arXiv:2508.21002v3 [quant-ph] 10 May 2026

Spectral Gaps with Quantum Counting Queries and
Oblivious State Preparation

Almudena Carrera Vazquez® and Aleksandros Sobczyk!:2

IBM Research, Riischlikon, Switzerland
2ETH Zurich, Zurich, Switzerland

Approximating the k-th spectral gap Ay = |\ — A\k+1| and the correspond-

A+ oy . . .
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quantum algorithm which approximates these values up to additive error e Ag
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preparation of a suitable random initial state, which ultimately allows us to
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while maintaining a quadratic complexity in N. In the black-box access model,
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1 Introduction

Eigenvalue problems lie in the heart of computational science, engineering, and machine
learning. Given an N x N input matrix A, the goal is to compute (a subset of) the
eigenvalues \; and/or the eigenvectors v;, for i = 1,..., N, which satisfy:

AVZ‘ = )\ivi-

In this work we focus on algorithms for an important special case of the eigenproblem,
namely, the approximation of the so-called spectral gap (or eigengap) and the correspond-
ing midpoint between pairs of consecutive eigenvalues of Hermitian matrices, which we
formally define as follows.

Problem 1.1 (Spectral gap and midpoint approximation). Let H be an N x N Hermitian
matriz, with eigenvalues \1 > Ao > ... > Ay, and Ay := |\ — A\g+1| be the k-th spectral
d e At Akt
gap and py = =5
integer k € [N — 1], and an accuracy € € (0,1), compute two values Ay, [i, such that:

is the corresponding midpoint between A and Ap+1. Given H, an

A € (1 + 6) Ak, and ﬁk € up + 6% - [)‘k+17 /\k]-
No prior information regarding the eigenvalues or the eigenvectors of H is assumed.

Problem 1.1 has numerous applications in different areas. In numerical analysis, esti-
mating spectral gaps is a key subroutine of so-called spectral divide-and-conquer algorithms
for diagonalizing matrices [1, 2, 3, 4]. These methods rely on finding a “splitting” point
p that does not coincide with an eigenvalue; our midpoint estimator ux = (Ag + Agps1)/2
provides a natural and well-conditioned choice for such a split, as it maximizes the distance
to the nearest eigenvalues. In data analytics, a large gap in the spectrum of a data matrix
indicates a separation between the actual information and the ‘“noise” in the data. This
phenomenon is often used in Principal Component Analysis [5, 6] to identify good splitting
points, or “elbows”, for dimensionality reduction, data visualization, and noise filtering. By
directly targeting the k-th gap, our algorithm enables the automated detection of these
elbows without requiring the explicit computation of (potentially large) subsets of singular
values or a full singular value decomposition (SVD). In spectral graph theory, gaps be-
tween the eigenvalues of the graph Laplacian reveal connectivity properties, and they can
be used, for example, to identify communities, |7, 8, 9, 10].

In the study of quantum phase transitions, the closing of the k-th gap, where A1 —
Ar — 0 as the system size increases, serves as a key indicator of topological or magnetic
phase transitions [11]. In the context of quantum computing, the size of the spectral gap
also determines the runtime of adiabatic state preparation, since the adiabatic theorem
requires the evolution time to scale inversely with (a power of) the minimum spectral
gap encountered [12]. Last but not least, spectral gaps are also important in electronic
structure calculations, for example, to estimate the energy gap (Fermi level) that separates
the occupied and unoccupied states of the underlying system [13, 14, 15, 16]. In that
direction, our gap estimator could be combined with the techniques of [17] to calculate the
electron density of a system at zero temperature.

The aim of this work is to provide a detailed analysis of quantum algorithms for solving
Problem 1.1, aiming for provable approximation guarantees and end-to-end worst-case
complexity bounds.

Accepted in { Yuantum 2026-03-25, click title to verify. Published under CC-BY 4.0. 2



1.1 Existing algorithms and complexity bounds

Here we give a brief overview of the related algorithms literature. We first recall that, from
the Abel-Ruffini theorem, computing eigenvalues of general matrices is intractable in the
algebraic model; see e.g. [18|. Besides trivial cases, such as triangular matrices, algorithms
for eigenvalue problems in general return approximate solutions. The computational com-
plexity depends on several different factors, namely, the underlying model of computation,
the properties of the input matrix (for example, Hermitian, sparse, structured, or low-
rank), the quantities that need to be computed (subset of eigenvalues/eigenvectors), the
accuracy, and, for randomized algorithms, the success probability.

In the classical (non-quantum) regime, recent works have established that both the
arithmetic and boolean worst-case complexity of diagonalization (approximation of all the
eigenvalues and eigenvectors), is upper bounded by O(N¥) operations [3, 19, 20, 21, 22, 4].
Here w is the matrix multiplication exponent, currently upper bounded by w < 2.371339
[23], and O hides polylogarithmic factors in NV and potentially other parameters, such
as the accuracy. In terms of solving Problem 1.1 per-se, |20] reports a complexity of
(0] (N"J polylog (N, A%c’ %)) operations in the Boolean RAM model.

Beyond the matrix multiplication-type worst-case complexity, fast algorithms have been
studied for special classes of matrices. For instance, the eigenvalues of banded symmetric
matrices with k& bands can be computed in 6(]\7 2k*=2) time via tridiagonal reduction
[20, 24]. For symmetric diagonally dominant matrices (SDD) and graph Laplacians, the
smallest k eigenvalues of an N x N SDD matrix with M non-zeros can be approximated
in O(M + kN/e?) time |25, 26]. This is faster than the aforementioned O(N*) bounds
even for k € O(N) and M € O(N?), albeit with increased dependence on the accuracy e
(polynomial instead of logarithmic). The recent work of [27] described an elegant approach
specifically targeting spectral gaps of general (non-SDD) sparse symmetric matrices based
on stochastic trace estimation [28, 29, 30, 31|, albeit, the current worst-case complexity
analysis can grow larger than 6(]\7 “).

The literature on quantum algorithms for eigenvalue problems is vast, and, to date,
it keeps growing rapidly. The majority of existing works has focused on the following
problems: (i) estimation of extremal eigenvalues, i.e., the ground state energy, (ii) approx-
imating an eigenvalue, given access to the corresponding eigenvector, or (iii) preparation
of quantum states that encode eigenvalues as amplitudes. Such methods include the so-
called Variational Quantum FEigensolvers [32, 33, 34|, and methods based on Quantum
Phase Estimation (QPE) [35, 36, 37|, such as [38, 39, 40, 41, 42, 43, 44].

Here we highlight recent works that can be considered for solving Problem 1.1, with
explicit worst-case complexity bounds. Low and Su [39] (see e.g. Theorem 3) recently
proved sharp quantum query bounds for estimating any eigenvalue of general matrices.
The query bound is, O((ae)"tlog(1/§)) for Hermitian matrices, where a is the block-
encoding scaling factor. The algorithm assumes as input an initial state that is e-close (in
the Euclidean distance) to the corresponding eigenvector. Such a state is hard to obtain
in the general case, as it entails to approximate an (unknown) eigenvector.

State preparation assumptions can be relaxed for the problem of estimating the smallest
eigenvalues. Recent works of [38, 45, 44, 40| suggest that 1/ poly(N) overlap between the
initial state and the target bottom-k states is sufficient. If an initial state that satisfies
this requirement is readily available, then a straightforward approach to solve Problem
1.1 is to directly [45, 44] to approximate all N — k smallest eigenvalues, in a “brute-force”
manner. As it is clearly noted in these works, however, this approach is targeted for
approximating few eigenvalues close to the end of the spectrum, in this case, when N —k is
small. Moreover, beyond the initial state preparation assumptions, it is required that the
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N — k smallest eigenvalues are strictly separated by a well-defined minimum gap. For large
N —k € O(N), and for general Hermitian matrices, it becomes challenging to ensure or to
override these assumptions and to guarantee competitive end-to-end complexity bounds in
the worst-case.

End-to-end worst-case complexity bounds were proved in recent works by Apers and de
Wolf [46], and by Chen, Gilyén and de Wolf [47]. The former showed how to approximate
the top-k eigenvalues and eigenvectors of SDD matrices with M non-zeros in 5(\/ MN +
kN/e?) time in the QRAM model. It is faster than the O(M + kN/€?) classical SDD
algorithms for small k and large M. For general square matrices, [47] showed how to
approximate the top-k eigenvectors in 6(1{:]\7 1'5+°(1)), using quantum versions of the power
method. As also noted by the authors, however, the algorithm is less competitive for large
k€ ©(N).

