMILTONIAN problem is QMA-complete [IKSV02]. Unlike the classical
landscape of CSPs, there are still many unknowns about the approximability of general k-LH includ-
ing but not limited to the quantum PCP conjecture (see, for example, [AAV13; BHI16]). Attempting
to study approximations to k-LH s, [BH16] showed that interactions over high-degree graphs are well
approximated by product states. This result leaves low-degree graphs, where entanglement is likely to
play a larger role, as the primary avenue for study.

Attempting to understand the entanglement that may be present in excited states, we consider a
family of 2-LH with each term being a projector onto maximally entangled states (potentially weighted).
A maximally entangled bipartite state can be specified uniquely (up to phase) by a d-dimensional special
unitary. The MAXIMAL ENTANGLEMENT problem is then defined as a tuple of an input graph, called
the interaction graph, and a sequence of qudit special unitaries, (G = (V, E,w), (Uc)ccr). Here, each
U, then defines a rank-1 projector onto an arbitrary maximally entangled state, |t )}1|, from which
we define the problem Hamiltonian H = Y, we|)e)te|”. The task is to find the most excited state
and/or estimate its energy. In this way, we view this problem as analogous to UNIQUE GAMES in which
one is given a collection of edge permutations (P. : [d] — [d])ecr and tasked to find an assignment
f:V — [d] that satisfies as many of the permutations as possible!. Note that UNIQUE GAMES is not
an instance of MAXIMAL ENTANGLEMENT and MAXIMAL ENTANGLEMENT is unrelated to the Unique
Games generalizations considered in the non-local games literature [KRT10; MS24]. To further motivate
the MAXIMAL ENTANGLEMENT problem, we note that understanding the limits of entanglement arises
naturally in the problem of finding excited states of frustrated systems?. We propose the MAXIMAL
ENTANGLEMENT problem in an attempt to isolate this perspective and serve as a proxy for the limits
of entanglement, as sums of rank-1 projectors onto maximally entangled bipartite states are naturally
frustrated.

We certify that the energy of the most excited state for a MAXIMAL ENTANGLEMENT instance is
bounded above by the maximum matching of the underlying interaction graph. Here, the maximum
matching is a subset of edges with no repeated vertices with maximum weighted sum. Such a matching
can be found efficiently [Edm65]. Moreover, we show that a simple matching-based algorithm (i.e., doesn’t
use an SDP and instead the blossom algorithm from [Edm65]) achieves a non-trivial approximation ratio
to the energy of the most excited state. We hope that these results serve as a proxy for lower and upper
bounds on the amount of entangled present in a quantum state.

Related Work

The MAXIMAL ENTANGLEMENT problem, also referred to as the rank-one, strictly quadratic case of the
2-LH problem [PT21b], has been studied before in the qubit setting. When studying algorithms for this
problem, one faces that so-called ansatz problem, which asks how to write states succinctly and in a way
that allows for quantities of interest to be efficiently calculated. Much of the existing algorithmic work
in this field considers the mean-field model (i.e., that of product states) [GIK12; BH16; PT21b; PT22].
Algorithmically, this has been a challenge for the general qudit setting [CJKKW23]. Going beyond
product state approximations, but still restricted to the qubit setting, [AGMS21] applied low-degree
circuits to approximate the global entanglement that might be present. When the local Hamiltonian

YWe say Pyo is satisfied by f:V — [d] when Pyuy(f(v)) = f(u).

2A LH is said to be frustrated if the most excited state is not an eigenvector for all local terms.



problem is restricted to be the QUANTUM MaX-CuT Hamiltonian [GK12], products of 1 and 2 qubits
states have been found to work well [LP24], which is of particular interest to our work.

In particular, Lee and Parekh [[LP24] show that a matching-based algorithm (i.e., one using Edmond’s
Algorithm [Edmo65]) in combination with the Gharibian-Parekh algorithm [GP19] performs well on the
QUANTUM MAX-CUT problem, achieving an approximation ratio of 0.595. For their analysis, they use
results proven about the level-2 quantum Lasserre SDP specific to the qubit case or the QUANTUM MAX-
CuT problem [PT21a; PT22]. We extend this work by arguing that such a matching-based algorithm
also achieves non-trivial performance guarantees on the MAXIMAL ENTANGLEMENT problem over qudit
systems. When restricted to the qubit setting, we match this approximation ratio, achieving a guarantee
of 0.595 to the energy of the most excited state.

In the qubit setting there are some special cases of the MAXIMAL ENTANGLEMENT problem, such
as the EPR problem [Kin23] and QUANTUM MAX-CUT [GP19], that have been used as test beads for
algorithmic design. Since the submission of this manuscript, there has been a sequence of results finding
improved approximation algorithms for these two problems. We briefly summarize these results in the
following table.

] Paper \ Approximation Guarantee ‘

[GP19] 0.498
’ Paper ‘ Approximation Guarantee ‘ [PT21a] 0.5

— —— [HTPG24] 0.526
[K<in23] 2 =070 [AGM20] 0.531
This work 32 =0.72 [PT214] 0.533
[IN25; ALMPS25] V5~ 0.809 [Lee22] 0.562
[ALMP 1 25] 0.8395 [LP2]] 0.595
This work 0.599
(a) EPR [GSS25] 0.603
[ALMPS25] 0.611

(b) QuaNTUM MAX-CUT

Table 1: History of known results on two special types of qubit MAXIMAL ENTANGLEMENT instances: (a) EPR and
(b) QuaNnTUM MAX-CUT. Note, [JN25; ALMPS25; GSS25; ALMP+25] were all announced after the present paper
was originally submitted. Up-to-date results for these problems are tracked at [MS25].

Our Results
We first give our results over general interaction graphs.

Theorem A (Theorems 4.6 and 4.7). For any instance of the MAXIMAL ENTANGLEMENT problem
over an interaction graph, G, with H = E._pq) [te)the|® the normalized problem Hamiltonian, there
exists an efficient algorithm that outputs a density matriz p such that Tr(pH) > é Tr(ps H), where p, is a
most excited state. Furthermore, there exist low-degree sum-of-squares certificates certifying that, for any
quantum state p, Tr(pH) < é + % OPTMarcu(G), where OPTyaren(G) is the mazimum matching of
G.

This is significant because the approximation ratio of random assignment (i.e., the maximally mixed
state, pM**P) is only such that Tr(p**"H) > & Tr(p,H). In this sense, the algorithm of Theorem A
beats random assignment. We can be more precise about this and show that this algorithm beats random
assignment even when we restrict to bounded degree graphs or regular graphs. In this setting random
assignment gives Tr(p™™"" H) > (1 — ©(%)) Tr(p. H) (see, for example, Remark 4.13).

Theorem B (Theorem 4.9 and Corollary 4.11). In the situation of the above theorem and when G is
unweighted and bounded in degree by D, there exists an efficient algorithm that outputs a density matriz
p such that Tr(pH) > (4 + Q(%)) Tr(pxH). Furthermore, over regular graphs of degree D < 5 we have
that Tr(pH) > 5 Tr(psH) for all d > 2.

The algorithm in Theorems A and B is a simple matching based algorithm (adapted from [LP24]),
which does not use an SDP. However, the analysis requires monogamy of entanglement results that



we prove with degree-6 sum-of-squares certificates or, equivalently, the level-3 quantum Lasserre SDP.
Indeed, these certificates, given in Theorem C, can be seen as our key contribution, and we hope they
will be of independent interest. We note that, in general, these bounds are tight (see, for example,
Theorem 3.7 and Remark 3.9).

Theorem C (Propositions 3.6 and 3.8). In the situation of Theorem A, let p be an arbitrary density
matriz. For any vertex a € V' and any subset of its neighbors S C N(a),

d—
Tr <pz |wab><wab|ab> < ‘%j| + Tl

bes
Moreover, for any triangle {a,b,c} CV,

Tr (p (|¢ab><wab‘ab + |wac><¢ac|ac + |wbc><wbc|bc>) < % + %

As a special case of the MAXIMAL ENTANGLEMENT problem, when working over qubits (d = 2) we
show that the matching-based algorithm from Theorem A combined with the Parekh-Thompson product
state algorithm [PT21b] achieves an approximation guarantee of 0.595. This beats the previously best
known algorithm for this 2-LLH, which had an approximation guarantee of % [PT22]. Additionally,
in the case of QUANTUM MAX-CuUT, we give slightly improved analysis to show that the algorithm
in [LP24] achieves an approximation guarantee of 0.599, where it was previously only known to have
an approximation guarantee of 0.595. Lastly, for the qubit EPR problem we give an algorithm that
achieves an approximation guarantee of 0.72 beating that of [Kin23], which gave an algorithm with an
approximation guarantee of % These result are all delegated to Section 5.

Significance

We believe our work can help better understand entanglement in arbitrary quantum states. Since the
sum-of-squares certificates apply equally to true quantum states, an equivalent formulation of our results
is that for an arbitrary state, we can characterize the “amount of entanglement” over an edge in the
interaction graph by considering the supremum of the energy overall projectors onto maximally entangled
states. In particular, Theorem C can be seen as giving new monogamy of entanglement style bounds.
Previously, these bounds were only known for the qubit case [AGM20; PT21a] or more restrictively, for
anti-symmetric entanglement, i.e., when considering the triangle graph [PT22]. Globally, Theorems A
and B bound the expected entanglement over edges of a D-regular graph by 1/d+ O(1/D), for constant
local dimension, d. For cases when there exists an optimal product state approximation, i.e., the EPR
problem, this beats the 1/d + O(1/D'/3) upper bound achieved by [BT116].

Algorithmically, we demonstrate that the matching-based algorithm achieves at least a constant
factor of this upper bound, lower bounding the maximum energy by 1/d? +€(1/D). A natural follow-up
question is if the certificates can be improved or if the algorithm providing product state witnesses can be
improved. If the answer to both these questions is no, then it is possible that some parameterized family
of instances of the MAXIMAL ENTANGLEMENT problem are, for instance, candidate NLTS instances. A
resolution to this (either way) would further help understand the relationship between different types of
entanglement and the circuit complexity of generating said entangled states.

