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Quantum information is fragile and must be protected by a quantum error-
correcting code for large-scale practical applications. Recently, highly efficient
quantum codes have been discovered which require a high degree of spatial con-
nectivity. This raises the question of how to realize these codes with minimal
overhead under physical hardware connectivity constraints. Here, we introduce
a general recipe to transform any quantum stabilizer code into a subsystem
code that has local interactions, with weight and degree three, on a given graph.
We call the subsystem codes produced by our recipe wire codes, and their code
parameters depend on the input code and the given graph. Wire codes can
be adapted to have a local implementation on any graph that supports a low-
density embedding of the input Tanner graph, with an overhead that depends
on the embedding. In particular, applying our results to a stabilizer code and
a subdivision of its own Tanner graph, yields a quantum weight reduction pro-
cedure with a multiplicative qubit overhead and distance reduction that are
linear in the input check degree and weight, respectively. Applying our results
to hypercubic lattices leads to a construction of local subsystem codes with
optimal scaling code parameters in any fixed spatial dimension. Similarly, ap-
plying our results to families of expanding graphs leads to local codes on these
graphs with code parameters that depend on the degree of expansion. Our re-
sults constitute a general method to construct low-overhead subsystem codes
on general graphs, which can be applied to adapt highly efficient quantum
error correction procedures to hardware with restricted connectivity.
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1 Introduction
Quantum error correction is a necessary ingredient for large-scale quantum technologies to
function fault-tolerantly in the presence of noise [1, 2, 3, 4, 5, 6, 7, 8, 9]. Implementations
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of quantum error correction with the surface code have been the subject of a large volume
of research due to their relative simplicity, low weight and degree checks, two-dimensional
locality, and high thresholds [10, 11, 12, 13, 14]. Subsystem codes have been discovered
with even simpler implementations, lower weight and degree checks, and other favorable
properties [15, 16, 17, 18, 19, 20, 21, 22]. Quantum low-density parity-check (qLDPC)
codes [23] that achieve optimal asymptotic performance, i.e. constant rate and relative
distance, have been discovered recently [24], see also Refs. [25, 26, 27]. This comes at
the cost of simplicity in the sense that such codes have large constant weight and degree
checks and require a much higher degree of connectivity than the surface code.

The performance of subsystem codes that can be implemented locally on a lattice in Eu-
clidean space with a fixed dimension D are known to satisfy the bounds kd1/(D−1) ≤ O(n),
and d ≤ O(n

D−1
D ), where n is the number of physical qubits, k is the number of encoded

logical qubits, and d is the code distance [28, 29, 19, 30]. In particular, for codes that
saturate the distance scaling bound we have

[[n, k, d]] = [[n, O(n
D−1

D ), O(n
D−1

D )]]. (1)

In this work, we introduce a construction of subsystem codes from an arbitrary input
stabilizer code that reduce the weight and degree to three, and which can be adapted to
fit the locality of any given connectivity graph. When we apply our construction to map
good qLDPC codes to local implementations on hypercubic lattices and find a family of
codes that saturate the bound in Eq. (1) for any dimension.

1.1 Overview of Main Results
Here, we introduce a weight reduction procedure that maps any stabilizer code to a 3-local
subsystem code with related code parameters. We leverage the flexibility of our weight
reduction procedure to find local implementations of the weight reduced subsystem codes,
given an embedding of the input Tanner graph into an arbitrary target graph. We call the
resulting family of codes wire codes. The code parameters of the input code are mapped
to those of the output code as follows

[[n, k, d]] 7→ [[O(ℓmaxδn), k, Ω( 1
w

d)]], (2)

where ω and δ are the maximum weight and degree of the input code, respectively, and
ℓmax is the length of the longest edge in the wire code. The weight of a check is the number
of qubits in its support, while the degree of a qubit is the number of checks it interacts
with. In the wire codes, there is an additional length parameter assigned to each edge in
the input Tanner graph, which corresponds to how far the edge can reach in an embedding
of that Tanner graph.

Each wire code has a particular structure that is based on a trivalent resolution of the
input Tanner graph, together with an assignment of variable lengths to the edges. The
associated wire code has local checks along the edges, or wires, of the resolved Tanner
graph. When all edge lengths are fixed to 1, the wire code construction defines a weight
reduction procedure that is described in the following theorem.

Theorem 1.1 (Wire code weight reduction). Applying the procedure described in Sec-
tion 2.5 to an [[n, k, d]] stabilizer code, with max check weight ω and qubit degree δ, pro-
duces an [[O(δn), k, Ω( 1

ω d)]] subsystem code, which we call a wire code, with max check
weight and degree three.
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Figure 1: An illustration of existing bounds on code parameters for stabilizer, subsystem, and classical
codes. The stabilizer code region (blue) satisfies kd2/(D−1) ≤ O(n). The subsystem code region (red)
satisfies kd1/(D−1) ≤ O(n). The classical code region (green) satisfies kd1/D ≤ O(n). The point ‘b’
corresponds to families of D-dimensional wire codes, see also the construction in Refs. [19, 31]. The
points ‘a’, and ‘c’ correspond to the constructions in Refs. [32, 33, 34, 35], and Ref. [36], respectively.

In the above theorem statement we do not count single qubit gauge checks in the
qubit degree. This is because such checks do not require additional ancillary qubits and
interactions to implement.

By incorporating general edge lengths, the wire code construction can be combined
with a constant density embedding of the resolved Tanner graph into an arbitrary graph
G to find a local implementation of the input code on G. This result is summarized by
the following theorem.

Theorem 1.2 (Wire code graph embedding). Given an [[n, k, d]] stabilizer code Cin and a
c-to-one embedding of the trivalent resolution of its Tanner graph into a graph G the wire
code described in Section 2.6 provides an [[O(ℓmaxδn), k, Ω( 1

ω d)]] subsystem code that we
say implements Cin with local checks on G. Here ℓmax is the longest edge length assigned
by the graph embedding.

Wire codes are holographic1 in the sense that they can be understood as realizing a
“boundary” code via local checks along chains of ancilla qubits that are routed through
a “bulk”. We make this intuition concrete by constructing families of wire codes that
have local gauge checks in any given dimension D ≥ 2. These D-dimensional wire codes
implement the checks of an input stabilizer code on a (D − 1)-dimensional boundary
via ancillary qubits that route the connectivity of the checks through the D-dimensional
bulk. When this construction is applied to a good qLDPC code [38, 26, 27] the output
D-dimensional wire code is optimal in the sense that it has code parameters that saturate
the bounds of Ref. [19] shown in Eq. (1). The parameters achieved by these families of
codes are depicted in Fig. 1 by the dotted line that joins the point ‘b’ to (1,0). This result
is captured by the corollaries below.

1Our construction is distinct from the holographic encoding isometries introduced in Ref. [37].
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Corollary 1.1 (Optimal local subsystem codes in D dimensions). Wire codes constructed
from [[n, Θ(n), Θ(n)]] good qLDPC codes [24] and the graph embeddings into D dimen-
sional Euclidean space from Ref. [39] have code parameters [[nD/(D−1), Θ(n), Θ(n)]] which
saturate the bounds from Ref. [19] for all D ≥ 2.

Corollary 1.2 (Multiple blocks of optimal local subsystem codes in D dimensions).
Θ(N1−α) blocks of size Θ(Nα) containing optimal wire codes from Corollary 1.1 results
in subsystem codes with parameters [[Θ(N), Θ(N1−α/D), Θ(Nα(D−1)/D)]] saturating the
bounds from Ref. [19] for all D ≥ 2 and α ∈ [0, 1].