As a last remark, we note that obtaining initial states which sufficiently approximate
the target eigenvectors is an interesting research topic on its own. For certain applications,
an initial state can be obtained by solving an “easier” or “smaller” version of the problem as
a pre-processing step. As [38] notes, this is particularly interesting for quantum chemistry
applications [48]. Random states are often recommended for the general case, but they
can be also expensive to prepare, as we also discuss here.

1.2 Contributions and methodology

Our main contribution is an algorithm (Algorithm 2) to solve Problem 1.1. In a high-level,
it consists of two phases:

e In the first phase (Alg. 1), the spectral gap Ay and the midpoint py are computed
to constant accuracy (i.e., a crude initial approximation).

e The second phase (Alg. 2) uses the values returned in the first phase in order to
perform a refined search in the restricted domain and increase the solution accuracy.

Both phases use the following steps to locate gaps and/or eigenvalues:
1. Encode the given Hermitian matrix in a quantum circuit.

2. Split the spectrum in two parts, by shifting the diagonal elements to a carefully
chosen point.

3. Compute the spectral projector on each part of the spectrum with a polynomial
approximation of the sign function.

4. Compute the trace of the projector.

5. Repeat 2-4 as a search mechanism (“counting queries”) over a grid to locate eigenval-
ues and/or gaps.

For Step 1, we use the block-encoding framework [49, 50|, which has recently received
significant attention for matrix problems. We use the following definition.

Definition 1.1 (Block-Encoding). Let A € CN*V be an s-qubit matriz, a > ||A|,e > 0,
and b € N. An (s+0b)-Qubit Unitary Up is an (a, b, €)-Block-Encoding of A, which is also
abbreviated as (a,b,€)-QUBE for short, if

HA_QAH <, (1)

where A == ((0/** @ T)UA(]0)** @ T).
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Our main result is summarized in the following theorem.

Theorem 1.1 (Informal, see Theorem 3.1). Let H be an N x N Hermitian matriz with
eigenvalues —1/2 < Ay < Ay—1 < ... <A\ <1/2, Ag = [N\ — Mg, and py := %,
and let C(Umn; €enc) denote the cost (gate complexity) of the unitary Ung which forms an
(@, b, €enc)-block-encoding of H. The proposed Algorithm 2 takes as input H, an integer
k € [N —1], an accuracy € € (0,1), and a failure probability parameter § € (0,1/2), and it
returns values Xk, Xk+1, bk, and Ay, which satisfy:

Xk+1 € [)\k+17)\k+1 —}—6%], Xk € [)\k — 6%,/\]6], i € Wk :I:e%, Ak € (1 :|:6) Ap.

The total complexity, including all queries to unitaries and auxiliary gates, is bounded by:

O ([]\ﬂ +N. a2bC(UHv€enc)} polylog (N, a, eleE1’51)> 7 (2)

2 A2
€2 Aj,

€2 Ai
where €enc € O | —23F |-

Notably, in the QRAM model, the complexity becomes 6(N2 A,;z ¢~2). This is faster
than the 6(]\7 “) arithmetic complexity of the best-known classical algorithms, for all ma-
trices with sufficiently large gaps. This provides evidence that quantum algorithms can
beat “matrix multiplication-time” for these problems, at least for the current bound of w.

While the general idea is simple, there are several non-trivial parts that need to be
addressed to obtain competitive end-to-end complexities. Two major challenges, which
can be of independent interest, were the choice of the splitting points, and the preparation
of appropriate initial states, which we discuss further below.

Informed choice of splitting points via condition number estimation

As mentioned, the splitting points to split the spectrum and count eigenvalues. If the
chosen point is close to an actual eigenvalue, the condition number of the shifted matrix can
grow arbitrarily, and it becomes prohibitively expensive to approximate the corresponding
spectral projector. Indeed, the convergence of iterative methods, such as the Newton-
Schultz iteration or other rational approximations [51|, scales as €(1/A), where A is the
distance of the splitting point from the closest eigenvalue [49]. For this reason, many
existing algorithms that follow this approach require prior knowledge of A (or at least a
suitable lower bound), which is generally not trivial to obtain.

To avoid this problem, we use a dedicated subroutine which tests whether the gap
A is larger than a well-defined threshold, before executing any counting query. This is
achieved by conveniently applying the ground-energy estimation algorithm of [38] in order
to estimate the smallest singular value of the matrix, after shifting its diagonal elements
to the chosen splitting point. If this singular value is “large enough”, it means that we can
safely count eigenvalues. If not, we keep searching for smaller gaps. This way we have full
control of the value of A, and, consequently, of the cost of eigenvalue counting.

Initial state preparation

In order to execute our singular value estimation subroutine efficiently, we need to address
a second major challenge, which involves the preparation of an appropriate initial state.
The algorithm of [38| requires as input an initial state |x) which will overlap appropriately
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with the corresponding singular vector. In particular, this target singular vector can be
any fixed state |y), and we need to ensure that the initial guess |x) will satisfy

1) > <o (3)

As the authors of [38, 45] note, such an initial state can be efficiently prepared for certain
classes of problems. For instance, if |y) is a binary string with exactly one nonzero entry,
a Hadamard state is sufficient, or, in quantum chemistry applications, the Hartree-Fock
state can be pre-computed as a “cheap” initial approximation to the ground state [48].

In the general case, where |y) can be any arbitrary state without any explicit prior
information, the analysis becomes more involved. In the context of QPE, a common
recommendation is to use a random state. However, if the random distribution is not
chosen carefully, it can be harmful rather than beneficial. Contributing to this direction,
in Section 2.1 we analyze a randomized state preparation method, which achieves all the
desired properties. It is oblivious to the target state, in a sense that it guarantees the desired
overlap 1/N, for any fixed target state, with probability at least 3/5. Our construction is an
ensemble of a random Rademacher state, together with a randomized Hadamard transform
[52, 53, 54]. The latter is a well-established tool in Randomized Numerical Linear Algebra,
and it is crucial for our analysis do to its “flattening” properties, commonly attributed as
a consequence of the Heisenberg principle.

The size of the final quantum circuit scales as O(N), and it requires a total of O(N)
random classical bits to prepare. While this cost is prohibitive for applications that target
exponential quantum speed-ups, it is “sufficiently cheap” for our analysis, and it can be
useful for other works that target polynomial quantum speed-ups.

Lower bounds

The aforementioned upper bounds are also supported with a Q(N?) query lower bound for
the problem of deciding whether there exists a gap between two consecutive eigenvalues
of a (non-symmetric) binary matrix in the black-box access model. The techniques used
here are based on “majority” arguments, inspired by [55, 56, 57]. Evidently, these lower
bounds are not tight, as they do not match the reported upper bound. In order to close
this complexity gap, we think that one should use entirely different techniques, both for
the upper and the lower bounds. This is left as a major open question.

1.3 Notation

Hs denotes an explicit Hilbert space and H 4 an ancillary space for post-selection. When
we want to emphasize its dimension d, we write H4 = C?%. The total Hilbert space is given
by H = Hg ® Ha. Matrices and vectors are denoted with bold capital and small letters,
respectively. For a matrix A, AT is the conjugate transpose, ||A| denotes its spectral
norm, |A| r its Frobenius norm, and A(A) denotes its spectrum. C(U) denotes the gate
complexity of the unitary U, and we will write C(U;¢€,0) when the complexity of U is
parametrized by €, §.

1.4 Model of computation

The complexity of a quantum algorithm is two-fold. We define the query complezity to be
the total number of calls to the block-encoding of the original matrix. The gate complezity
is the total number of elementary one- and two-qubit quantum gates, i.e., the size of the
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quantum circuit. For all algorithms, we explicitly mention both the query and the gate
complexities, taking into account all the involved parameters, such as the matrix size, the
accuracy, and the success probabilities. For our state-preparation analysis, we also assume
access to a (classical) random number generator that produces independent, uniformly
random bits.

