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States of open quantum systems often decay continuously under environmental interac-
tions. Quantum Markov semigroups model such processes in dissipative environments. It
is known that finite-dimensional quantum Markov semigroups with GNS detailed balance
universally obey complete modified logarithmic Sobolev inequalities (CMLSIs), yielding
exponential decay of relative entropy to a subspace of fixed point states. We analyze con-
tinuous processes that combine dissipative with Hamiltonian time-evolution, precluding
this notion of detailed balance. First, we find counterexamples to CMLSI-like decay for
these processes and determine conditions under which it fails. In contrast, we prove that de-
spite its absence at early times, exponential decay re-appears for unital, finite-dimensional
quantum Markov semigroups at finite timescales. Finally, we show that when dissipation
is much stronger than Hamiltonian time-evolution, the rate of eventual, exponential decay
toward the semigroup’s decoherence-free subspace is bounded inversely in the decay rate
of the dissipative part alone. Dubbed self-restricting noise, this inverse relationship arises
when strong damping suppresses effects that would otherwise spread noise beyond its initial
subspace.

1 Introduction

A primary challenge for quantum information theory is to understand noise-induced decay of quantum
states, estimate rates, and invent strategies to improve control. Decay and decoherence are major
challenges for quantum computing [1, 2] and ultimately constrain rates of quantum communication
[3]. Related questions concern the emergence of classicality [4] and the thermal equilibration rates of
open quantum systems [5, 6]. A common intuition is that without error correction or other protection,
information stored in quantum systems decays exponentially. A broad task at the intersection of
mathematical physics and quantum information is to show theoretically when exponential decay is
inevitable, and when it is not.

Existing theory shows tensor-stable, exponential decay for a range of open quantum systems. Recall
the notion of a quantum Markov semigroup (QMS): a family of parameterized quantum channels
(completely positive, trace-preserving maps) (®');>o for which ®' o &% = ®**¢ for all t,s > 0. A
QMS has a Lindbladian generator given by L(p) = —i[H, p] + S(p) [7, 8], where H is a Hamiltonian
(Hermitian operator) and S a linear map described as a dissipator, such that ® = exp(—Lt). We
also recall Umegaki’s relative entropy given in finite dimension by D(p||w) = tr(p(log p —logw)) [9] for
density matrices p and w. Earlier results [10, 11, 12] show a particularly strong form of exponential
relative entropy decay known as a complete modified logarithmic Sobolev inequality (CMLSI) for all
QMSs obeying a detailed balance condition. We recall [13] that a QMS has \-CMLSI for A > 0 toward
subspace projection & if

D((2* @ 1d")(p)[[((2* 0 &) @ 1d7)(p)) < e **D(pll(€ @ 1d7)(p))
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for all t > 0, where B is an arbitrary, finite-dimensional auxiliary system, and p is any input density on
the combined system. CMLSI is a tensor-stable strengthening of the longer-known modified logarithmic
Sobolev inequality (MLSI) introduced in [14]. In the detailed balance setting, £ is a uniquely defined
conditional expectation projecting to the fixed point subspace of the QMS. In general, when a QMS
has a fixed point subspace to which it induces decay, we define CMLSI with respect to the projection
to that subspace. If a QMS induces persistent rotation without decay (for example, if it is unitary),
then it may be more appropriate to regard £ as a decoherence-free subspace projection such that
Ptof =E0d" = Rt o& =& o R for some unitary rotation group R?.

Detailed balance (as formally recalled Section 2) applies primarily to processes that might be
considered entirely dissipative, having no non-trivial Hamiltonian part. Here we aim to extend beyond
the detailed balance setting by incorporating non-trivial, system-internal Hamiltonian time-evolution
alongside dissipation. When Hamiltonian dynamics do not commute with the dissipator’s fixed point
subspace projection, they reduce the fixed point subspace. Early-time decay, however, is still toward
the original fixed point subspace up to linear order in time. Hence some information that would be
eventually destroyed may escape initial exponential decay.

Proposition 1.1 (Introduction Version of Proposition 3.10). Let (®') be a unital, finite-dimensional
QMS with generator L(p) = i[H, p] + S(p). Assume @) := exp(—tS) has N\o-CMLSI and fized point
conditional expectation &.

o If time-evolution via H commutes with &y, then L has A\o-CMLSI toward &.

o If time-evolution generated by H does not commute with &, then (®%) has a unique decoherence-
free subspace projection € # &y, and L does not have CMLSI.

Though CMLSTI fails generically at short times, longer times may still effectively yield CMLSI-like
behavior. The second main result herein is that for unital QMSs, exponential relative entropy decay
re-appears with respect to any finite timescale, albeit with a timescale-dependent constant.

Theorem 1.2 (Introduction Version of Theorem 3.19). Let (®');>0 be a finite-dimensional, unital
QMS. For any T > 0, there exists a constant e, < 1 and unique decoherence-free subspace projection &
for which

D((@* @ 1dP)(p)[[((€ 0 @) ® 1d7)(p)) < e/ D(pl|(€ @ 1d7)(p))

for allt > 0 and input densities p, where |-| denotes the floor function, and B is any finite-dimensional
auziliary system.

Theorem 1.2 shows that even without true CMLSI, analogous forms of relative entropy decay are
universal for unital, finite-dimensional QMSs. The constant €, is defined explicitly in the Theorem’s
technical version, Theorem 3.19. When decay toward the dissipator’s fixed point subspace is however
extremely fast, it induces Zeno dynamics, actually suppressing the spread of noise that would otherwise
occur via Hamiltonian interactions. Since the channel £ in Theorem 3.15 is a decoherence-free subspace
projection, it is known that when the generator is written in form

L(p) = ilH, p] + 5 Y (LjLip = 2LjpL; + pL;L;) (1)
Jj=1
for which the (L) are traceless and orthonormal, a one-parameter unitary subgroup R’ is generated
by H [15, 16] such that ®'& = E®' = R'E = ER'.

Theorem 1.3 (Introduction Version of Theorem 3.15). Let L(-) = i[H, ] + S(-) generate QMS (P*)
with decoherence-free subspace projection €. Assume that S generates QMS (®)) with \o-CMLSI
toward fixed point conditional expectation Ey # £.
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Then there are constants cg,c1, and § scaling logarithmically with the system dimension or subal-
gebra indices of £ and & such that for any given T € (0,1) and input p mazimizing D(Eo(p)||E(p)),

D(®' (& (p)[[@ 0 E(p)) = e D(Ea(p)IIE(p))

att =1 X Xoco/ || H||2,0 with

IHZ]3, 0 !
A< X —In|—0———-5]) -
- o % TCo . (2(1 - 7)20(2))

Theorem 1.3 upper-bounds the rate of exponential decay. The title phenomenon of this paper,
self-restricting noise, is that A is upper-bounded inversely in A\g. A dissipator inducing faster decay
can actually slow CMLSI-like decay at intermediate timescales. The particular intermediate timescale
considered by the Theorem depends on the free parameter 7. Decay at times up to Aoco/||H||%,6 as
in the Theorem is controlled. In contrast, the bound on X induced by Ay also becomes weak at very
short times. This is not because the decay rate becomes unconstrained at short times but because it
is upper-bounded by 3.10 independently from )\ - here the restriction on linear-order decay arises not
from self-restricting noise, but from the initial entropy decay having no linear-order component. The
Theorem follows Proposition 3.14, which upper bounds trace distance decay rates toward £ and might
be of independent interest. Unlike previously noted results, Theorem 1.3 does not require unitality.
Explicit constants are given in the technical version, 3.15. In Section 4, examples illustrate Theorem
1.3. Such an inverse relationship in CMLSI constants is needed to account for the intermediate-
timescale regime of effective Zeno dynamics as noted in [17].

2 Background and Notations

By B(H) we denote the space of bounded operators on Hilbert space H, and by D(H) we denote
the space of densities. By 1 we denote the identity matrix. For a unitary matrix U, we denote by
Ry the channel that applies that unitary matrix via conjugation such that Ry (X) := UXUT for
any X € B(#H). If there is a family of unitaries (U;), we may denote R; := Ry, when it is clear
from context. Similarly, we sometimes denote R! := Rexp(—ime)- A quantum channel is a completely
positive, trace-preserving map on density matrices, usually denoted by ®, ¥, or ©. For products
of quantum channels, we use concatenation to denote composition or the “o” symbol to optimize
readability, e.g. ®U(p) = ®(V(p)) = ® o ¥(p) for a density matrix p € D(H). By Id we denote the
identity superoperator (which is a quantum channel).

For a normal, faithful state w € B(H). = D(H), the GNS inner-product with respect to w is defined
for z,y € B(H) as

(@,y), = tr(wz'y) (2)

in a tracial setting. We say that a map ® has GNS detailed balance when ® is self-adjoint with respect
to the GNS inner product for an invariant density w. We say that a map is trace-symmetric if it is
GNS self-adjoint with respect to the completely mixed state. By @ we denote the adjoint of ® under
the GNS inner product with state w. We denote by ®* : B(H) — B(#) the adjoint of ® with respect
to the trace-induced inner product and by ®, the often equivalent pre-adjoint.

Conditional expectations are quantum channels that are idempotent and self-adjoint with respect
to a GNS inner product. In particular, when a conditional expectation £ is trace-symmetric,

tr(E(X)Y) = tr(E(X)E(Y)) (3)
for any operators X and Y. In general,

E(p) = @itri(Pp P) @ 07) (4)
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where P; projects to a diagonal block of the original matrix, tr; is a partial trace on the ith block and
0; is a positive matrix on the ith block. In keeping with the physics convention to study Schrédinger-
picture channels on densities, we denote as the conditional expectation such a channel. In the more
mathematical convention, our object of study would be the predual of the conditional expectation.
For unital channels, and in most cases we consider, these coincide. See [18] and [10, Section 2.1] for
more on conditional expectations.

2.1 Ways to Compare States and Channels

To study decay of quantum states, we recall several quantitative notions of distance or similarity.
By p > 0, we mean that p is greater than o in the Loewner order: p — o is a non-negative matrix.
We say for a pair of superoperators ®, ¥ : D(H) — D(H) that & >, U iff

(@ @1d%)(p) > (¥ @ 1d7)(p)

for all input densities p and finite-dimensional auxiliary systems B = M, such that n € N. We call
this and the associated symbols <,, <.p, and >, cp-order relations. Via the Choi-Jamiolkowski
isomorphism, a finite-dimensional quantum channel is fully defined by its action on one side of a
maximally entangled state between its input space and an auxiliary space of the same dimension.
Hence ® >., (1 — €)V if and only if & = (1 — €)¥ + €O for some € € (0,1) and other channel ©.
Therefore, one may think of cp-order as an especially strong notion of comparison in which one process
is a probabilistic combination involving the other. Physically, one could envision that if & >., (1—¢€)U,
then @ is a process that applies ¥ with probability 1 — € and some other channel with probability e.
We also recall the Pimsner-Popa indices [19], which we denote for conditional expectations & and &:

C(&ol|€) :=inf{c > 0[&(p) < c€(p)Vp € M.} (5)
Cev(&0|€) :=inf{c > 0&n(p) <ep c€(p)Vp € M.}

as considered in [18, 10] and originally by Pimsner and Popa [19] as a finite-dimensional analog of the
Jones index [20]. We denote C(&) := C(Id||€) and Cep(E) := Cep(1d]|E). When £ is a GNS self-adjoint
conditional expectation with respect to density w, Cep(€) < dw, !, where d is the dimension of the

space and Wy, the minimum eigenvalue of w. Hence for unital £ in dimension d, Cy,(€) < d?. Via
[18, Theorem A],

log C(&]|€) = Sup inf D(E(p)[|€(0)) = Sup D(&(p)IIE(P)) - (6)

and one may easily see that the same holds under extensions of & and £ to include a sufficiently
large auxiliary system when C/(&y||€) is replaced by Ce(&||E). Though the Pimsner-Popa index
is traditionally defined for conditional expectations, Equation (5) may still be meaningful for other
channels that expand the support of their inputs.

