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We are interested in the simulation of open quantum systems governed by the Lind-
blad master equation in an infinite-dimensional Hilbert space. To simulate the solution
of this equation, the standard approach involves two sequential approximations: first,
we truncate the Hilbert space to derive a differential equation in a finite-dimensional
subspace. Then, we use discrete time-step to obtain a numerical solution to the finite-
dimensional evolution.

In this paper, we establish bounds for these two approximations that can be explic-
itly computed to guarantee the accuracy of the numerical results. Through numerical
examples, we demonstrate the efficiency of our method, empirically highlighting the
tightness of the upper bound. While adaptive time-stepping is already a common prac-
tice in the time discretization of the Lindblad equation, we extend this approach by
showing how to dynamically adjust the truncation of the Hilbert space. This enables
fully adaptive simulations of the density matrix. For large-scale simulations, this ap-
proach can significantly reduce computational time and relieves users of the challenge
of selecting an appropriate truncation. Furthermore, as a special case, our method
naturally applies to Hamiltonian (unitary) dynamics.
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1 Introduction

1.1 Presentation of the problem and main contributions

In this article, we focus on simulating open quantum systems obeying the Lindblad master equa-
tion [20, 12, 8]. This equation models the evolution of an open quantum system weakly coupled
to a Markovian environment [4]. We are particularly interested in the case where the underlying
Hilbert space H is infinite-dimensional, with a particular focus on bosonic modes, also known as
quantum resonators, or cavities. More precisely, the Lindblad equation reads as follows:

L(p) = —i[H, p] + ZDri (p),

Solt) = L(p(t)), p(0) = po 1)

where p is a density operator, that is a self-adjoint positive semidefinite operator of trace one,
H is the Hamiltonian of the system, which is a self-adjoint operator, the bracket denotes the
commutator, and the dissipators Dri(p) act on p as

Dr(p) =Tprf — % (T'Tp+ pT'T). (2)

In the case of infinite dimensional Hilbert space and unbounded operators I' and /or H, special
care is needed to define the solution of the equation, we refer to [9, 6] for the general case or [11]
for the specific case of bosonic modes.

We are interested in computing an approximation of the solution p(T") of Eq. (1) at a final time
T > 0. To this aim, two intermediate steps are classically performed.

Step 1. We begin by selecting a finite-dimensional subspace Hy C H. Our goal is to define a
finite-dimensional approximation of the solutions of Eq. (1) within this subspace. Let Py denotes
the orthogonal projector onto Hy. We consider the corresponding truncated operators:

Hy =PyHPy, Ty =PyI"Py, Viel. (3)
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For a single bosonic mode, the Hilbert space is given by H = {307 ju, [n) | >, |un|* < 0o} ~
I2(N), where the canonical orthonormal basis is provided by the Fock states (|n)),>0, and the
corresponding dual basis is ((n|),>0. In this setting, a common method is to truncate the Fock
basis, namely consider

Hy =Span{|n) |0 <n < N}, Py= Z |) (3] . (4)

Next, we define the following Lindbladian for both density operators on H and on H .

Ln(p) = —i[Hy,p] + ZDI‘iN(P)- (5)

Thus, we can define the approximated solution p(x(t) by

%P(N) (t) =Ln(pm (), Py (0) =PnpPy. (6)

It is important to keep in mind that Pyp(t)Py is not equal in general to p(y(t); but we expect
p(n)(t) to be an approximation of p(t). For the sake of simplicity, we assume that p, has support
in Hy, that is py = PypyPn (see Remark 1 for the general case).

Step 2: Approximate the solution of the linear differential equation Eq. (6) using an Ordinary
Differential Equation (ODE) solver. In the following, we will denote by Fs one step of the
considered scheme. Let us give an example with the first order explicit Fuler scheme, which
reads as follows

N (p) = Foi(p) = p + StLx (p)- (7)

Taking N, and 6t such that T' = Ngp0t, we compute iteratively p,, 1 5 = Fst(Py, 50) With
Post = P, that is py_, 5 = fg”""’ (po)- At this point, we expect py , 5 to be close to p(T').

These two steps are completely standard and can be easily performed using a library for quan-
tum simulation like QUTIP [16], QISKIT DYNAMICS [23], DYNAMIQS [14], QUANTUMOPTICS.JL [19],
etc. The time solver scheme is usually more complex and powerful than a first order explicit Euler
scheme. For instance, it can be a Runge-Kutta scheme or a structure preserving one, like [5, 1, 26].
The space discretization method we employed in step 1 is commonly known as a Galerkin approx-
imation. For a detailed study of the convergence and limitation of this method to the Schrédinger
equation, we refer to [10]. In this article, we do not consider non-linear space discretization meth-
ods, such as reduced rank or tensor network methods, nor do we address stochastic unraveling
schemes and cumulant expansions.

This paper focuses on providing computable bounds on the distance between the approximations
pn)(T) or py,,., s and the true solution p(T). The error |[pn)(T) — p(T)|1 is referred to as
the (space-)truncation error, while ||pn)(T) — pn.,., s:|l1 is the time discretization error. Previous
works, such as [30], have addressed (while not being the main contribution of the paper) the space
truncation error for finite-dimensional Hamiltonian systems coupled to chains of bosonic modes,
using time-adaptive density matrix renormalization group (t-DMRG) methods. Our approach dif-
fers in several important ways. First, our proposed method applies to systems that are themselves
infinite-dimensional, such as bosonic modes. Second, it is suitable for Lindblad dynamics, not just
closed systems. See Appendix B for details.

Other works focus on a priori error analysis, typically for specific Hamiltonian systems (e.g.
[28, 22]); an exception is the recent study of Lindblad equations in [24]. However, these studies do
not provide explicit usable computable estimates, but rather asymptotic convergence rates. Even
when constants can be found, they are typically not explicit and the resulting bounds are not sharp.
Conceptually, a priori estimates use bounds depending on the exact solution p(t) or its regularity
(for example the norm of p(t) in a well-chosen Sobolev space), whereas a posteriori estimates only

Accepted in {Yuantum 2026-03-06, click title to verify. Published under CC-BY 4.0. 3



depend on the computed solution p(y(t) or p Nutep,ot- While the first allows proving convergence
and rates of convergence, the second is much sharper in practice to control the error of a given
simulation.

Many examples considered in this work are motivated by the bosonic code community, a subfield
of quantum error correction devoted to the robust encoding of quantum information in bosonic
modes. In this setting, one encounters a broad class of Hamiltonians and dissipative genera-
tors, frequently expressed as polynomials in the creation and annihilation operators. In the ex-
perimental platform of circuit quantum electrodynamics, sum of unitary operators of the form
€9 4 =49 paturally arise, where q denotes the position operator. Such terms originate from the
Josephson junction nonlinearity, whose interaction energy is proportional to the cosine of the flux.
The simulation of dissipative cat-qubits [21], as well as several proposals for implementations of
Gottesman—Kitaev—Preskill (GKP) qubits [13], is often subtle. Indeed, these qubits deliberately
exploit the large dimensionality of the underlying infinite-dimensional Hilbert space in order to
encode quantum information with enhanced protection.

The techniques and estimates developed here are, however, not restricted to bosonic systems.
They extend directly to other quantum many-body settings—for instance, to spin lattices—as
briefly discussed at the end of Section 2.

The organization of this article is as follows.

In Section 1.2, we introduce notations. In Sections 2 to 5, we assume that we have access to the
continuous-in-time solution (p(x)(t))o<t<r of Eq. (6), that is we neglect the time discretization
errors. This is motivated by the fact that it is common to have efficient adaptive high-order time
integration schemes, so the primary source of difficult-to-control error is precisely the truncation
error.

In Section 2, we provide an upper bound on the truncation error ||py)(T") — p(T)[|1. This
upper bound can be computed using the trajectory (P(N)(t))ogth in many cases of interest. We
mention the case of spin lattices.

In Section 3, we apply this estimate to the case of bosonic modes with polynomials of creation
and annihilation operators. In this case we first show that it is always possible to compute the
bound given in Section 2. Then we study in more details several examples from the bosonic code
community. We provide simulations illustrating the tightness of the estimate.

In Section 4, we investigate more complex examples involving either unitary operators or dis-
sipators of the form €9 (Id —ep). The main difficulty is that for the truncated Fock basis H,
€9 y is not supported on a finite set of Fock states.

