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Efficient verification of multipartite quan-
tum states is crucial to many applications in
quantum information processing. By virtue of
Schmidt decomposition and mutually unbiased
bases, here we propose a universal protocol
to verify arbitrary multipartite pure quantum
states using adaptive local projective measure-
ments. Moreover, we establish a universal up-
per bound on the sample complexity that is
independent of the local dimensions. Numer-
ical calculations further indicate that Haar-
random pure states can be verified with a con-
stant sample cost, irrespective of the qudit
number and local dimensions, even in the ad-
versarial scenario in which the source cannot
be trusted. As alternatives, we provide several
simpler variants that can achieve similar high
efficiencies without using Schmidt decomposi-
tion. The simplest variant consists of only two
distinct tests.
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1 Introduction
Multipartite entangled states play central roles in
quantum information processing [1–3]. For many
practical applications, it is crucial to verify whether
the actual state prepared is sufficiently close to the
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ideal target state with limited resources. However,
traditional methods, such as quantum state tomog-
raphy, are too resource-intensive. Recently, a pow-
erful approach known as quantum state verification
(QSV) has attracted intensive attention [4–16]. So
far, efficient protocols based on local projective mea-
surements have been constructed for bipartite pure
states [7, 11, 17–21], stabilizer states [including graph
states and Greenberger-Horne-Zeilinger (GHZ) states
in particular] [11–13, 22–26], hypergraph states [27],
Dicke states [28, 29], and ground states of frustration-
free Hamiltonians (including Affleck-Kennedy-Lieb-
Tasaki states) [9, 30, 31]. In addition, several verifi-
cation protocols have been successfully demonstrated
in experiments [32–35].

Unfortunately, most verification protocols known so
far are tailored to quantum states with special struc-
tures and thus have limited scopes of applications. As
a major breakthrough, recently, Huang, Preskill, and
Soleimanifar (HPS) proposed a protocol that can cer-
tify almost all n-qubit pure states using single-qubit
measurements [36]. In addition, Ref. [37] proposed
a general method for constructing homogeneous ver-
ification strategies. Nevertheless, as far as we know,
no explicit protocol based on local measurements is
known in the literature that can verify all n-qudit
pure states directly. The efficiency limit of local mea-
surements in QSV is still quite elusive.

In this work, we propose a universal protocol to ver-
ify arbitrary multipartite pure quantum states using
adaptive local projective measurements. Our protocol
is based on two elementary concepts in quantum infor-
mation theory, namely, Schmidt decomposition (SD)
[38] and mutually unbiased bases (MUB) [39–42], and
is referred to as the SD protocol henceforth. While
the importance of SD and MUB in QSV was recog-
nized before [18, 20, 21, 26], little is known about
their potential in verifying generic multipartite states
before this work. We prove a universal upper bound
on the sample complexity of the SD protocol, which
increases exponentially with the qudit number n, but
is independent of the local dimensions. Moreover, nu-
merical calculations indicate that Haar-random pure
states can be verified with a constant sample cost,
irrespective of the qudit number and local dimen-
sions. This result holds even if the source cannot be
trusted, which is typical in the adversarial scenario,
such as in blind measurement-based quantum compu-
tation [22, 43–46].

To reduce the computational complexity, we also in-
troduce a simpler verification protocol based on MUB,
henceforth referred to as the MUB protocol, which
avoids SD and is more amenable to experimental re-
alization. Surprisingly, the MUB protocol can also be
applied to arbitrary multipartite quantum systems,
and many variants can achieve comparable perfor-
mance to the SD protocol even if only a constant
number of distinct tests are accessible. Notably, in

the simplest variant, only two bases are required for
each party except for the last party (a complete set of
MUB is not necessary), and only two distinct tests in
total are required. This intriguing phenomenon may
reflect certain hidden characteristics of generic mul-
tipartite pure states yet to be unraveled. Our work
indicates that all multipartite pure states can be ver-
ified efficiently using local projective measurements,
and most pure states can be verified using a constant
sample cost and a constant number of distinct tests.

2 Quantum state verification
Consider a quantum device that is supposed to pro-
duce the target state |Ψ⟩ in the Hilbert space H. In
practice, it actually produces N states ρ1, ρ2, . . . , ρN

in N runs. To verify whether these states are suffi-
ciently close to the target state on average, we can
perform a random test from a given set of accessi-
ble tests. Each test is tied to a two-outcome mea-
surement {Em, 1 − Em}, where the test operator Em

means passing the test and the number 1 also denotes
the identity operator. To guarantee that the target
state |Ψ⟩ can always pass each test, the operator Em

should satisfy the condition Em|Ψ⟩ = |Ψ⟩.
Suppose the test Em is performed with proba-

bility pm; then the performance of the verification
strategy is determined by the verification operator
Ω =

∑
m pmEm. If ρ is a quantum state on H whose

fidelity with the target state is at most 1 − ε, that is,
⟨Ψ|ρ|Ψ⟩ ≤ 1 − ε; then the maximum probability that
ρ can pass each test on average reads [11–13]:

max
⟨Ψ|ρ|Ψ⟩≤1−ε

tr(Ωρ) = 1− [1−β(Ω)]ε = 1−ν(Ω)ε. (1)

Here β(Ω) denotes the second largest eigenvalue of Ω,
and ν(Ω) = 1 − β(Ω) denotes the spectral gap from
the largest eigenvalue. Let Ēm = Em − |Ψ⟩⟨Ψ| and
Ω̄ = Ω − |Ψ⟩⟨Ψ| =

∑
m pmĒm; then β(Ω) = ∥Ω̄∥.

Let εr = 1 − ⟨Ψ|ρr|Ψ⟩ be the infidelity of the state
ρr prepared in the r-th run and ε̄ =

∑N
r=1 εr/N

the average infidelity. Then the probability that the
states ρ1, ρ2, . . . , ρN can pass all N tests satisfies∏N

r=1[1−ν(Ω)εr] ≤ [1−ν(Ω)ε̄]N . To verify the target
state within infidelity ε and significance level δ, which
means [1 − ν(Ω)ε]N ≤ δ, it suffices to take [11–13]

N =
⌈

ln δ
ln[1 − ν(Ω)ε]

⌉
≤

⌈
ln(δ−1)
ν(Ω)ε

⌉
, (2)

which is inversely proportional to ν(Ω).
To achieve high efficiency, we need to construct

a verification operator Ω with a large spectral gap,
which means the second largest eigenvalue β(Ω) is
small. If there is no restriction on the measurements,
then ν(Ω) can attain the maximum value 1 when
Ω = |Ψ⟩⟨Ψ|. However, it is in general extremely dif-
ficult to realize this strategy, which relies on an en-
tangling measurement. It is also highly nontrivial to
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construct an efficient verification strategy using local
projective measurements if the target state |Ψ⟩ lacks a
simple structure, which is the main motivation behind
the current work.

If the set of test operators {Em}m is fixed, then
the minimum of β(Ω) and the optimal probabilities
pm can be determined via semidefinite programming
(SDP) [47]:

minimize f,

subject to
∑
m

pmĒm ≤ f, pm ≥ 0,
∑
m

pm = 1. (3)

3 Schmidt-decomposition protocol
3.1 Protocol and performance
Here we propose a universal verification protocol
based on SD and MUB, which requires only adap-
tive local projective measurements, as illustrated in
Fig. 1. For simplicity, we focus on an n-qudit sys-
tem with Hilbert space H = H⊗n

d of dimension dn,
but generalization to systems of different local di-
mensions is immediate. The basis states in any ba-
sis on Hd can be labeled by the ring Zd of inte-
gers modulo d. Recall that two (orthonormal) bases
{|ϕi⟩}i∈Zd

and {|φj⟩}j∈Zd
on Hd are mutually unbi-

ased if |⟨ϕi|φj⟩| = 1/
√
d for all i, j ∈ Zd [39–42].

MUB have numerous applications, including quantum
state estimation [40, 41, 48–51], quantum verification
[18, 20, 21, 26], and entanglement detection [52–54].

Let |Ψ⟩ =
∑

i∈Zd
si|ai⟩|Bi⟩ be a SD of the tar-

get state |Ψ⟩ with respect to the first party and the
remaining n − 1 parties, where si are Schmidt co-
efficients, {|ai⟩}i∈Zd

forms an orthonormal basis in
Hd, and {|Bi⟩}i∈Zd

consists of orthonormal states in
H⊗(n−1)

d . The first party can perform a projective
measurement in either the Schmidt basis {|ai⟩}i∈Zd

or a MUB with respect to the Schmidt basis, say, the
Fourier basis {|ãi⟩}i∈Zd

with |ãi⟩ =
∑

j∈Zd
ωij |aj⟩/

√
d

and ω = e2πi/d. Given the outcome i, the normalized
reduced state of the remaining parties is either |Bi⟩
or |B̃i⟩ =

∑
j∈Zd

ω−ijsj |Bj⟩ depending on the mea-
surement basis of the first party. The protocol then
recursively applies this procedure to the conditional
reduced state of the remaining parties: each party
(except for the last party) performs a projective mea-
surement in either the Schmidt basis or a MUB; then
the last party performs the projective measurement
{|ψn⟩⟨ψn|, 1−|ψn⟩⟨ψn|}, where |ψn⟩ is the conditional
reduced state of |Ψ⟩ (depending on the measurement
choices and outcomes of the previous parties). The
test is passed if the last party obtains the first out-
come.

