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Quantum resources, such as entanglement
or quantum communication, offer significant
communication advantages in information pro-
cessing. We develop an operational framework
for realizing these communication advantages
in resource-constrained quantum networks.
The framework computes linear bounds on
the input/output probabilities of classical net-
works with limited communication and glob-
ally shared randomness. Since the violation
of these classical bounds witnesses nonclassi-
cality, a measurable communication advantage,
the framework maximizes the violation of the
classical bound using variational quantum op-
timization methods tailored to the communi-
cation network and quantum resources. This
operational framework for nonclassicality can
be scaled on quantum computers or deployed
in the field to optimize noisy quantum net-
works for communication advantages. Apply-
ing this framework, we investigate the non-
classicality of communication networks that
are assisted by quantum resources. We find
that entanglement between communication-
constrained parties is sufficient for nonclas-
sicality to be found, whereas in networks
with multiple senders, quantum communica-
tion with no entanglement-assistance is suffi-
cient for nonclassicality to be found. As a re-
sult, entanglement is necessary for nonclassi-
cality when a single sender broadcasts to mul-
tiple receivers.

1 Introduction

Quantum networks promise to revolutionize science
and technology by enhancing communications and
distributed information processing with quantum re-
sources, such as entanglement and quantum commu-
nication [1, 2, 3, 4]. The communication advantage of
quantum resources is often quantified by the commu-
nication complexity, which specifies how the amount
of communication resources needed for an information
processing task scales with the problem size. When

compared with classical protocols, quantum resources
enable polynomial or even exponential communica-
tion complexity improvements [5, 6]. However, these
quantum advantages often require large amounts of
fault-tolerant quantum resources, which are unavail-
able in practice [3]. Thus, it is crucial to develop
practical approaches for realizing communication ad-
vantages in resource-constrained quantum networks.

An alternative quantifier of quantum advantage in
distributed processing is the classical simulation cost,
which is the minimum number of bits of classical
communication needed to simulate the input-output
behavior of a quantum network. In information-
theoretic terms, this problem is known as the chan-
nel simulation problem [7, 8, 9], and this work fo-
cuses on the zero-error version of this problem [10].
For instance, Holevo’s celebrated result states that
the classical capacity of any d-dimensional quantum
channel cannot exceed logd [11]. More recently,
Frenkel and Weiner proved a stronger statement in
which the classical input-output data generated us-
ing a d-dimensional quantum channel (Fig. 1.a) can
be simulated with zero error using logd bits and
shared randomness between the sender and the re-
ceiver (Fig. 1.b) [12].

When additional senders, receivers, and process-
ing nodes are added to the basic signaling scenario
in Fig. 1, the input-output correlations generated us-
ing quantum resources cannot always be reproduced
by simply replacing the quantum channels with d-
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Figure 1: Classical communication channels with input

x € X, output y € )V, and input-output correlations P,

(a) A encodes z into a qudit state p2 € D(H,4), sends it over
a quantum channel, and B applies the POVM {HyB}yey to
obtain y. (b) A encodes z into a message m € {0,...,d — 1},
sends it over a classical channel, and B decodes the message
to obtain y. The globally shared randomness source A
correlates A and B with a shared random value .
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dimensional classical channels, removing all entangle-
ment, and adding globally shared randomness. That
is, classical channels with capacity greater than d are
necessary to simulate the quantum systems with zero
error, implying that quantum resources allows certain
input-output correlations to be generated more effi-
ciently. We refer to this improved communication ef-
ficiency as a quantum communication advantage.

This notion of quantum communication advan-
tage is called quantum nonclassicality [13], which ex-
tends Bell nonlocality [14, 15] to causal models with
bounded communication. In this framework, a lin-
ear function called a nonclassicality witness is applied
to the input-output correlations produced by a quan-
tum network. If the nonclassicality witness outputs
a value that exceeds the classical bound, then the
considered quantum communication network cannot
be simulated with zero error using an analogous set
of classical communication resources, thereby an ex-
plicit quantum advantage is witnessed. This network
nonclassicality framework builds on prior investiga-
tions of nonsignaling scenarios [15, 16, 17, 18, 19,
20, 21, 22, 23|, point-to-point communication chan-
nels [12, 24, 25, 26, 27, 28, 29, 30, 31|, random-access
codes [32, 33, 34, 35, 36], and more complex scenarios
having multiple senders and receivers [13, 28, 37].

To evaluate the communication advantage of a
quantum network, we use variational quantum opti-
mization (VQO) methods [38] to maximize the viola-
tion of a nonclassicality witness tailored to the net-
work. VQO methods can maximize nonclassicality in
noisy communication networks and can operate in the
presence of hardware noise [39, 40, 41, 42, 43]. Since
VQO methods can run on quantum hardware, they of-
fer a practical approach for optimizing both deployed
quantum networks, and simulations of quantum net-
works on either classical or quantum processors.

Our work broadly characterizes the communication
advantage of quantum resources in multipoint com-
munication networks. To this end, we develop an
operational framework for maximizing the quantum
communication advantages by combining the non-
classicality framework of Bowles et al. [13] with the
VQO framework for quantum networks of Doolittle et
al. [39, 40, 41]. Our main contributions include:

e Operational Framework: We develop a scalable
and hardware-agnostic framework for optimizing
quantum communication networks that are either
deployed in the field, or simulated on quantum
or classical processors. We introduce “simulation
games”’ as a family of nonclassicality witnesses
that can be efficiently derived and optimized to
establish practical communication protocols.

e Novel Examples of Nonclassicality: We numer-
ically survey the nonclassicality and noise ro-
bustness of all basic communication networks
and quantum resource configurations. We obtain

numerous examples of nonclassicality in basic
communication and distributed processing tasks.
We detail interesting examples of entanglement-
assisted protocols, such as dense bitwise XOR . in
quantum multiaccess networks (Protocol 1), trit
equality in classical multiaccess networks (Pro-
tocol 2), or maximal nonclassicality in quantum
broadcast networks. (Protocol 3).

o Conditions for Nonclassicality: We present three
conditions for nonclassicality in communication-
constrained networks: 1) Entanglement shared
between two or more network nodes is sufficient
for nonclassicality, 2) multiple senders in a quan-
tum communication networks with no entangle-
ment is sufficient for nonclassicality, and 3) En-
tanglement is necessary to achieve nonclassicality
in broadcast networks (Theorem 1).

Our paper is structured as follows. In the meth-
ods (Section 2), we formalize our operational frame-
work for nonclassicality in quantum communication
networks. In the results (Section 3), we apply our
framework to characterize the nonclassicality of a
wide range of networks and quantum resource configu-
rations, including bipartite communication scenarios,
multiaccess networks, broadcast networks, and multi-
point networks. We conclude with a discussion of our
results and open questions in Section 4.

2 Methods

We now detail our operational framework for nonclas-
sicality in quantum communication networks. Sec-
tion 2.1 describes our approaches for modeling com-
munication networks. Section 2.2 formalizes non-
classicality and how quantum advantage can be wit-
nessed. Section 2.3 describes our VQO methods for
maximizing the nonclassicality of a quantum commu-
nication network. Overall, our framework presents
a practical approach for realizing quantum commu-
nication advantages, enabling its application in both
experimental and theoretical domains of quantum in-
formation science and technology.

2.1 Communication Networks

This section introduces our semi-device-independent
framework for characterizing communication net-
works. We model communication networks by their
stochastic behaviors (Section 2.1.1), which is con-
strained by their causal structure and communication
resources (Section 2.1.2). We discuss the constraints
imposed by different resource configurations, includ-
ing classical communication (Section 2.1.3), quantum
communication (Section 2.1.4), and entanglement-
assisted communication (Section 2.1.5).
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2.1.1 Communication Network Behaviors

At the highest level of abstraction, a communication
network is treated as a discrete and memoryless chan-
nel P: ¥ — 37, which we refer to as a “black box”
(see Fig. 2.a). An observer can query the black box
with an input string 7 € X =X x - x Xy to ob-
tain the output string 7 € Y =) x --- x Yx where
X; ={0,1,...]1%;] — 1} is a discrete set of finite length
and (similarly for ;). Moreover, an observer can es-
timate the black box’s transition probabilities Pyz by
querying it many times with an input Z drawn uni-
formly at random.

We characterize a communication network’s behav-
tor as the column stochastic matrix

P=3"Y Pyl (@ (1)

gey zeX

where the transition probabilities Pz satisfy nonneg-
ativity and normalization constraints. For given input
and output sets, X and ;)7, we refer to the set of all
column stochastic matrices as the probability polytope

Py = {P RIS P —1v7e &} (2)

gey

The probability polytope in Eq. (2) is equivalently
defined as the convex hull of a set of extreme points or
vertices, Pﬁl 5= Con\'/('V)?‘ 2;) Thfz vertices precisely
correspond to deterministic behaviors

—

VﬂfE{VEPj}l/ﬂ ij‘=5g7f(f)Vf€ X} (3)

where f : X - )_)' is a deterministic function and 9; ;
is the Kronecker delta.

2.1.2 Causal Structure and Communication Resources

A communication network’s causal structure and
communication resources are represented by a di-
rected acyclic graph (DAG) that describes a set of
nodes (devices) and edges (one-way communication).
For the general case, we denote the network DAG as
Net where we use alternative labels when referring
to specific networks. The behavior PN¢t ¢ P x5 of
a communication network is constrained by the net-
work’s causal structure and the amount of communi-
cation allowed along each edge.

The nodes of a network DAG represent devices that
are organized in a sequence of time steps or layers
(/Y, B,C,.. .) where each layer contains a collection
of nodes A = (A1,...,Ap) that model M indepen-
dent devices that simultaneously process their local
information. The edges of a network DAG represent
noiseless one-way d-dimensional communication chan-
nels id] 7" from a sender device (Tx) to a receiver
device (Rx) where the sender’s layer must precede the
receiver’s to maintain their causal ordering.

A communication network is fully specified as
Net(?? 3)7) where we fix the input and output sets,
X and 37, and the amount of communication in each
edge, d = (di,...,dg). Following the language of
[25, 29], we refer to the value d; of edge ¢ in the net-
work as its signaling dimension. For quantum net-
works, d; is the Hilbert space dimension of the cor-
responding channel whereas for classical networks, d;
refers to the number of noiseless messages that can
be transmitted across the channel. From a simulation
perspective, these two values are operationally equiv-
alent since any behavior generated using the trans-
mission of log d qubits in a point-to-point channel can
also be generated using the transmission of log d bits
and shared randomness between the sender and re-
ceiver [12] (see Fig. 1).

When an unbounded amount of globally shared ran-
domness (GSR) is available to all devices, a communi-
cation network can produce any convex combination
of its network behaviors

Pt =3 PP (4)
A

In each shot of the network, a shared random value
A € {0,1,2,...} is broadcast from a source A to all
network devices with probability P{, and then PY¢*
is the network behavior performed given . As a con-
sequence of Eq. (4), the set of communication network
behaviors is convex whenever GSR is available.

It is important that an unbounded amount of GSR
is available to all devices in our framework because it
allows a fair comparison between classical and quan-
tum communication in our framework. Since clas-
sical shared randomness can be generated and dis-
tributed with ease, the availability of GSR is the least
restrictive assumption that can be placed on classi-
cal and quantum networks. GSR also plays an im-
portant role in the simulation of quantum commu-
nication networks because without it, an unbounded
amount of classical communication is needed to repro-
duce one qubit of communication in the simple case of
the point-to-point network [44] (see also Theorem 13
of reference [41]). It remains an active area of research
to consider relaxations of globally shared randomness
in networks [45].

2.1.3 Classical Communication Networks

In a classical communication network Net(X-%))), a
classical message of length log d; bits is communicated
along the i'" edge of the network DAG. The network
DAG gives an explicit decomposition for the network
behavior PNet where a classical network’s transition
probabilities decompose as

PR =" >SS P PSPE P (5)

veV  ceCbeBacA
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for all # € X and TS 3_} Since the (ievices in each
layer are independent, it holds that Pé?:f =11 j P;i]iw,-'
Each device in the DAG is modeled as a black box,
which could perform any mapping on its local data,
e.g., PP € Pg |4, (see Eq (2)). The deterministic
behaviors of the network are given by [13],

yNet = [V ¢ V% | Vijjz satisfies Eq. (5)}.  (6)

A deterministic behavior V € VNt is achieved when-
ever all devices perform a deterministic function on its
local data. Since we permit GSR, the set of all clas-
sical network behaviors is then defined as the convex
polytope

CNe* = Conv (VYY) (7)

which we refer to as the classical network polytope.

2.1.4 Quantum Communication Networks

The causal structure and communication resources of
a quantum communication network are represented

by its network DAG, Net(X-%)). Along the i
single-lined edge of the DAG, a d;-dimensional quan-
tum state is communicated over the noiseless quan-
tum channel id}* 7™ D(H ;) — D(H}*) where
Tx;, Rx;, and d; respectively are the sending device,

~

-
- ~ .
- ~ e
- -~
-
.-
-

ay
Ay C1
\ o

Figure 2: Directed acyclic graph (DAG) depicting the causal
structure of a communication network. Double-lined arrows
show classical communication and single-lined arrows show
quantum communication. (a) Classical network with classical
devices (gray). (b) Quantum network with preparation
(green), processing (red), and measurement (blue) devices.

receiving device, and signaling dimension. Moreover,
we assume that GSR is available.

The quantum communication networks considered
in this work can be decomposed into three main lay-
ers, as shown in Fig. 3.a:

1. Preparation: pgl = ®f\[:11 p;‘fi, each device lo-
cally encodes a classical input z; ; € &} ; into a
quantum state p2i € D(HA).

’
. . B‘ o Ny B]-*)Bj .
2. Processing: &7 = )2, &5, ', each device
! !
receives a quantum state p%i € D(HPi) and

applies the completely-positive trace-preserving

B’ —B; /
(CPTP) map, &7, °: D(HP)) — D(HP5), to
. ; B’ —B; ’
obtain the output state phi, = &l (pP).
3. Measurement: 11C . = @M T , each de-
g3 k=1 "y |ws,k

vice receives a quantum state p©* € D(H*) and

measures it using the positive operator-valued
c

measure (POVM) {Hy:ug,k}ykeyk to produce a

classical output yi € V.

Without loss of generality, the first layer contains
preparation devices, the last layer contains measure-
ment devices, while intermediate network layers can
contain devices of any type, which is necessary to
model the local operations and classical communica-
tion (LOCC) or local operations and quantum com-
munication (LOQC) of entanglement-assisted net-
works (see Fig. 3.d-e and Section 2.1.5).

The resulting transition probabilities are calculated
using the Born rule as

C oB—C _ ¢B AsB, A
P"‘j‘ =Tr HglfSS - [¢] 552 o S - (pfl) (8)
where the noiseless channels SAZ and S5~C ensure
that the outputs of one layer are correctly mapped to

the input of the next. Given the DAG Net(X —d_;j),
the set of all quantum network behaviors is defined as

QNet = Conv ({P €Py % | Py z satisfies Eq. (8)})
(9)

where QN¢t is convex due to the presence of GSR.