We denote the Schatten norms || - ||, for p € [0,00]. The trace distance is given by

1
dir(p,0) = Sllp =0l -

In general, for a pair of spaces A and B with respective norms || - ||.4 and || - ||, the A — B norm on
maps from A to B is given by
P(p)lls
|1®|| 4B := sup [26e)lls .
ped lplla

Within finite dimension and when A and B have the same norm, we denote ||®|| 48,0 := supe | ®
Idc|| AeC—Bec, where C is an extension over finite-dimensional extensions with that norm. We denote
1®llp=q,c0 = |||l asB,eo in which || - ||la =1 -|lp and || - |l = || - |l; We call a map ® an A — B
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contraction or describe it as contractive if ||®|| 4 < 1. When @ is a map from a normed Banach
space A to itself, we denote || @] := ||P|| 4> 4.

The diamond norm on a map ® defined as ||®||¢ := ||®||1-1,c6 is a standard notion of distance
between quantum channels [3, Definition 9.1.3]. We often use diamond norm distance ||® — ¥||¢ to
compare quantum channels ® and U. We also characterize similarity of quantum densities using the

Uhlmann fidelity given by F(p,w) := tr(y/\/pw/p)*.

We recall the quantum relative entropy given by

D(pl|o) := tr(plogp — plogo) .

for two densities p,o € D(H) as introduced by Umegaki [9]. The quantum relative entropy obeys the
well-known data processing inequality [21], that D(®(p)||®(c)) < D(p||o) for every channel ® and all
input densities p and o. It is also bi-convex in its arguments, lower semicontinuous, and extensive under
tensor products. An important property known as the chain rule is that if £ and &y are conditional
expectations for which £&y = & = £, then

D(pllE(p)) = D(pl€a(p)) + D(E(p)IIE(p)) - (7)

For (in)equlities involving linear combinations or ratios of entropies and logarithms, the logarithm base
often does not matter, as the same (in)equality holds when multiplying both sides by an arbitrary
constant. In these scenarios, we will denote the logarithm without specifying a base. In contexts
where the base matters, we denote “log,” with base b and “In” for the natural logarithm. Though the
relative entropy is not a true distance measure, being asymmetric in its arguments, it is nonetheless
often useful as a distance-like notion and has desirable properties as discussed in Subsection 2.2.
Pinsker’s inequality [3, Theorem 10.8.1] upper bounds the trace distance in terms of relative entropy:

di(p. ) <[ 52 Di(plo) ®

when the relative entropy is in bits, hence with respect to the logarithm with base 2. There are several
upper bounds on relative entropy in terms of the trace distance in special cases, in particular [18,
Proposition 3.7] and [22, Lemma 7]. Here we recall a version of these bounds with a simplification
given by [23, Lemma 5.8] and the corrections noted in [24] based on [25, Theorem 8§]:

Lemma 2.1. Let p,w be densities and € a trace-symmetric conditional expectation. If di.(p,w) < e,
and the relative entropy is defined with the logarithm in base 2, then

€

1+e

ID(AIER)) — DwlE()] < clogs OE) + (1+ s (1) < elog C(E) + 2%
where h(p) := —plogp — (1 — p)log(1l — p) is the binary entropy for p € [0,1], and hy specifies the
logarithm base.

Furthermore, when £ is a trace-symmetric conditional expectation,

D(p”(‘:(p)) = Svn(g(p)) - Svn(p)

for the von Neumann entropy Sy, : D(H) — RT. Many common information-theoretic quantities are
special cases of relative entropy. For example, the mutual information I(A : B), = D(p|p? ® p?),
where p is a bipartite state on system A® B. Other examples include the conditional entropy, coherent
information, and various operational expressions for communication capacity [3]. Many operational
quantities involve regularization over a large number of copies. For example, the capacityto transmit
classical bits over many copies of a quantum channel ® : A — B is given by

Ca(®) = lim sup  I(X®": BE) 4 ’
) 0 He(XRA)OT ( ) 14¥ @) (p)
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where X denotes a classical register. That the capacity may depend on outputs being entangled across
instances [26] motivates the use of the tensor-stable “complete” orders and inequalities.
We also recall the Petz recovery map for channel ® with state w,

By (-) 1= w20, (B(w) M2 B(w) V)W o)

as constructed in [27], where @, is the adjoint under the inner product with respect to the trace as in
Equation (2). It was shown therein as well that ®.,, o ®(w) = w. The key property of the Petz map is
that for any input density p,

D(@(p)[|®(w)) = D(pllw) if and only if @, 0 P(p) = p .

2.2 Decay Under Quantum Channels

There are many ways to quantify and model decay of quantum states, often closely related to the
theory of decoherence [1, 28], and several known strategies to forestall it [29]. A recurring question is
when quantum information decays exponentially, a general but not entirely universal scenario [30].

The Stinespring dilation models a quantum channel as unitary evolution on a system plus its
initially uncorrelated environment, followed by a partial trace of the environment:

®(p) = trp(Ru(p©[0)(0]%)) (10)

where F is the environment system, |0)(0| is an arbitrary initial state (which without loss of generality,
we may assume pure), and U is a unitary on the joint system-environment. This model is however
extremely general. For example, one may embed complex or even universal quantum computations
in a non-Markovian environment [31]. To effectively study decay properties, we usually must impose
additional assumptions.

In this work, we assume Markovianity of a time-parameterized family of quantum channels. Let
®"* denote a channel for each s > r > 0 such that

PS5t o P75 — Pt (11)

whenever ¢t > s > r > 0. Equation (11) defines the property of divisibility in time. We assume that
&%t = Id for any t > 0, reflecting that time-evolution for zero time has no effect on the state. Moreover,
we assume differentiability, recalling the potentially time-varying Lindbladian

d

Ll == o] .

The Lindbladian decomposes into a Hamiltonian and a dissipative part,

L[t](p) = i[H[t], p] + S[t](p) , (12)

where H is a Hamiltonian that would on its own generate unitary time-evolution. Canonical decompo-
sitions into Hamiltonian and dissipative parts exist [8, 32]. We also consider discrete compositions of
channels ®;0...0®9;. A QMS denoted (®;)*Z° further assumes the semigroup property: ®‘od* = dt+s,
A QMS generally admits a time-independent Lindbladian as derivative, such that ®¢ = exp(—£Lt). An
often-studied problem is to derive a model of divisible time-evolution as a coarse-grained description
of dynamics induced by general system-environment interactions as in Equation (10). The Marko-
vian approximation is usually derived for dissipative environments, in which information lost to the
environment is quickly spread to eliminate backaction of that information on the system’s subsequent
environment [33].
In general, a dissipator as in Equation (12) has the form

S(p) = Z%(%(S;‘Sip + pSiS;) — Si,OSi*) ,

Accepted in {fuantum 2026-02-01, click title to verify. Published under CC-BY 4.0. 6



where each S; is known as a jump operator. The coefficients (v;) are positive and known as damping
rates, controlling the strengths of different subprocesses. A particuarly common case we will study in
several places herein is that of depolarizing noise, which replaces an input density by complete mixture.
The Lindbladian for depolarizing noise, Sgep, is given by

e
]

S
~
S
N—

Il
]
DN =

—>

(XiXip+ pXiX7) — XipXi = p— (13)

d
in dimension d, where Xy =1, X; = X, X5 = Y and X3 = Z are the Pauli matrices normalized to have
eigenvalues T1. The depolarizing Lindbladian generates the time-parameterized depolarizing QMS,

~

_ _ g 1
Piepn () =€ (p) = e Mp+ (1—e7) - (14)
where A > 0 controls the decay rate.
There are many ways to quantify the extent to which a quantum system has decayed. A strong
notion from open systems research is the modified logarithmic Sobolev inequality (MLSI) introduced
by Kastoryano and Temme [14]. A QMS (®') satisfies \-MLSI if

D(2'(p)||@* 0 £(p)) < e D(plI€(p))

for all inputs p. Classically stochastic versions of this inequality appear in earlier literature [34, 35].
MLSI differs from but was inspired by the earlier notion of a logarithmic Sobolev inequality [36, 37],
which states that for every z in the domain of the Dirichlet form x + tr(zfLx) intersected with the
original algebra on which £ is defined:

Mr(|z)?Infz* — E(|z*) InE(|z[?)) < 2tr(zlLa) . (15)

It was more recently noted that the original log-Sobolev inequality fails for QMSs that lack a unique
fixed point state [38]. In contrast the modified version remains valid [39] in the presence of more general
fixed-point subspaces, generalizing from decay toward a fixed-point state to decay toward a fixed-point
subspace. This observation motivates the strengthening known as CMLSI [13], which automatically
incorporates a potentially untouched auxiliary system of unspecified dimension. A finite-dimensional
QMS (®!) generated by £ with fixed-point subspace projection & has A-CMLSI if

D((®'®1d”)(p)||(2' ®1d”) o (€ @1d")(p)) < e MD(p||(€ ®1d”)(p)) (16)

for all extensions by a finite-dimensional auxiliary subsystem B. A discrete analog to CMLSI is the
complete, strong data processing inequality (CSDPI), which for decay to a fixed point takes the form:

D((@ @ 1d%)(p)[|((® 0 £) @ 1d”)(p)) < AD(p]|(€ @ 1d”)(p))

for A € [0,1). As some particularly useful properties of CMLSI:

e For a time-varying Lindbladian and associated divisible family of channels with the same fixed
point projection, divisibility also applies to estimated decay rates. Assume that for each t > 0, a
time-parameterized Lindbladian L[t] generates a QMS s — exp(—L][t]s) with time-independent
fixed-point subspace projection £ and A[¢]-(C)MLSI. Then

D@*(p) |8 0 () < e 2 D) "

for all input densities p. Relatedly, (C)MLSI implies decay from arbitrarily small initial relative
entropy.
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e CMLSI and CSDPI are tensor-stable: if (®*) and (V') are QMSs with A;-CMLSI and Ay-CMLSI
respectively, then (®! ® ¥') has min{\;, A2 }-CMLSI.

Via Pinsker’s inequality as recalled in Equation (8), decay under CMLSI at sufficiently long times
upper-bounds the diamond-norm distance between a channel and its fixed-point subspace projection.
Tensor-stability enables CMLSI to upper-bound regularized capacities [40], which are defined as op-
timizing over potentially entangled inputs between many copies of a quantum channel. CMLSI and
CSDPI can also upper bound extends of quantum advantage in certain settings [41].

CMLSI is known to hold with some constant for all finite-dimensional QMSs having GNS detailed
balance with respect to a faithful state and a uniquely defined fixed-point subspace conditional ex-
pectation €. This result was derived in a self-contained way in [42]. It was simultaneously derived in
[11] for QMSs that are self-adjoint with respect to the trace, which via [12] also extends to all finite-
dimensional QMSs with detailed balance. Furthermore, it was shown in [42] that CSDPI holds for
quantum channels with GNS detailed balance and some additional, commonly satisfied assumptions.

Follow-up works have shown applications in the theory of many-body systems [43, 5, 44]. The
tensor-stability and divisibility of CMLSI, as well as some technical properties of the relative entropy
[45], allowed many of these works to build up optimal decay rate bounds on whole systems from the
existence of CMLSI constants for single-site constituents.

A primary limitation of known CMLSI results is that detailed balance is usually incompatible with
the presence of a non-trivial Hamiltonian term as in Equation (12). For example, we may consider
detailed balance with respect to complete mixture, which reduces to self-adjointness under the trace.
Even if the dissipator S is self-adjoint, we still find that

Li(p) = —ilH,p] +S(p) ,

reversing the sign of the Hamiltonian term compared with £ as in Equation (12) (physically, the
unitary part of the process is time-reversed). In general, —H # H and generates distinct continuous-
time evolution. Motivating examples of where CMLSI estimates fail are presented in Section 4.

3 Main Results and Proofs

For a channel @ in finite dimension defined on the predual of a von Neumann algebra M, the multi-
plicative domain (properly of ®*, its adjoint with respect to the trace) is

No :={z e M :9*(y)®"(x) = ®*(yx), and ®*(2)P*(y) = ®*(ay) Yy € M} .