1.1 Preliminaries And Notation

We use the notation [n] = {1,...,n}. We denote the standard basis of C% as {|i) | i € [d]}. For,
A€ L((CH®M), a bounded linear operator from (C4)®™ to itself, we use AT to denote the transpose and
At := AT to denote the adjoint/conjugate transpose. A is Hermitian if AT = A and it is a projector if
A% = A. We use the notation D((C%)®") = {p € L((CH®"™) | p' = p, p = 0, Tr(p) = 1} to denote the
subset of density matrices on n qudits. A density matrix p is called pure if it is a projector, namely,
0% = p = [Y)¢| for some |¢) € (C?)®". We use {A, B} = AB + BA to denote the anti-commutator.
We use superscripts in two ways. First, let p € D((C%)®") be a quantum state over n qudits,
then we use the superscript notation to denote its reduced density matrices. That is, let S C [n], then
p% = Trp s(p) and when S = {a}, we will use p®. Second, when A € L((C?)®*) is a linear operator over



k < n qudits, we will use the superscript notation with a sequence of non-repeating indices, (a1, ..., a),
to extend it to an operator over n qudits, A% € L((C%)®"), where the indices specify which qudits to
apply the operator with all other qudits being acted on by the identity. Sometimes, to be more explicit,
we will use A% @ [\ ek ¢ £((C4)®"), We do this for kets as well to specify the order of
tensors, e.g., [1)** @ |@)' = @) @ ) € (C?)®3. In this setting we will never leave out indices.

We make substantial use of the generalized EPR state, |[EPRy) = % ZZ:l la) ®|a) € (C4)®2. When

the local dimension is implied, we simplify to [EPR). We also let EPR = |[EPRYEPR| € L((C%)®2)
denote the projector onto the subspace span by |EPR).

For an algorithm A, an approzimation guarantee is a constant « such that for all problem instances
Z, one has that Tr(pH) > aTr(p.H) for p = A(Z), the state output by the algorithm, H = H(Z),
the Hamiltonian defined by the instance, and p, the optimal solution for Z/most excited state of H.
We typically refer to the approzimation ratio (or algorithmic gap) as the infimum over all instances,

« = inf7 (ﬁ(ppﬁ}))

For two functions f,g : D — R* and a € D we say f(z) € O,4(g()) if the limit C' = lim,_,, (%)

exists, is non-zero, and is bounded. When a = oco we will drop the subscript and just write f(z) €
O(g(z)). We often use the notation f(z) > k(x) £ O,-4(g(z)) for some explicit function k : D — R
to mean that there exists a function h : D — R such that Vo € D : f(z) > h(z) and +h(z) F k(z) €
O,a(g(x)). We similarly use Big-O and Big-Q.

2 The MAXIMAL ENTANGLEMENT Problem

In this paper, we consider a subclass of the 2-LOCAL HAMILTONIAN problem in which the edge interac-
tions are projectors onto maximally entangled states over d-dimensional qudits. Because our problem is
2-local, there exists a natural underlying interaction graph.

Definition 2.1 (MAXIMAL ENTANGLEMENT Problem). Over an n-qudit system of local dimension
d, we are given a positively weighted graph G = (V, E,w) with |V| = n and a sequence of unitary
matrices, (U, € SU(d))eck, indexed by the edges and specified by poly(n) bits. We then define a 2-
local Hamiltonian problem with local Hamiltonians defined by h. = (I ® U.)|[EPRYEPR|(I ® U])? and
the full (normalized) Hamiltonian H = E,5)~g [hgg ® I[V]\{a’b}] = % E(a,b)eE Wap (hgg ® I[V]\{a’b})
(where W = Z(mb) cr Wab)- As an optimization problem, we have the following objective:
Amax (H) s (| H]ep) peplggg%W)Tr(Hp) (1)

There are two special instances of the MAXIMAL ENTANGLEMENT (ME) problem problem worth
highlighting. First, when all the unitaries are the identity matrix (U, = I for all e € FE) this is known
as the EPR problem. This problem is known to be stoquastic, i.e., as a minimization problem, its
Hamiltonian (negative of the one we consider), written in the standard basis, has non-positive off-
diagonal elements. It is well known that these Hamiltonians and indeed the EPR problem belong to the
class StogMA. Tt is believed that StogMA C QMA [BBT06; CM14]. Secondly, when working with qubits
(d = 2) and if every edge unitary is taken to be 1Y (where Y is the Pauli-Y matrix), then this problem
becomes QUANTUM MAX-CuUT [GP19], which is QMA-hard as an optimization problem. In particular,
the MAXIMAL ENTANGLEMENT problem is also QMA-hard as an optimization problem.

To give more context for and to justify Definition 2.1, we look at some well-known properties of
maximally entangled states and discuss their implications on the MAXIMAL ENTANGLEMENT problem.

Definition 2.2 (Maximally Entangled State). A bipartite state, p € D((C%)®?), is said to be pure if

p? = p and mazimally entangled if its reduced density matrices are maximally mixed, i.e., Tri(p) =

Tra(p) = 1.

Let |[¢) € (C%)®? be an arbitrary bipartite state with global phase. By the Schmidt decom-
position, there exists orthonormal bases {|ei),...,|eq)} and {|f1),...,|fs)} for C? along with non-
negative constants (A;); such that |¢) = Z?:l Vilei) @ |fi). The reduced density matrices are then

3Note, we implicitly define a total ordering on V' and apply the unitary to the qudit associated with the maximal vertex
in the edge according to this ordering.



Pl = 3" NileiXes| and 42 = 070 Ni|fi)(fil. The 4% are both the maximally mixed state exactly
when \; = é for all ¢ € [d]. This is all to say that a state is maximally entangled if and only if it can

be written as |¢) = id 2;1:1 le;) ® | f;) for some orthonormal bases {|e1),...,|eq)} and {|f1),...,|fa)}-

Additionally, if A\; > 0 for all ¢ € [d], then |¢) has full Schmidt rank.

Proposition 2.3 (Facts About Full-Rank States). Let [¢)) € (C4)®? be a bipartite state with full Schmidt
rank. We use GL(d) to denote the general linear group over C? and U(d) C GL(d) the unitary group.

1. There ezists a unique A € GL(d) such that |¢) = (I @ A)|[EPR). In particular, if |1) is mazimally
entangled then A € U(d).

2. For any A € GL(d) we have that there exists a unique B € GL(d) such that (IQ A)|Yp) = (BRI)|)
and vise versa. In particular, if |) is mazimally entangled and A € U(d), then B € U(d).
Additionally, if |1) = |EPR) then B = AT.

While well known*, we include a proof of this proposition in Appendix A for completeness. Next, we
have the following corollary, which adapts Proposition 2.3 for pure density matrices (i.e., states without
global phase).

Corollary 2.4. Let SU(d) CU(d) denote the special unitary group. Let p € D((C%)®?) be a maximally
entangled pure state.

1. There exists a unique (up to phase) U € SU(d) such that p = (I ® U)|[EPRXEPR|(I ® UT).
Moreover, for every U € SU(d), (I @ U)|[EPRYEPR|(I ® U') is a mazimally entangled state.

2. For every A € SU(d), there exists a unique (up to phase) B € SU(d) such that (A I)p(AT® 1) =
(I ® B)p(I ® BY).

Proof. By Proposition 2.3, we know that for every maximally entangled pure state p € D((C%)®?) there
exists a [1) € (C4)®2 such that p = [1)y| and a unique U € U(d) such that |[¢) = (I ® U)|EPR),
ie, p = (I ® U)JEPRYEPR|(I ® U'). Let z = det(U), we then have that /ZU € SU(d) and (I ®

VZU)|[EPRXEPR|(I @ V/zZU') = (I ® U)|[EPRXEPR|(I ® U') = p. The other direction follows from
Schmidt decomposition directly.

The second statement can be shown by modifying the proof of Proposition 2.3, Item 2 with careful
consideration of the determinant of B when using the fact that U € SU(d) in the decomposition p = |¢))}(v)]
and [¢)) = (I ® U)|EPR).

The uniqueness up to phase in both parts follows from the uniqueness is Proposition 2.3, which is
relaxed by the fact that conjugation is invariant under change of phase. |

With this, it follows that the local Hamiltonians in Definition 2.1 are nothing but projectors onto
arbitrary maximally entangled bipartite states as wanted. Furthermore, without loss of generality, the
unitary can be applied to either qudit in the edge (up to transpose). Moreover, Corollary 2.4 allows us to
reason about solutions to the MAXIMAL ENTANGLEMENT problem over certain interaction graphs with
solutions to the EPR problem (or the QUANTUM MAX-CUT problem in the case of d = 2).

2.1 A Priori Analysis

First, we show that any instance of the MAXIMAL ENTANGLEMENT (ME) problem over a tree graph is
equivalent to the EPR problem over the same tree graph, in the following sense.

Lemma 2.5 (ME Is Equivalent To EPR On Tree Graphs). Let (T = (V, E,w), (Ue).) be an instance
of the MAXIMAL ENTANGLEMENT problem where T is a tree graph (i.e., no cycles). Then, for any
p € D((C4)®™) we have that there exists a p' € D((CH)®™) such that, for all (a,b) € E,

Tr (hebp) = Tr (EPR;,‘; p’) (2)
2.1).

4The special case of Ttem 2, when [1)) = |EPR), is commonly known as the transpose-trick.

and vice versa (where hgy is defined as in Definition




Figure 2.1: A visual representation of Lemma 2.5 on the star graph.

Proof. Fix some root vertex r. We will assume, without loss of generality, that the unitaries for the ME
instance are always applied to the vertices with greater depth. We inductively construct a local unitary
over the depth of the tree. Let U, = I. For each vertex a € V, such that a is a child of r (i.e., has depth
1) let Uy = U(r,q), Where U, oy is the unitary in the ME instance assigned to the edge (r,a). For each
vertex, a € V, with depth 2, let b € V be it parent vertex, then let U, = Uy, .Uy, where Uy, is the unitary
guaranteed by Corollary 2.4 to have the property that (U, ® Uy) EPR(U, ® Uy) = EPR. We continue
this process inductively, for increasing depths, so we have the following state with the desired property.

P = <® (Ul)“) p <® U;’) (3)

acV acV
The claim then follows by the cyclic property of the trace. |

While this property will turn out to be vastly important, it is not sufficient for our analysis as we
will need to consider interaction graphs where we can not, in general, show this type of equivalence (for
example, the triangle graph). To circumvent this, we give another very important property that will turn
out to be of great importance for our analysis. First, we give the following lemma in terms of the EPR
problem. Then, we will argue that the same property is true for arbitrary projectors onto maximally
entangled states.