The above verification protocol consists of 2n−1

tests, corresponding to the 2n−1 basis choices of the
first n−1 parties. Each test (projector) can be labeled
by a string m = (m1,m2, . . . ,mn−1) in Zn−1

2 , where

Figure 1: Schematic of the SD protocol for verifying an n-
qudit state |Ψ⟩. The first party performs a projective mea-
surement in either the Schmidt basis (m1 = 0) or a MUB
(m1 = 1) with respect to the Schmidt basis. Then party k
for each k = 2, 3, . . . , n − 1 performs a projective measure-
ment in succession in either the Schmidt basis (mk = 0) or a
MUB (mk = 1) associated with the conditional reduced state
of |Ψ⟩ for parties k, k + 1, . . . , n depending on the previous
measurement choices and outcomes. Finally, party n per-
forms the projective measurement {|ψn⟩⟨ψn|, 1 − |ψn⟩⟨ψn|},
where |ψn⟩ is the conditional reduced state of |Ψ⟩ for party
n, and the first outcome means passing the test.

mk = 0 denotes the Schmidt basis and mk = 1 de-
notes the MUB. When n = 2, so that |Ψ⟩ is a bipartite
pure state, the two test projectors read

P0 =
∑

i∈Zd|si>0

|ai⟩⟨ai| ⊗ |Bi⟩⟨Bi|,

P1 =
∑
i∈Zd

|ãi⟩⟨ãi| ⊗ |B̃i⟩⟨B̃i|,
(4)

which reproduce the results in Ref. [20]. When n = 3,
explicit expressions for the four test projectors can be
found in Sec. 3.2. If the test Pm is performed with
probability pm, then the verification operator reads
ΩSD =

∑
m∈Zn−1

2
pmPm. The following theorem es-

tablishes a universal lower bound (upper bound) for
the spectral gap (sample complexity) of the SD proto-
col based on uniform probability, that is, pm = 21−n

for m ∈ Zn−1
2 ; see Sec. 3.3 for a proof.

Theorem 1. Suppose |Ψ⟩ ∈ H is an n-qudit pure
state with n ≥ 2, and ΩSD is the verification operator
of |Ψ⟩ tied to the SD protocol with uniform proba-
bility. Then ν(ΩSD) ≥ 21−n and the number of tests
required to verify |Ψ⟩ within infidelity ε and signifi-
cance level δ satisfies

N ≤
⌈
2n−1ε−1 ln

(
δ−1)⌉

. (5)

Theorem 1 shows that the SD protocol is a uni-
versal verification protocol that applies to arbitrary
multipartite pure states, which is the first verifica-
tion protocol with this capability as far as we know.
Although the lower bound for ν(ΩSD) decreases ex-
ponentially with n, for most pure states, the spectral
gaps ν(ΩSD) are larger than the universal constant
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Figure 2: Average spectral gaps achieved by the SD and CSD
protocols for n-qudit Haar-random pure states (see Table 5
in Appendix H for the numbers of states sampled). Solid
lines with circles (dashed lines with squares) represent the SD
(CSD) protocol under the uniform probability distribution,
while dash-dot lines with diamonds represent the SD protocol
under the optimized probability distribution determined by
SDP. The gray dashed lines correspond to the spectral gap
of 1/5.

1/5 (independent of d and n) according to extensive
numerical simulations. We still do not have a simple
explanation for this universal constant. Nevertheless,
this result shows that Haar-random pure states can
be verified much more efficiently than the worst-case
guarantee in Theorem 1. We hope that our observa-
tion can stimulate further progress on this topic.

Figure 2 shows the average spectral gap for n-qudit
Haar-random pure states as a function of d and n.
Surprisingly, the average spectral gap increases mono-
tonically with the local dimension d, so it is easier to
verify quantum states with higher local dimensions.
For a given d, the spectral gap first decreases but
eventually increases with n; the turning point n∗ for
n is usually smaller than 5, except when d = 2. In
addition, the spectral gap can usually be increased
by a few percent if we optimize test probabilities via
SDP in Eq. (3). Results on typical multipartite states,
including GHZ states and Dicke states (see Fig. 8),
are shown in Appendix A. Note that probability op-
timization can significantly increase the spectral gaps
for GHZ states, although its efficacy for generic states
is limited.

3.2 Test projectors featured in the SD protocol
for a three-qudit pure state
For concreteness, here we provide explicit expressions
for the four test projectors in the case n = 3. Suppose
|Ψ⟩ ∈ H = H⊗3

d is a three-qudit pure state to be
verified, where Hd is a d-dimensional Hilbert space.
Let |Ψ⟩ =

∑
i∈Zd

si|ai⟩|Bi⟩ be the SD of |Ψ⟩ between
the first and remaining parties, where {|ai⟩}i∈Zd

forms
an orthonormal basis on Hd, and {|Bi⟩}i∈Zd

consists
of d orthonormal states in H⊗2

d . Note that our main
results are independent of the specific SD chosen. Let

|Bi⟩ =
∑
j∈Zd

tij |bi
j⟩|ci

j⟩ (6)

be the SD of |Bi⟩, where tij are the Schmidt coef-
ficients satisfying

∑
j∈Zd

(
tij

)2 = 1, while {|bi
j⟩}j∈Zd

and {|ci
j⟩}j∈Zd

are the Schmidt bases for the second
and third parties, respectively. Then the target state
can be expressed as

|Ψ⟩ =
∑
i∈Zd

si|ai⟩|Bi⟩ =
∑
i∈Zd

∑
j∈Zd

sit
i
j |ai⟩|bi

j⟩|ci
j⟩. (7)

Suppose the first party performs the projective
measurement in the Schmidt basis {|ai⟩}i∈Zd

and ob-
tains outcome i. Then the reduced state of the re-
maining parties is |Bi⟩. Now, if the second party
performs the projective measurement in the Schmidt
basis {|bi

j⟩}j∈Zd
and obtains outcome j, then the

reduced state of the third party is |ci
j⟩. Finally,

the third party can perform the binary measurement
{|ci

j⟩⟨ci
j |, 1 − |ci

j⟩⟨ci
j |} to single out the first outcome.

Equivalently, the third party can perform the pro-
jective measurement in the Schmidt basis {|ci

j⟩}j∈Zd
.

The resulting test projector, labeled by the string
m = (0, 0) ∈ Z2

2, reads

P(0,0) =
∑

i|si>0

∑
j|ti

j
>0

|ai⟩⟨ai| ⊗ |bi
j⟩⟨bi

j | ⊗ |ci
j⟩⟨ci

j |. (8)

Alternatively, the second party can perform the pro-
jective measurement in a basis that is mutually unbi-
ased with {|bi

j⟩}j∈Zd
. For concreteness, here we shall

focus on the Fourier basis with respect to the Schmidt
basis:

|b̃i
j⟩ =

∑
l∈Zd

1√
d
ωjl|bi

l⟩, (9)

where ω = e2πi/d, but other MUB are equally good. If
the second party obtains outcome j, then the reduced
state of the third party reads

|c̃i
j⟩ =

∑
l∈Zd

tilω
−jl|ci

l⟩, (10)

which can be singled out by a suitable binary projec-
tive measurement. The resulting test projector, la-
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beled by the string m = (0, 1), reads

P(0,1) =
∑

i∈Zd|si>0

∑
j∈Zd

|ai⟩⟨ai| ⊗ |b̃i
j⟩⟨b̃i

j | ⊗ |c̃i
j⟩⟨c̃i

j |.

(11)
To introduce the remaining two test projectors,

let {|ãi⟩}i∈Zd
with |ãi⟩ =

∑
j∈Zd

ωij |aj⟩/
√
d be the

Fourier basis with respect to the Schmidt basis
{|ai⟩}i∈Zd

. Let

|B̃i⟩ =
∑
j∈Zd

ω−ijsj |Bj⟩ =
∑
j∈Zd

ω−ijsj

∑
l∈Zd

tjl |bj
l ⟩|cj

l ⟩

(12)
for i ∈ Zd and construct SD as follows:

|B̃i⟩ =
∑
j∈Zd

ui
j |b̄i

j⟩|c̄i
j⟩, (13)

where ui
j are the Schmidt coefficients of |B̃i⟩, while

{|b̄i
j⟩}j∈Zd

and {|c̄i
j⟩}j∈Zd

are the corresponding
Schmidt bases. Then the target state |Ψ⟩ can also
be expressed as follows:

|Ψ⟩ = 1√
d

∑
i∈Zd

|ãi⟩|B̃i⟩ = 1√
d

∑
i∈Zd

∑
j∈Zd

ui
j |ãi⟩|b̄i

j⟩|c̄i
j⟩.

(14)
Suppose the first party performs the projective

measurement in the basis {|ãi⟩}i∈Zd
and obtains out-

come i, then the reduced state of the remaining par-
ties is |B̃i⟩. If the second party performs the pro-
jective measurement in the Schmidt basis {|b̄i

j⟩}j∈Zd

for each outcome i, then the resulting test projector,
labeled by the string m = (1, 0), reads

P(1,0) =
∑
i∈Zd

∑
j∈Zd|ui

j
>0

|ãi⟩⟨ãi| ⊗ |b̄i
j⟩⟨b̄i

j | ⊗ |c̄i
j⟩⟨c̄i

j |.

