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Magic-state resource theory is a fundamen-
tal framework with far-reaching applications
in quantum error correction and the classi-
cal simulation of quantum systems. Recent
advances have significantly deepened our un-
derstanding of magic as a resource across di-
verse domains, including many-body physics,
nuclear and particle physics, and quantum
chemistry. Central to this progress is the sta-
bilizer Rényi entropy, a computable and ex-
perimentally accessible magic monotone. De-
spite its widespread adoption, a rigorous op-
erational interpretation of the stabilizer en-
tropy has remained an open problem. In
this work, we provide such an interpreta-
tion in the context of quantum property test-
ing. By showing that the stabilizer entropy
is the most robust measurable magic mono-
tone, we demonstrate that the Clifford orbit
of a quantum state becomes exponentially in-
distinguishable from Haar-random states, at a
rate governed by the stabilizer entropy M, (v)
and the number of available copies. This im-
plies that the Clifford orbit forms an approxi-
mate state k-design, with an approximation er-
ror exp(—O(M,(v))) for a > 2. Conversely, we
establish that the optimal probability of dis-
tinguishing a given quantum state from the set
of stabilizer states is also governed by its sta-
bilizer entropy. These results reveal that the
stabilizer entropy quantitatively characterizes
the transition from stabilizer states to univer-
sal quantum states, thereby offering a compre-
hensive operational perspective of the stabi-
lizer entropy as a quantum resource.

1 Introduction

Magic-state resource theory emerged from the
groundbreaking work of Bravyi and Kitaev [14],
who showed that by supplementing stabilizer opera-
tions—Clifford gates and measurements—with a non-
stabilizer (“magic”) state, one can effectively imple-
ment non-Clifford gates. The core idea is that while
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stabilizer operations are relatively easy to make fault-
tolerant—often through transversal implementation
in error-correcting codes [19]—the same does not hold
for non-Clifford gates, which pose significant fault-
tolerance challenges [24]. Thus, within the framework
of magic-state resource theory, stabilizer operations
and states are treated as freely available, whereas non-
stabilizer states and non-Clifford operations represent
valuable resources.

Beside fault-tolerant architectures, magic states
also play a key role in understanding the classical
simulability of quantum circuits. Circuits restricted
to stabilizer operations can be simulated efficiently
on a classical computer [28], but introducing nonsta-
bilizer states dramatically increases simulation com-
plexity [2]. Therefore, magic-state resource theory
also provides a natural way to quantify how “non-
classical” a quantum state is in terms of its potential
to outperform classical computation.

Given the profound insights that entanglement has
brought to the study of quantum systems [4, 33, 49],
recent years have seen a surge of interest in under-
standing the role of the resource theory of magic in
physical quantum systems. This has yielded a wealth
of results across diverse fields, including quantum cir-
cuit dynamics [59, 60, 62, 75, 84], condensed matter
and many-body physics [22, 25, 34, 46, 64, 65, 67-69,
71, 73, 76, 79-82, 85], nuclear [16, 72, 74] and particle
physics [5, 18, 20, 45, 63, 87], quantum chemistry [32],
and even conformal field theories [27, 40, 41]. This
substantial body of numerical and analytical work
has been made possible by the development of a new
magic monotone, the stabilizer Rényi entropy [56],
which is a real-valued function that rigorously quan-
tifies the amount of magic in a quantum state [53]
while also being computationally tractable and ex-
perimentally accessible [66]. Thanks to its practical
advantage, stabilizer entropies have enabled studies
of magic in systems with up to ~ 100 qubits [50, 78],
far surpassing the few-body limitations imposed by
the intractability of previously known magic mea-
sures [38].

Despite these advances, this growing body of re-
search—while providing valuable insights into, for ex-
ample, phase transitions in many-body systems [77]
and the structure of magic in nuclear states [72]—still
faces a fundamental limitation: a magic monotone, by
itself, only provides bounds on what is possible with
resource conversion under free (stabilizer) operations.
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However, as is often the case in quantum resource
theory, resource measures can be endowed with oper-
ational interpretations that go beyond resource con-
version, thereby providing additional significance to
the values attained by the resource measure. Notable
examples of resource measures with well-understood
operational meanings include the stabilizer fidelity,
which quantifies the overlap with the closest stabi-
lizer state; the relative entropy of magic, which cap-
tures the optimal type II error in asymmetric hypoth-
esis testing [21]; and the robustness of magic, which
characterizes resilience against mixing with stabilizer
states [58]. However, all of these established measures
suffer from being either computationally intractable
or impractical to measure experimentally. In con-
trast, the stabilizer entropy, which is both efficiently
computable and experimentally accessible, has been
extensively studied across a wide range of quantum
systems. This raises a pressing question:

What is the operational interpretation of stabilizer
entropies?

Answering this question is essential for giving a pre-
cise meaning to the estimation, measurement, and
study of stabilizer Rényi entropies in quantum sys-
tems. Although the case of the stabilizer Rényi en-
tropy with index o = 1/2 (the so-called stabilizer
norm) has been addressed in the context of classi-
cal simulation via Pauli propagation [70], stabilizer
entropies with a < 2 are not monotones in magic-
state resource theory [35, 54]. Consequently, it does
not provide an operational interpretation of stabilizer
entropies that is useful within this framework.

In this paper, we address this open problem and
establish the rigorous operational interpretation of
(a > 2) stabilizer entropies as a quantum resource.
In simple terms, we show that higher stabilizer en-
tropy implies that the state is harder to distinguish
from a completely random quantum state, yet eas-
ier to distinguish from a stabilizer state (see Fig. 1).
Stabilizer entropies thus precisely characterize the
crossover from simple, free stabilizer states to com-
plex, fully universal quantum states.

Similarly to the relative entropy of resource [21],
this operational meaning is made rigorous in the con-
text of property testing, in which a the task is to
distinguish a state drawn uniformly from one of two
ensembles of states. The stabilizer Rényi entropy is
related to the optimal probability of success of the
property testing task in two distinct scenarios. The
first part of this interpretation—mnamely, that an in-
creasing stabilizer entropy makes it harder to distin-
guish the state from a universal state—follows from
analyzing the task of distinguishing the Clifford orbit
of a given state from the Haar random ensemble; the
second part of the interpretation is formalized within
the framework of stabilizer testing, where a the task
is to distinguish a given state from the set of stabi-
lizer states. The success probability of both tasks is

governed by the the stabilizer entropy. To establish
this result, we characterize measurable monotones in
the resource theory, and show their relation to the
stabilizer entropy.

In the next section, we provide an overview of the
main results of the paper.

1.1 Overview of the results

The special feature of the stabilizer entropy M, with
Rényi index « is that it can be expressed in terms of
the expectation value of a Hermitian operator €2y, :=
22 pep, P®**, with P,, being the multi-qubit Pauli
group, as

1
M, = : log tr (an¢®20‘), (1)

-«
where Pao = tr(Q2q9®2*) is called the stabilizer pu-
rity and « is a positive integer. As Rényi entropies of
entanglement, this property makes stabilizer entropies
both experimentally measurable and efficiently com-
putable. The operator €2y, belongs to the (k = 2«)-
order commutant of the Clifford group, meaning it
is invariant under the adjoint action of k-fold tensor
powers of Clifford unitaries [11, 31]. However, this
invariance is not unique to stabilizer purities. Re-
stating the result of Ref. [11], in Lemma 3, we show
that all measurable magic monotones lie within the
Clifford commutant. This insight allows us to gen-
eralize stabilizer purities by considering expectation
values of operators that form a basis for the commu-
tant and factorize over qubits. As shown in Lemma 4,
this factorization ensures that the resulting general-
ized stabilizer purities are the only magic monotones
that are multiplicative—an important property that
enables bounds on catalyst-assisted resource conver-
sion via stabilizer operations [26].

In Theorem 2, we prove the main technical result of
the paper, which underpins the operational interpre-
tation discussed later: all generalized stabilizer puri-
ties are upper bounded by the stabilizer purity with
Rényi index @ = 2 and, as a corollary, P, serves as
an upper bound for all measurable magic monotones.
As we explain below, this result makes stabilizer puri-
ties—and therefore stabilizer entropies—arguably the
most robust among measurable monotones.

