arXiv:2506.16524v3 [quant-ph] 28 Jan 2026

QMetro++ - Python optimization package for large scale
quantum metrology with customized strategy structures

Piotr Dulian!?, Stanistaw Kurdziatek?, and Rafat Demkowicz-Dobrzarnski?

!Centre for Quantum Optical Technologies, Centre of New Technologies, University of Warsaw, Banacha 2c, 02-097 Warszawa,

Poland

2Faculty of Physics, University of Warsaw, Pasteura 5, 02-093 Warszawa, Poland

QMetro++ is a Python package that
provides a set of tools for identifying op-
timal estimation protocols that maximize
quantum Fisher information (QFI). Opti-
mization can be performed for arbitrary
configurations of input states, parameter-
encoding channels, noise correlations,
control operations, and measurements.
The use of tensor networks and an it-
erative see-saw algorithm allows for an
efficient optimization even in the regime of
a large number of channel uses (N ~ 100).
Additionally, the package includes im-
plementations of the recently developed
methods for computing fundamental
upper bounds on QFI, which serve as
benchmarks for assessing the optimal-
ity of mnumerical optimization results.
All functionalities are wrapped up in a
user-friendly interface which enables the
definition of strategies at various levels of
detail.

Link: https://github.com/pdulian/qmetro

1 Introduction

Quantum metrology [2-5] is now rightfully re-
garded as one of the main pillars of the rapidly
developing field of quantum technologies [6]. It
focuses on the ways to exploit delicate quantum
features of light and matter to enhance the sen-
sitivity of practical measuring devices. Apart
from numerous experimental breakthroughs in
the field, including the use of squeezed states
of light in gravitational wave detectors [7, 8],
quantum-enhanced magnetometry [9], gravitom-
etry [10], atomic clocks [11] and many others,
the field has also enjoyed significant theoretical

progress with numerous analytical and numeri-
cal methods being developed that help to design
better metrological protocols as well as under-
stand the fundamental limitations of quantum-
enhanced protocols in the presence of decoher-
ence [12-24].

The purpose of this package is to make these
advanced and powerful numerical methods acces-
sible to the community. We realize that despite
the fact that the core elements of the methods
have been discussed in the literature already for
a couple of years, they are still not widely used
in the field due to their somewhat steep ’initial
learning curve’ and the fact that there is no single
publication that provides a unified presentation
of all of them, not to mention a numerical pack-
age. Moreover, we significantly expand the appli-
cability of the latest tensor network-based meth-
ods to include general protocol structures, which
allows for dealing with e.g. collisional metrologi-
cal schemes.

Not so rarely, we have come across research
conducted in the field, where the problem of op-
timization of quantum metrological protocols has
been approached using general-purpose optimiza-
tion tools (including even the latest Al methods),
which in the end did not result in a particularly
efficient numerical algorithm, the results of nu-
merical optimization had no optimality guaran-
tee and were not benchmarked against known
fundamental precision bounds [citations inten-
tionally hidden herel].

This package adopts the frequentist approach
to quantum metrology and focuses on quantum
Fisher information (QFI) as the figure-of-merit
to be optimized [25-27]. At this point, we do not
include quantum Bayesian methods in the pack-
age, even though some of the optimization proce-
dures discussed here have their Bayesian counter-
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Figure 1: Different classes of metrological strategies that one can optimize using the package: (A) optimization of a
single channel input probe pg (potentially entangled with an ancillary system A), (B) optimization of an entangled
state po of IV input probes in a parallel strategy (potentially additionally entangled with an ancillary system A), (C)
optimization of an input probe po and control operations Cj in an adaptive metrological scheme, (D) a customized
protocol structure, here inspired by quantum collisional models, where multi-partite entangled ancillary state is sent
piece-by-piece to interact with a common sensing system via interaction gates C. Here the optimization may affect
either the input state pg or interaction gates Cj or both. The above strategies correspond to functions listed in
Table 1.

H strategy package functions section H

(A) single channel mop_channel _gfi, iss_channel _gfi 3.2

(B) small N mop_parallel _qgfi, iss_parallel _gfi
parallel large N iss_tnet_parallel _gfi 3.3

bound par_bounds

small N mop_adaptive_gfi, iss_adaptive_gfi
(0) large N iss_tnet_adaptive_gfi 3.4
adaptive bound ad_bounds 3.5

corr. noise bound ad_bounds_correlated

(D) customized issopt + ... 4

Table 1: An overview of package functions that allow to identify the optimal metrological strategies with a particular
protocol structure. Examples of a particular protocol structure optimization, with complete Python codes, are provided
in the sections listed in the last column. The corresponding structures are depicted in Fig. 1.

parts, and may be added in the future updates.
The main reason is that, from our numerical ex-
perience, the Bayesian approach does not com-
bine well with the tensor-network optimization
procedures, and hence cannot be efficiently used
to study the performance of protocols in a large
number of channel uses, see further discussion in
the conclusion section.

The crucial and unique feature of our pack-
age is the ability to go to large-scale metrolog-
ical problems, involving multiple channel uses,
whether in adaptive sequential schemes, paral-

lel schemes, or any conceivable protocol struc-
ture one may think of, and optimize the protocols
without any prior assumption regarding the class
of operations allowed, apart from the restriction
on the dimensionality of the physical and ancil-
lary spaces involved, see Fig. 1.

As such, our package completely supersedes
the TNQMetro package [28], which was designed
to deal with optimization of input probes in a
parallel metrological scheme involving a large
number of channels. Compared with the previ-
ous package, the new one not only allows for a full
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Figure 2: File structure of the package with a selection of the most important functions. Classes from tensors.py
file are displayed in more detail in Fig. 10. All functions, classes and methods are listed and described in the package

documentation [1].
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flexibility of choosing the protocol structure one
wants to analyze, but even in the basic parallel
channels scenario offers a significantly improved
user-friendly interface that allows to deal with a
large class of problems, including correlated noise
models, in a straightforward way.

The second unique component of the package
is the implementation of the methods that com-
pute fundamental metrological bounds in a very
efficient way. These bounds are the tightest uni-
versal bounds known in the literature [22] and in-
clude the very latest method to compute bounds
in case of correlated noise models as well [29]!
The bounds may serve as benchmarks for the
protocols found as a result of numerical optimiza-
tion.

Interestingly, in case of uncorrelated noise
models, it is known that the bounds are tight in
the asymptotic limit of large number of channel
uses [19, 22]. This fact makes the bounds power-
ful in two ways. Not only do they serve as a proof
that a given protocol is optimal, if it saturates the
bound, but also indicate that the protocol is in
fact not optimal if one sees a persistent gap be-
tween the performance of the numerically found
protocol and the bound that does not diminish
with the increase of the number of channels used.