In Section 4, we specialize the analysis in the so-called Quantum-RAM (or QRAM)
model [58]. In this model the quantum processor has access to a memory that stores
classical bits. These bits can be read in superposition, but we can only write zeros and
ones, just as in the classical case. This model is not necessary for our main analysis, but
we dedicate Section 4 to it since it is used in theoretical works, e.g., for graph and matrix
computations [46, 47, 41]. For a discussion on QRAM architectures we refer to [59, 60].

1.5 Outline

Section 2 contains the analysis of the main subroutines that are used by the main algo-
rithms, namely, for state preparation, computing the minimum singular value, and counting
eigenvalues that are smaller than a threshold. Section 3 contains the main algorithm for
computing spectral gaps and eigenvalue pairs. In Section 4 we report the analysis in the
QRAM model. In Section 5 we prove a query lower bound for deciding the existence of
a spectral gap in binary matrices in the black-box access model. We finally provide some
concluding remarks in Section 6.
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2 Main Subroutines

Here we describe the main subroutines that are used as building blocks for our main algo-
rithms. Some of the techniques reported here rely on existing results on block-encodings
and quantum eigenvalue transformation from [49, 61, 38, 50|, which are summarized in
Appendix A.

2.1 Oblivious State Preparation

In many applications of QPE, it is required to prepare an initial state |z) that is not
orthogonal to the target state |y) (e.g. the ground state). A sufficient condition is typically
[(z]y)]* > Q(1/N). The state |z) = |[+) := H|0) is sufficient for many applications, e.g.,
when the desired state is a binary string. For arbitrary |x), however, there is no theoretical
guarantee that |[+) is not orthogonal to |z). For example, it is known that |+) spans the
kernel of a connected graph Laplacian, and it is therefore orthogonal to every eigenvector
that corresponds to a nonzero eigenvalue.

A reasonable approach to circumvent this limitation is to use random states. However,
as already mentioned previously, this needs to be handled with care. Here we describe
a random state preparation, inspired by well-known techniques from randomized matrix
algorithms [52]. Before stating the main result, we define a state-preparation unitary.

Definition 2.1. A distribution II of random quantum circuits forms a (7, d)-Oblivious
State Preparation, or (v,0)-OSP, if the unitary Ug ~ II operates on O(log(N)) qubits
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and it prepares a state |x) = Ug|0) such that, for any fived state |y) € CV:
Pr[(z|y)| <~] <.

Lemma 2.1. Let |y) € CN be any fized state (e.g. the target ground-state). Let |z) =

1 1\ ®log(N)
DH |z). Here D is diagonal with independent {+1} diagonal elements, H := (%5 V2 )
V2 V2

N
is a Hadamard unitary, and |z) € {:I:LN} has independent Rademacher elements. Let Z

be a unitary such that Z |0) = |z). Then, for all N > C, where C ~ 22 is a fized constant,
the distribution of unitaries Ug = DHZ is an (ﬁ, %)—OSP, that is,

1 3
P —| > =
r|lalyd] > 57| = 2

The state |x) can be prepared with O(N) elementary gates, i.e., C(Ug) € O(N).

Proof. Let us denote x = |x) ,z = |z), and y = |y) to simplify the notation. The operator
HD is a well-studied tool in randomized linear algebra (see e.g. [52]), which has the
property that it “flattens” the elements of any fixed vector with high probability. Indeed,
using Hoeffding’s inequality, we can see that for any index i € [N] it holds that

Pr|(HDy);| > 1] < 2exp(—N#*/2).

Taking a union bound for all ¢ € [N] and setting t = w, we can conclude that

Pr{|HDy]| s > 1] < 6.

Denote v := HDy. It remains to get a lower bound on the overlap |x"y| = |z v|. Since
HD is unitary, v is a unit vector with flattened entries, which is the key observation to
obtain the desired bound. Let v,, and v,,, be the largest and second largest elements of
v in modulus, where m,m’ € [N]. It holds that |v,,|? € [1/N,t2]. For v,,, observe that

VI3 = Tvim[* 12
N -1 “N-1

|Vm’|2 >

For § = 1/5and N > 22, we have that |v,,/|> > 1/(2N—2) > 1/(2N). We now condition on
the success of the flattening, and proceed to get a bound for the overlap. Let z4,2zp,zc,zp
be four vectors that have exactly the same signs at all the positions except {m,m'},
where in these two positions they have the signs {+1,+1},{+1,—-1},{-1,+1},{-1, -1},
respectively. The following relations hold:

2|V / 1
|z v —zpv| > ‘\‘/I]ﬁv| = max{|z;|;v|, ‘ZEV|} > ‘://%| >oN
2 1
|z yv —zlv| > \‘;’? = max{|zAv|, \ch]} > ‘V?VJ >N
2 / / 1
|z v —zpv| > M/—%’VM = max{]zAV], \ZDV|} > |Vm‘jN’Vm | >oN
2([Vin| + [Vir]) T T [Vin| + [Vins 1
lzfv —zlv| > S T = max{]sz\, \zcv\} > > —
VN VN 2N
2|Vl |Vin| 1
|zhv —zpv| > \/% — max{]sz\,\z£v|}2—n&>2ﬁ
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2|V | [V | 1

VN VN 2N’

Now, denote L := 1/(2N), and let A be the event that |z)v| > L, B : |z5v| >
L, C :|z,v| > L, and D : |z},v| > L. From the relations above, we can see that
(deterministically), we are in one of the following five cases:

26V — zpv| >

— max {]zgv|, ]z£v|} >

ANBANCAD
-A = BACAD
-B = AANCAD
-C = AANBAD
-D = AANBAC.

In all cases, at least three out of four vectors {za,zp,zc,zp} satisfy the desired lower
bound (deterministically). Then, since we pick any of the four vectors uniformly at ran-
dom, the success probability is at least 3/4.

Since the flattening succeeds with probability 4/5, both events succeed with probability

at least % . % = %, which concludes the proof. O

2.2 Computing the smallest singular value

Here we describe the subroutine which computes the smallest singular value of a block-
encoded matrix. [38] gave an algorithm with near optimal dependence on the precision e
to find the smallest eigenvalue of a Hermitian matrix H.

Theorem 2.1 (Ground energy, Imported Thm. 8 from [38]). Let H = >, A\ [¢w) (¢i| €
CN*N where A\, > A\ps1, be a Hermitian matriz given through its (o, m, 0)-block-encoding
Ugn. Let |¢po) be an initial state prepared by circuit Ug, with the promise |(¢o|to)| > 7.
Then the ground energy An can be estimated to additive precision € with probability 1 — ¢
with the following costs:

1. Queries to Ug: O (%log(%) log(%) log(%)),

2. Queries to Ug: O (% log(2) log(%»,

3. Number of qubits: O (log(N) +m+ log(%)),
4. Other elementary gates: O (% log(2) log(%) log(%)).

This can be applied appropriately on the Gramian H'H to compute the minimum
singular value.

Lemma 2.2 (QSMIN). Let H € CN*N be a Hermitian matriz, with singular values
0<ony<on-1<...<01 <1. Lete, € (0,1/2] be an accuracy parameter, and assume
that we have access to:

e Uy, an (a,b, €enc)-QUBE for H, €ene € [0, €, /4al, with cost C(Um; €enc)
e II, a (7, dosp)-OSP, where dosp, € [0,1/2), and Ug ~ II has cost C(Ug).

We can compute a boolean string X < QSMIN(Uw, €, 6,), such that 2 := 0.X € [0,1]
satisfies |02 — o3| < €, with probability at least 1 — §,, with the following costs:
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1. Queries to Ug: O ( log( ) log( ) 10g<1?§(§§552)) 13{(%512))’

2. Queries to random circuits Ug ~ I1: O ( log( )log(l(;gi(gé/;‘;)) lcl)g_(;(s/i‘;)),

3. Number of qubits: O (log(N) +b+ 10g<%)>;

4. Other elementary gates: O (“ b 10g< ) 10g< ) ]0g<1‘1’§(56/0€;)> 12!3(21({11))'

Proof. Given Ug, an (a,b, €enc)-QUBE for H with cost C(Ug; €enc), it holds that U;I
is an (a, b, €onc)-QUBE for H', also with cost C(UH; €enc)- We can combine these two
block-encodings as in [50, Lemma 4] to create an (a2, 2b, 2a¢en.)-QUBE for H'H, denoted
by Uty with cost equal to C(Ugtyy; €enc) = 2C(UH; €enc). The minimum eigenvalue of
HH is the square of the minimum singular value of H.

