arXiv:2506.11341v4 [cond-mat.stat-mech] 7 Apr 2026

The Integral Decimation Method for Quantum Dynamics

and Statistical Mechanics

Ryan T. Grimm, Alexander J. Staat, and Joel D. Eaves

Department of Chemistry, University of Colorado Boulder, Boulder, CO 80309, USA.

April 9, 2026

The solutions to many problems in the
mathematical, computational, and physi-
cal sciences often involve multidimensional
integrals. A direct numerical evaluation
of the integral incurs a computational cost
that is exponential in the number of di-
mensions, a phenomenon called the curse
of dimensionality. The problem is so sub-
stantial that one usually employs sam-
pling methods, like Monte Carlo, to avoid
integration altogether. Here, we derive
and implement a quantum-inspired algo-
rithm to decompose a multidimensional in-
tegrand into a product of matrix-valued
functions — a spectral tensor train —
changing the computational complexity of
integration from exponential to polyno-
mial. The algorithm constructs a spec-
tral tensor train representation of the inte-
grand by applying a sequence of quantum
gates, where each gate corresponds to an
interaction that involves increasingly more
degrees of freedom in the action. Because
it allows for the systematic elimination of
small contributions to the integral through
decimation, we call the method integral
decimation. The functions in the spectral
basis are analytically differentiable and in-
tegrable, and in applications to the parti-
tion function, integral decimation numeri-
cally factorizes an interacting system into a
product of non-interacting ones. We illus-
trate integral decimation by evaluating the
absolute free energy and entropy of a chiral
XY model as a continuous function of tem-
perature. We also compute the nonequilib-
rium time-dependent reduced density ma-
trix of a quantum chain with between two
and forty levels, each coupled to colored
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noise. When other methods provide nu-
merical solutions to these models, they
quantitatively agree with integral decima-
tion. When conventional methods become
intractable, integral decimation can be a
powerful alternative.

1 Introduction

The curse of dimensionality, where computational
effort scales rapidly with the dimensionality of a
problem, is a central obstacle in computational
science. It arises across physics and chemistry,
including in quantum many-body physics, statis-
tical mechanics, and quantum chemistry, limit-
ing the application of conventional, classical al-
gorithms. The path integral acts as a versa-
tile encoding of the behavior of physical systems,
but direct solutions to high-dimensional integrals
are exponentially hard to compute. Indeed, the
rise of quantum computing is, in part, predi-
cated on its ability to solve these problems. Even
though quantum hardware is not yet fully devel-
oped or widely available, the study of quantum al-
gorithms has already generated many fruitful ap-
proaches to high-dimensional problems in quan-
tum and classical physics. Tensor networks facil-
itate these objectives by allowing classical com-
puters to simulate quantum circuits and algo-
rithms.

Tensor networks compress high-dimensional
tensors into contractions over low-dimensional
ones and often convert the scaling of simulations
from exponential to linear. In large part due to
their ability to solve high-dimensional integrals,
they have successfully solved a wide array of prob-
lems in computational physics, including simu-
lating quantum circuits [1], finding the ground
state of quantum many-body systems [2], simu-
lating open quantum systems [3], solving stochas-
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tic [4] and partial differential equations [5], and
computing the thermodynamics of lattice models
[6]. The spectral tensor train (STT) decomposi-
tion, in particular, has proven to be a highly ef-
fective parameterization of multidimensional in-
tegrals [7-9]. Once one makes the ansatz that
the many-body state can be decomposed into a
tensor train, one needs an accurate and efficient
method of finding it.

Evaluating multidimensional integrals by rep-
resenting them as tensor networks has proven to
be accurate and efficient, even when the functions
are oscillatory [10, 11]. There are a variety of
methods to find the tensor network representa-
tion of a tensor or function [3, 8, 9, 9-27, 27, 28].
The most general method for integration based
on tensor networks is tensor cross interpolation
[10, 29, 30| (TCI), a data-driven approach that
constructs an MPS by repeatedly sampling the
function on the grid. TCI has been used in a
wide range of applications from quantum many-
body phenomena [19], to finance [31], and to par-
tial differential equations [32]. The central advan-
tage of TCI is that it can, in principle, compute
the MPS decomposition of any function without
knowledge of its structure. Although TCI can
achieve more rapid convergence than Monte Carlo
methods [19], it may require a large number of
function evaluations when the number of inde-
pendent variables of the function is large [7].

Eliminating small contributions to integrals
through systematic recursion is a hallmark of the
renormalization group, as in Kadanoff’s decima-
tion procedure [33] and the time evolving block
decimation (TEBD) method [34, 35|. Hence, we
call our method integral decimation (ID). ID is a
generalization and natural extension of our ear-
lier work on both stochastic differential equations
[4] and open quantum systems [8].