The main functionalities of the package are
summarized in Table 1, where we indicate the
methods designed to optimize the strategies cor-
responding to the structures depicted in Fig. 1,
including single-channel strategy (A), parallel
channels strategy (B), adaptive strategy (C) and
customized strategy (D).

In the small-N regime, protocols (A), (B) and
(C) may be optimized as a whole, without the
use of tensor-network structures. This allows us
to perform the optimization using two alternative
approaches: the iterative see-saw (ISS) and the
minimization over purifications (MOP).

The MOP approach has the advantage over ISS
that the numerical solution found is guaranteed
to be optimal, see Sec. 2.3. Hence, this is the
method to be chosen for small-scale problems,
where dimensions of the Hilbert spaces are rea-
sonably small. However, MOP methods cannot
be generalized to large-scale problems and com-
bined with tensor-network framework—then, one
needs to resort to the ISS approach. The ISS
has no guarantee to converge to the true opti-
mal solution, but is constructed in a way that

every iteration step cannot reduce the optimized
figure-of-merit, see Sec. 2.4.

The main advantage of ISS over MOP is that
it naturally combines with tensor-network for-
malism and may work in the large-N regime.
In this case the optimization is performed over
each local node in the tensor-network struc-
ture separately, whether it represents a part
of the input state, control operation or mea-
surement. For this approach one may use the
higher-level functions, iss_tnet_parallel_gfi
or iss_tnet_adaptive_gfi, dedicated to opti-
mizing standard protocol structures such as par-
allel (B) or adaptive (C) ones respectively. Alter-
natively, one can construct a customized struc-
ture of the protocol, and use a lower-level func-
tion Iss_opt which performs the iss optimization
for arbitrary tensor-network structure, see Sec. 4
for a detailed example.

Finally, the package comes with a number of
functions that allows one to compute fundamen-
tal bounds given just the structure of an in-
dividual parameter-encoding quantum channel.
The two functions, par_bounds and ad_bounds
allow to compute the bounds in case of uncorre-
lated noise models valid for parallel and adap-
tive strategies. These bounds are known to
be asymptotically saturable for N — o0, see
Sec. 2.5. The function ad_bounds_correlated,
on the other hand, provides bounds in case of
correlated noise models, where there is some
quantum environment that connects different in-
stances of channels action, and captures the ef-
fects of e.g. non-Markovianity. This function
provides valid bounds which may be tightened at
the expense of numerical complexity, but unlike
uncorrelated noise bounds, they are not guaran-
teed to be tight.

The detailed structure of the package is de-
picted in Fig. 2.  The higher-level optimiza-
tion functions are collected in the protocols
folder, including both MOP and ISS proto-
cols, with the latter one in the standard as
well as the tensor-network variant (tnet). This
folder also provides a couple of auxiliary func-
tions: a function for computation of QFI of
a state (state_qfi), a function for computa-
tion of classical Fisher information given a state
and measurement (state_cfi) and a function
multiple_measurements_gfi that calculates the
optimal distribution of N channels into k& exper-
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iments with Nj (N = r 1 Ni) channels. The
functions computing bounds are gathered in the
bounds folder, where apart from the standard
procedure to compute the bounds for finite num-
ber of channel uses, there are also asymptotic
variants that compute the bounds in the asymp-
totic limit N — oo.

As a bonus feature, we have also included
bounds that are valid even in the more gen-
eral than adaptive causal superpositions strate-
gies (cs), see [22]. They are, however, not the es-
sential element of the package, since they do not
have a counterpart large-scale optimization pro-
cedure to find the optimal protocols, as tensor-
network formalism is not obviously compatible
with this framework.

In order to perform the optimization using
higher-level functions or compute the bounds,
one needs to specify the form of the parameter-
dependent channel Ag. The param_channel
folder contains all the necessary methods to con-
struct the channel and includes also some ex-
emplary predefined channels in the creators.py
file. The channel may be provided in a number
of different ways: either through a list of Kraus
operators, or a CJ matrix, or finally as a time in-
tegrated quantum Master equation, see Sec. 3.2.

For optimization of protocols with customized
structures one needs to resort to low-level ISS
optimization function i1ss_opt and construct the
desired protocol structure using the classes pro-
vided in tensors.py file, which allow to spec-
ify the elements of the protocol that will be
optimized (VarTensor), elements that are fixed
(ConstTensor) and elements that include param-
eter to be estimated (ParamTensor), see Sec. 4.

The package comes also with a number of use-
ful auxiliary functions, combined in qtools.py
module.  Among them functions that allow
to switch between different representations of
quantum channels like Kraus, Choi-Jamiotkowski
and Lindbladian operators. We describe them
throughout Sec. 3 and 4.

This paper is organized as follows. In Sec. 2 we
provide a theoretical background for the essen-
tial quantum metrological concepts the package
relies on. We formulate the quantum metrolog-
ical problem as a quantum channel estimation,
and introduce the QFI as the figure of merit to
be optimized. Further on, we introduce both
MOP and ISS optimization procedures. Finally,

we briefly review the methods to compute funda-
mental bounds.

Sec. 3 aims to guide the reader through the
high-level optimization functions, going step by
step: explaining first how to provide the form of
the parameter-dependent channel, how to per-
form the simplest single-channel optimization
problems, how to deal with the optimization of
parallel and adaptive strategies and finally how
to optimize metrological protocols in the most
challenging scenarios where noise correlations be-
tween subsequent channel uses are present.

Sec. 4 complements the previous one, and
shows the full potential of the package using
the example of collisional metrological scenario,
where one needs to design a customized protocol
tensor-network structure from the basic building
blocks, and use the low-level 1ss_opt optimiza-
tion function.

We summarize the presentation in Sec. 5 indi-
cating some limitations and further possible de-
velopments of the package.

2 Theoretical background

2.1 Quantum channel estimation problem

In a paradigmatic quantum metrological prob-
lem, the goal is to estimate the value of a single
parameter 6 encoded in some physical process de-
scribed by a quantum channel (formally a Com-
pletely Positive Trace-Preserving map — CPTP):

Ag:L(1)—L(O), (1)

where I, O are Hilbert spaces of input and out-
put quantum systems and L (H) is a set of linear
operators on H, that is a superset of density ma-
trices on H.

The channel Ag can be probed by an arbitrary
f-independent input state

peL(I®A), (2)

where A is an auxiliary system called an ancilla;
Ag does not act on A, but the entanglement be-
tween 1 and A may sometimes be used to en-
hance the estimation precision in the presence of
noise [23, 24, 30, 31]. The resulting output state
is

po = (R ®1a) (p0) eL(O®A),  (3)
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where |a represents the identity map on L(A)—
note the notational distinction from 1a, which
denotes identity operator on the A space.

