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We propose modifying topological quan-
tum error correcting codes by incorporat-
ing space-time defects, termed “time vor-
tices,” to reduce the number of physical
qubits required to achieve a desired logical
error rate. A time vortex is inserted by
adding a spatially varying delay to the pe-
riodic measurement sequence defining the
code such that the delay accumulated on a
homologically non-trivial cycle is an inte-
ger multiple of the period. We analyze this
construction within the framework of the
Floquet color code and optimize the em-
bedding of the code on a torus along with
the choice of the number of time vortices
inserted in each direction. Asymptotically,
the vortexed code requires less than half the
number of qubits as the vortex-free code to
reach a given code distance. We benchmark
the performance of the vortexed Floquet
color code by Monte Carlo simulations with
a circuit-level noise model and demonstrate
that the smallest vortexed code (with 30
qubits) outperforms the vortex-free code
with 42 qubits.

1 Introduction

Quantum error correction is key to enabling scal-
able quantum computing, as it protects quan-
tum information from errors induced by noise
and operational imperfections. Topological quan-
tum codes [1–5] are among the most promising
frameworks for error correction due to their re-
liance on local connectivity, often requiring only
two-dimensional (2D) hardware layouts. In these
codes, logical qubits are protected by enforcing
the eigenvalues of a set of commuting stabilizer
operators defined on local patches of qubits ar-
ranged in a lattice embedded in a 2D manifold.
These local checks allow for the detection of er-

rors as long as the errors do not form homo-
logically non-trivial paths on the lattice—paths
whose minimal length scales with the system size.
Consequently, as the system’s size increases, the
logical qubits gain enhanced protection from er-
rors. In practice, the stabilizers of these codes are
measured periodically and the measurement re-
sults (syndromes) are cross-referenced over time
to overcome measurement errors and to avoid ac-
cumulation of errors over time.

Recently, a generalization of topological codes
known as Floquet codes has been proposed [6].
While conventional “static” topological codes are
defined through a set of commuting stabilizers,
Floquet codes employ a periodic measurement se-
quence where the order of measurements is crucial
as these do not generally commute with one an-
other. A significant advantage of Floquet codes
is that they require the measurement of only low-
weight checks at each step. In particular, certain
constructions involve only two-qubit parity mea-
surements, which are native operations on certain
types of hardware. By taking products of these
measurement outcomes over time, it becomes pos-
sible to indirectly infer higher-weight stabilizer
operators of an underlying static code. If no in-
termediate checks anti-commute with a particu-
lar stabilizer between two consecutive measure-
ments, the product of these two measurements
forms a “detection cell” in space-time. A detection
cell yielding a non-trivial syndrome indicates that
an error has occurred.

Floquet codes have been studied extensively
since the development of the honeycomb Floquet
code [7] which measures 6-body stabilizers using
2-body checks. In [7–10] the realization of bound-
aries in the honeycomb Floquet code needed for
a planar architecture was simplified and its per-
formance was benchmarked for circuit-level noise.
Later, Refs. [11–13] constructed a Calderbank-
Shor-Steane (CSS) variation called the Floquet
color code which was shown to have a competitive
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threshold. Refs. [14, 15] considered encoding log-
ical qubits using twist defects in Floquet codes.

In this work we suggest introducing “time vor-
tex” defects as a means of enhancing a static or
Floquet topological code’s properties. These de-
fects are topological in nature and involve a tem-
poral lag in the measurement sequence, which
varies spatially and winds around the defect
core by an integer multiple of the period. We
find that this spatial-temporal modification alters
the paths through which undetectable errors can
form. By shearing the space-time lattice of detec-
tor cells, time vortex defects can enhance protec-
tion from logical errors by forcing undetectable er-
ror paths to become longer in the deformed topol-
ogy. This construction is inspired by Ref. [16], in
which a time vortex defect is introduced in a uni-
tary Floquet setting.

Our construction is most easily understood by
considering the simple repetition code defined
by the Pauli stabilizers ZiZi+1 with N qubits
i ∈ {1, . . . , N} and periodic boundary conditions.
Fig. 1(a) illustrates the periodic circuit used to
measure the syndromes of this code using na-
tive two-body Pauli ZZ measurements and the
corresponding matching graph (the relationship
between errors and detectors in space-time), as-
suming a phenomenological noise model includ-
ing measurement errors and single qubit errors
between each complete round of measurements
(dashed orange lines in Fig. 1). The path along
the red edges in the matching graph in Fig. 1(a)
is a minimal weight undetectable error. The inser-
tion of a single time vortex is drawn in Fig. 1(b).
The same path on the matching graph in this case
is no longer a cycle, i.e. it becomes a detectable er-
ror. The minimal weight of an undetectable error,
or the code distance, has increased by 1.

We note that in this example, the increase
in the code distance due to the introduction of
a time vortex depends on the particular noise
model used: if single qubit errors were allowed
between any two measurements (rather than be-
tween complete measurement rounds), the time
vortex would not increase the distance. In Ap-
pendix A we show that the time vortex increases
the distance in a more realistic setting, without
the use of native two-body Pauli measurements,
using auxiliary qubits to measure the syndromes
of this code.