After characterizing measurable magic monotones,
in Section 4 we endow the stabilizer entropy with a
rigorous operational meaning in the context of prop-
erty testing. We begin by considering the Clifford
orbit £ of a pure quantum state |¢), over which the
stabilizer entropy remains invariant. We then pose
the question of determining the optimal probability
of distinguishing a state drawn uniformly from the
ensemble &, from one drawn uniformly at random
according to the Haar measure. The main result of
the paper, stated in Theorem 3, demonstrates that
given k = O(1) copies of a state drawn from either en-

semble, the optimal probability qéﬁgc of distinguishing
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them satisfies

o= 5 tep(-00LE). @)
indicating that it is exponentially close (in the sta-
bilizer entropy) to the worst-case random guessing
probability of % In other words, the Clifford orbit
&y constitutes a e-state k-design provided the stabi-
lizer entropy is sufficiently large:

Qloge) < My([) < Ok +loge™).  (3)

We note that this operational interpretation differs
from the usual one in resource theories: while we pro-
vide tight matching lower and upper bounds in terms
of scaling with the stabilizer entropy, the associated
constants may be loose, which justifies and motivates
the use of the big-O notation.

Next, we turn to the complementary task: distin-
guishing a given state |¢)) (or, equivalently, its Clif-
ford orbit) from the set of stabilizer states. We iden-
tify k = 6 copies as the minimal number sufficient to
accomplish this task, with the optimal success proba-
bility expressed as a function of the stabilizer entropy:

o= 5+ (1-2 80, @
where the optimal property-testing algorithm—i.e.,
the one achieving the maximal success probabil-
ity—corresponds to measuring the POVM element as-
sociated with the o = 3 stabilizer purity, i.e. measur-
ing the stabilizer entropy Mjs. This success probabil-
ity can be amplified by using additional copies, with
lower and upper bounds determined by the stabilizer
entropy:

1 — 27 26Ms(¥)

14 2_21\43 Lk/6] . 1
1—<2> Spéu’lcﬁiJr 5
for some constant C' [8].

It is important to stress that stabilizer entropies M,
with o > 2 are all closely related, see Eq. (8). Con-
sequently, taken together, Eqgs. (2) and (5) rigorously
establish the two-sided operational meaning of all the
stabilizer entropies with a > 2: the larger M, (¢) is,
the more closely the Clifford orbit of |¢)) approximates
Haar-random states, and the more distinguishable it
becomes from the set of stabilizer states. However,
the tightest bounds for pgsycc, @suce are obtained for
My, Ms respectively.

(5)

1.2 Relation to prior work and main contribu-
tions

In this section, we clarify the main contributions of
the present manuscript in relation to the existing lit-
erature. This comparison is particularly relevant be-
cause several of the techniques employed here build

directly on methods previously developed by the same
authors in an earlier work on the structure of the Clif-
ford commutant [11]. In that work, we developed a
comprehensive theory of the commutant of the Clif-
ford group in the language of Pauli monomials and
outlined several applications that foreshadowed some
of the present results. However, those applications
were intended primarily as preliminary illustrations.
In the current manuscript, we substantially extend,
strengthen, and rigorously develop these ideas into a
unified and fully elaborated picture.

In particular, Ref. [11] established that every mea-
surable magic monotone lies in the Clifford commu-
tant. This result, restated in Lemma 3, serves as
the starting point for one of the main themes of
this manuscript: the intimate relation between magic
monotones and the Clifford commutant. Here, we ex-
tend, refine, and further develop this idea by showing
that imposing the additional requirement of multi-
plicativity on magic monotones further restricts the
class of measurable monotones to (generalized) sta-
bilizer purities alone. Moreover, building on this
strengthened connection, and as a corollary of the
main technical contribution of this work, Theorem 2,
we prove that all measurable monotones are upper
bounded by the stabilizer purity, thereby establishing
a hierarchy in which the stabilizer entropy [56] plays a
distinguished role. These developments are discussed
in detail in Section 3.

The other main theme of this manuscript, from
which it takes its title, is to establish an operational
meaning for the stabilizer entropy. As outlined above,
we do so by developing a fully two-sided operational
interpretation. The origin of this theme can also be
traced back to a result presented in Ref. [11]. In
particular, the “second side” of the operational inter-
pretation of stabilizer entropy appearing in Eq. (4)

- was first established there (see Section VII C). In

the present work, we not only refine and strengthen
that result, but also integrate it with the main tech-
nical contributions of this manuscript, Theorems 2
and 3, which provide the other side of such opera-
tional meaning (Eq. (2)). Taken together, these de-
velopments yield a complete two-sided operational in-
terpretation of stabilizer entropy. These results are
discussed in detail in Section 4.

1.3 Structure of the paper

The remainder of the paper is structured as follows:
in Section 2, we introduce the preliminaries of magic-
state resource theory, stabilizer entropies, and their
generalizations. In Section 3, we characterize mea-
surable magic monotones and establish their bounds
in relation to stabilizer purities. In Section 4, we
prove the operational interpretation of stabilizer en-
tropies. In Section 5, we conclude with a discussion
and present a list of open questions for future research.
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Figure 1: Stabilizer entropies have a double-edge operational
interpretation. In a symmetric property testing scenario, the
probability of distinguishing the Clifford orbit of the state
|t)) from the set of stabilizer state increases exponentially
with M3 (left). Conversely, the probability of distinguishing
the Clifford orbit of the state |¢)) from Haar random states
converges exponentially to the probability of random guessing
with My (right).

In Section A, we develop the essential tools and estab-
lish the foundational lemmas, which are then applied
in Section B to rigorously derive the main theorems
presented in the body of the paper.

2 Magic-state resource theory and the
Clifford commutant

Throughout the paper we consider the Hilbert space
H., of n qubits and denote as d,, = 2™ its dimension.
A natural operator basis is given by Pauli operators
P € P,, i.e. n-fold tensor products of ordinary Pauli
matrices I, X,Y,Z. The subgroup of unitary matri-
ces that maps Pauli operators to Pauli operators is
known as the Clifford group, denoted as C,,. Stabilizer
states, denoted as |o) in this work, are pure states ob-
tained from |0)®" with the action of unitary Clifford
operators. The set of stabilizer states is denoted as
STAB, while the convex hull of stabilizer states as
STAB. := {3, piloifos| : pi 2 0,3, pi =1, |o3) €
STAB}. Throughout the work, we will use v, ¢ to de-
note pure states, while p to denote (possibly mixed)
general states.

2.1 Magic state resource theory and magic
monotones

Magic-state resource theory is defined by the set of
free operations known as stabilizer protocols, denoted
by S. These protocols can be expressed as arbitrary
combinations of the following elementary operations:
(i) Clifford unitaries, (ii) partial trace, (iii) measure-
ments in the computational basis, (iv) composition
with auxiliary qubits initialized in the state |0), and
conditioning on (v) measurement outcomes and (vi)

classical randomness. Stabilizer protocols S leave in-
variant the convex hull of stabilizer states STAB..
Given this set of free operations, one then defines
monotones for the magic state resource theory.

Definition 1 (Stabilizer Monotones). A stabilizer
monotone M is a real-valued function for all n qubit
systems (or collection thereof) such that (i) M(p) =0
if and only if p € STAB,; (ii) M is nonincreasing un-
der free operations M(E(p)) < M(p) for any € € S.
A function M is pure-state stabilizer monotone if con-
dition (i) is obeyed for pure states and (ii) holds for
any pair (1) , ), obeying E(|Y)P]) = [p)4-

Beside the monotonicity condition, stabilizer mono-
tones can be endowed with additional useful proper-
ties. One such is additivity. Namely, M is additive
iff for any p,p’ then M(p ® p’') = M(p) + M(p').
If fact, the additivity is particularly useful to make
use of resource monotones in one of the central tasks
of quantum resource theory, which is resource distil-
lation [9, 86]. In particular, starting from a quan-
tum state [¢)) the task is to perform free operations
and transform it in many copies of another, more
fundamental, state. While in the case of entangle-
ment resource theory such state is the Bell pair, in
magic state resource theory is often the T-state, |T")
0) + e?™/4|1), as it allows universal quantum compu-
tation with stabilizer operations via magic-state in-
jection [13]. Ome of the main usefulness of resource
monotones is to determine the ultimate limitations
of such conversions [¢)®N* — [TY®NT performed via
stabilizer operations and, possibly catalyst states, i.e.
resource states used to enhance the distillation that
are returned at the end of the computation [9]. Pro-
vided any additive resource monotone M, one can
bound the distillation rate %—Z which quantify the
number of T-state extractable per copy of the initial
state |¢) with any possibly catalyst-enhanced stabi-
lizer protocol. In particular, a necessary condition for
such conversion to be performed with free stabilizer
operations is that M([)*N*) > M(|T)® "), which
immediately returns the following bound on the dis-
tillation rate

Np _ M(J) o
Ny = M(IT))

In the next section, we introduce a particularly
useful family of additive magic monotones: stabilizer
Rényi entropies.