Then, in Section 5, we leverage these estimates to introduce a space-adaptive method. While
time-adaptive stepping is common in practice, dynamically adapting the size of the Hilbert space
is not. Hence, we show that our estimates offer numerous opportunities to enhance the efficiency
and robustness of numerical schemes. This approach also relieves the user from the challenging
task of manually determining an efficient truncation balancing accuracy and computational cost.
These ideas are implemented in the new open source library DYNAMIQS ADAPTIVE developed by
the first author.

In Section 6, we do not neglect the time-discretization error anymore, and provide both a
posteriori estimates for time-discretization (that is [|p(n)(T) — Pn,,., s¢ll1) and for the cascade of
the two approximations (i.e. [|p(T) — py,,., s:ll1)-

In Appendix A, we provide examples of dynamics where the approach of comparing p(y (t)
and p(n4 ) (t) fails, and in Appendix B, we compare our method to the one presented in [30].

1.2 Notations
In this paper, we use the following notations
e 7 denotes a separable (often infinite dimensional) Hilbert space.

e 7y is a finite dimensional vector space embedded in H. Py is the orthogonal projector on
Hn and Py is the orthogonal projector on H3;. In particular, Py +Px = Id. As an example,
for m bosonic modes, we have H = [?(N)®™ N could be the multi-index (Ny, ..., N,,) and
Hn would be defined by

Hy =Span{|i1) @ ... ® |iym) | 0 <43 < Ny, ..., 0<ip < Nyt (8)
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It is always assumed that Hy is in the domain of the Lindbladian £. Besides, in Section 6,
we will also assume that Hy is in the domain of £ o £ (and as many iterations required for
higher-order schemes).

e O(H) (resp. O(Hy)) denotes the set of operators on H (resp. Hy ). Bold letters are used to
represent these operators.

e Id and Idy denote the identity operator in resp. H and Hy.
e For any operator A € O(H), we denote Ay = PyAP y its truncation to H .

e Ly denotes the Lindbladian on Hy obtained by truncating the Hamiltonian and the dissi-
pators, see Eq. (5).

® (pn)(t))o<t<T is the solution of the Lindblad equation with Lindbladian £y on Hy, see
Eq. (6). Note that we often assume that pyy(0) = py € O(Hn), refer to Remark 1 for the
general case.

e For a single bosonic mode, we recall that the annihilation operator a and its adjoint the
creation operator al are defined as follows:

a=>Y Valn-1)(n|, a'=> Vnt+lin+1)(n|. (9)
n=1 n=0

The position and momentum operators obey the relations

a+aT afaT
= — = — 10
1= 5 P75 (10)

and N = afa denotes the photon number operator. For a system with two modes, that is
H = 12(N) ® [2(N), the annihilation operator on the first mode (a ® Id) and on the second
mode (Id ® a) are denoted by a and b with a surcharge of notation.

e We recall that the trace norm (also known as nuclear norm) is defined by

ol =Tr(lpl), ol =Vp'p. (11)

The set of trace-class operators K!'(H) = {p € H | ||p|li < oo} equipped with the trace-norm
is a Banach space. We denote KC1(#) the linear set of self-adjoint operators in K!(H) and
KL (H) C KL(H) the convex cone of positive semidefinite operators. As dim(Hy) < oo, the
set KC1(H ) coincides with O(Hy).

2 A posteriori truncation error estimates for Lindblad equation

In this section, we assume that we have access to the continuous-in-time solution (p(x)(t))o<i<r
of Eq. (6). Note that for all 0 <t <T', p((t) € KL (Hn).

The key to obtain our estimates resides in the fact that the flow of the Lindblad equation
contracts the trace norm. Let us first recall a classical result.

Proposition 1. [18, Lemma 1] Let M be a Completely Positive Trace Preserving (CPTP) map,
and o € K. Then,

[M(o)ll < [lo (12)

Proof. o is self-adjoint, thus we can decompose it into a positive part and negative part, so that
o=04y—0_,withoy >0,0_ >0and o_o =0. Thus,

lolh=lloy -1 =Tr(oy) +Tr(o-). (13)
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Then, we compute

M@l = [M(o+) — Mol
< | M(op)|l1+ [[M(a_)|1 (triangle inequality)
=Tr(M(oy)) + Tr(M(o_)) (M is completely positive)
=Tr(o4)+ Tr(o-) (M is trace preserving)
~ o, (14)

which concludes the proof. O

The flow of the Lindbladian, that is p, + et*p, for any t > 0, is CPTP. Hence, it contracts
the trace norm.

Lemma 1. We have the following estimate

umw—mmamsumm—mmmmyyﬁHw—LMpwﬂ%Lw. (15)
Proof. The evolution of r(t) = p(t) — p(n)(t) can be written as
r(t) = L(p(t) = Lp) (1) + Lo (1) = Ln (P (1))

= L(x(t)) + (£ = Ln) (o) (1)- (16)

Then, using Duhamel’s principle, we get

dt

r(t) = ¢"x(0) + /O I (L~ L) piy (9)) ds. (17)

Taking the trace-norm and applying the triangle inequality gives

HMUMSHWNM+A

(£ = Ln) Py (s)

X ds. (18)

As a consequence, we can define the estimator £ as

) =1L —Ln)pay®l, £0) = llpo — Py (0)]l1, (19)
and we get {(t) > ||p(t) — p(n) ()1 for all £ > 0.

Remark 1. If p, does not belong to IC}r (Hn), but only to /Cl+ (H), we use the unnormalized initial
condition PnpoPn € K{(Hn) as initial condition for p(xy(0). The first term on the right-hand-
side of Eq. (15) accounts for this error.

Remark 2. Lemma 1 holds for time-dependent Lindbladians as well. The proof is the same, except
that we need to replace e'* (resp. e(t_s)'c) by the propagator of the time-dependent Lindbladian
from time O to time t (resp. from time s to time t). Indeed, the propagator of a time-dependent
Lindbladian is also CPTP, and thus contracts the trace norm; we refer the reader to [11, Theorem
3.5 and remark 3 after Theorem 2.11] or [7].

Lemma 1 provides an a posteriori error estimate because the computation of |[(£L —
Ly)(pny(t)1 only requires the knowledge of the trajectory (p(ny(t))o<i<r (and not of
(p(t))o<t<r, which is usually intractable). To compute the estimator, two main components are
required:
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First, we need the ability to compute || (£ — Ln)p(ny(t)[l1. For a general Lindbladian, this
computation may not be feasible since L£(py(t)) might be inaccessible'. However, in the following
sections, we present a broad class of Lindbladians where it is possible to compute or bound cleverly
| (£ = LN) pnvy(®)]l1- In Section 3, we consider Lindbladians involving only polynomials in creation
and annihilation operators. In this case ll(p( N)) can always be explicitly computed as it has
support in the slightly larger Hilbert space H 44 for some integer d. In Section 4, we consider
more complex examples where L£(p yy) cannot be explicitly computed but one can still obtain a
good upper bound on [[(£ — Ly )(pn)(#))]1-

The second requirement is the ability to compute the integral in Eq. (15). This can be ap-
proximately achieved by numerically solving Eq. (19). For a bound that does not involve time
interpolation, we refer the reader to Section 6.

Application to spin lattices One family of examples satisfying the first requirement is spin
lattices in the thermodynamic limit, where the truncation retains only a finite number of spins.
Consider a d-dimensional lattice indexed by Z? (or a subset thereof), with each site j having
a finite-dimensional local Hilbert space C% (e.g., d; = 2 for spin-1/2 systems). Given a finite
cubic domain Ay C Z< of linear size N, the truncated Hilbert space is the finite tensor product
Hy = ®j€ An C%. The infinite system is understood in the thermodynamic limit as N — oo, or
more rigorously in the operator-algebraic framework via the inductive limit of local algebras.

For physically relevant spin lattices, the Lindbladian £ is typically a sum of local terms: £ =
> j L;, where each £; acts non-trivially only on a finite number of neighboring spins (e.g., nearest-
neighbor or finite-range interactions). The truncated Lindbladian Ly retains only those terms
L; that are supported in Ay. Crucially, the difference (£ — Ln)(p(n)(t)) involves only boundary
terms—interactions crossing the boundary 0Ay of the truncation region. More precisely, if the
interactions have range r (i.e., £; couples at most r-th nearest neighbors), then L(py(t)) can be
represented as an operator on a slightly larger finite region Ay ... The error ||(£—Ln)(p(n (1)1
can thus be numerically computed, as it only involves operators on the finite-dimensional space
HN+r

3 Application 1: estimates for polynomial operators on bosonic modes

3.1 General case

In this section, we consider the case where H = ZQ(N)®m7 and the Hamiltonian and the dissipators
are polynomials in creation and annihilation operators. We show that for these systems, the
computation of L(p(y)(t)) is simple. First, we treat the case of a single mode before discussing
the generalization to several modes.