(15)
If instead the second party performs the projective
measurement in the Fourier basis {|γi

j⟩}j∈Zd
with

|γi
j⟩ =

∑
l∈Zd

1√
d
ωjl|b̄i

l⟩ (16)

for each outcome i, then the resulting test projector,
labeled by the string m = (1, 1), reads

P(1,1) =
∑
i∈Zd

∑
j∈Zd

|ãi⟩⟨ãi| ⊗ |γi
j⟩⟨γi

j | ⊗ |ζi
j⟩⟨ζi

j |, (17)

where
|ζi

j⟩ =
∑
l∈Zd

ui
lω

−jl|c̄i
l⟩. (18)

Equations (8), (11), (15), and (17) above exhaust all
four test projectors featured in the SD protocol.

3.3 Proof of Theorem 1
Proof of Theorem 1. We shall prove Theorem 1 by in-
duction on the number n of parties. For simplicity of

description, we assume that the total Hilbert space H
can be expressed as a tensor power H = H⊗n

d , where
Hd has dimension d, but the basic idea of our proof
can be applied to a more general setting.

Suppose |Ψ⟩ has the following decomposition with
respect to the first party and the remaining n − 1
parties:

|Ψ⟩ =
∑
i∈Zd

si|ai⟩|Bi⟩ =
∑
i∈Zd

1√
d

|ãi⟩|B̃i⟩; (19)

here the first decomposition is a SD, and {|ãi⟩}i∈Zd
is

a basis on Hd that is unbiased with the Schmidt basis
{|ai⟩}i∈Zd

. To simplify the notation, the verification
operator ΩSD is abbreviated as Ω. By definition Ω
can be expressed as follows:

Ω = 21−n
∑

m∈Zn−1
2

Pm, (20)

where Pm are test projectors featured in the SD pro-
tocol.

If n = 2, then |Ψ⟩ is a bipartite pure state and we
have Ω = (P0 + P1)/2, where the two test projectors
P0 and P1 are given in Eq. (4). It is straightforward
to verify that P1 has rank d and tr(P0P1) = 1 [20].
Let P̄m = Pm − |Ψ⟩⟨Ψ| for m = 0, 1; then we have
Ω̄ = Ω − |Ψ⟩⟨Ψ| = (P̄0 + P̄1)/2. In addition, P̄0 and
P̄1 are mutually orthogonal projectors, and P̄1 has
rank d− 1 ≥ 1. Therefore,

β(Ω) = ∥Ω̄∥ = 1
2∥P̄0 + P̄1∥ = 1

2 , ν(Ω) = 1
2 , (21)

which implies Eq. (5). If |Ψ⟩ is entangled, then both
P̄0 and P̄1 have rank at least 1, which implies that

∥pP̄0 + (1 − p)P̄1∥ = max{p, 1 − p} ≥ 1
2 (22)

for 0 ≤ p ≤ 1. So the choice p = 1/2 (which means
P0 and P1 are chosen with uniform probability) is
optimal.

Next, suppose the result ν(Ω) ≥ 21−n holds for all
n with 2 ≤ n ≤ ñ for some positive integer ñ ≥ 2 and
let n = ñ+ 1. Then Pm can be expressed as follows:

Pm =
{∑

i∈Zd|si>0 |ai⟩⟨ai| ⊗ Pi,m m1 = 0,∑
i∈Zd

|ãi⟩⟨ãi| ⊗ P̃i,m m1 = 1,
(23)

where Pi,m (P̃i,m) are test projectors featured in the
SD protocol applied to |Bi⟩ (|B̃i⟩). Let

Ωi = 22−n
∑

m∈Zn−1
2 |m1=0

Pi,m ∀ i ∈ Zd, si > 0,

Ω̃i = 22−n
∑

m∈Zn−1
2 |m1=1

P̃i,m ∀ i ∈ Zd;
(24)

then Ωi (Ω̃i) is a verification operator of |Bi⟩ (|B̃i⟩).
Let

νk := 21−k, βk := 1 − νk ∀ k = 2, 3, . . . , n; (25)
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then, by induction hypothesis, we can deduce that

Ωi ≤ νn−1|Bi⟩⟨Bi| + βn−1,

Ω̃i ≤ νn−1|B̃i⟩⟨B̃i| + βn−1.
(26)

Now, if |Ψ⟩ is regarded as a bipartite pure state be-
tween the first party and the remaining n− 1 parties,
then the two test projectors featured in the SD pro-
tocol read [cf. Eq. (4)]

Π0 =
∑

i∈Zd|si>0

|ai⟩⟨ai| ⊗ |Bi⟩⟨Bi|,

Π1 =
∑
i∈Zd

|ãi⟩⟨ãi| ⊗ |B̃i⟩⟨B̃i|.
(27)

In addition, (Π0 + Π1)/2 is a verification operator of
|Ψ⟩⟨Ψ| with spectral gap 1/2 [cf. Eq. (21)], that is,

|Ψ⟩⟨Ψ| ≤ 1
2(Π0 + Π1) ≤ 1

2(|Ψ⟩⟨Ψ| + 1). (28)

Combining the above results, we can deduce that

Ω = 1
2

∑
i∈Zd|si>0

|ai⟩⟨ai| ⊗ Ωi + 1
2

∑
i∈Zd

|ãi⟩⟨ãi| ⊗ Ω̃i

≤ 1
2

∑
i∈Zd|si>0

|ai⟩⟨ai| ⊗ (νn−1|Bi⟩⟨Bi| + βn−1)

+ 1
2

∑
i∈Zd

|ãi⟩⟨ãi| ⊗
(
νn−1|B̃i⟩⟨B̃i| + βn−1

)
≤ νn−1

2 (Π0 + Π1) + βn−1

≤ νn−1

2 (|Ψ⟩⟨Ψ| + 1) + βn−1

= νn|Ψ⟩⟨Ψ| + βn, (29)

where the parameters νk and βk for k = n − 1, n
are defined in Eq. (25). This equation implies that
ν(Ω) ≥ νn = 21−n, which in turn implies Eq. (5) and
completes the proof of Theorem 1.

Figure 3: Schematic of the CSD protocol as a probabilistic
mixture of n SD protocols tied to n different orders of SD.
The first party is chosen randomly, which determines the
order of SD and the corresponding SD protocol according to
a cyclic sequence.

3.4 Variants of the SD protocol
The SD protocol presented in Sec. 3.1 is based on a
given order of successive SD, which determines the or-
der of adaptive local projective measurements. Any
permutation of the n parties yields an equally good
order. Moreover, the spectral gap can usually be in-
creased by averaging over different orders. For ex-
ample, here we propose the cyclic SD (CSD) proto-
col, which is the average over n orders that are re-
lated by a cyclic permutation as illustrated in Fig. 3.
The resulting verification operator can be expressed
as ΩCSD =

∑n
k=1 ΩSD,k/n, where ΩSD,k denotes the

verification operator for which party k starts the pro-
jective measurement. The spectral gap ν(ΩSD,k) av-
eraged over Haar-random pure states is independent
of k, so the CSD protocol can achieve a larger av-
erage spectral gap, as illustrated in Fig. 2. When
d = 4, n ≥ 4 or d = 5, n ≥ 3, the average spectral gap
is even larger than 1/2, so the performance of adap-
tive local projective measurements is quite close to the
performance of entangling measurements for Haar-
random pure states, which is quite surprising. Ad-
ditional numerical results on Dicke states are shown
in Fig. 9 in Appendix B.

Incidentally, many other variants of the SD pro-
tocol are conceivable by considering more bases un-
biased with the Schmidt basis or more permutations.
However, such protocols entail more measurement set-
tings, and their advantages over the CSD protocol are
limited, given that the average spectral gap achieved
by the CSD protocol is already quite large.

4 MUB protocol
4.1 Protocol and performance
In this section, we introduce a simpler protocol based
on MUB to avoid successive SD. For concreteness,
MUB can be constructed from the eigenbases of the
two generalized Pauli operators Z =

∑
i∈Zd

ωi|i⟩⟨i|
and X =

∑
i∈Zd

|i+ 1⟩⟨i|, where ω = e2πi/d, although
this choice is not essential. Note that the eigenbasis
of Z coincides with the computational basis. In the
MUB protocol, each party among the first n− 1 par-
ties randomly chooses one basis from the MUB and
performs the corresponding projective measurement,
then party n performs the projective measurement
onto the conditional reduced state of the target state
|Ψ⟩ depending on the measurement choices and out-
comes of the first n− 1 parties. Like the SD protocol,
the MUB protocol consists of 2n−1 tests. Each test
can be labeled by a string m in Zn−1

2 , where mk = 0, 1
indicate Z,X measurements, respectively, for the k-th
party; the resulting test projector is denoted by Qm
henceforth (see Sec. 4.3 for more details). If Qm is
performed with probability qm, then the overall veri-
fication operator reads ΩMUB =

∑
m∈Zn−1

2
qmQm. Al-
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Figure 4: Average spectral gaps achieved by eight variants of
the MUB protocol for n-qudit Haar-random pure states with
d = 2, 3, 4, 5. The color encoding of the local dimension
d follows the lower plot in Fig. 2 (blue, orange, green, and
purple mean d = 2, 3, 4, 5, respectively).

though the MUB protocol is substantially simpler, it
can achieve similar performance to the SD protocol, as
illustrated in Fig. 4 (see also Fig. 2 and Appendix E).
The deep reason behind this similarity merits further
exploration. It is also desirable to gain an analyti-
cal understanding of the average performance of the
MUB protocol.