ID turns an interacting system into a product
of non-interacting ones [10, 19, 21, 29, 30|, just
as a mean-field theory does. Such mappings are
cornerstones of theoretical analysis that, for ex-
ample, transform strongly interacting elementary
excitations into weakly interacting quasiparticles.
In rare cases, like bosonization, one can eliminate
interactions altogether [36]. ID seeks to trans-
form a system of interacting particles into a non-
interacting one numerically, without relying on
the intuition of the theorist. Such a mapping is
only practical if one can find an STT with a nu-

merically manageable bond dimension y of the
spectral cores.

In our earlier work on a quantum relaxation
problem for the reduced density matrix in con-
tact with a heat bath, we developed Q-ASPEN,
another STT-based method [8]. In that paper,
the spectral cores came from optimization and
importance sampling. Solving the optimization
problem with stochastic gradient descent limited
the scope of the method to weak and intermediate
system-bath coupling strengths. In this paper, we
find the spectral tensor cores through ID and re-
move the optimization bottleneck in our previous
implementation of Q-ASPEN |[§].

But ID has applications to many problems, not
just to quantum relaxation. As a simple illustra-
tion, we use methods of ID to compress a two-
dimensional Gaussian function. Next, to demon-
strate the ability of ID to compute manifestly
non-Gaussian integrals, we use it to calculate the
partition function of a chiral XY model. This
class of lattice models describes helical ordering
in liquid crystals and helimagnets and is gener-
ally not analytically solvable [37-39|. Chiral XY
models display a wide variety of winding phases,
critical points, and transitions between them [40].
In the parameter ranges explored, ID is arbitrar-
ily accurate with respect to transfer matrix so-
lutions. Because ID allows us to compute the
partition function directly, we calculate absolute
free energy and entropy and compute the specific
heat and internal energy through analytical dif-
ferentiation of the STT.

Finally, revisiting Q-ASPEN with ID, we com-
pute the dynamics of a non-Markovian open
quantum system, a d-site quantum chain model.
This application exhibits a complementary set of
challenges to the XY-model. The weight is Gaus-
sian but the action contains long-ranged interac-
tions from non-Markovian system-bath correla-
tion functions. Although the integral is Gaussian,
one cannot compute it analytically, and unlike the
XY model, no equivalent transfer matrix solution
exists. For small numbers of levels (d = 4), nu-
merically exact results are possible using the hi-
erarchical equations of motion (HEOM) method.
Here, ID agrees nearly exactly with HEOM. Cir-
cumventing the optimization bottleneck that pre-
viously limited Q-ASPEN, we present results for
a d = 40 site quantum chain, a calculation beyond
the reach of most numerically exact quantum dy-
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namics methods.

2 Preliminaries

In this manuscript, we focus on one-dimensional
path integrals as tensor network methods for
higher-dimensional systems are underdeveloped.
In particular, when a network contains loops, al-
gorithms for finding the cores—such as TCI—
that rely on a one-dimensional topology break
down, making the adaptation of integral decima-
tion a key direction for future work. There are
many important problems where the total space-
time dimension is one, and where exact solutions
are elusive. Examples appear in classical statis-
tical mechanics, open quantum systems [41], and
stochastic differential equations [4, 42|. Most gen-
erally, these problems involve computing path in-
tegrals of the form

0 = [Py ol wlesed, )

where 0 is a local observable, S is the action func-
tional or Hamiltonian for the scalar system field
¥, and ( is a parameter field not integrated out.

For example, when & = e &z C@¥(@) the result is
a generating functional, central to theories of cor-
relation and response functions. When the action
corresponds to a free theory or is Gaussian, Eq.
1 has exact solutions. In other cases, one turns
to approximate analytical solutions or numerical
simulations.

To facilitate a numerical treatment of Eq.
1, we discretize the integrand onto an N-point
grid. Choosing a one-dimensional space-time grid
(z1,--- ,zN), the discretized system field variables
Yn = YP(zn), with ¢ = (1,92, -+ ,9N), and pa-
rameter field variables (, = ((z,) become fluctu-
ations on the lattice of points. Eq. 1 becomes

N .
(0(¢)) ~ / lH dwmn(wn,cm] N
n=1

With the domain of integration represented on
a multidimensional quadrature grid, the integral
is a sum over the indices of a tensor with dimen-
sion ¢V, where ¢ is the number of quadrature
points in each dimension. When N is larger than
about 10, it is not possible to store the tensor in
memory and perform direct quadrature. Addi-
tionally, one often uses Eq. 1 to compute quanti-
ties like the generating function or partition func-
tion that must remain differentiable with respect

to the parameter fields or temperature. Finding
a numerical treatment of Eq. 2 that is accurate
in high dimensions and that also preserves ana-
lytical differentiation inside the integral remains
a steep challenge. In this work we address this
challenge by evaluating Eq. 2 using spectral ten-
sor trains (STTs) [7, 43|, which are a continuous
analog to matrix product states (MPS).