2.2 Stabilizer Rényi entropies

Stabilizer Rényi entropies constitute a family of sta-
bilizer monotones defined through the entropy of the
Pauli distribution.

Definition 2 (Stabilizer entropies [56]). Let |¢) be a
pure quantum state and N 2 a > 2. The «-stabilizer
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entropy is defined as

Mo ([6)) 3= 1 Togy Paal),

(7)
Poal()) = = Z ([Pl

where Ps,, is referred to as stabilizer purities. Stabi-

lizer purities are all tightly related through the follow-

ing inequalities
PQE

(e

< Pyat1) < Poa - (8)

Throughout, we use stabilizer Rényi entropies and sta-
bilizer entropies interchangeably for a > 2.

Stabilizer entropies are pure-state stabilizer mono-
tones [53], magic witnesses for general mixed
states [36], and can be extended to general stabilizer
monotones (Definition 1) via the convex roof con-
struction [53]. They exhibit several useful properties,
which are summarized in Appendix A of Ref. [53].
One such property is additivity under tensor prod-
uct, which is crucial for bounding resource conversion
rates, as explained above, see Eq. (6).

Besides, stabilizer entropies possess a fundamental
feature that distinguish this family from other known
stabilizer monotones: they are experimentally mea-
surable. In particular, stabilizer purities P», can be
recast as a expectation value of the hermitian oper-
ator Qoo = § Y pep, PP on k = 2a copies of the
state . For odd « the operator (s, is unitary and
factorize over qubits, and therefore can be measured
up to an additive error ¢ with O(¢72) many local
measurements. Conversely, for even a the operator
Qs is proportional to a projector with proportion-
ality factor 2", a fact that hits its efficient unbiased
measurement: the following lemma shows that mea-
suring even stabilizer purities unbiasedly requires ex-
ponential sample complexity.

Lemma 1. All unbiased estimators on less than n —
1 copies aiming at measuring stabilizer purities Pag,
with o even up to error € requires Q(d*c=2) sample
access to .

The above lemma effectively poses a hierarchy
within the set of stabilizer purities by identifying
those with odd Rényi index « to be more fundamen-
tal. Indeed, efficient experimental measurability is a
desirable feature across resource theories, particularly
when aiming to investigate their role in quantum sys-
tems.

2.3 The Clifford commutant and generalized
stabilizer purities

The operators 25,, whose expectation value on k =
2« copies of given state ¢ defines stabilizer purities,
are the so-called primitive Pauli monomials and con-
stitute the building blocks of the k-order commutant

of the Clifford group, defined as the set of opera-
tors left invariant by the adjoint action C®* for any
C € C,. In Ref. [11], it has been shown that the al-
gebra generated by primitive Pauli monomials up to
order k generate the Clifford commutant. In particu-
lar, arbitrary products of primitive Pauli monomials
generate the set P of Pauli monomials, which consti-
tute a basis of the Clifford commutant [11, 31].

Let F; the field with addition modulo 2,
V1,...,0m € F5 linearly independent vectors and
M € FI™™ a symmetric matrix with null diagonal.
Then a Pauli monomial of order m < k reads:

1 v v
Q=-- > P [T, )t
Py,...,P,€P, i<j
(9)

where x(P;, P;) = 1if [P;,P;] = 0 and —1 other-
wise. It can be shown [11] that any Pauli monomial
factorizes on qubits and that it can be written as a
product of two Pauli monomials as Q2 = QyQp, where
Qu is a unitary Pauli monomial and p is a projec-
tive Pauli monomial (i.e. proportional to a projector).
Further, unitary Pauli monomials can be generated by
products of g, while projective Pauli monomials as
a product of Q4 and Q (if £ = 0 mod 4) as well as
permutations [11].

We can therefore define generalized stabilizer pu-
rities as expectation values of Pauli monomials on k
tensor powers of a given pure state |¢) [11, 83].

Definition 3 (Generalized stabilizer purities). Let §
be a Pauli monomial of order m defined on k tensor
copies; then the corresponding generalized stabilizer
purity of order m is defined as

Pa(lv)) = [(®* Q=) (10)

It can be shown that generalized stabilizer puri-
ties obey three key properties: (i) Po(|y)) = 1 iff
|¢) € STAB; (ii) Pq is invariant under Clifford uni-
taries; (iii) Pq is multiplicative, i.e. Po(|¥) ® |¢)) =
Po(|v))Pa(|¢)). Moreover, stabilizer purities propor-
tional to hermitian unitary operators can be measured
unbiasedly and efficiently up to additive error € with
O(£72) many local measurements. Conversely, in the
next theorem, we show that stabilizer purities arising
from projective Pauli monomials do not possess this
desirable property, thereby generalizing Lemma 1.

Lemma 2. All unbiased estimators on less than n —
1 copies aiming at measuring a projective stabilizer
purity of order m defined on k input state copies up
to error € requires Q(d*™ /k!?c=2) sample complezity.

The above results hence introduce a hierarchy be-
tween generalized stabilizer purities: while unitary
stabilizer purities can be measured efficiently, pro-
jective stabilizer purities require exponential sample
complexity to be measured unbiasedly. However —
generalizing the findings of Ref. [37] which are only
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tailored to stabilizer purities P>,— we can show that
having access to the state, as well as its complex con-
jugate in the computational basis, all the generalized
purities can be measured efficiently and unbiasedly.

Theorem 1. For any Pauli monomial ) there exists
a choice of partial transposition I' on copies such that
OF is a unitary operator. Hence generalized stabilizer
purities corresponding to hermitian monomials can be
measured up to additive error € with O(e~2) sample
access to Y and P*.

Theorem 1, combined with Lemmas 1 and 2, implies
that having sample access to both the state ¢ and its
conjugate ¥* in the computational basis marks the
onset of an exponential separation compared to hav-
ing sample access to 1 alone. Such an exponential
separation in quantum learning was also observed in
Ref. [47].

Despite giving a recipe for measuring efficiently all
stabilizer purities, Theorem 1 is a technical building
block for the proof of our main results regarding the
hierarchy of generalized stabilizer purities discussed
below.

3 Measurable magic monotones

In the previous section, we introduced stabilizer en-
tropies and their generalizations, which are distin-
guished from other magic monotones by the fact that
they are experimentally measurable. In this section,
we aim to characterize all magic monotones that pos-
sess this desirable property.

In quantum physics, (unbiasedly) measurable func-
tions are all and only those arising from expectation
values of measurement strategies, i.e. quantum algo-
rithms that process k copies of a given quantum state.
As such, measurable functions are nothing but poly-
nomials of degree k of quantum states, i.e. POVM
elements on ¥®*. In this regard, if we want to rigor-
ously characterize measurable magic monotones, we
need first restrict the available magic monotones to
expectation values.

Definition 4 (Measurable stabilizer monotones). Let
P be a arbitrary polynomial of degree k of quantum
states. P is a measurable stabilizer monotone if the
following two conditions are met: (i) P(|¢)) = 1 iff
|¢) € STAB; for any pair (|¢) , €) obeying E(|Y)]) =
[¢X@l, then P(|4)) < P(|9)).

We remark that the choice of the monotonicity con-
dition is arbitrary. Also the other direction > could
have been chosen with miny P(¢)) being the value
achieved from all and only pure stabilizer states. How-
ever, this choice has two advantages: first stabilizer
purities (obeying the monotonicity condition) with-
out offset classify as measurable stabilizer monotones
and second the negative logarithm of any measurable

stabilizer monotone classify as stabilizer monotone ac-
cording to Definition 1.

The requirement for being a measurable stabilizer
monotone significantly narrows the range of possibil-
ities. In fact, it can be shown that any measurable
magic monotone must arise from the commutant of
the Clifford group. We now restate a result proved by
the authors in Ref. [11].

Lemma 3 (Measurable magic monotones lie in the
Clifford group commutant [11]). Let P(-) be a mea-
surable magic monotone for which there exists an un-
biased estimator using k copies of the state n-qubit
state |¢). Then

M(j$) = ) catr(Q®") (11)

QeP

where Q) are Pauli monomials and cq possibly depend-
ing on n.

Hence, generalized stabilizer purities introduced
above constitute a specific example of measurable
magic monotones that can be expressed as single el-
ements in the decomposition described above. How-
ever, generalized stabilizer purities Py form a par-
ticularly nice subclass of measurable monotones, as
they are multiplicative. While mere invariance un-
der Clifford unitaries is necessary but not sufficient
to classify generalized stabilizer purities as effective
stabilizer monotones, the multiplicativity property is
as powerful as additivity when it comes to provid-
ing bounds for resource conversion rates, including
those that may be enhanced by catalysts, as dis-
cussed in Section 2.1. Indeed, given a measurable
stabilizer monotone P that is also multiplicative, i.e.,
P([v) @) = P(|¢))P(|¢)), one immediately obtains
the bound

Ny N & —logy P([9))

PN < PUT)™ = FT < T2,

(12)
Two remarks are in order. First, Eq. (12) reduces ex-
actly to the expression given by the additive magic
monotone in Eq. (6). Second, Eq. (12) effectively
defines the additive version of a measurable stabi-
lizer monotone, namely —logP, of which stabilizer
entropies and stabilizer purities are specific examples
(see Definition 2).