The multiplicative domain Ng is a subalgebra, and as such, it comes with a unique projection g :
M — N, which is a conditional expectation. Multiplicative domains have been previously applied
in the theory of quantum error correction for unital quantum channels, in which they often act as
decoherence-free subspaces. Leveraging this connection and [46], results of [47] (later generalized in
[48]) imply that the multiplicative domain Ng coincides with the fixed point subspace of ® o ®*
[49, Theorem 1.3] when ® is unital. Other results have specifically characterized the decoherence-free
subspaces of channels and Lindbladians [50, 51, 52, 53], on which the Lindbladian acts unitarily. Before
directly addressing whether decay is exponential, we first use the analytical structure of the semigroup
to infer that decay to the decoherence-free subalgebra begins immediately - a unital QMS never admits
initially non-decaying states that are not contained in its decoherence-free subspace.

Lemma 3.1. Let (9');>0 be a QMS with generator bounded in diamond norm and p be an input
density. Assume that (®');>¢ has (not necessarily unique) full rank fized point density w. If there
exists a T > 0 for which D(®7(p)||®7 (w)) = D(p|lw) on density p, then for all t > 0, ®¢ &' (p) = p,
and D(2'(p)[|2(w)) = D(p]|w).
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Proof. For all s > 0 and every bounded generator L,

Lo —sC — (DR
Pl od(p) =e e (p) = Z s/t Wﬁioﬁ (p)
5. k=0

is manifestly analytic in s within finite dimension and equal to its Taylor series around s = 0, even
after extending its domain from s € [0, 00) to the complex plane. Because ®% o ®%(p) is constant on
the interval [0, 7), it must hold that

for all k € N. Hence ®% o ®°(p) = p is constant for all s > 0. Via the data processing inequality of
relative entropy,

D(p|lw) = D(2*(p)||®*(w)) = D(2" ()| 2" (w))
for all t € [0,7]. Then by the properties of the Petz recovery map as in Equation (9), ®¢_®!(p) = p
for all t € [0, 7]. Since ®L , o P! is constant for all ¢ € (0,7), L, o B(p) = p for all t > 7. O

Lemma 3.2. Let (®');>0 be a unital QMS with diamond norm-bounded generator. Let Eg- denote
the multiplicative domain projection of ®7. For any 7 > 0, L 0o ®l 0 Egr = Egr 0 DL 0 Bt = Eg- for all
t>0.

Proof. Since Eg- is unital, 1/d = E¢-(1/d). Recall as noted in [51, 42] that ®7 is an isometry on its
multiplicative domain, so

D(Ea-(p)|I1/d) = D(®7 (s (p))l|®7(1/d)) -

Since ®7 does not decrease relative entropy between Eg+(p)) and 1/d, it is inverted by its Petz recovery
map [27] with respect to 1/d on this subspace, which is equal to ®7, its (pre-)adjoint under the trace.
Hence ®7 0 ®™(p) = p. Applying Lemma 3.1, ®¢ o ®' 0 E¢-(p) = Eg- (p) for any ¢t > 0 and input state
p. Since Eg- is self-adjoint with respect to the trace, (®% o B 0 Epr )y = Egpr 0 PL 0 B = Eg-. O

Lemma 3.3. Let (®!) be a unital QMS, either for discrete t € N or continuous t € RT. Assume
there exists a conditional expectation & such that ®'E = E®' = R'E = ER? for time-dependent unitary
rotation R' and that ®° approaches ®'E in diamond norm for sufficiently large t. Then for any T > 0,
E = Eg-, the multiplicative domain projection of ®7.

This Lemma follows from results of [46] combined with [50]. For completeness and simplicity, we
present an elementary proof here.

Proof. We may easily extend rotations to negative ¢ by identifying R~¢ = R!, the adjoint map under
the trace. Then by our original assumptions, ||®¢ — R!E||¢, < € for arbitrarily small € and sufficiently
large t. Furthermore,

PLE = (ED), = (9'E). = (R'E). = (ERY). = R'E.

Hence using contractiveness of the diamond norm under quantum channels, ||®L®* — ||, < e. Using
Lemma 3.2,
55@7 = lim (‘bi‘bt)é‘@r = 54)7— .
t—o0

By self-adjointness of £g-, we also find immediately that E¢-& = Ep-. This part of the proof shows
that the subspace projected to by £+ is contained in that projected to by £.

To complete the proof, we now must show that £4-& = £. Let U? be defined such that R!(:) =
U'-U{. Then for any operators x,y and all ¢ > 0

O (E(2) " (y) = U'E(2)UI D (y) = U'(E(2) U ' (»)U")U = U'(E(x) R (y) U7 -
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By the assumption that ®'£ = R!'£ and because R~ was defined equal to R:, R7'®'E = £. Let
R7'®! have the Kraus representation

R'®t(w Z KiwK]

for all inputs w. Via [54, Theorem 4.25] and for any input x, £(x) being in the fixed point subspace of
the unital channel R™!®* implies that [£(z), K;] = 0 for every i. Since (R™!®!), = ®! R' has the same
Kraus decomposition up to the exchange K; <+ K| and also leaves &(x) invariant, [£(x), K] = 0 for
every i as well. Commutation with the Kraus operators shows that R~!®! is a bimodule map for the
space projected to by &, hence £(z)R™'®!(y) = R7'®'(E(x)y). After cancelling unitary rotations, we
find that £ outputs to a subspace of the multiplicative domain of ®”, completing the Lemma. O

Lemma 3.4. Let ® be a unital quantum channel such that for any € > 0, there exists a sufficiently
large n € N that for all k > n, ||(2.®)F — &|lo < ¢, and ||(®D.)F — €|l < € for projections & and E.
Further assume that ||® —Id||o < §. Then ||€ — 5||<> < 2e+ 26.

Proof. The channel family (®,®)™ is a (discrete-time) semigroup in m € N. Via [55, Theorem 6.7,
since ®L P’ is trace-symmetric, lim,, o0 (®.P)" = &) for some fixed point projection &) that a priori
might depend on t. Within finite dimension, this convergence can be taken in the diamond norm. The
same holds for (®®,)™
We observe that
B(D, )" = (BD,)" . (18)

Since quantum channels are diamond norm contractions, upper bounds on the diamond norm are stable
when concatenated with some other channel applications. By the assumption that ||® —Id||, < ¢ and
by the monotonicity of the diamond norm under pre- or post-application of quantum channels,

[B(2.2)™ — (2:®)™[|o < 0, and [|(PD.)™® — (P.)" [lo <9,

SO
(@)™ — (@2.)™ o < 26 .

Combining via the triangle inequality with the assumed convergences completes the Lemma. O

Lemma 3.5. Let (®) be a finite-dimensional, unital QMS. Then there exists a trace-symmetric con-
ditional expectation £ such that for any € > 0 and t > 0, there is a sufficiently large n € N that for
every m > n,

I(@22)™ = Ello < e, [I(2"®L)™ = Ello <€, and ||[@°, (L")™][lo <€

Proof. The first two inequalities simply apply Lemma 3.4 for channels corresponding to semigroups at
fixed time.

We easily see that £y is self-adjoint with respect to the trace, so it is a conditional expectation.
Using the monotonicity of diamond norm under channel application to both arguments and that &
is a fixed point projection, we obtain the existence of such n for any desired e in the first inequality.
It still remains to show that £y does not actually depend on ¢. By the data processing inequality for
relative entropy,

D@L &) (p)|1/d) < D('E) ()I[1/d) < D(Eqy (p)[11/d) = D(@L D E (p)]|T/d) .
so all of these expressions are equal. Using Lemma 3.1, it holds for every s > 0 that ®;®°Ey(p) =

Ew)(p). Since E5) = limyy, 00 (7 P*)™ for every s, £5)E+) = E1)- Since the projections are self-adjoint,
Ew€s) = &) too. Switching the roles of ¢ and s, ;) = &) This equality holds for every t,s > 0,
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so all of the fixed point projections are the same map. We henceforth drop the subscript and call this
projection £.

To obtain the 2nd inequality, we set ¢ sufficiently small to apply Lemma 3.4 for sufficiently small
¢ and use the first inequality to obtain arbitrarily small € for that Lemma’s assumptions.

Recalling Equation 18 with ||(®!®%)™ — (dLH)™ ||, < 2¢ recovers the final commutator bound for
all t > 0. To go from 2e to €, we can simply choose the original € smaller. O

Combining previous Lemmas, the multiplicative domain projection universally acts as a fixed point
projection up to rotation for unital channel families with the appropriate series expansion:

Lemma 3.6. Let (®%);>¢ be a finite-dimensional, unital QMS. Then there is a unique, trace-symmetric
conditional expectation & projecting to the multiplicative domain of ® for everyt > 0. Moreover, there
exists a family of unitary rotations (R')¢>qo for which ®'& = EP' = R'E = ER'.

Proof. First let £ = limy,—00 (PTP7)™ for some fixed 7 > 0. Lemma 3.5 confirms that £ is a unital
conditional expectation that does not depend on the choice of 7. Moreoever, Lemma 3.5 implies that
®LE = £ for every t > 0. Hence by Lemma 3.3, £ is the multiplicative domain projection for channel
®! independently of ¢ for all ¢ > 0. Using that ®'& = & o lim,, oo (PLPH)™, PLHIE = £. Tt was
shown in [15, Proposition 2.1] and [16, Proposition 2] that ®' o £(p) = e *H!E(p)etH! assuming that
the Lindbladian is written with a Hamiltonian H and traceless, orthonormal jump operators as in
Equation (1). Hence R! = e~ H!, We identify R~* := R!. Since &£ is self-adjoint under the trace,
ER' = (R7'E).. We then apply the same arguments for (®%), using the same £ via Lemma 3.5 and
obtaining that ®1€ = R'E for some R'. Furthermore,

PLOLE = DLED! = RIED! = R'D'E = R'RIE=E .
Hence R'E = RtE. This observation yields the expected commutation of R and &:
ER' = (R7'E), = (PLE), = £D' = '€ = R'E .

We thereby conclude that
P'E =EP' = RIE=ER'

for each value of t. Recalling Lemma 3.3 with the discrete semigroup given by m — (®¢®)™ £ is the
multiplicative domain projection of ®°. O

3.1 Adding a Hamiltonian to a Dissipator that has (C)MLSI

We delineate the regimes in which CMLSI appears and note a somewhat counter-intuitive relationship
between the decay rate induced by S and that of £ for QMSs in the form of Equation (12).

We first address the case of a Lindbladian for which the dissipative generator S would on its own
induce decay to a fixed point subspace with projection &. We show that general CMLSI still holds
when the Hamiltonian commutes with & so that & = &y:

Lemma 3.7. Let £ be a Lindbladian with fized point conditional expectation €. Let L be a Lindbladian
generating time-evolution that commutes with E, Uy, ...V, be quantum channels commuting with &,
®° be the channel generated by L+ L from time O to s, and

O:=T, 027 o Ty0®B 206 T, ;0Ptm tn-1057, .
If £ has \-(C)MLSI, then L + L has \-CMLSI. Moreover,
D(O(p)[|€ 0 ©(p)) < e~ D(pll€(p))

for any t1,....;t,m > 0 such that t; + ... + t,, =t.
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Proof. First, assume that £ = 0. For each j € 1...m, let
Q; = U0l plmTim1y,
Via the data processing inequality and commutation of ¥; and ®%+1~% with &,
D(©;(p)l€ ©0;(p)) < D(®+750,11(p)|E(O;41(p))) -

Then using assumed (C)MLSI,

D(®'+ 750,11 (p)|E(O;11(p))) < e TAD(O,41(p)|€(Oj41(p))) -

Iterating the inequality from j = 1 to j = m completes this case.