Lemma 2.6. There exists a projector P € L((CY)®3) such that

1 2d— 1
{EPR®I,1 @ EPR} = —(EPR@I + 1 © EPR) - %P. (4)

The proof of this lemma is done by direct calculation and given in Appendix B. We note that in the
d = 2 case, P = Hé?’ ® I? is the projector onto the anti-symmetric subspace over the first and third
subsystem and identity over the second (i.e., the edge interaction for QUANTUM MAX-CuT [GP19]). For
d > 2, we note that P does not, in general, act trivially on the second subsystem. We then have the
following corollary.

Corollary 2.7. Let hy and ho be projectors onto mazximally entangled 2-qudit states. There exists a
projector P € L((C%)®3) such that

2(d — 1)

——P. (5)

1
{M®I,I®hy} = 8(h1®f—|—]®h2)—
Proof. By Corollary 2.4, let Uy,Uy € SU(d) be such that hy = (U; @ I)|EPRYEPR|(U] ® I) and
he = (I ® U3)|[EPRXEPR|(I ® U;r) We then conjugate both sides of (4) by (U ® I ® Us) to get the
following for P as in Lemma 2.6.

2(d — 1)

(@I U)PUl & 1o U]) (6)

1
{h1®f,]®h2}=g(h1®1—+[®h2)—

We note (U @ I ® Us)P(U] @ I ® UJ) is a projector because P is one. |

Remark 2.8. We note that Corollary 2.7 can be further generalized to the case when hy = " aq|1q )¢
and ho =Y, Balpa)@a| are convex combinations of rank-one projectors and P is positive semi-definite.



To our knowledge, we are the first to discover this property at this level of generality (i.e., for d > 2).
If we again consider the d = 2 case and let U; = wU, for some phase, w € C with |w| = 1, (which is
the case for when h; = hy = Iy are the edge interaction for QUANTUM MAX-CUT as U; and Us can
be taken to be iY') we have that P = 133 ® I? is again the projector onto the anti-symmetric subspace
over the first and third subsystem and identity over the second. This fact, for QUANTUM MAX-CUT,
has been previously discovered [PT22; Wri23; TRZK-+23].

3 Certificates for Monogamy of Entanglement Bounds

We first set the groundwork for using the sum-of-squares (SOS) proof technique. To talk about the (non-
commutative) sum-of-squares hierarchy, we must first define a notion of degree. We do this by picking a
basis for £(C%), with one element being the identity, denoted By = {I}U{T, | a € [d*—1]}. We will often
denote the identity element using Tp := I. This can be extended to a basis for £((C%)®") = (L(C4))®",

By = {(@Tba_1

a=1

Va € [n]: b, € [dQ]} (7)

Definition 3.1. For a basis element T' € B, we define its degree, denoted w(T), to be the number of
non-identity terms or the number of systems on which T acts non-trivially. We extend this notion to an
arbitrary operator to be the largest degree among all of its non-zero components.

It is clear that we can bound the degree of an arbitrary operator by the number of qudits such that
it acts non-trivially. We note that, while defined using B, this definition is independent of the choice of
By, up to requiring the identity element.

With this, we can define the SOS hierarchy and the notion of a pseudo-density matrix, which mirrors
the notation of a pseudo-distribution in the commutative setting [BS16].

Definition 3.2 (Degree-2¢t Pseudo-Density Matrix). An operator p € L((C%)®") is called a degree-2t
pseudo-density matriz over n, d-dimensional qudits if it is normalized, i.e., Tr(p) = 1, and lies in the
closed convex cone defined by:

1. Self-Adjoint: pf = p, and
2. Positivity: Tr(pATA) > 0 for all A € £((C?)®™) such that w(A) < t.
Additionally, we use D ((C?)®") to denote all such degree-2¢ pseudo-density matrices.

Proposition 3.3 (The SoS/Pseudo-Density Matrix Hierarchy). We have the following hierarchy.
DA((Cch)®™) > DI ((C)®") o -+ > DEC=D((C?)®m) 5 DEM((C!)*") = D((Ch)*")

For p € DY ((C%)®"), while not a true density matrix, we can still view j through it’s reduced
t-body moments, which are valid density matrices.

3.1 Sum-of-Squares Certificates

In this section, we give two main SOS certificates, dubbed the “Star Bound” and the “Triangle Bound.”
We believe these certificates represent the notion of monogamy of entanglement from the Hamiltonian
perspective. In doing this, we also prove the optimally of the degree-six SOS SDP® on the star graph.

Lemma 3.4 (The SOS Star Bound For The EPR Problem). Let p € D©((C4)®™) be a degree-six
pseudo-density matriz. For any vertex a € [n] and any subset S C [n]\ {a}, we have that

Tr (ﬁZEPR“b> < W% (8)

besS

5See, for example, [NPA0S; BKP16; TRZK+23; BWCE+24], for the relationship between non-commutative SOS hier-
archies and SDPs.



Proof. Tt suffices to show that this holds for the star graph on n vertices with the root vertex labeled by
1. This is because partial traces of pseudo-density matrices are themselves pseudo-density matrices of
the same degree. In particular, let H = >""_, EPR!, we then will show that that Tr(Hp) < %‘H for
any p € DO ((C*)®"). Note, H is defined to be hermitian (i.e., self-adjoint) and has degree w(H) = 2.

Letting M = CI — H with C to be determined later, we use Tr (ﬁMQ) =Tr (ﬁMTM) >0 to get an
upper bound on Tr (5H). We start by considering H?, which gives the following:

H? =) EPR'+ Y {EPR' EPR'"} (9)
a=2 2<a<b<n
1 2(d—1
=H+ p Z <EPR1G +EPR' —(d)Plab> (Lemma 2.6) (10)
2<a<b<n
1 2(d-1) lab
2<a<b<n
n+d—2 2(d—1) Lab
:(d>H_d2 >, P (12)
2<a<b<n

Putting it all together:

0<Tr(pM?) (13)
=2 — 20Ty (BH) + <”+j_2> Tr (5H) — % Yo (,3 (Plab)2> (14)
2<a<b<n
<C?—20Tr (5H) + (”*Z‘z) Tv (5H) (15)
02
= Tr(pH) < (16)

Here, at (15), we use the fact that w(P'?) < 3 and thus Tr (ﬁ (Plab)2> > 0 by the positivity constraint

of degree-six pseudo-density matrices (Definition 3.2, Item 2). Finally, setting C' = %‘H gives that

Tr(pH) < "+g72, completing the proof. |

Remark 3.5. The degree-six assumption comes from the fact that the projector, P, in Lemma 2.6 acts
non-trivially on at most three qudits, which gives an upper bound for its degree. If it is shown that P
is actually degree-two, which is the case when d = 2, then this certificate requires only a degree-four
assumption.

We then get the immediate corollary of Lemma 3.4 using Lemma 2.5. It can be easily verified that
conjugating a pseudo-density matrix by local unitaries, as was done in (3), is still a pseudo-density
matrix of the same degree and thus Lemma 2.5 applies equally for pseudo-density matrices. This same
reasoning was used in [PT22] to prove a similar result for the d = 2 case specifically, through the
well-known QUANTUM MAX-CuUT star bound for degree-4 pseudo-density matrices [PT21a].

Proposition 3.6 (The SOS Star Bound). Let g € DO ((CH®") be a degree-siz pseudo-density matri.
For any sequence of unitaries, (Ugp € SU() | 1 < a <b<mn), let (hap)ap, for
hav = ((1® Ua) [EPRYEPR|(I  Uf,)) € £((C1)®2), (17)

denote the corresponding sequence of projectors with h% = hob @ TM\Mabt ¢ £((C4H®™) denoting the
projector applied to the ab subsystem. Then for any a € [n] and any subset S C [n]\ {a}, we have that

) IS +d—1 S| d-1
Tr(ﬂZ%?)ﬁ' | y :%+—d (18)

besS

We note that this bound is optimal in the following sense.



Figure 3.1: A visual representation of the state in (20) for the star graph on 4 vertices.

Theorem 3.7. The mazimum energy of the MAXIMAL ENTANGLEMENT problem (and in particular the
EPR problem) on an unweighted star graph over n vertices is %‘H. Moreover, the degree-siz SOS SDP
is optimal for this graph.

Proof (Sketch). By Lemma 2.5, it suffices to find a witness state with energy %‘H on the EPR problem
over the star graph with n vertices/qudits and the root node being labeled by 1. One such state is

d—1 n
_ b
W= e o (W et @ ')y @) )

)icla= be{n]\{La}

:\/(n_1n+d Z|EPR1“® &R @)’ (20)

ben]\{1,a}

where the superscripts give the ordering of the qudits. The optimality of the SOS SDP then follows
by Proposition 3.6. Note, the choice of |d) above is arbitrary; any consistent single qudit state would
work. |

We then move on to the triangle bound, for which we cannot use Lemma 2.5. We now use Corollary 2.7
directly. Note that we could have proven Proposition 3.6 using this corollary, too.

Proposition 3.8 (The SOS Triangle Bound). In the situation of Proposition 3.6, take any three distinct

indices a,b,c € V, then
d+2 3 d-1
Tr (5 (hgy + hye + hgg)) < fre_s,8°2 (21)
d d d
Proof. Let H = h%% 4 h%¢ + h2¢ and p € DO ((C?)®"). Then, let M = CT — H, for which we will again

use that Tr(pM 2) > 0. We start by considering H?, which gives the following.

H? = H + {hgp, hicy + {hap, hac + {hie, he (22)
3
2 2(d—1
=H+ EH - % ; pgbe (Corollary 2.7) (23)

Putting it all together, we get the following.

0 < Tr (pM?) (24)
= aemn + (2 ) o) - X0 ZT (o) (2
< C% 20 Tr (5H) + (T) Tr (pH) (SOS Positivity) (26)
0?2
= Tr(pH) < m (27)
Setting C' = d+2 then gives that Tr (pH) < d+2 , completing the proof. [ |

Remark 3.9. While optimal for the EPR problem, if we restrict to the QUANTUM MAX-CuT Hamilto-
nian in the d = 2 case, for example, we can get a tighter bound of % as Zf’zl Pi“bc = H, matching that

of [PT22; Wri23; LP24]. We note, however, that our weaker bound is sufficient even for the analysis in
[LP24].



4 Analysis of The Matching-Based Algorithm

In this section, we analyze the performance of the matching-based algorithm originally proposed in [L.LP24]
for QUANTUM MAX-CuUT, which we adapt to the MAXIMAL ENTANGLEMENT problem in Algorithm 4.1.