Definition 1. An (unbounded) operator T' on 12(N) is a polynomial in the creation and annihilation
operators of degree d if there exists a (non-commutative) polynomial of degree d € N of the form

QIX,Y] =31, j<qvijX'Y7 such that T = Qa,al] =37, ., v; jalat’.

If the Hamiltonian and the dissipators are polynomials in a and af, the corollaries of the next
proposition show that it is always possible to compute explicitly ﬁ(p( N)).

Proposition 2. Let Q[X,Y] be a polynomial of degree d > 1, then
Qla,a'THn C Hy+a. (20)
Proof. Using that [a,a’] = Id, we can reduce Q[a,a'] to the following form

Qla.all= > Aja'N 4y 8l "N, (21)
i+2j<d

1For instance, L(p(ny(t)) might have infinite rank, and is thus impossible to represent within a finite-dimensional
linear space.
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where N = afa is the photon number operator. If we apply the operator Q[a,af] on an element
of Hy, the first part of the sum remains in Hy. As Hy is invariant under the action of N,

al"N/Hy € Hyyi. Hence, Qla,al|Hy C Hyia. O

Example 1. For any on € O(Hn), we can decompose on = 3 <, i<y 0ij |0) (|, and we get
indeed that a'o belongs to O(Hn11)-

Corollary 1. Let H be a polynomial operator of degree d in a and at. Then, for every operator
oON € IC; (,HN)

—i[H, O'N] = —’i[HN+d, G'N}. (22)

Proof. Using Proposition 2, Hoy = PyiqHon. Besides, Pyiqon = on, so that Hoy =
Hyaon. O

Remark 3. We recall that as oy € K (Hy) and Hy C H, one has on € KL(H).

Corollary 2. Let T be a polynomial operator of degree d in a and a’. Then, for every density
operator on € KL(Hy),

Dr(on) = DPrysi(on). (23)

Proof. Using Proposition 2, one has F'onyT't = I‘N+da'NI‘1;V+d. In general Ty is not equal
to I‘}rVerI‘NerO'N (a counter-example is given in Section 3.2.4). Nevertheless, we have I''T'o y =
F}Lv+2dFN+2daN, which ensures that Dr(on) = Dry,.,(0N). O

Extension to several bosonic modes is rather straightforward. Let Q[X1,Y1,...Xm, Ym] be a
polynomial of degree d. We easily generalize Proposition 2 to m modes and obtain

Q[alv a}L’ <o 8my, ajn}HleanL C HN1+d7"'aN'nL+d' (24)

As a consequence, L(o ) coincides with Ly 1q(on), where d = max(dy, 2 max;(d;)) with dg the
degree of a polynomial generating the Hamiltonian, d; the degree of I';, and N + d denotes the
m-uplet (N1 +d,... N, + d).

3.2 Some examples

We showed that it is always possible to compute the space estimate of Section 2 expressing Ly 44,
Ly and py on KL (Hy1a), and neglecting the time-discretization errors. In this part, we investigate
some explicit examples to provide an intuition on the estimates. In Sections 3.2.3 and 3.2.5, we
also compare our estimate against the truncation error to assess the degree of overestimation in
the upper bound. We also assume that p, € K (Hy) in all these examples.

3.2.1 Frequency driven damped oscillator - H = u(t)afa and D,

The Hamiltonian u(t)afa for a scalar function u(t) is not responsible for any truncation error as Py
commutes with N = aa (N being diagonal in the Fock basis). As a consequence, i[H—Hy, Py =
0.

Concerning the dissipator, it can be noticed that apyy = PnyaPypgyy and p(N)aJr =
p(N)PNaTPN. Besides, aTNaNp(N) = aTap(N), so that Da(p(n)) = Day(P(n)). As a conse-
quence, Ly(on) = L(oy) for every on € KL(Hy) and the truncation is not responsible for any
error. Both the truncation error and our estimate are null.
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3.2.2 Driven oscillator - H = u(t)(a + a)
We have

ilH—Hy, py] = iPyHp(y + h.c.

:z<§: vn+1|n+1)(n|+ i \/n+1|n>(n+1|> py + h.c

n=N n=N+1
= iVN+1|N +1) (N|py + hec. . (25)

Hence, we have to compute

IH —Hy, povy O]l = [u(®)]

x Tr <\/(z\/m IN+1) (Nl pw (t) + h.c.) (z\/szl IN+1) (N peyy (t) + h.c.)T> . (26)
Using p(n) [V + 1) = 0, we have

(i\/N FLIN +1) (N py (£) + h.c.) (i\/N FLIN +1) (N py () + h.c.)T
= Py IN) (NI pwy + IN + 1) (N] p)® [N) (N + 1] (27)

As p(ny|N) and [N + 1) are orthogonal vectors, we get

VP IN) (N oy + IN41) (N] piay2 [N) (N +1]

= /Py INY (N  pgy + ([ INH1) (N] oy IN) (N1 (28)

Then, as for a rank one symmetric matrix S, Tr (\/g) = /Tr(S), we obtain

|[H = Ha, iy Ol = = [u(®)|VN +1 (V T (o) V) (N o) ) + /(N o (0 IV))

— 2fu(O)VN + 1/ (N ooy (0% ). (20)

From a numerical point of view, the estimate is computationally cheap to compute, as one only
needs to compute the Hilbert norm of the N** row of p,. Hence, the space estimate obtained in
Lemma 1 gives

l0(t) ~ pwy (D)1 < / 20u(s) VN 1/ (N] pi) ()% [N ds. (30)

3.2.3 Dissipative cat-qubit - I' = a? — o Id, with o € R

The dissipator a? — o?Id is used for the stabilization of dissipative cat-qubits, see [21]. Well-
posedness and convergence toward the codespace Span{|ta) (o, |£a) (Fa|} is proved in [3].

Expression of the estimate One starts considering

Dr(p) (1) = Dra (1) = = o (VN TN+
< (IN42) (V] ooy )+ o () IN) (V42 (31)
+ N(N+1)(|N+1><N—1|p(N)(t)
+ oy (1) IN—1) (N+1]). (52)
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which is an operator supported on Span{py|N),pn) [N —1),|N +1),|N +2)}. After some
computations, postponed to Appendix C, we get

2
(0%
IDr(p(n)) — Pry (Pl = v N"‘l?

x <Tr (\/pw) (VN IN=1)(N-1] + VNF2|N) <N|)p<N>> (33)

+\/N<N—1|p(N)2|N—1>+\/N+2<N|p(N)2N>>. (34)

Note that this expression is not expensive to numerically compute, as it only requires performing
elementary operations on the last two rows of p(yy and computing the eigenvalues of a rank 2
matrix.

Estimator and truncation errors Estimator and truncation errors
100 100 4
— p(T) — Py (T) 111 — 1p(T) — Py (D) 111
1073 Estimator £(T) 103 H Estimator &£(T)
-6 |
10 1076 -
—9 |
10 1079 -
10712 -1 10712 -
T T T T T T T T T T T T
5 10 15 20 25 30 5 10 15 20 25 30
Truncation: N Truncation: N

Figure 1: Left plot: Dissipative cat-qubit - I' = a® — o> Id, a = 1. Right plot: Dissipative squeezed-cat qubit
- T = (cosh(r)a + sinh(r)a")? — o’ Id, a = 1, r = 5/4. In both cases, ||p(T) — pn)(T)|1 is the truncation
error at the end of the simulation described in Sections 3.2.3 and 3.2.4, and {(T') is the estimate output. Errors

irata

and estimates change only at odd numbers due to the preservation of the parity operator e . Saturation

occurs below 107! due to the precision of the time solvers.