2.1.5 Communication Networks with Entanglement

Entanglement can assist both classical and quantum
communication networks. Entanglement is a static
resource that can be distributed in the network prior
to any information processing, similarly to GSR. Un-
like shared randomness, however, entanglement is not
easily produced or distributed. Therefore, given a
network DAG, we consider each unique entanglement
source configuration as a distinct quantum resource
configuration. Entanglement sources can simply be
treated as a preparation device with no classical input,
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Figure 3: DAGs for basic quantum resource configurations.

therefore, the DAGs of entanglement-assisted commu-
nication networks decompose following the same rules
as quantum communication networks.

This work focuses on entanglement-assisted
senders, receivers, and communication channels (see
Fig. 3.b-e), and we restrict our focus to entangled
qubit states. To distinguish between quantum re-
source configurations with and without entanglement
we define the following sets of behaviors:

1. CNet: The set of network behaviors using classi-
cal communication and no entanglement.

2. QNet: The set of network behaviors using quan-
tum communication and no entanglement.

3. CN': The set of network behaviors using classi-
cal communication and entanglement.

4. QNet The set of network behaviors using quan-
tum communication and entanglement.

The EA subscript specifies the distinct entanglement
configuration. Since quantum communication can
trivially simulate classical communication, it holds
true for any network that
(CNet C QNet and (CNet C (CNet C QNet (10)
When comparing networks with different entangle-
ment structures, CRe® <+ CRst, CR¢t Nst, and
Net - QRsY, nontr1v1alities arise that make it diffi-
cult to determine whether or not a given entanglement
configuration can simulate another.

2.2 Quantum Nonclassicality

This section introduces the concept of nonclassical-
ity in communication networks. Section 2.2.1 formal-
izes the correspondence between nonclassicality and
communication advantage, while Section 2.2.2 dis-
cusses how nonclassicality can be witnessed using lin-
ear functions. We then present two types of nonclassi-
cality witnesses: simulation games (Section 2.2.3) and
facet inequalities (Section 2.2.4). Simulation games
are easy to derive and have a clear operational in-
terpretation, whereas facet inequalities are more sen-
sitive, but also more challenging to derive. Finally,
Section 2.2.5 discusses how the amount of nonclassi-
cality and its noise robustness can be quantified.

2.2.1 Nonclassicality as a Communication Advantage

Given a network DAG, Net(/'? %), our goal is to
compare the set of classical network behaviors CNet
with the sets of quantum and entanglement assisted
network behaviors, QN°t, CR§!, and QX' where these
sets of behaviors are convex because we assume that
an unbounded amount of GSR is available. A quan-
tum or entanglement-assisted network behavior P is
nonclassical if P ¢ CN¢t. Equivalently, a nonclassi-
cal behavior P € ]P’y 7 cannot be simulated with zero
error by a classical network.

To formalize the concept of simulation within our
framework, consider two behaviors P, P’ € ]P’y‘ - We
say that P and P’ simulate each other with zero error
if P = P’. Since behaviors are estimated in practice,
it is important to introduce a metric for simulation
error. Following the approach taken by Britto et al.
[46], we use the variational distance for probability
distributions to define the distance between two be-

haviors, P, P’ E]P’ﬂ‘)g,

A(P,P') =

1
_ Pyz — Ph|, 11
7 2 2 o= Pyl (1)

m
*®
<

m
<

where the scalar factor of 1/]X| results from the
assumption that the inputs ¥ € X are uniformly
random. Two behaviors, P and P’, achieve an e-
approzimate simulation of each other if A(P,P’) <e
where 0 < € < 1 is the simulation error tolerance.

Suppose for a given DAG, Net(X-5))), that a classi-
cal network cannot simulate a behavior P € IF’);‘ > Im-

plying that the behavior is nonclassical, P ¢ CNet. If
the signaling dimension is sufficiently increased along
each edge as d; — d where d; > d;, then the classi-
cal network can simulate the nonclassical behavior P.
Therefore, we define the classical simulation cost of a
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Figure 4: A qualitative view of a classical network polytope
CNet (gray region), the set of nonclassical quantum behaviors
(purple region), and the probability polytope Py ¢ (outer
pentagon) where the vertices correspond to deterministic
behaviors. An orange dash-dotted line depicts a simulation
game where the orange star corresponds to the minimum
simulation error. The purple star shows the maximal
quantum violation of the facet inequality that tightly bounds
the classical network polytope.

nonclassical behavior P & CNt as

K—1

Net(P) = min log d; (12)
d'ez¥, ;

st. P e NSy (13)

d>d;Vie{0,...,K—1}.  (14)

The quantity £N°(P) is the minimum total number of
bits that the classical network must communicate to
simulate the nonclassical behavior P with zero error.
Note that the constraint in Eq. (14) requires that the
signaling dimension along each edge is nondecreasing
with respect to the reference communication vector

d. Therefore a nonclassical behavior P ¢ CNet(X-5Y)
implies an increase to the classical simulation cost
kNe'(P).  More generally, quantum nonclassicality
demonstrates an explicit communication advantage in
which classical networks require more communication
to generate the same behaviors. More details on how
to evaluate xN°*(P) are found in Section 2.2.5.

2.2.2  Witnessing Nonclassicality

The nonclassicality of a behavior P € P ks is tested

using a nonclassicality witness v > g(P) where v € R
and g: Py; 5 — R. Each nonclassicality witness is
tailored to a particular network where the inequality
v > g(P) is satisfied for all P € CN°*, Nonclassical-
ity is witnessed whenever the inequality is violated as
v < g(P). Thus, nonclassicality witnesses serve as

operational tests of communication advantage.

Although nonclassicality witnesses can be nonlinear
in general [45], we focus on linear nonclassicality wit-
nesses. We define a linear nonclassicality witness as
any tuple (v, G) such that v > (G, P) for all P € CNet

where
(G,P)=Tr[G"P| => ) GyzP; (15)
ye;vaceX

The matrix G can be understood as a reward matrix
where each element Gz describes a score awarded for
outputting 3 given the input £. Assuming a uniformly
random input, the behavior P achieves the average
score T4 L (G,P).

In the following sections, we introduce two types
of linear nonclassicality witnesses: simulation games
and facet inequalities. Simulation games are more
readily derived and have clear operational interpre-
tations, however, they are less sensitive to violations
and admit false negative results. Alternatively, facet
inequalities do not admit false negative results be-
cause they tightly bound the classical network poly-
tope, however, they can be difficult to obtain as net-
works scale.

2.2.3 Simulation Games

We define a simulation game as any linear nonclassi-
cality witness (v, V) where V € Vy; 5 is a nonclassi-
cal deterministic behavior (see Eq. 3). A simulation
game’s deterministic reward matrix encodes a deter-
ministic communication task f: X -y Whose per-
formance is measured by the average score — i L(V,P).

Since Vi z),# = dy,f(z) for each input T, there is a sin-

gle “correct” output f(Z) € Y. The average score then
corresponds to a success probability

1 1
§ : @)z )
¥ = 7]

PSuccess =

where Psyccess € [0, 1] and the associated error prob-
ablhty is PError =1- PSuccess-

The average score (V,P) of a simulation game re-
lates to the variational distance in Eq. (11) as

L(V7P>. (17)
X

Thus, the score of a simulation game precisely mea-
sures the simulation error A(V,P), and the objective
of a simulation game is to simulate the determinis-
tic behavior V with zero error. It is important to
note that the general variational distance A(P’,P)
requires |X|(|)] — 1) values of Pjz to be estimated,
whereas the simulation game error A(V,P) only re-
quires |X| values of Py z to be estimated.

A(V,P) = PError =1-

2.2.4 Facet Inequalities of Classical Network Polytopes

Since the classical network polytope in Eq. (7) is con-
vex, it is equivalently expressed as the intersection of
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linear half-spaces called facet inequalities [47]. The
classical network polytope is then given by

“Fthl
¥ = N {Pebyelnz=@E.P)}. ()

i=1
where the set of facet inequalities is

| Netl

FNet = {(% € Zo, Fi € Z‘ylxlxl)}k , (19)
1

in which each tuple (v, F) is a linear half-space in-
equality v > (F,P) that tightly bounds CN°*. Fur-
thermore, due to the symmetry of CN°, it is sufficient
to consider FN°* as being a canonical subset of facet
inequalities, and the complete set of facet inequalities
can then be recovered through relabeling the inputs,
outputs, and parties [48].

The facet inequalities of classical network polytopes
are generally computed by first enumerating the set of
vertices VN (see Eq. (6)). For the simplest classical
communication networks, we can compute the com-
plete set of facet inequalities from the vertices using
Fourier-Motzkin elimination [47] using the standard
Polytope Representation Transformation Algorithm
(PoRTA) software [49]. As the number of vertices
scale, PORTA fails to efficiently perform and we resort
to the linear program described below in Eq. (20). We
perform these facet inequality computations using the
BellScenario.jl Julia package. For more details please
refer to the Supplemental Code Section 4.1 and our
work on GitHub [50].

Given the set of network vertices VNt and a known
nonclassical behavior P € P; 3, a linear nonclassical-
ity witness can be obtained using the following linear
program [15],

(’7*3 G*) = arg max <G7 P> - (20)
vER
GeRIYIxIX|
st (G, P)—y <1 (21)
(G, V) =y <0V VeVNt (22

If the input behavior P is nonclassical such that
P ¢ CN°* then the (7*, G*) constitutes a linear non-
classicality witness for which the input behavior P
achieves the violation (G*,P) = 1 +~*. Otherwise, if
the input behavior P is classical such that P € CNet,
then the linear program outputs the tr1V1a1 solution
where v* —0andG~~:0forallxeXandyey
The linear program in Eq. (20) is guaranteed to ei-
ther return a linear nonclassicality witness (v*, G*)
that is violated by the nonclassical test behavior
P ¢ CN°t, or return a trivial linear inequality that
indicates P € CN°*. When a linear nonclassical-
ity witness (v*, G*) is output, it can be verified as
a facet inequality of CN°! if there exists at least
Dim (CN¢t) = |X|(|)] — 1) affinely independent ver-
tices V € VNet that satisfy the equality v* = (G*, V).

If the nonclassicality witness is a facet inequality, then
v and G~ 7 are rational numbers, which can be trans-
formed to be positive integers without loss of gener-
ality. We apply the linear program throughout the
Results Section 3, for which we input deterministic
nonclassical behaviors V € Vy‘ ¢ and find that the
resulting nonclassicality witnesses are facet inequali-
ties in all cases. However, the practicality of the linear
program in Eq. (20) is limited because the number of
constraints in Eq. (22) scales with VNt which grows
exponentially with the size of the input alphabet.

2.2.5 Quantifying and Certifying Nonclassicality

The amount of nonclassicality that a given behavior
P ¢ CN°* exhibits can be quantified by the amount
of violation of a nonclassicality witness (v, G), i.e.,
B8 = (G,P) —~. The maximal violation possible for a
given linear nonclassicality witness is B =~ —~ where
the maximal possible score

=Y maxGyz (23)

IS
zGny

4= max
PGP);‘X

is achieved by a deterministic behavior P € VJ’I 7 that
satisfies Pz = dy, (z) where f(¥) = arg max ;53 Gy .z
Using the max1mal possible violation and the class1ca1
bound, the violation of any nonclassicality witness can
be rescaled to the range § € [0, 1] as
IB ﬁ & >0 (24)
B Sl
where the upper bound is achieved when (G,P) =7
and the lower bound is achieved when (G,P) =~
The noise robustness of a violation is a practical
metric for real-world scenarios [13, 39, 41, 51, 52].
We define noise robustness as the minimum amount
of white noise wg that can be added to a nonclassical
behavior P ¢ CN°t such that v = (G, Py, ), where

I \/

P, =(1-w)P+wP (25)

and P satisfying P 57 = 1/|y| forall# € X and 7 € V.

Note that the behavior P corresponds to white noise
and can be generated using no communication. For
any linear nonclassicality witness (v, G), white noise
achieves the score

5= Z Z Gy . (26)

yey FeX

Given a linear nonclassicality witness (v, G) and a
nonclassical behavior P ¢ CN°t, the noise robustness

is equal to
G,P) -
wO — < 9 > P)/N , (27)
<G7 P> - <G7 P>

which implies that the noise robustness of the maxi-
mum possible violation § is equal to

~

~ B
Wwo = — ~ <G7i5> . (28)
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The max violation and noise robustness do not pre-
cisely quantify the classical simulation cost, but they
can be used in its certification. In general, it is non-
trivial to obtain the classical simulation cost, kN*(P),
as defined in Eq. (12), for a given nonclassical be-

havior and network Net(X-%))). However, upper and
lower bounds can be estimated. In particular, a vio-
lation of a nonclassicality witness (v, G) that bounds

a network Net(X-3)) indicates that the communica-
tion vector d is insufficient for simulating the nonclas-
sical behavior. A violation therefore establishes the
lower bound £N°*(P) > 3. log d;.

Interestingly, the linear program in Eq. (20) pro-
vides a means of estimating the classical simulation
cost. If the linear program in Eq. (20) is solved for
the given behavior P € IFB;‘ ¢ and the set of ver-

tices VNt then the result (v*, G*) places either an
upper or lower bound on xN°'(P). Namely, if the
trivial solution is returned where (G*,P) — v* = 0,
then P € CN* and «kNY(P) < Y~ logd,. Otherwise,
P ¢ CN°*, which implies that £N°*(P) > 3. logd;.
A binary search could be used to identify upper and
lower bounds on the classical simulation cost where
coarse-grained searches could also be applied where
d; = d is considered to be constant for all 7. However,
such methods are limited by the fact that the number
of vertices grows exponentially with the size of the
network. In Section 2.3.3, we discuss an alternative
approach that uses our VQO methods to place a lower
bound on the classical simulation cost, or equivalently,
an upper bound on the classical bound for a given net-
work and nonclassicality witness (see Eq. (37)).

2.3 Maximizing Nonclassicality in Quantum
Communication Networks

This section discusses our hardware-compatible ap-
proach for optimizing quantum network behaviors and
maximizing their nonclassicality. To obtain the max-
imal violation of a nonclassicality witness (v, G), we
must solve the optimization problem
R
p* = max (G,P) (29)
for the given network where SN°t € {CR§t, QNet, QR'}
denotes the quantum resource configuration. The op-
timization problem in Eq. (29) can be solved using
the variational quantum optimization (VQO) frame-
work for quantum networks introduced by Doolittle et
al. [39]. In this framework a quantum network DAG
corresponds to a parameterized quantum circuit that
explicitly encodes the communication resources and
the local operations at each device (see Fig. 6). We
build upon previous work by introducing a formalism
for simulating and optimizing LOCC resources via de-
ferred measurements (see Fig 5).
In Section 2.3.1, we introduce our formalism for
constructing parameterized quantum circuits that

simulate quantum communication networks. In Sec-
tion 2.3.2, we introduce our VQO methods for our
operational framework (Algorithm 1), and how they
can be applied to establish nonclassical behaviors (Al-
gorithm 2) and deterministic protocols (Algorithm 3).
In Section 2.3.3, we discuss the merits and practical-
ity of the developed framework. Our VQO methods
are implemented using the Quantum Network Varia-
tional Optimizer (QNetVO) Python package [40], an
extension of the PennyLane framework for quantum
machine learning [53]. Details are found in the Sup-
plemental Code Section 4.1 and on GitHub [50].