4.2 Variants of the MUB protocol
As an alternative, the first n− 1 parties can perform
Z (X) measurements simultaneously. In this way,
we can construct a correlated MUB (CMUB) proto-
col, which can reduce the number of distinct tests
from 2n−1 to 2. Also, instead of party n, party k
for k = 1, 2, . . . , n − 1 can serve as the last party
(who performs the projective measurement at last),
and the resulting verification operator is denoted by
ΩMUB,k henceforth. On this basis we can construct a
symmetrized MUB (SMUB) protocol by randomizing
the choice of the last party as illustrated in Fig. 5,
and the resulting verification operator can be ex-
pressed as ΩSMUB =

∑n
k=1 ΩMUB,k/n. Symmetrized

CMUB protocol (SCMUB) can be constructed in a
similarly way. In addition, each of the first n − 1
parties can perform three or more projective mea-
surements that are mutually unbiased. For exam-
ple, the respective eigenbases of X, Z, and Y = iXZ
are mutually unbiased, from which we can construct
the 3MUB protocol. Likewise, 3CMUB, symmetrized

Figure 5: Schematic of the SMUB protocol as a probabilistic
mixture of n MUB protocols. Each MUB protocol featured
in the SMUB protocol is specified by the choice of the last
party (here k = 4), the party that performs the projective
measurement at last conditioned on the measurement choices
[specified by the string m = (1, 0, 0, 1)] and outcomes of the
other n− 1 parties. The projective measurement of the last
party is determined by the conditional reduced state |ψk⟩ =
|ψk,o,m⟩ of the target state.

3MUB (3SMUB), and symmetrized 3CMUB (3SC-
MUB) protocols can be constructed.

The performance of the above variants for Haar-
random pure states is shown in Fig. 4. Surprisingly,
the CMUB protocol (with only two distinct tests) can
verify generic Haar-random pure states; moreover, its
performance is comparable to the MUB protocol when
d ≥ 3. Symmetrization and more basis choices can
usually increase the spectral gap but do not change
the overall performance significantly (when d = 2, the
improvements of 3CMUB and SCMUB over CMUB
are exceptional). Additional results on Dicke states
are shown in Appendices C and D, which include
Figs. 10-15 and Table 1. Comparisons of various ver-
ification protocols are summarized in Appendices E
and F, which include Figs. 16-19 and Tables 2 and 3.

4.3 Test projectors and verification operators
featured in the MUB and CMUB protocols
For concreteness, here we provide explicit expressions
for the test projectors and verification operators of the
MUB and CMUB protocols. See Appendix D for the
counterparts of the SMUB and SCMUB protocols.

Recall that the MUB protocol consists of 2n−1 pro-
jective tests, and each test is labeled by a string m
in Zn−1

2 , where mk = 0 means the measurement in
the computational basis (eigenbasis of Z) for party
k, while mk = 1 means the measurement in a basis
mutually unbiased with the computational basis, say,
the eigenbasis of X. The corresponding test projector
Qm can be expressed as follows:

Qm =
∑

o∈Zn−1
d

Πo1,m1 ⊗ · · · ⊗ Πon−1,mn−1

⊗ |ψn,o,m⟩⟨ψn,o,m|, (30)
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where Πok,mk
for each k = 1, 2, . . . , n− 1 denotes the

projector onto the ok-th basis state associated with
the computational basis (when mk = 0) or MUB
(when mk = 1), and |ψn,o,m⟩ is the conditional re-
duced state of the target state |Ψ⟩ for party n given
the measurement setting m and outcome o. Suppose
the measurement setting m is chosen with probability
qm with

∑
m∈Zn−1

2
qm = 1; then the overall verifica-

tion operator reads

ΩMUB =
∑

m∈Zn−1
2

qmQm. (31)

For the uniform distribution, that is, qm = 21−n for
all m ∈ Zn−1

2 , we have ΩMUB = 21−n
∑

m∈Zn−1
2

Qm.
By contrast, the CMUB protocol consists of only two
tests labeled by the strings m = 0n−1 and m = 1n−1,
respectively.

Recall that the respective eigenbases of X, Z, and
Y = iXZ are mutually unbiased, from which we can
construct the 3MUB protocol and 3CMUB protocol
(when the measurement bases are correlated). If in
addition d is an odd prime, then the respective eigen-
bases of X,XZ,XZ2, . . . , XZd−1, Z form a complete
set of MUB, from which we can construct complete
MUB (cMUB) and complete CMUB (cCMUB) pro-
tocols. The test projectors and verification operators
of the 3MUB, 3CMUB, cMUB, and cCMUB protocols
can be constructed in a similar way.

5 Comparison with the HPS protocol
Recently, HPS proposed a protocol that can certify
almost all n-qubit pure states using single-qubit mea-
surements [36]. In general, it is impossible to formu-
late this protocol in the framework of standard QSV.
To make fair comparison here we focus on a particular
variant based on n tests for which this formulation is
possible [55]: all the parties except for one party (cho-
sen randomly) perform Pauli Z measurements, then
the last party performs the projective measurement
onto the conditional reduced state. Generalization
to systems with higher local dimensions is straight-
forward, but a rigorous performance guarantee is not
yet available.

Figure 6 compares the performance of the CSD,
SMUB, SCMUB, 3CMUB, and HPS protocols for
Haar-random pure states (see also Fig. 20 in Ap-
pendix G). The first three protocols can achieve much
larger average spectral gaps, which are lower bounded
by a universal constant according to numerical calcu-
lations, while the asymptotic behavior (for large n)
of the HPS protocol is not clear. When d = 2 and
n = 9 for example, the average spectral gaps achieved
by the CSD and SMUB protocols are more than five
times as large as the counterpart for the HPS proto-
col. The 3CMUB protocol can achieve average spec-
tral gaps comparable to those of the HPS protocol

Figure 6: Average spectral gaps achieved by the CSD,
SMUB, SCMUB, and 3CMUB protocols in comparison with
the HPS protocol [36] for n-qudit Haar-random pure states
with d = 2, 3, 4, 5. The color encoding follows Fig. 4.

Figure 7: Average sample costs required by the CSD, SMUB,
and SCMUB protocols for verifying n-qudit Haar-random
pure states with d = 2, 3, 4, 5 within precision δ = ε = 0.01
in the nonadversarial (solid lines) and adversarial (dashed
lines) scenarios. The color encoding follows Fig. 4.

but requires only three distinct tests. Further com-
parisons are shown in Table 4 in Appendix G.

6 Universal QSV in the adversarial sce-
nario
Now, the preparation device may be controlled by a
malicious adversary, and QSV is much more challeng-
ing. Fortunately, any verification protocol for the non-
adversarial scenario can be extended to the adversar-
ial scenario with a small sample overhead thanks to
Theorem 6 in Ref. [12]. Suppose Ω is a verification
operator for |Ψ⟩ with spectral gap ν; let p = ν/e and
Ωp = p+ (1 − p)Ω, where e is the base of the natural
logarithm. Then |Ψ⟩ can be verified efficiently in the
adversarial scenario by virtue of Ωp and random per-
mutations, and the number of tests required to achieve
infidelity ε and significance level δ satisfies [12]

N ≤ ln[(1 − ε)−1δ−1]
(1 − ν + e−1ν2)νε . (32)
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If Ω corresponds to the SD protocol, then we have
ν(Ω) ≥ 21−n by Theorem 1, so N ≤ 2nε−1 ln(δ−1)
whenever ε, δ ≤ 1/5. Numerical simulations further
show that the CSD, SMUB, and SCMUB protocols
can verify Haar-random pure states with constant
sample costs in both the nonadversarial and adver-
sarial scenarios, as illustrated in Fig. 7.

7 Summary
We proposed a universal protocol, the SD protocol, for
verifying arbitrary multipartite pure quantum states
using adaptive local projective measurements. Its per-
formance is guaranteed by a rigorous upper bound on
the sample complexity, independent of the local di-
mensions. Numerical calculations further show that
this protocol can verify Haar-random pure states with
a constant sample cost even in the adversarial sce-
nario. As alternatives, we also introduced several sim-
pler variants based on MUB, which can achieve simi-
lar performance. Numerical calculations indicate that
a generic Haar-random pure state can be verified effi-
ciently even if we can only access a constant number of
distinct tests based on local projective measurements.
Our work offers valuable insights on the power of lo-
cal projective measurements in QSV and useful tools
for verifying multipartite pure states, which may find
applications in many tasks in quantum information
processing, such as quantum benchmarking, quantum
computation, quantum simulation, and quantum ma-
chine learning.

Our work also opens several promising potential re-
search directions. Specifically, establishing informa-
tive analytical lower bounds for the average spectral
gaps achieved by variants of the SD and MUB pro-
tocols is a critical next step. Additionally, explor-
ing verification protocols beyond MUB and investigat-
ing the connection between quantum incompatibility
and sample complexity present significant opportuni-
ties for future research. Furthermore, determining the
fundamental efficiency limit of local projective mea-
surements remains a key unresolved challenge.

Note added. Upon completion of this work, we
noted Ref. [56], which proved that any n-qubit pure
state can be certified using O(n) samples.

The data and codes for this study are available at
https://github.com/WinkinTing/UQSV.
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Appendix
In this Appendix, we provide additional information on many variants of the SD protocol and MUB protocol. To
evaluate and compare the performance of these verification protocols, we discuss in more detail the verification
of GHZ states and provide extensive numerical results on the spectral gaps and sample costs associated with
these verification protocols applied to Haar-random pure states, Dicke state, and W states. In addition, we offer
some preliminary results on verification protocols beyond MUB. Furthermore, we summarize the distinctions
between these verification protocols and the protocol proposed by Huang, Preskill, and Soleimanifar (HPS)
[36]. For the convenience of the readers, the sample sizes of Haar-random pure states employed in numerical
simulations are summarized in a table at the end of this Appendix.