Algorithm 4.1 (MAXIMAL ENTANGLEMENT Problem Matching Algorithm). Input: Graph, G = (V, E, w),
and unitaries (U, € SU(d) | e € E).

1. Find the maximum matching of G, denoted by m : E — {0,1} (e.g., using Blossom algorithm
[Edm65)).

2. Output: p = ® ((I® Uaw)|[EPRYEPR|(I ® U;rb))ab ® ® I°/d

(a,b)EE: ceV:
m((a,b))=1 vdeV:m((c,d))=0

The key insights needed for this analysis are from [Edm65; LP24]. We state the needed lemma be-
low, where OPTrjarcu(G) = Ecopm(e) = % > ec M(e)w, denotes the normalized/expected maximum
matching of a graph, G, and W =} __p we.

Lemma 4.2 ([Edm65; LP24]). Given a weighted graph, G = (V, E,w), define N(a) ={b e V | (a,b) €
E} and E(S) ={(a,b) € E | {a,b} C S} for S CV. If (zc)ecr is a sequence of scalars such that

1.Vee E:x, >0,

2.¥aeV: > 1z <1, and
beN (a)

3. Ya,b,c} CV: > oz <1
e€E({a,b,c})
then

Z Wele < OPTMATCH(G)- (28)

4
K [xe] -
5 e~E W ecE

Similar to [L.P24], we will show that any degree-six pseudo-density matrix over a MAXIMAL EN-
TANGLEMENT instance admits such a sequence of scalars, which is the key step needed to prove the
forthcoming Theorem 4.6. To this end, we make the following definitions.

Definition 4.3. Let p € D©((C%)®") be a degree-six pseudo-density matrix. For any sequence of
unitaries, (Ug, € SU(d) | 1 < a <b<n),let (hap)ap, for

hav = ({1 © Ua)[EPRYEPRI(I & Uf,)) € £(C*)*2), (29)
denote the corresponding sequence of projectors with h%% = ho? @ [M\Mabl ¢ £((C?)®") denoting the
projector applied to the ab subsystem. We additionally define the following scalars:

. 1
LTab = Tr(phag)’ Yab = Tab — ga y:b = ma’X(Oa yab) (30)

Given a MAXIMAL ENTANGLEMENT instance over a weighted graph, G = (V, E,w), we can define
the full sequence of unitaries and scalars, as in Definition 4.3, by letting U,, = I when (a,b) ¢ E. We
note that the significance of this choice is entirely unimportant and is only done for simplicity of the
expressions. With this notation in hand, we then give the following two lemmas.

Lemma 4.4. In the situation of Definition 4.3, for any a € [n] and S C [n] \ {a}, we have that

d—1
D < (31)
bes
Proof. We make the observation that ), ¢ y:b = Zbes’:yab>0 Yap- Then applying Proposition 3.6 to the
second summation, and in particular the subset {b € S : y4, > 0}, proves the claim. [ |

10



Lemma 4.5. In the situation of Definition 4.3, for any three distinct values {a,b,c} C [n], we have that

d—1
Yab T Yo + e < = (32)

Proof. We split this into three cases depending on the number of non-zero y,5, > 0 values. In particular,
let t = |{(u,v) € {(a,b), (b,c),(a,¢)} | i, > 0}|. First, for ¢ = 1, we have that, —% < y,, < & by the
fact that the edge Hamiltonian is a projector. Otherwise, if ¢ = 2, this follows directly by Lemma 4.4.
Finally, for the t = 3 case, we use Proposition 3.8 which tells us that

3 _d+2
y;b—’_yljc—’_y:c:yab+ybc+yac:l'ab+xbc+mac_E < T

Thus, by Lemmas 4.2, 4.4, and 4.5 we have that for any MAXIMAL ENTANGLEMENT instance and any
degree-six pseudo-density matrix, the scalars defined in Definition 4.3 (in particular, (d%llyj)e) satisfy

the premise in Lemma 4.2, and thus we have that % Eer [yF] < OPTyiaren(G)-

Theorem 4.6. Let (G = (V,E,w), (Ue)e) be an instance of the MAXIMAL ENTANGLEMENT problem
with normalized Hamiltonian H. Then for any degree-siz pseudo-density matriz p € DO ((CH)®"), we
have that

1 5(d-1)
< — —_ 7
Tr(Hp)_d—i— 1d

Proof. As mentioned above, this follows from Lemmas 4.2, 4.4, and 4.5.

OPTytren(G). (34)

1
Tr(Hp)= E =+ yq 35
)= B |5+ ] )
1

< = E + 36
= d + (a,b)NE [yab] ( )

1 5d-1
S g + % OPTMATCH (G) (37)
Note, to get (36), we use the fact that y. < y7. |

In particular, over D-regular graphs we can use the fact that OPThrareu(G) < O(%)7 which gives the
bound Tr(Hp) < % 4+ O(). To explore this further, we parameterize the approximation ratio in terms
of the expected maximum matching of the interaction graph.

We next consider bounding the approximation ratio of Algorithm 4.1. Tt will be useful to bound
this value over different classes of graphs such as graphs with fixed maximum matching value, M, and
D-regular graphs. In both cases we implicitly assume that there are infinite families of such graphs in
order for the asymptotics to be well-defined. We let oy denote the approximation ratio over all graphs
and local-dimension, d, of the Hamiltonian, we let (M) denote the approximation ratio over all graphs
with maximum matching OPTyarcu(G) = M, and lastly, we let ay(D) denote the approximation ratio
over all (unweighted) D-regular graphs. We seek to lower bound these constants.

Theorem 4.7. Let (G = (V,E,w),(U.).) be an instance of the MAXIMAL ENTANGLEMENT and let

2_
M € (0,1], then Algorithm 4.1 has an approzimation ratio of ag(M) > %%% = é + Qpr—0(M)

on the energy of the Hamiltonian over all graphs, G, with OPTyaren(G) = M.
Proof. We let p, € D((C%)®") be the most excited state of the problem Hamiltonian of the ME instance,

H, and p € D((C%)®") be the output solution of Algorithm 4.1. Let m : E — {0, 1} be the corresponding
matching from Item 1 of Algorithm 4.1. We can observe that the energy of p is then given by the following:

o) — L e @) (38)
R W a M
1 d*-1
= -2 + 42 OPTwaren(G) (39)

11



Indeed, when m((a, b)) = 1 then the energy along the edge (a, b) is Tr(ph2?) = 1 and when m((a,b)) =
we observe that the reduced density matrix is nothing but the maximally mixed state, p® = d%[ , and
thus Tr(ph%h) = 4.

We then give a lower bound on the approximation ratio using Theorem 4.6. Recall that aq(M) is a
constant, depending only on d and M, such that

Tr(pH) > aq(M) (5(614;1) OPTraren(G) + ;) > aq(M) Tr(p.H) (40)

for all G with OPTyarcu(G) = M. Solving for ag(M), we get the following, where the infimum is taken
over all graphs with maximum matching, OPT\arcn(G) = M.

ag(M) = igf <m> (41)
> + =5 -+ OPT ATCH(G)
> inf (+ T O Ty G)> (Apply (39) and (40)) (42)
4 (d*—1) M+1
T 5d((d—1)M + %) )
é + QM—)O(M) (44)

To get (43) we make the observation that no property of G, other than OPTyaren(G) = M, is used,
and thus we can drop the infimum. Then, the asymptotics in (44) follow by observing that the following

limit is non-zero.
4 (> -1)M+ 1 —5d+1
limsup | | = ( ) /M + >0 (45)
M—0 5d((d—1)M +  4d

Remark 4.8. To better understand the relationship between the approximation ratio and the maximum

matching we considered the asymptotics of ay(M) parameterized by M in Theorem 4.7. Intuitively, we

expect Algorithm 4.1 to perform worse when the maximum matching is poor, hence why we consider the

asymptotics as M — 0. When not parameterized by the maximum matching we get an approximation

ratio of ag > é. This follows by observing that the infimum of ay(M) over all graphs reduces to taking
2

the limit as M — 0. Indeed, the expression %% is minimized when M — 0.

On the other hand, for any fixed constant M > 0, taking the limit as d — oo gives a bound on
the approximation ratio being limg oo (aq(M)) > %. We, however, expect Algorithm 4.1 to be optimal
over graphs with a maximum matching of M = 1. This discrepancy hints that our analysis is likely not
tight and better certificates can probably be found. Indeed, better certificates would improve on the %
constant in Lemma 4.2. See Section 5 for a more in-depth analysis on this matter in the qubit case.

Lastly, we use Theorem 4.7 to consider the case of bounded degree graphs. We believe this to be an
interesting case because as was shown in [BH16; PT22| product state algorithms/ansatz work well in the
high degree setting or bounded minimum degree setting. Therefore, understanding how well an algorithm
with no global entanglement performs in the bounded degree setting can shed light on approximation
algorithms as a whole.

Theorem 4.9. For an instance of the MAXIMAL ENTANGLEMENT problem with unweighted D-regular

2 —
graph, G = (V, E), Algorithm 4.1 has an approximation ratio of aq(D) > g(dd((gi?)?ﬁ;;if) =

é + Q(%) on the energy of the Hamiltonian.

Proof. Before considering the case of D-regular graphs, let (Dpin, Dmax) be the minimum and maximum
degrees of the graph. We can then bound the expected maximum matching in the following way, % >

12



OPTyarcu(G) > % by [Han12]. Plugging this into the result of Theorem 4.7 gives

Qg >

(d°—1)(Dmax+2)
4 Dmin (Dmax(Dmax‘H))) +1

In the D-regular case, this becomes

4 (d*(D+2)+D(D+2)—2
ad>5< d(D+3)(d+2iD—1) ) (47)

We can then rewrite the above expression by pulling out a 5 term, which gives the following:

L (d-1){d(D+2) ~D 1) (48)

1
>
=0T (D +3)(5d+ 4D — 5)

We then consider the following limit:

. (d—1)(4d(D +2)— D —7) Ad? — 5d + 1
o ( d(D + 3)(5d + 4D — 5) 1d (49)
And thus we have that ag(D) > % +Q(3). [ |

Remark 4.10. We note that the asymptotic applies even to graphs with bounded degree, i.e., when
Dpnin = 1in (46), but we get a worse absolute constant, % — %. This is likely due to the bound
on the expected matching not being tight in terms of Dy, and Dpax rather than this being a harder

case.
Alone, this result is hard to interpret. However, we get the following highly non-trivial corollary.