While the literature on local codes in Euclidean space abounds, there are relatively
few works on codes with non-Euclidean locality. This has quickly become a topic of
interest as recent hardware developments have raised the possibility of architectures with
connectivity that is neither local Euclidean, nor all-to-all [40, 41, 42, 43]. In an effort to
formulate a generalised notion of local connectivity, some works have made use of graph
theoretic ideas [44, 45, 46, 36]. Among these results, the expansion of a graph has emerged
as a useful notion of abstract connectivity [36]. A corollary of our work is that the more
expanding an architecture is, the better the codes are that we can provably embed into
it while preserving locality. Here, we rely on the notion of edge expansion specified in
Definition 2.2.

Corollary 1.3 (Local subsystem codes on graphs with expansion). Wire codes constructed
from [[n, Θ(n), Θ(n)]] good qLDPC codes [24, 26] and graph embeddings into an infinite
family {Gn}n of α-expander graphs, yields a family {Cn}n of subsystem codes that are local
on Gn with parameters [[n, Ω (αn/polylog(n)) , Ω (αn/polylog(n))]].

Wire codes present a new method to address the challenge of implementing highly effi-
cient codes, with highly connected Tanner graphs, under general connectivity constraints
that arise from hardware considerations. The code properties of wire codes are summa-
rized in Table 1, and the construction of local wire codes in D-dimensions is summarized
in Alogrithm 2.4.

Input code Output wire code
General stabilizer code local subsystem code

Physical qubit Copy qubit branches
Check Ancillary qubit branches

Max check weight w Max check weight 3
Max qubit degree δ Max qubit degree 3

[[n, k, d]] [[O(ℓmaxδn), k, Ω( 1
w d)]]

Table 1: Summary of the input and output code properties in the wire code construction.

1.2 Prior Work
This work extends the literature on subsystem codes that are not derived from topological
codes. Among the touchstone works on this subject, in Ref. [19] Bravyi shows how to
obtain optimal 2D subsystem codes, see Ref. [47] for an extension of this construction
to 3D. Bacon et. al. [31] introduce a systematic method to map a circuit to a subsystem
code local in D-dimensions. Their construction can be updated to saturate the bounds
of Ref. [19] in all dimensions given a fault-tolerant syndrome extraction circuit for a good
quantum LDPC code [26, 38, 27].
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Since the foundational work in Refs. [19, 31], obtaining local sparse codes from non-
local structures has become a field of study in itself. Some examples based on stabilizer
codes are Ref. [32] and Ref. [34] – the construction of Ref. [32] was later made more explicit
in Ref. [33] for balanced product codes [25] and further improved in Ref. [35]. Other
work has focused on weight reduction of stabilizer codes, including Refs. [48, 49, 50]. Our
weight reduction results achieve lower weight and degree than previous works by following a
strategy that is reminiscent of the classical weight reduction procedure reviewed in Ref. [50]
using subsystem codes in place of stabilizer codes. Similarly, optimal local classical codes
are obtained in Ref. [36], while non-Pauli Hamiltonians are explored in Ref. [51] through
the lens of Hamiltonian simulation.

1.3 Open Questions
Our results raise a number of questions for future work.

Fault tolerance: The wire codes that obtain optimal parameter scaling on finite di-
mensional Euclidean lattices have only global stabilizers. It is generally difficult to make
subsystem codes with local checks and global stabilizers fault tolerant.2 What additional
procedures can be performed to make these codes fault tolerant, and what is their over-
head? An interesting result in this direction for the Bacon-Shor code was presented in
Ref. [52].

Hamiltonians: k-local subsystem codes naturally define a family of Hamiltonians on
the Tanner graph. These Hamiltonians generally have tunable parameters that can drive
nontrivial phase transitions [21] and interesting quantum dynamics [53]. What are the
phase diagrams of these Hamiltonians, and is the model H = −

∑
g g gapped? The

question of mapping a geometrically non-local system to a gapped 2D local system was
addressed in [51] albeit using radically different tools that circumvent the difficulties posed
by subsystem Hamiltonians.

Optimal codes on arbitrary graphs: Can the wire code construction produce subsystem
codes with optimal scaling code parameters given the connectivity of some more general
families of graphs? Is the scaling achieved in Corollary 2.2 optimal? We remark that for
Tanner graphs with general connectivity, tight bounds on code parameters are yet to be
formulated. See Appendix A for a partial result in this direction. Can Theorem 2.3 be
extended to map an arbitrary stabilizer code to a local stabilizer code on an arbitrary
graph?

Floquet code weight reduction: The subsytem codes we have introduced here defined
a simple floquet code procedure with weight three checks. More generally, floquet code
syndrome extraction procedures can always be found that have weight two checks. What
is the most efficient such procedure given desired stabilizer code checks?

1.4 Examples
We now illustrate our construction by depicting the 2D wire codes that are output for
several simple examples of input codes. These examples are presented purely for the pur-
poses of illustration as they are too small to benefit from our weight reduction procedure.
For an introduction to the ideas used to construct these codes, see Section 2.1.

2We remark that the wire code construction is expected to preserve fault-tolerance when only a constant
number of additional qubits per original check and qubit are introduced, the overhead is expected to scale
with the number of additional checks and qubits.
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1.4.1 Repetition Code

The first example is based on the
[[3, 1, 1]]

three qubit repitition code, which has stabilizer checks ZZI, IZZ. The Tanner graph of
the [[7, 1, 1]] wire code representation is shown below.

(3)

Here circles represent qubit nodes and boxes represent check nodes. By convention, the
internal check nodes are not explicitly pictured between the ancillary qubits. There is an
additional single body X check for each ancillary qubit that is not explicitly depicted.

1.4.2 Five qubit code

The [[5, 1, 3]] error correcting code has the following stabilizer checks

XZZXI, IXZZX, XIXZZ, ZXIXZ. (4)

The Tanner graph of the [[47, 1, ≤ 3]] 2D wire code representation of this code is shown
below.

(5)
Here the dashed lines denote X-type Pauli operators involved in a check. Again there is
an additional single body X check for each ancillary qubit that is not depicted.
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1.4.3 Shor’s Code

Shor’s [[9, 1, 3]] code has the following stabilizer checks [1]

X X X X X X I I I
I I I X X X X X X
Z Z I I I I I I I
I Z Z I I I I I I
I I I Z Z I I I I
I I I I Z Z I I I
I I I I I I Z Z I
I I I I I I I Z Z.

(6)

The [[135, 1, ≤ 3]] 2D wire code representation of Shor’s code is shown below.

(7)

The conventions in the figure above follow the previous examples.

1.5 Section Outline
The remainder of this work is laid out as follows. In Section 2 we introduce the wire code
construction first informally and then formally. In Section 3 we provide proofs of the key
properties of wire codes. In Section 4 we discuss our results.

2 Wire Code Construction
In this section we introduce the wire code construction for general graphs and explain how
it leads to weight and degree reduction.

2.1 Main ideas
In this section we present an informal introduction to the main ideas we use to map a sta-
bilizer code to a subsystem code. We demonstrate these ideas through a number of simple
examples. We first introduce a graphical notation for a check in a subsystem code. A blue
square represents a gauge check, and orange circles are qubits; the solid lines correspond
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to a Z operators, while the dashed lines correspond to X operators. Correspondingly, two
parallel solid and dashed lines correspond to a Y operator. In the following example, the
check represented is Z1X2Y3 . . . Xt

1 2 3 t

(8)

Using the above notation, the 5-qubit code is represented as follows.

s1 s2

s3 s4

1 2 3 4 5 (9)

Our construction aims to address the following problem: in some architecture, it might
happen that the qubits involved in the check, say s1, are far apart. It would then be
beneficial to be able to break down this interaction into local terms.

Breaking down X1Z2Z3X4, a first attempt. Our first attempt focuses on breaking
down the X1Z2Z3X4 stabilizer into local gauge checks. A naive approach, based on the
strategy that works for classical codes [36, 50], is shown below. We break down s1 into
local checks and additionl ancilla qubits.

s1

1 2 3 4 1 2 3 4

anc

data

(10)

We differentiate between the data register, i.e. the qubit from the original code, and the
anc register, which contains the newly introduced qubits.