𝐷 = 7
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error

minimal 
undetectable
logical error

𝐷 = 6

a

b

Figure 1: Inserting a time vortex into the measurement
sequence of the repetition code with periodic boundary
conditions. (a) Without the time vortex, native two-
body Pauli ZZ measurements (green) are applied in
a “brick wall” circuit. The height of the measurement
boxes represents the minimal time required to perform
a measurement. The matching graph of the code is
shown for a phenomenological noise model. Detectors
given by the product of two consecutive parity measure-
ments are drawn as yellow square markers. Errors repre-
sented by edges trigger the detectors at their endpoints.
Vertical (time-like) edges are measurement errors while
other (space-like) edges correspond to bit flips between
rounds of syndrome measurement (along the dashed or-
ange lines). The code distance D is determined by the
length of the minimal non-trivial homotopy (red edges).
(b) A single time vortex is inserted by introducing de-
lays between consecutive measurements. The distance
is increased by 1 as compared with the vortex-free code.
This comes at the expense of an increased circuit depth.

Within the Floquet color code framework, we
optimize the way in which we embed the code
on the torus and the number of time vortices
introduced through each hole. By introducing a
number of vortices proportional to the linear size
of the system through the holes of the torus,
the code distance increases compared to the opti-
mal distance achievable with no vortices. Specifi-
cally, for a realistic circuit-level noise model, the
distance in the vortexed Floquet color code be-
comes approximately 1.46 times the distance in
the vortex-free configuration in the limit of a large
number of qubits. This leads to a stronger sup-
pression of the error rate with system size. Us-
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ing Monte Carlo simulations, we demonstrate the
enhanced performance of the vortexed Floquet
color code, positioning it as a strong contender
among state-of-the-art quantum error correction
techniques.

We note that inserting time vortices into a
tightly packed quantum circuit increases its depth
(while the number of gates remains the same).
This leads to a tradeoff between the beneficial
increase in code distance on the one hand and
increased duration and idling noise on the other.
Vortexing becomes useful if there is a low error
rate for idle qubits compared to gate infidelities.
This is discussed in Appendix B.

This paper is organized as follows. In Sec. 2
we review the Floquet color code. In Sec. 3 we
introduce the time vortex construction. In Sec. 4
we optimize the embedding of the Floquet color
code on the torus both with and without time
vortices and demonstrate that a larger distance
can be achieved in the former case. Sec. 5 includes
numerical simulations of the performance of the
optimal codes found in Sec. 4 when subjected to
circuit-level noise. Finally, in Sec. 6 we explore
the time vortex construction in the case of the
toric code.

2 The Floquet color code

The Floquet color code [11–13] is defined by a
sequence of 2-body Pauli measurements on the
bonds of a honeycomb lattice with a qubit located
on each vertex. The set of all checks consists of
Pauli XX and Pauli ZZ on all bonds of the lat-
tice; the code is of the CSS family. These 2-body
checks are designed in order to infer 6-body sta-
bilizer operators inherited from the parent color
code, namely products X⊗6 and Z⊗6 on hexago-
nal plaquettes of the lattice. Specifically, the prod-
uct of three X checks on non-overlapping bonds
around a plaquette is equal to the X stabilizer,
and the same is true for Pauli Zs.

The order of the measurement sequence is de-
fined through a coloring of the lattice. The plaque-
ttes of the lattice are colored red, green, and blue,
assigning adjacent plaquettes distinct colors (see
Fig. 2). Each bond of the lattice is correspond-
ingly colored according to the two plaquettes at
its endpoints. Finally, the measurement sequence
of the Floquet color code is rx → gz → bx →
rz → gx → bz, where rx for example indicates
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Figure 2: The Floquet color code with and without a
time vortex. (a) The qubits of the Floquet color code
are arranged on the vertices of a honeycomb lattice on a
torus. The plaquettes are colored red, green, and blue
and the bonds are colored according to the plaquettes at
their endpoints. (b) The code is defined by a periodic
sequence of 2-body Pauli XX and ZZ measurements
on the bonds with period T = 6. The time of each
measurement is given by the schedule indicated on the
black circle. (c) A time vortex is inserted along the L1
lattice vector by adding a spatially dependent delay to
the time at which each measurement is applied within
the cycle. The delay accumulated on a path going around
the torus in the L1 direction is equal to the period T .

that all red bonds are measured in the X basis.
Although the code is defined through the order
of the measurements alone, we find it convenient
to introduce a continuous time at which the mea-
surements are performed, i.e. the measurements
above are performed at integer times i+kT where
i ∈ {0, . . . , 5} for each of the six steps, T = 6 is
the period and k ∈ Z is the cycle number. The
Floquet color code is illustrated in Fig. 2(a) and
the measurement sequence is shown in Fig. 2(b).

Importantly, the system is not always in an
eigenstate of all of the color code stabilizers. Each
stabilizer anticommutes with some of the checks
in one of the sets measured during the sequence.
For example the X stabilizer on a red plaquette
anticommutes with each of the red bond measure-
ments in the Z basis touching that plaquette. It
can be seen that at each step within the cycle,
the state is an eigenstate of all of the color code
stabilizers except those on the plaquettes of the
color last measured, with the opposite Pauli label
as that last measured. The instantaneous state is
equivalent up to a local unitary transformation
to the toric code on a triangular lattice. For in-
stance, after measuring the red bonds in the X
basis, the two qubits on each red bond are pro-
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jected into a two dimensional subspace. This sub-
space is equivalent to a single qubit on each red
bond. The red X stabilizers of the color code are
equivalent to the vertex of the toric code, while
the green and blue Z plaquette stabilizers of the
color code correspond to triangular plaquettes of
the toric code.

On a torus, the Floquet color code encodes two
logical qubits. The logical operators X̄1,2 and Z̄1,2
of these qubits are supported on homologically
nontrivial cycles around the torus and are given
by products of physical X and Z Paulis respec-
tively. The exact form of these operators can be
read off from the equivalent toric code. Impor-
tantly, these operators are non static, but rather
evolve during the measurement sequence as one
instance of the toric code is mapped to another.