Like TCI, our approach converts the N-
dimensional integral into N one-dimensional inte-
grals. But unlike TCI, our approach exploits the
physics of interactions and mathematical proper-
ties of the integrand in Eq. 1. Specifically, the
action is a sum of body-ordered functions, single-
particle, pairwise, three-body, and so on. As we
show, the product property e?t? = e%? of the
integral weight e*¥ invites a mapping of the inte-
gral to a quantum circuit, where each gate of the
circuit corresponds to a term in the body-ordered
action. The gates act sequentially, allowing one
to systematically eliminate small contributions to
the integral through singular value decomposi-
tion (SVD). This method avoids the curse of di-
mensionality because it compresses each of the
low-dimensional quantum gates in sequence and
never stores the entire tensor in memory. Un-
der no compression, each applied gate multiplies
the current bond dimension by x. Thus, for a
long-ranged system with all-to-all interactions—
as in Q-ASPEN—the number of gates required
grows as O(NP) and the bond dimension grows
as (’)(XNB), where B is the number of degrees of
freedom involved in the interaction. In practice,
compression greatly reduces the bond dimension,
but the compressed size is variable and depends
on the correlation length of the system. Although
we treat finite systems, approaching criticality or
increasing coupling strengths will—in general—
enlarge the bond dimension. The tensor that
emerges from this procedure encodes the expan-
sion of the multidimensional function in products
of orthogonal spectral basis functions, allowing
analytical differentiation of the result with re-
spect to the parameter fields.

Conceptually, ID borrows ideas from mean-
field theories. Suppose the weight # (¥,{) =
eS8 can be decomposed into a product of
matrix-valued functions, called a spectral tensor
train, with spectral tensor cores W,, and z,,

N
 (,¢) = ] 2a(G) Wa(n)- 3)
n=1
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When decomposed, the N-dimensional integral in
Eq. 2 becomes a product

) ~ H 2n(Cn) Zn(Cn), (4)
n=1

of N one-dimensional integrals, where Z,(¢) =

Jdv On(C, )W (¥).

3 Integral Decimation

3.1 Mapping the Integral Weight to a Quan-
tum Circuit

To compress the integral weight as an STT, we
treat it as a many-body wavefunction. Start by
defining the position-like ket [x) = |z1,22,---)
where each x,, corresponds to either a system or
parameter field =, € {¢n, (,} at space-time point
z,. The weight is the quantum amplitude

W (x) = X¥). ()

Suppose the state |#') is related to another state
|¥) by the transformation

W) =u|v), (6)

because the action decomposes into a body-
ordered expansion,

W (x) = e—izk Vi(er)=i )2y, Valon,@)t.. (7)
where Vi, Va, ... are the one-body, two-body and
higher interaction potentials [44, 45], it is prudent

to decompose % into a product

U = IJ_V[ ur, (8)

n=1

where each U" acts at a step 7.

Now insert the product form of % in Eq. 8 into
Eq. 6, left multiply by (x|, and insert position
space resolutions of the identity 1 = [ dx |x) (x|
at each time step to get

X7 = /[H X" <xﬁ+1’uﬁ‘xﬁ>] (x|},

(9)
where x = x. Equating Eq. 9 to Eq. 7 re-
veals that the initial state is the wavefunction
(x|¥) = 1, which is a trivially unentangled state.
For shorthand, we define the state |1) such that

N+1

(x|]1) = 1. The state has a similarly trivial de-
composition, [1) = |1) ® |1) ® [1)---. Each Y™
equates to one of the terms in the sum for the ac-
tion, representing a quantum gate for each term
in the body-ordered expansion of the action [46].
For example, on a one-dimensional lattice with
d spins interacting through a long-ranged two-
body potential, there will be N ~ d2? terms in
the action, each with a corresponding gate am-
plitude (X'|Us |x) = e~V2(@x:2)§(x — x') acting on
quadrature points zy and x;.