A SD protocol
In this section we discuss the applications of the SD protocol to the verification of GHZ states and Dicke states.

A.1 Verification of GHZ states
Here we clarify the performance of the SD protocol applied to the n-qudit GHZ state. It turns out that the
SD protocol with uniform probability can only achieve spectral gap 21−n, which saturates the lower bound in
Theorem 1 and decreases exponentially with n. Nevertheless, the SD protocol with optimized probabilities can
achieve spectral gap 1/2, which is independent of the local dimension and qudit number.
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Recall that the n-qudit GHZ state in H = H⊗n
d can be expressed as follows:

|Gn
d ⟩ := 1√

d

∑
i∈Zd

|i⟩⊗n, (A1)

which can be abbreviated as |G⟩ when there is no danger of confusion. Here the computational basis for each
party is also a Schmidt basis and the eigenbasis of the generalized Pauli operator Z =

∑
i∈Zd

ωi|i⟩⟨i|. In
addition, the Fourier basis coincides with the eigenbasis of the generalized Pauli operator X =

∑
i∈Zd

|i+ 1⟩⟨i|
and is composed of the following kets:

|ãi⟩ = 1√
d

∑
j∈Zd

ωij |j⟩, i ∈ Zd. (A2)

By virtue of the Fourier basis, the GHZ state |G⟩ can also be expressed as follows:

|G⟩ = 1√
d

∑
i∈Zd

|ãi⟩ ⊗ |B̃i⟩, |B̃i⟩ = 1√
d

∑
j∈Zd

ω−ij |j⟩⊗(n−1). (A3)

Note that |B̃i⟩ for i ∈ Zd are GHZ-like states.
In general, when the SD protocol is applied to the GHZ state |G⟩, each conditional reduced state that may

appear in the verification procedure is either a product state or a GHZ-like state. In addition, the measurement
basis of each party (including the last party) is the eigenbasis of either Z or X. In this special case, the SD
protocol can actually be realized by nonadaptive Pauli Z and X measurements. If all the first n − 1 parties
perform X measurements, then the last party performs an X measurement as well; otherwise, the last party
performs a Z measurement. The 2n−1 tests featured in the SD protocol can be labeled by strings in Zn−1

2 as in
the general case. Here we are particularly interested in the two tests labeled by 0 = 0n−1 (Z measurements for
all parties) and 1 = 1n−1 (X measurements for all parties); the two corresponding test projectors read

P0 =
∑
i∈Zd

(|i⟩⟨i|)⊗n, P1 = 1
d

∑
i∈Zd

(
X⊗n

)i
, (A4)

which have ranks d and dn−1, respectively. In addition, we have

tr(P0P1) = 1, Pm ≥ P0 ∀ m ∈ Zn−1
2 \ {1}. (A5)

Let P̄0 = P0 − |G⟩⟨G| and P̄1 = P1 − |G⟩⟨G|; then P̄0 and P̄1 are projectors that are mutually orthogonal. If
all tests Pm for m ∈ Zn−1

2 are performed with uniform probability, then

Ω = 21−n
∑

m∈Zn−1
2

Pm ≥ 2n−1 − 1
2n−1 P0 + 1

2n−1P1, (A6)

which implies that ν(Ω) ≤ 21−n. In conjunction with Theorem 1 we can deduce that ν(Ω) = 21−n, which
saturates the lower bound in Theorem 1.

Next, we show that the spectral gap achieved by the SD protocol can be enhanced exponentially if the test
probabilities are optimized. Suppose we perform the test Pm with probability pm with

∑
m∈Zn−1

2
pm = 1. Then

Ω =
∑

m∈Zn−1
2

pmPm ≥ (1 − p1)P0 + p1P1, (A7)

which implies that

ν(Ω) ≤ min{1 − p1, p1} ≤ 1
2 . (A8)

Here the upper bound is saturated when p1 = p0 = 1/2 and pm = 0 for all m ∈ Zn−1
2 \ {0,1}.

A.2 Verification of Dicke states
Dicke states are an important family of multipartite quantum states that are useful in many tasks in quantum
information processing, including quantum communication and quantum metrology. Efficient verification pro-
tocols tailored to Dicke states have been constructed recently [28, 29]. Here we shall illustrate the performance
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Figure 8: The spectral gaps ν(ΩSD) achieved by the SD protocol (under the uniform probability distribution) for various Dicke
states. For each plot, the local dimension d is fixed as labeled in the plot. Each data point corresponds to a particular Dicke
state |Dn

d (n)⟩ with the label n listed at the top according to the value of the spectral gap. The triangles on the green dash-dot
line represent the spectral gaps achieved by a specialized verification protocol as reproduced in Eq. (A14) [28, 29].

Figure 9: The spectral gaps ν(ΩCSD) achieved by the CSD protocol (under the uniform probability distribution) for various
Dicke states. Each data point corresponds to a particular Dicke state |Dn

d (n)⟩ with the label n listed at the top according to
the value of the spectral gap. The triangles on the green dash-dot line represent the spectral gaps determined by Eq. (A14)
as shown in Fig. 8.
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of our universal SD protocol applied to Dicke states in comparison with a specialized protocol proposed in
Ref. [29], which generalizes a protocol proposed in Ref. [28].

Up to local unitary transformations, each n-qudit Dicke state can be labeled by a nonincreasing sequence of
ℓ+ 1 ordered positive integers that sum up to n, where 1 ≤ ℓ ≤ min{d, n} − 1. Denote by Sn

d the set of all such
sequences for given n and d. Consider a general sequence in Sn

d :

n = (n0, n1, . . . , nℓ), n0 ≥ n1 ≥ · · · ≥ nℓ ≥ 1,
ℓ∑

i=0
ni = n; (A9)

let Zd be the ring of integers modulo d and B(n) the set of all strings in Zn
d in which ni symbols are equal to i

for i = 0, 1, . . . , ℓ. Then the n-qudit Dicke state associated with the sequence n is defined as follows [29]:

|Dn
d (n)⟩ := 1√

|B(n)|

∑
j∈B(n)

|j⟩, (A10)

where
|B(n)| = n!∏ℓ

i=0 ni!
. (A11)

When n = 4 and d = 3 for example, ℓ can take on two different values, namely, ℓ = 1, 2, and the set Sn
d is

composed of the following three sequences:

(3, 1), (2, 2), (2, 1, 1). (A12)

If n = (2, 1, 1), then B(n) is composed of 12 strings in Z4
3:

B(n) = {0012, 0021, 0102, 0120, 0201, 0210, 1002, 1020, 1200, 2001, 2010, 2100}, (A13)

so |Dn
d (n)⟩ is a superposition of 12 computational basis states.

Next, we illustrate the performance of the SD protocol in verifying various Dicke states, assuming that all tests
are chosen with uniform probability. The resulting spectral gaps ν(ΩSD) are shown in Fig. 8. As a benchmark,
the figure also shows the spectral gaps achieved by a specialized verification protocol, which are characterized
by the formula [28, 29]:

ν(Ωn) =


1/2 n = (1, 1, 1),
1/3 n = (2, 1),
1/(n− 1) n ≥ 4.

(A14)

Overall, the SD protocol is comparable to this specialized protocol with respect to the spectral gap (and sample
complexity as well); in addition, for many Dicke states, the SD protocol is much better. These results highlight
the versatility and power of the SD protocol in QSV.

B CSD protocol
The CSD protocol is a probabilistic mixture of n SD protocols associated with n different orders of SD along
a cyclic sequence, as illustrated in Fig. 3 in the main text. To demonstrate the performance of the CSD
protocol (under the uniform probability distribution), here we take Dicke states as an example. The spectral
gaps ν(ΩCSD) for various n-qudit Dicke states are shown in Fig. 9. Compared with the SD protocol, the CSD
protocol can increase the spectral gaps by about 9.2% to 83.5% depending on the specific Dicke state in addition
to the values of d and n. See Appendix E for additional discussion in terms of the sample costs.

C MUB and CMUB protocols
In this section we illustrate the performance of the MUB and CMUB protocols and their variants in verifying
GHZ states and Dicke states.
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Figure 10: The spectral gaps ν(ΩMUB) achieved by the MUB protocol (under the uniform probability distribution) for various
Dicke states. Each data point corresponds to a particular Dicke state |Dn

d (n)⟩ with the label n listed at the top according to
the value of the spectral gap. The triangles on the green dash-dot line represent the spectral gaps determined by Eq. (A14)
as shown in Fig. 8.

Figure 11: The spectral gaps ν(Ω3MUB) achieved by the 3MUB protocol (under the uniform probability distribution) for various
Dicke states. Each data point corresponds to a particular Dicke state |Dn

d (n)⟩ with the label n listed at the top according to
the value of the spectral gap. The triangles on the green dash-dot line represent the spectral gaps determined by Eq. (A14)
as shown in Fig. 8.
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Figure 12: The spectral gaps ν(ΩSMUB) achieved by the SMUB protocol (under the uniform probability distribution) for various
Dicke states. Each data point corresponds to a particular Dicke state |Dn

d (n)⟩ with the label n listed at the top according to
the value of the spectral gap. The triangles on the green dash-dot line represent the spectral gaps determined by Eq. (A14)
as shown in Fig. 8.