One can ascertain that for any normalizer of this new code, its restriction to the data
subsystem has to be in the normalizer of the original code. Formally this emerges from
the observation that multiplying the gauge checks together gives X1Z2Z3X4 ⊗ 1anc. This
is shown in the figure below.
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X Z Z X

(11)

In green we highlighted the gauge checks producted together, and the resulting operator
can be seen to be X1Z2Z3X4 ⊗ 1anc. However, this does not prevent the introduction of
small errors on the anc subsystem even when the data is merely acted on by 1data. This
is due to the fact that 1data is in the normalizer of X1Z2Z3X4. A Z operator on the anc
subsystem is now a logical:

Z
(12)

Removing small errors on the ancilla subsystem. To remediate the issue of the
single-site Z logical operators, it suffices to add a single site X check to each ancilla qubit,
see below.

1 2 3 4

(13)

These single site X operators ensure the elimination of the small errors on the ancilla
subsystem, and are the origin of the non-commuting nature of the new checks. Now, the
number of logical qubits k is preserved. Any logical of the original code can be mapped to
a bare logical of the new subsystem code via multiplication with single site X operators
on the ancilla subsystem, such that the (anti-)commutation relations are preserved.

A topological mapping. The construction we have outlined thus far can be used to
break up checks in a stabilizer code into low-weight, local checks in a way that preserves k
and d. Importantly, the properties of this mapping do not depend on the precise geometric
parameters of the new checks. This observation allows us to ‘stretch’ the original stabilizers
to any desired length, see Figure 2.

It is now possible to give a comprehensive picture of the result. Once the X1Z2Z3X4
has been embedded through local checks, the resulting 5-qubit code is depicted in Figure 3.

Generalizing the mapping. Naturally, one could ask how to localize a general 4-
body stabilizer of the form P1P2P3P4 instead of X1Z2Z3X4. In doing so it is important to
keep in mind the main reasons why the previous transformation can be expected to almost
preserve the distance of the original code is because 1) by multiplying a subset of the gauge
checks we can recover the original stabilizer on the data qubits, 2) we eliminate phase
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1 2 3 4

Figure 2: Showcasing how to implement the X1Z2Z3X4 stabilizer with local interactions when the data
qubits are even further apart. To lighten the notation, two qubits joined by a solid line represent a ZZ
check between them.

Z X Z

X

X

X

X

X X X

s2 s3 s4

Figure 3: The 5-qubit code with the X1Z2Z3X4 stabilizer mapped to local checks. The Pauli operators
are an example of a bare logical operator.

errors with single-site X gauge checks. Recovering these same properties for P1P2P3P4 is
straightforward: we replace the Z ⊗ Z checks acting on both the data and anc subsystems
by checks of the form Pi ⊗ Z, as illustrated in Figure 4.
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P1P2P3P4

1 2 3 4

(a) P1P2P3P4
stabilizer check

P1 ⊗ Zc1 P2 ⊗ Zc2 P3 ⊗ Zc3 P4 ⊗ Zc4

1 2 3 4

c1 c2 c3 c4

(b) Code with local gauge checks emulating the P1P2P3P4 stabilizer. Some
ancilla qubits are labelled c1, . . . , c4 for notational convenience.

Figure 4: Dotted lines are meant to distinguish general Pauli operators from Z (solid lines), X (dashed
lines) and Y (dashed and solid double lines) operators.

Degree reduction. Along with a method to break down long-range checks, we also
introduce a construction to obtain a code of degree at most three by adding ancilla qubits
and gauge checks. This does not count single body gauge checks in the qubit degree. In the
following figure we illustrate this idea by focusing on a qubit connected to multiple checks
in the original code. On the left are the original checks, on the left is there degree-reduced
version:

s3

s2

s1

s4 s5 s6

s7

s8

s9

1 −→

s3 s2 s1 s4 s5 s6

s7

s8

s9

1

(14)

The construction follows the same idea as the previous section: after adding ancillas and
new gauge checks, we must be able to recover the original stabilizers, see Figure 5.
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s3 s2 s1 s4 s5 s6

s7

s8

s9

X

Figure 5: The value of, for example, the stabilizer s5 can be recovered by multiplying the value of the
checks highlighted in green. Due to the nature of the checks, whenever the operator acting on qubit 1
anticommutes with X, then the ancilla qubits connected to the checks s4, s5, s6 have to be acted on
by the operator X, in order to be in the normalizer. In a way we are ‘carrying’ the commutator of the
operator on qubit 1 to s4, s5 and s6.

What is the dressed distance? The careful reader might notice that the weight of
the dressed logical operators can be reduced by cleaning a bare logical onto the ancillary
subsystem induced by a check. However, the single-site X-type checks cannot affect the
operators on the data subsystem. Additionally, the Z-type checks can only either reduce
to the application of a stabilizer of the original code on the data subsystem, or will always
leave a non-trivial operator on the ancilla subsystem. From these observations, one can
convince themselves that the dressed distance is at least 1

ω din, see Lemma 3.2 for further
details.

Bringing everything together. Below is an illustration of the 2D wire code mapping
applied to the [[5, 1, 3]] code. To avoid clutter, we abstain from fully specifying the checks
when they are clear from context, including the single-site X’s. Here we have chosen
generating checks XZZXI, IXZZX, XIXZZ, ZXIXZ.

(15)

2.2 Wire code construction in two dimensions
In this section we formally state how our construction can be applied to map an arbitrary
LDPC code to a 2D-local subsystem code.

Degree reduction. The process of degree reduction can be succinctly described in 2D
by introducing the notion of “branches”. A qubit in the support of δZ Z-operators, δX

X-operators, and δY Y -operators will be mapped to a Z-branch of length δZ , an X-branch
of length δX , and a Y -branch of length O(δY + δX).
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Definition 2.1 (P -branch). For a target qubit ‘q’ a P -branch of length δ consists of a
“copy” set of qubits {r1, r2, . . . , rδ}, along with the checks PqZr1, ZriZri+1 for i ∈ [1, δ −1],
and Xri for i ∈ [1, δ].

s1

s2 s3 s4

s5

s6

1

s1 s2 s3 s4 s5 s6

1

Z-branch of length 1 X-branch of length 3

Y -branch of length 8

0

−1

Figure 6: Degree reduction in 2D. Different branches of different sizes. Note the Y -branch incurs an
overhead of δX + δY due to the branch going ‘behind’ the X-branch. This overhead is necessary in
our layout, if we want to avoid stacking multiple qubits at a single location, due to the way the checks
connect to the Y -branch.

Reducing the degree of a qubit occupies a line of width O(δX + δZ + δY ). This is
because, if we are to avoid stacking multiple qubits on the same site, a Y -branch of length
≥ 1 has to extend past the X-branch in order to preserve the locality of the code. The
peach coloured qubits in Fig. 6 are called copy qubits and serve to implement a localized
version of the checks.

Below we formalize the degree reduction procedure in 2D via Algorithm 2.1.

Algorithm 2.1 DegreeReduce
Require: qubit q ∈ [1, . . . , n] of Cin

Let δZ be the number of Z operators q is in the support of. Define δX , δY similarly.
Introduce a Z-branch of length δZ , and similarly for X and Y . These branches will be
contained between the coordinates ((q − 1) · δ, 0), and (q · δ, 0).
For each Pauli P ∈ {X, Y, Z}, let {s1, . . . , sδP

} be the set of P -type stabilizers supported
on q. Then each of these stabilizers is now supported on a different copy qubit of q’s
P -branch.