The following steps are performed. We first prepare a state |¢)) = Ug |0) where Ug ~
II. Then, we use Theorem 2.1 with inputs ), Ugtg, € = €5/2, and 6 = 1/4 — 0osp/2 €
(0,1/4]. The algorithm returns a bit-string &2 € [0, 1] which satisfies |62 — o (HTH)| <
€-/2 with probability at least:

1 — Gosp — 8 = 3/4 — dosp/2 € (1/2,3/4)].

Here HH is the block-encoded version of H'H, which satisfies |HTH — «>HTH|| < 2aey.

From the stability of singular values, which is a consequence of Weyl’s inequality, we
conclude that |62 — 0%, (H)| < 2aey + €,/2 < €5, due to the assumption that €ene < €,/4a.
From Theorem 2.1, the cost of such a run is bounded by

« O ( log< ) log( ) log(%)) queries to Ugprgy,
e O ( log( ) 10g(%>) queries to Ug,
e O (log(N) +b+ log(%)) qubits,

e O (“ b log< ) log( ) log(m» other elementary gates.

To boost the success probability we can perform multiple runs and keep the median
(often referred to as the “median trick”). Note that the returned value 2 is always in
[0, 1], regardless whether the algorithm succeeds or not. Now, assume that we execute r
runs, and consider the following random variables for each run:

X, - 1, if |62 — 0% < €0,
0, else,

where i = 1,...,r. X; are independent Bernoulli variables which succeed with probability
p, where p > 3/4 — do5p/2. Let X = 3771 X;. We need to bound the probability that
X > r/2. It holds that E[X] = rp. Since, by assumption, dosp < 1/2, we can use a
multiplicative Chernoff bound (see e.g. [62]), which gives Pr[X < (1 — n)rp] < exp(—nrp).
For n =1 — 5=, we have that

PriX <r/2] <exp(—r(p—1/2)) < exp(—r(1 — 2d0sp)/4).

Setting r = O (%) we obtain the desired success probability 1 — 4. O
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2.3 Counting eigenvalues

In this section we describe the second subroutine of our algorithm, which is used to count
the eigenvalues of a matrix that are smaller than a given threshold. This is a quantum
variant of a standard subroutine in spectral divide-and-conquer eigensolvers |63, 64, 2, 3,
21, 19], often referred to as “NEGCOUNT.” Formally, we have the following lemma.

Lemma 2.3 (QCOUNT). Let A be a Hermitian matriz with ||A|| < 1, and a promise that
Omin(A) > A, for some A > 0. Given Up, an (a,b, €enc)-QUBE for A, if €one < ﬁ]\f
for some absolute constant Csgn, then there exists a quantum algorithm which returns
z < QCOUNT(U,, A, §), the true number of eigenvalues of A that are smaller than zero,

with probability at least 1 — §, with a cost:

1. Queries to Ua: O (‘IZN log () log(%)),

2. Number of qubits: O (log(N) + b),

3. Other elementary gates: O (baZN log (N) log(%)),

2
4. Total cost: O ((C(UA; €enc) +b) - 22 log (N) log(%)).
Proof. The following steps achieve the result.

1. We use Corollary A.1 to prepare a block-encoding for sgn(A). As long as €epe <
esgn%:ncﬂ for some absolute constant Cggy, the corollary returns an (1,0 + 2, €ggn )-
QUBE Uy, for sgn(A) with cost

C(Usgrﬁ A, 6enc) =0 ((C(UA7 6enc) + b) % g( L )) .

€sgn

2. Thereafter, Corollary A.2 is applied to compute the trace of sgn(A) with accuracy
€tr, which takes time

O (C(Usgi & cene) 8 108 (3) ) = O (€U onc) 1) R o) & log(%))
=0 ((C(UAaeenc) +b) X N " log ( ) og(%))

2 2
3. We now set egen = 1/(8N), e = 1/4, and €enc = €gn CsénaQ = SGQACN. Note that
this value of €g satisfies all the requirements of the previous steps. Plugging-in the

parameters, the total complexity becomes

O ((C(Uaseenc) +b) - “3 log (N)log()) -

It remains to verify the correctness. Since €ene < A/2, the number of eigenvalues of A (and
also A) that are smaller than zero, is equal to z = St (I - sgn(;&)) = % —itr (sgn(]&)) =
I — Ltr(sgn(A)).

From Corollary A.2, the above steps return a value ¢ which satisfies ‘f— tr(sgn(A))‘ <

1/4. This means that the value Z = N/2 — t/2 satisfies |z — 2| < 1/8. Therefore, we can
round z to the nearest integer to recover the true z. O
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3 Main algorithms

We now have all the required tools to describe our main algorithms for the k-th spectral
gap and midpoint, namely, Ay = Ay — A1 and pp = % Two algorithms are
described. The first one, Algorithm 1 takes as input a Hermitian matrix H (scaled to have
|H|| < 1/2), an integer k € [N — 1], and a failure probability parameter §. It returns
constant factor approximations to Ag and pug.

The second Algorithm 2, takes as input H, k, §, and an accuracy parameter €. It first
uses Algorithm 1 as a subroutine to compute a coarse (constant factor) approximation to
Ay and pg, and then uses these approximations to refine the accuracy of the solution to
the given €. As a side-result, it also returns e-approximations to the actual eigenvalues Ag
and A,y around the gap.

The complexity of these algorithms depends on the value of A;. However, we highlight
that no prior knowledge or lower bound on Ay is required. The only required parameters
are the ones given as input to the algorithms. All other parameters that are involved in
the complexity are computed/approximated on-the-fly, if required.

Lemma 3.1 (Alg. 1, QGAPconst). Let H be an N x N Hermitian matriz with eigenvalues
1/2> M > A > ... > Ay > —1/2.
Let:
e C(Um;€enc) be the cost of the unitary Uy which forms an (a, b, €enc)-QUBE of H.
e ITI be a (7, 0osp)-OSP distribution, where Ug ~ II has cost C(Ug).

Then, given H and an integer k € [N — 1], Algorithm 1 (QGAPconst(H, k,d)) computes
an approzimate midpoint py, and gap A, such that:

~ 7 ~
e = il < 5 Bk A € [Ar /2,44

The algorithm succeeds with probability at least 1 — §. It makes at most:

Jle

1. Queries to unitaries with gate complezity O (C(Um; €enc)), where €ene € © (

).’
-0 (g ) ()

2. Queries to Ug:
1 a log(a/ Ay) 1 1
0 (= o) s () () )

2
3. Queries to unitaries with gate complexity O (C(Umns; €Ly.)), where €., € © (ﬁ%) :

Q=0 (‘i]:log ()1og( 55 1og(A1k)> ,

4. Number of qubits: O(log(N) + b+ log(1/7)),
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5. Other elementary gates: O (b- (Q1 + Q2)).

Proof. The algorithm executes the following steps. Initially, it sets j = 2, and A = 1/2.

At each iteration j = 2, ..., the goal is to search for all gaps that are larger than A/ = 2%
In the first step of each iteration, a uniform grid with points h; = —% + i%, =
0,..., %, such that |h; — h;1]| = A7 /2. If there exists any gap with width at least A7,

then there exists at least one point h; such that o, (H — h;) > AJ /4. For each h; in the
grid, the algorithm proceeds as follows:

1. Use Lemma A.1 to create an (a + |h;|,b+ 1, €enc)-QUBE U; of H — h;, where we set
€enc 1= (%)Qﬁ. The cost of U; is C(Ug; €enc) + O(1).

2. Execute QSMIN with parameters ¢, = %—ij and 0, = % to test if omin(H — h;)
satisfies the desired bound.

The requirement €epe < 42 of Lemma 2.2 is satisfied, and therefore QSMIN returns a
value 52 which satisfies
Pr [

This means that, for each h;, the algorithm can test if the computed 77 satisfies &7 >
A% /32, and, if this holds for any i, then it is ensured that o2, (H — h;) > 62 — €, > AG—ZJ,

min
AJ
8

A2I 5

~2 2 J
- — . (H — h; — | < L.
UZ Umm( ) > 64 ‘| — 2

or, in other words, opin(H — h;) >
Now, this lower bound allows us to count the eigenvalues smaller than h; efficiently
using QCOUNT:

3. Use Lemma A.1 to construct an (a + |h|,b + 1,¢€,,.)-QUBE Uj for H — h; with
€hne 1= W. Here Cggy is the constant from Lemma 2.3 (note that this value

of €. satisfies the requirement of the lemma). The cost of U is C(Ug;el,.) +O(1).

enc

4. By executing QCOUNT (U, %j, %), we obtain z;, the true number of eigenvalues
that are smaller that h;, with probability at least 1 — d;/2.