Figure 13: The spectral gaps ν(Ω3SMUB) achieved by the 3SMUB protocol (under the uniform probability distribution) for
various Dicke states. Each data point corresponds to a particular Dicke state |Dn

d (n)⟩ with the label n listed at the top
according to the value of the spectral gap. The triangles on the green dash-dot line represent the spectral gaps determined by
Eq. (A14) as shown in Fig. 8.
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Figure 14: The spectral gaps ν(ΩSCMUB) achieved by the SCMUB protocol (under the uniform probability distribution) for
various Dicke states. Each data point corresponds to a particular Dicke state |Dn

d (n)⟩ with the label n listed at the top
according to the value of the spectral gap. The triangles on the green dash-dot line represent the spectral gaps determined by
Eq. (A14) as shown in Fig. 8.

C.1 Verification of GHZ states
Here we clarify the performance of the MUB protocol applied to the n-qudit GHZ state |Gn

d ⟩ in Eq. (A1). For
concreteness, we focus on the MUB protocol based on generalized Pauli Z and X measurements. Note that
the eigenbasis of Z coincides with the computational basis, while the eigenbasis of X coincides with the Fourier
basis presented in Eq. (A2). For the GHZ state |Gn

d ⟩, therefore, the MUB protocol is equivalent to the SD
protocol (see Appendix A.1). Accordingly, the MUB protocol with uniform test probabilities can only achieve
spectral gap 21−n, while the MUB protocol with optimized probabilities can achieve spectral gap 1/2, which is
independent of the local dimension and qudit number. Note that the optimal MUB protocol consists of only
two distinct tests and coincides with the CMUB protocol with uniform test probabilities.

If the local dimension d is a prime, then the respective eigenbases of X,XZ,XZ2, . . . , XZd−1, Z form a
complete set of MUB as mentioned in the main text, from which we can construct a cMUB protocol. For
the n-qudit GHZ state, some variant of the cMUB protocol was studied earlier. According to Ref. [26], the
cMUB protocol with optimized test probabilities can achieve spectral gap d/(d + 1), which is the maximum
spectral gap achievable by local operations and classical communication and increases monotonically with the
local dimension d.

C.2 Verification of Dicke states
Here we illustrate the performance of the MUB and 3MUB protocols (under uniform probability distributions) in
verifying Dicke states. The spectral gaps ν(ΩMUB) and ν(Ω3MUB) for various Dicke states are shown in Figs. 10
and 11, respectively. The performance of both protocols is comparable to the SD protocol and a specialized
verification protocol proposed in Refs. [28, 29].

D SMUB and SCMUB protocols
In this section we first discuss the construction of test projectors and verification operators of the SMUB and
SCMUB protocols. Then we illustrate the performance of the SMUB and SCMUB protocols and their variants
in verifying various Dicke states and the impact of probability optimization on the spectral gaps.
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D.1 Test projectors and verification operators featured in the SMUB and SCMUB protocols
Recall that the SMUB protocol is constructed by randomizing the choice of the last party in the MUB protocol,
as illustrated in Fig. 5 in the main text. It is composed of 2n−1n tests, and each test is labeled by the choice of
the last party k and a string m in Zn−1

2 , which specifies the measurement setting of the other n− 1 parties. In
analogy to Eq. (30), the corresponding test projector can be expressed as follows:

Qk
m =

∑
o∈Zn−1

d

Πo1,m1 ⊗ · · · ⊗ Πok−1,mk−1 ⊗ |ψk,o,m⟩⟨ψk,o,m| ⊗ Πok+1,mk+1 ⊗ · · · ⊗ Πon,mn
, (D1)

where Πol,ml
for each l ∈ {1, 2, . . . , n} \ {k} denotes the projector onto the ol-th basis state associated with the

computational basis (when ml = 0) or MUB (when ml = 1), and |ψk,o,m⟩ is the conditional reduced state of
the target state |Ψ⟩ for party k given the measurement setting m and outcome o.

Suppose party k is chosen with probability pk and, for a given k, the test Qk
m is chosen with probability qk

m,
assuming that

∑n
k=1 pk = 1 and

∑
m∈Zn−1

2
qk

m = 1 for each k. Then the verification operator associated with
party k reads

ΩMUB,k =
∑

m∈Zn−1
2

qk
mQ

k
m, (D2)

and the overall verification operator reads

ΩSMUB =
n∑

k=1
pkΩMUB,k =

n∑
k=1

∑
m∈Zn−1

2

pkq
k
mQ

k
m =

n∑
k=1

∑
m∈Zn−1

2

q̃k
mQ

k
m, (D3)

where q̃k
m = pkq

k
m. If all tests are chosen with the same probability, then

ΩMUB,k = 21−n
∑

m∈Zn−1
2

Qk
m, ΩSMUB = 1

n

n∑
k=1

ΩMUB,k = 2
2nn

n∑
k=1

∑
m∈Zn−1

2

Qk
m. (D4)

The test projectors and verification operators of the 3SMUB, SCMUB, and 3SCMUB protocols (and other
variants) can be constructed in a similar way. Note that the 3SMUB protocol is composed of 3n−1n tests,
and each test Qk

m is labeled by the choice of the last party k and a string m in Zn−1
3 , which specifies the

measurement setting of the other n − 1 parties. The test set of the SCMUB (3SCMUB) protocol is contained
in the counterpart of the SMUB (3SMUB) protocol.

D.2 Verification of Dicke states
The spectral gaps achieved by the SMUB protocol (under the uniform probability distribution) for various Dicke
states are shown in Fig. 12 in comparison with the spectral gaps achieved by a specialized verification protocol
as determined by Eq. (A14) [28, 29]. The counterparts for the 3SMUB and SCMUB protocols are shown in
Figs. 13 and 14, respectively. These figures indicate that the SMUB and 3SMUB protocols can verify all Dicke
states, while the SCMUB protocol can verify most Dicke states.

D.3 Test probability optimization of the 3SMUB protocol for n-qubit Dicke states
In this section we study the impact of probability optimization on the 3SMUB protocol for verifying n-qubit
Dicke states. For a given Dicke state, the maximum spectral gap and the optimal probabilities for performing
individual tests can be determined by semidefinite programming (SDP) as shown in Eq. (3). The maximum
spectral gaps for various Dicke states up to eight qubits are shown in Fig. 15 in comparison with the counterparts
based on the uniform probability distributions. According to Fig. 15, probability optimization can usually more
than double the spectral gaps although it is not so useful for Haar-random pure states. The optimal probabilities
for two Dicke states labeled by the two sequences n = (2, 2) and n = (4, 1) are shown in Table 1.

When n is large, it is quite resource-intensive to determine the maximum spectral gap by SDP. To alleviate
this task, we can group certain test projectors before running SDP. Denote by Zn−1(nz) the set of strings in
Zn−1

3 in which nz entries are equal to 0 (corresponding to Pauli Z measurements), and the remaining n−nz − 1
entries are all equal to 1 or all equal to 2 (corresponding to Pauli X or Y measurements). The cardinality of
this set is |Zn−1(nz)| = 2

(
n−1
nz

)
. For each nz = 0, 1, . . . , n − 1, perform all tests Qk

m for k = 1, 2, . . . , n and
m ∈ Zn−1(nz) with the same probability. The resulting effective test operator Tnz

reads

Tnz = 1
n|Zn−1(nz)|

n∑
k=1

∑
m∈Zn−1(nz)

Qk
m. (D5)
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Figure 15: The spectral gaps ν(Ω3SMUB) achieved by three variants of the 3SMUB protocol for n-qubit Dicke states. Two
variants are based on the uniform and optimal (opt) probability distributions, respectively, while the third one is tied to the
restricted 3SMUB protocol characterized by Eq. (D6) with the optimized probability distribution (opt restricted). Each data
point corresponds to a particular Dicke state |Dn

d (n)⟩ with the label n listed at the top according to the value of the spectral
gap. The triangles on the green dash-dot line represent the spectral gaps determined by Eq. (A14) as shown in Fig. 8.

Table 1: Optimized test probabilities qk
m for applying the 3SMUB protocol to verifying the two Dicke states labeled by

n = (2, 2) and n = (4, 1), respectively. Note that pk = 1/n and q̃k
m = qk

m/n for k = 1, 2, . . . , n. Here P[m] denotes the set
of all distinct permutations of the string m; nz is the number of entries in m that are equal to 0, which corresponds to the
number of parties that perform Pauli Z measurements. Strings that do not appear mean the corresponding probabilities are
zero.

n n nz m string number qk
m

4 (2, 2)

0 (1, 1, 1), (2, 2, 2) 2 0.0882
1 P[(0, 1, 1)],P[(0, 2, 2)] 6 0.0817
2 P[(0, 0, 1)],P[(0, 0, 2)] 6 0.0458
3 (0, 0, 0) 1 0.0588

5 (4, 1)
0 (1, 1, 1, 1), (2, 2, 2, 2) 2 0.2221
4 (0, 0, 0, 0) 1 0.2422
0 P[(1, 1, 2, 2)] 6 0.0523

If Tnz is performed with probability pnz with
∑n−1

nz=0 pnz = 1, then the resulting verification operator Ω reads

Ω =
n−1∑

nz=0
pnz

Tnz
. (D6)

Now, the probabilities pnz
can be optimized using SDP. The resulting spectral gaps ν(Ω3SMUB) for various

qubit Dicke states are shown as crosses in Fig. 15. Surprisingly, the spectral gaps achieved by this simplified
optimization procedure are quite close to the counterparts based on brute-force optimization. This observation
is quite helpful for constructing efficient verification protocols for Dicke states.