Numerical test We simulate the dynamics for various truncations indexed by N in Fig. 1,
starting with an initial state p, = |0) (0. Our focus is on evaluating the estimate’s performance
at time 7' = 1 and comparing it to the exact error ||r(T)[}1 = [|p(T) — p(ny(T)[[1. The numerical
solution is obtained using an adaptive high-order Runge-Kutta method, with absolute and relative
tolerances set below 107 !4. The reference solution is computed with N = 40. The estimate for
the reference yields an error below 4 - 10715, indicating that, aside from errors introduced by the
time solver and finite numerical precision (both estimated to be on the order of 1071%), we have a
certification that the computed |7(T)||; is accurate to within 4 - 1071°. Indeed, we have

||P(N)(T) — P(40) (1|l - HP(40) (T) = p(T)|Ix
< |r(D)l < ey (T) = paoy (D)l + paoy (1) — (1)1, (35)
12040y (T) = p(T)|ly < &ao(T) < 410715, (36)

3.2.4 Dissipative squeezed-cat qubit - I' = (cosh(r)a + sinh(r)a’)? — a?Id, with a,r € R

This dissipator generalizes the previous one (corresponding to r = 0) used to stabilize squeezed
cat states [15]. Note that for r > 0, L(p(y)) belongs to Ki(Hyya) rather than just K (Hn2)-
We repeat the simulations from Section 3.2.3 with » = 5/4 and ensure the same accuracy on the
reference. Numerical results are reported in Fig. 1.
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3.2.5 Dissipative cat-qubit with buffer - H = (a2 — a2Id)b' + (at” — a2 Id)b, with a € R and Dy,

This two-modes bosonic system describes the dissipative engineering of two-photon loss for a
dissipative cat qubit using a lossy buffer cavity. For physical motivation, we refer to the pi-
oneering article [21]. Well-posedness and convergence toward the codespace Span{|ta) (+a| ®
[0) (0], |£a) (Fa| ®]0) (0]} is proved in [25].

Asin Section 3.2.1, the dissipator Dy, does not induce errors, meaning it is enough to focus on the
Hamiltonian part. We recall that H,, ,,) = {|i) ® |) | i < n1,j < na}. We can then easily check
that Hp(y € K (H (ny+2,n5+1)) and that H(, +2.n,+1)P(n) = Hp(n)- While an explicit expression
can be obtained, in practice we simply compute Hy,, 42 7,41) — Heny ns) € O(H(ny42,n,+1)), and
compute the trace norm (in KJ(H(n,+2,n,+1))) of |(Hiny+2.n011) = Hing o)) Py 11

Truncation errors [|p(T) — p( (T) |1 Estimator &(T)

-2
-6 _6
7.5 7.5
w, 10.0 20 BN u,  10.0 20 BN
oy, 125 o> oy, 125 e
“a: " 150 Sty “a: 5" 150 St
2 ' < 2 ' <

Figure 2: 3D plots in log scale of the truncation error |[p(T) — p(n)(T)|1 (left) and the estimate £(T)
(right). Slices of these plots are reproduced in Fig. 3.

Numerical test We simulate the dynamics for various truncations (from (N; = 8, N = 4) to
(N1 = 28, Ny = 15)) in Fig. 2, starting with an initial state p, = |00) (00| and setting o = 1.
Our focus is on evaluating the estimate’s performance at time 7' = 1 and comparing it to the
error |[r(T)|| = [|p(T) — p(ny(T)|l1. The numerical solution is obtained using an adaptive high-
order Runge-Kutta method, with absolute and relative tolerances set below 10~4. The reference
solution is computed with (n; = 40, ne = 20). The estimate for the reference yields an error below
3 - 10715, indicating that, aside from errors introduced by the time solver and finite numerical
precision (both estimated to be on the order of 10713), we have certification that the computed
|7(T)|| is accurate to within 3 - 10715, Fig. 3 provides plots of some slices of Fig. 2 for fixed Ns.

4 Application 2: estimates for Lindbladian with unitary operators in-
volved

4.1 Unitary operators

In this section, we compute the a posteriori truncation estimate given in Lemma 1 for Lindbladians
that involve either a unitary operator as Hamiltonian or more interestingly unitary operators as
jump operators.

We are interested in operators for which we know the exact finite truncation. More precisely,
we assume that analytic formulas for the coefficients of Uy = Py UP y are available. For example,
the matrix elements (i| e |j), for any n € R, and (i, j) € N2, admit an explicit (and numerically

Accepted in {tuantum 2026-03-06, click title to verify. Published under CC-BY 4.0. 11
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Figure 3: Slices of the 3D plot in Fig. 2 with fixed Na.
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stable) formula, see e.g. [27, Appendix E.3]. Hence, we have access to the truncated operator Uy
exactly. The key estimate for this section is the following Lemma.

Lemma 2. Let U be a unitary operator on H, and My be an operator on Hy. We have the
following norm equality:

P UMy, = Tr <\/M§V(IdN —UR,UN)MN> : (37)

Proof. We write U using the space decomposition H = Hy @ Hx:

Uy  PyUPL
U= (P}VUPN P]LVUPL> (38)

Since U is unitary, Py(U'U)Py = Idy = U;rVUN + (P4 UPN)T (P UPy).  Hence,
(P5UPN) (PAUPY) = Idy fU}LVUN. As a consequence,

[P UMy|; = Tr <\/MjV(P}VUPN)T(PﬁUPN)MN>

=Tr <\/MjV(IdN UEVUN)MN> : (39)

O

Note that the symmetric operator inside the square root of Eq. (39) can be computed and has
support on Hy.

Hamiltonian error involving a unitary operator While being quite specific, let us assume
that H is also unitary. In this case

IH — Hy, povyll < 2/|(H — Hy)pay = 2[[PyHp ) ll1- (40)

As a consequence, we can use Lemma 2 to compute the error.

Dissipator error involving a unitary operator
We split into three parts the dissipator’s error (Dy — Duy )(p(n)), with U a unitary operator on
H.

(Do = Duy) (e 1 < TUpx) UT = Unpay UL |11
+ | UTUp ) — U;[VUNP(N)”l (41)
+lpvyUTU - p(N)U]ILVUN”l' (42)
We start by the second and third term of the right-hand side of Eq. (41).
1P UTU = pp UNUn |l = [UTUpyy — UNUnp oy lla
= oy — UEVUNP(N)”l (43)
= [|(Idn _U}LVUN)p(N)”L (44)

This expression can be numerically computed. Focusing on the remaining term, we get

[Upn)U" = Unpvy Uk |1 < [PXUpn)UTPR |1 + [[PxUp () UTPy |1 + [Py Up ) UP|ls.
(45)
The last two terms are equal and can be handled using Eq. (37) with My = p N)U}L\,:

IP¥UpnyUPx |l = [PxUp Ul lls

=Tr (\/UNp(N)UEV(IdN UjVUN)UNp(N)UjV) :
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The remaining term is ||PJ1\7Up(N)UTPJA-,||1. As p(yy = 0, we also have PJJ\-,Up(N)UTPJN > 0.
Hence, the trace norm and the trace of these operators coincide. Then,

Tr (PﬁUp(N)UTPJ%,) - (Up(N)UTPﬁ)
_ (Up(N)UT(Id —PN))
—1-Tr (PNUp(N)UT PN> . (46)
Eventually, we get the following estimate, that can be numerically computed:

|(Pu = Pu,) (o))l < 20(Hdy ~URUN o) i + IPEUp UL 1+ 1= Tr (U pgy UY ).
(47)

4.2 Application to a more complex example

In this section, we study a more complex example involving both unitary operators and polynomials
in creation and annihilation operators. More precisely, we study the following dynamics introduced
in [27] for dissipative GKP stabilization:

d 3
—P=>_Dr.(p), (48)
k=0

with
Ty=Ac" (Id—ep) —Id, R=¢"'2/2 T, =R‘T R ¥, (49)

where A,n and € are given constant real numbers. We recall that q and p are the position and
momentum operators whose definition is recalled in Section 1.2. Note also that R is unitary and
R* =1d. To lighten a little the notations, we introduce U = ¢, and Q = A (Id —ep).

Our goal is obtaining a good upper bound on [[£(pyy) — Ln(p(n)) |1 that can be numerically
computed. Because the dissipator I'y involves both the polynomial Q and the unitary operator
€9, we cannot directly apply the results of Section 3 or Section 4.1.

Tools Let us first state a generalization of Eq. (37). Assume Hy, C Hny,, and let us consider U a
unitary operator on #, and My, € O(Hy,). Note that Py =Id—Py, =1d—Py, +Py, —Py,.
Besides as PJJ\-,2 and Py, — Py, are orthogonal projectors with orthogonal ranges, we have

Py, UM, 1 = [Py, UM, [l + [|(Py; — Py, ) UM, |1

Besides, using Eq. (37), we get

P4, UMy, |1 =T (/M1 (T, ~UL, UM, ) + (P, ~ Pa) UMl (60)

Dissipator error
Let us start the analysis with the error term coming from I'y.