We can now calculate the total costs for each iteration. By replacing e, = %—Zj and
0o =06;/2= gﬁ; in Lemma 2.2, each call to QSMIN costs:

1. Queries to U;:

a2 1 a log (a/ A2j) log(2j+2/(Aj 5))
O —= log<> log( 2,> log .
v A% ~y A 1 — 200sp 1 — 200sp
2. Queries to random state-preparation circuits Ug:

%) (1log( e >1og(1°g(a/A2j)) log (2772/ (& 5))) ,
Y

A 1 — 200sp 1 — 200sp

3. Number of qubits:

O <log(N) +b+ log(i>) :
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4. Other elementary gates:
a2b 1 a log(a/ AY )\ log(27+2/(A7 )
O| ——= log( >log< 2.)log .
v AP A% 1 — 260sp 1 — 260sp

From Lemma 2.3, each call to QCOUNT (U’ AT oA ) costs:

REFIRIYESE

(N)los(Z5))-
2. Number of qubits: O(log(N) + b),

. 2N
1. Queries to Uj: O (“N

3. Other elementary gates: O (ba N log (N) log(AJ 5))

(V) 1og(75) )

The number of iterations can be bounded as follows. First, note that a sufficient
termination criterion is A’ < Ay. If this holds, there exists at least one point h; in the
grid that satisfies omin(H — h;) > % > %. Subsequently, the approximate singular

value returned by QSMIN will satisfy 53 > a — AY /64 > L. 5A , which means that the
algorithm will certainly execute QCOUNT for that point h;. Ultimately, QCOUNT will
verify that h; is inside the correct gap, and the algorithm will terminate.

We can obtain a necessary termination criterion % < Ay in a similar way. To see
AQJ

4. Total cost: O ((C(UH, €rne) +0) - &

this, assume that the algorithm termmated after finding a point that satisfies 52 >
This implies that o7 > 6—4] = 0; > 8 . But since h; is inside the correct k-th gap, 1t
means that Ap > 20; > A4 ,

Since we are halving A’ in every iteration, we conclude that the algorithm terminates
after m := [log(1/ Ag)] + Cgap iterations, where Cgap € [0,2]. This means that A™ =
(1/2)™ € ©(Ag). The most expensive iteration is the last one, where the corresponding
block-encodings have costs:

as initially claimed.

° Q = C(Uz, fenc) (S C(UH, eenc) + O(1>7 Where

Mog(1/ Ak)]+Ceap \ 2 2
6enc:<A gp) 1€@<Ak>a

8

° Q C(U;’ enc) EC( H€ enc)+0( ) where

A2MMog(1/ Ar)]+2Cap ( A2 )
/ o e k )

Cene = 64 32a2Cegn N 2N

The total cost of the last iteration is therefore:

172605p 172605;)

O( [(Q +b) - A2m log( ) +C(Ug)t } log( )1 g(log(a/AQm)> log (212 /(A™ 5))

(@ b)Y log (N >1og(ﬁ£i”5)>
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Let us bound each additive term separately. By replacing A = 1/2 we have:

o) ([(Q+b) —log (1) + C(Us)2 | log (5% 10g<1og1(aé£jpm))1og(2vf+;§£im a)))
~0 ([(QH) 2 log (1) +C(Us)L }log< >1og(lof£‘§f;ﬁf))ﬁ°_g§§ﬁf§). (5)
For the second term we have
0 ((Q +b) - %X log (V) log( 25)) = O ((Q’ +5) - 2N og (V) log(Alié)> . (6)

After simplifying some constants, the final total cost is bounded by the sum of the following
terms:

. O((C(Ui;ﬁenc)'f‘b) sz log (1) log (& )log(lofféfsif))lf—gé}sﬁfzlog(AlkD’
+ 0(C(Us)T log(£) log (5524 ) P hog (47 )).
o O ((C(U}selne) +b) B log (V) log (515 ) log (£ ))

where C(Uj;; €enc) and C(UZ; €/

7 enc

) depend on the values of €., and €., respectively, in the

enc’
final iteration, and the trailing log(A—k) factor is the number of iterations.

Next, we argue about the correctness of the algorithm and the approximation guaran-
tees of the final results. Once we find some h;, for which the result of QCOUNT satisfies
zi = k, we know that the point h; is inside the correct gap Aj. The algorithm then re-
turns fiy, < h; and Ay < A7, which satisfy the following bounds. In the above, we already
argued that Ay > AJ /4 is necessary for the algorithm to terminate. But we can also see
that A? > A}, /2 holds as well. Indeed, the algorithm cannot terminate when A7 < Ay, /2,
otherwise it would have terminated in the previous step. The combination of these two
facts implies that the returned A™ satisfies:

A /2 <A™ < AN, (7)

Combining this with the termination criterion of the algorithm, we also conclude that the
returned midpoint jij satisfies:

ik € [Arg1 +A™ /8, X\ — A™ /8]
€ [Met1 + Ay /16, Ay — Ay /16]
€ [px — 7T Ak /16, g + 7 Ay /16], (8)

where in the last we replaced A\p+1 = i — % and A\, = pg + %

Finally, we bound the success probability. There are a total of at most [; :=1+2/ A
calls to QCOUNT and QSMIN in each iteration j. Each call fails with probability at most
pj := 0;/2. Thus, the total success probability for iteration j is at least

0 2 S A 2 4]
1—2'ljpj—1—2'2(1+A]) 1-— 2]+1(1+Aj)21_2j'
Taking a union bound over all iterations, we have

m

Psuccess >1- 2(5/2]) >1- 522_j =1-24.

=1 j=1
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Algorithm: 7ix, A, + QGAPconst(H, &, §)
Input: Hermitian matrix H € CV*Y with ||H|| < 1/2, integer k € [N — 1], and failure probability
parameter 6 € (0,1/2). Optionally, a threshold A, which is used to terminate the algorithm early.
Output: Approximate gap Ek and midpoint g, satisfying the guarantees of Lemma 3.1 with proba-
bility 1 — 4.

1: Set j =2, A« 1/2.

2: while A7 > Ay

3: Construct a grid in [f%, %], with points h; = f% + i%j, 1=0,..., %
4: 0; gj% > Failure probability for iteration j
5. €enc < (%)Qﬁ

6: €enc ¢ €enc 8C§gnaN = 64-32522éﬁg,,N

7 Un + QENC, ;, (H, €cnc)

8: Uy + QENC,;, (H, €p.)

9: for all h;, 1 =0,. ..,AJ:
10: U, < QSHIFT (Uwy, hy, a)
11: 52 « QSMIN (Ul, g;,“;)
12: if 2 > A7 .
13: U; < QSHIFT (Uy, hi,a)
14: 2 < QCOUNT (U;, Al ,;')
15: if zz=N—-k:
16: return Zk +— AJ, and wr — h;

17: j+—J+1
18: return NULL.

Algorithm 1: Constant factor approximation to the k-th spectral gap and midpoint.

With some additional steps the solution accuracy can be increased to any € > 0.

Theorem 3.1. Let H be an N x N Hermitian matriz, |H|| < 1/2, k € [N — 1] be an
integer, and €,0 € (0,1) an accuracy and failure probability parameter, respectively. Let

e C(Umn;e€enc) denote the cost of the unitary Uy which forms an (a,b, €enc)-QUBE of
H.

e IT be a (7, 00sp)-OSP distribution.
Algorithm 2 returns Xk, Xkﬂ, L &k that satisfy:

Ak € [\ — e Ag /2, 0], Aot € Moty M1 + €A /2]
[k € i €Ay /2, Ape(l+e)Ay.