We apply the Suzuki-Trotter expansion. We subdivide the time interval [¢1, t,,] into smaller intervals
of length (t,, — t1)/k, where k is chosen to be an integer multiple of m. Let s; label the start of each
such interval for each j € 1...k — 1, and s = s,,. Let \I/ be equal to W,/ /m) when jm/k is an integer
< k, and the identity map otherw1se Finally, let

éj = \i’j(bsj"'l_sj...\i/k_lq)sk_sk’l\ljk .
Via the data processing inequality of relative entropy and assumed commutation of £ with ‘i/j
D(©;(p)€(0;(p))) < D(@*+:7* 0,1 (p)l|E(@ 17 O41(p))) (19)
Using the Kato-Suzuki-Trotter expansion,
05275 — @By o < O(L/KY) |
where <I>2j+1_sj and @zf“_sj denote respective time-evolutions generated by £ and £. In particular,

Si+1=85) — HSIHLTSie _ oFSiti TS
E(BH1759) = BYVTIE = £

9

which we obtain by further subdividing the time interval [s;, s;4+1] into infinitesimal intervals, achieving
equality in the limit. Therefore,

D(®*+1 7% 0,1 (p)|E(@+ 70 41(p))) = D(®*+ 10,41 (p) |7 E(O41(p))) -

Applying the Kato-Suzuki-Trotter formula with Lemma 2.1, then data processing,

Sji+1—S5; Sj4+1—58;5 A Sj41—8j ~ log k
D@17 6,11(p) |07 E(6,41()) < D®F™ 7 6,11(p)1€(O,41(p)) + O( 7 ) |

Now using assumed (C)MLSI with the previous two Equations and Equation (19),

D((:)](p)Hg((:)](p))) <e_(57+1 57)>\D( J+1( )||£( ]+1( )))"’O(lokgk) .

Iterating the inequality while taking the limit as k¥ — oo completes the proof.

To handle continuous-time dynamics, we invoke Trotter decompositions for small times:

Remark 3.8. When &£ is a conditional expectation, and L = i[H,-| for some Hamiltonian H, the
bimodule property of conditional expectations implies that for any input p,

E(i[H, E(p)]) = iE(HE(p)) —i&(E(p)H) = i[E(H),E(p)] - (20)

Accepted in {fuantum 2026-02-01, click title to verify. Published under CC-BY 4.0. 12



Lemma 3.9. For any p such that || - ||p—q is @ norm and || - ||, obeys Hélder’s inequality,

I 1™ o .0y < 27 15 sup (o]l /o1l
p

Proof. Recall that [H,:]™(p) generates 2™ terms on any density p, each of which contains m powers
of H and one of p. Using Holder’s inequality and its inductive generalization,

I pH™ g < [ H oo llpH™  llg < 1H s lllollg 1™ lloo < llollql HIIZ

for any integer k such that 0 < k < m. Hence

IH, ™ lp—p = sup [[H, -] (p)lla/llpll < 2™ [ H[Z sup [lpllq /Il -
p p

To see that this holds for the cb-norm, note that |[H ® 1||oo = ||H||ee- Therefore, one may apply the
same result with arbitrary extensions and find the same factors. O

Proposition 3.10 (Technical Version of Prop 1.1). Let L(p) := i[H,p] + S(p) be a Lindbladian
generating unital, finite-dimensional QMS (®'). Then there exists a unique conditional expectation
E such that '€ = P! = R'E = ER', where R' = exp(- — —i[H,-]). Moreover, assume unital
Dl (p) := exp(—tS)(p) with X\o-(C)MLSI and fized point conditional expectation &.

o If evolution via H commutes with &, then € = &, and ®* has \g-(C)MLSI.

o If H does not commute with &y, for every input p such that D(Ey(p)||E(p)) > 0,

Ctt2
1 =+ Ctt2

D(E0() () — DI®Eo((P)IE@ (En(p))) < et o5 OLE) + (1 + et —22) = 0(s2)
for allt > 0, where
r = 5 (L3l + 4 H e 1H1)

precluding (C)MLSI or similar decay at small times.

Proof. When conjugation by H commutes with &y, the transference of CMLSI from S to £ = [H, -]+ S
follows [45, Proposition 1.6], setting £y therein equal to —i[H, -]. Lemma 3.7 is a generalization thereof.
This proves the first point.

We now consider the second point. Whether or not conjugation by H commutes with &), Lemma

3.6 implies that there exists a decoherence-free subspace projection £ and persistent rotation ¢ — R?
such that ®'& = £®! = R'E = £R?. Observe hat

() = p—15(0) + 3 T )
n=2 :

Explicitly noted as Remark A.1 and Lemma A.2 in the appendix,

£2(|S|I% exp(¢[1S]lo)

15— (o~ tS)llo < s

Were So &y # 0 or £ oS # 0, the above would contradict that £,®f = PLEy = & for extremely small
t. Therefore, Eg o S = S 0 &y, and

E0(P'(p)) — ' (€o(p)) = it([H, Eo(p)] — &o([H, p])) + [507 d —

n=2
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which is ¢ x ¢ times the commutator of - — [H, ] with & plus subleading corrections. Since ®'& = £*
for arbitrarily small ¢, if £ = &, then - — [H, -] must commute with &. Hence by contrapositive, if
- — [H, ] does not commute with &, then £ # &.

Since £ = &, and So & =0,

exp(~tL)(E(p) = £(p) — HtlH. E(p)] + 3 1 (~L)" 0 £(p) -

Again via series expansions,

| exp(—tL) o € — (€ = (- = it[H,E())]lo < t2||£||?>e’;P(tH£||<>) .

Since it holds infinitesimally to linear order, exp(—tL) o & = R™"*H where R~ is the rotation
generated by conjugation with exp(—itH). For any input state p, again using Taylor expansions,

@' 0 E(p) = E0lp) — ilH, E0(p)] = S 0 E0lp) + 3 - (~L)" 0 Eop)

n=2

Again recalling Remark A.1 and Lemma A.2 in the appendix while noting that S o & = 0,

19" E0(p) — (Eolp) — tiH. Ea(p I < VAL RUEN)

2
Also,
. 412 H |12 2| H || oo
IR o 3(0) — () — 1l Eo(p)lls < XA ORI ).
Therefore,
, e
||<I>t Ogo(p) _ RitH SO(P)Hl < §t2(||£”%etl\£|\o +4HH||C2>062H|HI|OO) ) (21)

Using Lemma 2.1,

ID(R™E(p)|E(R™ E0(p))) — D(D*Ea(()]IE(P (E0(p))))]

2 2 Cttz (22)
< t®logC(E) + (1 + et )h(1 e tz),
t
where € = 1||[®'&(p) — R E(p)||. Since & is the decoherence-free subspace projection of L,

DR Ey(p)|E(R_itm&o(p))) = D(Eo(p)||E(p)). In contrast, CMLSI would predict that

D(&(p)[IE(p)) = D(D*E((p))IE(@(En(p)))) = (1 = e ) D(En(p)[IE(p)) -
To simplify the CMLSI bound, recall that e=** > 1 — M, so

D(&(p)lI€(p) — D(2'E((p)IE(2*(E0(p)))) = AD(Ea(p)[IE(p)) -

For sufficiently small ¢, the linear reduction predicted by CMLSI is incompatible with quadratic order
decay. Via the definition of the Pimsner-Popa index and Equation (5), there exists a p achieving

D(&(P)IE(p)) = log C(&1€) > 0 when £ # €. O

Though Lemma 3.7 shows that the Hamiltonian term in Equation (12) does not directly block
decay via the dissipator, a number of previous results suggest that the dissipator may alter the effective
Hamiltonian. These results include the generalized Zeno or watchdog effect [56, 57, 58, 59, 60, 61],
adiabatic theorems [62, 63], and strong damping limits [17, 64, 63, 65] in which a fast dissipator
modifies the effective dynamics of a simultaneous, slower process. We derive a variation on the strong
damping limit from cp-order assumptions:
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Corollary 3.11. (Strong Damping) Let S be a bounded Lindbladian in submultiplicative norm || - ||
with contractive generated semigroup and fized point projection & such that exp(—ST) >¢p (1 —€)&
for some 7 € Rt. Let £ be a bounded Lindbladian such that e=*t is also contractive for all t € RT.
Then for every t € RT,
7| L)%t

1—e
Proof. Via the assumption that exp(—S7) >, (1—¢€)&, exp(—=St/k)? >, (1—€)&y aslong as gt/k > 7
for any k € N. Via Theorem A.7 applied to (exp(—S/k)exp(—L/k))¥, for any k € N, ¢ € 1...k, and
k1, ..., kq for which ky + ... + kg = K,

H(e—St/k o e—Lt/k)kgo . e—SOLEOthH <

q 3 2
@) [k7/t] L\ (I£][tkm /) + 4 £l[thm /k)? + 2| L[tk /k |2tk /k

Set ¢ = [||£||¢] and assume that k is a multiple of ¢. Then set k; = ... = k, = k/q. Note that
HILN/TEILIT = | £][/g < 1. Hence

He—(s-‘rﬁ)té‘o _ 6—50[:80th’| S

k k
H n!‘:[l (e7Stk o e E/k) gy — nglesocsot/kgu < w (1 4 %) % '

The Suzuki-Trotter formula [66] yields that exp(—t(S + £)) = limj,_,o. (e ~S/* 0 e=£t/F)k In this limit,
[kT/t] — k7/r, and g/k — 0. This limit yields that

Ter||L|| T L]t
oS40, — ettty | < in TULIIEI

— €

Alternatively, setting ¢ = 1 yields that

Ter||L]|%t
e (S+Or1E, — e~Eoteotg | < GIH_ i| Clcle

If |£|lt <1, then exp(||£||t) < e. If ||£]|t > 1, then [||L]|t] < ||£]1t + 1 < e||L]||t. Therefore, an extra
factor of e allows us to combine the two bounds, avoiding both the ceiling function and the exponential
growth. O

Unlike some previous formulations [64, 17, 63], Corollary 3.11 depends on decay properties of the
damping Lindbladian rather than on an explicit, multiplying constant. This property will be essential
for obtaining bounds from CMLSI and other norm or entropy decay. In the literature on strong
damping, strong coupling, and generalized Zeno effects, it is broadly expected that the asumptotic
order should be O(1/7) for continuous damping with strength paramter v [63], or O(1/k) in discrete
interruptions when k is the interruption number within a fixed time interval [61]. Corollary 3.11 and
Theorem A.7 present relatively simple formulations with the optimal 1/ asymptotic order expected in
these bounds, and a polynomial dependence on ||£||, which translates to a polynomial time-dependence
when including an explicit time parameter.

The QMS generated by £ LEy is conventionally referred to as Zeno dynamics. A related, counter-
intuitive observation is that a chain of projections may approach the action of a unitary on a particular
subspace. Let & := Rexp(—imt) © €0 © Rexp(ime) for Hamiltonian H and any ¢ € R. Note that for any
keN, EE 1/k-Er/k = Rexp(—ift) © (SORexp(th/k))k . As a direct consequence,

&1 k-E1/kE0 = Rexpli(o (1)~ 1) © €0 (23)

Though each &, ...,&/; is a projection that we might interpret as rotation-free, in the continuum
limit, the chain of composed projections approaches unitary rotation following &;. In the limit, such a
chain of conditional expectations does not induce decay of a state toward an intersection of fixed point
subspaces but rotates the subspace projected to by &.
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Remark 3.12. If a d-dimensional semigroup ®¢ generated by S induces decay toward decoherence-free
subspace projection £ as
D(2"(p)|R'E(p)) < e D(plE(p)) , (24)

for ¢ in some range, then via Pinsker’s inequality as in Equation (8), for any & such that £y = € = €,

[ 0 & — R'Elo < e */%/2In Ce(&]€) -

where Cp(E0||€) is the Pimsner-Popa index as in Equation (5). Recall that the diamond norm upper
bounds the infinity norm difference of Choi matrices. In dimension d, there exists a constant ¢ < d?
for which if any channel ¥ has that E¥ = €& = &, and ||U — E||o < ¢, then ¥ >., (1 — ce)€ [45,
Proposition 11.16]. Therefore, if ®¢ induces decay as in Equation (24), and R = 1d for all ¢ > 0, then

D' >, (1— e M2\/2InC(§]|€))E

In particular, to achieve ®* >, £/2, one may set

t= %1n(20\/21n06b(50||€)) (25)

assuming the exponential decay inequality holds at this value.