Corollary 4.11. In the situation of Theorem 4.9 and for all d > 2, we have an approximation guarantee
of strictly greater than % over D-reqular graphs with D < 5.

Proof. We note that in the D = 1 case all such graphs are matchings and thus the algorithm would find
the (unique) maximum energy state. For D > 2, taking the derivative of the expression in Theorem 4.9

and solving for zero gives us that it is at its minimum when d = A(D(D+2)—2) —|—\/D(D(D+2)_2)(D(16D+17)_5) .

(D+2)(4D-5) (5—4D)*(2+D)?
Finally, we use this to get the following bounds on the approximation ratio with respect to D: «4(2) >

0.6056, aq(3) > 0.5736, ag(4) > 0.5435, aq(5) > 0.5174. |
We note the following two easy-to-verify results that can be used to compare to our result. We note
that the approximation ratio achieved by the maximally mixed state, pM*=P = ﬁ, gives a stand-in for

the random assignment bound.

Proposition 4.12. Let (G = (V,E,w), (Uec)ecr) be any instance of the MAXIMAL ENTANGLEMENT
problem with Hamiltonian H.

1. Any product state |1) = @n_, |tba) € (C)®YV has energy (W|H|y) < L. This is tight on the edge
graph, giving an upper bound ofé on the approximation ratio with product states. In fact, there
always exists a product state solution with energy within é of the optimal [GK12].

2. The mazimally mized state has energy Tr(pM**PH) = d%. As an approximation algorithm, this is
tight on the edge graph, giving an approximation ratio of d%.

Remark 4.13. We note that in the limit as the graph degree D — oo, the optimal energy is bounded
above by % (as per Theorem 4.6) and thus the maximally mixed state achieves an approximation ratio of

1 under this limit. When parameterized by D, we can observe that Tr(p"™*" H) > (4 — ©(3)) Tr(p.H).

With this, we claim that Algorithm 4.1 beats random assignment for any finite degree. Indeed, from
(39) it is evident that the state output by Algorithm 4.1 has strictly more energy than the maximally
mixed state.

6We calculated this using Mathematica.
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5 QuANTUM MAX-CuT, The EPR Problem, and The Qubit Case

In this section, we consider three special cases for which we can achieve better results through the
addition of algorithms that return product state solutions. In all cases, we run both the basic matching
algorithm from Algorithm 4.1 and a product state rounding algorithm, and then return the state with
the greater energy.

The first special case is the EPR problem, which has an optimal product state solution |1

interaction graph G = (V, E'). This product state has expected energy E.c g Tr (|1>®2 (1% EPRd) =1/d.

YO™ for any

Theorem 5.1. For any instance of the d-dimensional qudit EPR problem, the above-described algorithm

49532) on the energy of the Hamiltonian.

Proof. Let G = (V, E,w) be an interaction graph for the EPR problem with Hamiltonian H, let m :
E — {0,1} be the maximal matching for the graph, and p the outputted state, by the matching based
algorithm from Algorithm 4.1. Let p, € D((C%)®") be the most excited state of the problem Hamiltonian
and let x. be defined as in Definition 4.3 for p.. By Lemmas 4.2, 4.4, and 4.5 we have that E.cgp m(e) >

_ad__ Eccg max (0, Te — é) and thus

5(d—1)
1 (d2-1) 1 4(d+1) 1
Tr(pH) = E, <d2 + d2m(e)) 2 B (d2 gm0y ) ) (50)

Next, we note that the state [1)*" achieves energy Tr(|1)®"(1|*"H) = 1. We then bound the
approximation ratio, B4, by considering the “worst case edge” and using the fact that max(z,y) >
px + (1 —p)y for any p € [0, 1].

has an approximation guarantee of

max { Tr(|1)®" (1" H), Te(pH) |

= inf 1
fa e Tr(p.H) (51)
1 %—&—Mmax(()x—l)
> . L 1 d 5d ’ d 592
> max min (p g Ta-p) . (52)
Ad+1)

_ 53

9d —1 (53)
This is achieved when p = 39=1 and z = 1. [ ]

In fact, we can do better than this in the qubit (d = 2) case and for the QUANTUM MaXx-Cut (QMC)
Hamiltonian [GP19]. We have the following generalization of Lemma 4.5.

Lemma 5.2 (The K, Matching Bound). In the situation of Definition 4.3, with p € D3 ((C%)®n)
being a degree-2t pseudo-density matriz, if for every graph, G = ([n], E), for odd n, we have

~ d—1)(n—-1) |E]|

ab = T hab < (7 1] 4

Z Lap = 1| P Z ab | < od + = (54)
(a,b)EE(G) (a,b)€E(G)

then we have that Zl§a<b§n y:‘b < %.

Proof. For any valid p € DY ((C?)®"), consider the subgraph, G = ([n], E), of the complete graph, K,
with the edge (a,b) € G precisely when yf, > 0. It then follows from the assumption that

E d—1)(n—-1
Y o= Y whm Y we= Y e D UZNEZU
1<a<b<n (a,b)EE(G) (a,b)EE(G) (a,b)EE(G)
completing the proof. |

Next, we can verify that the assumption of Lemma 5.2 holds for the EPR problem when d = 2
and the QMC problem for n = 5. In particular, we calculate the maximal energy of the EPR/QMC
Hamiltonian’s over every graph on five vertices, up to isomorphism. For which, there are 33 non-empty
five vertex graphs. For eight of these graphs, the required bounds follow by Lemmas 4.4 and 4.5 already.
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Lemma 5.3 (Computational). Let p € D((C?)®°) be a true density matriz on five qudits. Let EPR® =
|[EPRYEPR|* @ IM\@b} ¢ £((C2)®5) denote the projector onto the EPR state applied to the a and b
systems and identity on all other systems. Additionally, let QMC®® = \\Il_><\I/_|ab®I[”]\{a’b} € L((C?)®5)
denote the projector onto the singlet state, |U~) = % (|01) — |10)), applied to the a and b systems and
identity on all other systems. We have the following for every graph, G, on 5 vertices:

Tr|lp > EPR”|< Tt (56)
(a,b)EE(Q)
-1 E
Tr{p > QMe g% |2‘ (57)
(a,b)eE(G)
Proof. This is verified by solving for the maximum eigenvalue for each case, computationally. |

We then get the following strengthening of Theorem 5.1.

Theorem 5.4. For any instance of the EPR problem (with d = 2), the algorithm in Theorem 5.1 has
an approximation guarantee of ;—g = 0.72 on the energy of the Hamiltonian.

Proof. 1f in the assumptions for Lemma 4.2 we also have that VS CV : [S[ =5 = 3 5 5) Te < 2, then
we have that S Eccplze] < OPTMATCH(G) [I P24]. Lemma 5.3 gives VS C V = [S| =5 = 3 cp(s) 2yt <

2, as requlred and thus we have that 12 ]EeeE[xe] OPTMAT(H(G). The rest of the proof is nearly

identical to that of Theorem 5.1 and the bound is achieved by p = 5= and T = % ]

Theorem 5.5. For any instance of the QMC problem, the algorithm from [LP2/] achieves an approxi-
mation guarantee of 0.599.

Proof. The proof is near identical to that of [LP24, Theorem 11], but we use Lemma 5.3 and the improved
version of Lemma 4.2 from the proof of Theorem 5.4 to get 1—72 Eccrl[re] < OPThparcu(G). The bound is
then achieved by p = 0.697 and = = —0.4353. |

5.1 The Qubit Case

Next, we consider the general Maximal Entanglement (ME) problem over qubits. Here, we use the SDP
based product state rounding algorithm from [PT21b] that performs well in bounded minimum degree
instance [PT22]. We note that the SDP considered in [PT21b] gives a degree-2 pseudo-density matrix
such that all 2-moments are valid density matrices. For an instance of the ME problem, let p be the
pseudo-density matrix resulting from the optimal SDP variables. Additionally, for some vector of i.i.d.
random Gaussian’s, r € N(0,1), let (s, € S? | v € V) be the rounded Bloch vector representation of
the result of [PT21b, Algorithm 9] with corresponding single qubit states (p,),. We then state the main
lemma that we will need.

Lemma 5.6 ([PT21b]). For a ME instance with edge Hamiltonians, (hyy)uv, and optimal pseudo-density
matriz p and rounded product state solution (py), as defined above, one has that, for any edge (u,v) € E,

]’rE [Tr(hyypu @ po)] = i <1 + (Z]E/) l\/( ([p,q,7]", [2121, 222h, 2325]T) )2)]> (58)

2+ 23 +23)((21) + (22)° + (24

E [Tr(hup)] = 5 (1+ (p.0.717 la,.d7)) (59)

with (z,2") ~ N(0,Y¢(diag(a,b,c))) for some constants (a,b,c,p,q,7) € § X S. Here, we use S =
conv {(—1,—-1,-1),(—1,1,1), (1 -1,1),(1,1,-1)} and 22, (A4) == Iz, + [ ] ® A for A € M,(R).

We roughly follow the steps of [PT21b; PT22] and analyze the approximation ratio using a high order
Hermite expansion and numerical optimization techniques. In particular, we use the following lemmas.

15



Lemma 5.7 ([PT21Db]). In the context of Lemma 5.6 we have that

1 N
(58) = 1 14 Z fzjk (pu; jr(a,b, c) + qu; ji(b,a,c) +ru; ji(c,a,b)) |, (60)
ik
i<k
where we define the following functions, usingp = (i+j+k—1)/2,

2\/2 (=1)P+/il5k!

if i is odd, j is even, k is even, and i, j, k € Z>g

fm,k — 7 (i—)IGET(1+2p) (3+2p) (61)
otherwise
zby k ibk J if k -
wi (@ bye) = T E Fabiel k£ (62)
a'bl? otherwise

Lemma 5.8. Let P C R® be some convex polytope, v = [a,b,c]T € R® a vector, V(a,b,c) € R® another
vector which may depend on v, and ki, ke, p constants such that p € [0,1], k1, ks > 0. Moreover, define
t(x) =1+ (z,v) and s(z) =14 (x,V(a,b,c)) such that t(x) > 0,s(x) > 0 for all x € P. Then, for

max (s(z), (k1 + k2 max (0,t(z) — 3)))

ala,b,c) = glelg 1) ) (63)
we have that
a(a, b, c) > max {zrerl?;gT psl@) + (1 — ) E?;{F b () — 5)) , in b 4t_((xl) ok } ) (64)

where PPXT are the extreme points of P.