In addition to the costs induced by calling Algorithm 1 in the first step, it requires

1. Queries to unitaries with complexity O(C(Um; €enc)), where €one € O(AZ Ja):

B a2 1 a log(a/(e Ay)) \ log(1/(€d))
o i )
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2. Queries to OSP circuits Ug ~ I1:
o\, (log(a/(c A) ) los(1/(c5))
O (’Y 10g< Ak) 10g< 1- 2(Sosp 1- 2(Sosp ’
3. Queries to unitaries with complexity Qy := O (C(Ug; €.y.)), where €, . € O(e2 A2 /(a®N)):

(@) (E‘éz\i log (N) log<%>) )

4. Number of qubits: O (log(N) +b+ log(%)),
5. Other elementary gates: O (b- (Q1 + Q2)).

If we use Lemma 2.1 for IL, after some simplifications, the total circuit complezity (of
both Alg. 1 and 2) is upper bounded by

¢ <[N2 +N- ”%UAH)] polylog (N a. e‘l,Azlv(rl)) ’ ®

2A2
where €1 € © <22]\;“>

Proof. Let us call [, and Ak the initial solutions returned by Algorithm 1, i.e., the so-
lutions that satisfy the constant factor accuracy of Lemma 3.1. We know that Ay €
[0.5 Ak, 4 Ag]. By setting e := eﬁk/él, it means that €, < e Ap.

We now approximate both eigenvalues Ay and Ay to accuracy €x/2 each as follows.
Consider first Ag+1. We make a grid on the left of i, with step € /4, consisting of the points
li = g +iex /4, for i = —[2£k/ek], ...,—2,—1. Note that, there exists at least one point
I* > Ag41 such that e, /4 < | A1 — 1] < €;/2, or, equivalently, omin(H —1*) € [ex/4, €x/2].

To find such a point, we first set the parameters:

2 2 2
3e 3e; F) / €

Tk o — Tk 9 k.
€0 < B> €enc <~ 44 = 2564 Og PYNYESE €enc < 6432a2Cogn N’

and prepare two block-encodings:
o Un + QENC,;,(H, €cnc),
o Uy + QENC,,(H

) enc)

Then we execute the steps 10-18 for each 4, similar to Algorithm 1, but with the afore-
mentioned parameters. We can verify that the returned values )\k, /\k+1a uk,Ak, satisfy
the advertised bounds.

It remains to bound the complexity. There are a total of O(e~!) points in the two
grids, which gives the total number of calls to the subroutines QSMIN and QCOUNT. At
each grid point, we call QENC with parameter eee = 3¢2/256a € O(A7 /a), followed by
QSMIN with parameters:

32 2 0
o= 5k €O(*AF), and 4, = A € O(ed).

The cost for each QSMIN call is

Lo < 2 A} log( ) log<5Aky) 10g<log1(a_/2(§ Akn) 101g£12/(;(65))> queries to Ugy,

osp
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2. O (% 10g<€Ak) log(logl(‘i/z(goi’“))> 101g£12/6(oesi))> queries to OSP circuits Ug ~ II,
3.0 (1og(N) Tht log(%)) qubits,

1—2500p

4. O < 2 Az log( ) log(EA ) log(log(a/(6 A"'”) 105(12/(65))> other elementary gates.

In the worst case, QCOUNT will also be called in every iteration. Each call takes as input
an (a,b, e..)-QUBE, accuracy e.,. = €2/(64a’CsgnN) € O(? A7 /(a®N)), and failure

’ ~enc

probability d, = ©(ed). Substituting in Lemma 2.3, each QCOUNT call costs:

O (EQA log (N )log<%>)

calls to the block-encoding circuit Up. O

Algorithm: {Xk,XkH,ﬁkjk] « QEIG(H, k, 8, )

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

Input: Hermitian matrix H € CV*V | |H|| < 1/2, integer k € [N — 1], failure probability parameter
0 € (0,1/2), accuracy parameter € € (0, 1).

Output: Approximate gap Zk, midpoint i, and eigenvalues Xk, XkH, satisfying the guarantees of
Theorem 3.1 with probability at least 1 — §.

Tk, A < QGAPconst(H, k,5/2)

€ — e&k/ 4

2
3ey
64

€x

S0 — ﬁ > Failure probability per iteration
k/€k

€onc — 2 = Sei
enc 4a ~ 256a

€2

64-32a2CN
Un + QENC, ,(H, cenc)

Ui—I ~ QENCa,b(H76,cnc)
M < [2AL/ex]
fori=-M,-M+1,.... M —1,M :

!
€enc <

li < g +ier /4
U, < QSHIFT(Ux, 1, a)
o7 < QSMIN(U;, €5, 6,)
if o2 > 32’5 :
U}, + QSHIFT (U, i, a)
z; + QCOUNT (U, 24,5 )
else:
— -1
Mo mini{l; | z = N — k}, and Mgy < maxi{l; | z = N — k}
ik (N + Akg) /2
Ak < A — ki1

return Xk7Xk+17l7k7 gk

Algorithm 2: Main algorithm for high-accuracy consecutive eigenvalue pair, spectral gap, and midpoint.
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4 Complexity in QRAM

In this section we specialize the complexity analysis in the QRAM model [58]. We describe
a specific technique to construct block-encodings via the so-called quantum-accessible data
structures, studied in [41, 49, 50, 65]. We assume a dense N x N matrix A € C, whose
elements are known (i.e. pre-computed), and stored as an array in a classical memory.
Given this classical array, a data structure of the form of [41] can be constructed in an
offline fashion and stored in a classical memory in O(N?) arithmetic operations, and it
requires O(N?log(N)) space, i.e. words, assuming each matrix element requires one word
to store.

For dense matrices, the data structure consists of N binary trees with O(log(/N)) depth
and N leaves each. If we were to prepare a quantum circuit for the access oracle of this
data structure, we would need O(N?) gates to implement it. To elaborate more, each
binary tree B; can be obtained by constructing a circuit that rotates the state \0>®l°g(N)
to the state |B;), where the latter contains the N leaves of the tree B;. Such a circuit can
be constructed using O(N) one and two qubit gates (rotations and CNOT gates) [66, 67],
and we need such a circuit for every ¢ € [N]. However, if the quantum computer has
the ability to query the elements of the classical data structure in superposition, which is
possible in the QRAM model, the gate complexity can be reduced to O(polylog(N)) [41].
In particular, Theorem 10 of [41] showed that this construction enables efficient circuits
implementing the maps

[i)10) = i) |As) and |0} [5) — [A)]j), (10)

where |A;) is the normalized quantum state corresponding to the i-th row of A and (i|A) =
||A;|l encodes the row norms. These circuits can be implemented to precision ¢ with gate
complexity O (polylog(N/e)) |41, 50]. The following lemma can be used to construct a
block-encoding from a quantum-accessible data structure in QRAM.

Lemma 4.1 (Imported result from [50, 49]). Let A € CN*N be a matriz stored in a
quantum-accessible data structure. There exists a QENC, (A, €) subroutine with a =

|A|lF,b = [log(N)] + 1, and cost C(Ua;e€) = O(polylog(N/e)).

By using the specific block-encodings from Appendix A and state preparation circuits
from Section 2, we can bound the complexity of the algorithm as follows.

Corollary 4.1. Using Lemma 4.1 to construct block-encodings, and Lemma 2.1 for state
preparation, the total complexity of Theorem 3.1 becomes:

O (EJQVZ% polylog(N, 6~ et A,:l)> ,
and the algorithm succeeds with probability at least 1 — 6.

Proof. 1t suffices to replace the costs of the block-encodings in Theorem 3.1. For all block-
encodings we can use Lemma 4.1, which means that a = |[H||p € O(vV/N). The cost has
a polylogarithmic dependence on the accuracy. Replacing the costs in Eq. (9) we have

C(Un; e1) € polylog(N/(e Ag)),
C(Un; e2) € polylog(N/ Ay,).