Proposition 3.13. Let L(-) = L' + 8(-) generate QMS (®'), where S a Lindbladian generating
semigroup (®f) with A\o-CMLSI and fized point conditional expectation &y. Let ||-|| be a submultiplicative

superoperator norm. Let ¢ < d? be the smallest constant for which if any channel ¥ has that E¥ =
VE=E, and ||¥ - E&|| <€, then ¥ >, (1 —ce)€. Then

1 / t
S|l oot o fo gy — pley| < — x 28¢2|L/)|2In (20\/2 In ch(eoHS)) .
2 o

Proof. Let
1,
5t = 5”6'/: tgo — ‘I)tgon .
Recalling Corollary 3.11,

2 2
5, < TerT|| L |7t
1—c¢

for any €,7 > 0 for which exp(—S8T) >, (1 —€)&. Setting 7 = (2/Xo) In(2¢4/21In Ce(&)|E)) and
€ = 1/2 as in Equation (25) yields that

6 <t x 28¢||L)° In (2¢4/2In Cep (& |E) ) /Ao -
Observe that 4, is linear in ¢/A¢. O

Proposition 3.14. Let L(-) =i[H,-]+S(-) generate QMS (®') with decoherence-free subspace projec-
tion €, where S a Lindbladian generating semigroup (®) with N\o-CMLSI and fized point conditional
expectation &. Assume that € # &y, that E& = E& = E. Let ¢ < d? be the smallest constant for
which if any channel ¥ has that EV = VE =&, and ||¥ — E||¢ < €, then ¥ >, (1 —ce). Then for
every input density p,

1 t
§||(<I>t 0& — @ o &)(p)|l1 > colp) — o X 224@2||H\|goln (20 2lnCCb(50)) ,

where
1

(P) = oy (V1T 108 DEER) og, &) 1)
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Proof. That {&(w)|D(E(wW)|IE(w)) = log C(&||€)} is non-empty follows from the definition of the
Pimsner-Popa index as in Equation (5) as the maximum value of D(&y(-)||E(+)).
Via the triangle inequality,

1 o—it0o[H.Jo 1 o~ it€oo[H,Jo
Sl@e —@E)p)lh > 5@ el L ) (), = SlI(@'& — e ARG ()
Again by the triangle inequality and invariance of trace distance under rotation,
1 —it€po -Jo
L @te — emsosiiitog,) )]

> 1”(67126800 0805 7zt£00[H,<]o$080)(p)||1 _ %H(q)tg _ efité'oo[H;]oSog)(p)Hl )

=L - o, - L@te - evnetmieniey )
Let co := 3[|(€ - 50)(,0)“1. By Lemma 2.1,
ID(EP)IE(")) = D(E(P)IIE("))] < cology C(E) + 2v/cq - (26)

where each ” as the second argument to relative entropy repeats the first argument inside the paren-
thesis. Since ®f commutes with &, D(®{E(p)||E(”)) = 0. Therefore,

D(&o(p)IIE(")) < cology C(E) +2/co - (27)

Via the quadratic formula,

—2+ /4 + 4log, D(Eo(p)[[€(p)) log, C(€)

co >
Veo z 1 2log, C(£) (28)
= m(\/l +logy D(&o(p)|I€(p)) log, C(E) — 1) :
Recall that
1 —1 o -Jo
Sl@'e — et g )], 2

- Sll@ies - et )|, — (8t — el oEng) )|

Each of the subtracted terms is bounded by Proposition 3.13. Finally, we convert the factor of 28
multiplying each ||£’||? therein to four times that multiplying || H||%, via Lemma 3.9. O

Theorem 3.15 (Self-Restricting Noise, Technical Version of Theorem 1.3). Let E( ) =4[H, |+ S()
generate QMS (®') in dimension d, where S a Lindbladian generating semigroup (®%) with /\0 CMLSI
and fized point conditional expectation E. Let € be the decoherence-free subspace projection of (®?).
Assume that € # &y, and EEy = E€ = E. Let ¢ < d? be the smallest constant for which if any channel
U has that EV = VE =&, and || —E||¢ <€, then ¥ >, (1 —ce)€. If relative entropy is defined with
the natural logarithm, for any a € (0,1) and input state p,

D(®' (& ()@ 0 E(p)) = e D(Ea(p)IIE(p))
at t = aloco /0| H||%,, where

S| H% D(&(p)IE(p))
As 0C0G xln( 2(1 —a)?c3 ) ’
co = m (\/1 +log, D(Eo(p)||E(p)) log, C(E) — 1) . and § = 224e®In (2¢4/2In Cep(&)) -

If p € {E(w)|D(E(w)|E(w)) = log C(El|E)}, then one may replace D(Ey(p)IE(p)) by C(EE) for
state-independent constants.
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In Theorem 1.3, we set ¢; = log C(&||€) and other constants as noted.

Proof. Let Do := D(E(p)||E(p)). Assuming that

D(2"(Eo(p)[|2 0 E(p)) = e D(Ea(p)IIE(p)) ,

we must have that
Dy

P D@0 & (p)| P 0 E(p))

Via Pinsker’s inequality as in Equation (8),

1
1

A=—
4

D(®" 0 & (p)|| @ 0 E(p)) > %H@t 0 &(p) — @' o E(p)IT -

Let £'(-) := i[H,-]. Assuming that D(Ey(p)||€(p)) is maximized by choice of p and invoking Proposition
3.14,

D 0 E9(p) @' 0 £(0) > 2(c0 —31-)

0
A< —%ln (Dio(co — 5%)2)

whenever t is large enough that the argument of the natural logarithm is positive. For a convenient
bound, set

where § = ||[H||2,8. Therefore,

a)\o
t=co X —=,
TS
obtaining that ~
é 1 Dy 1\2
A x = xn (5 (<))
~ Aoa % co e 2(1 —a)? \¢
The primary bound of the Theorem follows. O

When £ # &y, Theorem 3.15 upper bounds the decay rate of L, A, inversely to that of S, \g. This
phenomenon is what we call self-restricting noise. The effect is clearest for unital noise, as because
H generates unitary time-evolution, it cannot reverse the effects of mixing. Were S to act alone, it
would induce decay at rate Ao but possibly in a smaller portion of the system, as & leaves a larger
subspace decoherence-free than does £. When S acts simultaneously with H, the Hamiltonian spreads
the noise around, inducing more decay. When S has a large (C)MLSI constant, however, the strong
damping effect of Corollary 3.11 effectively reduces the magnitude of the noise-spreading components
of H, shifting back toward the regime in which S acts alone, but not enough to prevent £ from still
being the ultimate fixed-point projection. The Hamiltonian does not slow down the dissipator-induced
noise - the noise impedes its own means of spread. Nonetheless, the system has CMLSI neither toward
the subspace projected to by &, since the wider spread of mixing could actually increase the relative
entropy with respect to &y, nor to £, since decay takes time to spread from its initial subspace to the
wider system.

Corollary 3.11 differs from results of [59] by bounding convergence in terms of cp-order, which leads
to a bound in terms of CMLSI. This distinction may seem subtle, but it is essential for Theorem 3.15,
which compares decay constants of a Lindbladian and its rotation-free constituent. Furthermore, the
asymptotic dependence on ¢ and L is explicitly shown and of polynomial order. Remark A.9 exposits
an alternate approach to the self-restricting noise bound with a less optimal asymptotic depenendence.
As seen in Example 4.3, there are cases in which stronger decay does not arise from multiplicative
comparability. A related phenomenon is that fast dissipation may protect systems from Hamiltonian
interactions with other environment systems [67], acting as a sort of error suppression.
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Remark 3.16. Theorem 3.15 is not a consequence of dynamical decoupling, strong coupling, or feed-
forward error correction. Furthermore, analogous effects are unlikely to arise from emergent, passive
error correction in the primary settings considered.

One may consider the unitary in Equation (10) to be generated by a combination of internal
dynamics, Hsys, environmental dynamics, Heny and system-environment coupling, Hsysenyv. It was
previously observed [63, 65] that within finite dimension, and if Hey,, is not too fast, then

lim ¢f(vHevs+Honv+Hoyeon )t — i Heyet i (Hony +E(Hoyeon))t

"/*}OO
In this case, £ is a projection to the subalgebra of operators that commute with Hgys. If Hgys is
replaced by a series of discrete interruptions, one obtains a form of dynamical decoupling [68, 69]. For
a more comprehensive review of dynamical decoupling and related techniques, see [52, 29].

In the Markov regime, however, adding a Hamiltonian generally does not induce dynamical de-
coupling or strong coupling against the dissipative term [70]. Primarily, the dissipative assumption
requires that Heyny acts much more quickly than Hgys cny, effectively de-localizing correlations between
the environment and the system’s past extremely quickly. This assumption yields the divisibility of
entropy decay. To illustrate, we recall the depolarizing semigroup (@tdep(l)) given in Equation (14). At
any t > 0, this channel commutes with application of any local unitary. Hence if one applies a series
of dynamical decoupling unitaries Ry, ..., Rj, one finds that

k
Ro o H(R] o] (I)t/k) = RO 0...0 Rk o (Dficp(l) .
j=1
Similarly, for the Lindbladian Sg., generating depolarizing noise,

e (ilHsys [+8aep)t — o—i[Hsys, ]t ;=Saept

No unitary may undo the entropy-generating effects of CIDfi ep(1)* Hence unitary interruption does not

forestall the decay predicted by (C)MLSI, as generalized and formalized in Lemma 3.7. To apply
dynamical decoupling to this and related forms of noise, one must use fast pulses that bypass the
dissipative approximation, exposing the underlying system-environment unitary coupling. The pulse
rate needed depends not just on Hgys env, but on Hepy.

In contrast, Theorem 3.15 concerns the regime in which Hgys onv and Heyy generate faster dynamics
than Hyyg, formalized by the effective dissipator S having Ao-(C)MLSI such that A is large compared
to the maximum eigenvalue of Hgys. This is the opposite regime from that of the strong coupling limit
or that in which dynamical decoupling is expected to perform well. The regime of Theorem 3.15 is
related to strong damping, in which a dissipative processes suppresses other processes. However, it
appears more surprising that the limit of fast dissipation (rather than of strong coupling or dynamical
decoupling) may nonetheless suppress noise. Some precedent for self-restriction is implicit in earlier
works on strongly dissipative regimes [64, 17], although there the strength of dissipation is tuned by
an explicit constant multiplying the Lindbladian term rather than a (C)MLSI constant as herein.

Since the examples we will consider do not include feed-forward or explicitly describe measure-
ments, there is no active error correction. There is some connection to error reduction via Zeno-based
dissipative error reduction [71]. In the scenario of this paper, however, noise restriction via Zeno-like
effects is self-mediated, rather than constructed through additional interactions. It is also possible
for dissipative interactions to induce passive error correction [72]. As we primarily focus on unital
Lindbladians, the emergence of passive error correction is however unexpected in this regime.

Remark 3.17. An immediate consequence of Proposition 3.10 is that (C)MLSI fails for asymptotically
small time. As studied in the following Subsection 3.2, one can often obtain (C)MLSI-like decay at
finite timescales, suggesting that (C)MLSI might still be a reasonable effective model at physically
relevant scales. Theorem 3.15, however, upper bounds decay rates if either ||H || is small or the decay
induced by S alone large. Recalling Remark 3.16, here we see that noise becomes constrained when
the dissipative interactions overpower the system’s internal Hamiltonian, a regime opposite to that of
usual dynamical decoupling or strong coupling.
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3.2 Repeatable CSDPI for Unital Markov Processes at Finite Timescales

The breakdown of (C)MLSI in Proposition 3.10 for unital QMSs when £ # & arises from the fact
that at small timescales, the dissipator is still effectively decaying the system toward the subspace of
&o, but at long timescales toward that of £. The underlying component that fails is divisibility: the
exponential decay rate in relative entropy toward £ at time ¢t > 0 is not the integral of decay rates
from times 0 to t, violating Equation (17). As noted in Remark 3.16, the action of a Hamiltonian
cannot reverse relative entropy decay toward a unital fixed point subspace projection. Hence a natural
question is whether an indivisible generalization of CMLSI holds more generally for unital QMSs. In
this Section, we answer this question in the affirmative.