3 Inserting time vortices

A time vortex is a space-time defect one can add
to a periodically driven system [16]. Starting from
a translation invariant model such as the Floquet
color code drawn in Fig. 2(a), a time vortex is
inserted by adding a spatially dependent time de-
lay which smoothly accumulates an integer mul-
tiple of full driving period T upon encircling the
defect core [see Fig. 2(c)]. If bond b at physical
location rb is measured at time tb + kT, k ∈ Z in
the translation invariant model, it is measured at
time tb −τ(rb)+kT with the vortex. The position
dependent delay τ(r) satisfies∮

∇τ(r) · dr = nT, (1)

where n ∈ Z in the number of time vortices in-
serted, and the integral is done on a path around
the time vortex core. Here, it is convenient (but
not necessary) to think of τ(r) as a continuous
function of space, which is sampled at the cen-
ter of the bonds rb when determining the time of
the measurements. Fig. 2(c) shows the spatially
dependent delay in the measurement sequence of
the Floquet color code with a single time vortex
going around one direction of the torus.

We emphasize that the vortexed code is defined
by precisely the same set of checks as the vortex-
free code (requiring the same spatial connectiv-
ity). The only difference is in the order of the
measurement sequence. Furthermore, if the gra-
dient ∇τ(r) is small enough, the local order of

measurements is unaffected - the change is evi-
dent only on the global level.

In the main text, we study the Floquet code
embedded on a manifold with no boundaries (the
torus). We insert time vortices around homolog-
ically non-trivial cycles around the torus and
study the effect on the properties of the code. In
Appendix C, we consider the implications for a
planar architecture (with boundaries).

The downside of introducing time vortices into
the measurement sequence is that circuit depth
becomes larger despite having the same number
of operations. This overhead does not increase
with the size of the code. In the presence of idling
noise, this increases the logical error rate of the
code. This is discussed in Appendix B, where we
show that introducing time vortices may be bene-
ficial even in the presence of idling noise, as long
as it is small enough.

4 Optimal code with time vortices

In this section, we optimize the Floquet code
graph-like distance over the possible embeddings
of the code on the torus and the numbers of time
vortices in the two directions.

4.1 Graphlike distance

As discussed in [13], Floquet color code is match-
able in the sense that independent single qubit
Pauli errors and measurement errors trigger a
non-trivial syndrome on up to two detection cells.
This means that this error model can be repre-
sented on a “matching graph” such as the one il-
lustrated in Fig. 1 with a vertex for each detector
and an edge for each error. This structure allows
for efficient decoding using methods such as min-
imum weight perfect matching.

For easy comparison with other literature, we
focus primarily on the Majorana-inspired error
model called “EM3” in [9, 17]. This model as-
sumes native 2-body Pauli measurements and
includes correlated errors effecting measurement
outcomes and the measured qubits. A detailed
description of the model is given in Appendix D.
Within this model, certain errors generate more
than two detection events, but by decomposing
these errors, efficient decoding is still possible.

In order to study the effect of insertion of time
vortices in the Floquet color code we start by eval-
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uating the effect on the graphlike distance of the
code. The graphlike distance is the distance of the
code if only those errors which trigger up to two
detectors are considered. The true code distance
may in general be smaller than the graphlike dis-
tance, but this metric can be computed efficiently
and is a useful heuristic for optimizing the code
as we do below.

Since the Floquet color code is a CSS code, it
suffices to analyze errors triggering only X (or Z)
type detectors. In the matching graph G = (V, E),
the X type detectors of the Floquet color code
are located at vertices of a space-time lattice
V = {(i, j, t = 2(i−j)+6k)} with i, j, k ∈ Z. Each
of these corresponds to the product of two consec-
utive measurements of the Pauli X⊗6 stabilizer at
some plaquette of the original honeycomb lattice
of qubits. Matchable errors are (undirected) edges
E = {(v, v + w)|v ∈ V, w ∈ E1 ∪ E2 ∪ E3}, where

E1 ={(−1, 0, 4), (0, 1, 4), (1, −1, 4)},

E2 ={(1, 0, 2), (0, −1, 2), (−1, 1, 2)},

E3 ={(1, 1, 0), (2, −1, 0), (−1, 2, 0)}. (2)

Each vertex has degree 18, i.e. each detector can
be triggered by 18 different errors. This matching
graph is drawn in Fig. 3. We can freely choose
how we embed our code on the torus by choosing
two independent basis vectors

L1 = (a1, b1, −6n1), L2 = (a2, b2, −6n2), (3)

and identifying each point on the lattice with all
points shifted by integer multiples of the basis
vectors. The integers n1, n2 are the number of
time vortices inserted around each direction of the
torus. In order for the colors to be defined period-
ically, we set the vectors L1, L2 to be vectors of
the superlattice which has one plaquette of each
color in its unit cell - L1 = (c1 + 3d1, c1, −6n1),
L2 = (c2 + 3d2, c2, −6n2).

The graphlike distance is equal to the length
of the minimal length homologically non-trivial
cycle in the matching graph. As noted in [18] for
the vortex-free case, when mapped back to the
infinite lattice, such a path connects point v with
the point v + m1L1 + m2L2 with at least one
of the integers m1, m2 being odd. The graphlike
code distance is therefore given by

D = min
m1,m2∈Z

(m1,m2)̸=(0,0)

∥m1L1 + m2L2∥G, (4)

𝑡

𝑡 + 4

𝑡 + 4

𝑡 + 4

𝑡 + 2

𝑡 + 2𝑡 + 2

𝑡

𝑡

𝑡
𝑖

𝑗

Figure 3: The space-time matching graph of the Floquet
color code for the EM3 error model. Vertices correspond
to volume-like detector cells and edges correspond to
errors that trigger pairs of detectors. The dotted edges
belong to the set E2 in Eq. (2). The shortest path
between distant points can be chosen such that it contains
at most one edge of this set.

where ∥w∥G denotes the shortest distance in the
graph G from any vertex v to the vertex v + w.
Finding the distance D is an instance of what
is known as the shortest vector problem (SVP).
In high dimensional spaces, this problem is ex-
tremely difficult. However in lower dimensions it
becomes tractable.