E Comparison of various verification protocols
In this section we compare several variants of the SD and MUB protocols with respect to the spectral gaps and
sample costs. Haar-random pure states, Dicke states, and W states are considered separately.

E.1 Comparison for Haar-random pure states
In the case of Haar-random pure states, we first compare the spectral gaps achieved by eight variants of the SD
and MUB protocols, namely, SD, CSD, MUB, 3MUB, SMUB, 3SMUB, SCMUB, and 3SCMUB protocols. The
distributions of the spectral gaps achieved by the first six protocols for n, d = 2, 3, 4, 5 are illustrated as box
plots in Fig. 16. For all protocols, the spectral gaps tend to increase with the local dimension d as mentioned
in the main text.
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Figure 16: Box plots of the spectral gaps achieved by six variants of the SD and MUB protocols for n-qudit Haar-random pure
states. For each local dimension d and qudit number n, 1000 Haar-random pure states are generated (see Table 5). Each
box spans the interquartile range (IQR) of the middle 50% of the data, with the central line representing the median. The
whiskers extend to the minimum and maximum values within 1.5×IQR from the lower and upper quartiles, respectively; the
points beyond the whiskers are considered outliers.

Figure 17: The inverses of average spectral gaps 1/ν(ΩCMUB) achieved by the CMUB protocol (solid lines with circles) and
3CMUB protocol (dashed lines with squares) in logarithmic scale (top) and linear scale (bottom). The color encoding of the
local dimension d follows Fig. 4 in the main text (blue, orange, green, and purple mean d = 2, 3, 4, 5, respectively).
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Table 2: The reduction rates in sample costs of the CSD, MUB, 3MUB, SMUB, 3SMUB, SCMUB, and 3SCMUB protocols
compared with the SD protocol in the verification of n-qudit Haar-random pure states. For each local dimension d and qudit
number n, 1000 Haar-random pure states are generated as in Fig. 16 (see Table 5).

d n CSD % MUB % 3MUB % SMUB % 3SMUB % SCMUB % 3SCMUB %

2

2 0 −695.9 −330.3 −2.2 13.4 −1.9 14.1
3 27.1 −172.2 −66.6 15.8 33.0 7.1 26.8
4 34.1 −96.0 −19.2 18.7 39.0 2.1 26.5
5 33.7 −60.8 0.2 17.5 39.0 −5.8 21.3

3

2 0 −204.2 −93.0 −10.3 8.7 −9.8 9.0
3 30.6 −73.9 −9.8 14.5 32.6 5.9 26.1
4 35.0 −38.6 10.2 14.7 33.9 −0.9 22.5
5 34.8 −25.5 15.6 11.6 31.5 −9.3 16.2

4

2 0 −197.2 −60.7 −12.1 9.3 −11.5 9.5
3 31.4 −59.6 4.2 14.3 32.5 7.0 26.5
4 35.5 −29.0 15.7 14.2 32.4 1.4 22.7
5 35.9 −17.5 19.0 11.8 30.4 −4.4 18.0

5

2 0 −164.0 −47.1 −10.3 10.1 −10.0 10.2
3 32.4 −43.6 10.5 15.9 33.0 9.4 27.8
4 36.4 −20.6 18.5 14.9 32.2 4.0 23.8
5 37.3 −11.8 21.0 13.0 30.7 0.5 20.7

Table 3: The reduction rates in sample costs of the CSD, MUB, 3MUB, SMUB, and 3SMUB protocols compared with the
SD protocol in the verification of n-qudit Dicke states.

d n CSD % MUB % 3MUB % SMUB % 3SMUB %

2

3 10.3 −4.5 −22.8 13.3 30.0
4 10.4 −3.9 −12.6 14.3 31.8
5 10.2 −1.5 −24.2 16.0 27.2
6 9.5 −4.1 −23.4 14.4 25.2
7 9.0 −2.5 −36.6 15.4 19.4
8 8.6 −6.7 −44.4 12.9 14.5
9 8.1 −6.1 −61.1 13.7 7.7

3

3 37.4 −2.1 2.7 31.1 38.9
4 41.7 −8.3 −25.9 32.6 25.6
5 42.1 6.5 −19.9 34.5 26.9
6 40.8 6.5 −30.0 33.5 21.5
7 39.6 5.7 −38.5 31.8 -

4

3 35.9 −2.6 −3.1 32.0 33.5
4 43.4 5.3 −9.0 34.7 28.2
5 44.4 9.1 −17.3 36.3 23.1
6 42.4 9.2 −23.5 35.0 -

5
3 37.9 −7.4 −8.9 34.5 31.7
4 45.2 2.4 −10.0 38.1 30.4
5 45.7 10.8 −9.1 37.3 28.7
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Next, we take the SD protocol as a benchmark and compare the sample efficiencies of the eight protocols
mentioned above. Suppose the SD protocol requires NSD samples on average to reach a given precision, and
another protocol requires N samples on average to reach the same precision. Then the reduction rate of this
protocol compared with the SD protocol is defined as (NSD −N)/NSD. Table 2 summarizes the reduction rates
of the CSD, MUB, 3MUB, SMUB, 3SMUB, SCMUB, and 3SCMUB protocols for n-qudit Haar-random pure
states with n, d = 2, 3, 4, 5. Together with Fig. 16, it shows that the CSD protocol and 3SMUB protocol are the
best choices with respect to the spectral gaps and sample costs. On the other hand, the SCMUB and 3SCMUB
protocols are quite appealing because they can achieve comparable performance using only O(n) distinct tests.

Next, we provide a bit more information on the CMUB and 3CMUB protocols, which seem to be the most elu-
sive. Figure 17 shows the inverses of average spectral gaps achieved by the two protocols applied to Haar-random
pure states. When d = 2, the average spectral gap achieved by the CMUB protocol decreases exponentially with
n. In all other cases, by contrast, the average spectral gap tends to converge to a positive constant determined
by the local dimension d. For the 3CMUB protocol, the average spectral gap may have a nontrivial universal
lower bound even when d = 2. The reasons behind these intriguing phenomena merit further exploration.

E.2 Comparison for Dicke states
Here we compare the verification efficiencies of the SD, CSD, MUB, 3MUB, SMUB, and 3SMUB protocols
applied to Dicke states. Note that the CMUB, 3CMUB, SCMUB, and 3SCMUB protocols cannot verify all
Dicke states (see Table 4 in Appendix G below). Sample reduction rates mirror the counterparts for Haar-
random pure states, but with sample costs averaged over all Dicke states |Dn

d (n)⟩ with a given local dimension
d and qudit number n, where n satisfies the conditions in Eq. (A9). The reduction rates of the CSD, MUB,
3MUB, SMUB, and 3SMUB protocols compared with the SD protocol for d = 2, 3, 4, 5 and certain values of n
are shown in Table 3. In contrast with the results on Haar-random pure states (see Table 2), here the 3SMUB
protocol is less efficient than the SMUB protocol for some values of n when d ≥ 3. For Dicke states, some tests
featured in the 3SMUB protocol tend to reduce the efficiency and are thus not necessary.

E.3 Comparison for W states
Here we focus on W states, which are a special example of Dicke states with d = 2, ℓ = 1, and n1 = 1 (see
Appendix A.2). To be specific, the n-qubit W state can be expressed as follows:

|Wn⟩ = 1√
n

∑
j∈B1

n

|j⟩, (E1)

where B1
n denotes the set of strings in Zn

2 with Hamming weight 1. Previously, several efficient verification
protocols for W states were proposed in Refs. [28, 29], and one of the protocols can achieve the spectral gap

Figure 18: The spectral gaps achieved by the SD, CSD, MUB, 3MUB, SMUB, 3SMUB, and SCMUB protocols (under uniform
probability distributions) for the n-qubit W state. As benchmarks, triangles on dash-dot lines denote the spectral gaps achieved
by three specialized verification protocols as reproduced in Eqs. (A14), (E2), and (E3), respectively [28, 29].
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ν(Ωn) presented in Eq. (A14). In addition, Ref. [29] proposed two other protocols, which can achieve the
following spectral gaps, respectively:

ν(ΩWn
) =


1
2 − 1√

10 n = 3,
1−

√
1−h(n−3)

2 n ≥ 4,
(E2)

ν
(
ΩG

Wn

)
= 1 + (n− 2)h(n− 1)
n+ (n− 2)h(n− 1) , (E3)

where

h(n) := 1
2n

n∑
k=0

(
n
k

)
1 + (n− 2k)2 . (E4)

Now, we compare the verification efficiencies of the SD, CSD, MUB, 3MUB, SMUB, 3SMUB, and SCMUB
protocols applied to W states. The spectral gaps achieved by these protocols (under uniform probability
distributions) are shown in Fig. 18. When n ≥ 6, the SMUB protocol can achieve the largest spectral gap and
is thus the most efficient. As benchmarks, the figure also shows the spectral gaps achieved by three specialized
verification protocols [28, 29] as reproduced in Eqs. (A14), (E2), and (E3).

F Verification protocols beyond MUB
According to the previous discussions, symmetrization and more local bases can usually increase the spectral
gap, especially when the local dimension d is small. In this section we are particularly interested in verification
protocols whose test numbers do not increase with the qudit number n, so more local bases are crucial for
enhancing the efficiency. However, each set of MUB in dimension d can contain at most d + 1 bases, so we
need to consider verification protocols beyond MUB if more local bases are required. Here, we present some
preliminary results for the special case d = 2, in which the performance of the CMUB and 3CMUB protocols
are not satisfactory as reflected in Fig. 17.