(Duq-1a — Dpyuqpy-1dy)(P(v)) =11 *%(12 +10), (51)

with
L = (UQ-1d)py(Q'U" - Id) - Py (UQ - Id) p(»(Q'U' — Id)Py, (52)
L = (Q'U' —1d)(UQ — Id)py) — Pn(Q'U" — Id)Px(UQ — Id)p . (53)

We start with Iy:

L = (UQpyQ'U") + p(y) — (p(yQ'UT) — (UQp( )
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- [(PNUQP(N)QTUTPN) + o) — (P QTUPY) — (PyUQp(y))
=UQpnQ'U" - PyUQp ) Q'UPy — (PR UQp(y) + h.c.). (54)
Similarly,
I, = (Q'U" - 1d)(UQ — Id)p(r, — P (Q'UT — Id)Px (UQ — 1d) p(
= (Q'Q-PxQ'UY, , PNyUN11QPN)p(y) — PRUQp(n) — PAQIUTp . (55)

Thus,
Il—%(lz+1;):A1+A2+A3+A4, (56)
with
A =UQp\\Q'UT - PyUQp 1 QIUPy, (57)
A; = —(Q'Q-PxQ'UY ,,PxUn1QPN)py), (58)
As = %PﬁUQp(N) + h.c., (59)
A, = %P}VQT Ulpy) + hec. (60)

We then apply the triangle inequality. It remains to find a way to compute the trace norm of each
of the A;. First, we get

A1) < [PRUQp vy QIUTPR |1 + 2Py UQpn)QUPy 1. (61)

The second term of the right-hand side of Eq. (61) can be numerically computed using Eq. (50),
with My, being Qp(N)QTUTPN € O(Hn+1). The first term is handled as follows:

IPAUQpx, QUK |1 = Tr (PAUQp(x,Q'U'PY)
=Tr (P4 UQp)Q'U')
="Tr (QP(N)QT) = Tr (PNUQP(N)QTUTPN) :

Then, Az and A3 can be numerically computed as an element of resp. O(Hy2) and O(Hy11).
For A4, we use the Heisenberg-picture evolution of p under the Hamiltonian q to get

Q'U" = A(Id —ep)e~™
= Ae”"9e"9(Id —ep)e” 14
= Ae”"9(Id —ep — enq). (62)
So that we obtain
[A4llr < A[Pye " (Id —ep — eng)pyll1- (63)

As a consequence, we get |[(Dr, — Dpyropy ) (Pv))ll1 < f(pw)) with

I(pi) = Tr (Qp(w)QT) = Tr (PxUQp () QTUTPY ) +2|PHUQpx, QTUTPL s
+(Q'Q - PNQTU}LVJAPNUNJrlQPN)p(N)||1
+[PyUQp )l
+ APy U (Id —ep — enq) p |1 (64)

To compute the errors due to the dissipators I'y, 1 < k < 3, note that as the unitary R commutes
with afa, it commutes with its spectral projectors P, Pﬁ and Px1. One can then check that

(Drk - DPNFkPN)(p(N)) = Rk(DFO - DPNFOPN)<R_kp(N)Rk)R_k' (65)
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Hence,

[(Dr,, — Deyrips) (Pl < FR ) RE). (66)
Eventually, we deduce that
3

I1£(pny) — Ln(py)ll < Z FRFpRF). (67)
k=0

| = ||P(N)(T) T P(5ooo)(T)||1
10-1 4 estimator &(T)
1072 5
1073 E
104 5
T T T T
500 1000 1500 2000

Truncation N

Figure 4: ||p(s000)(T) — pn(T)ll1 for various N compared to the estimate £(T") using Eq. (67), for the
simulations described at the end of Section 4.2.

Numerical test We simulate the solution of Eq. (48) with parameters e = 0.15 and n = 2y/7
for various truncations in Fig. 4, initiating the system in state p, = |0) (0]. Time integration is
performed using a second-order CPTP scheme, as described in [26], up to T = 2% with a fixed
time step 6t = 5- 1074 - T. We compare the results to the solution at N = 5000 in Fig. 4.

Due to the prohibitive computational cost of computing numerous trace-norms for such high
dimensions, we were unable to perform the estimate for N = 5000. Instead, we employ a 'naive’
approach, comparing the results with those obtained for N = 4000. This comparison yields a
difference of 3 - 1079, providing a measure of confidence in our reference solution.

4.3 Cosine operator

We provide here an additional estimate related to unitary operators. In superconducting circuits,
Josephson Junctions [17] are commonly used non-linear elements. Their effect on the system
Hamiltonian is typically to introduce a term of the form cos(O) (see e.g., [29]), where O is a self-
adjoint operator, usually a sum of position and/or momentum operators acting on different modes.
We assume that we have access to the truncation of the unitary operators (¢/9)y, (€2©)y, and
their Hermitian conjugates, which is feasible for linear combinations of position and momentum
operators. Denoting U = ¢?© we have cos(O) = U%UT

Let us show that we can compute [[(cos(O) — (cos(O))y)p(n)ll1- Using the decomposition

H = Hy @ Hyy, we introduce the notations:

[ Uy PyUPL\ (A C
U_(PﬁUPN pLUPL) = \B D) (68)
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We can now compute

(c0s(0) — (cos(0)) ) 1 = 5 I((U +TT) — (U + Uk )iy s

1
= §H(PﬁU + PﬁUT)P(N) [l

- %Tr (\/pw (BT + O)(B+Chpy) )

1
— 5T (\/p(N)(BTB +CCt + BICT + CB)p(N)) . (69)

As in Eq. (37), we have the following equalities that are obtained using UTU = UU' = Id:

BB=1d-ATA, (70)
CCl =1d -AAT. (71)

Hence, it remains to obtain CB and its Hermitian conjugate. To this aim, we simply use that
PyU?Py = A% + CB. As a consequence, we obtain the following expression:

(c0s(0) ~ (e0s(0) ol = 5T (Y (14 UL U + (U2) = (UN)? + o).
©

5 Application 3: Space-adaptive solver for polynomial operators on
bosonic modes

5.1 Dynamical reshapings, single mode

Having an error estimate of the space truncation error not only allows us to bound the simulation’s
final error but also to monitor it throughout the time integration process. With this, we can detect
when the truncated space is too small —causing significant error— or overly large —resulting in
wasted resources—. With this in mind, we developed an adaptive solver that dynamically adjusts
the truncation size. For the simulation on one bosonic mode, we propose the following algorithm
which takes the following inputs:

1. Ny € N, the initial truncation,
2. py € KX (Hn,) the initial state,

3. T > 0 the final time, space_tol the space error tolerance, and time_tol the time solver
tolerance (assumed to be small enough compared to space_tol).

4. The functions (¢, N) — Hy(¢) and (¢, N) — % (t) to construct Ly, as well as the required
integer w ensuring that L(p(y)) = Ln+w(P(n))-

5. The parameters w > 1 controlling the criteria for downsizing, and the decreasing and in-
creasing size parameters n_,n4 € N.

We define adaptive _solve _one _step(N, p,t) to be a function that solves one discretisation step

of the ODE %p = Lxn(p) with tolerance time_tol. This function returns the chosen value of the

time step and the value of the state at the following step. We then perform the Algorithm 1.
Observe that £ approximately solves the ODE

9 e~ cip) — Lulo)h, €0) = 0 (73)

which implies that, neglecting time-discretization error, it bounds the space-truncation error. The
algorithm ensures that £(¢) < ¢ - space_tol/T, while adaptively trying to reduce the size of p to
accelerate computation, albeit with decreased accuracy, when £(t) <t - space_tol/(d-T).
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Algorithm 1 Space-adaptive solver

1: N+ Ny

2: t<+0

3: £+0

4 p <P

5: while t <T do

6: 0p, 0t « adaptive__solve_one_ step(N, p,t)

. 0 [[L(p+dp) — Ln(p+dp)|

8: if €40 < (t+ 6t)/T * space_tol then > We accept the step
9: p+—p+ip
10: t+t+0t
11: E—E+6¢
12: ifE+0E+lp—Prn_n_pPn_n_|l1 < (t+t)/T x space_tol/w then
13: > We downsize the state p
14: p+—Pn_ pPN_\_ > We reallocate p to a smaller matrix by deleting its tail
15: N N-—n_

16: f <;§+ HPN—n_pPN—n_”l

17: end if

18: else > We rejected the step
19: while £ + §¢ < (t + 6t)/T + space_tol do
20: P+ Prnin, PPNin, > We reallocate p on a bigger matrix by adding zeros
21: N <+ N +ny
22: 0p, 0t < adaptive__solve_one_ step(N, p,t)
23: 6+ [|[L(p+dp) — Ln(p+dp)l1
24: end while > We have accepted the step
25: p—p+iip
26: t+t+0t
27: E—E+6¢
28: end if

29: end while

Additionally, note that the time step is governed by the ODE of p. To enhance the robustness
of the interpolation, £ is updated implicitly using

§(t 4 5t) — £(t) ~ SHIL(p(t + 58)) — Ln(p(t + 6))]1- (74)

Fig. 5 demonstrates the result over time of Algorithm 1 when applied to the example described
in Section 3.2.3. Initially, a large truncation is used (blue plots), which the algorithm subse-
quently reduces to enhance speed. Conversely, when starting with a low truncation (red plots),
the algorithm increases it to improve accuracy.