2.3.1 Quantum Network Variational Ansatze

A quantum network’s causal structure and communi-
cation resources can be represented as a quantum cir-
cuit that simulates the network’s behavior. The quan-
tum circuit can be run using either quantum hardware
or a classical simulator’!. Although quantum circuits
are restricted to unitary operations, auxiliary qubits
can be used to implement density matrix state prepa-
rations, CPTP maps, and POVM measurements. Ad-
ditionally, local operations and classical communica-
tion (LOCC) can be simulated using midcircuit mea-
surements to condition future gate operations (see
Fig. 5.d). If a hardware platform does not support
midcircuit measurements, then the deferred measure-
ment principle can be used to represent LOCC as con-
trolled unitary operations [54] (see Fig. 5.e-f).

We parameterize the quantum circuit that simu-
lates a quantum network as UN* () where the pa-
rameters 9} CHeRM vary the operations applied in
the network and 9} denotes the network’s parameters
given the input 7 € X. Since a subset of the qubits in
the quantum circuit model will be measured, we can
express the state prior to measurement as

pNet( _’f) = Trp UNet(é'i)‘(» <0|®Ns><NE UNet(é'f)T]
(30)
where UNet(G}) operates on the joint Hilbert space
HNt = HY @ HF with H® and HF respectively de-
scribe the Ng qubits that are measured and the Ng
qubit that are discarded. The transition probabilities
of the simulated network are then parameterized as

Nl = Y VR [EST] 6y
ze{0,1}Ns

where VPOt designates a deterministic post-
processing map that takes the |Z| = 2Ns outputs
from the computational basis measurement into
the appropriate output alphabet |)7| < |§| (see
Fig. 6.c). As a result, a quantum network’s behavior
is parameterized as

PNUG) = Y T P (32)

IThis work evaluates quantum circuits on a laptop computer
using Pennylane’s "default.qubit" simulator [53].
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Figure 6: Parameterized quantum circuits for network DAGs.

The parameters and unitary operators applied at
different devices are independent due to locality con-
straints in the communication network. Hence, the
device A; has [047| = |X;|x |§£j | parameters total and
a preparation device that prepares an N-qubit state
(Fig. 5.a) has |9_?j| = 2N+1 _ 2 settings where we ap-
ply Pennylane’s ArbitraryStatePreparation circuit
ansatz. Both processing and measurement devices,
(see Fig. 5.b,c), have |9_fj| = 4N — 1 settings where
we consider Pennylane’s ArbitraryUnitary circuit
ansatz [53]. Naturally the total number of settings in
the network \§| scales exponentially with the largest
number of qubits used by any device in the network.

As shown in Fig. 5.a-c ancillary qubits are used
to model a broader set of free operations including
CPTP maps and POVMs. While the number of nec-
essary ancillary qubits depends on the application,
this work follows the convention shown in Fig. 6.b.
Namely, we assume that preparation devices (green

nodes) prepare pure states, such that no ancillary
qubits are needed for state preparation. Processing
devices (red nodes) perform CPTP maps by making
use of one or more ancillary qubit for each qubit re-
ceived from upstream devices. Measurement devices
(blue nodes) each perform a projective measurement
on the received qubits and ancillary qubits, allowing
POVM measurements via classical post-processing.

2.3.2 Variational Optimization of Quantum Networks

A parameterized quantum network simulation cir-
cuit can be optimized using variational optimiza-
tion (see Fig. 7). The goal is to solve the opti-
mization problem maxg g Gain(é) for some func-
tion Gain: RM — R. Gradient ascent is used to
maximize the gain where the gradient evaluated at
the settings 0 is VgGain(g) € RM and points in
the direction of steepest ascent. The gradient can
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Figure 7: A classical computer performs variational
optimization of a parameterized quantum circuit.

then be iteratively followed to a (local) maximum.
In practice, gradients can be calculated on classi-
cal hardware using backpropagation [55], or evalu-
ated on quantum hardware using parameter shift rules
[56, 57, 58, 59]. Equivalently, the gain function can
be restated as a cost function Gain(é) = —Cost(é)
where min; Cost (é) = maxy Gain(g).

We use variational optimization to maximize the
score of a linear black box game (v, G). In this case,
the gain is expressed as

—

Gain(f) = (G, PN (6)) (33)

where the transition probabilities of PN°t(§) are the
measurement probabilities obtained when simulating
the network with settings . We refer to the param-
eterized quantum network simulation circuit as the
variational ansatz. Applying gradient ascent, we max-
imize the gain to achieve the violation of the classical
bound. We now describe our general variational op-
timization algorithm, which is a basic application of
gradient ascent [60].

Algorithm 1. Maximize a Quantum Network’s
Score in a Black Box Game:

Goal: For a black box game having reward matrix
G, solve maxg_p. (G, PN (0)) for a given variational

network ansatz PNe®(). The algorithm is iterative
and requires a num_steps parameter specifying the
number of iterations to take.

1. Select the input settings 50 € RM at random
and initialize a log of settings-cost tuples LOG =

(G, Gain(é'o))].
2. For ¢ in {0,...,num_steps — 1} :
(a) For settings 6;, evaluate the gradient
VGain(Gi).
(b) Update the settings by taking a step of size
71 along the path of steepest ascent as 6,41 =
6; + nVGain(6;).
(¢) Append the tuple (f;41, Gain(§i+1)) to LOG.

3. Return the tuple (6*, Gain(ﬁ*)) that has the min-
imum cost in LOG.

Remark. In practice, we use the Adam [61] optimizer
to dynamically adjust the step-size n in step 2.b.

Remark. The global optimum is not guaranteed to
be found, however, the maximal gain will necessar-
ily be a lower bound on the global maximum. It
is best practice to repeatedly perform the gradient
ascent procedure with randomized settings @nit each
time, or apply a similar method to mitigate the effect
of local optima.

Algorithm 1 serves as a useful tool in our operation
framework because when a nonclassicality witness
(v, G) is considered as the gain function in Eq. (33),
its maximized violation represents an explicit quan-
tum advantage. In other words, Algorithm 1 can ei-
ther maximize the violation of a facet inequality or
minimize the error in a simulation game, and in each
case, the optimal settings for the network are obtained
as output.

Algorithm 2. Establish Nonclassicality in a
Quantum Network:

Goal: Given a nonclassicality witness (v, G) and a
variational ansatz circuit that simulates a quantum

network as PN*(f), establish a maximally nonclassi-
cal behavior.

1. Apply Algorithm 1 to obtain the optimal settings
6* and the maximal score (G, PN¢t(6%)).

2. If (G,PNe*(6*)) > ~, the variational ansatz
demonstrates nonclassicality for settings 0.
Otherwise, PN¢t(9*) is classically simulable.

Algorithm 3. Establish a Deterministic Proto-
col in a Quantum Network:

Goal: Given a variational ansatz circuit that simu-
lates a quantum network as PNt(6), establish a be-
havior that approximately simulates the deterministic
behavior V within an allowed tolerance € such that

min A(V, PN (6)) <. (34)
GerM
1. Apply Algorithm 1 to obtain the optimal settings
7* = maxz(V, PN (6)).

2. Check the error tolerance using v* and Eq. (17).
If the following inequality holds,

~ 1

AV PN =1 g < (39)
then V is approximately simulated, otherwise,
the simulation fails.

3. Return: The optimal settings 0* and the simu-
lation error Pj.... =1— ﬁ(V7 PNet (5)).

Remark. Upon failure to surpass the specified
threshold in either Algorithm 2 or Algorithm 3, the
variational optimization in Algorithm 1 can be rerun
for another set of randomized initial setting @nit. Af-
ter a set number of retry attempts, the algorithm exits
indicating that no violation of classicality or simula-
tion within the allowed tolerance e has been found.
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Figure 8: VQO could be used to automatically establish and
maintain protocols on noisy quantum networking hardware.

It is important to note that Algorithm 2 places
a lower bound on the quantum violation and Algo-
rithm 3 places an upper bound on the simulation er-
ror. Therefore, it is necessary for these algorithms to
operate against a user-specified tolerance of error in
the established protocol or max quantum violation.
Although the maximal possible violation of a linear
nonclassicality witness is given by Eq. (23), we find in
practice that the maximal quantum violation does not
usually approach this upper bound, meaning that our
methods place upper and lower bounds on the max
quantum violation. Nevertheless, any amount of vi-
olation of a classical bound demonstrates a quantum
advantage. In our results, we show that in all cases
where the maximal quantum violation is known, our
VQO algorithm converges to the maximal violation.
Hence we provide anecdotal evidence that VQO meth-
ods obtain the maximal violations.

The applied variational quantum optimization tech-
niques offer many advantages. First, the network’s
causal structure, communication resources, and free
operations are explicitly encoded into the variational
ansatz circuit. As a result, a successful optimization
returns the settings * that achieve the maximal gain,
thereby providing both the optimal value and a quan-
tum circuit that achieves the desired behavior. More-
over, these methods are compatible with both quan-
tum computing and quantum networking hardware
[38]. Although quantum hardware is generally noisy,
the merit of our framework is that it’s semi-device
independent and agnostic to noise provided that a vi-
olation is found. Furthermore, the variational opti-
mization can adaptively mitigate the effects due to
noise 39, 42, 40, 43, 41]. VQO methods also present
challenges, such as belonging to an NP-hard complex-
ity class [62], or exhibiting local optima and barren
plateaus [38]. As general solutions to these problems
are developed, they can be incorporated into our op-
erational framework.

2.3.3 An Operational Framework for Realizing Com-
munication Advantages in Quantum Networks

In this section, we discuss the merits of our opera-
tional framework, including its versatility and scal-
ability. When scaling our methods, the main chal-
lenges are the exponential growth of the Hilbert space

dimension with the number of entangled qubits and
the exponential growth of network behavior dimen-
sion with the number of devices and inputs. As a
result, it is difficult to scale quantum network sim-
ulation and optimization, as well as nonclassicality
witness derivation. Simulation games and quantum
hardware offer scalable solutions to these problems.

Simulation games offer an efficient approach for ob-
taining nonclassicality witnesses tailored to a desired
communication task. Recall that any deterministic
behavior V* € Vfl 7 can be selected as a simulation
game where Algorithm 3 optimizes a network to ex-
hibit the deterministic behavior V*. Thus, our frame-
work can be used to automatically establish communi-
cation and processing protocols in quantum networks.

The classical bound for the simulation game, -,
is needed to quantify the communication advantage.
Ideally, the classical bound ~ can be analytically de-
rived, or estimated like the classical simulation cost in
Section 2.2.5. Namely, a lower bound ~~ is estimated
by considering a subset of vertices

y2y =max{(V5, V)[V eV c V) (36)

where the subset V' C VN¢t could be selected at ran-
dom or by clever algorithm. Since CN¢* C QN°*, an
upper bound 4T can be estimated using Algorithm 3
to optimize

v < ’7+ A MaXpeQNet <V*7 P>v (37)

where we maximize over quantum communication
in place of classical. The upper bound 7+ can be
used either to witness nonclassicality in entanglement-
assisted communication networks or to lower bound
the classical simulation cost (see Section 2.2.5).

Since we simulate quantum communication net-
works as quantum circuits, we address the Hilbert
space dimension challenge by evaluating the quantum
circuit on a quantum computer. As quantum com-
puters improve and scale, efficient simulation and op-
timization of quantum networks will be enabled. To
accommodate network behaviors with larger dimen-
sions, parallel simulations can be run for each dis-
tinct network input 7 € X , allowing computations to
be accelerated by multiple quantum processors.

Our operational framework can also be deployed on
quantum networks (see Fig. 8) to establish or main-
tain nonclassical behaviors (Algorithm 2) or deter-
ministic behaviors (Algorithm 3). Remarkably, the
applied VQO methods have demonstrated the ability
to optimize quantum network protocols against un-
characterized noise models [39, 43, 42, 41]. These op-
timization approaches could be useful for automating
tasks for protocol calibration and resource certifica-
tion in noisy quantum networks.
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3 Results

In this section, we apply our operational framework
to a wide range of communication networks and re-
source configurations including bipartite communi-
cation scenarios (Section 3.1), multiaccess networks
(Section 3.2), broadcast networks (Section 3.3), and
multipoint communication networks (Section 3.4).
All supporting software and numerics can be found
on GitHub [50] and additional details can be found in
the Supplemental Code Section 4.1.

For each communication network we obtain simu-
lation games and facet inequalities that bound the
classical network polytope CN°t. For each of the net-
work’s quantum resource configurations, we maximize
the violation of each nonclassicality witness using the
variational methods in Algorithm 1 and evaluate the
noise robustness of these violations using Eq. 27. Fi-
nally, we compare the relative communication advan-
tage offered by each quantum resource configuration.

Our main results include a numerical survey of
nonclassicality in communication networks with sup-
porting analytical examples. For each network, we
derive novel nonclassicality witnesses and their as-
sociated quantum violations. Notable examples in-
clude protocols for a dense two-bit XOR advantage in
a quantum multiaccess network with entanglement-
assisted senders (Protocol 1), a protocol for check-
ing trit equality in a classical multiaccess network
with entanglement-assisted senders (Protocol 2), and
a protocol for nonclassicality in a quantum broadcast
network with entanglement-assisted receivers (Proto-
col 3). From our numerical results, we draw three key
insights: 1) entanglement is sufficient for nonclassi-
cality in all networks, 2) quantum communication is
sufficient for nonclassicality in all networks that have
multiple independent senders, and 3) entanglement is
necessary for nonclassicality in broadcast networks,
which is proven by Theorem 1.

3.1 Bipartite Communication Scenarios

In this section, we apply our methods to bipartite
communication scenarios. We validate our opera-
tional framework for nonclassicality against estab-
lished results and obtain novel examples of nonclassi-
cality. In a bipartite communication scenario a sender
A and a receiver B communicate over the one-way
channel id7} 7? with signaling dimension d. We con-
sider three distinct signaling scenarios: the point-
to-point communication scenario (Section 3.1.1), the
prepare-and-measure scenario (Section 3.1.2), and the
Bell scenario with signaling (Section 3.1.3).

For each scenario, we obtain nonclassicality wit-
nesses and maximize their violation over three quan-
tum resource configurations: unassisted quantum
communication (QN°!), entanglement-assisted classi-
cal communication (CY%'), and entanglement-assisted

quantum communication (QX$) (see Fig. 10). Note

that we only consider two-qubit entanglement and/or
qubit communication channels with d = 2.

In each bipartite communication scenario, we show
that our numerical results are consistent with the re-
sults of previous works [12, 24, 63, 64, 65, 34, 66, 33,
67, 68]. In each case, we also find examples of nonclas-
sicality that have not been reported to our knowledge.
Each example of bipartite communication nonclassi-
cality demonstrates the communication advantage of
quantum resources in the simplest and most funda-
mental settings, offering new avenues for certifying
entanglement-assisted communications and develop-
ing semi-device-independent protocols.

3.1.1 Point-to-Point Networks

The point-to-point network is a bipartite communi-
cation scenario, denoted as Xl—d>y2, in which the
sender’s classical input z; € X} is encoded into
a message and sent to the receiver who outputs
the classical value yo € J,. Naturally, we con-
sider the point-to-point network polytope crSY ,
for which d < min{|X}|,|J%|} must hold, otherwise
CXSY = Py, % [29]. Violations to the facet inequal-

ities of C¥**Y witness the communication advantage
of entanglement-assisted communication channels as
having a larger signaling dimension than d. In Ref.
[29], the complete set of facet inequalities bounding
the signaling dimension for d = 2 were derived (see
Table 7), which we investigate using our framework.