The state pg is measured by a generalized mea-
surement II = {II;j} resulting in the probability of
outcome i equal to pg(i) := Tr(pellj). The pa-
rameter 6 is then estimated using an estimator
0(i) and the goal is to find the protocol producing
results as close as possible to the true value of 6.
In case of the simplest single-channel estimation
strategy, as depicted in Fig. 1(A), the optimiza-
tion of the protocol is equivalent to optimizing
the input state po and the measurement {II;}.
However, more complex protocols may addition-
ally involve optimization over control operations
Ci, as in scenarios (C) and (D) in Fig. 1.

In general, the exact form of the optimal proto-
col depends on the actual estimation framework
chosen, be it frequentist or Bayesian [32-34], as
well as the choice of the cost function/figure of
merit to be minimized/maximized. In this work,
we adopt the frequentist approach, and focus on
optimizing the QFI as the figure of merit to be
maximized.

2.2  Quantum Fisher Information

Given some probabilistic model that specifies
probabilities pg(i) of obtaining different measure-
ment outcomes ¢ depending on the value of a pa-
rameter @, one can lower-bound the achievable
mean squared error A0 of any locally unbiased
estimator 6(i) via the famous classical Cramer-
Rao (CCR) bound [35]:

AL (4)

kFc(pe)’

where k is the number of independent repetitions
of an experiment and Fc is classical Fisher in-
formation (CFI):

= Po(i)?
. pe(i)

Fe(pe) = ; (5)
where fg denotes the derivative with respect to
0. The bound is asymptotically saturable, in the
limit of many repetitions of an experiment k —
00, with the help of e.g. a maximum-likelihood
estimator [35]. Hence, the larger the CFI, the
better parameter sensitivity of the model.

In quantum estimation models, the outcomes
are the results of the measurement {II;} per-
formed on a quantum state pg, pg(i) = Tr (pell;).

Hence, depending on the choice of the measure-
ment, one may obtain larger or smaller CFI.
The QFT corresponds to the maximal achievable
CFI, when optimized over all admissible quan-
tum measurements [25-27]:

Fq(pe) := max Fo(pg) = Tr pel? ,  (6)

where L is the symmetric logarithmic derivative
(SLD) of pe:

Bo = 5 (poL + Lpo). 7)

Moreover, the optimal measurement can, in par-
ticular, be chosen as the projective measurement
in the eigenbasis of the SLD.

Combining the above with the CCR bound (4)
leads to the quantum Cramer-Rao (QCR) bound
that sets a lower bound on achievable estimation
variance when estimating a parameter encoded
in a quantum state pg:

1
kFQ(pe)’

and is saturable in the limit of k£ — oo.

This makes the QFI a fundamental concept
in quantum estimation theory, and makes it
meaningful to formulate optimization problems
in quantum metrology in the form of an opti-
mization of the QFI of the final quantum state
obtained at the output of a given metrological
protocol.

The basic single-channel estimation task, de-
picted in Fig. 1(A), corresponds then to the fol-
lowing optimization problem

A%) > (8)

Fq(Ag) = max Fo[Ae ® la(po)].  (9)

We will refer to Fo(Ag) as the channel QFI, as
it corresponds to the maximal achievable QFI of
the output state of the channel, when the maxi-
mization over all input states is performed.

In case of protocols with multiple channel uses,
N > 1, one could simply probe each channel in-
dependently, using independent probes and in-
dependent measurements. In this case, by addi-
tivity of QFI, one would end up with the cor-
responding N-channels QFT — Fqu(Ae) equal,
for this simplistic strategy, to N times the single
channel QFT.

However, one may also consider more sophis-
ticated strategies involving multiple channel uses
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as depicted in Fig. 1(B),(C),(D), which may pro-
vide significant advantage over the independent
probing strategy, in principle leading even to
quadratic scaling of QFI — Fqu(Ae)ocNZ, re-
ferred to as the Heisenberg scaling (HS) [2].

In case of noiseless unitary estimation mod-
els Ag(p) = UppU, the optimal probe states that
maximize the QFI are easy to identify analyti-
cally [2] and no sophisticated tools are required.
In case of noisy models, however, the actual opti-
mization over the protocol is much more involved,
as in principle it requires optimization over mul-
tipartite entangled states (B) or multiple control
operations Cj (C) or both (D).

This package allows for optimization of all
kinds of metrological strategies, employing an-
cillary systems, entanglement and control opera-
tions, with the only physical restriction that the
operations applied have a definite causal order,
and hence can be regarded as so-called quantum
combs in the sense formalized in [36] and further
in this text.

Regarding optimization strategies, we start
with the discussion of MOP method, which is ap-
plicable to small-scale scenarios, and then move
on to discuss a more versatile ISS optimiza-
tion which can be combined with tensor-network
formalism to deal with large-scale metrological
problems.

2.3 Minimization over purifications

The MOP method [12, 13, 23, 37] is based on an
observation that the QFI of a state pg € L(H) is
equal to the minimum of QFI over its purifica-
tions:

Fq(pe) = %g}FQ(N’BX‘I’eD, (10)

where |¥g) € H® R is a purification of pg, ps =
Trr [We) (Vg.

Consider now a parameter-encoding channel
Ag : L(1) — L(O).
tion over purifications leads to an efficiently com-
putable formula for the channel QFT [12, 13, 23,
37]

The idea of minimiza-

TR R (11)

k 1

Fo(Ag) = 4 mi
Qlfe) =4 i,

where | - | is the operator norm and the mini-
mization is performed over all equivalent Kraus

representations of the channel, such that:

;
Ag(-) = Kok Kgy- (12)
k 1

This optimization becomes feasible, as one can ef-
fectively parametrize the derivatives of the Kraus
operators corresponding to all equivalent Kraus
representations as:

Rox(h) = Rox — i haKay, (13)
|

where h € C' ' is a Hermitian matrix and Kg g
is any fixed Kraus representation of Ag, e.g.
the canonical representation obtained from eigen-
vectors of the corresponding Choi-Jamiotkowski
(CJ) operator [38], see Appendix A for the defi-
nition of the CJ operator.

As a result, one may rephrase the apparently
difficult minimization problem (11) as:

Fo(Ae) = 4min [a(h)], (14)

where .
a(h) = ]%e’k(h)'l%e,k(h). (15)
k
Importantly, this problem may be effectively
written as a simple semidefinite program (SDP)
[13, 23]

FQ(A9)=45\I|£1RI})\ st. A "0, (16)

h h
where
Ay | A, () A5, (h)
Ao ﬁ’e,‘l(h) ,
: lgr
Ro.r(h)

(17)
d = dimO and r is the number of Kraus oper-
ators. Provided the dimension of the relevant
Hilbert space is small enough, this problem may
be solved efficiently using widely available SDP
solvers, such as [39]. This optimization is imple-
mented in the mop_channel _gfi function.