The sequence of operations mimics the time
evolution of a quantum state in auxiliary time,
passed through a series of mutually commuting
quantum gates. The state |1) and the body-
ordered gate functions are the key ingredients of
ID. They are elements of a diagrammatic theory,
shown in Figs. 1-3. Each wavy line represents an
argument z,. The one-body functions produce a
set of quantum gates Uj, the two-body functions
produce a set of quantum gates o, and so on.
Each element of a body-ordered function of de-
gree k has 2k legs in a diagrammatic representa-
tion, Fig. 1(b). To maintain the MPS structure
of # during propagation, we decompose gates
with a body order greater than one into matrix
product operators (MPO) that act on the MPS.

3.2 The Spectral Tensor Train Decomposition

The spectral decomposition of the integral weight
follows from a basis function expansion. Inserting
a complete set of product states into Eq. 5

xw)y= > la){elw),  (10)
a1,a9,...
where |a) |ag, g, ...) is a microstate and

(X|at) = Pay(x1)Pay(x2) -+ is a product state
formed from single-particle orthonormal orbitals
¢o(z) with spectral index «. The expansion coef-
ficients (a|#) also have an MPS decomposition
(a|?) =T1,, A% so that the STT decomposition
is a product of spectral tensor cores W,,,

x|#) = Hwn Tn), (11)

where W, (x5,) Yo ASPa(y), and W €
{zn, W, } is the spectral tensor core that corre-
sponds to space-time point z,. Note that the
product in Eq. 11 is ordered from right to left
with increasing n. With the spectral cores {W,,}
computed on the quadrature grid, the discrete
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Figure 1: A diagram for the conversion of the weight % into a quantum circuit. (a) View the weight function as a
quantum state |#) such that W(z1,---) = (x|#'). Each horizontal wavy line depicts one of the z,, variables. (b)
The body-ordered expansion of the action S corresponds to a sequence of quantum gates, where the body order of
each gate corresponds to the body order of the potential. The propagation occurs along an auxiliary time-dimension
(left to right), producing a tensor representation of the weight from an initially unentangled state.
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Figure 2: Converting between discrete and spectral ten-
sor cores. Functions are green rectangles with arguments
denoted by a wavy line (a), and discrete tensors are blue
circles with indices denoted by a straight line (b). Trian-
gles are transformations between the discrete and con-
tinuous representations, where contractions occur along
the internal line between the shapes.

tensor cores {A,} come from the orthogonality
of the basis functions

AC — / dx 5 (x) Wi (). (12)

Eq. 11 now gives the observable (O(¢)) in Eq. 4
for a set of parameter fields . One can evaluate
the observable for values of the parameters at or

between any of the grid points. This is a central
strength of STTs.

3.3 Algorithm

To compute the evolution that generates |#'), we
use the time-evolving block decimation procedure
[34, 35] (TEBD), Fig. 3(a). We represent the
propagators as MPOs, Fig. 1(b); apply them se-
quentially to the MPS; and truncate after each
step. Because the propagators only act on a few
degrees of freedom, they are easy to represent as
MPOs, which makes TEBD efficient. The prop-
agators have the same rank as the body order
of their potential, so we can compute the MPO
representation of the propagators by repeated ap-
plication of singular value decomposition (SVD)
[29]. We perform truncation using the standard
algorithm [29], which consists of sweeping left to
right with SVD and right to left with QR de-
composition. This process brings the MPS into
canonical form after the application of each gate.
The last step to obtain the STT decomposition

[7] is to project the state into the basis to obtain
the coefficient matrices using Eq. 12. To com-
pute the observable in Eq. 2, we compute single
integrals over the cores, Fig. 3(b).

4 Applications

4.1 Gaussian

To illustrate the spectral decomposition in ID, we
first decompose a correlated Gaussian probabil-
ity distribution into sums of separable functions.
The correlated bivariate Gaussian, Fig. 4(a), is

W (x,y) = exp (—; [ZL‘ y} c! B]) , (13)

where C is a covariance matrix. An off-diagonal
covariance matrix indicates that the variables
(x,y) are not independent. We use ID to find
a similar decomposition in terms of orthogonal
polynomials. In both this and the chiral XY ex-
amples (Section 4.2), we employ Legendre poly-
nomials as we have observed the best performance
of the STT in rescalings of large intervals with
this parameterization. In Fig. 4, we decompose
a distribution with a correlation matrix

o (172 1/5

¢ = <1/5 1/2) ’ (14)
We use an SVD cutoff of esyp = 107°, and basis-
set consisting of b = 31 Legendre polynomials.
The mean absolute value is in decibels where
Agp = 10logo(A/Ap), A is the mean absolute
magnitude, Ag is the reference magnitude, and
Agp is the magnitude in dB. We choose the mag-
nitude of the true function, Fig. 4(a), to be the
reference magnitude.