We then conclude that, for measurable magic mono-
tones, the pivotal role that additivity plays for addi-
tive monotones is instead played by the multiplica-
tivity property, since additivity naturally follows by
taking the negative logarithm of a multiplicative mea-
sure.

In the next lemma, our aim is to characterize mea-
surable monotones that possess the multiplicativity
property: we prove that the only multiplicative mea-
surable stabilizer monotones are the generalized sta-
bilizer purities.
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Lemma 4. Let P be a measurable stabilizer mono-
tone on k = O(1) copies of the state, which obeys the
multiplicativity property. Then

P=F, (13)
for some hermitian Pauli monomial §2.

If we require a magic monotone to be both exper-
imentally measurable and multiplicative (and there-
fore additive through the negative logarithm), then
generalized stabilizer purities are the only choice.
Hence, generalized stabilizer purities form a funda-
mental class of measurable monotones within the re-
source theory of magic.

A natural question arises: can we identify an even
more fundamental structure within the class of gen-
eralized stabilizer purities? We answer this in the af-
firmative. In the following theorem—one of the main
technical contributions of this paper—we show that
all generalized stabilizer purities are upper bounded
by the (o = 4)-stabilizer purity in Definition 2.

Theorem 2 (Stabilizer purity upper bounds general-
ized purities). Let p be a arbitrary mized state. Any
generalized stabilizer purity is upper bounded by

Po(p) < Pa(p) . (14)

This result identifies a-stabilizer purities, in partic-
ular with a = 2, as the most robust magic monotones
within the broader class of generalized stabilizer pu-
rities. In particular, the (o = 2) stabilizer entropy
My, as the smallest additive measurable magic mono-
tone, yields the tightest bound on catalyst-enhanced
resource conversion; see Egs. (6) and (12).

A follow-up question is whether generalized stabi-
lizer purities can be lower bounded by stabilizer puri-
ties, thus establishing a similar equivalence to the one
holding for stabilizer purities in Eq. (8). However, we
answer this in the negative with the following propo-
sition.

Proposition 1 (No lower bounds). There exists a
generalized stabilizer purity such that

Pa(y) 2 f(Pa(¥)) (15)
for any function f >0 and « € [2,00).

As a corollary of Lemma 3 and Theorem 2, we can
show that every measurable magic monotone is upper
bounded by the stabilizer purity Pj.

Corollary 1 (Upper bounds to every measurable
monotones). Let P a measurable magic monotone for
which there exists a unbiased estimator on k copies.
Then, it holds that

P(¢) = O(Pu(¥)); (16)

additionally, if k = O(1), the constant does not de-
pend on n.

So far, we have shown that stabilizer purities rep-
resent the most robust elements within the class of
measurable stabilizer monotones. In the next section,
we leverage the hierarchy established among measur-
able magic monotones in Theorem 2 to provide a clear
operational interpretation of stabilizer entropies.

4 Operational interpretation of stabi-
lizer entropies

A particularly desirable aspect of a resource mono-
tone is its operational interpretation. Indeed, as dis-
cussed in Section 2.1, from a technical perspective,
resource monotones are used to provide tight bounds
on resource conversion between states. However, as
we discussed in the introduction, determining or mea-
suring a quantum resource in quantum states lacks
precise meaning if it does not come with a clear op-
erational interpretation. Below, we endow stabilizer
entropies with a clear operational interpretation in
the context of property testing, in which a learner is
required to distinguish a state drawn uniformly from
one of two ensembles of states. A common figure of
merit in property testing is the optimal success prob-
ability that the learner achieves in distinguishing the
two ensembles. We analyze two scenarios: A) the task
of distinguishing the Clifford orbit of a given state
from the Haar random ensemble, equivalent to study
the condition for which the Clifford orbit forms an
approximate state k-design [57]. B) the task of stabi-
lizer testing, where a learner must distinguish a given
state from the set of stabilizer states. The optimal
probability of success of both tasks are governed by
the value of the stabilizer entropy, giving it clear op-
erational interpretation.

4.1 State k-designs

The task of distinguishing an ensemble of states from
Haar random states has a rich history in quantum
information theory [30]: an ensemble of states £ which
cannot be distinguished having access to k copies and
with probability greater than % + ¢ from the full set
of states endowed with the Haar measure is known as
state k-designs.

State k-design can be rigorously defined as follows:

Definition 5 (State k-designs). Let £ = {|¢)} an
ensemble of pure states. Then &€ is a e-approrimate
state k-design iff

3| X et = [avioxu™| << an)

lv)e€ 1
where [ di is the Haar measure over statevectors.

In the context of magic-state resource theory a nat-
ural ensemble to consider is the Clifford orbit of a fidu-
cial quantum state [¢), i.e. &y = {C[¢) : C € Cp}.
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Indeed, any magic monotone constitutes an invariant
within the ensemble &y.

We therefore ask what is the optimal success prob-
ability for the task of distinguishing k copies of a
state coming from the Clifford orbit of a fiducial state
|} from k copies of a Haar random state, which is
equivalent in asking the following question: when the
Clifford orbit of a state gives rise to a e-approximate
state k-design? The next theorem bounds this success
probability with the stabilizer entropy, thus establish-
ing its operational meaning.

Theorem 3. Let |[¢) be a pure quantum state, and

let &y denote its Clifford orbit. The probability qgﬁ)cc
that any quantum algorithm, given access to k copies,
can distinguish £y from the Haar-random ensemble is
bounded as

11 1 1 B 92k?

24 Z972M3(¥) _ Z < 4(B) = 4 T o—Ma(9)

573 g = dsuee =515 Y
(18)

where B < 2K°/2.

At the core of the proof of the above theorem lie
two key components. First, we bound the trace norm
difference between the average state over the Clifford
orbit, £y, and the average state under the Haar mea-
sure, using the sum ) o p Po(). In other words,
the unitary generalized stabilizer purities determine
the extent to which the Clifford orbit approximates
a state k-design. The second step involves applying
Theorem 2, which states that P, (1)) is the most robust
among the stabilizer purities.

Theorem 3 provides a operational interpretation of
stabilizer entropies. In particular, provided k copies
of the state, the probability of distinguish the Clif-
ford orbit of a quantum state |¢) from a Haar random
state shrinks with the stabilizer entropy of the state
|} and the two ensembles become indistinguishable
whenever M(|9)) — k?/2 = Q(log1). Conversely,
if M3 = O(logl), the two ensembles can be distin-
guished by measuring the POVM %, correspond-
ing to the measurement of Pg(1)).

Beyond their operational significance, the construc-
tion of state k-designs is valuable for quantum in-
formation processing. For example, Ref. [12] shows
that access to a state 3-design, combined with aux-
iliary qubits and Bell measurements, is sufficient to
perform the task of classical shadow tomography [42].
Furthermore, access to magic—and hence to higher-
order (k > 3) state designs—improves the robustness
of classical shadows [15]. As a corollary of our re-
sult in Theorem 3, we provide a simple recipe for
constructing higher-order state k-designs by fixing an
input state and applying random Clifford operations
C eC,.

Corollary 2 (Efficient construction of state
k-designs). The Clifford orbit of a state |1p) forms

a 2<€+2’(”72k2))—appr0$imate state k-design if

My(|v)) > % +loge™t. Conversely, if M3(|y)) >
loge™! then &, cannot form a 2(5—2_("_1))-
approximate state k-design. Hence, for k = O(1),
&y forms a approrimate state k-design iff

My = O(loge™). (19)

The result of Corollary 2 generalizes to arbitrary
values of k the earlier findings of Ref. [44, 55], where
it was shown that higher stabilizer entropies lead to
universal purity fluctuations. It also extends the more
recent results of Ref. [51], in which the authors con-
structed relative-error 4- and 6-designs using the Clif-
ford orbit of a random MPS input. On a related note,
we observe that the Clifford orbit of a fixed input state
is not the most resource-efficient method, in terms
of magic, for generating an e-approximate state k-
design. Instead, random subsets of phase states form
e-approximate state k-designs and exhibit stabilizer
Rényi entropy of order O(logk/e) [52].