In order to express ∥·∥G, we note that the sum
of any two edges defined by E2 in Eq. (2) can
be replaced with up to two edges from E1 ∪ E3.
For instance, 2(1, 0, 2) = (1, −1, 4) + (1, 1, 0) and
(0, −1, 2) + (−1, 1, 2) = (−1, 0, 4). Therefore, any
path on the graph with an even (odd) number
of edges from E2 can be replaced with a path
of shorter or equal length with zero (one) edge
from E2. Omitting the edges from E2 disconnects
the graph into two connected components - ver-
tices with time t = 0 mod 4 and vertices with
t = 2 mod 4. A minimal length path between
vertices in the same connected component can
be found in the subgraph without edges from E2.
A minimal length path between vertex v1 from
the first connected component and v2 from the
second must have a single edge from E2. The
distance in this case is given by ∥v2 − v1∥G =
1 + mine∈E2,s∈±1∥v2 − v1 + se∥G, where the dis-
tances to be computed on the right-hand side of
the equality are within the same connected com-
ponent.

The problem of computing distances in the
graph G has been reduced to computing distances
only within the same connected component (omit-
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ting edges from E2), i.e. ∥w = (i, j, t)∥G with
t = 0 mod 4. We note that each of the three
edges from the E3 can be written as a sum of two
edges from the E1 taken with opposite signs, e.g.
(1, 1, 0) = (0, 1, 4) − (−1, 0, 4). Since the edges de-
fined by E1 span the entire connected component
of the lattice (any two vertices can be connected
along a path formed by these edges), we express
any vector w ∈ V in this basis

w = w1(−1, 0, 4) + w2(0, 1, 4) + w3(1, −1, 4),
(5)

where w1, w2, w3 ∈ Z. Clearly, |w1| + |w2| + |w3|
is an upper bound for ∥w∥G. If the three compo-
nents w1, w2, w3 have the same signs, this bound
becomes tight - such a path traverses the lattice
with the maximal velocity (of 4) in the time di-
rection and any other path would take longer to
reach the same time offset. If the signs of the com-
ponents differ, pairs of edges with opposite signs
can be replaced with a single edge from E3 as
described above. Therefore, we conclude that

∥w∥G = 1
2 (|w1| + |w2| + |w3| + |w1 + w2 + w3|) .

(6)

For example, the distance between points with
space-like separation corresponds to w1 + w2 +
w3 = 0, in which case the shortest path is entirely
along edges from E3.

Now, in order to evaluate the distance by solv-
ing the SVP using Eq. (4), the integers m1, m2
must be enumerated within the vicinity of m1 =
m2 = 0. For a choice of basis vectors L1, L2 which
are large in magnitude and close to parallel, the
region to be enumerated in order to minimize the
distance will be very large. In order to simplify
the computational task, we perform a basis re-
duction using the LLL algorithm [19] to an equiv-
alent basis with shorter and nearly orthogonal ba-
sis vectors. In this basis, it suffices to enumerate
a small number of points (m1, m2).

4.2 Constraint on number of time vortices

A given embedding of the code on the torus
parametrized by L1, L2 (including the specifica-
tion of the number of time vortices n1, n2) is al-
lowed if the local order of measurements is the
same as in the vortex-free code, up to a spatially
dependent delay. In other words, when looking at

the measurements of the bonds incident to any
qubit, the order must be rx → gz → bx → rz →
gx → bz up to a cyclic permutation. This condi-
tion may break down if the gradient of the delay
is too large.

The delay induced by the time vortices between
bonds separated by a spatial offset (i, j) in the
coordinate system illustrated in Fig. 3 is given by

δt = 6n1 (b2i − a2j) + n2 (a1j − b1i)
a1b2 − a2b1

, (7)

where a1,2, b1,2 n1,2 define the basis vectors in
Eq. (3). In the vortex-free code, the spatial offset
between two bonds incident to the same qubit,
where the first is measured one time unit before
the second within the cycle is given by one of the
following three vectors:

(i1, j1) = (1
2 , 0),

(i2, j2) = (−1
2 , 1

2),
(i3, j3) = (0, −1

2). (8)

In order for the local measurement sequence
to remain unaffected by the vortices, each of the
three corresponding delays δt1, δt2, δt3 must be
bounded between −1 and +5. This results in the
following constraints on the allowed number of
vortices:

−1 < δt1 = 3n1 (b2) + n2 (−b1)
a1b2 − a2b1

< 5,

−1 < δt2 = 3n1 (−b2 − a2) + n2 (a1 + b1)
a1b2 − a2b1

< 5,

−1 < δt3 = 3n1 (a2) + n2 (−a1)
a1b2 − a2b1

< 5.

(9)

A number of vortices proportional to the linear
size of the system can be inserted around each
direction of the torus without violating Eq. (9).