5.2 Dynamical reshapings, several modes

When dealing with m bosonic modes, the previous algorithm can be straightforwardly implemented
by replacing the scalar N with the m-tuple (Ny,...,Ny,). By fixing ny = (n14,...,m 1), We
obtain a direction to expand and reduce the size of the density matrix. However, the reduced
Hilbert space Hn,,...,.n,,) = {®]L; |k;) | 0 < kj < Nj} is not always a good choice for simulations.
For example, instead of bounding the number of excitations of each mode separately, we can
bound the total number of excitations, leading to the following definition: Hn,,, = {®72; |k;) |
0< Z;nzl kj < Niot }-

These choices are problem-dependent. For example, in Section 3.2.5, the Hamiltonian includes
a two-photon exchange term (a')?b + a%bf. As this term commutes with the operator a;—a +b'b,
it leads to the natural choice of truncation Hy,,, = {|k1) ® |k2) | 0 < k1/2+ ko < Neat}. Note that
in Fig. 2, where the truncated Hilbert space is H(y,,n,), the truncation error is mostly determined
by biggest Ncat such that Hy,,, C Hn,,n,. Fig. 6 illustrates the result of the adaptation of
Algorithm 1 with the single truncation parameter Nca.
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Density matrices’ sizes along time Estimate on the truncation error along time
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Figure 5: Left plot: Evolution of the sizes of the density matrices for two simulations, in red when starting from
a small truncation N = 15 and in blue when starting from a large truncation N = 55. Right plot: The value of
the estimators associated with the two simulations mentioned on the left figure together with the upper limit
(black) and lower limit (green) for extending and reducing the matrix size. w is 5 on this figure. Evolution of
the size of p(t) and the value of the estimator § when following Algorithm 1 on the example described in
Section 3.2.3 with two different initial truncations. Parameters of the simulations are w = 5, space_tol =le-
11, ny =4, n_ = 4, the time solver is an adaptive 4" order Runge-Kutta with time_tol set at le-14.

The red plots are associated to a simulation starting with a small truncation. In this case, the space estimates
hit the upper bound for space_tol * t multiple times, leading to an enlargement of the truncation until the
estimator is stabilized with a truncation size of 31. On the blue plots, associated with initial large truncation,
we observe that the truncation size shrinks until its estimator hits the upper bound space_tol * t, then it is
enlarged one more time before stabilizing again to a size of 31.

5.3 DYNAMIQS ADAPTIVE, a new library to perform space adaptive simulations

The first author developed an extension of the library DYNAMIQS [14], which is a python library
for high-performance quantum systems simulation, using JAX and GPU acceleration. This new
library is named DYNAMIQS ADAPTIVE and implements the following features:

e Running a bosonic quantum simulation with any Runge-Kutta (possibly time-adaptive)
solvers, with a theoretical warranty on the truncation errors made by the simulation, us-
ing the estimator developed above Eq. (15) and showcased in Section 3 and Section 5.

e Space-adaptive simulations using Algorithm 1 for one or several bosonic modes with poly-
nomial operators. Several options are available for the space truncations on multi-modes
simulation.

DYNAMIQS ADAPTIVE is available on github at the following address https://github.com/
etienney/dynamiqs_adaptive/ and is distributed under the open-source license Apache 2.0.

6 Time and space-time estimates

Up to this point, we have focused solely on the space-truncation error. In this part, we do not
assume that we have access to (p(y)(t))i>0 but only to the discrete time trajectory (p,, s;)n>0-
Note that the space estimate we derived in Lemma 1 cannot be easily combined with a time
estimate. Indeed, if £ is an unbounded operator, it is not continuous from K' to K'. This
implies that ||£(p) — L(p)||1 might be large even for arbitrarily small ||p — p||1, preventing a naive
approximation of the integral in Lemma 1 by a IC!-approximation of (p( N) (t))e>0. We address this
issue by presenting space-time estimates. We start by proving that the total distance between the

continuous solution e7*p, and the space and time discretized approximation ]—'g‘“’”’ (pg) is smaller
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Density matrix’s size along time Estimate on the truncation error along time
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Figure 6: Left plot: Evolution of the size of the Hilbert space. Right plot: The value of the estimator associated
with the simulation described below together with the upper limit (black) and lower limit (green) for extending
and reducing the matrix size. Evolution of the size of p(y)(t) and the value of the estimator £ when following
Algorithm 1 on a slightly different system than the example described in Section 3.2.5: The parameter « is set at
1.5 for t in (0,1.5), then o = 0 until the end. The parameters of the simulations are w = 5, space_tol =le-11,
ny =7, n_ =5, the time solver is an adaptive 4*" order Runge-Kutta with time_tol set at le-14.

As the initial state is po = |0) (0] ® |0) (0|, setting av = 1.5 increases the population of the excited Fock states,
meaning that the required truncation should increase. In a second time, the state should converge toward the
vacuum, meaning that it is interesting to decrease the size of the truncated Hilbert space. In the simulation,
we start with H.., = {|k1) ® |k2) | 0 < k1/2 + k2 < Necat} with Ncay = 6, we observe that the truncation is
first increasing to capture the true solution up to the estimate's tolerance (here le-6). When « is set to 0, no
error is made due to the dynamics. Around ¢ = 6.75, the density matrix is truncated, leading to a loss of the
truncated information. We have to add |[p(n)(t) = Pn—n_p(n)(#)PN-n_||1 to the estimate, this is the jump
one can see.

than the sum of errors made in each time-step: assuming that Ng.,0t = T, we have the following
inequalities that start with a telescoping argument:

Ngtep—1
§ : e(st,ep—n)étL]_—gztpo _ e(NStep—n—l)(SththJrlpO

n=0

Nste
HeTLPO —Fs “(po)llx

1
Nstep_l

Z He(Nstern—1)5tL(€5tz:]_—ﬁp0 _ fgtt—‘rlpo)H

n=0
Ngtep—1

Z Heétﬁ}—ﬁpo - fgﬂpoul ) (75)

n=0

IN

1

IN

where we used that the CPTP map e%** contracts the trace-norm. If we denote again Pr.st = F5:Po>
we got

Nstep_l
leNerer®epy — Fitr(pg)li < D [1(€7 = Fo)pnarl), (76)

n=0
To compute a bound on the terms inside the sum, we restrict ourselves to the following cases:
e Time-independent Lindbladian with a time solver based on k** order Taylor truncation.

e Time-dependent Lindbladian with a first order explicit Euler scheme.
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6.1 Time-independent Lindbladian with k* order Taylor scheme

For a fixed integer k > 1, we define the following discrete scheme that is simply the truncation of
the Taylor expansion of e’*£~ | which we call the k£*" order Taylor scheme:

"ot
Fst(p) = Z —Ly(p)- (77)

= I

Then, we have

Lemma 3. For any p € K(Hy) that belongs to the domain of L¥TL, we have
k

5t Sth+l
&
175:(p) = (Pl < | Faulp ZO TE@| G el (78)

1

Before proving this Lemma, note that together with Eq. (76), it implies that

Nstep—1 k 1 j
P Sti [ (p ) Stht1
Netep n,ot
16550 = 5 0ol < 2, | |2 =57 ~ Farlewan)| + gy 167 s
n=0 j=0 ’ '

1 (79)

Remark 4. In the case where H is finite-dimensional and Hy = H, we have || Zj 0 5;‘7 Li(p) —