Notice that the dimension of ancilla A is not
included in any of the constraints in (16). This
is because MOP gives the maximal QFI without
any restriction on ancilla sizes. Furthermore, in
order to identify the optimal input state |¢)) one
needs to solve an additional SDP problem, see
[19, 23].
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Figure 3: Final state resulting from the action of an adaptive protocol on N parameter encoding channels, written
via a formal link product operation between the corresponding CJ operators—quantum combs.

MOP can also be used to optimize QFI in
case of multiple channel uses. For the paral-
lel strategy, Fig. 1(B), one can simply apply the
single-channel method, replacing the channel Ag
with Aqu = Ag)N—this is implemented in the
mop_parallel _gfi function.

In order to address an adaptive strategy, as in
Fig. 1(C), one should first use the fact that a
concatenated sequence of quantum channels C;
where the free inputs and free output spaces are
respectively Hoj, Haj 1,7€0,...,N — 1, can be
represented as a quantum comb [36]

C € Comb[(Ho,H1), ..., (Han 2, Hon 1)), (18)
which is a CJ operator satisfying:

c=o0, CMNi—¢C (CM=1, (19)

Trox 1CP9 =1y 2 @CP 1 ke{l,..,N}.

The above conditions guarantee that such quan-
tum comb C' can always be regarded as a con-
catenation of quantum channels Cj, namely C' =
Co#*...#CN 1, where * denotes the link product
[36], see Appendix A for the definition of the link
product.

In the context of metrological adaptive sce-
nario, given a series of channels Agj : L(lj) —
L(Oj), we can write the combined action of all
the channels as:

ANV = Ago® ... @ AgN 1. (20)

We may now represent the general adaptive strat-
egy that includes the input state as well as the
control operations in the form of a quantum comb

C € Comb[(&, 1), (Oo, 11), ..., (On 3, IN 2),
(On 2,In 1®A)] (21)

and concatenate the operations using the link
product in order to obtain the output state

where /\g'\Iq (italics) formally represents the CJ

operator of Aqu, see Fig. 3. Here /\ZNUI does not
necessarily need to represent the action of uncor-
related channels as in (20), but may also be a gen-
eral parameter-dependent quantum comb and in
this way represent models with correlated noise
or non-local character of estimated parameter.

Optimization over adaptive protocols is thus
equivalent to maximizing the final QFI over
quantum combs C. Using again the MOP idea,
this problem may be effectively written down as
an SDP (this time slightly more involved) of the
following form [20, 21, 23]:

FY'(Ag) =4 min X st. A0, (23)
APR,QPKA
h h-

L ¥ T Q%= g @@ M QM =1,

where Qe L(Og®@ lp®---®0k 1® Ik 1) are
optimization variables and A =

e ®QMN W] [Rii(h) .. [Rea(h))
(Ria(h)|

: Agr
(Rea(h)]
(24)

with

Rik(h)) = on GIEDN (), (25)

where
’]Q’?,Eq(h»EOo@lo@“'@ON 1®1In 1, (26)

are derivatives of vectorized Kraus operators of
Aqu, r is the number of Kraus operators of Aqu,
d = dimOp 1. This optimization is implemented
in mop_adaptive_gfi function.

Similarly to the single channel case, optimiza-
tion of parallel and adaptive strategies with MOP
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does not allow for the control of the ancilla di-
mension and finding optimal input state or op-
timal comb requires solving an additional SDP
problem [21, 23]. Moreover, since the algorithm
requires optimization over Kraus representations
of Aqu its time and memory complexity is expo-
nentially large in V.

2.4 |terative see-saw

In the ISS optimization method developed in the
context of quantum metrology [18, 23, 40-44] one
considers the pre-QFI function:

F(po, L) :=2Tr (L) — Tr pgl? ,  (27)

where pg = Ag ® Ia(po), and the dimension of
A can be chosen arbitrarily and this choice may
affect the final result, unlike in the MOP method.
It turns out that for a given pg the maximization
of F' over Hermitian matrices L yields the QFT of
the state pg:

max F(po, L) = Fq(pe), (28)

with the solution L equal to the SLD matrix L
of pg [41]—hence we will refer to L as the pre-
SLD matrix for L. It follows that the channel
QFT (9) is simply a maximization of F' over both
of its arguments:

Fo(Ag) = max F(po,L). (29)
This problem can be solved by initializing pg and
L at random and then by alternately making
one argument constant and maximizing the other
one. FEach such optimization will increase the
value of F' and we can proceed until the change of
F in a number of consecutive iterations becomes
smaller than some established precision €. In case
of the single-channel optimization the procedure
is implemented in iss_channel _gfi.

ISS algorithm can be easily applied to the
parallel strategy by simply substituting Ag
with Aqu = AE N__this is implemented in
iss_parallel gfi function. This approach,
however, suffers from the same problem as
MOP—namely, it has an exponential complexity
in N.

The solution is to split pg and L into smaller
parts by expressing them as tensor networks (see
Appendix B). Let us set 1"™N9¢ = !\'0 I; and
OPNg — E\IOOi, where for ¢ < N spaces lj and

O; are inputs and outputs of the i-th channel Ag
and Iy = Oy = A. Then a state

) =

20N Jag..any € 1PN (30)

can be expressed as a tensor network called a
matrix product state (MPS) [45, 46]:

ag a1 ay
@),

where indices aj are called physical indices and
horizontal indices that connect tensors i are
called bond indices. Range of the bond indices,
called the bond dimension and denoted by rvps,
controls the strength of possible correlations be-
tween sites of 1), rmps = 1 means that the state
is separable and rvps ~ dim 1™ allows for arbi-
trary correlations. Analogously, pre-SLD matrix
can be expressed as a matrix product operator
(MPO):

an

Sao...aN —

ag a

1
bo b1 by . (32)

with bond dimension r_.. We can then write the
pre-QFI function as

F(¢07"'7¢N7L01"-7LN) = {\Iopb* (33)

N N T N N (2T
£ 20 NoLi 0 —ARTs NoL?

where pl) are elements of the density matrix MPO
of the state [¢)):

(P0)gy o =

bo by by (34)

1; are entry-wise complex conjugations of ¢j and
L? are elements of MPO of L2. Additionally, we
used linearity of link product and the identity
Tr(AB) = A+ BT. Note that * denotes link prod-
uct operation, but also contraction of correspond-
ing spaces for more general tensor networks, e.g.
MPSs, see Appendix B for more details.
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Just like in the case of a single channel opti-
mization, we can maximize the above function
over one argument at a time while others stay
constant. Then after optimization of each argu-
ment, we repeat the procedure until the value of
F converges. Note that if r|_ is too small, then the
optimization over pre-SLD will not converge to
the SLD matrix and value of pre-QFI will not be
equal to QFI. Nevertheless, the obtained value of
F' can always be interpreted as a CFI for a mea-
surement given by eigenvectors of L [41]. The
procedure employing MPS and MPO to the op-
timization of parallel strategy is implemented in
iss_tnet_parallel _gfi.