4.3 Optimal embedding on torus with and with-
out vortices

Varying the choice of embedding of the code on
the torus by changing L1, L2 yields codes with dif-
ferent parameters [[N, K, D]]. For any valid choice,
the number of encoded logical qubits is equal to
K = 2. The number of physical qubits is given by

N = 2 |a1b2 − a2b1| , (10)
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Figure 4: Lowest value of R = N/D2 reached by choosing
the optimal embedding of the Floquet color code on the
torus with and without time vortices as a function of the
code distance D.

and the distance D is calculated using Eq. (4).
The figure of merit for performance of these codes
is R = N/D2, which remains constant when
the code is simply scaled by a constant factor
(Li → αLi). In the thermodynamic limit, the
best possible value of R must saturate to some
constant according to the BPT bound [20].

We perform an exhaustive search over choices
of L1, L2 with bounded N < 1000 qubits in order
to find the best performance achievable both with
and without time vortices. All distinct optimal
configurations found are presented in Appendix
E.

We find that the best configuration in the
vortex-free case is given by L1 = (3x, 0, 0) and
L2 = (0, 3x, 0) which yields a distance of D = 2x
and N = 18x2 physical qubits, i.e. R = 4.5. This
is the same configuration as the one suggested
by [21] for the static (not Floquet) color code.
The best configuration we find with vortices is
L1 = (19x, 1x, 36x), L2 = (1x, −20x, −72x). For
this choice, D = 19x, N = 762x2 and R ≈ 2.11.
We note that the optimal configuration in the
presence of time vortices is not a symmetric one,
as opposed to the vortex-free case. Fig. 4 shows
the best value of R found for each code distance
D, with and without time vortices. At large code
distances inserting time vortices allows for a re-
duction by a factor of at least 2.13 in the num-
ber of physical qubits required, and already at a
modest distance of 4, the number of qubits can
be reduced by a factor of 1.71.

5 Simulations
In this section, we perform Monte Carlo sim-
ulations using using the open-source tool Stim
[22] in order compare the performance of the
vortexed version of the Floquet color code
with the vortex-free one under the circuit-level
noise model EM3. Decoding is done with a
minimum-weight perfect matching decoder, us-
ing PyMatching [23]. The Python code used
to generate the results presented in this sec-
tion is available online at https://github.com/
kishonyWIS/measurementTimeVortex.

We perform quantum memory experiment sim-
ulations in which a known logical state is initial-
ized, then a certain number of noisy error correc-
tion rounds are performed, and finally the logical
state is read out projectively. For simplicity, we
assume the initialization and measurement stages
are noise-free as done in [13]. The number of er-
ror correction rounds is chosen to be proportional
to the graphlike code distance, as the duration
of logical operations is expected to scale in this
manner with the code distance. The initial logical
state is an eigenstate of one horizontal and one
vertical logical operator (X̄1,2 = 1), such that log-
ical error rates for both can be assessed simultane-
ously. For simplicity, only detectors obtained from
Pauli X checks were input for decoding (as done
in [13]), although in principle, performance may
be improved by considering all detectors within
the same decoding problem.

We simulate the best vortexed and vortex-
free codes found in Sec. 4.3 with up to 100
qubits. For certain code distances, we find more
than one distinct configuration with the opti-
mal number of physical qubits in the vortexed
case (see Appendix E). Here we present the ones
we find to perform best in the numerics: L1 =
(4, 4, −18), L2 = (6, −3, −12) at distance D = 5
and L1 = (1, 7, −12), L2 = (7, 1, 6) at D = 6.

Fig. 5 presents the logical error rate vs. the
physical error rate for each of these codes. The
inset shows the logical error rate as a function of
the number of physical qubits at a fixed physical
error rate. We find that the threshold of both code
families is roughly the same, about 1.6% − 2%,
which is consistent with [9]. While the time vortex
does not improve the threshold of the code, it dra-
matically reduces the number of physical qubits
needed in order to reach a given logical error rate.
With an equal number of physical qubits, the vor-
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Figure 5: The logical error rate vs. the physical error
rate for optimal embeddings of the Floquet color code on
the torus with different code distances (determined by
the basis vectors L1, L2). Configurations without time
vortices are drawn with circular markers and solid lines
and those with vortices are drawn with x markers and
dotted lines. The color indicates the number of physical
qubits in the code block. The inset shows the logical
error rate vs. the number of qubits at a fixed physical
error rate p = 10−2.5.

texed code outperforms the vortex-free code for
any physical error rate below the threshold. For
example, the smallest vortexed code presented
(given by L1 = (3, 0, −6), L2 = (1, −5, 0)) with
30 qubits even slightly outperforms the vortex-
free code with the same distance (of 3) and 42
qubits (given by L1 = (4, 1, 0), L2 = (1, −5, 0)).

6 The toric code

In this section, we briefly consider the application
of our time vortex construction to the setting of
the well known toric code [2, 24] (referred to as
the surface code in the planar setting [1, 3]). De-
spite discussing the Floquet color code in detail
above, we stress that the time vortex construction
does not rely on the existence of non-commuting
checks within measurement sequence, as long as
the stabilizers are measured by first entangling
the data qubits with auxiliary qubits and then
measuring the latter, as exemplified here for the
toric code.

The toric code is a CSS code defined on a
square lattice with qubits on the vertices. The
plaquettes of the lattice are colored red and blue
in a checkerboard pattern where red plaquettes
host X type stabilizers and blue plaquettes host

Z type stabilizers of weight 4 (see Fig. 6). The
stabilizers are mutually commuting. This implies
that the order in which they are measured has
no consequence in terms of the code space, but
the details of the syndrome measurement circuit
(which uses auxiliary qubits and two-qubits Clif-
ford gates) may have consequences in terms of
error propagation, depending on the error model
[1, 3, 25, 26].