Combining everything together, Eq. (9) becomes

1 1
2 -1 A—1 s—1
O(Nb<€2 z+ z)polylog(N,a,e JALLO )),

where we absorbed all polylogarithmic factors in the trailing term. O
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5 A lower bound in the Black-Box model

In this section we derive a lower bound for the problem of deciding the existence of a
spectral gap of a binary matrix, in the so-called Black-Box access model. Here we assume
a unitary Oa through which we can query elements of the matrix A via:

Oa = [i) |5} 10) = 1i) [3) [Aij) -

Several lower bounds are known for related problems. A straightforward query lower bound
for determining the midpoint pj can be obtained from the median problem [68]. Let .4
be a quantum algorithm which, given Oa, and an integer k, it returns any (classical)
value fip such that fip € (Mg, Ag+1). Then A can be directly used to solve the median
problem, where, given oracle access to a sequence of N numbers {x1,..., 2N}, where N
is even, we seek to find a number that lies strictly inside x € (:EN/Q,{L‘N/2 + 1). Such a
sequence can be seen as the elements of a diagonal matrix, and the eigenvalues of such a
matrix are the diagonal elements themselves. |68] proved a Q(NN) query lower bound for the
median problem, assuming that we have oracle access to a quantum circuit implementing
the sequence. Indeed, the same bound holds even if we only want to verify that iy is inside
the correct interval, since this generalizes the counting problem [68, 69, 70].

Here we obtain a stronger lower bound for deciding whether there exists a gap be-
tween two consecutive eigenvalues, inspired by the reductions of [56, 57]. We remark that
the construction below is inherently non-Hermitian. Whether analogous black-box lower
bounds hold for Hermitian matrices remains an open question.

Theorem 5.1. Given a matriz A € {0, 1}Y*N q unitary Oa : |i) |5)[0) = |i) |5) |Asj),
and an integer k, any quantum algorithm which answers TRUE if Ap = |A\g(A) —
Metr1(A)| > 0, and FALSE otherwise, must execute Q(N?) queries to Oa. Here the
eigenvalues of A are order such that Re(\1) > Re(A2) > ... > Re(An), and if Re(\) =
Re(Mgy1), then Im(Ag) > Im(Agy1).

Proof. The proof closely follows the techniques of [56, 57] for other similar problems (rank,
determinant, matrix power, and inverse), essentially by reducing the problem to counting
the number of triangles in a directed graph. Assume that we are given a set X € {0, 1}V :
and the value a = [N?/2], and we ask whether Zi]\fl X; = a. The query complexity of
this problem is Q(N?) [56].

For the reduction the first step is to create a couple of graphs. We create a bipartite
graph G, with N sources s; and N targets ¢;, and we insert an edge between s; and ¢; iff
Xin4+; = 1. We also create a utility node v, which has N outgoing edges to every one of
the sources, and N incoming edges from every one of the targets.

Thereafter, we construct a second bipartite graph G’ which also has N sources s, N
targets t;-, and a utility node v'. We create exactly a edges between the sources and the
targets, in a round-robin manner, so that the edges are “evenly distributed” among the
two vertex sets (for each s;, we add roughly [a/N] outgoing edges). Finally, we add N
edges from v’ to every s;, and N edges from every t; to v'.

Note that the two graphs are disjoint. Consider the larger graph F = (VUV/, EUE'),
and its adjacency matrix A. F has 4N + 2 nodes. If we choose the node labels of F'
appropriately, A consists of two diagonal blocks: one block which corresponds to the
adjacency of GG, and the other to the one of G’. More specifically,

_ [Ac
A_< A)
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We will show that A and A have only three nonzero eigenvalues.

The elements of the matrix A3 contain the number of paths of length three starting
from every node 7 to every other node j. Since the only length-three paths from v and v’
are towards themselves, the matrix A® has the following structure:

o
AP = . :

Bl
o, and o 1= Zf\fl X; in position A;oj,v. It is not hard to

see that o and a are eigenvalues, since det (UI — A3) = det (aI — A3) =0.

The matrices B and B’ have a special structure. Let us analyze B first. From each
source vertex s;,i € [IN], there are exactly d; = outdeg(s;) paths of length three to every
source s;, including itself. This means that the row ¢ of B contains exactly N non-zeros,
with the same value d;, at the positions corresponding to the sources. This gives rise to a
submatrix Bs. Looking at the targets ;, note that there are exactly f; = indeg(t;) paths
from every node t,,,m € [N], to ¢;. This means that the [-th column of the matrix B
has exactly N nonzeros, equal to f;, at the positions that correspond to target vertices.
This gives rise to a submatrix B;, where B; and B; are disjoint. With this description,
we conclude that the matrix B has the following structure:

— BS

where both B and B; have size N x N. It turns out that they are rank-one matrices.

where a is located in position Af’),,

Indeed, we can write B; = dseT, where e is the all-ones vector, d;— = (dl . dN), and
B, = ef;r, where ftT = <f1 fN>. The only nonzero eigenvalues of B; and B, are
equal to A\ = dJe ="V, d; and N =fle= N fi. We can sce that

o=As = As.

Next, we shift our attention to B’. Since it has very similar structure to B, we can
argue accordingly that the only two non-zero eigenvalues of B’ are equal to a. Now, it
follows that

AA3) = {a} U{oc}UAB)UAB') = {a,a,a,0,0,0}.

The above imply that A® is diagonalizable. The eigenvalues of A are the third-roots of
the eigenvalues of A3. Since A is real, its complex eigenvalues come in conjugate pairs.
The spectrum of A is equal to

A(A‘) = {a17 QQ, a37 017 027 03}7

where {a1, az, a3} are either all equal to |a'/?| or equal to |a/?| x {21, z2, 23} where 21, 2o, 23
are the three third-roots or unity. Similarly, {o1, 09,03} are either all equal to |o'/3| or
’01/3’ X {Zl, z9, 2’3}.

Let {A\1,A2,...,A¢} be the eigenvalues of A sorted in descending order of their real
parts, where conflicts are resolved with respect to the imaginary part, i.e.

Re()\l) Z Re()\Q) Z e Z Re()\G).

We now derive the final argument.
(=) : If a = 0, we have the following four cases for the eigenvalues of A:
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a o Relation

Real Real A = )\j, j e [6]
Real Complex )\1 = )\2 = )\3 = )\4 7é A5 7é /\6-
Complex Real Same as above.

Complex Complex A; = X2 # A3 =\ # A5 = Xe.
( <) : On the opposite direction, we prove each case separately:

o If \; = A\jy1, fori=1,...,5, all eigenvalues are equal and hence a = o.

e A = A2 = A3 = Ay # A5 # Ag. We already argued that a; are either all equal to each
other or equal to the scaled roots of unity. The same for o;. The only way that the
top-three \; are equal is if either all a; are equal and real, or all ¢;. Since they are
real, and equal to A4, it means that A4 is also real. We conclude that at least one of
AL, ..., A4 is equal to a, and at least one of them is equal to o, therefore a = o.

e The only way that top-6 eigenvalues are equal in pairs, is if both a; and o; are the
scaled roots of unity, and, in this case, with the same scaling factor, which also
implies that a = o.

We conclude that a = ¢ if and only if one of the following relation holds:
o A\ =Aiy1,i=1,...,5.
o A =Xa=XA3= M\ # X5 # X
o M =X FA3= N F# N5 = N

Therefore, one can call the gap algorithm five times, for £k = 1,...,5, and revisit the three
cases above in order to verify whether a = o. O

6 Conclusion

In this work we studied algorithms for computing spectral gaps between eigenvalues of
Hermitian matrices and the corresponding midpoints. One of the main subroutines is a
randomized state preparation method, which achieves at least 1/N overlap with any fixed
target state with probability at least 3/5, and requires O(N) classical random bits to
prepare. This can be used to efficiently approximate the smallest singular value of a block-
encoded matrix with high probability, and to count the eigenvalues of a Hermitian matrix
that are smaller than a given threshold. In the quantum-accessible data structure model,
the total query complexity of our main algorithm scales at most quadratically with respect
to the problem size N. This indicates the potential for a polynomial quantum speed-
up, since the complexity of the best-known classical algorithms require 6(N “) arithmetic
operations. In the black-box access model, we also proved an Q(N?) query lower bound for
deciding whether there is a gap between two consecutive eigenvalues of a binary matrix.
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A Preliminaries on block-encodings and eigenvalue transformation

In this section we recall some basic definitions and known results for block-encodings.
Block-encoding refers to the derivation of a unitary operator U which can be described
by a quantum circuit and “encodes” a given matrix A, which was stated in Definition 1.1.