The system field variables are 9 = (x,y),
where the system consists of two coupled sites.
In this example, there are no parameters.
There are three interactions in the system: a
pair of one-body, on-site interactions Vi(x) =
—i(C V) pa?/2 and Vi(y) = —ig?(C )y /2,
as well as a two-body interaction Va(z,y) =
—iz(C71)4yy/2.  To represent the continuous
function, first change the domain on = and y to
have support from —1 to 1. Then, expand the

function in a set of orthogonal polynomials. The
result is a separable decomposition

W (x,y) = Wi(x)Wa(y). (15)
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P> Decimate -
Figure 3: Constructing (O[¢]) in ID. (a) Contract the network layer by layer, applying the time-evolving block
decimation (TEBD) procedure sequentially. TEBD reduces the bond dimension by discarding singular values below
a threshold esyp. Contracting the network results in an MPS for the coefficients of the integral weight in a spectral

basis. (b) Integration (hemispherical caps) along various z,, variables is straightforward. Differentiable parameter
fields (uncapped wavy lines) are continuous functions in the spectral basis.

=F
5

1400 44

Components

-5.9dB -12.1 dB

STT Decomposition

Figure 4: lllustration of the spectral tensor train (STT) decomposition of a two-dimensional, Gaussian function
corresponding to the distribution function of two correlated random variables. Part (a) shows the true function
where (z,y) € [-5,5] x [-5,5]. Part (b) shows the components of the STT with the three largest mean absolute
magnitudes. Part (c) shows the absolute error from the true function.
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Because # is two-dimensional, we can visualize
the result. The spectral cores W7 and Wy re-
duce to vectors, and the contraction reduces to
a dot product between vector-valued functions,
Fig. 4(b),

W (x,y) =D Wi (2)W3(y), (16)
j=1

where the decomposition can be made arbitrar-
ily accurate, Fig. 4(c), by increasing the bond
dimension x. The SVD cutoff esyp controls the
truncation error and the bond dimension y. We
observe a few fundamental features of ID in Fig.
4(b). The weight of the basis functions decays
rapidly, illustrating the compactness of the STT
decomposition. The decomposition is similar to
Mehler’s formula for correlated Gaussian vari-
ables. While the probability distribution is posi-
tive definite, some terms in the STT expansion
are not. The STT forces an expansion of the
correlated distribution function into products of
separable functions, where each term is symmet-
ric about the antidiagonal. The penalty is that
not all terms in the expansion are positive defi-
nite, so that each term cannot, individually, be
interpreted as a probability density.

4.2  Chiral XY Model

To demonstrate ID on a non-Gaussian prob-
lem, we calculate thermodynamic properties of
the chiral XY model, a conceptually simple one-
dimensional model, by direct evaluation of the
partition function. Various authors have per-
formed numerical studies of the chiral XY model
and have found rich phase and thermodynamic
behavior [40, 47-50]. For convenience, we work
in units of the coupling strength. The Hamilto-
nian is

= —JZCOS

d
Ony1 — )=y Z cos 20,

n=1

(17)

where J > 0 characterizes the interaction

strength between adjacent spins, 6,, € [—m,7) are

the spin angles, ~y is the field strength, and « is

the chirality parameter. A non-zero « introduces

a bias so that adjacent spins tilt relative to one

another, leading to a helical rotation along the
chain.

In the absence of a field and chirality, there

is an exact, analytical result for the partition

function [51, 52]. In the general case with chi-
rality and an applied field, no analytical solu-
tion is known, so one must resort to numerical
methods. Because the interactions are between
nearest neighbors, we compute equilibrium ther-
modynamics using a continuous generalization of
the transfer matrix method (see Appendix A) and
compare to ID.

The system field variables are ¥ = (01, ...,0y),
and the parameter field variables are the inverse
temperatures that we set along the bonds be-
tween adjacent spins ¢ = (f1,...,Bq4—-1). Encod-
ing the inverse temperature 5 = 1/kpT as a pa-
rameter field allows differentiation of the parti-
tion function Z. Although the interaction poten-
tials are two-body, it is convenient to incorporate
the inverse temperature as a three-body term

Vo(0,8,0") =BJ cos(0 — 0" — o) + B cos(26)
+ 570, 4—1 cos(26),
(18)

where the last term appears only for n = d —
1 in open boundary conditions. The partition
function is

— /de ezydl;ll Vn(envﬁnvenqu). (19)

Applying the STT decomposition of the weight
yields

Wa(04) (20)

d—1
n=1

so that the partition function becomes

d—1 1
- lH 2n(Bn)Zn| Za, (21)
n=1 4

where Z,, = [ df W, ().