Embedding stabilizers. To weight reduce the checks we map them to Z-branches that
are connected to copy qubits of the appropriate Pauli type for the corresponding data
qubits. For example, consider the problem of embedding the checks {Z1Z2, X1X2} that
act on a pair of qubits located arbitrarily far apart in 2D.

1

0 1 2. . .
(16)
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First we introduce appropriate Pauli branches via the degree-reduction step.

1

0 1 2 (17)

Next, we map the Z1Z2 check to a Z-branch connecting the copy qubit belonging to the
Z-branch of qubit 1, to the copy qubit belonging to the Z-branch of qubit 2.

1

0 1 2 (18)

We perform a similar procedure for the X1X2 check.

2

1

0 1 2

(19)

This weight reduction procedure is formalized by Algorithm 2.2.

Algorithm 2.2 EmbedCheck
Require: check s ∈ [1, . . . , m] of Cin

Let (q1, . . . , qωs) be the qubits in the support of s.
for each q′ ∈ (q1, . . . , qωs) do

Let Pq′ be the Pauli element of s supported on q′

Let rq′ be a copy qubit from the Pq′-branch of q′, such that rq′ has degree less than
3.

Add a Z-branch from (rq′ , 0) to (rq′ , s)
end for
for each i ∈ (1, . . . , ωs − 1) do

Add a Z-branch from (rqi , s) to (rqi+1 , s)
end for

Summary of the 2D construction. Having introduced the elementary steps of the
mapping above, the overall construction is concisely described by Algorithm 2.3.
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Algorithm 2.3 2D wire code construction
Require: A code C, with parameters [[n, k, d]], nC stabilizer checks, maximum check

weight ω, and maximum degree δ.
Ensure: A subsystem code that is local in 2D with parameters [[Θ(δn2), k, O( 2

w d)]].
for each qubit q ∈ [1, . . . , n] of Cin do

Run DegreeReduce on q (Algorithm 2.1)
end for
for each check s ∈ [1, . . . , nC ] of Cin do

Run EmbedCheck on s (Algorithm 2.2)
end for

We now state Theorem 2.1 which establishes the properties of the two dimensional
wire codes produced by Algorithm 2.3.

Theorem 2.1. Given an LDPC code Cin, with parameters

[[nin, kin, din]],

then the Algorithm 2.3 can be used to obtain a subsystem code Cwire with the following
properties:

1. nwire ≤ O(n2
in)

2. kwire = kin

3. dwire ≥ Ω(din)

4. Cwire is local in 2D

5. The weight and degree of Cwire is at most three

Proof. The number of qubits and the locality of Cwire are by construction from Algorithm
2.3. The values of k and d follow from Corollary 3.1, and Lemma 3.2.

2.3 Wire codes in three or more dimensions
We now move on to describe how the wire code construction works in 3D. In the previous
section, the data qubits were laid out in 1D on the bottom row and the remaining dimen-
sion was used to connect them to the checks which were each assigned to a different row.
For the 3D case, we follow a similar blueprint where the data qubits are laid out in 2D on
a

√
n ×

√
n square, while a cube of height

√
n is used to accommodate connections from

the qubits, which are placed on the bottom layer, to the checks, which are placed on the
top layer.

Despite these similarities, the 3D case presents a notable obstacle. From a quick
calculation it can be shown that if the dimension k and distance d of the output code
match that of the input code, then the height of the cube has to be at most O(

√
n), if we

are to saturate the bounds from Ref. [19]. This leaves us with only O(
√

n) layers to work
with, which implies that unlike the 2D case we have to “pack in” more than one check per
layer.

This issue can be summarised as “how best to ‘condense’ long range connections be-
tween qubits and checks into a finite volume of space”. There exists a very natural –
though non-trivial – solution to this problem. Given a cube of size

√
n ×

√
n ×

√
n it is
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possible to find edge-disjoint paths from any set of l ≤ c · n qubits at the bottom layer to
any set of l qubits at the top layer, with c some constant strictly smaller than 1 [39]. For
our purposes, each of these paths can be understood as a coupling – from a data qubit to
a check it is involved with in Cin – implemented by a branch of ancilla qubits along that
path, together with some gauge checks in Cwire. In most cases the total number of qubit-
check pairs induced by Cin is larger than any l we can choose. Given the guarantee that
Cin is sparse, i.e. ω, δ ∈ O(1), we have that the number of qubit-check pairs is bounded
by δ · n = O(n). Thus, by repeating the process of finding edge-disjoint paths for sets of
appropriately chosen qubits and checks, we manage to find paths for every qubit-check we
need. As the process is repeated O( δn

c·n) = O(1) times, each edge is used at most O(1)
times and we preserve a constant density of qubits.

In order to apply the intuition described above, we state several lemmas before de-
scribing the general D-dimensional case formally. We start with the statement that we
can find many edge-disjoint paths for a sufficiently thick hypercube in D dimensions.

Lemma 2.1 ([39]). Let D ≥ 2 be an integer, and cD a universal constant. Consider the
hypercube [m]D−1 × [cDm] living in D Euclidean dimensions. Then for any set of pairs
{(qi, si)}i=l

i=1 where qi are l distinct elements of [m]D−1 × {0} and si are l distinct elements
of [m]D−1 × {cDm} there exist l edge-disjoint paths in [m]D−1 × [cDm] from each qi to its
associated si.
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Figure 7: Illustration of how a long-range check in D dimensions can be made local via routing in D +1
dimensions using Lemma 2.1.

We move on to ensure that the path-finding process only needs to be repeated a
constant number of times, ensuring a constant qubit density in the resulting wire code.

Lemma 2.2. Given a code Cin with maximum weight ω and maximum degree δ, then the
set of pairs {(q, s)}q,s induced by Cin such that the qubit q is in the support of the check s
can be partitioned into at most ω · δ + 1 sets {χj}j such that no two pairs in a given χj

share a qubit of a check.

Proof. Define a graph G = (V, E) that contains a vertex for every pair (q, s) when q is
in the support of s, and two vertices (q, s) and (q′, s′) share an edge whenever q = q′ or
s = s′. Because each qubit is connected to at most ω checks and each check is connected
to at most δ qubits, the degree of the graph is at most ω · δ and thus V can be partitioned
into (ω · δ + 1) disjoint sets V =

⊔
j χj such that no two vertices in a given χj share an

edge, from a standard greedy graph colouring argument.

Finally, reducing the degree of the data qubits can be done in a way similar to the 2D
case. Indeed, for any target dimension D ≥ 3 it is possible to embed the Pauli branches
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into a disc of dimension (D − 1) and of radius O(δ). We go on to describe the general
D-dimensional construction in Algorithm 2.4 below.

Algorithm 2.4 D-dimensional Wire code construction
Require: An LDPC code C, with parameters [[n, k, d]], nC stabilizer checks, maximum

check weight ω, and maximum degree δ.
Ensure: A subsystem code that is local in D-dimensions with parameters [[Θ(n ·

cDn1/(D−1)), k, O( 1
w d)]].

for each qubit q ∈ [1, . . . , n] do
Place X-, Y -, and Z-branches within a D − 1-dimensional disc at an unoccupied

lattice site of [m]D−1 × {0}, with m = ⌈n1/(D−1)⌉
end for
for each check s ∈ [1, . . . , nC ] do

Label a lattice site of [m]D−1 × {cDm} corresponding to s.
end for
for each χj given by Lemma 2.2 do

for each (q, s) ∈ χj do
Lemma 2.1 guarantees the existence of a path (a1, a2, . . . , s) from a P -branch of

q to the site labelled s.
Place a qubit at the location of every at

Add Xat to the gauge checks for every at

Add ZatZat+1 to the gauge checks for every pair atat+1
end for
Note that this for loop might add qubits at the same coordinates as another iteration
from a different class χj′ . In that case the qubits are simply stacked onto each other,
and the gauge checks added by the current for loop only apply to the qubits it
introduced. Since the number of classes χj is upper bounded by ω · δ = O(1), the
number of qubits can be bounded by a constant.

end for
for each check s ∈ [1, . . . , nC ] do

Consider the set {qi}i=ωs
i=1 of qubits in the support of s. In the previous loop, each of

these induced a path from a P -branch associated to qi to s. Consider the final ancil-
lary qubit that was added, aTi . Then we add a Z-branch through (aT1 , aT2 . . . aTωs

).
end for

We now state Theorem 2.2 which establishes the properties of the D-dimensional wire
codes produced by Algorithms 2.3 and 2.4.