Proof. This proof follows similar steps as were done in [PT21b, Lemma 28]. We decompose x = ). \;x;,
where z; € P, A\; > 0 for all ¢ and ), A\; = 1. We then use that fact that s and t are linear, that

max(z,y) > px + (1 — p)y for any p € [0,1], and max (0, t(z) — ) > t(z) — 1.

max (s(z), (k1 + ko max (0,¢(z) — 3)))
t(x)
- ps(@) + (1 —p) (ks + ko (t(z) - 3))

= t(x) (65)

_ Do (p s(x;) + (1= p) (k‘l + ko (t(xl) — %))) (66)
Z'L Ait ()

L ps(e) + (L= p) (bt () — 1) o

T it(z)#£0 t(w;)

Similar steps can be used to show the following, this time we use max(0, t(x) — %) > 0 in place of (65).

max (s(z), (k1 + ke max (0,¢(z) — 1))) > i ps(z)+ (1 —pk

Combining these two inequality finishes the proof. |

Lemma 5.9. Fiz constants ki, ko ks > 0, let S, S™T, v = [a,b,c]", and V(a,b,c), be defined as in
Lemmas 5.6 and 5.8 with

212
Vb= E | |27 / VO + 23+ D2+ ()2 + () | (69)
’ 2323

16



where the expectation is taken over (z,2') ~ N(0,X¢(diag(a, b, ¢))). Then, for T = [1,1,1]T, we have that

k(1 + (2, V(a,b,0))) + k2 (5 + (z,0)) + ks

min min

TES™! v=[a,b,c]T€S 1+ <$, ’U> (70)
. min kl(l - <Ta V(aa b7 C)>) + k2 (% - <Ta U>) + k3
v=[a,b,c]TES 1-— <T, U> ‘

This proof follows in similar steps as were done in [PT21b, Lemma 29] (indeed they proved the ks = 0
case). Similar to their proof, we will prove something slightly stronger: that for any choice of x € S¥*
the minimization over (a,b,c) € S gives the same value. The choice of z = —T in (70) is then somewhat
arbitrary.

Proof. 1t is evident that for a fixed x € S™T, permutation of the entries doesn’t change the value of the
minimization over (a,b,c) € S as we can permute the values of (a, b, c) to get back the original value.
This is to say that without loss of generality, in (70) it suffices to consider only the minimization over
e {[-1,-1,-1]7,[1,1,-1]"}.

Consider the linear map ¢ : [v1, z2, ¥3]" = [~21, —72, z3]T. We then use three main facts: First that
S is invariant under the linear map ¢ : [1, 22, 23]7 + [~21, —22,23]" (that is ¢S = S), second that ¢
is an isometry under the dot product, and third that E, »yenr 0,55 (a) [22] = = E(yy)en 0,52 (—a) W],
which means that V' (a,b,c) = V(—a,—b,c). We can then do the following for any fixed z € S™:

ki(1+ (2, V(a,b,c))) + ko (3 + (z,0)) + k3

min
v=[a,b,c]TES 1+ <1‘7 U>
) k1 (14 (px, oV (a,b,c))) + ko (% + (pz, cpv>) + k3
v=[a,b,c]TES 1+ <QDSC7 <Pv>
k(1 V(—a,—-b ko (% k

_ in 1(1+ (pz,V(—a,=b,c))) + k2 (5 + (pz,v)) + k3 (72)

v=[—a,—b,c]TES 1+ <(an U)
k(1 ,V(a,b, ko (% : k

_ min 1(1+ (pz, V(a,b,c))) + ko (2 + {pa U>) ks (73)

v=[a,b,c]T€S 1+ <<PZE, U>
(74)

Because all points in S™* are related by permutation and ¢, we have shown that (70) is the same for
all choices of x € ST, [ |

We can now bound the approximation ratio.

Theorem 5.10 (Computational). For any instance of the MAXIMAL ENTANGLEMENT problem for d = 2,
the algorithm which runs Algorithm 4.1 and [PT21b, Algorithm 9], returning the state with the larger
energy, has an approximation guarantee of 0.595 on the energy of the Hamiltonian.

Proof. We follow the analysis of [LP24, Theorem 11]. We consider the maximum energy from the
matching Algorithm 4.1 and the product state given by [PT21b, Algorithm 9] to get the following for
the bound on the approximation ratio.

1 1
02> min max ((58), T+ gmax (0, (59) — 2)) / (59) (75)

(p,q,m)€S

Using Lemma 5.7, define”

s(a,b,c) =1— Z fﬁjk (wi jr(a, b, ) + u; jr (b, a,c) + u; ji(c,a,b)), (76)
0,5,k <70
J<k

"We cut off 4,5,k < 70 so we can computationally implement 3.
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which using the results of Lemmas 5.7 to 5.9 and the fact that (58) and (59) > 0, gives us that

. {Mﬂmh@+rmﬂ+ﬂpﬂi+§@ab@)Mﬂw@d+wm%H1—Mi}
iy > max min max
p€[0,1] (a,b,c)eS

l—-a—-b—c ’ l—a—b—c

(77)
5(a,b 1— Ly 6l _ ,_p_
> max min min p(3(a,b,c) + rem) + ( P) (4 + 5(2 a C))’
p€l0,1] —1<a<b<e<L1 l—a—-b-——c¢
a+b+c§%
(78)

—1<a<b<c<1 l—-a—-b-—c¢c

. p@@ﬁm)+mm)+ﬂpﬁ}
min .
% <a+b+c<Ll1

Here rem denotes the higher order terms in the Hermite expansion, which are ignored computationally.
The second inequality follows from the fact that S is invariant under permutation of the entries, so we
can without loss of generality apply an ordering. The a + b+ ¢ < 1 bound comes from the fact that

(59) > 0.
Fixing p = 0.6724, we computationally find the minimum over a, b, ¢ to be as > 0.5957, achieved at
a =b=c~ —0.4402. Note, these match the optimal constants for QUANTUM Max-Cut [LP24]. |

6 Open Problems

We summarize the main problems left open by this work.

e It is likely that one can improve on the 4/5 constant in Lemma 4.2 with additional certificates as
we did in Lemmas 5.2 and 5.3 (see also [Edm65; LP24]).

e Asnoted in Section 4, the main gap in our analysis is the high degree setting. One could presumably
generalize [PT21Db] for qudits and combine the two algorithms in a similar way as was done in [LP24]
and Section 5. This will likely require a more directed consideration towards degree-one terms than
was previously done (see [CJKKW23, Appendix CJ).

e Can anything be said about MAXIMAL ENTANGLEMENT over expander graphs? Even for specific
instances such as QUANTUM MAX-CUT, this is an open question. Our work gives some evidence
that entanglement might not depend on the expansion of the interaction graph but instead merely
on the degree.

e To the best of our knowledge, the hardness of MAXIMAL ENTANGLEMENT for fixed d is not known.
In particular, [PM21, Theorem 5] allows for negative weights, unlike MAXIMAL ENTANGLEMENT.
However, if one relaxes the local Hamiltonian terms in MAXIMAL ENTANGLEMENT from being
maximally entangled pure states to maximally entangled mixed states (i.e., mixed state with partial
traces giving the maximally mixed state), then [PM21, Theorem 5| can be used to argue that, for
fixed d, MIXED-STATE MAXIMAL ENTANGLEMENT is QMA-hard (as ﬁ([ — P) is a maximally

entangled mixed state).

Acknowledgments

We thank the anonymous reviewers for pointing out a typo in the statement of Lemma 5.9, a typo in
the proof of Lemma 2.6, and for helping improve the presentation of much of the manuscript.

References

[AAV13] Dorit Aharonov, Itai Arad, and Thomas Vidick. The Quantum PCP Conjecture. arXiv:1309.7495
[quant-ph]. Sept. 2013. DOI: 10.1145/2491533.2491549. arXiv: 1309.7495 [quant-ph]. 1

18


https://doi.org/10.1145/2491533.2491549
https://arxiv.org/abs/1309.7495

[AGM20] Anurag Anshu, David Gosset, and Karen Morenz. “Beyond Product State Approximations
for a Quantum Analogue of Max Cut”. In: 15th Conference on the Theory of Quantum
Computation, Communication and Cryptography (TQC 2020). Ed. by Steven T. Flammia.
Vol. 158. Leibniz International Proceedings in Informatics (LIPIcs). ISSN: 1868-8969.
Dagstuhl, Germany: Schloss Dagstuhl-Leibniz-Zentrum fiir Informatik, 2020, 7:1-7:15.
ISBN: 978-3-95977-146-7. po1: 10.4230/LIPIcs. TQC.2020.7. 2, 3

[AGMS21] Anurag Anshu, David Gosset, Karen J. Morenz Korol, and Mehdi Soleimanifar. “Im-
proved Approximation Algorithms for Bounded-Degree Local Hamiltonians”. In: Physical
Review Letters 127.25 (Dec. 2021). Publisher: American Physical Society, p. 250502. DOI:
10.1103/PhysRevLett.127.250502. 1

[ALMP+25] Anuj Apte, Eunou Lee, Kunal Marwaha, Ojas Parekh, Lennart Sinjorgo, and James Sud. A
0.8395-approzimation algorithm for the EPR problem. 2025. DOIL: 10.48550/arXiv.2512.09896.
arXiv: 2612.09896 [quant-ph]. 2

[ALMPS25]  Anuj Apte, Eunou Lee, Kunal Marwaha, Ojas Parekh, and James Sud. “Improved Algo-
rithms for Quantum MaxCut via Partially Entangled Matchings”. In: 33rd Annual Euro-
pean Symposium on Algorithms (ESA 2025). Ed. by Anne Benoit, Haim Kaplan, Sebastian
Wild, and Grzegorz Herman. Vol. 351. Leibniz International Proceedings in Informatics
(LIPIcs). Dagstuhl, Germany: Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, 2025,
101:1-101:14. 1sBN: 978-3-95977-395-9. DOI: 10.4230/LIPIcs. ESA.2025.101. 2

[BBTO06] Sergey Bravyi, Arvid J. Bessen, and Barbara M. Terhal. Merlin-Arthur Games and Sto-
quastic Complexity. arXiv:quant-ph/0611021. Dec. 2006. DOI: 10.48550/arXiv.quant-ph/0611021. 4
[BH16] Fernando G. S. L. Brandao and Aram W. Harrow. “Product-State Approximations to