In particular, the nonclassicality witness (2, F}_,)
of Table 7 describes an important simulation game,
VvV, = F} ., = I, which we refer to as the com-
munication value (CV) game because the quantity
maxpegne: (VEV, P) is the communication value of a
quantum channel [64]. In general, the CV game is
expressed as (d, V§Y, ) where V§V, v = Iy. Note
that this game was introduced in reference [29] as
the maximum likelihood game and shown to be a
facet inequality for all point-to-point network poly-
topes CY¥>Y where 1 < d < X =1V

In the point-to-point signaling scenario, unas-
sisted quantum communication does not demon-
strate nonclassicality (i.e. CXSY = Qxﬁw) [12].
However, nonclassical behaviors can be found us-
ing entanglement-assisted classical communication
(EACC) or entanglement-assisted quantum commu-
nication (EAQC), Cg[f)y and Qgﬁy , respectively.

For the case where d = 2, we use variational op-
timization to maximize the violation of the signaling
dimension witnesses in Table 7, plotting the results in
Fig. 12. The behaviors in the set Qgﬁ’y are able to
achieve the maximal possible violation for each non-
classicality witness. In general, EAQC resources can
achieve the maximal score since entanglement plus
one qubit communication allows for the transmission
of two bits due to dense coding [63]. Interestingly, a
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(a) Point-to-Point (b) Prepare-and-Measure (c) Bell Scenario with Signaling

Figure 9: Classical bipartite signaling scenario DAGs in which a sender device A and a receiver device B.
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Figure 10: Point-to-point and prepare and measure DAGs and variational ansatz circuits. (a) Quantum communication, (b)
entanglement-assisted classical communication, and (c) entanglement-assisted quantum communication. In figure (b) the classical
measurement result a is used to condition the applied measurement.
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Figure 11: Bell scenario with communication DAGs and variational ansatz circuits. (a) Quantum communication, (b)
entanglement-assisted classical communication, and (c) entanglement-assisted quantum communication. In figure (b) the classical
measurement result a is used to condition the applied measurement.
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Figure 12: Point-to-point network violations (top) and noise
robustness (bottom) using entanglement-assisted quantum
and classical communication resources. The z-axis shows each
linear nonclassicality witness in Table 7 and the y-axis shows
the maximal violation and noise robustness achieved by
optimizing the variational ansétze in Fig. 10 (b) and (c). The
solid black outline shows the maximal possible violation for
each nonclassicality witness, the dotted line shows the
maximal violation for unassisted classical signaling of
dimension d = 3. The black dashed line shows the EACC
violation of F_, reported in Ref. [24].

trit (d = 3) of classical communication is sufficient to
achieve the maximal possible violation for all facet in-
equalities in Table 7 except FY_, ;. Thus, a sufficiently
large violation of this inequality can witness EAQC of
a qubit from a trit of classical communication (d = 3).

For EACC, we find no violations of the inequal-
ities F¢ ,, and FY_,, because entanglement cannot
improve the communication value of a classical chan-
nel [64]. Nonetheless, EACC resources yield an op-
erational advantage because all other nonclassicality
witnesses can be violated. We find that these viola-
tions require that the sender only use entanglement in
the encoding for certain values of x; € X while the
entanglement is otherwise discarded. For the game
F}_,,, our methods successfully reproduce the maxi-
mal violation derived by Frenkel et al. [24].

One application of these entanglement-assisted
nonclassical behaviors is in semi-device-independent
certification of entanglement-assisted communication
channels. Suppose that it is known that a bit (or
qubit) of communication is used between sender and
receiver in a point-to-point network. Then, a violation
of any d = 2 inequality in Table 7 witnesses the pres-
ence of entanglement between the two parties. Fur-
thermore, entanglement-assisted quantum communi-
cation can be discerned from entanglement-assisted
classical communication by optimizing the communi-
cation value. Indeed, such violations serve as a min-
imal example of a semi-device-independent test that

certifies LOCC and LOQC resources.

Finally, our results demonstrate that dense-coding
protocols can be optimized into a variational circuit
ansatz that simulates entanglement-assisted quantum
communication in a point-to-point network. Since
VEV corresponds to a simulation game, it can be op-
timized using Algorithm 3. Upon completion of the
algorithm, the behavior is optimized such that P(6*)
minimizes the state discrimination error, or equiv-
alently, maximizes the communication value of the
channel. Remarkably, the minimized simulation er-
ror A(VCV7P(§*)) = Pgror precisely characterizes
the quality of the established dense-coded channel.
Thus, our framework could be used to automatically
establish dense-coded channels of a desired quality.

3.1.2 Prepare-and-Measure Networks

Prepare-and-measure networks, PM (X7, ngyg), ex-
tend point-to-point networks by giving the receiver
an independent input x2 € X» (see Fig. 9.b). This
setting has been widely studied in literature, and it
is known that QC, EACC, and EAQC can demon-
strate nonclassicality. These nonclassical behaviors
have known applications in quantum dimensionality
witnessing [66], random access coding [65], and semi-
device-independent protocols for key distribution [69],
randomness generation [70], and quantum resource
certification 71, 72].

The random access coding (RAC) task is a notable
nonclassicality witness for prepare-and-measure net-
works [65, 34]. In this task, sender A is given an n-bit
input #; = (b; = {0,1}),, which is encoded into
message and communicated to the receiver B using a
channel with signaling dimension d = 2. Meanwhile,
the receiver is given an input a2 € {0,...,n — 1},
which conditions how the received message is decoded.
The game’s objective is for the receiver to output the
value y = b,, that corresponds to the x® bit of the
sender’s n-bit string ;.

As a linear nonclassicality witness, the RAC task is
expressed as the simulation game
RAC, _ ‘.)aPRAC"

Success?

Vj‘ﬁ?;z = 5y,bz2 (38)

v

where the maximal probability of winning the RAC
game using one-way classical communication is [65]

1 1 /n—1
PR == — . 39
Success 9 + on LnT_lJ ( )

The linear nonclassicality witness in Eq. (38) can be
violated using all quantum resource configurations
shown in Fig. 10. For the unassisted QC case, the
following success probability of the n = 2 and n = 3
RAC games can be achieved [33]

1 1
A=y (1) )
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This violation of the classical bound in Eq. (39) and
demonstrates nonclassicality and an explicit commu-
nication advantage in the RAC task.

We list the nonclassicality witnesses considered for
the prepare-and-measure network in Table 8. Three of
the considered prepare-and-measure network nonclas-
sicality witnesses have been previously studied. Facet

Py corresponds to a well known dimensionality wit-
ness for the PM(3,2-%2) network and Vg‘f/‘[c" corre-
sponds to the n-bit random access simulation game,
for which we consider the cases where n = 2 and
n = 3. The remaining facet inequalities have not
been reported to our knowledge where F’l’DM, Fours
and Fg,; bound the PM(3,3-32) network while F§),
bounds the PM(8,3%2).

For each prepare-and-measure nonclassicality wit-
ness in Table 8, we optimize the variational ansétze
for the QC, EACC, and EAQC scenarios depicted in
Fig. 10. We plot the respective quantum violations
and their noise robustness in Fig. 13. We observe in
all cases that the maximum violation for EACC re-
sources exceeds that of QC resources, suggesting that
EACC is a stronger resource than QC such that

QPM(XI,Xgiyz) C CEIXI(&,Xzi)fz). (41)

This hierarchy is shown to hold in References [67, 68],
further validating our methods. We find in all but

1.0
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Figure 13: Prepare-and-measure network violations (top)
and noise robustness (bottom) using QC, EACC, and EAQC
resource configurations. The z-axis shows each nonclassicality
witness in Table. 8 and the y-axis shows the maximal violation
or noise robustness achieved by optimizing the variational
ansétze in Fig. 10. The solid black outlines show the maximal
score possible from Eq. (23). The dashed lines show the
known violations for the QC case for F§,, [66] and the RAC

simulation games, Vgﬁ% and Vgﬁcg, (see Eq. (40)).

one case that EAQC resources are sufficient to achieve
the maximal possible violation. The exception being
the three-bit RAC, Vgl\A/Ics, because dense coding only
boosts the classical communication to d?> = 4, mean-
ing that the sender’s input alphabet of size |X;| = 8
cannot be fully communicated to the receiver, which
prevents EAQC resources from achieving the maximal
possible score.

3.1.3 Bell Scenarios with Communication

In a Bell scenario with auxiliary communication there
is one-way communication either from A to B or from
B to A. We refer to this scenario as the Bacon-Toner
scenario [17] and denote it as BT(X;, Xo-3Yy1, Vs).
The scenario with a fixed direction of communica-
tion has also been studied [20], however, if X} = X,
and Y; = ), then the device labels A and B can be
swapped motivating our relaxation on the direction
of communication. When each device has two out-
puts, the facet inequalities of the Bacon-Toner sce-
nario have been derived for the cases where each de-
vice has two inputs and three inputs, which are re-
spectively denoted as BT2 and BT3 (see Table 9).

In Fig. 14 we plot the violations and noise robust-
ness of these facet inequalities. We only find violations
of the inequalities for the BT3 case, suggesting that
quantum resources provide no advantage over one-
bit of classical signaling in the two-input case BT2.
We also observe that the violations of unassisted QC
and EACC resources achieve similar values whereas
EAQC resources achieve the maximal possible vio-
lation of each facet inequality. Interestingly, when
QC and EACC resources are used, the facet Ffjpq is
more robust to noise, however, when EAQC is used
the facet F& ., is more robust. Hence we find that the
nonclassicality witness most robust to noise depends
on the resource configuration.

1.0 "35 03
- = 025
= o8 o
Q. Q
' : 0.2
£ 06 £
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2
&8 04 o
S < 01
> 02 % o005
.g
0.0 0.0
FgTa FgT3 FET3 FgT3
EEE QC [ EACC W EAQC [ Bound

Figure 14: Bell scenarios with communication violations
(left) and noise robustness (right). The z-axis shows each of
the three-input facet inequality from Table 9 while the y-axis
shows either the violation or the noise robustness of the facet
inequality.
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3.2 Nonclassicality in Multiaccess Networks

A multiaccess network MA()? “4Y) has multiple in-
dependent senders A = {A4;}", and one receiver
B. Each sender is given the classical input x; € &
where the network’s total input alphabet is X =
Xy x - x X,. A noiseless communication chan-
nel idiiﬁB having signaling dimension d; connects
sender A; to the recciver where d = (dy,...,dy,).
The receiver B jointly processes the messages from
all senders to produce the value y € ).

We focus on the bipartite multiaccess network hav-
ing two senders A; and Ay where d; < |X;| such that
the communication is restricted. This case general-
izes the bipartite prepare-and-measure scenario dis-

cussed in Section 3.1.2 where MA()\,’;[,ngl’w2 V) =

PM(Xy, ngéyg). The multiaccess network DAGs are
shown in Fig. 15 and the corresponding sets of behav-
iors are shown in Table 1.

Overall, we show that quantum communication or
entanglement between two or more devices are each
sufficient resources to achieve nonclassicality in mul-
tiaccess networks. In Section 3.2.1, we construct a
broad set of facet inequalities and simulation games
for multiaccess networks. In Section 3.2.2, we present
our numerical results showing the maximum quan-
tum violation of each classical bound and its noise
robustness. Finally, in Section 3.2.3, we give explicit

Set Behavior Decomposition

MA _ B n A;
a) C Pyz =1lzeaPya [lizt Pl

b) Cii | Pya= X PfiTr [( ® 1121, )o A]

i
O Cli | Pus= T T (W0 @, )0
d) QM4 Pyz = Tr [I7 Qi pr]
QA | Pue=Tr [P (@1 E4) (o)

0 QU | Bye=Tr [12 (10%7F @ @, £4) ()]

Table 1: Sets of behaviors for multiaccess network resource
configurations. a) Classical communication, b) classical
communication using entanglement-assisted senders, c)
classical communication using global entanglement assistance,
d) quantum communication, ) quantum communication
using entanglement-assisted senders, f) quantum
communication using global entanglement assistance. The
respective DAGs for each of these sets is shown for the
two-sender case in Fig. 15.

protocols for the observed communication advantages
in multiaccess networks with entanglement-assisted
senders. These protocols include a dense bitwise XOR
protocol for quantum multiaccess networks (Proto-
col 1), and a trit equality protocol for classical multi-
access networks (Protocol 2).

3.2.1 Multiaccess Network Nonclassicality Witnesses

A multiaccess network with n senders can simulate
any behavior in Py, 5 if d; = [X;] for all i € {1,...,n}.
It follows that nonclassicality in the multlaccess net-
work requires at least one sender to have a signaling
dimension d; < |X;| and 2 < |Y|. We consider the
multiaccess network with two senders as the simplest
nontrivial case, focusing on MA (X, XQZ—’>2))) with in-
put and output alphabets of size 4 or less. We first re-
produce previous nonclassicality results regarding the
prepare-and-measure scenario. Then we investigate
examples of nonclassicality in multiaccess networks.
We can use PoRTA [49] to compute the full mul-

tiaccess network polytope CMAGBS™E%2) g, dy,dsy €
{2,3} (see upper section in Table 10). Additionally,
we compute the joint multiaccess network polytope
when either d; or ds equals three while the other
equals two,

{2,3} 2,3 3,2
(CMA(3,3 — 2):COHV<CMA(3,3—>2)UCMA(3,$—>2)) (42)

where we use the curly braces in 3,3{2%3}2 to denote

that either channel could send a trit while the other
sends a bit (see lower section of Table 10). Note that

for a behavior P ¢ CMA(3’3{£’}2), each sender must
use a trit of communication to simulate the behavior.

We also investigate a handful of simulation games
(v, V) where V is a deterministic nonclassical behav-
ior. Since the multiaccess networks accepts two in-
puts, x1 and x5, and maps them to a single output y,
it is natural to consider arithmetic operations as de-
terministic communication tasks (see Table 2). Later,
in Section 3.4, we consider multiaccess networks hav-
ing up to |Y| = 9 outputs, allowing the considera-
tion of a broader set of communication tasks including
multiplication and addition.

3.2.2 Numerical Quantum Violations of Classical
Bounds in Multiaccess Networks

In Figure 16, we plot the violations for each facet
inequality bounding the classical network polytope
CMA(¥:,%:752) (see top section of Table 10). Remark-
ably, all considered quantum resource configurations
can produce nonclassical behaviors. In Figure 17,
we show the violations of the facet inequalities of

the multiaccess network polytope facet inequalities

o 2123}
CMABG3 =72) from the bottom section of Table 10.
We find that unassisted qubit communication QM4 is
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Figure 15: Multiaccess network DAGs. a) Classical communication. b) Entanglement-assisted senders using classical

communication. ¢) Classical communication using global entanglement assistance. d) Quantum communication. e)

Entanglement-assisted senders using quantum communication. f) Quantum communication using global entanglement assistance.