Theorem 2.2. Given an LDPC code Cin, with parameters

[[nin, kin, din]],

and a target dimension D ≥ 3 then the Algorithms 2.4 can be used to obtain a subsystem
code Cwire with the following properties:

1. nwire ≤ O(cDn
D/(D−1)
in ) for some constant cD

2. kwire = kin

3. dwire ≥ Ω(din)

4. Cwire is local in D dimensions
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5. The weight and degree of Cwire is three

Proof. The number of qubits and the locality of Cwire are by construction from Algorithm
2.4. The values of k and d follow from Corollary 3.1, and Lemma 3.2.

Corollary 2.1. For any D ≥ 2, there exists an infinite sequence {Cn}n of subsystem codes
with parameters [[n, k, d]] such that

1. k = Ω(n(D−1)/D)

2. d = Ω(n(D−1)/D)

3. {Cn}n is local in D dimensions

4. The weight and degree of Cwire is at most three

Proof. It suffices to apply Theorem 2.2 to a construction of good quantum LDPC codes [38,
26, 27].

2.4 Wire codes on expander graphs
Many architectures have structures that do not reflect the usual Euclidean space. As such
our previous constructions might not be readily applicable to those. Fortunately, we can
further generalise our construction to arbitrary spaces, under the condition that they are
“densely connected”.

In order to help us formalise how dense of a connection is needed, we introduce some
graph theoretic language. A graph G = (V, E) constitutes of a set of vertices V =
[1, . . . , n], and a set of edges E = {ei}i of the form e = (u, v), u, v ∈ V . In our context,
we say that an architecture has connectivity graph G when each vertex contains O(1)
qubits, and multi-qubit gates can only happen between qubits that are adjacent in G. A
widespread notion of “how well connected a graph is” is that of graph expansion.

Definition 2.2 (Graph expansion). A graph G is α-expander when

min
S⊂V

|E(S, S)|
min

(
|S|, |S|

) ≥ α

The set E(S, S) represents the edges with endpoints in both S and its complement S = V \S.

When α is large, it is possible to embed a large number of arbitrary connections between
some of the qubits in G.

Lemma 2.3 (Theorem 1.2 of [54]3). Let G be an α-expander graph on n vertices. Then
there exists a set V ′ ⊂ V of size |V ′| ≥ c0

αn
polylog(n) , for some universal constant c0, such

that for any set of pairs {(qi, si)}i where qi, si ∈ V ′ are all distinct, there exists a path
from qi to si for every i, and every edge belongs to at most 15 paths.

3This theorem was originally stated for α-well-linked graphs, but α-expander are also α-well-linked [55].
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Algorithm 2.5 Wire code construction on expanders
Require: An α-expander G = (V, E) on n vertices. And a quantum LDPC code Cin on

nin qubits, and with min checks such that nin + min ≤ c0
αn

polylog(n) .
Ensure: A subsystem code Cwire local on G with parameters [[O(n), kin, din/ω]].

Since nin + min ≤ c0
αn

polylog(n) , Lemma 2.3 ensures that to every qubit q ∈ [nin], and
stabilizer s ∈ [min] we can assign a different vertex η(q), η(s) ∈ V ′.
for each qubit q ∈ [1, . . . , nin] do

Place a qubit at η(q). We refer to this qubit as qη.
end for
for each χ from Lemma 2.2 do

for each pair (q, s) in χ do
Let P be the Pauli operator in s acting on q.
Lemma 2.3 guarantees the existence of a path from η(q) to η(s).
Add a P -branch along the path from qη to η(s), placing a qubit at every vertex

of the path.
end for

end for
for each check s ∈ [1, . . . , min] do

Let r1, . . . rωs be the qubits located at η(s) induced by the respective P -paths.
Add Zr1 . . . Zrωs

to the checks of Cwire.
end for

In Algorithm 2.5, for the sake of clarity, we have made no attempt to reduce the weight
and the degree of the output code to three. However, this can be remedied by applying
the method described in Section 2.5.

Theorem 2.3. Let G be an α-expander graph of degree O(1) on n vertices. There is a
universal constant c0 such that any quantum LDPC code Cin with parameters [[nin, kin, din]]
and maximum weight ω yields a new subsystem code Cwire such that

1. nwire ≤ O(n)

2. kwire = kin

3. dwire ≥ din/ω

4. Cwire is local on G

as long as nin + min ≤ c0
αn

polylog(n) , where min is the number of checks of Cin.

Proof. The number of qubits and the locality of Cwire are by construction from Algorithm
2.5. The values of k and d follow from Corollary 3.1, and Lemma 3.2.

Corollary 2.2. Given an infinite family {Gn}n of α-expander graphs with degree O(1),
Algorithm 2.5 yields a family {Cn}n of subsystem codes local on Gn with parameters
[[n, Ω (αn/polylog(n)) , Ω (αn/polylog(n))]].

Proof. It suffices to apply Theorem 2.3 to the good qLDPC codes from Refs. [38, 26,
27].

These parameters can be compared with the best existing bounds, see Section A.

Accepted in Quantum 2026-04-15, click title to verify. Published under CC-BY 4.0. 19



2.5 Wire codes for weight and degree reduction
In this section we describe how wire codes can be applied to reduce the weight and degree
of a stabilizer code at the cost of a modest overhead.

The weight and degree reduction proceeds similarly to the 2D wire code construction
above. The main difference here is that we do not need to introduce any additonal qubit
overhead to realize a local embedding of the Tanner graph in a hypercubic lattice.

The weight reduction step is performed on each check of the input code individu-
ally. This step can be understood as performing a trivalent resolution on each check
node of the input Tanner graph, similar to Figure 10. Consider a check P1P2 · · · Pω on
a set of qubits that have been ordered 1, 2, . . . , ω. we introduce ancillary qubits labelled
2.5, 3.5, . . . , (ω − 1.5). Next, we introduce multi-qubit gauge checks

{P1P2Z2.5, Z2.5P3Z3.5, . . . , Z(ω−2.5)P(ω−2)Z(ω−1.5), Z(ω−1.5)P(ω−1)Pω}

along with single-qubit X gauge checks {Xi | i = 2.5, 3.5, . . . , (ω − 1.5)}.
The degree reduction step is performed on each qubit of the input code individually.

This step can be understood as performing a trivalent resolution on the X type edges that
connect to a qubit node in the input Tanner graph, and similarly for Y , Z, see Figure 5.
Consider a qubit that is in the X-type support of checks cX

1 , cX
2 , . . . cX

δX
, Y -type support of

checks cY
1 , cY

2 , . . . cY
δY
, and Z-type support of checks cZ

1 , cZ
2 , . . . cZ

δZ
, where δ = δX +δY +δZ .

We introduce X-type copy qubits labelled 1, 2, . . . , (δX − 1), and similarly for Y and
Z. Next, we introduce multi-qubit gauge checks {X0Z1, Z1Z2, Z2Z3, . . . , Z(δX−2)Z(δX−1)},
where 0 denotes the original qubit being considered. We now replace each cX

i check
with a gauge equivalent check c̃X

i = cX
i X0Zi, which moves the support on qubit 0 to

qubit i. Finally, we introduce single-qubit X gauge checks on the copy qubits {Xi | i =
1, 2, . . . , (δX − 1)}. We perform an analogous procedure for checks with Y - and Z-type
support on the qubit being considered.