Fig. 6(a) presents a particular choice of circuit
used for syndrome extraction and Fig. 6(b) shows
the corresponding matching graph of the Z type
detectors for phenomenological and circuit-level
noise (the matching graph for the X type detec-
tors is identical). For the simple phenomenologi-
cal noise model, the matching graph is a cubic lat-
tice with edges between nearest neighbors. Insert-
ing a time vortex around either direction of the
torus with a positive or negative sign increases
the code distance with respect to errors in the
same direction [analogously to Fig. 1(b)].

Including circuit-level noise adds diagonal
edges to the matching graph. In this case the code
distance in the x direction of the torus can be in-
creased by inserting a time vortex with the cor-
rect sign such that a minimal weight undetectable
error does not include diagonal edges [Fig. 6(c)].

The toric code is a static code in the sense
that its stabilizers and code space remain fixed
at each round of measurements. Nonetheless, the
circuit used to propagate the value of these sta-
bilizers onto the auxiliary qubits results in non-
trivial dynamics at intermediate times. At all in-
termediate times the auxiliary qubits and data
qubits become entangled while at the end of each
round they are decoupled. When a time vortex is
inserted, there is no longer a plane in space-time
on which the auxiliary qubits and data qubits are
decoupled. From this perspective, the time-vortex
measurement dynamics puts the auxiliary qubits
to dual use: they intermittently become part of
the code’s support during the entangling steps,
and are then measured out to yield the syndrome
information. For this reason, although the vortex-
free code suffers from an undetectable nontrivial
error of weight equal to the linear system size L
acting at equal time, for the vortexed code no
such error exists.
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Figure 6: Error propagation in the toric code. (a) Syn-
drome measurement is performed using an auxiliary qubit
at the center of each plaquette. Z stabilizers (blue) and
X stabilizers (red) are measured in parallel according to
the circuits illustrated. (b) The matching graph of Z type
detectors. Black edges correspond to phenomenological
errors: time-like edges are measurement errors and space-
like edges are X errors between syndrome measurement
rounds. The diagonal gray edges are circuit-level errors
occurring at intermediate times during the syndrome
measurement circuit. Diagonals between detectors which
are neighboring in space can be caused for example by an
X error on the data qubit shared by the two stabilizers
between step 2 and 3 of the circuit in (a). Diagonals
between second-neighbors can be caused by an X error
on the auxiliary qubit at the center of a red plaquette
between step 2 and 3, which propagates into the data
qubits (this error is known as a hook error). (c) Inserting
time vortices in the positive x direction increases the
code distance, but negative vortices do not (due to the
gray edges).

To provide more intuition for this behavior, Ap-
pendix A presents the circuit for syndrome mea-
surement in the repetition code using auxiliary
qubits and two-qubit Clifford gates as done here
for the toric code. This can be obtained simply
by reducing the width of the toric code in Fig. 6
in the y direction to a single qubit. The match-

ing graph for this circuit with and without a time
vortex is therefore exactly as shown in Fig. 6(c)
for the toric code as viewed from the side.

As in the Floquet color code, simultaneously
optimizing the embedding of the toric code on a
torus and the number of vortices inserted in each
direction will lead to a reduction in the number
of qubits for a given distance by a constant factor
when compared with the optimal vortex-free code.
We leave such an optimization for future work.

7 Summary
To summarize, in this work, we suggest improving
the performance of topological codes by introduc-
ing time vortices into the measurement sequence
defining them. We demonstrate the power of this
construction within the framework of the Floquet
color code, which is considered to be the state-
of-the-art for hardware with native 2-body Pauli
measurements on a two dimensional lattice.

Our construction also combines spatial “twists”
[18, 21, 27, 28], in which the geometry of the lat-
tice is sheared in the two spatial directions. While
the best performance is achieved by combining
twists in space and time, we note that our time
vortex construction requires no spatial deforma-
tion of the lattice if this is not possible on the
hardware; in this case, the connectivity required
for the error correction circuit is precisely the
same as that required for the vortex-free code.

It would be interesting to consider the possibil-
ity of generalizing the time vortex construction
for code families with better asymptotic param-
eters such as hypergraph product codes [29, 30],
or even “good” low density parity check (LDPC)
codes [31–33] with K/N = O(1) and D/N =
O(1).
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A The repetition code without native
two-body measurements

We return to the repetition code which was used
as a toy example to illustrate the time vortex con-
struction in Sec. 1. Here, we consider the case
in which auxiliary qubits and two-qubit Clifford
gates are used to measure the stabilizers of this
code in place of native two-body Pauli measure-
ments. Fig. 7 shows the circuit for repeatedly mea-
suring the stabilizers of this code (defined with
periodic boundary conditions). This circuit can
in fact be obtained as a special case of the circuit
used to measure the stabilizers of the toric code
in Fig. 6 by taking the width of the system in the
y dimension to a single qubit; the repetition code
is a one-dimensional toric code.

The matching graph for circuit-level bit flip er-
rors is overlaid on top of the circuit in Fig. 7. The
detecting region or Pauli web of one of the detec-
tors is highlighted [12, 34] - this is the set of all
circuit locations at which an error can trigger this
detector. This allows to visually identify the effect
of any bit flip error on the nearby detectors and
to confirm the structure of the matching graph
drawn. Uncoincidentally, this matching graph is
exactly the same as the projected view of the toric
code matching graph drawn in Fig. 6(c). As ex-
plained for the toric code in Sec. 6, time vortices
inserted in one direction increase the distance of
this code, while in the other direction, the diag-
onal edges in the matching graph result in the
distance remaining unchanged.