Unlike Markov Chain Monte Carlo, ID com-
putes the partition function, where it is possi-
ble to compute the absolute free energies and en-
tropies. The STT is an expansion of the parti-
tion function in terms of continuous basis func-
tions and is therefore analytically differentiable
in B,. The free energy is related to the parti-
tion function by SF = —In(Z), and the entropy
by S/kp = B(U — F'). To compute the internal
energy U = (E), we differentiate the partition
function with respect to each 5, and then take
the limit that 5, — (5 for all n,

Oln(Z

U=— lim ---
. Ba— 1%/32 aﬂn

B1—8

(22)
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Figure 5: Thermodynamics of the classical XY model with d = 20 sites as a function of temperature, field strength
7, and chirality «. (a), (b), (c), and (d) are the specific heat, absolute entropy, free energy, and internal energy per
site, respectively. Only the specific heat and internal energy are accessible using Markov Chain Monte Carlo. Energy
is in units of J and temperature is in units of J/kp. Dashes correspond to benchmark solutions using a generalized
transfer matrix method. The solid lines show the results obtained from the ID method: numerical integration to find
the partition function as a function of temperature followed by analytical differentiation.
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Intensive quantities of the internal energy u =
U/d, entropy s = S/d, specific heat ¢, = C,/d,
and free energy f = F'/d for a d = 20 site model
appear in Fig. 5. Fig. 5 shows three cases: the
exactly solvable XY model without an external
field or chirality (v = a = 0), the XY model with
an external field (y = 0.2 and a = 0), and the
chiral XY model (v = 0.2 and /27 = 0.06). We
compute the transfer matrix solution on a grid
with a spacing of d60 = 27/300. For ID, we use
b = 51 Legendre basis polynomials and an SVD
accuracy of esyp = 107'2. The results of ID are
indistinguishable from numerically exact transfer
matrix solutions.

The thermodynamics of the chiral XY model
are unusual [48|. First, consider the temperature-
dependent heat capacity in Fig. 5(a), which
shows that the specific heat tends to kp/2 as
T — 0. At low temperatures, fluctuations in 6
are small enough to be Gaussian. At the low-
est temperatures, a saddle point treatment of the
partition function gives the result for indepen-
dent classical harmonic oscillators, each of which
contributes kp/2 to the heat capacity.

Because the boundary conditions are open and
not periodic, an applied field introduces one more
degree of freedom. For v # 0, the Hamilto-
nian depends on the absolute values of the angles.
When v = 0, there are d—1 angle differences and
therefore d — 1 degrees of freedom. But when
~v # 0, there are d angles and therefore d degrees
of freedom. This extra degree of freedom pro-
duces a gap in the specific heat as T — 0 that
would vanish as 1/d in the thermodynamic limit.
The gap is small but visible in the specific heat
near T' = 0 even for d = 20, Fig. 5(a).

Collective excitations of massless spin defects
control the heat capacity at low temperature, so
that Cy ~ T near T'= 0. At high temperatures,
the bounded energy spectrum causes the Boltz-
mann distribution to flatten to 1 and the specific
heat vanishes as 1/T2. There must, therefore, be
at least one peak at finite temperature. Peaks
in the heat capacity, akin to Schottky anomalies,
appear for all field strengths, Fig. 5(a). When ~
is large enough that the external field competes
with the chirality parameter «, thermal fluctua-
tions for angles aligned with « and with + can
occur, giving rise to two peaks in C, at finite
temperatures.

The entropy is logarithmic near 7" = 0 and can

become negative. These results are also observ-
able both in Fig. 5(b) and in the work of Fukui
and Horiguchi [48]. The Sackur-Tetrode equation
for the absolute entropy of the ideal gas and the
classical Heisenberg model [53] both exhibit a log-
arithmic entropy that goes negative at low tem-
perature. The entropy turns negative at low tem-
peratures because the classical chiral XY model
lacks the quantum fluctuations that would restore
the third law of thermodynamics.

4.3 Non-Markovian Quantum Dynamics

Next, we use ID to compute the dynamics of a
large multi-level open-quantum system. In our
recent papers on the ASPEN [4] and Q-ASPEN
methods [8], we found a path integral formalism
for solving stochastic differential equations with
multiplicative noise, enabling us to also phrase
this problem in terms of a functional integral.
In units where A = 1, the density matrix of an
open quantum system obeys a stochastic differ-
ential equation

PO _ L), (23)
where L£(t) is the total, stochastic Liouvillian.
This formalism can treat systems with intrinsic
and extrinsic noise. However, to make contact
with existing benchmarks [54], we limit the struc-
ture to a Liouvillian that encodes the dynamics
of a quantum subsystem coupled to a thermal
bath at an inverse temperature 8. In this case,
the Liouvillian is £(t) = Lo + £(t) L] + v(t)LT.
Ly < [H, -] generates the dynamics of the system
under a Hamiltonian H in the absence of fluctu-
ations. L] « [V,:] and L{ < {V,-} couple the
system, via an operator V', to a pair of Gaus-
sian noise fields £(t) and v(t). The real-valued
spectral density J(w) determines the two noise
sources &(t) and v(t), which, for thermal fluctua-
tions, are related by a fluctuation-dissipation re-
lation that ensures the reduced density matrix
elements relax to Boltzmann equilibrium.