Let us conclude this section by noting that, since
the stabilizer entropies for different Rényi indices «
are tightly related (see Definition 2), the bounds pre-
sented in Theorem 3 and Corollary 2 can be equiva-
lently expressed in terms of M, at the cost of constant
factors. Consequently, the operational interpretation
extends naturally to any oo = O(1).

4.2 Stabilizer property testing

Let us discuss somewhat the converse task, which is
when a state is distinguishable from the set of sta-
bilizer states. This task, which recently attracted a
considerable attention in the literature, is known as
stabilizer property testing [6-8, 17, 29, 31, 39]. Simi-
larly to the previous case, now the learner is given k
copies of a given state and is required to distinguish
whether the given state is a stabilizer state or it is
not. Given that the problem is completely invariant
under the application of Clifford unitaries, a equiva-
lent formulation of the problem can be done in the
same spirit of the previous section, by requiring the
learner to distinguish a state uniformly drawn from
the Clifford orbit of the state [1)) or from the set of
stabilizer states.

The authors of this manuscript studied this prob-
lem in a previous work [11], aimed at studying the
connection with the commutant of the Clifford group.
While, we showed that up to & = 5 copies, the opti-

mal success probability pgi)cc < % + O0(27™) is expo-
nentially close to the success probability of a random
guessing, i.e. 1/2, provided k = 6 copies this task be-
comes achievable. In [11], we showed that the (a = 3)
stabilizer entropy of a state ¢ determines the optimal
success probability of discriminating v from a stabi-
lizer state:

© _ L

succ 9

1
+50- 97 2Ms(¥)y) (20)
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with the optimal property testing algorithm (i.e., the
one with the highest success probability) being given
by measuring the POVM element % with Qg =
Ly, P

Naturally, having more copies k > 6 available
makes the stabilizer testing task more easy achiev-
able and boost the success probability. In particular,
using the POVM element (%)@Lk/ﬁJ ® 1®k—6Lk/6]
one can lower bound the success probability from be-
low exponentially close to 1 in k:

k
1 1+272M3 \.EJ
oz (R

Hence the stabilizer entropy determines the optimal
success probability of stabilizer property testing in the
fewest possible copy scenario and lower bounds the
success probability when more copies are available.
A similar but strictly more general task is tolerant
stabilizer testing [6-8], which requires the learner to
determine whether a given state |1)) satisfies

(A) [{(p|o)|* <1 —¢e; for all 0 € STAB,; or

(B) there exists |0) € STAB such that |(|0)]? >
1-— £9.

This task operationally defines a magic mono-
tone known as the stabilizer fidelity, given by
Fsta(|¥)) = maxyesran |(¥|0)]?, since measuring
Fsrtan is sufficient to solve the tolerant stabilizer test-
ing problem exactly. While it is possible to estimate
the stabilizer fidelity (albeit with bias) using O(n)
samples, there is no known computationally efficient
method to do so.

The question of whether tolerant stabilizer testing
can be performed efficiently has been studied in a se-
ries of works [6-8], and it turns out that measuring
the POVM 1%& suffices, since

(Ps(19))) < Fsran(l¥) < (Ps(l))V® (22)

for some constant C', which currently is unknown.
Therefore, even in the tolerant stabilizer testing sce-
nario, the stabilizer entropy determines the success of
the task through its efficient measurement.

In this regard, Eq. (22) offers an additional opera-
tional interpretation of stabilizer entropies: they pre-
cisely quantify the distance between the state |1) and
the set of stabilizer states. Furthermore —by noticing
that the success probability of any property testing al-
gorithm is upper bounded as %—F % min,estap |[P&F —
o®*||~ Eq. (22) allows us to derive an upper bound
on the optimal success probability psucc of a stabilizer
testing algorithm:

1 1 — 27 2E6Ms(¥)
DPsucc < 5 + 9 s (23)

which depends on the o = 3 stabilizer entropy. To-
gether Eq. (21) and Eq. (23) demonstrate that Ms
fully characterizes the task of stabilizer property test-
ing.

5 Conclusion and open questions

In summary, we have provided a comprehensive char-
acterization of stabilizer entropies and their gener-
alizations within the framework of magic-state re-
source theory. By showing that measurable magic
monotones lie within the Clifford commutant, we es-
tablished that stabilizer purities—and thus stabilizer
entropies—are distinguished by their additivity and
computability. We then demonstrated a rigorous op-
erational interpretation of stabilizer entropies through
property testing tasks, showing that they precisely
govern how well the Clifford orbit of a quantum state
approximates a random ensemble and how effectively
one can distinguish non-stabilizer states from the set
of stabilizer states. These results highlight the precise
role of stabilizer entropy in quantifying the resource-
fulness of quantum states and give new rigorous av-
enues for leveraging magic in quantum systems.

However, our work leaves several open questions,
which we outline below.

e In Lemmas 1 and 2, we have shown that there
is no unbiased estimator for measuring stabilizer
purities with even Rényi index a and projective
generalized stabilizer purity, respectively, with-
out incurring exponential sample complexity or
requiring access to the conjugate state (see The-
orem 1). However, while unbiased estimators
guarantee the absence of systematic error in the
estimation, one could argue that a systematic er-
ror that is superpolynomially small in n might
not significantly affect any learning process from
the perspective of an experimenter. Our result
does not address, and our proof technique does
not extend to, such undetectable systematic er-
rors. An interesting open question is whether
there exists an efficient, yet biased, estimator
for projective stabilizer purity with undetectable
systematic error, or if the existence of such esti-
mators can be generally ruled out.

e In Lemma 3, we show that all measurable magic
monotones lie in the commutant of the Clifford
group. Furthermore, in Lemma 4, we prove that
if one requires both measurability and multiplica-
tivity (or additivity through the negative loga-
rithm) of a monotone, then the generalized sta-
bilizer purities (Definition 3) are the only viable
choice. However, this latter result relies on the
assumption that the number of copies k£ does
not scale with n. This reflects a fundamentally
technical issue: consider a generalized stabilizer
purity defined on k = f(n) copies of the state.
Then, for an input state of the form |1y, ) ® |, )
with n; + ne = n, we have tr (Q w%’lf(") ®

2l = e (el ™) te (R ™), which
fails to be multiplicative in the required sense, as
tr (Q w;?lf(n)) # tr (Q wf?lf(nl)). Hence, at least
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for generalized stabilizer purities, the condition
k = O(1) appears to be necessary. The open
question is whether this necessity holds more gen-
erally, and if additive measurable monotones only
correspond to generalized stabilizer purities only
when defined on a fixed number k£ = O(1) of
copies, without restricting the number of copies
to begin with.

o Generalized stabilizer purities, as defined in Def-
inition 3 or Refs. [11, 83], are shown to be Clif-
ford invariant, maximal for stabilizer states, and
additive. However, apart from the stabilizer pu-
rities Ps,, whose monotonicity under stabilizer
operations was established in Ref. [53], it re-
mains an open question whether other general-
ized stabilizer purities satisfy the monotonicity
property. Given their central role in character-
izing the commutant of the Clifford group, as
demonstrated in [11], and the importance of addi-
tive and measurable magic monotones, resolving
this question is of significant importance.

e While for £ = O(1), Theorem 3 and Corollary 2
completely characterize the regime for which the
Clifford orbit forms a c-approximate state k-
design, i.e. for My = ©(loge™!), the careful
reader may wonder how tight is the bound pro-
vided by Theorem 3 when the number of copies
k starts scaling with n. Let us consider the state
[) = |T)®", consisting of n copies of the T-state.
It is well known [56] that M (|¢)) = ©(n); hence,
the Clifford orbit of |7)®" cannot be distin-
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A Preliminaries

The appendix is organized as follows: in this section, we introduce the main tools and prove the key preliminary
lemmas. Then, in Section B, we make use of these results to establish all the main theorems of the paper.
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We use the notation [n] to denote the set [n] := {1,...,n}, where n € N. The finite field Fy consists of the
elements {0,1} with addition and multiplication defined modulo 2. For z € F5, we denote |x| the Hamming
weight of . The space of k x m binary matrices over F5 is denoted by ngm. The set Sym(F5"*™) denotes the
set of all symmetric m x m matrices over the finite field F5, having a null diagonal. That is,

Sym(F5 ™) == {M e F{"™: M" =M, M; ; =0VYj € [m]}.

Similarly, we define set Even(F5*™) as the set of binary matrices V € F5*™ with m € [k] with column vectors

VI of even Hamming weight

Even(F5*™) .= {V e F5*™ . |VT| =0 mod 2 Vi € [m]}. (24)

A.1 Haar average over the Clifford group

In this section, we summarize the findings of Ref. [11] regarding the average over the Clifford group, as it will
be instrumental for the proof of our main result. Let us first define the set of reduced Pauli monomials, which
will be referred to as the set of Pauli monomials for brevity.