Fse(p)||l1 = 0. Consequently, the estimate contains only the terms &t:ll, || chtt (Prse)1-

Proof of Lemma 3. With the triangle inequality, we get

1Fsi(0) — (o)l < | Farlo) — Z%m )|+ Z‘Ziw )= )| . (s0)
1 J=0 . 1

To deal with the second term, we use the integral form of the remainder of the Taylor expansion

k

e (p Zé— —'/ L (e p) (5t — s)Fds
-0 J! kL Jo 1
1 ot
= / L LI () (5t — 5)Eds
. 0 1
L e k
<o [ e et - oas)
_ 5tk+1”£k+1(p)”1 (81)
B (k+1)! '
O]

6.2 Time-dependent Lindbladian with a first order explicit Euler scheme.

Let us now consider a time-dependent Lindbladian that we denote L(t,-). For ¢; < ta, the flow of
the Lindbladian is the bounded linear map ®(t1,ts,-) : K! — K! characterized by the following
set of equations for all p, smooth enough?:

8t2<1>(t1,t2,p0) = E(t27 ‘I)(tlatQa pO))7 (b(tlvtlvpo) = Po> Vi >t (82)

2See e.g. [11, Section 3.2]
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The first order explicit Euler scheme is

Fst(t,p) = p+ tLy(t, p). (83)

The applications p — ®(t1,tq, p) are CPTP map, so Eq. (76) is modified as follows:

Netep—1
H(ﬁ(O?Tv pO) - pNStep,ét”l S Z ||¢)(t7l’t7l+1apn,5t) 7‘F5t(t’napn,5t)H17 (84)
n=0
with t,, = ndt and
Pn+1,6t = Fst(ndt, Pn,&t)a Po,st = Po- (85)

Lemma 4. The norm of the error on each time step is bounded by

@ (tns tns1, Prse) — Fot(tn, Prse)lln <6t sup  [[(L(s, ) = L(tn, ")) P sellr
tn<s<tn41

2
22 s £, (L(ns Prse))ll + SN (L(Ens ) = LN (Ens )Py sell1- (86)

tn <s<tp41

Proof. To lighten the notation, we focus on the first time-step and denote p, = ®(¢,0, p,). We
introduce the error between the exact solution and the first order euler scheme using £ and not

,CNI

r(t) = p, — po — tL(0, py). (87)

Taking the time derivative, we have,

B(t) = L(t, p(t)) — L(0, py)
= L(t,x(t)) + L(t, po + tL(0, py)) — L(0, py). (88)

Using Duhamel principle, we get

r(t) = ®(0,t,r(0)) +/O P(s,t,L(s, py+ sL(0, py)) — L(0, py))ds. (89)

As ®(s,t,-) contracts the trace norm and r(0) = 0, we get

(@)l < / 1£(5, 9o + SL(0. po)) — £(0, o)

t

S/O I(£(s,+) = £(0,-))(po)ll1 + [Is£(s, £(0, py)) |1 ds. (90)

Hence,

5t?
le(@t)lly < 6t sup [[(L(s,) = L£(0,)polls + =~ sup_[I£(s, (L£(0, po)))ll1- (91)
0<s<6t 0<s<6t
As
(0,6t pg) — Fse(0, po) = (58) + po + 5tL(0, py) — py — LN (0, py)

=r(dt) + 6¢(L(0, py) — Ln (0, py)), (92)
we use a triangle inequality to finish the proof of Lemma 4. O

Note that in the time-independent case, we recover

[e(dt)[|2 < %IIE(O,E(O, Po))llx + tI(£(0,-) = Ln(0,-))poll1- (93)
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corresponding to Lemma 3 for k = 1.

It is important to notice that this estimate requires prior knowledge on the regularity of s +—
L(s,-). A typical case is when the Lindbladian (or part of it) is of the form u(t)Ly where Ly is
time-independent. For example, if u is a C! function, then

sup [[(L(s,) = £(0,-))pollr < 6t[|wl| Lo 0,607 | Lo (Po) 1, (94)
0<s<dt
S 1£(s, (£(0, po) DIl < [w(0) [l oo 0,50 1 £5 (P0) |11 (95)

6.3 Applications
6.3.1 Frequency driven damped oscillator revisited - H = u(t)a‘a and D,

Let us now generalize the truncation estimate obtained in Section 3.2.1. We assume that we use
a first order explicit Euler scheme for the time integration, and that u(t) is a C! function. Then,
following Section 6.2, we can bound the error between the continuous solution (p,);>o and the
discrete time approximation with step-size ot, (p,, 5;)nen, by

n
oot = Prstly < 5[0 loc Y NIl van, o sl
k=0

2 n
+ % Y IDlan](Cn(kst, pr sl + llullsolllal va, (L (kt, pr 5]l (96)

k=0

6.3.2 Driven oscillator revisited - H = u(t)(a + a)

In Section 3.2.2, we had the space estimate

e — Py ()11 < / 24u(s) VN 1y (N] i) ()% [N)ds. (97)

To obtain a space-time estimate for a first order explicit Euler scheme, we get from Lemma 4

n

1Pnse = Pusells < 680 lloo D a1 +alvr, g sl
k=0

+ 08 [ullose > [u(kdt)||[any2 + al ny2, [ans1 +aT i1, pp sl
k=0

+ 25tznj u(kSt) VN + 11/ (N] py 5% IN). (98)
k=0

Note that it is needed to perform computation in the space K!(Hn2) for the second sum.

6.3.3 General bosonic modes

In this short subsection, we explain how to extend the result of Section 3, and briefly show that for
a bosonic mode with polynomials in creation and annihilation, we can also compute the space-time
estimate. We only focus on the one mode case, the generalization to several modes is similar to
Section 3.1. As a consequence of Corollaries 1 and 2, we get:

Corollary 3. If the Hamiltonian H and the dissipators T';, are polynomials in a and a®, of degree
dug and d; resp., then defining d = max(dy,2max;(d;)) we have:

(£~ Ln)(pn) = (Ln+a — Ln)(py) € K(HN+a)- (99)
This naturally extends to
(L% = L) (py) = (Liina = £5) () € Ky (HNa)- (100)

Hence, we can always numerically compute the estimate of Lemma 3 for an order k scheme by
embedding p,, 5; in K} (H 4 (k+1)a), and computing the trace norm of (E?VJr(kH)d — LN ) (P, 5¢) for

1<j<kandof E%T(k+1)dpn’5t in this finite dimensional space.
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7 Conclusion

In this article, we provided a posteriori computable error bounds for the space-truncation error
and/or time discretization. We have demonstrated numerically the efficiency of our approach for
a large class of problems involving bosonic modes.

Several promising avenues for future research are worth pursuing:

1. In Section 4, we have demonstrated how space estimates can be applied to various operators
related to unitary operators. Extending these methods to other types of systems with different
dissipators would be a valuable next step.

2. We have not addressed the proof of convergence of the approximations toward the solution
(py)t>0 in this work. This problem has been initiated for time discretization with unbounded
operators in [26] and in [24] for space discretization, but space-time discretization remains
an open question.

3. A powerful property that would be beneficial to prove with a posteriori error bounds is an
efficiency result. Specifically, while we know that the error is smaller than the estimate, it
would be advantageous to prove the existence of a constant such that the estimate is con-
trolled by this constant times the error. Although such a property may not hold universally,
identifying verifiable criteria that ensure its validity would be a significant advancement.

4. We believe that maintaining and extending the library DYNAMIQS ADAPTIVE (see Sec-
tion 5.3) should be a valuable asset for the community. Several improvements, both on
the numerical and algorithmic side could be implemented. In particular, general support of
the space-time estimates would be very interesting.

5. In this article, we have restricted ourselves to linear approximations for space discretization,
specifically using a Hilbert space H . Many recent works, however, consider non-linear ap-
proximations, such as low-rank approximations, tensor networks, and many others. These
settings are fundamentally different as they do not yield a Lindblad equation on the approx-
imation manifold. Nevertheless, investigating a posteriori error estimates in these contexts
would be extremely interesting and could provide valuable insights.

6. Another worth considering extension is the stochastic unraveling of the Lindblad master equa-
tion. In this case, providing either strong or weak a posteriori estimates on the truncation
and/or time discretization errors has not been explored yet.
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A Some pathological examples

A classical approach to get a rough idea of the truncation error is to compare numerical solutions
while increasing the truncation dimension N, i.e. comparing py and py. ;. While we do not
claim that in most of the reasonable cases this naive approach is misleading, we provide here some
pathological examples where it fails.