1 2 3 4 5 6 7 8 9 10 11 12 13

F33.,F33.,F33,,F33,, F33,, F33,, F33 5, F33,0 F33,0 F33,0 F33,, F33, F330

MA| 4414 | 5336 | 7.205 | 7.309 | 6.499 | 8.674 | 8.828 | 8.162 | 10.727 | 11.140 | 14.118 | 16.846 | 17.399
Q (5,4) | (6,5) | (9,7) | (9,7) | (8,6) | (10,8) | (10,8) | (10, 8) |(13, 10)|(14, 11)|(18, 14)|(21, 16) |(22, 17)
MA | 4414 | 5414 | 7.777 | 7.828 | 6.499 | 8.745 | 8.958 | 8.958 | 11.181 | 12.275 | 15.538 | 17.961 | 19.062
Cerx| (5.4) | (6,5) | (9.7) | (9.7) | (8,6) |(10,8) | (10,8) | (10, 8) |(13, 10)|(14, 11)|(18, 14) | (21, 16) | (22, 17)
MA | 4413 | 5397 | 7.776 | 7.826 | 6.499 | 8.725 | 8.957 | 8.958 | 11.140 | 12.187 | 15.366 | 17.179 | 18.546
CGeal (5.4) | 6,5) | (9,7) | (9,7) | (8,6) |(10,8) | (10,8) | (10, 8) |(13, 10)| (14, 11)|(18, 14) | (21, 16) | (22, 17)
MA 7.783 | 7.929 | 6.877 | 9.009 8.958 | 11.529 | 12.275 | 15.537 | 18.175 | 19.276
N 9.7y | (9.7) | (8,6) |(10,8) (10, 8) [(13,10) (14, 11)|(18, 14) (21, 16) | (22, 17)

MA
OGEa

12.996

(13, 10)

13.997 17.999 20.998 21.987

(14, 11)

(18, 14)

(21, 16)

(22,17)

1 2 3 4 5 6 7 8 9 10 11 12 13

F33—>2 F33—>2 F33—)2 F33—>2 F33—>2 F33—>2 F33->2 F33—>2 F33—>2 F33—>2 F33->2 F33->2 F33—)2

MA| 0.216 | 0.144 | 0.076 | 0.110 | 0.199 | 0.183 | 0.216 | 0.051 | 0.172 | 0.033 | 0.023 | 0.133 | 0.062
Q (0.400) | (0.333) | (0.444) | (0.444) | (0.500) | (0.400) | (0.400) | (0.400) | (0.461) | (0.428) | (0.444) | (0.476) | (0.454)
MA | 0.216 | 0.171 | 0.237 | 0.248 | 0.199 | 0.199 | 0.242 | 0.242 | 0.252 | 0.241 | 0.235 | 0.262 | 0.255
CETX (0.400) | (0.333) | (0.444) | (0.444) | (0.500) | (0.400) | (0.400) | (0.400) | (0.461) | (0.428) | (0.444) | (0.476) | (0.454)
MA | 0.215 | 0.165 | 0.237 | 0.248 | 0.199 | 0.194 | 0.241 | 0.242 | 0.245 | 0.228 | 0.214 | 0.176 | 0.204
CGEA (0.400) | (0.333) | (0.444) | (0.444) | (0.500) | (0.400) | (0.400) | (0.400) | (0.461) | (0.428) | (0.444) | (0.476) | (0.454)
MA | 0282 | 0.233 | 0.238 | 0.271 | 0.304 | 0.251 | 0.298 | 0.242 | 0.304 | 0.241 | 0.235 | 0.283 | 0.275
@ETX (0.400) | (0.333) | (0.444) | (0.444) | (0.500) | (0.400) | (0.400) | (0.400) | (0.461) | (0.428) | (0.444) | (0.476) | (0.454)
MA | 0.399 | 0.333 | 0.444 | 0.444 | 0.499 | 0.399 | 0.399 | 0.399 | 0.461 | 0.428 | 0.444 | 0.476 | 0.453
@GEA (0.400) | (0.333) | (0.444) | (0.444) | (0.500) | (0.400) | (0.400) | (0.400) | (0.461) | (0.428) | (0.444) | (0.476) | (0.454)
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Figure 16: Max violations (top) and noise robustness (bottom) for MA(3, 32—>’22) multiaccess network. Each column corresponds
to a facet inequality listed in Table 10. Each row corresponds to a quantum resource configuration in figure 15. The top number
in each cell shows the largest numerical violation obtained via variational optimization. The lower tuple, (%,7), shows the largest
possible score 4 and the classical bound ~ for each linear black box game where shading is used to show the magnitude of

violation. In the noise robustness plot, the top number of each cell shows the noise robustness while the bottom number shows

the noise robustness for the maximal possible violation.
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Figure 17: Multiaccess network violations (left) and noise robustness (right). The upper plot on each side shows the violations

{2,3}

or noise robustness of classicality in MA(3,3 —2) multiaccess networks shown in Table 10. The lower plots show the violations
and noise robustness of each simulation game in Table 2. The column of each plot corresponds to a different nonclassicality
witness while each row corresponds to a different resource configuration. The top number in each cell shows the largest numerical
violation obtained or its corresponding noise robustness. The lower tuple, (%,~), shows the largest possible score 4 and the
classical bound +, or the noise robustness of the largest possible violation.

Task Symbol Definition
Distance | Vy x5y Ve ws = Oy,o1—aa|
Bitwise 1 if vi=®19%2;
XOR Ve, . Vliei . = v je{o,1}
’ $r¥n,2 0 otherwise
ify=0and z; = zo
> > 1 ory=1and x; > o
Compare | VS Ve, 20 =
p X1 Xp—3 Y,T1,T2 y=2and 21 < 2
0 otherwise
1 ify=0and x; = 29
Equals | V3 v, 0 | Vigy e = ory=1andz; #
0 otherwise

Table 2: Simulation games for multiaccess networks. The
classical bound is computed for one-bit of communication
from each sender.

unable to violate these bounds, suggesting that qubit
communication is classically simulable by the multi-
access network using a bit and a trit of communi-

cation, QMA C (CMA(?”?’{QS}Q). On the other hand,
we find that entanglement-assisted senders are able
to still violate these classical bounds, indicating that
entanglement-assisted senders require at least two-
trits of classical communication to simulate.

In the bottom plot of Figure 17, we show the vio-
lations of the classical bound for each of the simula-
tion games in Table 2. We find that entanglement-
assisted senders using classical communication, C%[r?x,
are able to demonstrate an advantage in the trit equal-
ity game V33 ,,. We find that entanglement-assisted

senders using quantum communication QETX are able
to achieve the maximal possible score for the games
Vi3s3 V$4H4, V35,9, and Vi, 5. The strongest
violations are achieved by the strongest resource con-
figuration QgﬁA where entanglement is shared glob-
ally across all three parties. Moreover, the variational
ansatz circuit for the sets CM#, and QMp, parame-
terize general three-qubit entangled states. Note that
the global entanglement-assisted quantum signaling
setting does not admit the maximal possible scores
for all games. In the games where the maximal pos-
sible score can be obtained as v* (V,PNet (%))
Eq. 17 shows that V ~ PNet(§). As a result, Algo-
rithm (3) can be used to automatically establish these
deterministic tasks in a multiaccess network.

In many cases, quantum communication with
entanglement-assisted senders or global entanglement
assistance is able to achieve the maximal possible
score, however, the noise robustness is not the same
in each of these cases. Indeed, the nonclassicality wit-
ness most robust to noise is found to be the bitwise
XOR simulation game V§, ., which can demonstrate
nonclassicality with up to 2/3 mixture of white noise.

When the max violation of each nonclassicality wit-
ness is compared across all multiaccess network re-
source configurations, we observe the hierarchy

cMA C QMa ¢ Chix < C&ia < Qb C Qeiga (43)
where the maximum violations of each resource con-
figuration are nondecreasing from left to right. Note
that all subset relations annotated with question
marks in Eq. (43) are conjectured and left as an open
problem. The remaining relations hold trivially be-
cause quantum communication can simulate classical
communication (see Eq. (10)).
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In some cases, we find that certain resource config-
urations do not yield violations while others do. For
instance, we deduce from Fig 17 that entanglement-
assisted classical senders C¥#. do not violate many of
the considered simulation games, while quantum mul-
tiaccess networks with entanglement-assisted senders
QM do yield violations. These nonclassicality wit-
nesses that require certain resource configurations to
violate are valuable for quantum resource certifica-
tion. It is important to investigate, classify, and char-
acterize such examples.

3.2.3 Protocols for Nonclassicality in Multiaccess Net-
works with Entanglement-Assisted Senders

We now present protocols for achieving nonclassicality
in multiaccess networks with entanglement-assisted
senders. These protocols correspond to determinis-
tic information processing tasks that can be imple-
mented using quantum resources, but not classical re-
sources, for a given signaling dimension. Notably, the
following example shows a form of dense information
processing for the bitwise XOR behavior Vf‘j dsd

Protocol 1. Achieve a zero-error simulation of the
bitwise XOR behavior ij 454 Using a multiaccess net-

MA(4,4274
work QETX ).

1. The source A prepares the maximally entangled
state |PT) = %(|OO> + |11)) and distributes it
between two senders A; and As.

2. Each sender applies a unitary

Ugél € (H27U?ivafia0-;i) (44)

conditioned on the two-bit input ¥; € &; =
{0,1}2. The resulting quantum state is then

Vz,7,) = USt @ UZ2 |&T) (45)
=UM UL @ |@T), (46)

for which we verify the following cases:

when 00=27 ®Za, |Vz,7,) ZV"I)+> (47)
when 01 =7 ® %y, |Vza,) =V ‘(I)_> (48)
when 10=7®7 |Yz7,) =V |‘1/+> (49)
when 11=%1 @ %2 |Yzz,) =V |\Iji> (50)

Note that » = 41 represents a global phase factor
dependent on both #; and 5.

3. The receiver B jointly measures the two-qubits in
the Bell basis {|®) ,[®7),|¥T) , [¥~)} to obtain
the output y = 71 @ o with zero error.

Remark. The classical bound for one bit of signaling
is A(V?AH@P) = Prrror = %, whereas two bits of
signaling from each sender are needed to achieve the
simulation error Pgpor = 0.

Protocol 1 describes a quantum advantage where
the bitwise XOR is performed using two bits fewer
than necessary in a classical setting. That is, if N
pairs of entangled states are shared between the two
senders, then the XOR of two 2N-bit strings can
be evaluated by the multiaccess network using only
2N qubits of communication where 4N classical bits
are required in the classical case. Hence this quan-
tum communication advantage demonstrates a form
of dense computation similar to dense coding [63].

We also find an interesting simulation advantage for
entanglement-assisted senders using classical signal-
ing. In the following protocol, we outline the quantum
strategy that achieves a violation of the nonclassical-
ity witness (7, V33 ,5) (see facet inequality F33 ,,) in
Table 10). One application of this violation is demon-
strating the use of entanglement between two senders.

Protocol 2. Achieve the simulation game violation
7.5 = (V33_,5,P) > 7in the classical multiaccess net-

work with entanglement-assisted senders Cglﬁ 3 3%2)

1. The source prepares the maximally entangled
state |®T) = %(|00> + |11)) and distributes it
to the senders A; and A,.

2. Each sender measures their local qubit to ob-
tain a one-bit outcome, with measurement bases

{|¢:f\wi>}aie{0,1} given as

{Jog )= Joli )= }. (51)
{|¢3§> :é<|o>+¢§|1>>,]¢ﬁg>:%<¢§\o>—|1>>}, (52)
{|¢ag>:é<|o>—¢§\1>>, |¢ﬁg>:§<¢§\o>+u>>} (53)

Note that When z; = x5, the senders A; and
Ay measure |®T) in the same basis resulting in
outcomes that have even parity, a; ® as = 0.
Otherwise, if 1 # x2, then we obtain even and
odd parity results with probabilities

P(a1 D ag = 0|(E1,.’E2) = 0.25, (54)

P(a1 D ag = 1|I1,£€2) = 0.75. (55)

3. Each sender transmits their one-bit measurement
result a; via a classical channel to the receiver B

who outputs the value y = a1 @ as. The resulting
behavior is then

P*:}411141114
033 3033 30

which achieves the score (V33 5, P*) = 7.5.

3.3 Nonclassicality in Broadcast Networks

A broadcast network BC(Xif) consists of one
sender A and multiple receivers B = (By,..., By)
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Figure 18: Broadcast network DAGs. a) Classical communication CB€. b) Classical communication using entanglement-assisted

: BC
receivers Cpy. .

communication (ng. e) Quantum communication QBC. f) Quantum communication using entanglement-assisted receivers Q

¢) Classical communication with global entanglement assistance (CCB;% A+ d) Entanglement-assisted classical

BC
ERx’

g) Quantum communication using global entanglement-assistance QCB;(Ej A+ h) Entanglement-assisted quantum communication QES.

where a noiseless channel idff’B “ with signaling di-
mension d; connects the sender to receiver B;. The
broadcast network as a single input x € X that
is given to the sender while each receiver outputs
y; € Vi, hence broadcast network behaviors belong to
the probability polytope IP’);‘X where Y = Y x -+ x
Y. We primarily focus on broadcast networks with
two receivers where DAGs depicting the considered
communication resource configurations are shown in
Fig. 18 and the behavior sets for each configuration
are given in Table 3.

Overall, we show that entanglement is necessary
for nonclassicality in broadcast networks. In Sec-
tion 3.3.1, we derive many examples of broadcast net-
work facet inequalities and simulation games. In Sec-
tion 3.3.2, we present Theorem 1, which shows that all
quantum broadcast networks (see Fig. 18.e) are clas-
sically simulable. In Section 3.3.3, we present our nu-
merical results that demonstrate nonclassicality in all
cases where communication-constrained parties share
entanglement, paving the way for new entanglement
certification approaches in broadcast networks.

3.3.1 Broadcast Network Nonclassicality Witnesses

A classical broadcast network with n receivers can
simulate any behavior in IP’);‘ 5 if either || < d; for
all i € {1,...,n} or |X| < min{d;}",. We therefore
consider two simple nontrivial cases of broadcast net-
works, BC(3293,3) = BC3 and BC (4234, 4) = BC4.
The facet inequalities of the broadcast network BC3
are shown in Table 11. We also compute the facet
inequalities in the case where one trit and one bit of
communication is used in the network.

o655 _oo (CBC(g,?ﬁgg) UCBC(334233>> _ (56)

The resulting facet inequality corresponds to an in-
teresting simulation game, which we refer to as the

Set Behavior Decomposition
Al pB;
a) CP¢ Ppa =Yg s (TI2L P, ) PA,
B B
b) ngx Pﬂ‘z = ZdTI" [Hy11|a,1 ® Hy;\asz] Pé?.’l:
dc A
BC O 178 A oigAoB A
¢) Caga Pya= 2 Tr [® e, Tra [Htﬂr ®id™"p H
ded  Li=1
A CES | Py =Tr | ¥ @MZ, Tra [T, @id P @ p
Gefi=1 j=1
e) Q"¢ Py = Tr [Q; 1157 0
f) QERx Py = Tr {@1 7d 4= (o @ pA)]
g) QBEa Py, =Tr [@1 e (5;.‘ ® idB(pA)):|
n ) I ASB n
h) QBS Pje =Tr <=g1 nket @id*~ <]§)1 pAJﬂ

Table 3: Sets of behaviors for broadcast networks. a)
Classical communication. b) Classical communication with
entanglement-assisted receivers. c¢) Classical communication
assisted by global entanglement. d) Entanglement-assisted
classical communication. e) Quantum communication. f)
Quantum communication with entanglement-assisted
receivers. g) Quantum communication assisted by global
entanglement. h) Entanglement-assisted quantum
communication.

broadcast communication value (BCV). The simula-

tion game is denoted (yB€V, VBCV) where yBCV =
min{d;,ds} and
Bev _ )1 fy=yp=2 (57)

Y1y2,® 0 otherwise.