The relaxation operator ®;; propagates the re-
duced density matrix (p(tyr)) = ®ap(0) on a
discrete time grid ¢, = 7n, where 7 is the time
step. An M-dimensional partition sum over the
eigenfrequencies w™ and w™ of the operators L
and L] specifies the relaxation operator

M
IVESY [H go(w;,wi)l V(w), (24
w [n=1
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Figure 6: Population dynamics from ID compared to perturbative and numerically exact quantum dynamics methods
for the quantum chain model with d = 4 sites described in Egs. 29-30, where n is the site index and p is the
reduced density matrix. Part (a) shows a comparison of Q-ASPEN implemented with ID (opaque) to non-secular,
second-order, time-convolutionless Redfield theory (semi-transparent). Part (b) shows a comparison of Q-ASPEN/ID

(opaque) to HEOM (semi-transparent).

where Gy is the free-propagator, and
the path over the eigenfrequencies is
w = (wy,wif---,wi,w). The influence
weight # is a complex Gaussian,
1

W (w) = exp <—2wTGw> , (25)
that weights each path, where G is the correla-
tion matrix for the noise fields £ and v. In this
example, there is no parameter field, and the sys-
tem field variables consist of the eigenfrequencies
P =w.

Unlike the XY model, the integral in Eq. 24 is
Gaussian, but, because the integrand has an in-
tricate dependence on the fields, we cannot con-
vert it to a separable problem. Long-range in-
teractions in G that couple the evolution of the
system at different points in time make a trans-
fer matrix solution prohibitive for M > 1. In-
deed, one can truncate the interaction and form
a long-ranged transfer matrix to obtain the quasi-
adiabatic path-integral method (QUAPI) [55, 56],
which has poor scaling in both system size and
interaction range. Writing the transfer matrix
as a discrete tensor network, one arrives at the
time-evolving matrix product operator method
(TEMPO) [3]|, which scales well in interaction
range but not in system size. Writing the transfer

matrix instead as a spectral tensor network yields
Q-ASPEN, which, if one can find the cores, has
excellent scaling in both system size and memory
length. In all of these methods, the need to work
with transfer matrices with a finite interaction
range leads to significant computational cost and
algorithmic complexity. Using ID, we can eval-
uate Eq. 24 directly with little more complex-
ity than evaluating a classical partition function.
Decomposing # as an STT,

M
V(w) = ] W (@)W (w), (26)
n=1
and inserting it into Eq. 24 yields
M
@y =[] Zn, (27)
n=1
where
Zn= Y Golw , wh)@W, (w )W, (w")
(W=, wh)

(28)
are Markovian (non-interacting) propagators.
Because the Markovian propagators carry the
free-propagator along with them, storing the
Markovian propagators as a dense matrix is usu-
ally costly, so we represent them as two-site ma-
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trix product operators. We then efficiently con-
tract them using zip-up [57| to obtain the relax-
ation operator.
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Figure 7: Population dynamics from Q-ASPEN for the
quantum chain model described in the text with d = 40
sites. We use a sliding opacity to draw attention to the
initialization of the wavepacket.

10.0

To benchmark this application of 1D, we simu-
late the dynamics of a standard benchmark sys-
tem: a quantum chain model with nearest neigh-
bor couplings [54]. This model occurs in many
contexts, including the charge qubit Hamilto-
nian [58|, exciton models in a single excitation
subspace [59], and the tight-binding model [54].
Working in the site basis, the system Hamiltonian

is
d—1
H=0Y (In)(n+1]+ln+1)(nl), (29)
n=1
where () is the inter-site coupling. The system-
environment coupling operator is

d
VzéAa(Zii—i) In) (n|, (30)

where Ao is the radius of the chain. We couple
the system to intrinsic noise with an Ohmic spec-
tral density J(w) = ywexp(—w/w.), where ~ is
the noise strength, and w, is the cutoff frequency.