Previously, [42, Theorem 2.6] showed that for any unital quantum channel ®, there is a CSDPI
constant A\g € [0,1) such that

D(®(p)[|® o Ea(p)) < AaD(p[|E2(p))

and gave a procedure to calculate \g in terms of the behavior of (®®,)* for sufficiently large k € N.
An immediate question is whether ®* immediately has (C)SDPI constant A% by iteration. If so, such
a result would immediately lead to a discrete-time (C)MLSI-like bound. As shown in Counterexample
4.4, however, such iteration is not always possible. In general, [®,E3] # 0, so the same (C)SPDI
result no longer applies after the first step. More strikingly, we also see that sometimes there is no
initial decay to the large-k fixed point of ®*, since the eventual fixed point subspace projection may
not coincide with the multiplicative domain projection. Other results of [42] avoid this barrier by
assuming GNS detailed balance.

The intuition for our adjustment is to show that the semigroup property suffices to ensure that
Ol = £t = R'E = ER! for some unitary conjugation family R!, and for a projection £ that does
not depend on the choice of t > 0. A natural intuition would be that as ®’ is analytic for ¢ > 0,
certain qualitative properties must be preserved for all ¢ > 0. If this analyticity passes to the induced
decay, then it should be impossible for a QMS that induces late-time decay not to induce decay in any
interval (0, 7) for arbitrarily small 7 > 0.

Lemma 3.18. Let (D');>0 be a unital, finite-dimensional QMS. Then there is a decoherence-free
subspace projection £, and for each 7 > 0 there is a minimal k. € N such that for all k > k.,

(1+1/10)€ > (BTDT)* >, (1 —1/10)E . (29)
Furthermore there exist unitary rotations (R') for which ®'€ = E®t = R'E = ER? for allt > 0, and

D((@7 @ 14%)(p) (€ 0 ®7) ©14%)(p)) < (1 — 1/2k,) D(p]|(€ © 1d%)(p))

for any finite-dimensional auziliary system B and input density p.

Proof. The first part of the Lemma is the assertion that for some k € N, (®!®*)* becomes cp-order
comparable to a projection £ that is uniform in ¢ and projects to the multiplicative domain. By Lemma
3.5, (®L®)¥ is arbitrarily close to £ in diamond norm for sufficiently large k. By [45, Proposition
11.16], diamond norm convergence indeed implies that (®L®%)* >., (1 — ()€ for arbitrarily small ¢
with sufficiently large k. Let us thereby write (®L®")* = (1 — ¢)€ + (¥ for some channel ¥. Since
(PLPN)FE = £(DLD!)F = £, it must also hold that WE = £V = £. Furthermore, since £ is a conditional
expectation, £ >, ¢¥U for uniform c¢ given by the Pimsner-Popa index as in Equation (5). Hence
(1= ¢ +¢e)€ >¢p (PLPY)E. Since ¢ can be made arbitrarily small, the cp-order bound converges.
We recall [42, Theorem 2.6], which shows that

D(2(p)[|2" 0 £(p)) < (1= 2ke) D(p[[£(p)) -

Lemma 3.6 yields the corresponding family of rotations (R!) for which ®' o & = £ o RY. O
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A subtle but essential difference between Lemma 3.18 and the bound implied by [42, Theorem 2.6]
is that in the left-hand side of the inequality, the second argument to relative entropy is £(R!(p)) =
E(Pt(p)), rather than ®! o £(p). It is because of this order of operations that unlike [42, Theorem 2.6],
one may iterate Lemma 3.18 to obtain the following, motivating Theorem:

Theorem 3.19 (Technical Version of Theorem 1.2). Let (®%);>0 be a finite-dimensional, unital QMS.
For any 7 > 0, there exists a minimal k; € N such that

(14 1/10)€ >, (BTBT)F >, (1 —1/10)E

for all k > k. Furthermore, there exists a family of unitary rotations (R')y>o for which ®'€ = E®' =
R = ERY, and

D((®' ©1d%)(p)I|((€ 0 @) @ 1d%)(p)) < (1 —1/2k-)"/ I D(pl|(€ ©1d7)(p))

for all t > 0 and every input density p, where |-| denotes the floor function, and B is any finite-
dimensional auxiliary system.

Proof. We apply Lemma 3.18 after noting that ®'c£o RY = ®&'~" o0& o RY*7 for any 7 < t and w > 0.
Hence
D(2"(p)|€w(p)) = (1 = 1/2k-)D(2* 7 (p)IE(R T (p))) -

Starting at w = 0, we iterate, obtaining that
D(@Y T (p)|IER™ (p))) < D(plIE(p)) -

The final inequality of the Theorem then follows from the data processing inequality and that &Rt~ 7#/7)
Pt—7 [t/7] £. 0

We emphasize that Counterexample 4.4 illustrates how one cannot simply iterate [42, Theorem 2.6)
to obtain a result analogous to Theorem 3.19, as such would imply too general a bound. Instead, we
use the smoothness implied by the QMS structure to relate eventual decay in cp-order to early-time
decay in relative entropy.

Theorem 3.19’s generality in light of Theorem 3.15 constrains the size of A, for small 7. Given the
breakdown of CMLSI in general, it must sometimes hold that A, — 0 as 7 — 0. Indeed, the intuition
for this constraint is apparent from Counterexample 4.1.

4  Examples and Applications

In this Section, logarithms are taken with base 2 unless specified as “In” for convenience in describing
qubit-based examples. These examples take inspiration from earlier results on effective Zeno dynamics
in systems with strong, local dissipation [64, 17, 63].

Counterexample 4.1 (Failure of (C)MLSI). In this counterexample, consider an n-qubit Hamiltonian
of the form H = Z?:1 Hj ;41 + Hj; . This form represents nearest-neighbor interactions on a one-
dimensional chain with open boundary conditions. Notable examples include Heisenberg and Ising
models in one spatial dimension. Add a dissipative generator S = S; ® 1%"~1, which acts only on the
leftmost qubit. Physically, one may think of such a system as well-isolated from its noisy environment
except for the left end of the chain. Until the (n — 1)th term in a Taylor expansion of the QMS around
t = 0, no term contains more than n—2 qubit swaps. Via continuity of relative entropy to a subalgebra
restriction (see [22, Lemma 7] and [18, Proposition 3.7]),

D(2(p)[|®(£(p)) = (1 — O™~ logt)) D(p[[E(p)) -

Since ®! cannot have MLSI with any A > 0, it does not have MLSI.
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Figure 1: Relative entropy of a 4-qubit spin chain to (fully decayed) complete mixture: (1) Spin chain illustration.
The noised qubit is on top and shaded yellow. The 3 qubits below are shaded green with nearest-neighbor interactions.
(2) Relative entropy vs. time with input (1/2)®% ®]0)(0|, where the legend notes + in Equation (30). (3) Relative
entropy vs. time averaged over 50 randomly selected input densities.

Using Qiskit Dynamics’s Lindbladian solver, we plot relative entropy decay for X X + Y'Y nearest
neighbor interactions (see [73] for a simple example of a similar system) on 4 qubits. The simulated
Lindbladian has the form
3
£(p) = i[27 Y (X K41+ Yijs1)s ]+ Suep(p) @ 147, (30)
j=1

where 124 denotes the identity operator on the 2nd-4th qubits, Sdep 1s the depolarizing generator as

in Equation (13), and X,Y, Z denote unnormalized Pauli matrices. By p~% we denote the marginal
of density p on the 2nd-4th qubits. The fixed point is complete mixture, and the initial initial state
is one of |0000), (1/2)®3 ® |0)(0|, or a density randomly generated using seed values 100-149 using
the giskit. quantum_info.random_density_matriz method with the Hilbert-Schmidt metric. Results are
plotted in Figure 1. The parameter v multiplies the noise terms, controlling the strength of noise
relative to time and interaction terms. Note that one may technically define the depolarizing channel
with depolarizing “probability” greater than 1 - we do not study this regime. Strong noise in our
case refers to extremely fast decay to complete mixture, not to extending the parameter range beyond
that. Von Neumann entropies are calculated using Qiskit’s ‘quantum_info.entropy’ subroutine and
subtracted from the maximum possible entropy to obtain the relative entropy with respect to the
completely mixed fixed point state.

Figure 1 shows simulations of the model defined by Equation (30) with initial state (1/2)®3®]0)(0|.
Initial decay in Subigure 1.(2) is of subleading order, showing a violation of CMLSI. More striking is
the inversion in the relationship between noise strength and entropy decay when going from 10.0 to
100.0. While decay rate expectedly correlates with noise strength for weak noise, the relationship soon
inverts. One sees in Figure 1 a rebound effect in which stronger noise begins to increase rather than
decay the relative entropy at fixed time. Extremely strong noise suppresses the interaction between
the noised qubit and others, slowing its own spread.

As noted in Remark 3.16, self-restricting noise is not the result of dynamical decoupling. Further-
more, there is no truly decoherence-free subspace in the long-time limit of this example - the late-time
fixed point of the QMS is complete mixture. There is also no active error correction, and since the
noise is unital, also no way for passive error correction in the usual sense to emerge.

Example 4.2 (Decay Rate vs. Noise Strength). Consider the following scenario: two qubits A and B
undergo coherent time-evolution under an interaction Hamiltonian H = Z ® X/2, while A undergoes
depolarizing noise. Here the system’s evolution is described by the Lindbladian

L(p) = 1i[Z ® X/2, p] + Ao(Saep @ 1d7)(p) . (31)

The fixed point state of the stochastic part, Ao(Saep @1d7)(p) = —Ao(1/2@pF —p), is En(p) := 1/2@ .
That of £ is £(p) = 1/4, complete mixture. Here £(H) = 0, generating the identity. Let ® x (1) denote
the unitary generated by H in time t.
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Numerical results are simulated for time-evolution under £ using Qiskit and Qiskit Dynamics. The
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Figure 2: Relative entropy of qubit B’s state to the fixed point, which for this input is completely mixed, computed
numerically and compared to theoretical lower bounds. The decay rate is A¢ as in Equation (31). The plot is scaled
logarithmically on the horizontal axis and linearly on the vertical.

time is fixed to t = 4w, so a fully coherent rotation results in perfect fidelity with the original state.
An initial state of |00)(00| eventually decays to complete mixture. The dissipative term strength Ag
varies from 0.0001 to 20000.0. Results appear in Figure 2.

The theoretical bound is from Corollary 3.11. Note that ||- — [Z®X/2, ]| = 1, and exp(—AoTSgep®
1dP)(p) = exp(—=Xo7)p + (1 — exp(—Xo7))E0(p). Hence 7 = (In2)/Xg to achieve € = 1/2. For L as in
Equation (31),

2
le=“(p) — Eolp)]], < Me7[dn]In2 Kiﬂ 2

Via the triangle inequality,

[2(p) =€), = [[€0(p) = €I, — [le™(p) — Eap)], -

and ||E(p)—& (p)H1 < 1 via direct calculation. Since £(p) is completely mixed, ®¢(p) always commutes

with it. Therefore a refinement of Pinkser’s inequality for total variation distance given by [74, Equation
(16)] originally from [75] applies:

1

D(plE()) = — (n

1+dtv)7 thv )
1 — dyy 1+dw/’

where dy, = diy(p,E(p)) is the trace distance for commuting densities or classical variables. As an
alternative, Lemma 2.1 yields an upper bound on |D(®(p)||E(®!(p))) — D(En(p)||E(p))| in terms of
le=“(p) — Eo(p)|l1, and D(Ey(p)||E(p)) = 1. Combining the two bounds yields a theoretical lower
bound on relative entropy for large Ag. For small Ay, a direct bound follows [76, Lemma 4.3], which
states that since p < c€(p),

— 2 T —In7T
D((1 = Op+CE(p)lIE(p)) = sup (17 fg (1_ (15(61) :

where k(c) = (cIlne — ¢ —1)/(c — 1)2. Combining bounds yields the theory curve in Figure 2.