In the case of BC4, we apply broadcast communica-
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tion value simulation game (2, VESY), and we apply

the linear program in Eq. (20) to obtain facet inequal-
ities, F§4 and F’]’304, of the CB®? classical network
polytope (see Table 11). Notably, the facet inequal-
ity (8, F%q,) was obtained from the linear program in
Eq. (20) by inputting the nonclassical behavior that
simulates a Popescu-Rohrlich (PR) box [73] used by
the receivers to achieve the maximal possible violation
of the Clauser, Horne, Shimony, and Holt (CHSH) in-
equality [74]. Since |Yi| = |V2| = 4, each receiver
outputs a two-bit value containing their measurement
result and their measurement basis.

3.3.2 Classical Simulability of Quantum Broadcasts

In this section we prove that unassisted quantum
broadcast networks do not exhibit nonclassicality, and
therefore, do not provide any observable communica-
tion advantage. It follows that entanglement is nec-
essary for nonclassicality in broadcast networks.

Theorem 1. Given any broadcast network

BC(X-%)) with n receivers, B = (Bi,...,B,),
and signaling dimensions, d= (di,...,dy), the set of
quantum broadcast behaviors is equivalent to the set
of classical broadcast behaviors,

CBC(Xi QBC(Xiﬁ). (58)

Thus, nonclassicality cannot be exhibited by unas-
sisted quantum broadcast networks (see Fig. 18.e).

Proof. From Eq. (10), the inclusion (CBC(XE&) -
QBC(X ) is trivial. Therefore, it is sufficient to show
that each P € QB?(X Y s classically simulable such
that P € CBC(X¥*Y) We first show that, given any

classical broadcast network behavior P € CBC(X4Y)
there exists a valid communication strategy in which
sender A has complete knowledge of the network’s
output, ¥ = (y1,...,¥Yn). From the decomposition of
a classical broadcast network behavior in Table 3.a,
the transition probabilities decompose as

Py =Y P> (T Plius) Pilen (59)
A a

where the sum over @ = (ay,...,a,) accounts for all
message encodings and the GSR is modeled by the
shared random variable A and its prior Py. Since
an unlimited amount of GSR is assumed, any local
stochastic behavior can be decomposed into a convex
combination of deterministic behaviors

|I AT le(] Ho a‘aj Ao (60)
yz'”‘zv ZH& Hi y7|a77)\7#z (61)

Without loss of generality, each party’s local random
variable p; can be incorporated into the GSR as pub-
lic knowledge, such that all parties share the random

variables X = (A, 11, - - ., ptn ). If we assume that each
party’s deterministic behavior vE 7u1 is known by the
sender A, then the sender can predict the output
with zero-error given xz € X.

Now consider an unassisted quantum broadcast
network behavior from Table 3.e,

Pz = Tr [(Qi, 1157 p2'] (62)

where p2 € D(H?) is an n-qudit density operator and
Hii is a POVM element. Our goal is to decompose
Eq. (62) into n parallel single-qudit channels that can
be classically simulated given a classical sender’s priv-
ileged knowledge of the network’s output .

Suppose that receiver B, measures their qudit by
taking the partial trace over the n'® qudit, then

Py = Tr [ @72 T Ty, [Tws @ T2 p2] | (63)
T [@” Qs ‘z} (64)
=Tr [®n ' HB onn|$i| Pyl (65)

where HA |z is the unnormalized reduced density
matrix of ‘the (n — 1)-qudit post-measurement state

.Z‘nlz - ﬁ;jn\r - Since I} is a POVM, the nor-

malization factor is the condltlonal probability

2]l (66)

Next, we substitute Eq. (66) into Eq. (65) to obtain

Py =Tr [ Trq, e

Py = Tr [@(5 1 pf | T (18] (67)

in which party B, is separated from the receivers,
Bi,...,B,_1, such that y, only depends on the
marginal qudit state pf" =Tra,. . n-1) [pf].

We can now prove that a quantum broadcast net-
work with n receivers is equivalent to a quantum
broadcast network with (n — 1) receivers and a classi-
cal point-to-point channel. First, we apply the point-
to-point simulability result of Frenkel and Weiner [12]
to show that the transition probabilities of the qu-
dit channel in Eq. (67), P, |, = Tr [HB" A"], can
be simulated with zero- error using GSR and a classi-
cal channel of signaling dimension d. Next, Eqgs. (60)
and (61) show that, given the input z and the GSR
value X, the sender A can determine the output ¥, of
receiver B,,, provided that each party behaves deter-
ministically according to the GSR. Finally, the sender
A uses the value y,, to prepare the (n — 1)-qudit state
p;L|I and broadcast it to receivers By,...,B,_1.

This base case can be extended to the remaining
(n—1)-qudit system in Eq. (67), separating each qudit
channel to obtain a product of n quantum channels

L B, A1
Py|z =Tr [H y27 7yn|33:| x

(68)

o Te [Pt T [T ]

Ynl|z

Accepted in {Yuantum 2026-03-17, click title to verify. Published under CC-BY 4.0. 21



If all parties operate deterministically according to
the GSR, then we can apply the same argument as
the base case to assert that each of the n quantum
channels in Eq. (68) is classically simulable. Thus,
any quantum broadcast network with n receivers is
simulable using GSR and a classical broadcast net-
work with n receivers and signaling dimension d.

O

3.3.3 Numerical Quantum Violations of Classical
Bounds in Broadcast Networks

We investigate the nonclassical behaviors that can be
generated in the broadcast networks BC3 and BC4
(see Fig. 18). Using variational optimization, we
maximize the violation of each nonclassicality wit-
ness in Table 11 for each quantum resource config-
uration shown in Fig. 18. We plot the max viola-
tion and noise robustness of each nonclassicality wit-
nesses in Fig. 19. Our numerical results support Theo-
rem 1, which proves that unassisted quantum commu-
nication QBC cannot violate any nonclassicality wit-
ness.  This limitation distinguishes broadcast net-
works from multiaccess networks, which can demon-
strate nonclassicality using unassisted quantum com-
munication.

We find the strongest examples of nonclassicality
when entanglement-assisted communication channels
are used. We consider the basic example of a broad-
cast network with entanglement-assisted quantum sig-
naling, Qggz, as shown in Fig. 18.h. We also con-
sider the case where entanglement assists only one
communication channel QB¢ . Entanglement-assisted
quantum communication enables dense coding com-
munication [63], allowing two bits to be communi-
cated. Since we consider input and output alphabets
of size no greater than four it holds that QE$3 =
Pﬁl > implying that all broadcast behaviors having
|X| = |V1| = |V2| < 4 can be simulated. Therefore we
demonstrate our optimization framework’s ability to
learn dense coded communication protocols.

In particular, we find that QB3 is the only consid-
ered resource configuration that can violate the classi-
cal bound of the broadcast communication value game
VECY defined in Eq. (57), which requires a signaling
dimension of d; = dy = 4. Therefore, the simulation
game (yBCV, VBCV) could serve as a useful nonclas-
sicality witness for establishing dense coded channels
using Algorithm 3 or certifying entanglement-assisted
quantum channels.

We find a more nuanced example of nonclassicality
when a 3-qubit entangled state is distributed across
all parties, CEG, and QB$, as shown in Fig. 18.c,g.
Although our variational ansatz considers arbitrary
three qubit state preparations, in the Q%3 resource
configuration, we also consider GHZ state prepara-
tions, QB%3. We find that the GHZ state only shows
violations for F§, and F,, whereas the general

a b BCV
Fics Fgca Vaaa

F2 Fb F< Fd
BC3 BC3 BC3 BC3 sca| 1999 | 8.027 | 1.998
CErx | (4,2) (11, 8)| (4,2)
T 1.0
Bca) 1.999 | 8.147 | 1.999
CGEn| (4,2) |(11,8)| 4,2)
08
1.998 | 8.498 | 1.996
BC4 Q
Qerx | (4.2) |(11,8)| (4,2) >
06%
10.977 g.
(11, 8) o
042
o
10.996 o
(11, 8) 027
10.995
(11, 8) 0.0
a b BCV
2 b Fe Fd Fica Fics Ve
BC BG BC2 BG Bca | -0.000 | 0.007 |-0.000
CERX |(0.571)((0.440)|(0.533)
sc3 | -0.000 | -0.000 | 0257 | 0183
QGriza| (0.449) | (0.500) | (0.409) | (0.473) 1.0
Bca | -0.000 | 0.037 |-0.000
CGEn (0.571)|(0.440)|(0.533) z
! 085
0449 | 0499 | 0409 | 0473 o
o83 -0.000 | 0.115 |-0.002
EAT | (0449) |1 (0:300) | (0.409) | (0:473) 1  BLL (6 571) (0.440)|(0.533) B3
069
g
0.571 | 0.438 | -0.000 S
0449 | 0499 | 0407 | 0472 QB4 2
BC3
08531 (0.449) | (0.500) | (0.409) | (0.473) EA1 |(0.571)((0.440)| (0.533) 0.43
(7]
0.571 | 0.440 | -0.001 2]
BC4
QGen |(0:571)|(0.440)((0.533)| | 1028
sc3| 0449 | 0499 | 0408 | 0473 E
QEny | (0.449) | (0.500) | (0.409) | (0.473) <
5ca) 0571 | 0.439 | 0,531 00
QEA? |(0.571),(0.440)|(0.533) i

Figure 19: Nonclassicality in entanglement-assisted
broadcast network violations (top) and noise robustness
(bottom). (Left) The max violations and noise robustness of
the facet inequalities listed in Table 11 for the broadcast
network BC3. (Right) The max violations and noise
robustness of the BC4 facet inequalities in Table 11 and the
VBCV simulation game from Eq. (57). Each column
corresponds to a different nonclassicality witness while each
row corresponds to a different resource configuration. The top
number in each cell shows the largest numerical violation
obtained via variational optimization or its corresponding
noise robustness. The lower tuple, (9,7), shows the largest
possible score 4 and the classical bound « for each linear
black box game or the noise robustness of the maximal
possible violation. Note that EA1 corresponds to
entanglement-assistance on one channel, while EA2
corresponds to entanglement-assistance on both channels.

state preparation QB$3 achieves the maximal score

by using the entanglement along one channel to per-
form dense coding. As shown in Fig. 19, the violations
of Q(B;% A match Qggl, raising the question of whether
global entanglement-assistance in the broadcast net-
work can provide an advantage over entanglement-
assisted quantum communication along one edge of
the broadcast network.

Remarkably, nonclassicality is witnessed in classical
and quantum broadcast networks with entanglement-
assisted receivers, CBS and QBS  (see Fig. 18.b.f).
We find the strongest violation to the facet inequality
(8, F4,) Table 11 is 8.5 = maXPEQEgX<F%C4’P> >
v = 8, which we detail in the following protocol.

Protocol 3. Achieve the facet inequality violation
8.5 ~ maxpeqgec (F%.,,P) > 8 in the quantum
broadcast network with entanglement-assisted re-
ceivers Qggx as shown in Fig. 18.f.

1. Let the broadcast network be modeled by the
variational ansatz shown in Fig. 20 where the op-
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timal settings * for each unitary are as follows:

= (02 05 @5 @), (69)
= (5555 (BniE)

where we numerically find 0632 ~ —2.498091860.

2. Upon measurement the following behavior is
achieved, rounded to the eighth decimal place:

PBC(6*) = (71)
[0.45000005 0. 0. 0. |
0. 0.45000005 0. 0.
0.04999995 0. 0. 0.
0. 0.04999995 0. 0.
0.04999995 0. 0. 0.
0. 0.04999995 0. 0.
0.45000005 0. 0. 0.
0. 0.45000005 0. 0.
0. 0. 0.10000006
0. 0 0.39999994 0.
0. 0 0. 0.39999994
0. 0 0.10000006 0.
0. 0 0. 0.39999994
0. 0 0.10000006 0.
0. 0 0. 0.10000006
L o 0. 0.39999994 0.

3. The score 85 = (Fbe,, PBC(6*)) + € where
0 < e ~ 107!2 is achieved numerically, while the
rounded behavior in Eq. (71) achieves € ~ 1077.

One application of these broadcast nonclassicality
witnesses is to apply them to certify the presence
of entanglement-assisted resources, such as entangle-
ment entanglement-assisted two-party measurements.
For instance, if unassisted quantum communication
is used, then Theorem 1 implies that a violation of
a broadcast network nonclassicality witness requires
that the receivers share a resource stronger than GSR,
such as entanglement. We expect that future investi-
gations of broadcast network nonclassicality witnesses
and their associated violations will uncover interest-
ing tests for verifying entangled measurement devices
and entanglement-assisted communication in commu-
nication networks.

Sowce A Receiver By
0 —{z} —— R o R ’
,,,,,,,,, ! . (4
0 Ry(@0) Foo— 07 o @)

Receiver By

Figure 20: Minimal variational ansatz for maximal violation
of the ]F%C 4 facet inequality by the entanglement-assisted

broadcast network Qggi where Ry(g) — ¢—ifoy/2,

3.4 Nonclassicality in Multipoint Networks

In this section, we apply our operational framework to
obtain novel nonclassical behaviors in multipoint com-
munication networks. A multipoint network consists
of multiple senders and multiple receivers and may
also contain intermediate processing devices, creat-
ing a complex causal structure. We consider the case
where two senders A; and Ay are given the inputs
x1 € X1 and xo € X5 respectively. After the infor-
mation flows through the network, two independent
receivers output the values y; € Yy and ys € ), re-
spectively. Although, we focus on networks with two
senders and two receivers, we consider many underly-
ing causal structures (see Fig. 21).

In Section 3.4.1, we discuss how to utilize simula-
tion games to efficiently derive related facet inequali-
ties when standard facet enumeration techniques fail
to scale. In Section 3.4.2, we present quantum vi-
olations and noise robustness for numerous simula-
tion games and related facet inequalities. Overall,
we find that quantum communication is sufficient to
achieve nonclassicality in all considered multisender
networks where the strongest violations are found
in multiaccess networks. Furthermore, we find that
entanglement-assisted senders tend to have stronger
violations than entanglement-assisted receivers.

3.4.1 Multipoint Network Nonclassicality Witnesses

For multipoint networks, it is difficult to enumerate
the set of vertices VNt of the classical network poly-
tope due to the large number of independent devices
and the associated exponential growth in the dimen-
sion of the network behavior. Given the memory con-
straints of a typical laptop computer, we are able to
enumerate V¢ in the simplest nontrivial case where
|X1| = |Xs| = | V1| = | V2| = 3 for each of the networks
in Fig. 21. Using this set of vertices, we obtain both

Set Behavior Decomposition

PIF — (PC1 ® PC2)PB(PA1 ® PAz)

PIF — (PD1 ® PDZ)PCPB(PAl ® PA2)

(PBr @ PB2)(I, @ VO @ Ip)x

(CHG PHG _
¢) X (P @ PAz)

(PP @ PP2) (I, e PCPP @ 1) x

BF _
P = x (P41 @ PA2)

d) (CBF

Table 4: Classical multipoint network polytope definitions
(see Fig. 21 for DAGs). a) Interference (IF) network. b)
Compressed interference (CIF) network. ¢) Hourglass (HG)
network. d) Butterfly (BF) network. The identity matrices I
represent communication through an intermediate layer. In
the hourglass network, an explicit swap V¥ is needed to
model the communication from A1 — By and Ay — Bi.
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Figure 21: Classical multipoint network DAGs. (a) Interference (IF) network, (b) compressed interference (CIF) network, (c)

hourglass (HG) network, and (d) butterfly (BF) network.
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Figure 22: Quantum resource configurations for multipoint network DAGs in Fig. 21. (a) Quantum communication. (b)
Quantum communication with entanglement-assisted receivers. (¢) Quantum communication with entanglement-assisted senders.

simulation games and facet inequalities.