When applying the steps outlined above in practice, we do not need to apply the
weight reduction step to any stabilizer of weight three or less. Similarly, we do not need
to perform any degree reduction on a qubit that has degree three or less. Furthermore,
we do not need to perform the X-type degree reduction step on a qubit that is in the X
support of zero or one checks, and similarly for Y and Z.

At this point we have provide a recipe to transform an arbitrary input stabilizer code
into a wire code with weight and degree three. Here, we do not count single qubit checks in
the degree, as they do not require additional connectivity to implement. The wire codes we
have described in this section are special in the sense that they have minimal edge lengths
between the check and degree nodes in the weight reduced Tanner graph. In this sense
they have minimal overhead amongst other wire codes constructed from the same input
code. We remark that this family of wire codes is expected to preserve fault-tolerance as
the number of additional qubits and gauge checks introduced, per qubit and check of the
original code, is a constant. We summarize their properties in Theorem 2.4.

Theorem 2.4 (Wire code weight reduction). Applying the procedure described above in
this section to an [[n, k, d]] stabilizer code, with max check weight ω and qubit degree δ,
produces an [[O(δn), k, Ω( 1

ω d)]] subsystem code, which we call a wire code, with max check
weight and degree three.

Proof. The structure of the logical operators in the weight reduction wire codes follows
the general structure in Lemma 3.1. From this the claimed number of encoded qubits
and distance follow Corollary 3.1 and Lemma 3.2, respectively. Bounding the number of
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physical qubits simply follows by noting that there are at most δn qubits after adding
the copy qubits. Then adding the check ancillary qubits includes at most one extra qubit
per copy qubit. The bound on the check weight and qubit degree in the wire code follow
directly from the construction. We note again that we do not include single qubit checks
when counting the qubit degree. Regarding the claim about fault-tolerance above, we
remark that this procedure maps a stabilizer check of weight ω′ from the input code to a
stabilizer of weight at most ω′ωδ/2 in the resulting wire code. This follows from counting
the additional support that can be picked up due to the intersection of the original check
with additional checks as depicted in Fig. 3.

In the above theorem, there is a potential reduction of the distance by the constant
multiple 1

ω . This is a consequence of the simple trivalent graph we have used to resolve the
checks of the input code in the wire code construction. It is possible to make alternative
choices of the graph used at this step of the construction. Following Refs. [31, 56, 57]
we expect that by using sufficiently expanding graphs at this step, the distance can be
preserved at the cost of higher weight checks in the resulting wire code.

2.6 Wire codes on general graphs
In this section we discuss mapping an input stabilizer code onto a wire code that provides
a local implementation on a general graph.

The wire code construction in the previous sections made use of interactions with
flexible edge lengths, mediated locally via additional ancillary qubits and gauge checks.
More generally, every edge in the trivalent resolution of the original Tanner graph of an
input stabilizer code can be assigned a positive integer length ℓ. Then O(ℓ) additional
qubits, with single qubit X gauge checks and two body ZZ gauge checks, can be added
to maintain a local implementation, see Fig. 7.

Given a c-to-one embedding of the resolved Tanner graph of Cin into a graph G, we
can construct a wire code with qubit density c that provides a local implementation of
Cin on G. Here, the embedding may send edges to paths consisting of many edges, but is
restricted to map at most c edges or vertices to one. The wire code construction follows
by assigning edge lengths ℓe to the Tanner graph of the weight reduction wire code for Cin,
see section 2.5, given by the lengths of edges under the graph embedding into G. We then
add additional O(ℓe) qubits and gauge checks to implement each length-ℓe edge locally,
see Figure 2. Next, the Tanner graph of this edge-extended wire code can be embedded
into G following the original embedding map such that the checks of the wire code are
local on G and the density of qubits is at most c on any edge or vertex.

We remark that given a sufficiently large c we can embed any stabilizer code into
an arbitrary graph that has at least one vertex and edge. Given a constant c this is
not always possible, and the family of graphs that a given stabilizer code can be locally
implemented on generally depends on compatibility properties such as the number of
vertices and edges, and the expansion of the graph. For embeddings that involve many
edges of diverging length, we do not expect this procedure to preserve fault tolerance
without some additional procedure.

Theorem 2.5 (Wire code graph embedding). Given an [[n, k, d]] stabilizer code Cin and a
c-to-one embedding of the trivalent resolution of its Tanner graph into a graph G the wire
code described above in this section provides an [[O(ℓmaxδn), k, Ω( 1

ω d)]] subsystem code that
we say implements Cin with local checks on G. Here ℓmax is the longest edge length assigned
by the graph embedding.
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Proof. Similar to the proof of Theorem 2.4, the code properties of the wire code follow
from Lemmas 3.1, and 3.2. Bounding the number of physical qubits follows by noting that
there are at most 2δn nodes in the resolved Tanner graph, all of which have degree-three.
Hence, there are at most 3δn edges and consequently there are at most 3ℓmaxδn additional
edge qubits.

3 Code Properties
In this section we analyze the code properties of wire codes, including the number of
physical qubits they require, the number of logical qubits they encode, their distance,
relations, and how they can be used to perform syndrome extraction.

Calculating Lbare. In the process of breaking down the checks of Cin following Algo-
rithms 2.3, 2.4, 2.5 the original system on which Cin lived, which we write Hdata = (C2)⊗nin

has been augmented by the addition of supplementary registers. The resulting code Cwire

now lives on Hdata ⊗Hanc ⊗Hcopy = (C2)⊗nwire , and the implications of extending the code
onto additional qubits remains to be analyzed. In this section, we show that the bare
logical operators of the wire codes obey a rigid structure. This structure is crucial in our
arguments to lower bound the distance of the resulting code, see below.

We restate several definitions here for convenience. The input stabilizer code Cin is
taken to live on nin qubits, and the resulting wire code Cwire lives on nwire qubits. The code
Cin has stabilizer group Sin, while Cwire has gauge group Gwire. With these preliminaries
we can define the respective logical operators of these codes

Lin = N (Sin) \ Sin (20)
Lwire = N (Gwire) · Gwire \ Gwire . (21)

It is conventional to define a special subset of the logical operators of a subsystem code,
referred to as the bare logical operators

Lbare = N (Gwire) \ Gwire. (22)

We remark that the bare logical operators commute with Gwire, unlike Lwire. A similar
expression will allow us to compute how many logical qubits Cwire encodes

kwire = log2 dim (N (Gwire)/Gwire) . (23)

We proceed by introducing some notation regarding the construction. Every data qubit
q ∈ [nin] introduces a set of copy qubits. This data qubit and these copy qubits support a
set of gauge checks denoted Γq. The set of single-site gauge checks is denoted Γsingle-site

q ,
while the remainder are denoted Γcopy

q . Every stabilizer generator s of Cin is mapped to an
associated set of gauge operators Γs ⊂ Gwire. Some of these gauge operators correspond
to single-site X gauge operators, that we denote by Γsingle-site

s , while the remainder are
denoted Γanc

s . See Fig. 8 for an illustration.
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1

Hanc

Hcopy Hdata Hcopy

∈ Γanc
X1X2

∈ Γcopy
1

2

Figure 8: A simple example of a wire code for the purpose of illustrating our notation. Here, we do not
explicitly depict the single-site X’s.

We say that Γsingle-site =
⋃

q Γsingle-site
q

⋃
s Γsingle-site

s generates the group Gsingle-site, while
Γcopy =

⋃
q Γcopy

q generates Gcopy , and Γanc =
⋃

s Γanc
s generates Ganc. Naturally, Gwire =

Gsingle-site · Ganc · Gcopy.