First, due to symmetries, it is usually a bad idea to compare two simulations with truncation
dimensions N and N + k with k too small. For example, if the initial condition is even in the
Fock basis, and if the Lindbladian preserves this parity, then all simulations with 2N and 2N + 1
will give the exact same result; meaning that for all N, P@N) = Pen+1) independently of the
convergence of Py towards the exact solution. More generally, as soon as Ly and L coincide
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on K(Hy), the two simulations will give the same result. Using for example only monomials of
the form a*t!, a’**1 in the Lindbladian will lead to this issue.
A more striking example appears in [2]. There the authors study the Hamiltonian

H:i(aTg—a?’),

which is not essentially self-adjoint on the finite span of Fock states. Because the dynamics com-
mutes with the rotation by e2™*/3, the Hilbert space splits into three invariant subspaces. Starting
from the vacuum, it is therefore natural to truncate on

Hsn = Span{[0),[3),...,|3N)}, N eN. (101)

Ashhab et al. show that the unitary evolutions generated by the truncated Hamiltonians on
Hs32n) and on Hzan41) each converge as N — oo, but to two different limits — namely, the unitary
evolutions associated with two distinct self-adjoint extensions of H. Hence, comparing {3y, and
Y3, misleadingly suggests convergence of the simulations if the integers N; and Ny have the same
parity. In contrast, our estimator detects a nontrivial interaction with the tail of the Hilbert space
and therefore signals that the naive comparison is unreliable, see Fig. 7.

More precisely, our estimator trivially applies to the Schrédinger equation, and for any choice
of self-adjoint extension of H, we have

() = 1) | < [11(0)) = [4(0)) o |l +/0 I (H —Hy) [¢(s)) y l|ds. (102)

Note that while ¥(¢) depends on the choice of self-adjoint extension, the estimator does not,
since it only involves applying Hy and H to [¢(s)), which belongs to the finite span of Fock
states. This means that it does not depend on the choice of the self-adjoint extension of H.

As a consequence, we can define the estimator &g as

dés(t)
dt

and we get || [(t)) — [¢(t)) 5 || < &s(t) for all ¢ > 0, and for any choice of self-adjoint extension of
H.

=[[(H=Hy) [$@) [, £s(0) = [[[2(0)) = [(0) x|,

B Numerical comparison with [30]

In this section we compare numerically our spatial-truncation estimator with the estimator derived
in Woods et al. [30]. The test problem in [30] is a two-level system coupled to a bosonic bath
modelled as a finite chain of L linearly coupled harmonic oscillators. The total Hamiltonian reads

1 2a 1 0 B
H=-A50, +w. SJF—O‘1§O'ZX + H”,

with the bath Hamiltonian

L1
HY =1 3" (x'X;;x7 + p'Py;p’),
i,j=0

where x' and p’ are the position and momentum operators of the i-th oscillator. We use the
particle mapping (so that X;; = P;;), where the tridiagonal coefficients are

we s? L
Xi+1,i+1:7(1+m)’ ’L—O,...,L—Q,

R < (i+1)(i+1+s) 542043 s _ _
Xiiv1 = Xiv1i = We Gramoysroirs \ seigny =00 L =2,

As in Fig. 2 of [30], we fix the model parameters to & = 0.8, s = 3 and w., = A = 1. The initial
state is

[$(0)) = I1) @10)°",
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Figure 7: Comparison at the time 7" = 1 starting from vacuum of the estimator £s(7") (dotted lines) with
the differences between successive truncations of same parity (full lines) and between successive truncations
of different parity (green line). More precisely, in red dotted lines is £s(T") for ¥sn, while in blue dotted
lines is &s(T) for Yenys. The full red lines are || |Y)qy (T) — |1/))6<N+1) (T)]| and the full blue lines are

” |¢>6N+3 (T) - |w>6(N+1)+3 (T)” The green line is H WJ)GN (T) - |¢>6N+3 (T)”

where |1) is the +1 eigenstate of o,. Their estimator bounds the error made on the expectation
value of any bounded observable O on the system when truncating the Hilbert space of each
oscillator to its first m levels. Our estimator bounds the trace norm error between the exact solution
on the full Hilbert space and the solution on the truncated space, i.e., system and truncated bath.
Hence, our estimator, which by duality bounds the error on the expectation value of any bounded
observable O on the total system, also bounds the error on the expectation value of any bounded
observable on the system alone. That is, the error their estimator addresses is always encompassed
by the (potentially larger) error our estimator bounds. Nevertheless, we observe that our estimator
has better accuracy on this example than that of [30] as shown in Fig. 8.

C Technical computations of Section 3.2.3

First we want to simplify the expression of (Dr — Dr, )(py) for T' = a? — a?Id. We decompose
the three terms of the dissipator

LpyIT — TnpyTl = (T = Ty)py(DT = T) + Typy (DT = T) + (0 = Tx)pp Ty, (103)
I'Tpy —T\Tnpy = (T =TT —Tn)py + (0T = T{)Tnpy + T (T = Tn)py,  (104)
pxTT — py TRy = (TTpy — T Twpy)'. (105)

For T' = a2 — a2 Id we also have:

(T —Txn)Py = ((a® = a?Id) — (Pya?’Id Py — Pya?IdPy))Py,
=0, using Pya = ay. (106)
Thus, we obtain
TpyTt —TypyTh =0, (107)
I'Tpy —TiTnpy = (IT = T{)Tnpy = (oaTh (T —Tn))', (108)
pnTT — py DTy = py T (T~ Ty). (109)

Accepted in {Yuantum 2026-03-06, click title to verify. Published under CC-BY 4.0. 26



Estimators for the truncation error at m=1
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Estimators for the truncation error at m=2

109

10—2

10—3

P | M|

Esasiat e

T T T T T
1.00 1.25 1.50 1.75 2.00

Time

Estimators for the truncation error at m=4
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Figure 8: Plots of the estimators obtained from [30][Figure 2] in blue compared to our work, in red, at various
truncations m and for L = 3 linearly coupled harmonic oscillators as described in the main text of Appendix B.
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Using T' = a% — % Id, one has
T(T —Ty) = (Pyai2Py — Pya?Id Py)((a? — a?1d) — (Pya’Py — Pya?Id Py))
= —Ppyal2Pya’Py + Pya' 2Py’ Id Py + Pyaf2P ya? — Pyaf2P v’ Id
+ PN’ IdPya’Py — PNo?IdPya’Id Py — Pyo?Id Pya® + Pya? IdPye? Id

=—a*/N(N+1)|N —1)(N +1| —a®/(N + 1)(N +2) |N) (N + 2| . (110)

Hence,

(Dr — Dry)(on) = — o (VINF DN 42)

2
x (IN+2) (N] pixy(8) + poas (1) IN) (N +2]) (111)
+ NN+ (IN+1) (N=1] p(y)(t)
+ Py (B IN=1) (N+1])). (112)

Next, (Dr — Dry )(py) is an operator of rank lower than 4, as it is supported on

and one can efficiently compute numerically its trace norm. The square of this operator is:

((Pr = Pr)(ox)? =2 (N-+D(V+2) (IN+2) (] o (6) ) (N2

+ oy (1) IN) (N p(ny (1)) (113)
+ N(N+1)(|N+1) (N—1| pX(t) IN—1) (N+1]
+ o) () IN=1) (N=1] p(xy (1)) (114)

It remains to compute the following part, expressed in the decomposition H = Hy & Hy:

(Dr — Dr)(ox)ll = VA F TS

Npny IN=1) (N 1| p(x)

0
+ (N+2)pny IN) (N] oy

x Tr 115
. (N+2)[N+2) (N] pga)? [N) (N +2] (115)
+ N |N+1) (N—1| p [N —1) (N+1|
It is again block diagonal so we can simplify it as follows
a? Npny IN=1) (N=1]py
|(Pr = Dry) (el = VNFIS | Tr o "
+ (N+2)pny IN) (N] oy
(N+2) [N+2) (N| p()® IN) (N+2]
+ N |N+1)(N—1| p% |[N—1) (N+1]
2
— VN ¥ 1% <Tr (\/p(N) (x/JV|N —1)(N = 1|+ VN + 2|N) (N]| )p(N)>
+ (x/N(N —1pn)’ IN = 1) + VN +2(N|pn)° IN) )) (116)
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