We benchmark the accuracy of the method
at computing full memory, non-perturbative dy-
namics on a small system with d = 4 sites that is
still tractable by other numerically exact meth-
ods. In Fig. 6(a), we compare to Redfield theory.
As Redfield is a perturbative dynamics method
that works best in the weak system-bath coupling
and short bath memory limit, a choice of v = 1/2
puts us in a dynamical regime in which Redfield
will be a decent approximation at early times, as
confirmed by Fig. 6. In Fig. 6(b), we compare
to HEOM [60, 61|, which is numerically exact,
and find quantitative agreement, demonstrating
the accuracy of ID in a challenging regime. Fi-
nally, to test the ability of ID to simulate the
dynamics of a large system with no memory cut-
off, we compute the dynamics of a d = 40-site
system with identical parameters out to a time
sufficiently long to see the excitation propagate
to the edge of the chain, Fig. 7. At this system
size, we can observe the wavefront as it propa-
gates through the chain.

In both Fig. 6 and Fig. 7, we choose sys-
tem parameters w, = 1/2, v = 1/2, § = 1, and
Ao = 2, and start the excitation in the center of
the chain. In HEOM, we truncate the hierarchy
at five levels and use two Matsubara frequencies.
The time-step is dt = 0.01 in both HEOM and
Redfield. For ID, we use b = 5 Chebyshev ba-
sis polynomials for the STT decomposition with
esyp = 107 and 7 = 0.15. For the cases with
exact reference calculations, we improve the con-
vergence parameters until the desired accuracy
with respect to the reference is achieved. For the
forty-site system, which has no reference answer,
we use the parameters from the four-site system
as we do not expect that a change in system size
should affect intensive parameters, such as the
cutoff or basis size.
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5 Conclusion

The STT ansatz, Eq. 3, factorizes the path in-
tegral in Eq. 1, transforming a high-dimensional
integral into a product of one-dimensional inte-
grals. The resulting function is analytic and dif-
ferentiable in the parameter fields. ID can com-
pute absolute quantities, like the entropy and free
energy using numerical integration followed by
analytical differentiation. Monte Carlo integra-
tion becomes impractical in dimensions greater
than about ten. Monte Carlo also converges
slowly for oscillating integrands, a phenomenon
sometimes called the sign problem [10]. Meth-
ods like ID can converge more quickly. ID also
allows for a controlled separation of scales, al-
lowing one to optimize for function interpolation,
differentiation, and integration by sampling dif-
ferent quadrature grids at different sampling fre-
quencies along each dimension of the integrand.
We demonstrate ID in an illustrative problem to
factorize a joint probability function, to compute
absolute thermodynamics in an XY model with
a nonpolynomial action, and to compute the re-
laxation dynamics in a quantum chain with non-
Markovian noise as a function of the number of
sites d, going from d = 2 to d = 40. Results from
ID are indistinguishable from other numerically
exact solutions when they are available.

ID exploits the decomposition of the action
in terms of body-ordered functions and uses the
product property of the exponential to map the
weight of a path integral to a many-body wave-
function. Starting from a trivially unentangled
state, ID systematically constructs a low-rank
approximation to the multidimensional function
by applying a sequence of quantum gates, where
each gate corresponds to a body-ordered term in
the action. ID avoids the memory bottleneck,
or curse of dimensionality, because the dimen-
sion of each quantum gate is small enough to
fit into memory. FEach gate corresponds to a
body-ordered term in the action with far fewer
dimensions than the integrand, which allows for
a straightforward compression through singular
value decomposition. In one-dimensional prob-
lems, there are several methods to find ten-
sor cores. But for tensors with more complex
topologies—Ilike projected entangled pair states
[62]—the local, sequential, and memory-efficient
approach that ID employs may be an effective
way to find low-rank approximations.

Code Availability

All code used and data generated in the
manuscript are available on GitHub.
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6 Appendix A

In this appendix, we derive an exact integral oper-
ator solution to the chiral XY model. The Hamil-
tonian is

d—1 d
H(O) = — Z cos(bp — Ony1 — )=y Z cos(26,,).
n=1 n=1
(31)
Thus, the partition function is
Z— / d6 exp(—BH(0)). (32)

The model is easy to solve exactly using a general-
ization of the transfer matrix trick. First, expand
the integral to get

d—1

Z= / de {H K(0n, 0n+1)} {exp(Bv cos(20a))}
n=1
(33)
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where

the kernel is K(6,0") =

integral

exp(f [cos(6 — @' — a) + ycos(20)]). Rewrite the
partition function by distributing the integral to

Z = /d&l/dOQ K(01,05) -

where n,(0") = [df K(0,0)n,4+1(0) for n €

,...

,d — 1], and ng(0) = exp(B~ cos(20)).
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