Lemma 3.1. Given an input code Cin, with logical operators Lin = {Li}i, then the asso-
ciated wire code Cwire satisfies

Lbare = {Li ⊗ Ci ⊗ Ai}i

where Li lives on the data subsystem, while Ci ∈ PX
copy, Ai ∈ PX

anc are uniquely determined
by Li.

Proof. We start by writing Pnwire = Pdata · PX
anc · PZ

anc · PX
copy · PZ

copy. Because Gsingle-site is
generated by single-site X’s, then for any non-identity element of PZ

anc · PZ
copy, there exists

an element of Gsingle-site that anti commutes with it, so Lbare ⊂ Pdata · PX
anc · PX

copy.
We move on to show that Sin ⊂ Gwire. Let s ∈ Sin, then one can see that there exists

gcopy ∈ PX
copy such that  ∏

g∈Γanc
s

g

 · gcopy = s ⊗ 1copy ⊗ 1anc

This establishes that for Lwire ∈ N (Gwire), projdata(Lwire) ∈ N (Sin). Equivalently, Lwire =
L ⊗ C ⊗ A, for L ∈ N (Sin), C ∈ PX

copy, A ∈ PX
anc. Due to the repetition-code-like nature of

Γcopy, C can be seen to be unique. Similarly for A.
Next, we need to verify that whenever L ∈ Sin, then L ⊗ C ⊗ A ∈ Gwire. This is readily

verified by the fact that C ⊗ A ∈ PX
anc · PX

copy ⊂ ⟨Γsingle-site⟩ ⊂ Gwire , and ∏
g∈Γanc

s

g

 · gcopy = s ⊗ 1copy ⊗ 1anc ∈ Gwire.

Furthermore, one can verify that for L ∈ Sin we have L ⊗ C ⊗ A ∈ Swire as it commutes
with all gauge operators in Gwire.

Finally, we observe that for any i, j, we have that Li ⊗ Ci ⊗ Ai and Lj ⊗ Cj ⊗ Aj

have the same commutation relation as Li and Lj . This specifically guarantees that when
L ∈ Lin is non-trivial, the associated L ⊗ A ⊗ C is non-trivial.
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Corollary 3.1. kwire = kin

Proof. From Lemma 3.1, we have that Lin ∼= Lwire.

Lemma 3.2. dwire ≥ 1
ω din

Proof. We have that
dwire = min

Lwire∈Lbare·Gwire
|Lwire|

Lemma 3.1 allows us to decompose any element L̃ ∈ Lwire as L̃ = (L⊗C⊗A)gsingle-sitegcopyganc.
We use this decomposition to compute the distance. Indeed, Lgcopyganc ∈ Pdata ·PZ

anc ·PZ
copy

while (C ⊗ A)gsingle-site ∈ PX
anc · PX

copy. Hence

|L̃| = |Lgcopyganc| + |(C ⊗ A)gsingle-site|

Because Gsingle-site = PX
anc·PX

copy, it is always possible to find gsingle-site such that (C ⊗ A)gsingle-site = 1.
The calculation of the distance dwire is then simplified

dwire = min
L∈Lin, ganc∈Ganc, gcopy∈Gcopy

|L ganc gcopy|

We write ganc =
∏

g∈T g, where T is a subset of the generators of Ganc. It is natural to
partition T depending on what stabilizers its members are induced by

T =
⋃
s

Ts, Ts = T ∩ Γanc
s

Using this notation, we can rewrite ganc,

ganc =
sm∏
s1

ganc(s), ganc(s) =
∏

g∈Ts

g.

We now remark upon the structure of Γanc. Consider a stabilizer s of the form
P1 ⊗ P2 ⊗ · · · ⊗ Pω, Pi ∈ {X, Y, Z}, then

∏
g∈Γanc

s
g = Z1 ⊗ Z2 ⊗ · · · ⊗ Zω ≡ ηs. It is

crucial to our argument that Ts follows the same behaviour. To keep track of the relevant
data, we write s ∈ Q1 when the restriction of

∏
g∈Ts

g to the copy register is equal to ηs.
Otherwise, we write s ∈ Q2.

Let s1 ∈ Q1, then |L ganc gcopy| = |L
(∏sm

s1 ganc(s)
)

gcopy| ≥ |L
(∏sm

s2 ganc(s)
)

ηs1gcopy|.
Here, ηs1 is supported on some copy qubits. The next step is to address to what extent
the copy gauge checks can reduce the weight of the remaining operator. Without-loss-
of-generality consider a P -branch of a qubit q. The product of ηs operators for different
stabilizers s supported on that branch has a certain parity. When that parity is even it
corresponds to an even number of stabilizers s acting on q, and the product of the ηs

operators can be removed by picking the appropriate gcopy. Similarly, the parity is only
odd when there is an odd number of stabilizers s acting on q, and the weight has to be at
least one. So for example |L ⊗ 1anc ⊗ ηs1ηs2 . . . gcopy| ≥ |Ls1s2 . . . | ≥ din.

In the second case ganc ∈ Q2, then
∏

g∈Ts
g restricted to the copy subsystem has weight

at most |s| − 1, and has weight at least 1 on the anc subsystem. This implies that
∏

g∈Ts
g

can remove at most |s| − 1 elements on the copy subsystem but at the cost of inducing an
operator of weight at least 1 on its anc subsystem.
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Combining these properties allows for the following inequality:

|L ganc gcopy| =

∣∣∣∣∣∣L
 ∏

s∈Q1

∏
g∈Ts

g

  ∏
s∈Q2

∏
g′∈Ts

g′

 gcopy

∣∣∣∣∣∣
≥ 1

ω − 1

∣∣∣∣∣∣L
 ∏

s∈Q1

∏
g∈Ts

g

 gcopy

∣∣∣∣∣∣
≥ 1

ω − 1

∣∣∣∣∣∣L
 ∏

s∈Q1

ηs

 gcopy

∣∣∣∣∣∣
≥ 1

ω − 1

∣∣∣∣∣∣L
 ∏

s∈Q1

s

∣∣∣∣∣∣
≥ 1

ω − 1din

Stabilizer check relations. A relation r in the input code is a collection of stabilizer
checks {si}i∈r whose product is the identity, i.e.

∏
i∈r si = 1. Each such relation gives

rise to a relation in the associated wire code. That is, the collection of checks in the wire
code Γr given by the image of the checks {si}i∈r also form a relation as their product is
the identity. Conversely, any relation in the wire code is the image of a relation from the
input code.

Syndrome extraction. The wire codes define a simple syndrome extraction procedure
to measure the stabilizers of the input code. This procedure can be viewed as a weight
reduction of the standard syndrome extraction procedure for the input code.

• We partition the checks of the input code into non-overlapping sets which define a
measurement schedule.

• All ancillary and copy qubits are initialized in the |+⟩ state.

• The procedure consists of two steps for each partition, which then repeat.

– The first step consists of measuring the ZZ, ZZZ, and ZP , gauge operators
between the ancillary qubits, copy qubits and original qubits associated to the
checks in the current partition. This step has circuit depth 3 due to the three
body checks, and maximum qubit degree 3.

– The second step consists of simply measuring single-qubit X gauge operators
on the ancillary qubits and copy qubits associated to the checks in the current
partition.

• The procedure then moves on to the next partition.

The above syndrome extraction procedure defines a floquet code that uses measurements
of weight three and less to extract the syndromes of an arbitrary stabilizer code. As it
is based on the wire code construction, these floquet codes can be adapted to general
connectivity constraints, at the cost of qubit overhead. It is possible that the efficiency of
the above syndrome extraction schedule can be improved based on more efficient syndrome
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extraction circuits for the input code and by using the degree reduction ancilla qubits to
improve parallelism.