Quantum States”. en. In: Communications in Mathematical Physics 342.1 (Feb. 2016),
pp- 47-80. 1SSN: 1432-0916. por: 10.1007/s00220-016-2575-1. 1, 3, 12

[BKP16] Sabine Burgdorf, Igor Klep, and Janez Povh. Optimization of Polynomials in Non-Commuting
Variables. SpringerBriefs in Mathematics. Cham: Springer International Publishing, 2016.
ISBN: 978-3-319-33338-0. poI: 10.1007/978-3-319-33338-0. 7

[BS16] Boaz Barak and David Steurer. Proofs, beliefs and algorithms through the lens of Sum of
Squares. 2016. 7

[BWCE+24] Adam Bene Watts, Anirban Chowdhury, Aidan Epperly, J. William Helton, and Igor Klep.
“Relaxations and Exact Solutions to Quantum Max Cut via the Algebraic Structure of
Swap Operators”. en-GB. In: Quantum 8 (May 2024). Publisher: Verein zur Forderung
des Open Access Publizierens in den Quantenwissenschaften, p. 1352. DoI: 10.22331/q-
2024-05-22-1352. 7

[CJKKW23] Charlie Carlson, Zackary Jorquera, Alexandra Kolla, Steven Kordonowy, and Stuart Way-
land. Approzimation Algorithms for Quantum Max-d-Cut. Sept. 2023. DOL: 10.48550/arXiv.2309.10957. 1,
18

[CM14] Toby S. Cubitt and Ashley Montanaro. “Complexity Classification of Local Hamiltonian
Problems”. In: 2014 IEEFE 55th Annual Symposium on Foundations of Computer Science.
ISSN: 0272-5428. Oct. 2014, pp. 120-129. por: 10.1109/FOCS.2014.21. 4

[Edm65] Jack Edmonds. “Maximum matching and a polyhedron with 0,1-vertices”. en. In: Journal
of Research of the National Bureau of Standards Section B Mathematics and Mathematical
Physics 69B.1 and 2 (Jan. 1965), p. 125. 1sSN: 0022-4340. pOT: 10.6028/jres.069B.013. 1,
2, 10, 18

[GK12] Sevag Gharibian and Julia Kempe. “Approximation Algorithms for QMA-Complete Prob-
lems”. In: STAM Journal on Computing 41.4 (Jan. 2012), pp. 1028-1050. 1sSN: 0097-5397.
DOI: 10.1137/110842272. 1, 2, 13

19


https://doi.org/10.4230/LIPIcs.TQC.2020.7
https://doi.org/10.1103/PhysRevLett.127.250502
https://doi.org/10.48550/arXiv.2512.09896
https://arxiv.org/abs/2512.09896
https://doi.org/10.4230/LIPIcs.ESA.2025.101
https://doi.org/10.48550/arXiv.quant-ph/0611021
https://doi.org/10.1007/s00220-016-2575-1
https://doi.org/10.1007/978-3-319-33338-0
https://doi.org/10.22331/q-2024-05-22-1352
https://doi.org/10.22331/q-2024-05-22-1352
https://doi.org/10.48550/arXiv.2309.10957
https://doi.org/10.1109/FOCS.2014.21
https://doi.org/10.6028/jres.069B.013
https://doi.org/10.1137/110842272

[GP19] Sevag Gharibian and Ojas Parekh. “Almost Optimal Classical Approximation Algorithms
for a Quantum Generalization of Max-Cut”. In: Approximation, Randomization, and Com-
binatorial Optimization. Algorithms and Techniques (APPROX/RANDOM 2019). Ed. by
Dimitris Achlioptas and Laszlé A. Végh. Vol. 145. Leibniz International Proceedings in
Informatics (LIPIcs). ISSN: 1868-8969. Dagstuhl, Germany: Schloss Dagstuhl-Leibniz-
Zentrum fuer Informatik, 2019, 31:1-31:17. 1SBN: 978-3-95977-125-2. DOI: 10.4230/LIPIcs. APPROX-
RANDOM.2019.31. 2, 4, 6, 14

[GSS25] Sander Gribling, Lennart Sinjorgo, and Renata Sotirov. Improved approximation ratios
for the Quantum Max-Cut problem on general, triangle-free and bipartite graphs. 2025.
DOI: 10.48550/arXiv.2504.11120. arXiv: 2504.11120 [quant-ph]. 2

[Han12] Yijie Han. “Tight bound for matching”. en. In: Journal of Combinatorial Optimization
23.3 (Apr. 2012), pp. 322-330. 1sSN: 1573-2886. poIL: 10.1007/s10878-010-9299-5. 13

[HTPG24] Felix Huber, Kevin Thompson, Ojas Parekh, and Sevag Gharibian. Second order cone re-
lazations for quantum Maz Cut. 2024. DOL: 10.2172/3018802. arXiv: 2411.04120 [quant-ph]. 2

[JN25] Nathan Ju and Ansh Nagda. “Improved Approximation Algorithms for the EPR Hamil-
tonian”. In: Approxzimation, Randomization, and Combinatorial Optimization. Algorithms
and Techniques (APPROX/RANDOM 2025). Ed. by Alina Ene and Eshan Chattopad-
hyay. Vol. 353. Leibniz International Proceedings in Informatics (LIPIcs). Dagstuhl, Ger-
many: Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, 2025, 24:1-24:9. 1SBN: 978-3-
95977-397-3. pOI: 10.4230/LIPIcs. APPROX/RANDOM.2025.24. 2

[Kin23] Robbie King. “An Improved Approximation Algorithm for Quantum Max-Cut on Triangle-
Free Graphs”. en-GB. In: Quantum 7 (Nov. 2023). Publisher: Verein zur Forderung des
Open Access Publizierens in den Quantenwissenschaften, p. 1180. por: 10.22331/q-2023-
11-09-1180. 2, 3

[KRT10] Julia Kempe, Oded Regev, and Ben Toner. “Unique Games with Entangled Provers Are
Easy”. In: SIAM Journal on Computing 39.7 (Jan. 2010). Publisher: Society for Industrial
and Applied Mathematics, pp. 3207-3229. 1SsN: 0097-5397. por: 10.1137/090772885. 1

[KSV02] AY. Kitaev, A. Shen, and M.N. Vyalyi. Classical and Quantum Computation. Graduate
studies in mathematics. American Mathematical Society, 2002. ISBN: 978-0-8218-3229-5.
DOTL: 10.1090/gsm/047. 1

[Lee22] Eunou Lee. “Optimizing Quantum Circuit Parameters via SDP”. In: 83rd International
Symposium on Algorithms and Computation (ISAAC 2022). Ed. by Sang Won Bae and
Heejin Park. Vol. 248. Leibniz International Proceedings in Informatics (LIPIcs). Dagstuhl,
Germany: Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, 2022, 48:1-48:16. ISBN: 978-
3-95977-258-7. pOI: 10.4230/LIPIcs.ISAAC.2022.48. 2

[LP24] Eunou Lee and Ojas Parekh. “An Improved Quantum Max Cut Approximation via Max-
imum Matching”. en. In: DROPS-IDN/v2/document/10.4230/LIPIcs.ICALP.2024.105.
Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, 2024. por: 10.4230/LIPIcs.ICALP.2024.105. 2,
3,9, 10, 15, 17, 18

[MS24] Hamoon Mousavi and Taro Spirig. A Quantum Unique Games Conjecture. arXiv:2409.20028
[quant-ph]. Sept. 2024. por: 10.4230/LIPIcs. ITCS.2025.76. 1
[MS25) Kunal Marwaha and James Sud. Quantum MaxCut Reference Website. https://marwah

aha.github.io/quantum-maxcut-reference/. Accessed: 2026-01-21. 2025. 2

[NPAOS] Miguel Navascués, Stefano Pironio, and Antonio Acin. “A convergent hierarchy of semidef-
inite programs characterizing the set of quantum correlations”. en. In: New Journal of
Physics 10.7 (July 2008), p. 073013. 1sSN: 1367-2630. DOT: 10.1088/1367-2630/10/7/073013. 7

[PM21] Stephen Piddock and Ashley Montanaro. “Universal Qudit Hamiltonians”. en. In: Com-
munications in Mathematical Physics 382.2 (Mar. 2021), pp. 721-771. 1SsN: 1432-0916.
DOI: 10.1007/s00220-021-03940-3. 18

20


https://doi.org/10.4230/LIPIcs.APPROX-RANDOM.2019.31
https://doi.org/10.4230/LIPIcs.APPROX-RANDOM.2019.31
https://doi.org/10.48550/arXiv.2504.11120
https://arxiv.org/abs/2504.11120
https://doi.org/10.1007/s10878-010-9299-5
https://doi.org/10.2172/3018802
https://arxiv.org/abs/2411.04120
https://doi.org/10.4230/LIPIcs.APPROX/RANDOM.2025.24
https://doi.org/10.22331/q-2023-11-09-1180
https://doi.org/10.22331/q-2023-11-09-1180
https://doi.org/10.1137/090772885
https://doi.org/10.1090/gsm/047
https://doi.org/10.4230/LIPIcs.ISAAC.2022.48
https://doi.org/10.4230/LIPIcs.ICALP.2024.105
https://doi.org/10.4230/LIPIcs.ITCS.2025.76
https://marwahaha.github.io/quantum-maxcut-reference/
https://marwahaha.github.io/quantum-maxcut-reference/
https://doi.org/10.1088/1367-2630/10/7/073013
https://doi.org/10.1007/s00220-021-03940-3

[PT21a] Ojas Parekh and Kevin Thompson. “Application of the Level-2 Quantum Lasserre Hi-
erarchy in Quantum Approximation Algorithms”. In: 48th International Colloquium on
Automata, Languages, and Programming (ICALP 2021). Ed. by Nikhil Bansal, Emanuela
Merelli, and James Worrell. Vol. 198. Leibniz International Proceedings in Informatics
(LIPIcs). ISSN: 1868-8969. Dagstuhl, Germany: Schloss Dagstuhl — Leibniz-Zentrum fiir
Informatik, 2021, 102:1-102:20. 1SBN: 978-3-95977-195-5. DOI: 10.4230/LIPIcs.ICALP.2021.102. 2,
3,8