Definition 6 (Pauli monomials). Let k,m € N, V € Even(F5*™) with independent column vectors and M €
Sym(Fy*™). A Pauli monomial, denoted as Q(V, M) € B(H®¥), is defined as

1 v VU v i
UV, M) = y PR pee [ x(p Pt ] (25)
Pcpm i,jE[m
=

where x(P;, Pj) = 1 if P;, P; commute and —1 otherwise , and we denote a string of Pauli operators in P,, as
P :=P,...,P,. We define the set of reduced Pauli monomials as

P = {Q(V,M)|V € Even(F§*™) : rank(V) =m, M € Sym(F3"*™), m € [k —1]}. (26)

Furthermore, we define Py == P N Uy the set of reduced Pauli monomial which are also unitary and Pp the
set of reduced Pauli monomials proportional to projectors, formally defined as

Pp = {QV,0)|V € Even(F5*™) : [V =0 mod 4, V;" -V =0 mod2,1,j € [m]}. (27)
Lemma 5 (Relevant properties of Pauli monomials). The following facts hold [11]:
o The commutant of the Clifford group is spanned by P.

o Forn < k—1, P contains linearly independent operators.

k2 _3k—1 2_3k+12

|P| = Hi:OQ(T +1), and the following bounds holds 2= — < |P| < 2" 2

o For Q e P, then Q = w®" (i.e., factorizes on qubits), where

1
w=o— Y PPuPR PR | T x(@ Py)M (28)
Pe{l,X,Y,Z}™ l,]G[m]
1<

e QT =Q7 forallQ € P.
e Q=QuQp where Quy € Py, Qp € Pp for all Y € P.
19]l1 = tr(Qp(V,0)) = d**22kV) where Qp(V,0) € Pp, for any Q € P.

. tr(Qp‘g’k) <1 for any state p and any 2 € P.

Lemma 6 (Substitution rules, Theorem 37 in Ref. [11]). Let V € Even(F§*™) and M € Sym(FJ*™), and
let Q(V,M) the corresponding Pauli monomial. For any matriv A € GL(F3'™™), it holds that Q(V,M) =
Q(VA,M(A)), where M(A) € Sym(F5y**™) is a function of the matriz A, determined as follows. Define

H=VTy, (29)
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1T 2 9 (30)
Aij = M;;+widi;+ Hijdicj, (31)
where all operations are (mod 2). Then, for any A € GL(F5'*™), we obtain the transformations
A(A) = ATAA, (32)
H(A) = AA) + AA)T, (33)
wi(A) = Ay i(A), (34)
M; ;(A) = A j(A)dis; + Aji(A)dji- (35)

Lemma 7 (Twirling over the Clifford group [11]). Consider the Clifford group C,. The k-fold channel of C,,
denoted as ®ci(-), on an operator O reads

Pa1(0) = Z (W Haa tr(QT0) (36)
Q.0eP

where P is the set of Pauli monomials in Definition 6, and W~ are the Clifford- Weingarten functions introduced
in [11], obtained by inverting the Gram-Schmidt matriz W o = tr(QTQ). Moreover, it holds that

c1(0) = Praar (0)+ Y > W oo tr(Q0)2+ > Y Wihaotr(QO)2+ > W) tr(Q7C
QEP\S), U ES) QESK V' EP\Sk Q,0'€P\Sk
(37)

In what follows, we summarize the asymptotic results proven in Ref. [11].

Lemma 8 (Asymptotics of Clifford-Weingarten functions [11]). Let W the Gram-Schmidt matriz, and let W~*
be its inverse. Let n > k% — 3k + 13. Then the following properties hold.

(i) W is symmetric.
(ii) 1< Wao o <dv=1 Q#£Q €P.
(iii) Wa,q =d*, Qe P.
w — < AW) <d¥ + —* where s any eigenvalue o .
dF — [P|dF—1 < X dF + |P|d*=1 where A(W lue of W
v) det(diagW) (1 — 2L < det(W) < det(diagW) (1 + 222, if n > k2 — 3k + 13.
det(diag W P < det(W) < det(diag W AP, ifn > k2 — 3k

(vi) The following asymptotics hold for Clifford-Weingarten functions,

_ 1 6P|
1
’(W )Q’Q_dik S dk+1 3
51P[? (38)
(W Hagal < TR

Lemma 9. Let P be the set of Pauli monomials. Define Psym = {UgymUlgym : Q € P} with Iy, = Zwesk T,

the projector onto the symmetric subspace. Then provided that k < n—1 the set Psym contain linearly independent
operators.

Proof. Let us start by ZQ €Paymn collsym Qgym = 0. Our objective is to show that this implies cq = 0 necessarily.
Defining the set Sq = {T,QT, : 7,0 € Si}, we expand the above as

> Y =0 (39)

Q€Pym  VESq

where mgqy is the multiplicity of ', which is different from 0 if " € Sq. Finally, we can rewrite it as ) o p o2 =
0. However, since the set of Pauli monomials P contains linearly independent operators, this implies that ¢, = 0
which, in turn, implies that co = 0 for every © € Pyyr,. This concludes the proof. O
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A.2 Elements of the real Clifford commutant

In this section, we generalize the concept of Pauli monomials to a broader class of operators, which form a basis
for the real Clifford commutant. While we briefly discuss some of their properties relevant to the proofs of the
main results in Theorems 1 and 2, a more comprehensive treatment will appear in the forthcoming manuscript
Ref. [10], see also Ref. [61]. We anticipate that the construction of the real Clifford commutant is also of
independent interest. For example, in Ref. [23], it has been employed to study efficient cross-device verification.

We refer the reader to Ref. [11], as the following section relies heavily on the language and techniques developed
therein.

Let C € C,, then C is said to be real iff CTC = 1. Denoting C? the subgroup of real Clifford operations,
then the commutant is the vector space (and algebra) defined as those operators left invariant under the adjoint
action of operators C®* with C' € CR. We generalize Pauli monomial to include also partial transposition as
follows.

Definition 7 (Generalized Pauli monomials). Let V € Even(F5}*™) be a mazimal rank matriz, M &
Sym(F3"*™) and T € {0,1}™ € FJ* be a vector. Then a generalized monomial is defined by

1
QM) = — 3 PEURR Pt | [T x®o )M | [T e o)
Py,...,P,,€EP, 'L,Je[m] 1€[m]
1<J

where x(P;, P;) = 3 tr (H]%P;P;), and £(P;) = L tr(P,PT).

Lemma 10 (Multiplicativity property of £(P)). Let P,Q be two arbitrary Pauli operators. Then, it holds that

§(P)E(Q) = &(PQ) = £(QP) (41)
Proof. From the definition, it follows that £(P)£(Q) = étr (PTPQQT) = étr(QP(QP)T) = %(PQ(PQ)T). O

We now show that the partial transposition of a primitive Pauli monomial effectively behaves in the opposite
manner to its non-transposed counterpart.

Lemma 11 (Transpose of a primitive Pauli monomial). Let Q. be a primitive Pauli monomial with k = 0
mod 2, and let t be the transposition of the first copy of k. Then it holds that

1
QL = g Z Pk 5 ¢(Py) (42)
PeP,
Moreover, Q0 is a unitary if k =0 mod 4; otherwise Q% is proportional to a projector.

Proof. First notice that PT = P¢(P). To show its spectral properties, we square it:

1
@) =5 > PP x&(P)EQ) (43)
P,QcP,
1
=5 2. (PO x¢(PQ) (44)
P,Q€P,,
1
== Y (AEPIK)® < (VXK PIK) (45)
P,K€P,
1 1 hin
=2 S KORE(K) x - > XK, P) (46)
KePn PeP,
:é ZK@kxg(K)x ZK,l k+2=0 mod4 )
Kep,, else
1 k+2=0 mod4 )
I R
(49)
from which the unitarity or proportionality to a projector follows. O
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Lemma 12 (Generalized Pauli monomials closed under transposition). The set of generalized Pauli monomials
Q(V, M,T) are closed under transposition. In particular if one transposes the a-th copy and denote t, as the
corresponding operation, then

UV, M,T)' = Q(V,M',T") (50)
where M;; = M;j +vitv§ and I'; = T'; + o3
Proof. To see this, note that for products of Pauli operators