The above procedure is very similar to Shor-style syndrome extraction [3]. The fault-
tolerance of the input syndrome extraction circuit can be affected by the additional qubits.
Generically, these additional qubits are expected to lower the threshold. Below, we argue
that if a constant number of ancilla qubits are introduced for each qubit and check of the
original code, the threshold should only be reduced by a constant multiplicative factor and
hence the existence of a nonzero threshold is preserved. If a growing number of additional
qubits are used for the purposes of embedding a highly connected code into a graph with
low connectivity, we expect the stabilizers to become nonlocal and there to be no threshold
without the application of additional techniques. See Refs. [58, 52] for related work in this
direction.

Preservation of a fault-tolerance threshold. We now argue that wire codes derived
from qLDPC codes, that only require the addition of a constant number of ancilla qubits
for each check and qubit in the original code, preserve the existence of a fault-tolerance
threshold when the above syndrome extraction scheme is used. In particular, this condition
is satisfied by wire codes that directly implement weight reduction of a qLDPC code with
minimal overhead.

We consider rounds of syndrome measurement under a phenomenological noise model
that consists of local Pauli and measurement faults [12]. We assume that the input code
has a fault-tolerant syndrome extraction procedure which organizes checks into a constant
number of groups, each of which contains non-overlapping checks which can be simulta-
neously measured. We further assume that this syndrome extraction procedure leads to a
finite fault-tolerant threshold against local Pauli and measurement noise for the family of
input qLDPC codes considered.

In the syndrome extraction procedure for the associated wire codes, there are a number
of additional fault locations due to the addition of ancilla qubits and the weight-reduced
syndrome checks. We now argue that each of these faults is captured by some equivalent
local fault in the original syndrome extraction procedure, and that there are a constant
number of new faults contributing to any original fault. Hence, the wire code construc-
tion leads to an equivalent detector error model [59, 60] in the fault-tolerant syndrome
extraction setting, but with a different rate of local errors. Since the boost to the error
rate is upper bounded by a constant, the existence of a finite fault-tolerance threshold in
the original code implies the existence of one for the wire code.

In the syndrome extraction procedure for the wire code, the weight reduced checks are
measured following the syndrome extraction schedule of the original code. This leads to
a number of new fault locations that lead to effectively higher error rates.

• First, to schedule the preparation and measurement of the ancilla qubits in the
wire code can require the addition of two time steps between layers of the original
syndrome measurements. These extra time steps increase the effective rate of Pauli
errors per original time step by a constant factor.

• Second, additional Pauli and measurement faults that occur on the ancilla system
and gauge checks can also increase the effective error rate of the original code. These
errors come in two types.

The first type of errors are equivalent to local Pauli errors on the original code. This
includes |+⟩ state preparation, X measurement, and Pauli Z errors on the ancilla qubits
of the wire code. All of these error types are equivalent to Pauli Z errors on the ancilla
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qubits between their initialization and read-out in the X basis. Any product of such Pauli
Z errors on the ancilla qubits associated to an original check is equivalent to a product
of Pauli errors in the support of that check up to multiplication with the ZZ, ZZZ, and
ZP operators that are measured to infer that check. For an original code that is qLDPC
these equivalent Pauli errors are constant weight and local on the original Tanner graph.

The second type of errors are equivalent to local measurement errors on the checks
of the original code. This includes measurement errors of the ZZ, ZZZ, and ZP gauge
checks, and Pauli X errors that occur between the measurement of pairs of these gauge
checks. For wire codes that associate a constant number of ancilla qubits to each check
and qubit of the original code, e.g. from the direct weight reduction of a qLDPC code, the
above syndrome extraction schedule leads to an equivalent set of detectors [59] (formed
by consecutive measurements of the original checks) undergoing a local error model that
has a constant increase in the rate of additional local Pauli and measurement errors when
compared to the syndrome extraction procedure of the original code.

The above notion of equivalence between detector error models under weight reduction
is similar to definitions of fault-tolerant equivalence that have been formalised in recent
works Ref. [61].

4 Discussion
In this work we introduced wire codes. The wire code construction is sufficiently flexible
that we were able to use it to derive a number of results. This includes a general weight
reduction procedure for stabilizer codes that produces a related subsystem code with
weight and degree three. By implementing long range edges via sequences of short range
gauge checks, we were able to combine wire codes with graph embeddings to map stabilizer
codes onto local implementations on general graphs. In particular, applying this procedure
to map good qLDPC codes to hypercubic lattices allowed us to produce local subsystem
codes that have optimal scaling code parameters in any spatial dimension, saturating the
bounds from Ref. [19]. Similarly, applying this procedure to map good qLDPC codes to
families of expander graphs resulted in local subsystem codes with code parameters that
depend on the degree of expansion.

We anticipate that our results can be generalized to stabilizer codes based on prime
dimensional qudits via a suitable modification to the qudit degree reduction step in Eq. (14)
and Fig. 5 that we now sketch. Rather than relying on a decomposition into X, Y , and Z
Pauli operators, as we have done for qubit codes, one can express an arbitrary qudit Pauli
operator as a product of powers of clock and shift matrices. Using this decomposition, the
degree reduction of a qudit requires two rows of ancilla qubits, one for the clock matrices
and one for the shift matrices. Consider a qudit q that is acted upon by a product of clock
and shift matrices in a stabilizer check s, the weight reduced version of s must act on an
ancilla qudit in both the clock and shift row of ancilla qubits connected to q to effectively
implement the desired qudit Pauli operator on q.

The results in this work open a route to map codes that have highly connected Tan-
ner graphs and large check weight, including good qLDPC codes, to graphs with more
restricted connectivity. The flexibility of our construction provides a useful tool to bridge
the gap between hardware constraints and the requirements to implement highly efficient
good qLDPC codes.
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A Upper bound on subsystem codes implemented on expander graphs
In this appendix we establish a bound on the code parameters of any family of subsys-
tem codes that are implemented with local checks on a family of graphs with bounded
expansion. Our starting point is the following geometric lemma from Ref. [36].

Theorem A.1 (Theorem 13 [36]). Let G = (V, E) be a graph on n vertices for which
there is no U ⊂ V, |U | ≥ m such that G[U ] is ϵ-expander, then G can be partitioned into
{Ai}i such that

1. |Ai| < 3m
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2. there at most c · log(n) · αn edges with endpoints in different Ai’s

for some universal constant c.

This result states, in essence, that if a graph does not contain an expanding subgraph,
then it can always be separated into small regions at small cost. We use an amplified
version of this result, which considers the question of many expanding subgraphs.

Corollary A.1. Let G = (V, E) be a graph on n vertices. Unless there is a set {Hj}j of
disjoint subgraphs such that

1. |Hj | ≥ m

2.
∑

j |Hj | ≥ M

3. every Hi is α-expander

Then there is a set S of vertices, where G[V \S] is a set of non-adjacent subgraphs {G[Ai]}i

such that

1. |Ai| < 3m

2. |S| ≤ M + 2c · log(n) · αn

Proof. It suffices to apply Theorem A.1 to the subgraph G \ (
⋃

j Hj).

The final piece we need is the observation from Ref. [19] that disjoint subsets of qubits
of size strictly less than d are jointly correctable, and k ≤ n − |A| whenever A is a set of
correctable qubits.

Corollary A.2. Let [[n, k, d]] be a subsystem code with connectivity graph G. Then there
are subgraphs {Hj}j such that

1. |Hj | ≥ d/3

2.
∑

j |Hj | ≥ 1
2k

3. every Hi is k
4c·log(n)·n -expander

Proof. Note that by plugging m = d/3 in to Corollary A.1 we find a set
⋃

i Ai that is
correctable. Using the result from Ref. [19], we can conclude that k ≤ |S|. Finally, we can
pick M = 1

2k to obtain the lower bound on the expansion.

Optimizing for the distance, Corollary A.2 states that an α-expander connectivity
graph allows for at best a [[n, Θ̃(αn), Θ(n)]] code.
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