For the adaptive strategy we can apply the for-
mula on pg from Fig. 3 to (27) and redefine pre-
QFI function as

F(C,L) = 20+ AN LT —Cx AR "% (L2)T. (35)

Then, the QFI for adaptive strategy becomes
a maximization of (35) over Hermitian L and
quantum combs C' (19)—this is implemented in
iss_adaptive_gfi. Once more, this problem can
be solved more efficiently if we split arguments
of F into smaller parts. This time, however, the
tensor network of C has a natural interpretation
as an input state pg and a series of control oper-
ations Cj like in Fig. 1(C). Thus we can optimize

F(po, Co,...,CN 2, L) =

=pox N 2C0ix QAqu « LT — /\gNq « (LAT
We implemented this procedure in
iss_tnet_adaptive_gfi.

Finally, ISS can be applied to any ar-
rangement of input states, control operations
and parametrized channels, see the example in
Fig. 1(D). This is done by expressing pg as the
contraction of tensors representing all channels,
measurements (possibly represented by MPOs)
and states (possibly represented by MPSs) and
maximizing pre-QFI over each variable node sep-
arately. The package provides tools to define such
arbitrary protocols which can be then optimized
using iss_opt function. We discuss this in detail
in Sec. 4.

Let us conclude this section with a compari-
son of MOP and ISS. MOP is a deterministic
algorithm with optimality of the numerical solu-
tion guaranteed by formal proofs. ISS initializes
the parameters of pre-QFI function at random,

thus it is nondeterministic. Additionally, there
is no guarantee that it converges to the true op-
timum of the pre-QFI function. The optimality
can be validated in some cases by comparing its
result with MOP or upper bounds, see Sec. 2.5.
It might be also useful to repeat the computation
several times and check whether the returned val-
ues vary.

On a positive side, what is guaranteed in 1SS is
that the figure of merit will not decrease at any
individual iteration step and that the final result
will always be a correct lower bound of a truly
optimal QFI.

Moreover, ISS is much more efficient than
MOP. Its exact time complexity depends on the
strategy and it is hard to estimate. Our nu-
merical data shows that for strategies that are
similar to parallel or adaptive strategy and with
the use of tensor networks the time complexity is
quadratic in N. This is significantly better than
exponential complexity of MOP and allows to
compute QFI for significantly larger values of N
(N < 5 for MOP vs N < 100 for ISS). Moreover,
in ISS we can control additional parameters like
ancilla or bond dimension and consider strate-
gies different from parallel and adaptive. Finally,
while both methods can be used to get the op-
timal adaptive or parallel protocols, it is much
more straightforward for ISS, as it requires only
inspecting the final values of the pre-QFI func-
tion optimized arguments.

2.5 Upper bounds

In Sec. 2.3 we explained that the QFI can be
computed via minimization of the norm of « (15)
over all Kraus representations { Kp k} of the chan-
nel Ag. It follows that in order to compute QFI
for parallel or adaptive strategy we need to op-
timize over Kraus representations {Kg'}l(q} of the

whole channel Aqu = AE’N—a task that is ex-
ponentially hard in N. However, if we only want
to obtain the upper bounds, we may dramati-
cally reduce the complexity of the optimization,
and reformulate the computation of the bound
in a way that only minimization over Kraus rep-
resentations of the single channel Ag is required
13, 14, 22, 29, 31].

In case of parallel strategies this leads to an
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upper bound of the form [12, 13, 31]:

Fg (Ag) < AN min [a(h)|+ (N = DB .
(36)
where «(h) is defined in (15), while

p(h) =

k

Ry () Kox(h). (37)

This bound allows immediate exclusion of the
possibility of the Heisenberg scaling in the
model—it is enough to show that there exist h
for which B(h) = 0, which may be formulated as
a simple algebraic condition [13, 19].

In case of the adaptive strategy, one may again
employ the idea of MOP to bound the maximal
increase of QFI when the adaptive strategy is ex-
tended by one additional step including one more
sensing channel [22]:

FY () < Fg“q%m

+dmin fa(h)] + FS () [B(R)] . (38)

Both of these bounds can be computed efficiently
regardless of the value of N [22]. They are imple-
mented in the par_bounds and ad_bounds func-
tions respectively.

Importantly, the bounds for parallel and adap-
tive strategies are asymptotically (for N —
) equivalent and saturable [19, 22]—there are
strategies that asymptotically achieve the opti-
mal value of QFI predicted by the bounds.

Depending on whether there exist A for which
B(h) = 0 we may have two possible asymptotic
behaviors, namely the standard scaling (SS):

lim FG"(Ae)/N =4 min [a(h)], (39)

h,Bphg 0

and the Heisenberg scaling (HS):
: PNg 2 _ : 2
lim FE"(Ae)/N? = 4min [B(h)[%. (40)

In the package, the asymptotic bound can be
computed using asym_scaling_gfi, a function
that automatically also determines the character
of the scaling.

Finally, there are methods to compute the
bounds also in the case of correlated noise mod-
els that have been developed recently in [29]. We
do not provide the exact formulation of the op-
timization problem that one needs to solve to

find the relevant bound as it is much more in-
volved than in case of uncorrelated noise mod-
els discussed above. In the package, the cor-
related noise bounds may be computed using
ad_bounds_correlated a finite number of chan-
nel uses, and ad_asym_bound_correlated in or-
der to obtain the asymptotic behavior. Unlike in
the uncorrelated noise models, there is no guar-
antee here that the bounds are saturable. Still,
they may be systematically tightened at the ex-
pense of increasing the numerical complexity, see
Sec. 3.5 for a more detailed discussion.

3 Basic package usage—optimization
of standard strategies

In this section we present the basic ways to
use the package that utilize high-level functions
from protocols and bounds subpackages. These
functions allow the user to compute and bound
the QFI within three standard scenarios: single-
channel, parallel and adaptive strategies, by sim-
ply specifying the parameter-encoding channel
and the number of uses.

In the following subsections we will apply these
methods to study the problem of phase estima-
tion in the presence of two paradigmatic decoher-
ence models: dephasing (d) or amplitude damp-
ing (a).

The parameter-encoding channels Ag that we
will consider are given by Kraus operators of the
form

Kok =UpKyx, Ug=ce 200: (41)

where o is a Pauli z-matrix, Uy represents uni-
tary parameter encoding, whereas Ky are Kraus
operators corresponding to one of the two deco-
herence models. For simplicity, we will always
assume that estimation is performed around the
parameter value 6 ~ 0, so after differentiating
the Kraus operators we set § = 0—this does not
affect the values of the QFI as finite unitary ro-
tations could always be incorporated in control
operations, measurements or the state prepara-
tion stage and hence will not affect the optimized
value of QFI.