(P Po)T = Py Py x tr((Pl...Pmc)l(PlT~--P7£)) _ H f(B‘)HX(Pi»Pj) (51)

holds. We can use this to rewrite

1
QV, M, T)' = ¥ >oooopErpgeepEteox | [ @@L P)Me | < T ) (52)
Pi,....,P,€eP, i,j€[m] i€[m]
1<j
xor(PYE e PP T (53)

dm
Py,....PnePy i,j€[m] i€[m]
1<j

1 « «@ «@
= S ppupg B x| [T (PPt | T et (5)
[

from which the result follows. O

Lemma 13 (Generalized substitution rules). Let V € Even(F5*™) and M € Sym(Fy"™™) and T' € F5*, and
let Q(V, M,T) the corresponding generalized Pauli monomial. For any matriz A € GL(FY™™), it holds that
QV,M) = QVA M(A),T'(A)), where M(A) € Sym(Fy**™) and T' € FJ* are functions of the matriz A,

determined as follows. Define

H=VTV, (55)
w; = ‘%' + 1, (56)
Aij =M +widij + Hijdicy, (57)

where all operations are (mod 2). Then, for any A € GL(F5'*™), we obtain the transformations

A(A) = ATAA, (58)
H(A) = A(A) + A(A)T, (59)
wi(A) = Ay i(A), (60)
M; j(A) = Ai j(A)dis; + Aji(A)Gj>s (61)

Proof. To prove the statement it is sufficient to extend the proofs from [11] to also encompass the partial
transposition. The proof of Theorem 37 in Ref. [11] entirely follows from the substitution rules (Theorem 34
in Ref. [11]). Let us see how one can simply modify the proof of Theorem 34 in in Ref. [11]: in proof of
Theorem 34, one substitutes R = P, P,1+/x(Pa, Pat1) to replace P,. As such, the only additional term for

the transformation is

E(Pa)' = X(R, Pay1) *&(R) *E(Pay)" (62)

because

tr(Puct RRT PLLy) = X(R, Pas) 3y tr(Pay P4 ) 1 (RRT) = X(R, Pay)E(R)E(Paa)
(63)

As such, if I'y = 1, then M, 441 — Mg q+1 + Iy and P,y gets partially transposed aswell. This precisely

describes that the respective transposed primitive behaves exactly as the opposite type of the original primitive,

tr(PaPaT) — x(R, P‘I‘H)é
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whose trivial case reduces to Lemma 11. This proves that it is sufficient to replace w; = hw(v;)/2 from Lemma 6
with w; = hw(v;)/2 4 T';. This allows to define

which encodes all the possible linear transformation of generalized Pauli monomials. O

Corollary 3 (Normal form and number of projective primitives). Any generalized Pauli monomial Q(V, M,T")
can be decomposed in normal form as
Q(V,M,T') = QpQy (65)

where Qp and Qu are generalized unitary and projective monomials, i.e. those including also partial transpo-
sitions of primitive Pauli monomials explored in Lemma 11. Moreover, let V € Even(ngm) of mazximal rank.
Let m(Q2) be the order of the monomial Q and m(Q2p) the order of the projective part in normal form. Then it
holds that

m(Qp) = dim(ker(A)) = m(Q) — rank(A) (66)

Proof. The proof directly follows from the proof in Lemma 46 and Proposition 47 of Ref. [11] adapted in using
the generalized substitution rules in Lemma 13. O

Lemma 14. Let V € Even(F5*™) with mazimal rank, and M € Sym(Fy™™™). Let Q(V, M) the corresponding
Pauli monomial. There exists t,, and t, € {0,1} | such that Q) s a unitary and Q) contains at least one
projective component.

Proof. The two statements can be established using the same proof technique.

1
Let us begin by rewriting Q = <H (V*
the Gaussian elimination can produce a full pivot structure, up to a permutation I1. As the permutation only
corresponds to a permutation of the k copies, we can restrict ourselves to only look at the case II = 1 without
loss of generality. Next, we note that choosing ¢ = (T,0,...,0) with T € {0,1}™, leads to the following relation

between the transposition of the Pauli monomial 2 and a generalized monomial in Definition 7:

o((8))"-0((2)-00)-

As such, it follows from Lemma 13 that the following relation between A matrices hold:

M ) . This is always possible as V' has maximal rank and therefore

A (Q(t)) = A(Q) + Diag(T) (68)

Corollary 3 (and Proposition 47 in [11]) establishes that if A(€) is full rank, then the corresponding generalized
monomial §2 is unitary operator. Hence, to prove the statement, it is sufficient to find a partial transposition
(encoded in T") for which det(A(Q(V, M,T))) #0. Let ' = (71,..., s ). Then the determinant of A(Q(V, M,T))

is a polynomial in 7q,..., 7,
p(T1y ...y Tm) = det(A + Diag((m1,...,7m))) (69)

which can take two values in Fy, i.e. p(I'y) = 1 and p(I'y)) = 0. We can make use of the combinatorial
Nullstellensatz which says that a polynomial of degree m is different from zero if the coefficient of the monomial
Ti, ..., Tm is different from zero.

For the determinant p(ry,...,7,,) this is always the case:

m

P, ) = Y sign(o) [ [(Aiow) + Tibiog)

TESm i=1
=[[Aii+m)+ D sign(o) [[(Aiow) + Tibiog)
i=1 SmOo#e i=1

As a consequence of the combinatorial Nullstellensatz [3](Thm. 1.2), if the polynomial is defined on Fq, we get
that since the coefficient of the largest degree monomial is nonzero, there always exist a choice of the variables
Ti,...,Tm t0 ensure either p =0 or p = 1.
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Since there exists a choice of the coefficient 74,...,7,, to ensure p = 1, the first part of the statement is
proven.

Conversely, to show that there exists a partial transpose which transforms a unitary into a monomial contain-
ing at least one projective component, according to Corollary 3 we need to prove that dim(ker(A(Q))) > 1.
Since there exists a choice of ' such that p = 0, the second statement is proven. This concludes the proof. [J

B Proofs
B.1 Proof of Lemmas 1 and 2

Proof. We are interested in measuring tr (Qw®k) with an unbiased estimator on [ > k copies. First, any unbiased
estimator on [ copies can be written as the expectation value of a positive operator, i.e. a POVM element,
tr(ITyy®!). Second, defining the symmetric subspace of linear operators as Sym(B(H®%)) = {IlgymOllgym =
0,0 € B(H®*)}, we have that [88]:

Sym(B(H®*)) = span(|e)}|** | ) € H) (71)

where Iy, is the projector onto the symmetric subspace sym(H®*) = span{|1/)>®k ,[v) € H}. Therefore, any
unbiased estimator for tr(Qy®*) would work for unbiasedly estimate tr(€2p) for any p € Sym(B(H®F)).

Since € is invariant under the action of C®* for C' € C,, without loss of generality, we can consider IT to be
Clifford-invariant under the action of C®! and living in the symmetric subspace, meaning that we can express
IT as

II = Z CQHsmeHsym (72)
QEPsym
and impose that
tr(Ilp) = Ntr(Q ® 1®(l_k)p), Vp € Sym(B(H®')) (73)

Restricting | < n — 1, by Lemma 9 IlgnQllyy are linearly independent we have that [ = £ and that II =
NlgymQlgym. Since 0 < II < 1 is a POVM element, the normalization is nothing but the operator norm of

Msym Qsym .
gymgym. Hence II = =% =—>%—. However, for k£ copies of a pure statevector, we have
Hnsym Ql_[sym H oo

1
kY - Rk
tr(Hw ) = [ Toom Oy tr(Q¢ )

1

< -
= Moy (74)

where we used that tr(Qy®*¥) < 1 (see [11]). This means to measure tr(Qy®*) with additive error &, we

need to measure tr(I1¢®*) with an additive error , which requires Q(||Tsymlsyml||%.c72) sample

€
complexity. We are just left to lower bound ||IIgym Qlgym|leo- Since € is proportional to a projector, we have

that % is a normalized state. Using tr(Op) < ||O||» for any state p and operator O, we can lower

bound the operator norm of Ilgym lgym as

tr(Mgym QMg Q) Doroes, T(T0QT,Q)
gy Mgy || 0o > 24 2 — =mIoCSk 75
IMheyn My foc = tr(QoLgym) k12 tr(QLgym) (75)

using that tr(Q7T,Q7T,) > 0 for any 7,0 € Sk, we can select 7 = e (the identity permutation) and lower bound

EG’GSk tr(TUQQ) ltr(HSme2) _ ||QHO<>

Ty QI > > = 76
[ Teym QMeymlloc 2 kP2 tr(QIlgym) — k! tr(QIlgym) k! (76)
where in the last step we used the fact that Q2 = |||, for projective monomials.
Noting that for any projective monomials we have ||| = d™ completes the proof. Moreover, for Pauli
monomials obeying [Ilsym, ] = 0 as, for example, primitive Pauli monomials, we can prove a tighter lower
rIs;ymQ

bound by choosing the normalized state Ty and lower bounding
sym

tr(HsmeHSme) _ tr(HsmeQ)
tr (Tsym2) o tr(Tsym 2)

||HsmeHsym||oo Z = ||QHoo . (77)