Recall that a simulation game (v, V) can be ob-
tained from any deterministic behavior that is ex-
cluded from the classical network polytope such that
V ¢ CNet. These simulation games can be obtained
from simple logical and arithmetic operations where
a complete list is provided in Table 5. To derive a se-
lection of facet inequalities, we use the linear program
in Eq. (20). For each network DAG and deterministic
test behavior in Table 5, we obtain a nonclassicality
witness and verify it to be a facet inequality (v, F)
of the CN°t polytope. Note that each computed facet
inequality is unique to the network although the same
deterministic test behaviors are the considered across
all networks. To avoid confusion, we use F to denote
facet inequalities and V to denote simulation games
where the superscript labels from Table 5 are used
in both cases. In Appendix D, we present the facet
inequalities obtained for each of the considered mul-
tipoint communication networks.

3.4.2 Numerical Quantum Violations of Classical
Bounds in Multipoint Networks

For each multipoint communication network shown
in Fig. 21 we consider three quantum resource

configurations: unassisted quantum communication
Net ; Net
(Q%¢"), entanglement-assisted senders (Qg%. ), and

entanglement-assisted receivers (QR&! ) (see Fig. 22).
For each network, our variational ansdtze encode a
broad set of free operations, including CPTP maps
and POVMs (see Section 2.3.1). Since we consider
| V1] |V2| = 3, we apply a deterministic post-
processing map that takes each local two-qubit mea-
surement result to a trit. We find that the post-
processing map V! is sufficient to achieve the max
violation in most cases, however, certain nonclassical-
ity witnesses can achieve larger violations when V2 is
used as a post-processing map (see Eq. (72)),

vl= or VZ=

(72)

oS O =
o = O

0
0
1

oS O =
oS O =
o = O
o = O
= O O

In Fig. 23, we plot the violation obtained using
our VQO methods. We find that all considered
quantum resource configurations can produce non-
classical behaviors in multipoint communication net-
works. When unassisted quantum signaling is con-
sidered (first row Fig. 23), we find violations of facet
inequalities (v,F) in all networks except the broad-
cast network, but we find no violations in any of the
considered simulation games (v, V). Thus, we demon-
strate that unassisted quantum communication is suf-
ficient for nonclassicality in multisender networks.

Entanglement-assisted receivers (see Fig. 22.b) are
considered in the second row of Fig. 23. We find that
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Simulation Game Score Facet Inequality Score

V¥ yooye oyt yEoooyr ym Y F F%* F° F* F* F' F~ FY
6.999 | 4.999 | 3.999 | 4,998 | 5.998 | 3.999 | 6.999 | 3.999 12.999 (14.468 [12.999(14.340{12.412|12.999(11.337 | 12.999
IF (9,7) | (9,5) (9, 4) (9, 5) (9, 6) (9, 4) 9,7) 9, 4) IF (18, 13)((22, 14)|(21, 13)((22, 14)|(18, 12)|(20, 13)((15, 11)|(21, 13)
C 6.999 | 3.999 | 1.999 | 4.999 | 5.999 | 1.999 | 6.999 | 1.999 C 11.999(12.999 | 9.499 |13.336(12.337 | 9.499 |11.414| 9.499
IF 9,7) | (9, 4) (9, 2) (9, 5) (9, 6) (9, 2) 9, 7) (9, 2) |F (17, 12)|(21, 13)| (17, 9) [(21, 13)|(18, 12)| (17, 9) |(15, 11)| (17, 9)
1.0
6.999 | 5.998 | 3.998 | 5.999 | 6.997 | 5.998 | 6.999 | 6.998 10.999 | 10.999 11,999 | 9.999 |13.999 | 20.022 |12.061 | 18.018
o BF| 0.7 |6 |©4|©Ge | @n]|©e |G| 07 BF (14, 11)|(15, 11|17, 12)[(13, 10)|(18, 14 (25, 20)|(16, 12)|(23, 18)
c HG 6.999 | 5.999 | 4.999 | 4.999 | 6.999 | 4.999 | 6.999 | 4.999 HG 16.198 (13.414 (12.999|10.337 | 9.337 |10.337 | 8.337 [12.999
(9,7) | (9, 6) (9,5) (9, 5) 9,7) (9,5) 9,7) (9, 5) (19, 16)((17, 13)|(17, 13)((15, 10)| (13, 9) |(15, 10)| (12, 8) |(17, 13)
6.999 | 4.999 | 3.999 | 4.999 | 6.999 | 3.999 | 6.999 | 3.999 10.315(11.249(11.624|11.249 | 9.688 |10.536 | 9.356 |11.624
MA (9,7) | (9,5) (9, 4) (9, 5) 9,7) (9, 4) 9, 7) (9, 4) MA (15, 10)|(18, 10){(18, 10)((18, 10)| (15, 9) |(17, 10)| (13, 9) |(18, 10)
BC| 6:999 | 5999 | 3.999 | 5999 | 5.999 | 3999 | 6.999 | 3999 BC| 4999 | 4:999 | 5.999 | 5999 | 3.999 | 5999 | 4.999 | 5.999 0.8
@7 @6 |©4 |6 |©6]|©4|©7]| 04 (7.5 | (7.5) | 9.6) | (9.6) | 6.4 | 9.6 | (7.5 | ©6)
Vo Wy ye wE o yEoyn oy v Fo F< F° F* F F F  FY
6.999 | 4999 | 3.999 | 4.998 | 5.998 | 3.999 | 6.999 | 3.999 12.999 | 14.468 | 12.999 | 14.340 | 12.412 | 12.999 | 11.337 | 12.999
IF1@7n|@s |©4]@s|©e6 | ©4 @] a4 IFis, 13)|22, 14|21, 13)|22, 14)|(18, 12)|(20, 13)|(15, 11)|(21, 13)
CIF 6.999 | 3.999 | 1.999 | 4.999 | 5.999 | 1.999 | 6.999 | 1.999 CIF 11.999(12.999 | 9.499 |13.336|12.337| 9.499 |11.414| 9.499 0.6 w0
(9,7) | (9, 4) (9, 2) (9, 5) (9, 6) (9, 2) 9, 7) (9, 2) (17, 12)|(21, 13)| (17, 9) [(21, 13)|(18, 12)| (17, 9) |(15, 11)| (17, 9) A
Q
U 6.999 | 5.998 | 3.998 | 5.999 | 6.999 | 5.998 | 6.999 | 6.999 10.999(11.026(11.999| 9.999 [13.999|20.022|12.061 |19.129 8_
c BF (9,7) | (9, 6) (9, 4) (9, 6) 9,7) (9, 6) 9, 7) 9,7) BF (14, 11)|(15, 11){(17, 12){(13, 10)((18, 14)|(25, 20)((16, 12)|(23, 18) <
v <
€0 HG/ 6999 | 6375 | 5:993 | 5994 | 6.999 | 5992 | 6.999 | 5,99 HG [17:193| 14327 12.999 10,992 9.176 |13.097 =3
w @7 @6 |©5 G5 ©67n]|©s || os (19, 16)|(27, 13)|(17, 13) (13, 9) (12, 8) (17, 13) ]
5
MA N/A N/A N/A N/A N/A N/A N/A N/A MA N/A N/A N/A N/A N/A N/A N/A N/A 0.4
6.999 | 5.999 | 3.999 | 5.999 | 5.999 | 3.999 | 6.999 | 3.999 4,999 | 4.999 | 5.999 | 5.999 | 3.999 | 5.999 | 4.999 | 5.999
BCl o7 |©e|©a|©e|©6]|©a|©7n]| 04 BCi 75 |75 |96 |©6|®6a]|©e6 |75 | ©e6
Voo oy ye  yr o yEoyn oy v Fo F< F° F* F* F F  FY
|F| 6999 | 5999 | 3999 | 5598 | 5998 | 3.999 | 6.999 | 3.999 IF 15.999 [FICLLN )| 14.999 | 12,999 | 15.999 02
@7 @5 | ©4 |5 |©@6]|©4|©7]|O4 (21, 13) (RN 6L e0] (20, 13)|(15, 11)((21, 13)
IF 6.999 | 3.999 | 1.999 | 4.999 | 5.999 | 1.999 | 6.999 | 1.999 IF 11.999(13.618 | 9.999 |13.999|12.999| 9.999 |11.617 | 9.999
C 9,7) | (9, 4) (9, 2) (9, 5) (9, 6) (9, 2) 9, 7) 9, 2) C (17, 12)|(21, 13)| (17, 9) [(21, 13)|(18, 12)| (17, 9) |(15, 11)| (17, 9)
(9] 7.315 | 5.999 | 4.499 | 6.999 | 6.999 | 5.999 | 6.999 | 6.998 11412 |10.999 | 12.996 [SbLTA 14.464 PEREEN 12.630 | 18.018
O BFl | ve|©a|Ee| 6| o6 |G| 6 BF |14, 11)|(15, 11)|(17, 12)[BERI0)] (18, 14) [PERELON (16, 12)|(23, 18)
ﬁ 5,999 6.999 | 5.999 | 6.999 | 5.999 17998 16.998 PEXFLY 13,251 12.034 9.997 | 13.666
" ©, 5) @7 @5 | ©7n o> a[€3(10. 16) (17, 13) [FEAB] (15, 10) (13, 9) 128 (17,13 oo
7.097 | 6.999 | 3.999 7.343 | 3.999 EERAELE 3.999 14.999 17.997 17.998 17.999 13.999 15.998
MA 9,7) 1 (9,5) | (9,4) 9,7) | (9,4) 9 (9, 4) MA (15, 10) (18, 10) (18, 10) (18, 10) (15,9) (17, 10)
BCl wa | Nva | nA | wa | N | NA | nA | NA

Figure 23: Quantum violation of classicality in 3, 3—d>3, 3 multipoint networks. For the interference (IF), compressed interference
(CIF), butterfly (BF), hourglass (HG), multiaccess (MA), and broadcast (BC) networks we consider quantum communication
(QC), entanglement-assisted receiver quantum communication (ERx QC), and entanglement-assisted transmitter quantum
communication (ETx QC) resource configurations as shown in Fig. 22. The column of each plot corresponds to a different
nonclassicality witness while each row corresponds to a different network DAG. The top number in each cell shows the largest
numerical violation obtained via variational optimization. The lower tuple, (¥, ), shows the largest possible score 4 and the
classical bound v for each linear black box game. In the left-hand column of plots, we show the quantum violations are listed for
the simulation games listed in Table 5 while the right-hand column of plots shows the quantum violations of the classical network
polytope facet inequalities listed in Appendix D. In both cases, the cells are shaded according to the scaled violation.
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Simulation Game Noise Robustness Facet Inequality Noise Robustness

V¥ yxooye oyt yEoooyr ym Y F F%* F° F* F* F' F~ FY
IF -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 IF -0.000 | 0.097 |-0.000 | 0.076 | 0.101 | -0.000 | 0.091 | -0.000
(0.250) [ (0.500) | (0.625) |(0.500) | (0.375) | (0.625) | (0.250) | (0.625) (0.562) | (0.648) |(0.631) [ (0.660) | (0.620) | (0.630) | (0.545) | (0.631)
-0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 -0.000 | -0.000 | 0.134 | 0.100 | 0.116 | 0.138 | 0.150 | 0.134
CIF CIF
(0.250) [ (0.625) | (0.875) |(0.500) | (0.375) | (0.875) | (0.250) | (0.875) (0.642) |(0.719) ((0.712) [ (0.727) | (0.701) | (0.719) | (0.631) | (0.712)
1.0
B | :0:000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | 0.000 | -0.000 B | -0:000 | -0.000 | 0.000 | -0.000 | -0.000 | 0.002 | 0.011 | 0.002
U (0.250) | (0.375) | (0.625) | (0.375) [(0.250) |(0.375) |(0.250) |(0.250) (0.397)|(0.444) | (0.463) | (0.442) | (0.413) | (0.384) | (0.423) | (0.359)
-0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 0.035 | 0.068 | -0.000 | 0.081 | 0.084 | 0.081 | 0.081 |-0.000
o‘HG HG
(0.250) [ (0.375) | (0.500) |(0.500) | (0.250) | (0.500) | (0.250) | (0.500) (0.355) |(0.413) |(0.363) [ (0.569) | (0.521) | (0.569) | (0.514) | (0.363)
-0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 0.066 | 0.254 | 0.307 | 0.254 | 0.181 | 0.131 | 0.106 | 0.307
MA (0.250) [ (0.500) | (0.625) |(0.500) | (0.250) | (0.625) | (0.250) | (0.625) MA (0.529) | (0.685) [(0.685) | (0.685) | (0.658) | (0.663) | (0.571) | (0.685)
BC | :0-000 | -0.000 | -0.000 | -0.000 | 0.000 | -0.000 | -0.000 | -0.000 BC | :0:000 | -0.000 | 0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 0.8
(0.250) | (0.375) |(0.625) | (0.375) [(0.375) |(0.625) |(0.250) |(0.625) (0.449) | (0.449) | (0.500) | (0.500) | (0.500) | (0.500) | (0.400) | (0.500)
Ve yaooye  yroyEoooyn y- v F F< F° F* F*® F' F~ FY
|| 0:000 | -0.117 | -0.000 | -0.001 | :0.252 | 0.000 | 0.001 | -0.000 || :0:001 | 0.095 |-0.000 | 0.000 | 0.100 | 0.021 | 0.025 | -0.002
(0.250) | (0.500) |(0.625) | (0.500) |(0.375) [(0.625) |(0.250) |(0.625) (0.562) | (0.648) | (0.631) | (0.660) | (0.620) | (0.630) | (0.545) | (0.631)
=z
C|F -0.000 | -0.000 | -0.000 | -0.333 | -0.250 | -0.000 | -0.091 | -0.000 C|F -0.000 | -0.000 | 0.134 | -0.000 | 0.116 | 0.097 | 0.150 | 0.033 0.6 8
(0.250) [ (0.625) | (0.875) |(0.500) | (0.375) | (0.875) | (0.250) | (0.875) (0.642) |(0.719) ((0.712) [ (0.727) | (0.701) | (0.719) | (0.631) | (0.712) D
X
O BF -0.000 | -0.000 | -0.043 | -0.132 | -0.000 | -0.194 | -0.000 | -0.000 BF -0.000 | 0.005 | -0.000 | -0.000 | -0.000 | -0.142 | -0.000 | 0.112 o
O‘ (0.250) [ (0.375) | (0.625) |(0.375) | (0.250) | (0.375) | (0.250) | (0.250) (0.397) | (0.444) (0.463) [ (0.442) | (0.413) | (0.384) | (0.423) | (0.359) g
% w0
& |G| 0:000 | 0.069 | 0.199 | 0199 |-0.000 | 0.198 |-0.000 | 0.199 HG/ 0179 | 0.189 |0.000 [ 0.442 | 0.352 | 0.442 | 0.237 | 0.013 5
w (0.250) | (0.375) |(0.500) | (0.500) | (0.250) [(0.500) |(0.250) [(0.500) (0.355) | (0.413) | (0.363) | (0.569) | (0.521) | (0.569) | (0.514) | (0.363) e
w0n
MA{ NA | NA | NA | NA | NA | NA | NA | NA MA| NA | NA | NA | NA | NA | NA | NA | NA 04
o
BC. :0:000 | -0.000 | -0.000 | -0.000 | -0.000 | :0.000 | 0.000 | -0.000 BC | :0:000 | 0.000 | -0.000 | -0.000 | -0.000 | -0.000 | :0.000 | 0.000
(0.250) | (0.375) | (0.625) | (0.375) [(0.375) |(0.625) |(0.250) |(0.625) (0.449) | (0.449) | (0.500) | (0.500) | (0.500) | (0.500) | (0.400) | (0.500)
Ve yaooye ytoyEooyn ym v F F< F° F* F* F' F~ FY
|| -0:000 | 0.199 |-0.000 | 0.130 | -0.071 | -0.000 | -0.000 | -0.000 |F| 0204 0513 | 0.391 0521 | 0327 | 0374 | 0391 0.2
(0.250) | (0.500) | (0.625) | (0.500) |(0.375) |(0.625) |(0.250) |(0.625) (0.562) |(0.648) | (0.631) (0.620) | (0.630) | (0.545) | (0.631)
CIF -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 | -0.000 CIF -0.000 | 0.165 | 0.236 | 0.249 | 0.281 | 0.243 | 0.209 | 0.236
(0.250) [ (0.625) | (0.875) |(0.500) | (0.375) | (0.875) | (0.250) | (0.875) (0.642) |(0.719) ((0.712) [ (0.727) | (0.701) | (0.719) | (0.631) | (0.712)
(@] BF 0.049 | -0.000 | 0.142 | 0.166 |-0.000 | -0.000 |-0.000 | -0.059 BF 0.083 | -0.000 | 0.147 | 0.345 | 0.075 | 0.333 | 0.103 | -0.013
c (0.250) [ (0.375) | (0.625) | (0.375) | (0.250) | (0.375) | (0.250) | (0.250) (0.397) | (0.444) | (0.463) | (0.442) | (0.413) | (0.384) | (0.423) | (0.359)
ﬁHG 0.146 | 0.285 | 0.199 | 0.341 | -0.000 | 0.199 | -0.000 | 0.199 HG | 0268 | 0413 | 0.087 | 0.462 | 0.452 | 0.444 | 0345 | 0.086
w (0.250) | (0.375) | (0.500) |(0.500) | (0.250) |(0.500) |(0.250) |(0.500) (0.355) [(0.413) | (0.363) [(0.569) | (0.521) | (0.569) |(0.514) [(0.363)| —'0.0
0.016 | 0.333 | -0.000 | 0.341 | 0.054 | -0.000 | 0.249 | -0.000 0.529 0.685
MA (0.250) [(0.500) | (0.625) |(0.500) | (0.250) | (0.625) |(0.250) | (0.625) MA (0.529) (0.685)
BC| NA | NA | NA | NA | NA | NA | NA | NA BC{ NA | NA | NA | NA | NA | NA | NA | NA