)D(IEP)) |
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For very small values of \g, the state expectedly does not decay noticeably. With increasing
A, a region of strong decay appears, where a time of 47 is long enough to mostly dephase qubit
B under almost continuous interactions with a regularly noised qubit A. With large Ay, however,
the relationship inverts. As the noise channel approaches completely depolarizing, decays slow with
increasing Ag. Analyzing distinct regimes as in Figure 2:

o For small \g, ®'(p) =~ exp(—it[H,])(p). Relative entropy decays slowly.
e The regime of strongest overall decay appears for intermediate values of .

o When )\ is large and t not too small, ®¢ ~ R, for rotation R; generated by Eo(H). This
modified Hamiltonian generates Zeno dynamics with the same invariant subspace as & and S.
Self-restriction as in Theorem 3.15 protects information in the fixed point subspace of evolution
generated by S, which might be larger than the fixed point subspace of evolution generated by
L.

The theory bounds in this example are expectedly loose, as they rely on Theorems designed to apply
to all input states, while the specific input state chosen is intended to illustrate effects in a convenient
range of values.

Corollary 3.11 does not immediately follow from [63]. A subtle but essential difference is that the
main Theorems of [63] control the relative strength of processes through an explicit multiplier, “y.” In
contrast, Theorem 3.15 uses the CMLSI constant of the dissipative part of the process. The following
example illustrates a scenario in which growth of the CMLSI constant emerges not from an explicit
multiplier but from the internal structure of the process:

Example 4.3. Let G be a finite, undirected graph on n vertices, defined as as a set of pairs {i,j} :
1,7 € 1..n. Let

D15(p) = 1) Glold) @+ 1) Wlolt) G+ (32 Ishsl @ 17 )p( D Inkirl @17)

sF#L,j r#l,j

represent a single edge on Hilbert space of dimension n, with the possibility of extension by an arbitrary
auxiliary system with an interaction Hamiltonian H. As noted in [45], the complete graph Lindbladian

given by )
S =5 . (p—2uir)

,j€L..n

has O(n)-CMLSI. Hence via Corollary 3.11, S,, has an increasing CMLSI constant with n, even though
increasing n does not multiply the Lindbladian by a constant larger than 1. Accelerated convergence to
the Zeno limit arises because the structure of all-to-all interactions. Hence this family of Lindbladians
exhibits growing decay rate that is not captured by an overall factor multiplying the Lindbladian.

Counterexample 4.4 (Non-iterability of (C)SPDI). In Section 3.2, we considered whether the CSPDI
inequality implied by [42, Theorem 2.6] generally iterates to imply a discrete-time (C)MLSI-like in-
equality. Here we show a counterexample. Consider a channel on the n-qubit spin chain:

® p>? +ep)Ul,.

DN | >

@(p) = Usyel(1 — )

where p(>2) denotes the state on all but the first qubit, and Ucyc applies the leftward cyclic qubit
permutation 1 < 2,2 < 3,....n—1 < n,n < 1. One may easily see that ®" is a completely depolarizing
channel. For any m € such that 1 < m < n, the action of ®™ on the state (1/2)®™ ® [0)(0|®"~™ is
perfectly invertible and equivalent to the leftward cyclic permutation. Hence there is no initial decay
to the eventual fixed point subspace.
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Examining ®,®, the problem is clear: this composition fully depolarizes the first qubit, applies the
cyclic permutation, reverses the cyclic permutation, and then applies the same (now trivial) depolar-
ization. Subsequent applications merely continue depolarizing the first qubit. In [42], imposing the
detailed balance condition excludes channels such as this ® by forbidding most forms that include uni-
tary time-evolution. In Theorem 3.19, the analytic structure of the QMS precludes the decoherence-free
subspace from changing at finite time.

Example 4.5 (Cross-Resonance Hamiltonian with Markovian Dephasing). In principle, inequalities
such as CMLSI and CSDPI lower bound decoherence rates, as well as quantum capacities and other
key notions for quantum information. The imposition of detailed balance is however a substantial
restriction, as it precludes studying systems governed by unitary drift or during active quantum pro-
cessing. Noise during quantum processing or other dynamics is often larger than that during idle times,
and the majority of such noise in superconducting qubits often arises from two-qubit interactions [77,
p1026]. In this example, we show how passive dephasing noise during the executation of an entangling
gate on superconducting qubits depolarizes the second qubit. We denote the 2-qubit system A ® B.
One entangling gate is via the cross-resonance (CR) interaction between two qubits. Let

Z X
Hy = 3® (wzil +wzx X +wzyY +wzzZ) ,
1
H, = 3 ® (waX +waY—|—wIZZ) , and (32)
1 o A A A
S(p) (20— (Zo)p(Zz21)- 12 2)p(1e2)).

T

The CR Hamiltonian is given by Hor = Ho + H; as described in [78], where the coefficients w? are
hardware-specific. Although the gate’s precise implementation involves a time-dependent turning on
and off of the Hamiltonian, [78] notes a reasonable approximation is that the unitary gate Ucr =~
exp(—itcrHcor), as the true pulse contains short rise and fall intervals surrounding a longer interval
in which the effective Hamiltonian is approximately constant.

Passive noise in qubits is often modeled as a combination of non-unital relaxation with characteristic
time denoted T} and dephasing noise with characteristic time 75, modeled by

Phepn(p) = ¢ Tp+ (L= e /T2)E2(p)

where £z is the pinching map to the computational or Pauli Z basis [79]. When T7 >> T5, we may
consider the two qubits in the CR gate to undergo individual dephasing noise simultaneous with the
coupling gate. This process is modeled by the Lindbladian L£(p) := i[Hcr, p] + S(p) generating the
QMS @% . Though the decoherence rate will depend on specifically on the coefficients in Equation
(32), most combinations will yield that time-evolution under Hogr does not commute with Id ® £,
though it does commute with £; ® Id. Via Lemma 3.6, the Hamiltnoian must therefore reduce the
fixed point subspace. In particular, we see that as long as wyx or wry is non-zero, the Lindbladian
given by - — i[Hp,-] + S has fixed point projection £ given by £(p) := Ez(p?) ® 1/2. Because Hy
applies only Z-basis coupling to qubit A, it does not change the fixed point algebra on that qubit.
Since the fixed point subspace must be smaller than that projected to be £; ® £z and remain unital,
it must be that projected to by £.

Theorem 3.15 shows that this noisy cross-resonance Lindbladian does not have CMLSI. Further-
more, if the noise were overpoweringly strong, an input p would quickly decay to (€7 ® £z)(p) and
slowly to £z (p?) ® 1/2. Theorem 3.19 nonetheless shows that for any fixed 7 > 0,

D(2Zx(p)lIE€2(p") @ 1/2) < A D(pll€2(p*) ©1/2) .

for some A, < 1 that is independent of p. A long, noisy cross-resonance interaction or repeated cross-
resonance gate application with dephasing noise does result in exponential decay towards a fixed point
subspace in which qubit B is fully depolarized.
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A long-term motivation to study noise is understanding decoherence affecting quantum computers,
memories, communication links, and related systems. Though fault-tolerant error correction presents
an eventual solution to noise in quantum computation, there are still major challenges in the near
term [2, 80]. In the long term, noise will still contribute to the number of physical qubits required
to implement fault-tolerant error correction, so understanding and reducing noise will help reduce the
cost and energy demands of fault-tolerant quantum computers. Furthermore, noise in long-distance
communication links and long-term memory will not simply disappear with error correction but impact
error-corrected capacities [3]. As in Example 4.5, extending CMLSI-like bounds to situations that
combine unitary dynamics with noise is a step toward modeling systems that often appear in quantum
information, including quantum processing. There are several relevant issues to address in future
work, including time-dependent Hamiltonians and how they combine with non-unital noise, in order
to complete the picture of CMLSI for pulsed gates with Markovian noise. In full generality, one likely
must consider non-Markovian dynamics to fully understand the noise arising during quantum gates.

5 Conclusions and Further Open Problems

As Theorem 3.15, conditions were determined for when adding a Hamiltonian term to a trace-
symmetric Lindbladian generator breaks or preserves (C)MLSI. A point we re-emphasize is that unlike
in dynamical decoupling, adding a Hamiltonian to unital, Markovian noise does not slow the growth of
entropy. Rather, CMLSI typically fails because the decoherence-free subspace of the new Lindbladian
is smaller than that of the original, so the original dissipator no longer induces the full range of eventual
decay.

A long-running problem in semigroup theory is to understand the most general class of canonical
dissipator [32]. In this paper, we focus on how adding a Hamiltonian affects decay rate. It remains
open whether there exist canonically dissipative (having no extractable, non-trivial Hamiltonian part),
finite-dimensional generators that do not decay states to a fixed point subspace or do so slower than
exponentially.

Left open by Theorem 3.19 is whether an analogous decay estimate holds for Lindbladians of
the form in Equation (12), but where S has (C)MLSI with a non-unital £. In this scenario, the
fixed point subspace projected to be £ is not obviously contained in that by &, or the full time-
evolution may exhibit limit cycles [81, 82]. The Hamiltonian might more directly counteract effects
of the dissipator. Mathematically, the primary barrier to extending Theorem 3.19 beyond unital
channels is to generalize properties of the multiplicative domain to the non-unital case. For example,
an appropriate generalization of [49, Theorem 1.3] would strongly hint at the proper definition of a
fixed point up to rotation in the non-unital case. As noted in [47], however, the connection between
the multiplicative domain, unitarily correctable subspace, and fixed point subspace of ® o ®* for a
channel @ is weaker without unitality. Deriving and applying an analog of [49, Theorem 1.3] without
this correspondence might be the topic for another work. We therefore leave this generalization to
future investigation.

Relatedly, another natural question is whether all QMSs decay states to a fixed point subspace up
to persistent rotations. In this work, we exploited a connection to the multiplicative domain for which
more in the unital channel setting. Physically, the restriction to unitality in Theorem 3.19 ensures that
coherent dynamics ultimately commute with projection to the overall fixed point subspace, so the fixed
point subspace of the dissipative component is always at least as large as that of the combined process.
Such an assumption is potentially violated when combining a non-unital dissipator with Hamiltonian
time-evolution. Furthermore, initial relative entropy is unbounded for fixed point states with arbitrarily
small components. These complications naturally extend to those encountered with non-Markovian
processes. In full generality, time-varying unitary dynamics might preclude an analogous notion of a
fixed point or decoherence-free subspace, requiring a different formulation of decay.
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A Strong Damping, Zeno Dynamics, and Entropy Decay

Much of this Section is devoted to a technical reanalysis of the generalized Zeno, strong damping, and
related effects [63, 58, 59]. Our estimates are based on cp-order inequalities and seek comparability
with CMLSI and A-decay. The bounds derived herein are nonetheless in terms of norms. These bounds
are in principle very general, requiring only sub-multiplicativity of || - | 45 in addition to its being
a norm. A restriction, however, is that many of the results must assume contractivity of most or all
maps involved. The diamond norm is especially convenient in this sense, as channels automatically
satisfy this assumption. Though many of the techniques do not require finite dimension, we assume
that the diamond norm is well-defined and bounded for the superoperators considered herein.
To simplify notation, let
a™ exp(a)

Fm .=
e m!

(33)
for any scalar a > 0, k € N.

Remark A.1. For any a > 0 such that exp(a) equals its Taylor series,

k s n s n k+1
@ e T _dtepl@) g
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Lemma A.2. Let £, and £ be respectively a Lindbladian and a map on the same von Neumann
algebra. Let A be a normed input subspace that is preserved by L, and B be the normed output space
of £. Then for any t € R

o 5 e =

m! HAH&(cb) = FHEHA,(cb)t”gHA_’B’(Cb) ’

Proof. First, we name a given input p and use the triangle inequality to separate terms.

t?rl

oo > Een| <> Dot (34)
’ m=k:

m!
m=k

We then consider each term.