In case of the dephasing model, the two Kraus
operators may be parametrized with a single pa-
rameter p € [0, 1]:

a
KM= p1, KM= 1 poy, (42)
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where p = 1 corresponds to no dephasing, p
1/2 to the strongest dephasing case, where all
equatorial qubit states are mapped to the maxi-
mally mixed state, while p = 0 represents a phase
flip channel. Equivalently, we may use a differ-
ent Kraus representation where the two Kraus
operators are given by:

1 1
V2 V2

which may be interpreted as random rotations by
angles +e with probability 1/2 each—in order for
the two representations to match we need to fix
p = cos?(e/2).

In case of amplitude damping, the Kraus oper-
ators take the form

K- — U K= —U g 43)

a
1—pl0y<1],
(44)
where p = 1 represents the no-decoherence case,
while p = 0 the full relaxation case, where all the
states of the qubit are mapped to the ground |0)
state.

K5 =10) 0]+ 1) A, K1 =

Alternatively, dephasing and amplitude damp-
ing models can be considered in a continuous
time regime. In this case, the state undergoes
a process for some time ¢ which imprints on it in-
formation about the parameter w related to 6 by
0 = wt. The derivative of the state with respect
to time is defined using the Lindbladian operator
L:

d 1
B8 = Lolpual = —[Ho, po] + Dlpod, (45)
where H, = ~woz/2 is a Hamiltonian generating

the evolution Uy and D is a dissipation term. The
dissipation term has a general form:

- 1.
Vi LipLi—a{LiLi,p} ,  (46)

D[p]

where {-,-} is the anticommutator, Lj are jump
operators that determine the type of dissipation
and ~j = 0 are damping rates. In case of dephas-
ing and amplitude damping only one pair Lj, 7i
is required and it is respectively:

yPdat
)

Lpdq = O’Z/ﬁ;
L= — oy, p=

2p—1=e
e YO

© 0 N O O A~ W N P
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3.1 Specifying the parameter-dependent chan-
nel

First, let us start by explaining how to encode
the channel using the ParamChannel class. We
can do that in one of the four available ways:

from a list of Kraus operators and their
derivatives with respect to 0,

from a CJ matrix and its derivative over 6,

e using a predefined creator function,

from a Lindbladian, its derivative with re-
spect to w and a specified evolution time.

The following listing shows how the above op-
tions are implemented in practice using the ex-
ample of the dephasing channel (42):

import numpy as np
from gmetro import *

# Pauli z-matrix:

sz = np.array([[1, 0], [0, -11D)

# Kraus operators and their derivatives

# fTor dephasing channel:

p=20.75

krauses = [
np.sqrt(p) * np.identity(2),
np.sqrt(l-p) * sz

1

dkrauses = [
-1j/2 * sz @ K for K in krauses

]

# ParamChannel instance created from

# Kraus operators:

channell = ParamChannel (
krauses=krauses, dkrauses=dkrauses

)

# CJ matrix and its derivative created
# from Kraus operators:

choi = choi_from_krauses(krauses)

dchoi = dchoi_from_krauses(
krauses, dkrauses

)

# ParamChannel instance created from
# CJ matrix:
channel2 = ParamChannel (

choi=choi, dchoi=dchoi

)

# ParamChannel instance created using
# creator function:
channel3 = par_dephasing(p)
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By design the ParamChannel class represents
a discrete time quantum evolution. Thus to cre-
ate its objects from L, Igm one needs to move
from continuous to discrete time regime by in-
tegrating over specified evolution time ¢. This
can be done using choi_from_lindblad function
from qtools which performs this integration for
time-independent Lindbladian specified either as
a function or a pair of Hamiltonian and a list of
jump operators:

# continuing previous example

# Lindbladian and its derivative.
omega = 0.0 # Parameter.

t =1# Tinme.

# Dephasing strength:

gamma = -np.log(2*p-1)/t

# Hilbert space dimension

dim = 2

def lindblad(rho):
# Rotation around z part:
rot = 0.5j*omega * (rho@sz - sz@rho)
# Dephasing part:
deph = gamma * (sz@rho@sz - rho)
return rot + deph

def dlindblad(rho):

return 0.5 * (rho@sz - sz@rho)

choi, dchoi =
lindblad,

choi_from_lindblad(
dlindblad, t, dim=dim
)
channel5 = ParamChannel(

choi=choi, dchoi=dchoi

)

# or

# Hamiltonian

H = 0.5 * omega * sz

# Jump operators rescaled by sqrt(gamma)

Ls = [np.sqrt(gamma/2) * sz]

# Derivative of the Hamiltonian

dH = 0.5 * sz

# Derivative of the jump operators

dLs = [np.zeros_like(L) for L in Ls]

choi, dchoi = choi_from_lindblad(
(H, Ls), (dH, dLs), t

)

channel6 = ParamChannel (

choi=choi, dchoi=dchoi

)

Objects of the ParamChannel class can be used
to compute pg = Ag(p) and fg = %Ae(p), e.g.

channel = channell
rho = np.array([
[1, 0],
[0, 0]

(4]

© 0 N O g b~ W N P

e < =
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rho_t, drho_t = channel (rho)

or to obtain the CJ operator from Kraus opera-
tors and vice versa, e.g.:

channell = ParamChannel (
krauses=krauses, dkrauses=dkrauses

)

# CJ matrix:

choi = channel.choi ()

# Derivative of CJ matrix:

dchoi = channel _dchoi ()

channel2 = ParamChannel (
choi=choi, dchoi=dchoi
)
# Kraus operators:
krauses = channel2.krauses()
# Kraus operators and their derivatives:
krauses, dkrauses = channel2.dkrauses()

They can be combined with each other to create
new channels using:

e scalar multiplication (aAg) (p)
e.g.:

ale(p),

a=20.2

new_channel = channel_scalar_mul(a)
# or equivalently

new_channel = a * channel

5w N R

e addition (Ag + Pg)(p) = Ag(p) + Pg(p), e.g-:

1 new_channel = channell.add(channel2)
2 # or equivalently
s new_channel = channell + channel2

e composition (Ag o Pg)(p) = Ag (Pg(p)), e.g.:

new_channel =
channel2

channell.compose(

)

# or equivalently
new_channel = channell @ channel2

a A W N R

e Kronecker product (Ag® Pg) (p1 ® p2)
Ag(p1) ® Po(p2), e.g.:

1 new_channel = channell.kron(channel2)

* Kronecker power AEN = JpoBdmdtudda €-8-:
N

1 N =3

2 new_channel = channell.kron_pow(N)
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Figure 4: (A) Diagram of a strategy with a single parameter-dependent channel Ag and ancilla A. Values of QFI for
(B) dephasing and (C) amplitude damping, for various values of p and for different methods: MOP - black x, ISS
with da = 1 - blue dashed line, ISS with da = 2 - red dotted line.