Constructing block-encodings with low cost is not a trivial task. A common approach in
the literature is to assume a “black-box” unitary oracle that gives access to a (sparse) matrix
A. See eg. [49, 71]. Recent works take a step further, describing explicit quantum circuits
for the block-encoding of special classes of matrices |72, 73, 50, 74|. In the main algorithm
we assume the existence of a general subroutine that can prepare block-encodings, defined
as follows.

Definition A.1. A subroutine U < QENC, (A, €) takes as input a matriz A of size N
and an accuracy €, and prepares an (a,b,€)-QUBE of A. a and b might be functions of N
or ||Allg, for some norm &.

It is straightforward to obtain a block-encoding after a diagonal shift.

Lemma A.1 (QSHIFT, follows from [49]). Let h € [—1/2,1/2] be a scalar and H be
a Hermitian matriz with |[H|| < 1/2, and Un be an (a,b, €enc)-QUBE for H with cost
C(Un; €enc). We can construct a (a + |h|,b+ 1, €enc)-QUBE for H — h with a subroutine

Ug_p <+ QSHIFT(Ug, h, a),
where C(UH—p; €enc) = C(UH; €enc) + O(1).

Proof. We use [49, Lemma 29| in a similar way as in [38]. First we construct a couple of
2-by-2 unitaries P, [0) = ¢1|0) + c2|1) and P |0) = d1 |0) + d2|1), as follows. Set § =
1+ |h|/a. The values c;,d;, ca,da are chosen such that 5(cjdi) = 1 and f(c5ds2) = —h/a.
Let W = |0) (0| ® Un + |1) (1| ® Ugg. One can verify that (PTL @ IDW(Pr®I) is an
(a+ |h|,b+ 1, €enc)-QUBE of H — h. O

A.1 Quantum eigenvalue transformation and matrix sign function

We can now describe how to prepare a block-encoding of the matrix sign function sgn(H—h)
using Quantum FEigenvalue Transformation (QET). We follow the methodology of [38|
which is convenient for our analysis, but we also note that many works have studied similar
approximations |71, 49, 75, 76]. E.g., an elegant an practical approach is mentioned [75],
using a recursive QET based on Padé approximations for the sign function, with sharp
complexity bounds.

Corollary A.1 (Adapted from [38, 49]). Let Uy be an (a,b, €enc)-QUBE of a Hermitian
matriz H, [|[H|| < 1/2, with gate complezity C(Um; €enc). Let h be a scalar in [—1/2,1/2],
and assume that A(H — h) C [-1,—-A] U [A, 1], for some (known) A € (0,1). Let €sgn €
(0,1) be an input accuracy parameter. If €one < ESgnWjW’ for some absolute constant
Csgn > 1, then we can construct a unitary Uggn which is an (1,b + 2, €5n)-QUBE of
sgn(H — h). The cost of Uggy is:

1. Queries to Ug_p: O (%‘hl log(i)), with C(Ug_p; €enc) = C(UH; €enc),
2. Number of qubits: log(N) + b+ 2,

3. Other elementary gates: O (%'h‘blog(i))

€sgn
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4. Total complexity: C(Uggn; A, €) = O ((C(UH; €enc) +0) - “Hh‘ log<esgn)).

Proof. Since Ug is an (a, b, €enc)-QUBE for H, then, by definition, it is also an (1,b,0)-
QUBE for a matrix H where |[H — aH|| < €enc. We use Lemma A.1 to prepare an
(a+h|,b+1, €enc)-QUBE Uy, for H—h with the same cost (up to constants). Again, by
definition, Ug_p, is an (1, b+1,0)-QUBE for a matrix H' such that |(H—h)— (a+|h!)ﬁ/|| <
€enc-

Using standard techniques from holomorphic functional calculus (see e.g. [19, Lemma

Sgn 12nm H h
B.1]) we know that as long as €epe < eTg : w’

that Hsgn ( +|h|) —sgn(H N/ H < €ggn/2. A sufficient upper bound for € is to set €ene <

for some constant C, then it holds

6sgnwj+|h|) It also holds that sgn (a i h|) = sgn (H — h) since sgn is scale invariant.

It remains to approx1mate sgn(H ) with a polynomial (QET). From Weyl’s inequality,
])\-(H h)—(a—i—]h]) i(H)| < ene Therefore, it follows that oy (H') > T2l >

>> a +| ) where the last bound holds due to the aforementioned value of €gne <

Esgn 5ET—TRTS 20( |h|) < A/2. From [38, Lemma 3], we can find a polynomial p(-) with degree [ =
o) (%mg(@)), such that [p(z)| < 1 for all [z] < 1, and |p(z) — sgn(z)| < eggn/2 for
all z € [~1,—A/2(a+ |h))]U[A/2(a + |h|), 1]. Consequently, |[p(E) — sgn(ﬁ’)H < €sgn/2.

From [49, Thm. 2] (or [38, Thm. 1]), we can obtain an (1,b + 2,0)-QUBE of p(ItI,)
using [ queries of Uy_p, U}L{_ ps and O((b + 2)) elementary gates. This is Uggy, and it is
easy to see that it forms an (1,0 + 2, €5en)-QUBE for sgn(H — h), since:

() = sgnt = ] = ) — semGin)|

< Hp(ﬁ ) — sgn(H H + Hsgn(ItI/) - Sgﬂ(ff;ﬁ)”

< Esgn/2 + 6sgn/2

= €sgn.

A.2 Computing the trace of a block-encoded matrix

The main algorithm requires a subroutine to compute the trace of a block-encoded matrix.

Definition A.2 ([61]). Let p be a density operator on Hs and let |0) be some easy-to-
prepare state in Hg. A unitary U, on Hg ® Ha is an R-preparation unitary of p if we
have

p = tra, (I0) (pl) (11)

where |p) = U, (]0)]0)) and U, is implementable using R elementary gates.

Proposition A 1. Let I,, denote the 2™ x 2" identity matriz. Then there exists a 2n-
preparation of w1, using n CNOT gates and n single-qubit gates on H @ H.

Proof. Let |i), denote the ith basis state on the 2"-dimensional Hilbert space. Then we
can prepare the state

on—1
P = 2 liha il (12
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by first applying H®" ® I,,, where H denotes the Hadamard gate, and then CNOT gates
between the j*" and the (j + n)™ qubits for j = 0,---,n — 1. Then, we have

1,j=0 1,j=0
2m—1 1

Z i) In. (14)

O

2" —1
try (Ip) (pl) = tra (21,1 > iy li), Gl (G ) on Z n Tl tra ([0, (1) (13)

Corollary A.2. Let A be an N x N matriz, and 0¢, € € (0,1). Let Ua be an (a, b, 55 )-
QUBE of A with circuit complexity C(Ua; 5% ) such that

where A := ((0|** @ T)UA(|0Y®° @ I). There exists a quantum algorithm that produces an
estimate & of tr(A) such that

€ — tr(A)] < e,
with probability at least (1 — dy;). The algorithm has complexity:
1. Queries to Up: O (%log@—t)),
2. Number of qubits: 2log(N) + b,

3. Other elementary gates: O (log(N)% log(i))

4. Total complexity: O ((log( )+ C(Ua; 2}\’,))GN1 g(m))

Proof. From Proposition A.1, there exists an R-preparation of p = %In with cost R =
O(log(N)) elementary gates. From Lemma 5 of [61], we know that if Uya is an (a,b,0)-
QUBE of A with circuit complexity C(Ua), and p has an R-preparation unitary, then for
every €,0 > 0 there exists an algorithm that produces an estimate & of tr(pA) such that

€ —tr(pA)| < e (15)

with probability at least (1—4). The algorithm uses O (% log(%)) applications of a Grover

operator that requires four uses of the R-preparation unitary and two queries to Ua. Note
that Uy is an (1,b,0)-QUBE of A. Using [61, Lemma 5] on A with error € := 5%, we
can compute an estimate & such that

I tr(%g)‘ <,

with probability at least 1 — d;; and circuit complexity

0 ((1og() + (U)o 5 ) ) =0 ((los(V) + c(UA) o (5 ) ).
Then we can set £ = aN¢’', which satisfies

€ —tr(A)] < ‘f — tr(ag)‘ + )tr(a;‘) — tr(A)‘
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=aN

¢ — tr(%f&)‘ n ]tr(af&) - tr(A)‘
< aNsiy + N oA - A

S €tr-
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