It may seem surprising that the distance of the
repetition code with respect to circuit-level bit
flip errors can be made larger than the number of
data qubits N ; it would seem that an equal-time
error on all data qubits would be an undetectable
non-trivial logical error. However, as in the case of
the toric code, while the repetition code is static
in the absence of time vortices when viewed stro-
boscopically at the end of each round of stabi-
lizer measurements, the syndrome measurement
circuit entangles the data qubits with the auxil-
iaries at intermediate times. In fact, the instan-
taneous code space after the first round of entan-
gling gates is that of a repetition code on all 2N
qubits. Once vortices are introduced, some sub-
set of auxiliary qubits is entangled with the data
qubits at every instant throughout the code’s evo-
lution under the circuit.
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Figure 7: Measurement of the repetition code stabilizers
ZiZi+1 with periodic boundary conditions using auxiliary
qubits and Clifford gates. The circuit is drawn in gray,
with time evolving from bottom to top. The red outline
indicates the detecting region of one of the detectors
given by the product two consecutive measurements of
the same stabilizer - the locations of all errors which can
trigger the detector. These detecting regions are tiled in
space and time as indicated by the yellow squares. Edges
connecting these detectors correspond to all possible
circuit-level bit flip errors; each error triggers a pair of
detectors. Space-like edges correspond to errors on data
qubits between rounds of stabilizer measurements. Time-
like edges correspond to measurement errors (flipped
auxiliary qubits). A diagonal edge arises from a data
qubit flipping at an intermediate time during the circuit.
The resulting matching graph is identical to that shown
in Fig. 6(c).

B Circuit depth and idle qubits

When time vortices are introduced into the mea-
surement sequence of a topological code, the cir-
cuit depth is increased. In the vortex-free Flo-
quet color code for instance, the measurements
are “tightly packed” in the sense that every qubit
participates in some measurement during every
layer of the circuit. This is not the case in the
vortexed code - on average an extensive number
of qubits are idle during each layer of measure-
ments.

The depth of the circuit increases by a factor
1 + αx where α = n/L, n is the number of time
vortices, L is the linear system size, and x is a
positive constant. The code distance increases by
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a corresponding factor D = D0(1 + αy) with an-
other positive constant y. The spatial gradient of
the time delay induced by the time vortices α is
bounded by a system size independent constant;
the number of time vortices is bounded by the
linear system size. Therefore, the overhead in cir-
cuit depth compared with the vortex-free code is
only a constant factor. If the physical qubits are
subject to idling noise, the probability of an error
per qubit per cycle increases as p → (1 + αz)p
with some constant z. Overall, the logical error
rate scales as

p̄ ∝ [p(1 + αz)]
1
2 D0(1+αy) . (11)

To leading order in α, inserting time vortices leads
to an exponential reduction in the logical error
rate as long as y log(p) + z < 0. On many devices,
idling errors are significantly smaller than gate
errors such that z is very small.

Furthermore, it may be beneficial to incorpo-
rate repeated measurements (as done in Ref. [35]
for subsystem codes) on bonds connecting qubits
that would otherwise be idle within a layer of the
circuit of measurements of a vortexed code. This
has been shown to improve performance in some
cases even in the vortex-free case where repeat-
ing measurements comes at the expense of an ex-
tended cycle duration which would otherwise be
compact. We leave the exploration of these possi-
bilities for future work.

C Time vortices around punctures in a
planar architecture
Many quantum hardware platforms offer connec-
tivity between physical qubits which is restricted
to a 2D planar lattice. Embedding topological
codes on a plane (instead of a torus) on such plat-
forms requires a construction of boundaries. Sim-
ple constructions of boundaries for Floquet codes
have been suggested [7, 9]. In order to increase
the number of encoded logical qubits on the plane,
more varied boundaries must be created. This can
be done by partitioning the plane into disjoint
patches, each hosting O(1) logical qubits [36], or
by creating punctures (regions in which the mea-
surement sequence is disabled) within the fully
connected plane [3]. In the latter option [illus-
trated in Fig. 8(a)], logical operators have sup-
port on cycles going around these punctures, and
on paths connecting one puncture to another.

a b
Time Vortex

Figure 8: A topological Floquet code embedded on a
planar lattice of physical qubits. (a) Logical qubits can
be encoded by making punctures inside which the mea-
surement sequence is turned off. The code distance is
determined by the circumference of the punctures and by
their spatial separation. (b) By inserting time vortices
around each puncture, the circumference of the punc-
tures can be reduced while maintaining the same code
distance, leading to a reduction in the number of physical
qubits per logical qubit.

Within this setup, we suggest inserting time
vortices around each puncture. This should allow
one to make the punctures smaller while main-
taining the code distance, reducing the footprint
of each logical qubit on the plane as illustrated in
Fig. 8(b).

D The EM3 error model
Throughout this work, we focus primarily on the
EM3 error model [9, 17]. We consider errors only
in the bulk of the circuit for our Monte Carlo
simulations in Sec. 5, and perform initialization
and logical readout with noise-free circuits.

The EM3 noise model attempts to capture er-
rors expected from a direct hardware implemen-
tation of two-qubit parity measurements. It is de-
fined by replacing each measurement of a two-
qubit Pauli by the following sequence with prob-
ability p, and performing the ideal measurement
with probability 1−p (p is the physical error rate
on the x axis of Fig. 5).

1. Choose a two-qubit Pauli error uniformly
randomly from the set {I, X, Y, Z}⊗2 and ap-
ply it to the target qubits of the measure-
ment.