3.2 Single-channel QFI optimization

After defining the parameter-dependent channel
using the ParamChannel class, we may now eas-
ily compute the single-channel QFT (9), including
the possible use of an ancilla, see Fig. 4(A). The
channel QFI can be computed using one of the
two functions:

e iss_channel_gfi for the ISS method,
« mop_channel _gfi for the MOP method.

The function iss_channel _gfi takes two argu-
ments: the channel whose QFI is computed and
the dimension of the ancillary system. It returns
five items: the optimized QFI, a list of pre-QFI
values per algorithm iteration, the density matrix
of the optimal input state, the SLD matrix, and
the information whether the optimization con-
verged successfully.

On the other hand, mop_channel_gfi takes
only the channel and returns only the QFI—here,
by the nature of the method, ancillary system di-
mension is unspecified, see Sec. 2.3. The follow-
ing code shows both of these functions in prac-
tice:

from gmetro import *
p=20.75
channel = par_dephasing(p)

ancilla_dim = 2
iss_gfi, gfis, rho0, sld, status =
iss_channel_qgfi(channel, ancilla_dim)

8

o mop_qfi = mop_channel_qgfi(channel)

Fig. 4(B) and 4(C) present plots of the
results obtained using #ss_channel_gfi and
mop_channel _gfi for the two decoherence mod-
els respectively. Since the MOP method gives the
optimal QFI implicitly assuming arbitrary ancilla
dimension da, these plots indicate that for the
dephasing case (B) the ancilla is in fact unnec-
essary, while in the amplitude damping case (C)
the ancillary system of dimension da = 2 is re-
quired for an optimal precision.

This example clearly shows the benefits of hav-
ing two independent optimization procedures.
One method (MOP) provides the true optimal
QFI, but does not allow us to gain insight into
the required ancilla size, while the other one (ISS)
allows us to study the impact of the ancilla size.

3.3 Parallel strategy optimization

The parallel strategy refers to a setting in which
N copies of Ag are probed in parallel by an en-
tangled state and their output is collectively mea-
sured, see Fig. 5(A). It can also be understood as

a strategy with a single channel Aqu = A(?N.
The QMetro++ package provides several func-
tions computing the QFI for the parallel strat-
egy. The simplest two, iss_parallel_gfi and
mop_parallel_gfi are straightforward general-
izations of ISS and MOP methods for parallel
strategy:
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Figure 5: (A) Diagram of a parallel strategy with multiple parametrized channels Ag and ancilla A. Values of QFI
normalized by the number of channel uses, N, for: (B) dephasing (p = 0.75), (C) amplitude damping (p = 0.75)
and different methods: MOP - black x, simple ISS with da = 2 - black +, tensor network ISS with da = 2, rmps =
V/TL = 2 - blue dashed line, tensor network ISS with da = 2, rmps = /TL = 4 - red dotted line, upper bound -
black solid line.

from gmetro import * o L_bond_dim = 4
10
p =0.75 11 qfi, qfis, psis, Ls, status =
channel = par_dephasing(p) iss_tnet_parallel_gfi(channel, N,
ancilla_dim, mps_bond_dim, L_bond_dim
N = 3 )
ancilla_dim = 2
iss_qgfi, qfis, rho0, sld, status = In contrast to the function implementing the ba-
iss_parallel_gfi(channel, N, sic ISS, which returns the optimal input state

ancilla_dim) and the SLD in terms of arrays, this procedure

gives them in the form of lists containing tensor

' . components: psis = [, ¥1, ...] and Ls = [Ly,
The downside of these two approaches is that Ly, ...], see Egs. (31) and (32).

they try to optimize QFI over all possible states

and measurements on an exponentially large sions allows to achieve higher values of QFI
Hilbert Space. Hence, the‘lr .tlme and mem- up to some optimal value, see Fig. 5(B) and
ory complexity are exponential in the number of (C). One might assess this value by running

channel uses. In prz.ictice, this means tha.t they iss_tnet parallel gfi for progressively larger

can be used for relatively small N (N < 5 in case dimension sizes, but it can also be upper-
. )

of qul?lt channels). ) bounded using the par_bounds function which

This  problem can be circumvented us- gives a bound on the QFI of the parallel strat-

ing  tensor .networks MPS <31) and MPQ egy for all ancilla and bond dimension sizes (see
(32). This approach is implemented in  g.. o 5):

iss_tnet_parallel _gfi, which requires two ad-

mop_qfi = mop_parallel_qgfi(channel, N)

Naturally, increasing ancilla and bond dimen-

ditional arguments specifying bond dimensions of ; from gmetro import *
the MPS and the pre-SLD MPO: s p = 0.75
from gmetro import * 4 channel = par_dephasing(p)
5
p =0.75 s N = 3
channel = par_dephasing(p) 7
s bound = par_bounds(channel, N)
N =3
ancilla_dim = 2 The obtained value is an array
mps_bond_dim = 2 bound=[b1, b2, ...,bn] where bn is an upper
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bound on F(p?nq(Ae).

The numerical results are presented in
Fig. 5(B) and (C). We considered the parallel
strategy with ancilla dimension da and various
bond dimensions rvmps = 4/7L. The relation be-
tween rpmps and 7 was chosen based on the fact
that the density matrix of the input state has
bond dimension equal to rﬁ,lps, so taking r_ up
to this value should not significantly affect the ex-
ecution time (in practice, a smaller r|_is typically
sufficient). Notice that for the dephasing case (B)
results from MOP and ISS methods coincide per-
fectly and that QFI for MPS with ryps = 4 ap-
proaches the upper bound as N increases. This
suggests that in this case da = 2 is sufficient
to saturate the bound. On the other hand, for
the amplitude damping case (C) the results ob-
tained using MOP and ISS differ, and already
for N = 5 the ancilla dimension da = 2 is subop-
timal. Additionally, F(p?Nq(Ae)/N computed us-
ing MPS quickly flattens out and the increase of
bond dimension leads to a very small improve-
Therefore, we can conclude that in this
case the dimensions da considered are insufficient
to saturate the bound.

ment.

3.4 Adaptive strategy optimization

In the adaptive strategy, we start with an initial
state of the system and the ancilla, pg, and we
act on the system with N parameter-encoding
channels Ag, intertwined with control operations
Cj which act both on the system and the ancilla,
see Fig. 6(A). Equivalently, it is a strategy where
N parameter-encoding channels Ag are plugged
in between the teeth of a quantum comb C| see
Fig. 3, and then the resulting state is measured.
In this strategy, one seeks to determine the value
of QFT for the optimal input state, measurement,
and control operations (or equivalently the opti-
mal comb and measurement). Notice that for
sufficiently large ancilla dimension da and for
Ci being appropriate SWAP gates one can simu-
late any parallel strategy with an adaptive strat-
egy. Thus, assuming the ancilla is large enough,
the QFTI for the adaptive strategy always upper-
bounds the QFT for the parallel strategy.