1€ 0 L™(p)ll a5, (cb) < I€]l.a=B,ebl| L™ (P)]] 4, (cb) -
The proof then follows from Remark A.1. O

Lemma A.3. Let (f,,)5 1, (gm)k,_ be families of maps for k € N such that f, 0 frm—1 and Gm o gm—1
are valid compositions. Then

[ TLon=32( 1] o0)6i-a(I1 1)

m=1 m=1 =1

Moreover, if the maps are contractions in norm || - ||, then

1 1 k
H Hgm_ HmeSZlfl_ng
m=k m=k =1

Proof. Let w; = (Hin:l fm) (p) for input p and each I € 1...k. For each value of [,

( H gn) wi) (H%) wi-1) ( H gn) fr=g)(wi-1) -

n=Il+1 n=I[l+1
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The Lemma’s first Equation then follows from induction.
We apply the Lemma’s first Equation to the left hand side of its second, obtaining that
ko141 1 H

[T~ T o e S (T oo TT 52)0

Via the triangle inequality, we may separate the terms in the sum. We then split the product via
submultiplicativity. The overall supremum over p then underestimates the per-term and per-factor
suprema, completing the Lemma. O

Lemma A.4. Let (®,,)% _; be a family of contractive maps on space A with submultiplicative norm ||-||.
Let (L,)k _, be a family of bounded Lindbladians generating contractive semigroups. Let ty,...,t;, €

R*. Then
k

k k
H [[(@moe ) = ] (@mo (1~ Lt ))H > FlEottn
m=1

m=1 m=1

Proof. The Lemma follows from noting that (1 — £t) is the 1st order Taylor expansion of e ** for any
teRT, so

_ 2
||€ Lontm _ (1 — Etm>|| < F\I(ll)ml\tm

for each m € 1...k. Lemma A.3 completes this Lemma. O

While it is often intuitive to think of a Lindbladian as having units of inverse time and appearing
alongside a time parameter in the expression exp(—Lt), t is redundant in many of the mathematical
expressions we will use. When ¢ is an overall parameter (not changing by interval as in Lemma
A.4), we may instead write exp(—L), implicitly absorbing ¢ as a multiplying factor in £. Doing so
simplifies notation, and one may trivially re-extract the parameter ¢ by substituting £ — ¢£ in resulting
expressions.

The next Lemma uses additional notation. For m < k € N, let

WS(m,k) C{[ro+1,...r1], s [rme1+ 1, cc,rm] : 0 =19 < -+ < 71pp =k}

denote the set of partitions of £ into m contiguous, ordered, non-overlapping intervals. For given
W € WS(m,k), let W(j) denotes a contiguous sequence of indices for j € 1...m. Let |W(j)| denote
the number of indices in W (j), which we will refer to as its length. By W (j)[l] we denote the Ith index
in W(j) for I € 1...[W(j)|. As an example, we might take W = ([1,2,3],[4,5]) € WS(2,5), in which
case W(1) =[1,2,3], W(2) = [4,5], and W(2)[1] = 4. In this example, we would have ry = 3,7y = 5.

Lemma A.5. Let (®,,)k _, be a family of contractions for any k € N. Let (L)%, _; be bounded
Lindbladians such that e “m is also contractive for each m. Let ||L|| = max,,{||Lnm|}. Assume
for given g € N, projection &€, and ¢ € (0,1) that for any contiguous indices 1 < ji,....,5n < k,
Q.0 >, (1—¢€)E&, and that ©;,€ = ED; =& for each j € 1...k. Then

k

DS (1) D | G BRsE

m=0 WeWS(m+1,k)  j=1

<9 3 2 £l
<2 (14 1) TP + 41CI + 20 he

where Oy 5y = Py w00 Pw)ny, and each Lw,; € (Lyy,) is the Lindbladian appearing between
the channel compositions W (j) and W(j + 1).
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Proof. For each n € 1...k, let #(n, WS(m + 1,k)) denote the number of partitions in W.S(m + 1,k)
that contain at least one interval of length exactly n. To estimate #(n, W.S(m+1, k)), consider placing
m — 1 partition boundaries (creating m partitions), then placing a final partition boundary that is
exactly m positions away from one of those already placed. To place the first 1...k boundaries has
(k + 1 choose m — 1) choices when including placing before the 1st or after the kth as well as between
any indices. To place the final boundary has 2 choices for each already placed boundary, although
these terms are subsequently divided by a factor of 2 to account for exchange between the final and n-
positions-away pre-existing boundary, plus another 2 choices for placement at either end of the interval,
yielding a m + 1 possibilities. The estimate #(n, WS(m+1,k)) < (k41 choose m —1) x (m+1) is an
overcount, since it may double-count if there was already a length-n partition between the first m — 1
boundaries, and since placing a boundary n positions away from another may not create an n-length
interval if another boundary is in between. To simplify, as long as m > 1,

k+1  (E+ 1)k (m+1) (k+1)km™2(m+1)
1)(m+1)( ik —ma)l = (m—1)!

#(n,WS(m+1,k)) < ( (35)

Futhermore, #(n, W.S(m+ 1, k)) overcounts the number of terms containing one partition of length n
and no smaller partitions.
Assuming that each |[W;| > n,

(H(q)W(])‘CWj))(pW(m+l)
=1
= H(((l — /oy 4 MWy ) L) (1 = eINE 4 9wy )

for some contractions (Wyy(; ))m_H such that EWyy(j) = Wy ;)€ = £. Hence

I f[@wu)cmj))@mmms - f[(ecWJ)eH < (f[ 1wl (1= (1= /alymy - (36)

assuming that the smallest partition in W is of length at least n. Via Bernoulli’s inequality, (1 — (1 —
elr/alym) < meln/9) when m > 0.
To bound the full expression as in the Lemma,

H Ek_: (_,jﬁm ( > (( ﬁ(¢W<j>£W,j))<I>W<m+1)5 - ﬁ(fﬁw,j)f)» H

WEeWS(m+1,k) ~ j=1 j=1
k m m
<> ,;3 > ‘(( ((I)W(j)‘CWJ))(I)W(erl)g H ELw;)E )H
m=0 WewS(m+1,k) j=1 ji=1
k m k m
= Z ,2 > ) ‘(( H(‘I’W<j>ﬁw,j))¢’vv(m+1)5 - H(fﬁw,j)??)) ' 7
=0 n=1WewS(m+1,k,n) j=1 j=1

where W € WS(m + 1,k,n) counts all partionings with minimum inveral size n. Combining with
Equations (35) and (36),

2 (2 (oo fieon))]

WeWS(m+1,k) > j=1 j=1

< (b E) (S ) S pem e
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Estimating the first sum,
[k/g]

Z n/al < ¢ Z

(38)

For the second sum,

Z IIEIIm i 1 Z IICII’” Pt Z HEII"’ ) (39)

Note that whenever a sum starting at m = 0 contains a factor of m in all terms, it equivalently starts
at m = 1. The first term in Equation (39) decomposes as

Zucnm ) chz (D% oy

k m2 m 1 (40)
= ||c||(mz_1 ey +2mZ:1 ey +mZ_OW|£||’") .
The second term in Equation (39) is equivalent to
Z e AL = i) i i+ ) i Zepm, @)
) — m! — m! ’

which also happens to equal the first term in parenthesis in the last line of Equation (40). Moreover,

k k

m m 1 m — 1 m
> el = 3 el < el 32 el = el (42)

m=1 m=1

Therefore, the terms in Equation (41) are equivalent to (||£]|? + ||£])el“l. Collecting terms from
Equation (40) yields (||£|® + 3||£]|> + ||£]])el“Il. Adding these expressions yields

Z L P ) < (I2)® + 412l + 2] cllel =T (43)

Equations (38) and (43) with (37) complete the Lemma. O

Lemma A.6. Let (®,,)% _, be a family of norm contractions for any k € N all having fixed point
projector €. Let (L,)k,_, be bounded Lindbladians such that e “m° is contractive for all s € Rt
and m. Let || L] := maxy, |Ln||. Assume for given g € N, projection &, and ¢ € (0,1) that for any
contiguous indices 1 < ji, ..., jn < k, ®;,.. @ >cp (1—€)€, and that ;€ = EP; = & for each j € 1...k.
Then

k 3 2
—[,m/k —ELmE/k (2) I£1° + 4 £]1° +2|1£]] el
| TI (@ o £ |7|1e £ < 2wF2 i+ 2(1+ k)

1—e€
m=1
Proof. Via Lemma A.4,

H ﬁ (@m0 k) ﬁ 5m/k))H < kE2) 1 -

m=1 m=1

Then via the binomial expansion,

! k m m
H m(l =Ly /k)) = Z (_klw)t Z (H(‘PW ﬁw;))‘I)W(mH)a (44)

m=1 m=0 WeWwS(m+1,k) j=1
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where Py ;) and Lyy; are defined as in Lemma A.5. Similarly,

[T (@moe®rmee/m) I —ELné/R)|| < D FiZe, ey < kE 2y x

m=1 j=1 m=1

Again via the binomial expansion and using that £ absorbs ®; for all 7,

m k m m
H1—5c gy =3 k}g > (TIeEcwse). (45)

WewS(m+1,k) j=1

Via idempotence of &,

Hence the desired norm is at most QkFH( ll)\l Jk plus

Hfﬂ—l)m > (m(5£w (ﬁ (@i Lws) ) o H))gH,
w0 KT 3) 118wo i m

WeWwS(m+1,k) j=1

Since the final £ is a contraction, the expression in Lemma A.5 is an overestimate, completing this
Lemma. O

Theorem A.7. Let (®,,)% _, be a family of norm contractions for any k € N. Let (L,,)*,_; be bounded
Lindbladians such that e=“m* is contractive for all s € Rt and each m € 1...k. Assume for given g € N,
projection £, and € € (0,1) that for any contiguous indices 1 < jy,...,Jn < k, ®;,..9; >cp (1 —€)E,
and that ®;& = E®; = £ for each j € 1...k. Then given any ¢ € N and (rm)fnzo such that ro = 0,
rq =k, and each kp, := 1 — T—1,

k k
| TL @ oeenmye = T[ esentlie| < 3" ma (

ETm—1...T
m=1 m=1 =1] mt "

2 g L\ (1€ 01km/K)* + 4ULjllkm/%)* + 2L km/E ;i s
2k Fc i 5 (1+ ) 1—e ‘ '

Proof. Via Lemma A.3,

ﬁ ((I)m o e—Lm/k) -~ ﬁ o—ELmE R

m=1 m=1
q lj ) T k
_ Z ( ®, o e—Lm/k)( H (q)m ° e—cm/k) . H e—ELmE/k)( H e—ecmg/k) .
j=1 m=1 m=l; m=rj_1 m=r;

Therefore, using that the left and right products are of contractions, that the right map commutes
with the projection £, that the norm is assumed submultiplicative, and the triangle inequality,

k k r .
H H (<I>m o e’ﬁ’"/k)g - H e*‘%’”g/kEH < i H 1_1 (q)m oe*l:’”/k)é' — 1_1 e*‘%’”g/kEH .
m=1 =1 m=l; m=l;

m=1

Note that L, /k = (km/k)Lm/km. Lemma A.6 completes the first inequality. O
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Remark A.8. As shown in Corollary 3.11, Theorem A.7 implies a strong damping inequality with lin-
ear dependence on the characteristic timescale of damping (inverse dependence on the strength), linear
dependence on time, and quadratic dependence on the norm of the damped Lindbladian. Analogously,
Theorem A.7 implies a generalized Zeno bound for discrete interruption scaling as O(1/k), and where
the dependence on ||L|| can be made quadratic via appropriate choice of q.

Remark A.9. As an alternate approach to prove a bound similar to Theorem 3.15, assuming that
(®!) has \-CMLSI, for any input density p,

D(®'(&(p)) 12" (£(p))) < e D(E(p)IE(p)) +

SO

D(E(p)lIE(p)) = D(*(Ea(p)) 1R (£(p))) = (1 = ™) D(Eo(p)[I€(p)) -

Using the bound from Lemma 2.1 and Equation (6), there is an input density p for which

6110g C(€) + (1+ 8 j 5) = (1= )DEW)IER))

Therefore,

v (1 ey (esc@) + v an(5)) ) 1o

To leading order in small d;,

O

A< m<5t log C(&) + (1 + &)h(m))) ~ lOgcf&||é,)(l<>g C(€) +10g(1/1d)) .

Though the obtained bound is optimized by setting ¢ large, doing so re-introduces higher-order cor-
rections in d;. Hence while this bound requires small é and therefore also contrains the relevant time
range in terms of it, the bound does not yield a 1/Xg scaling of A even for large \.
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