In the case of a qubit, each Bloch vector (or point on the Bloch sphere) determines an (orthonormal) basis
and the corresponding rank-1 projective measurement (note that two antipodal points determine the same basis
essentially). For example, from the six vertices of a regular octahedron inscribed in the Bloch sphere, we can
generate three bases that are mutually unbiased and thereby construct multiple variants of the 3MUB protocol.
In a similar spirit, we can generate four bases from the vertices of a regular tetrahedron (Tet):

u1 = 1√
3

(1, 1, 1), u2 = 1√
3

(1,−1,−1), u3 = 1√
3

(−1, 1,−1), u4 = 1√
3

(−1,−1, 1). (F1)

By virtue of these bases and correlated measurements we can construct the 4C-Tet and 4SC-Tet protocols in
analogy to the 3CMUB and 3SCMUB protocols. Likewise, we can generate six bases from six of the twelve

Figure 19: Averaged spectral gaps achieved by the 4C-Tet, 6C-Ico, 4SC-Tet, and 6SC-Ico protocols and six variants of the
MUB protocol (under uniform probability distributions) for n-qubit Haar-random pure states.
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vertices of a regular icosahedron (Ico):

v1 = 1√
1 + g2

(1, g, 0), v2 = 1√
1 + g2

(−1, g, 0), v3 = 1√
1 + g2

(0, 1, g),

v4 = 1√
1 + g2

(0,−1, g), v5 = 1√
1 + g2

(g, 0, 1), v6 = 1√
1 + g2

(g, 0,−1),
(F2)

where g =
(
1 +

√
5

)
/2. By virtue of these bases and correlated measurements we can construct the 6C-Ico and

6SC-Ico protocols. Note that the four protocols 4C-Tet, 6C-Ico, 4SC-Tet, and 6SC-Ico consist of 4, 6, 4n, and
6n distinct tests, respectively.

Figure 19 illustrates the average spectral gaps achieved by the four protocols constructed above for Haar-
random pure states in comparison with six variants of the MUB protocol. Increasing the number of local bases
tend to increase the average spectral gap as expected. For the CMUB, 3CMUB, and 4C-Tet protocols, the
average spectral gaps decrease monotonically with n; for the other seven protocols, by contrast, the average
spectral gaps first decrease but eventually increase with n, although the variations are very small when n ≥ 7.
Notably, the 6C-Ico protocol can verify Haar-random pure states with a constant number of distinct tests and a
constant sample cost, independent of the qubit number n. In addition, the 6SC-Ico protocol is the most efficient
among the ten protocols, although its test number increases only linearly with n, in sharp contrast with the
MUB and SMUB protocols.

All the protocols constructed above are tied to 2-designs. Previously, 2-designs also played an important role
in constructing nearly optimal protocols for verifying bipartite pure states [20], although they are not crucial
for establishing the main results in this work. When the local dimension is a prime power, 2-designs can be
constructed from complete sets of MUB. In general, we need to go beyond MUB; some alternative construction
methods can be found in Refs. [48, 57, 58]. In the future, it would be interesting to explore the potential
applications of such alternative 2-designs in the verification of multipartite pure states.

G Comparison with the HPS protocol
Recently, HPS proposed a protocol that can certify almost all n-qubit pure states using single-qubit measure-
ments [36]. In this Protocol (Level-m), all n parties except for m parties (chosen uniformly at random) perform
Pauli Z measurements, then each of the remaining parties performs one of the three Pauli measurements (X,
Y , and Z) randomly. After N runs, one can compute the shadow overlap based on the measurement outcomes.
The state prepared is accepted if the shadow overlap is larger than a threshold and rejected otherwise. To verify
an n-qubit pure state |Ψ⟩ within infidelity ε and significance level δ, the sample cost (number of measurements)
required reads T = 22m+4 τ2

ε2 ln( 2
δ ), where τ is the relaxation time of a Markov chain determined by the target

state |Ψ⟩. If |Ψ⟩ is a Haar-random pure state, then τ = O(n2) with probability exponentially close to 1.
In general, the HPS protocol cannot be formulated in the framework of standard QSV considered in this

work. Nevertheless, HPS also proposed a variant of the Level-1 protocol (m = 1), which is compatible with

Figure 20: Ratios of the average spectral gaps achieved by the CSD, SMUB, SCMUB, and 3CMUB protocols over the
counterpart by the HPS protocol for n-qudit Haar-random pure states with d = 2, 3, 4, 5. The color encoding of the local
dimension d follows Fig. 4 in the main text (blue, orange, green, and purple mean d = 2, 3, 4, 5, respectively).
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Table 4: Comparison of the SD, MUB, SMUB, 3CMUB, SCMUB, 6C-Ico, and HPS protocols with respect to the scope of
applications, number of distinct tests, and sample complexity. The CSD protocol is comparable to the SD protocol except
for the test number; similarly, 3MUB (3SMUB) protocol is comparable to the MUB (SMUB) protocol; 3SCMUB protocol is
comparable to the SCMUB protocol; CMUB is comparable to the 3CMUB protocol except when d = 2.

SD MUB SMUB 3CMUB SCMUB 6C-Ico HPS

Scope all n-qudit
pure states

n-qudit
pure

states

n-qudit
pure

states

n-qudit
pure

states

n-qudit
pure

states

n-qubit
pure

states

almost all
n-qubit

pure states
Test number 2n−1 2n−1 2n−1n 3 2n 6 n

GHZ states yes yes yes yes yes yes no
Dicke states yes yes yes most most yes no
Worst case O(2n/ε) - - ∞ ∞ - ∞

Haar-random
(rigorous) O(2n/ε) - - - - - O(n2/ε)

Haar-random
(numerics) O(1/ε) O(1/ε) O(1/ε) O(n/ε) O(1/ε) O(1/ε) O(n/ε)

Table 5: Numbers of n-qudit Haar-random pure states sampled in numerical simulations for various verification protocols
proposed in this work and the HPS protocol.

d n SD CSD MUB, 3MUB,
SMUB, 3SMUB

CMUB, 3CMUB,
SCMUB, 3SCMUB

4C-Tet, 4SC-Tet,
6C-Ico, 6SC-Ico HPS

2

2-8 1000 1000 1000 1000 1000 1000
9 100 100 100 100 100 100
10 100 100 - 100 100 100
11 - - - 100 100 100

3, 4, 5 2-5 1000 1000 1000 1000 - 1000
3 6, 7 - - - 100 - 100

6, 7 2-5 1000 - - - - -

8 2, 3, 4 1000 - - - - -
5 100 - - - - -

9 2, 3, 4 1000 - - - - -
5 20 - - - - -

the framework of standard QSV [55]: all n parties except for one party (chosen uniformly at random) perform
Pauli Z measurements, then the last party performs the projective measurement onto the conditional reduced
state of the target state. In this way, the sample cost can be reduced to T = 32 τ

ε ln( 1
δ ); here 1/τ corresponds

to the spectral gap in the framework of standard QSV.
Although the HPS protocol can certify almost all n-qubit pure states with O(n2) samples, it cannot certify

certain important multiqubit pure states directly, such as GHZ states and Dicke states, because of the divergence
of the relaxation time τ . In the perspective of standard QSV, this means the spectral gap vanishes. Consider the
GHZ state |Gn

d ⟩ defined in Eq. (A1) for example. The n test projectors and the verification operator featured
in the HPS protocol are all equal to

Ω =
∑
i∈Zd

(|i⟩⟨i|)⊗n, (G1)

so the spectral gap is equal to zero. In this special case, nevertheless, this problem can be resolved by modifying
the measurement bases, using the Hadamard gate for example. Next, consider the Dicke state |Dn

d (n)⟩ defined
in Eq. (A10). Now, the n test projectors and the verification operator featured in the HPS protocol are all
equal to

Ω =
∑

j∈B(n)

|j⟩⟨j|, (G2)
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so the spectral gap is also equal to zero. It is possible to increase the spectral gap by modifying the measurement
bases; however, a universal nontrivial lower bound for the spectral gap is still not available. By contrast, the
spectral gap achieved by our SD (CSD) protocol with uniform test probabilities is lower bounded by 21−n for
all n-qudit pure states (including n-qubit pure states).

Next, we compare the performance of the CSD, SMUB, SCMUB, 3CMUB, and HPS protocols for n-qudit
Haar-random pure states. The average spectral gaps achieved by these protocols are shown in Fig. 6 in the
main text. Compared with the HPS protocol, the CSD, SMUB, and SCMUB protocols can achieve much
larger average spectral gaps, which are lower bounded by a universal constant according to extensive numerical
calculations. By contrast, the 3CMUB protocol can achieve slightly smaller (larger) average spectral gaps when
d = 2 (d ≥ 3). Figure 20 further shows the ratios of the average spectral gaps achieved by the CSD, SMUB,
3CMUB, and SCMUB protocols over the counterpart by the HPS protocol. As n increases, all the ratios tend
to increase (except for the one tied to the 3CMUB protocol when d = 2), which means the sample advantages
of the CSD, SMUB, 3CMUB, and SCMUB protocols become more significant.

Table 4 summarizes the main properties of multiple variants of the SD and MUB protocols in comparison
with the HPS protocol.

H Sample sizes of Haar-random pure states in numerical simulations
For the convenience of the readers, in Table 5 we summarize the sample sizes of Haar-random pure states
employed in our numerical simulations on QSV based on various verification protocols.
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