[PT21b) Ojas Parekh and Kevin Thompson. “Beating Random Assignment for Approximating
Quantum 2-Local Hamiltonian Problems”. In: 29th Annual European Symposium on Algo-
rithms (ESA 2021). Ed. by Petra Mutzel, Rasmus Pagh, and Grzegorz Herman. Vol. 204.
Leibniz International Proceedings in Informatics (LIPIcs). ISSN: 1868-8969. Dagstuhl,
Germany: Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, 2021, 74:1-74:18. ISBN:
978-3-95977-204-4. po1: 10.4230/LIPIcs. ESA.2021.74. 1, 3, 15-18

[PT22] Ojas Parekh and Kevin Thompson. An Optimal Product-State Approzimation for 2-Local
Quantum Hamiltonians with Positive Terms. arXiv:2206.08342 [quant-ph]. June 2022. DOIL:
10.48550/arXiv.2206.08342. 1-3, 7-9, 12, 15

[Rag08] Prasad Raghavendra. “Optimal algorithms and inapproximability results for every CSP?”
en. In: Proceedings of the fortieth annual ACM symposium on Theory of computing. Vic-
toria British Columbia Canada: ACM, May 2008, pp. 245-254. 1SBN: 978-1-60558-047-0.
DOL: 10.1145/1374376.1374414. 1

[TRZK+23] Jun Takahashi, Chaithanya Rayudu, Cunlu Zhou, Robbie King, Kevin Thompson, and
Ojas Parekh. An SU(2)-symmetric Semidefinite Programming Hierarchy for Quantum
Maz Cut. arXiv:2307.15688 [quant-ph]. July 2023. po1: 10.48550/arXiv.2307.15688. 7

[Wri23] Wright, John. Personal Communications. Email. Assistant Professor at University of Cal-
ifornia, Berkeley. 2023. 7, 9

21


https://doi.org/10.4230/LIPIcs.ICALP.2021.102
https://doi.org/10.4230/LIPIcs.ESA.2021.74
https://doi.org/10.48550/arXiv.2206.08342
https://doi.org/10.1145/1374376.1374414
https://doi.org/10.48550/arXiv.2307.15688

Appendix

A Proof of Proposition 2.3

Proposition 2.3 (Restatement). Let 1)) € (C*)®? be a bipartite state with full Schmidt rank.

1. There exists a unique A € GL(d) such that |¢) = (I @ A)|[EPR). In particular, if |1} is mazimally
entangled then A € U(d).

2. For any A € GL(d) we have that there exists a unique B € GL(d) such that (I @ A)|Y) = (B ®
DY) and vice versa. In particular, if |¢) is mazimally entangled and A € U(d) then B € U(d).
Additionally, if |1) = |EPR) then B = AT.

Proof. Let {|e1),...,|ea)} and {|f1),...,|fa)} be the orthonormal bases for C? in accordance with the
Schmidt decomposition, |¢) = E?:1 VAiles) @|fi). Let A: i) — v/d\;|e;) and B : |i) — |fi) be changes
of basis, for which, we note that B € U(d) and, in fact, by potentially absorbing phases into A, we can
make B € SU(d). It is easy to verified that 1)) = (A ® B)|EPR). When [¢) is maximally entangled we
additionally have that A; = & and thus A € U(d).

Let V = C? denoted a d-dimensional vector space. We consider the standard bilinear form, (-,-) €
V* ® V* defined by (v;,v;) = &;; for any orthonormal basis, {v;};5. With this we can define the
isomorphism from V to its dual space, (1)* : V — V* v+ v*, defined by v*(w) = (v, w) for all v,w € V
and additionally, (-)* : V®2 — (V®2)* vy @ w +— v* ® w* for all v,w € V, extended linearly. Viewing
|v) € V@V as a 2-tensor, we can then identify 1) with a bilinear form, defined by [¢)" (v, w) = (|}, v@w)
for any v,w € V, where (-,-) : V¥2 x V®2 — C is also used to denote the bilinear dot product over V&2
For a linear operator A € L(V), we use A* € L(V*) to denote its dual map defined by A*f = f o A for
fev~

Because the map (-)* is an isomorphism, to show equality between two states, |¢) and |p), it suffices
to show equality between their corresponding dual vectors. Moreover, the bilinear form, [¢)”, is non-
degenerate because the state, |¢)) = (A ® B)|EPR), is full rank by assumption. This will allow us to
define an adjoint in |¢)*. First, for [EPR), we can observe that the associated bilinear form, |[EPR)",

is nothing but the scaled bilinear dot, |[EPR)" (v, w) = ﬁ(v,w). This can be verified through direct

calculation. It is then evident that |1))" = ((A® B)|EPR))* is the bilinear form defined by the following,
where AT is taken to be the adjoint over the bilinear dot product, i.e., the transpose.

[¥)"(v,w) = ((A® B)|[EPR))" (v ® w) (79)
= ((A® B)|EPR),v ®@ w) (80)
= ([EPR), ATv ® BTw) (81)
= |EPR)*(ATv, BTw) (82)
= %(AT% BTw) (83)
= %(U, AB"w) (84)
= ((I ® BA")|EPR))* (v, w) (85)

Thus, |[¢) = (I BAT)|EPR), which proves Item 1. Uniqueness follows from the fact that (I A)[EPR) =
(I ® B)|IEPR) & VYo, w € V : (v, Aw) = (v, Bw) < A = B.

8We use this notation and subsequently v* for dual vectors as well as (-,-) : V x V — C to denote the bilinear dot
product to avoid confusion with the conjugate linear map [¢) — (¢|, in line with the bra-ket notation, and corresponding
Hermitian inner-product (¢|¢p).
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Next, using the fact that |[¢)* (v, w) = %(MABT’UJ) we have the following.

(C® D))" (v,w) = )" (CTv, w) (86)
1

= ﬁ(v, CABTw) (87)

= |[¢)" (v, (ABT)"'CAB w) (88)

= (I ® (ABT)"'CAB")")[$))" (v, w) (89)

Here, (ABT)~'CABT is the adjoint of CT under the bilinear form |))". All together, we have that (C' ®
DY) = (I @ (BATCT(BAT)™)) |¢). Similarly, we also have that (I&C)[¢) = ((ABTCT(ABT)™') @ I) ).
The uniqueness follows from the uniqueness of the adjoint over non-degenerate bilinear forms.
When |¢) is maximally entangled and C' € U(d), then A, B € U(d), as established earlier. Finally, it
follows that BATCT(BAT)™! = BATCTABT € U(d) as CT € U(d). |

B Proof of Lemma 2.6

Lemma 2.6 (Restatement). There exists a projector P € L((CY)®3) (i.e., P?> = P) such that

2(d — 1)
d2

1
{EPR®I,] ® EPR} = —(EPR®I + I ® EPR) — P. (90)

Proof. We can write the EPR projector in the standard basis as follows:

d d
1
EPR @I = - ggl |laa)(bb| ® ; leXel (91)
And similarly:
d 1
I ® EPR = - 2
® EPR ; |a)al @ ~ bzl |bb)(cc] (92)
Then, we consider P:
d? 1
P:2(d—1) Q(EPR®I+I®EPR)—{EPR@I,I@EPR} (93)
2 1 [ <&
“3a) | & > laac)(bbe| + |abb)ace| | — (EPR&I)(I @ EPR) + (I ® EPR)(EPR ®I))
a,b,c=1
(94)
e 1 d 1 d d
_ 1 L 2
rEA aél laac)(bbe| + |abb)acc| 2 ) ;::1 ) yzz::l laac)bbe|zyy)Xzzz| + d°(I @ EPR)(EPR ®I)
(95)
1 d d d
= 2 1) Z |aac)bbe| + |abb)ace| | — Z laab)bzz| + Z labb)yyal (96)
a,b,c=1 a,b,z=1 a,by=1
d
1
= Z |aac)bbe| 4 |abb)acc| — |aab)bec| — |abb) ccal (97)
T 1 2 3 4

Next, we calculate P?. We do this in multiple parts by considering the products of the 4 parts of (97).
Note, we will always refer the parts as positive sums, that is, for example, we let S = Zd 1 laab)(becl,

a,b,c=
and in particular, P = ﬁ (S1 4+ 52— S3— 5y).
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First, we consider the square of each part. The first two, being nothing but scaled projectors onto
the EPR state, give S7 = dS; and S5 = dS,. We then consider:

d d
Sz Z laab)bee| < Z |xmy)<yzz|> (98)

a,b,c=1 z,y,z=1

d d
Z Z laab)bee|zaxy)yzz| (99)

a,b,c=1xz,y,2=1

d d
D> laab)(bzz| (100)

a,b=1z2=1
= S5 (101)

By symmetry, we also have that S = S4 For the cross terms, first note that {5y, S2} = d>{EPR ®I,I®
EPR} = S5 4+ Sy, as shown above in (97). Next, we consider:

d
Sy - 853 = |aac (bbc]| ( Z |xxy><yzz|> (102)
a,b,c=1 z,y,z2=1
= Z Z laac)bbc|raxy)yzz] (103)
a,b,c=1z,y,z=1
d

Z Z|aac (czz| (104)

d
=d Z laac)czz] (105)
a,c,z=1
= dS; (106)

By symmetry, we also have that Sy - S; = dSy. Also:

d d
S3-51 = Z |aab)(bec| ( Z |xxz><yyz|> (107)

a,b,c=1 z,y,z=1
= Z Z laab)bec|rxz)yyz| (108)
a,b,c=1z,y,z=1
d
= > |aab)yy| (109)
a,b,y=1
=5 (110)

By symmetry, we also have that S; - Sy = S;. Additionally, for similar reasons, {S3,S3} = Sy + dSs
and {52,514} = S + dSy. Finally:

d d

S3 -S4 = Z Z |aab)bec|zyyX zzx| (111)

a,b,c=1z,y,2=1

d d
> > laab)(zzb| (112)

a,b,c=12z=1

=dS, (113)
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And similarly, we also have that Sy - S3 = dSs. Finally, putting it all together, we get the following
for P?:

1
P2 EnE (S2 452482 + 52 + {81, S5} — {51, S5} — {51, Su} — {Sa, 83} — {S2, 54} + {3, 54})
(114)
1
— m(d51+d52+53+54+53+54751de;g—Sl—dS4fSQ—dS37527d54+d51+d52)
(115)
(2d — 2)
= ia=12 (S1 + Sy — S3 — Sy) (116)
1
- A 11
2(d o 1) (Sl + SQ S3 S4) ( 7)
=r (118)
Thus, P is a projector. -
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