Figure 24: Noise robustness of 3, 3$37 3 multipoint networks. For the interference (IF), compressed interference (CIF), butterfly
(BF), hourglass (HG), multiaccess (MA), and broadcast (BC) networks we consider quantum communication (QC),
entanglement-assisted receiver quantum communication (ERx QC), and entanglement-assisted transmitter quantum
communication (ETx QC) resource configurations as shown in Fig. 22. The column of each plot corresponds to a different
nonclassicality witness while each row corresponds to a different network DAG. The top number in each cell shows the noise
robustness of the largest optimized violation. The lower number in each cell shows the noise robustness of the largest violation. In
the left-hand column of plots, the noise robustness is listed for the simulation games listed in Table 5 while the right-hand column
of plots lists the noise robustness of the facet inequalities listed in Appendix D. In both cases, the cells are shaded according to
their noise robustness.
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Name Sym. Definition
Multiplication Vo Vo — 1 ify=ax1 X2
(0,1,2) 17 0 otherwise
Multiplication v V- 1 ifgy=x1 X129
(1,2,3) o1 0 otherwise
1 ifyr =x2 and yo = a1
Swa ve Vit =
P i1 {0 otherwise
Addition v+ vt =1 if §=1x1+ 22
0,1,2) o1 0 otherwise
Equality V= Vileree =1 = Ores
S 5y1>0(5y2<0 7,f Tl = Tg
Comparison vz Vﬁﬁ =0y 10y,,2 ifx1 <o
5y1,26y271 ’I:f{[,’l > o
51/11062127@2 Zf T = 0
Permutation vr Vﬁi =9 041,10y, (wat2) %3 if 1 =1

Oy1,20y, (ot 1)%3 4 T1 =2

1 = = - _
Difference AVa Vo= if 1 =1y2 |'1:1 2|
Y 0 otherwise
Communication -~ vy s
Value bk 7.

Table 5: Simulation games for Net(3,3i3, 3) multipoint
communication networks. Each deterministic behavior

Ve Vj‘ ¢ cannot be simulated by the networks given in

Fig. 21. Note that a%b = a mod b.

the ERx resource configuration only provides advan-
tage over unassisted quantum signaling in the hour-
glass (HG) and butterfly (BF) networks. Stronger
violations are found in the hourglass network, which
shows an advantage in the communication value game
(5,V§Y ,33). This indicates that the entanglement-
assisted receivers can increase the network’s classical
communication capacity. In the butterfly network,
the violation of the facet inequality FCV is interest-
ing because it shows a numerical example where a
larger score is achieved for entanglement-assisted re-
ceivers than entanglement-assisted senders. This sug-
gests that the two sets, QRS and Qg , could have
mutually excluded regions, which we leave as an in-
teresting open problem.

Entanglement-assisted senders (see Fig. 22.c) are
considered in the third row of Fig. 23. We find
that entanglement-assisted senders broadly achieve
larger violations than unassisted quantum signal-
ing. The strongest violations with the greatest
noise robustness are achieved by the multiaccess net-
work, MA(3, 32—’39). In most examples, entanglement-
assisted senders (ETx) achieve stronger violations
than entanglement assisted receivers (ERx), while our
findings for the butterfly network violation of FC€V
suggest the possibility that neither resource configu-
ration can fully simulate the other.

In Fig. 24, we plot the noise robustness for each of
the violations. Remarkably, the largest noise robust-
ness observed in this work has a critical noise parame-
ter of about wy = 0.685, and is attributed to a facet in-
equality of the multiaccess network MA (3, 32—’59) with
entanglement-assisted senders. Furthermore, these
facet inequalities show greater noise robust than their
corresponding simulation games, highlighting a bene-
fit of using facet inequalities to witness nonclassicality.
Therefore, we find that entanglement-assisted senders
are more robust to noise than entanglement-assisted
receivers, while the noise robustness of quantum com-
munication is quite small in comparison.

Overall, we provide numerical examples of commu-
nication advantages in quantum multipoint networks.
We show that entangled senders and receivers are able
to demonstrate advantages in simulation games, im-
plying that the deterministic tasks in Table 5 are per-
formed with greater success using quantum resources.
We also identify a large number of example violations
of the facet inequalities of the classical network poly-
tope. These violations pave the way for self-testing
methods for network causal structures and resource
configurations.

4 Discussion

This work investigates the communication advantage
offered by quantum resources in communication net-
works. We develop a hardware agnostic and opera-
tional framework for realizing communication advan-
tages in simulated and deployed quantum networks.
In this framework, we quantify communication advan-
tage in terms of nonclassicality [13], a phenomenon in
which quantum resources produce correlations that
cannot be reproduced using a similar amount of clas-
sical communication and GSR. To maximize the com-
munication advantage, we maximize the nonclassical-
ity of a quantum network over its available communi-
cation resources using VQO methods [39, 40].

To overcome computational challenges in obtain-
ing nonclassicality witnesses, we introduce stmulation
games (see Section 2.2.3), which can be efficiently con-
structed, have concrete operational interpretations,
and have classical bounds that can be estimated us-
ing our VQO methods (see Section 2.3.3). Our meth-
ods can be scaled on quantum computers or applied
on quantum networking hardware to automatically
establish and maintain communication protocols in
noisy networks. In essence, we provide a practical ap-
proach for realizing quantum communication advan-
tages that supports both experimental and theoretical
efforts in quantum networking.

Applying our operational framework, we numeri-
cally survey the quantum resource configurations that
enable nonclassicality in communication networks.
We obtain many novel examples of network nonclas-
sicality, and when applicable, our results are con-

Accepted in {Yuantum 2026-03-17, click title to verify. Published under CC-BY 4.0. 27



sistent with prior works. We find that classical vi-
olations in multiaccess networks are the strongest
and most robust to noise. Furthermore, we find
that entanglement-assisted senders enable stronger
classical violations than entanglement-assisted re-
ceivers. Our results inform three key insights regard-
ing the conditions under which nonclassicality occurs
in communication-constrained networks:

1. Entanglement shared between devices is sufficient
for nonclassicality in communication networks.

2. Unassisted quantum communication is sufficient
for nonclassicality whenever there are multiple
independent senders.

3. Entanglement shared between devices is neces-
sary for nonclassicality in broadcast networks.

Each of these these insights are rigorously demon-
strated by our numerical analysis, whereas the third
statement is proven by Theorem 1, which shows that
unassisted quantum broadcast networks are classi-
cally simulable. This foundational result in quan-
tum information theory was numerically identified
and proven using our framework, showing its merit.

Fundamentally, our results demonstrate novel ex-
amples in which the classical concepts of locality,
causality, and/or realism break down. Future ex-
periments could apply these nonclassical behaviors
to verify quantum theory in complex communication
scenarios, or to self-test, certify, or verify quantum
communication resources and network causal struc-
tures. In particular, the maximal violation of cer-
tain nonclassicality witnesses requires POVM mea-
surements, CPTP maps, or entanglement-assistance
to be encoded into our variational ansétze, implying
that the violation requires these resources and oper-
ations. Therefore, nonclassicality witnesses can test
the presence of particular quantum resources or op-
erations, or be used to infer a network’s underlying
causal structure and resource configuration by ruling
out networks that are incompatible with the observed
communication behavior.

Our work can be extended in several directions.
First, our framework can be scaled to larger networks
by using high-performance computing and by devel-
oping more efficient classical algorithms for obtaining
classical bound and violations. Second, our examples
of nonclassicality can be generalized, characterized,
demonstrated, or applied in communication proto-
cols. Third, NISQ processors can scale our framework
to communication networks that cannot be efficiently
simulated on classical processors. Fourth, our opera-
tional framework can be adapted to quantum network
hardware and used to automate tasks in quantum re-
source certification and calibration.

Acronym Description
DAG Directed Acyclic Graph
POVM Positive Operator-Valued Measure
CPTP Completely-Positive Trace-Preserving
QC Quantum Communication
CC Classical Communication
LOCC Local Operations & Classical Communication
LOQC Local Operations & Quantum Communication
GSR Globally Shared Randomness
EA Entanglement-Assisted
GEA Globally Entanglement-Assisted
ETx Entanglement-Assisted Senders
ERx Entanglement-Assisted Receivers
vVQO Variational Quantum Optimization
(2% Communication Value
BCV Broadcast Communication Value
RAC Random Access Coding
PM Prepare and Measure
MA Multiaccess
BC Broadcast
IF Interference
CIF Compressed Interference
BF Butterfly
HG Hourglass

Table 6: A list of acronyms used in this work.

4.1 Supplemental Code

To make our work accessible, transparent, and re-
producible we provide our supporting software and
data in a public GitHub repository [50]. To com-
pute classical network polytope vertices and facet in-
equalities we use the BellScenario.jl Julia package [75],
which integrates with the Polytope Representation
Transformation Algorithm (PoRTA) [49] via the the
XPORTA.jl Julia wrapper [76] exposed through Poly-
hedra.jl interface [77]. The HiGHS [78] mathematical
programming solver exposed via the Julia Mathemat-
ical Programming toolbox (JuMP.jl) [79] is used to
solve the linear program in Eq. (20). To maximize
quantum network nonclassicality we apply the Quan-
tum Network Variational Optimizer (QNetVO) [40],
which utilizes the PennyLane ecosystem [53].
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Table 7: Facet inequalities bounding the d = 2 point-to-point network polytope [29].
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18> Vpy * =
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Table 8: (Above Line) Nonclassicality witnesses for prepare-and-measure networks. F¢, , qubit dimensionality witness for

PM(3,232) network [66]. F&, , Fg, , and F4  nonclassicality witnesses for PM(3,322) network. F%, , qubit dimensionality
witness for PM(8, 33>2). (Below Line) V5, ,, simulation game for evaluating whether two input trits are equal (see Table 2 for

definition). VRAC2 and VRACs  simulation games that respectively correspond to the two bit and three bit random access coding
task RAC,,.

[1 0 0 0] 001011111
0010 010100000

2>Fe . = 7>FS ., =
=TBT2T 0 1 0 0 =BTl 10100 0 0 0
0 0 0 1] 001011111
[1 0 0 0] 1 202120 21
0010 002000200

2>Fb, . = 13> F¢, .. =
=TBT27 0 0 0 1 =BT 10002 000 20 0
0 0 0 1] 1 20212021

Table 9: Facet inequalities for the Bell scenario with signaling, also known as the Bacon-Toner (BT) scenario [17]. F§. ., and
FIIJ3T27 facet inequalities for BT(2, 2327 2) = BT?2 classical network. F§ ., and FdBTS’ facet inequalities for the
BT(3, 332, 2) = BT3 classical network.
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B Facet Inequalities for Multiaccess Networks
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Table 10: (Top) Complete set of thirteen facet inequalities for the multiaccess network polytope CMAG:352) [13] (Bottom)

{2,3}
Complete set of six facet inequalities for the multiaccess network polytope CMA(3:3 ="2) a5 defined in Eq.(42).
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C Facet Inequalities for Broadcast Networks
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(1)08 (1)00 00 0 1 11 1 2
0010 2 21 2
100 2 0 0 - y - -
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Table 11: Canonical facet inequalities for the classical broadcast network polytope (CBC(3§33) labeled as BC3 and two facet
22
inequalities for the classical broadcast network polytope CBC(4=44) Jabeled as BC4.
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D Facet Inequalities for Multipoint Networks

Interference Network
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Table 12: Derived nonclassicality witnesses for the interference network. Each inequality (v, G) is expressed as v > G.
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D.2 Compressed Interference Network
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Table 13: Derived nonclassicality witnesses for the compressed interference network. Each inequality (v, G) is expressed as

72 G.
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D.3 Butterfly Network
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Table 14: Derived nonclassicality witnesses for the butterfly network. Each inequality (v, G) is expressed as v > G.
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D.4 Hourglasss Network
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Table 15: Facet inequalities for the hourglass (HG) network. Each inequality (v, F) is presented as v > F.
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D.5 Multiaccess Network
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D.6 Broadcast Network
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Table 17: Facet inequalities for the broadcast network BC(9-%3, 3). Each inequality (v, F) is presented as ~
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