2. Perform the ideal measurement.

3. Choose a “measurement error” randomly
from the set {flip, no flip} with equal prob-
ability. If flip is selected, flip the result of
the measurement outcome.
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Within the Floquet color code, each of these
errors has a different effect on the detection cells
incident to the bond being measured. Since the
code is of the CSS family, we consider only the ef-
fect on the X type detectors. A single qubit Pauli
Z (or Y ) error triggers the two detectors incident
to the qubit which are active at the time of the
error (at any time there are active detectors on
two of the three neighboring plaquettes). This is
a matchable error which is represented by an edge
defined by the set E2 in Eq. (2). A measurement
error triggers a detector on each of the two pla-
quettes that share the bond being measured. This
is a matchable error as well, and corresponds to
an edge from the set E1.

Within the EM3 error model, any combination
of Pauli errors on the two measured qubits and
a measurement error may occur with probability
O(p). Each such combination triggers some sub-
set of detectors on the four plaquettes that share
at least one site with the measured bond. There
are two subsets of these detectors which can be
triggered by such a correlated error other than
the subsets triggered by the individual errors dis-
cussed above. The first subset contains the de-
tectors on the two plaquettes at the endpoints
of the measured bond. This is a matchable error
and is captured by an edge from the set E3. This
case includes for instance a Z × Z × no flip er-
ror occurring during an XX check measurement.
The second subset contains detectors on all four
plaquettes adjacent to the measured bond, aris-
ing for example from a Z × Z × flip error dur-
ing an XX measurement. These errors are not
matchable, and are therefore omitted from the
discussion in Sec. 4.1, but are accounted for in
our Monte Carlo simulations in Sec. 5.

E All optimal configurations on the
torus

Here, we present all of the distinct optimal em-
beddings of the Floquet color code on the torus
both with and without time vortices found by an
exhaustive search (see Sec. 4.3). We say that two
configurations La

1, La
2 and Lb

1, Lb
2 are equivalent

if they are related by the point group symme-
try of the code combined with a determinant ±1
linear transformation. A linear transformation of
the basis vectors defined by a determinant ±1 ma-
trix over the integers yields a different basis for

the same integer valued lattice. The point group
symmetries of the Floquet color code model are
generated by a reflection (i, j, t) → (−i, i + j, t)
and the combination of a 60 degree rotation with
time reversal (i, j, t) → (−j, i + j, −t) (see Fig. 3).

We exhaustively search over all possible config-
urations up to N = 1000 qubits. For each code
distance, we list all distinct instances with the
minimal number of qubits in Table 1, both for
the vortex-free case and with arbitrary time vor-
tices. For D = 5 we find 4 distinct configurations
with the same number of qubits N = 72 with vor-
tices, and for D = 6 there are two distinct config-
urations with N = 96. Despite having the same
distance, these configurations perform differently
in the presence of circuit-level noise due to dif-
ferent combinatorial possibilities for errors of the
same weight. However, the distance controls the
behavior at low physical error rates or when the
code is scaled to large sizes. In Fig. 5 we present
the configuration with the best performance out
of these options.
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Table 1: Optimal embedding of the Floquet color code on the torus with and without time vortices.

Without Vortices With Vortices

D N L1 L2 N L1 L2

1 6 (1, 1, 0) (2, -1, 0) 6 (1, 1, 0) (2, -1, 0)
2 18 (3, 0, 0) (0, 3, 0) 18 (3, 0, 0) (0, 3, 0)
3 42 (4, 1, 0) (1, -5, 0) 30 (3, 0, -6) (1, -5, 0)
4 72 (0, 6, 0) (6, 0, 0) 42 (1, 4, 12) (5, -1, 6)
5 114 (7, 1, 0) (1, -8, 0) 72 (3, 3, 12) (5, -7, -6)

- - - 72 (6, 0, 6) (0, 6, -6)
- - - 72 (4, 4, -18) (6, -3, -12)
- - - 72 (0, 6, -6) (6, 3, -18)

6 162 (0, 9, 0) (9, 0, 0) 96 (1, 7, -12) (7, 1, 6)
- - - 96 (2, 5, -12) (8, -4, -18)

7 222 (1, 10, 0) (11, -1, 0) 114 (1, 7, -12) (8, -1, -24)
8 288 (0, 12, 0) (12, 0, 0) 156 (3, 6, -18) (11, -4, -30)
9 366 (13, 1, 0) (1, -14, 0) 192 (3, 9, -12) (10, -2, 18)
10 450 (15, 0, 0) (0, 15, 0) 222 (1, 10, 36) (11, -1, 18)
11 546 (16, 1, 0) (1, -17, 0) 276 (3, 9, -24) (14, -4, -42)
12 648 (18, 0, 0) (0, 18, 0) 324 (2, 11, -24) (14, -4, -42)
13 762 (1, 19, 0) (20, -1, 0) 366 (13, 1, 24) (1, -14, -48)
14 882 (21, 0, 0) (0, 21, 0) 432 (2, 14, -24) (15, -3, 30)
15 - - - 492 (4, 13, 54) (18, -3, 24)
16 - - - 546 (16, 1, -60) (1, -17, 30)
17 - - - 624 (15, 3, 36) (4, -20, -66)
18 - - - 696 (3, 18, -30) (19, -2, 36)
19 - - - 762 (19, 1, 36) (1, -20, -72)
20 - - - 852 (20, 2, 36) (3, -21, 42)
21 - - - 936 (20, 2, 42) (4, -23, -78)

Accepted in Quantum 2026-02-09, click title to verify. Published under CC-BY 4.0. 16


	Introduction
	The Floquet color code
	Inserting time vortices
	Optimal code with time vortices
	Graphlike distance
	Constraint on number of time vortices
	Optimal embedding on torus with and without vortices

	Simulations
	The toric code
	Summary
	Acknowledgements
	References
	The repetition code without native two-body measurements
	Circuit depth and idle qubits
	Time vortices around punctures in a planar architecture
	The EM3 error model
	All optimal configurations on the torus