For primitive Pauli monomials, i.e. stabilizer purities, we have |||/ = d. This concludes the proof. O
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B.2 Proof of Theorem 1

Proof. According to Lemma 14 for any €2, there exists a partial transpose such that
Qi) e U(2mk). (78)
Using this we can build

21 + Q(tu) + Q(tu)T I 21 — ZQ(tu) + ZQ(tu)T

1L, : 1 s P 1 (79)
which are both POVM elements. As such, we can reconstruct
tr(Qy®F) = tr (Q““) (z/z@’“)(t")) (80)
— tr (2(117. AL — (2 4 20)1) (¢®k)““)) (81)
= 2tr (1L (059 )) + 200 (1 (59 )) = (1401 (82)

As tr (Ql/)®k) can be estimated with two POVM measurements applied to copies of the state and its transpose,
the proof follows. O

B.3 Proof of Lemma 4

Proof. From Lemma 3, we know that every measurable magic monotone P(%)) can be written as P(¢) =
depsym cn(Q) tr(Qp®%), where ¢, () possibly depend on n. We now require that for any state v, ¢,/ on
n,n’ qubits respectively it holds that P(t, @ ¢n/) = P(n)P(é,). Since P(:) is a magic monotone, then
P(on) =1 (we can always rescale the maximum value to be 1) for any n € N. We therefore have

P(tn @ o) = Z Ctns (£2) tr(9¢§k) =P(n) = Z cn($2) tr(m[};?k) (83)
Q Q
Hence, we can express P(¢,) = Y ¢(Q) tr(Qy®*) with ¢(Q) := lim, ¢, (Q). Labeling Pauli monomials as €2;

fori =1,...,dim Com(C,, k), we can define for any ¥ a vector v(¢)) with components v;(1)) = tr(in‘X’k) and
the vector space

V = span{v(v) : |[¢) € H} C clim(Com(Cnik)) (84)

If dimV < dim(Com(Cy,, k)), it means that there are linear dependencies in the components of the vector v.
Hence, we can rewrite the linear dependent components of v as a linear combination of the others as

dim V'
Vo (V) = Z Anivi(¥), dimV < a < dim Com(C,, k) (85)
i=1
In this way, we can rewrite the measurable monotone as

dim (V)

P)= > cui(®) (86)

i=1

where v;(¢) are all linearly independent. Let us now impose the multiplicativity condition

dim V' dim V
P(v ® ¢) = P(¥)P(¢) = Z chvi(¥)vi(¢) = AZ cichvi(¥)v; (9) (87)

Since now the vectors are linearly independent, it follows that necessarily ¢; = d;; for some 7. Since a measurable
magic monotone is necessarily real, it follows that also the stabilizer purity it corresponds to is real and hence
corresponds to a expectation value of a hermitian monomial in the symmetric subspace. O
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B.4 Proof of Theorem 2

Proof. Our objective is to show that for any Q ¢ Sy and for a arbitrary mixed state p, we have
1
ok : 4
|tr(Qp%F)] < < EP tr(Pp)”. (88)

We proceed by an iterative argument. Let us define 2 = Q, and assume without loss of generality that all
permutation components have been removed from €’. This is justified because permutations do not alter the
value of generalized purities for pure states. Therefore, we can focus on the essential non-permutation structure
of Q.

This simplification implies that the span of the vector representation V of ' does not contain elements of
Hamming weight 2. Consequently, any column in the support of ' must have Hamming weight at least 4.

o Casel: m(V)=1
In this case we have k = 2« even. Therefore

[or (€ (522219 = ‘Cll S t(Pp)> (”Z“) ' . (39)

with tg being a arbitrary partial transposition. Since the expectation values tr(Pp) are bounded in mag-

nitude by 1, it follows that
tr(PPT

1
11 Q2a\t
[er (@ (p* ) N[ <5
where Py(p) denotes the 4th moment (stabilizer purity) over the Pauli basis.

< =S a(Po)' = Pilp), (90)
3 P

e Case 2: ' is neither unitary nor a projector
We express €' in normal form as a product ' = QuQp, where Qy is unitary and Qp is projective. Let tg
a arbitrary partial transposition. Then,

(@ (6))] = [ex(Q 2 (57| 1)
= o [ (R (92)
= —r |1 ( QU QP (p7)7)] (93)
< g | 2r Vo0 0104y | (04)
TR (e (95)
= \[tx(Qp (69412 tr(Sp (p24)12). (96)

where mp is the order of the projective part. We repeatedly use the fact that, for Qp being a projective
monomial, it holds that Q% = d™?Qp. Thus, if both tr(Qp(p®*)"#) and tr(Qp(p®*)") are individually
bounded by Py, then € is as well. We follow the argument for both ' = Qp and Q' = Q' seperately.

e Case 3: ' is unitary
In this case, we can map ' to a form that includes a projective component by exploiting the invari-
ance of the trace under partial transposition and the fact that p®* is product over the tensor copies. In
particular,tr (Q'p®*) = tr(Q' (p®*)'#) with ¢z being a partial transposition. By Lemma 14, there ex-
ists a partial transposition that transforms ' into a (generalized) monomial with at least one projective
component. This brings us back to Case 2.

o Case 4: Q' is a projector
We use the same strategy as in Case 3: by Lemma 14, there exists a partial transposition that transforms
Q' into a unitary monomial. This reduces Case 4 to Case 3.

By iteratively reducing the effective order m(£2') of the monomial through the above cases, we ultimately

reduce the problem to the case m = 1.

Remark 1. The above strategy not only provides a general bound for all generalized stabilizer purities but can
also be adapted to obtain tighter bounds for specific choices of (2.

O

Accepted in {Yuantum 2026-03-24, click title to verify. Published under CC-BY 4.0. 22



B.5 Proof of Proposition 1
Proof. We consider the generalized stabilizer purity arising from the following Pauli monomial
1
Quaas = o Z (PL)® P® (PQKL)® (PQK)® (QL)® Q® (KL) ® K (97)
P,Q,K,LeP,
belonging to Com(C,,,8). We consider n = 1 and the state

11
G:§+T\/§(X+Y+Z) (98)

called the Golden state. A direct calculation shows that P, , , ,(G) = tr(Q4,4,44G®®) = 0, while P, (G) # 0 for
any value of o. Hence there is no positive function f > 0 for which it holds that Po,, ,,(G) > f(Pa(G)). Since
generalized purities are multiplicative, we conclude that for any value of n this counterexample holds true. [

B.6 Proof of Theorem 3

Proof. Our objective is to bound || ®gaar (¥®F) — @ (1v®F)||;. Using Lemma 7, and triangle inequality we have

[Daar (0=F) = @@L < Y D (W e tr (@) Qi+ Y D IW el tr(QF9EF) 2]

QEP\Sk €Sk QESy Q’EP\Sk
+ ) W a0 Q) 9]

Q,Q' P\ Sy
< Sdk|7)|2 maX| - QQ/' -+ Z I - QQlT,I‘( ’(/J®k)||Q||1

QePpP

21|PI* 1

STJF% Z | tr(QpEF)[[|€2]2
QeP\Sk
(99)

where we applied Lemma 8. We can further restrict the sum noticing that for projective monomials different
from the identity Qp it holds that ||Qp|; < d*~!. Thus we can restrict the sum only over unitary Pauli

monomials |73\4 |P|
21
y -+ D (). (100)

QuePu\Sk

Hq)Haar(z/’® ) Pc (w®k)||

We can upper bound % + “?Tl < % < 22’“2_”, which holds for any k& > 4. Noticing that Pq = | tr(Qw®k) l,
and using Theorem 2 concludes the proof for the upper bound.
The lower bound is obtained by noticing that

Ecnc, Po(C 1) = Epattaar(n) Po(19)) < [@c1(¥%°) = Phtaar (¥°) 1 < [@c1(¥®") = Prraar(¥®F)[1 (101)

From Eq. (338) of Ref. [11], we can compute the Haar average of P as

Ey~Haar(n) Ps(|¥)) = ti&?ﬁfyﬁ?) = id3J)r<z3_?_ 5 < é jlg (102)
Hence
1Pe1 (2F) — Bpraae (V&)1 > 272Ma0) é - ;ﬁ (103)
Putting all together, we thus have
272Ma(¥) _g=n _ 9=2(n+2) < ¢(k) < ; L Lgp iy 22’“2*’1 (104)
O
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