QFI for adaptive strategy using the MOP
method can be computed by simply invoking
mop_adaptive_gfi:

from gmetro import *

© 0 N O O A~ W N P
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p = 0.75
channel = par_dephasing(p)

N =3

gfi = mop_adaptive_qgfi(channel, N)

This yields truly optimal QFI corresponding to
the optimal adaptive strategy.

Alternatively, we may also use the ISS method,
with the help of iss_adaptive_gfi function.
This procedure will perform the optimization
over the whole comb as well. Note that, the
constraints on a quantum comb (19) allow for
its decomposition into control operations (CPTP
maps), but do not specify the ancilla dimension
inside the comb. Therefore, in this case one
can control only the dimension of the last an-
cilla which goes outside of the comb, indicated
by the symbol Agng in Fig. 6(A):

from gmetro import *

p=20.75

channel = par_dephasing(p)

N =23

# Dimension of the last ancilla:
ancilla_dim = 2

gfi, gfis, comb, sld, status =
iss_adaptive_qgfi(channel, N,
ancilla_dim)

Apart from the standard outputs for the ISS-type
functions, iss_adaptive_gfi returns comb which
is a CJ matrix of the optimal comb.

Finally, if we want to make use of the tensor-
network structure, and perform the optimiza-
tion over separate control operations, we can
use iss_tnet_adaptive gfi. Notice that in
this approach we control ancilla dimension at
each step and thus, in general, the obtained
QFI will be smaller than the one we got with
iss_adaptive gfi—the advantage here is that
the optimization will be much more efficient (not
to mention that this is also the only way to go to
the larger N limit):

from gmetro import *

p = 0.75

channel = par_dephasing(p)
N =23

# Dimension of the ancilla:
ancilla_dim = 2
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Figure 6: (A) Diagram of an adaptive strategy with multiple parametrized channels Ag and ancilla A. When the
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N =60 (C) is due to increasing numerical instability of ISS with growing N.

status =
N,

gfi, gfis, teeth, sld,
iss_adaptive_qgfi (channel,
ancilla_dim)

# teeth can be decomposed
# a list of controls:

rho0, *Cs = teeth

into rhoO and

The returned argument teeth represents the
comb’s teeth and it is a list consisting of
the optimal initial state and CJ matrices
of the optimal control operations teeth =
[po,Co,C]_,...,CN 2].

The upper bound for the adaptive strategy is
computed using ad_bounds function:

from gmetro import *
p =20.75

channel = par_dephasing(p)

N =3

bound = ad_bounds(channel,

N)

Additionally, one can compute the value of the
bound in the limit N — oo which is asymptoti-
cally saturable and the same for both the parallel
and the adaptive strategy, see Sec. 2.5:

from gmetro import *

p = 0.75
channel = par_dephasing(p)

c, k = asym_scaling_qgfi(channel)

where the returned values should be interpreted
in the following way ¢ = limy g Fqu(Ae)/Nk.

Values of QFI, bounds, and asymptotic QFI
for the adaptive strategy are presented in Figs. 6
(B) and (C). In contrast to the parallel strategy,
this time the amplitude damping case (C) shows
results which are much closer to the bound.

Notice that there is no data for amplitude
damping and ancilla dim da = 4 and N > 60.
This is due to the fact that for this noise model,
the QFT attains a large value and simultaneously
optimal control operations Cj take the state close
to the pure state. These two processes combined
create objects (tensors, matrices etc.) which hold
values from a very wide range at the same time.
This causes loss of precision and then numerical
instability. A similar issue appears for dephasing
but for much larger N ~ 90.

3.5 Correlated noise models

The QMetro++ also provides a simple way to
compute the QFI for the adaptive and the par-
allel strategies in scenarios when parameter-
encoding channels act on an additional environ-
ment space E which directly connects subsequent
channels, see Fig. 7(A). This approach allows in
particular to model noise correlations affecting
the sensing channels.
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Figure 7: (A) Diagram of N parametrized channels Ag with noise correlations. Extended channels Ag (gray) act on
the system as Ag and are connected with each other by the environment space E. The environment system E starts
in the state pg and is not accessed (is traced out) at the end. Values of QFI normalized by the number of channel
uses, N, for anti-correlated (¢ = —0.75) dephasing (p = 0.75), different strategies: (B) parallel, (C) adaptive and
various methods: MOP - black x, simple ISS with da = 2 - black +, tensor network ISS with da = 2 (parallel:
rMps = +/TL = 2) - blue dashed line, upper bound with block size m = 1 - black dotted line, upper bound with
block size m = 3 - black solid line and upper bound for uncorrelated channels ¢ = 0 - black dash-dotted line. Notice
that since there are no separate bounds for parallel strategy with correlated channels the upper bounds (black dotted

and solid lines) are identical in (B) and (C).

Ay

Figure 8: Modeling of correlated dephasing process, by
extending the action of the channel on a two-dimensional
environment space.

To illustrate this, let us consider a Kraus rep-
resentation for the dephasing model with Kraus
operators K acting as Bloch-sphere rotations by
+e around z axis, see Eq. (43). We want the signs
of these rotations to form a binary Markovian
chain. The conditional probability of a rotation
with sign sj € {+,—} in channel i given sj 1 in
channel ¢ — 1 is:

Tiji 1(silsi 1) = %(1 +sisi 10),  (49)

where ¢ € [—1, 1] is a correlation parameter with
¢ = 0 meaning no correlations, ¢ = 1 maximal
positive correlations and ¢ = —1 maximal neg-
ative correlations. The initial probabilities are
p(£) =1/2.

This process can be modeled with the help of
a two-dimensional environment Hilbert space E

which will carry the information about the sign
of the rotation in the preceding step. Let us in-
troduce a new channel acting on both the envi-
ronment and the system Ag = Bg = T, see Fig. 8,
where:

Pg:L(E®S)3p— VopVy e LE®S),
Vo=v2 ~ |s)(s|®Kse, (50)

S

and
S,r c
1+ src

Tsr = 9

[sy<rl. (51)

Clearly, Ag acts as Ag on the system—
TreAg(p) = Ag(Trep) for any state p. The
unitary channel ®g acts with K on the sys-
tem, depending on the state of the environment
being |+), and it stores the information about
the occurrence of K in the state |+) accord-
ingly. Then T modifies the state of E accord-
ing to probabilities (49). The initial probabili-
ties are encoded in the initial environment state

pE = p(+) [H) (] +p(=) [—){~| = 12/2.
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Channel Ag can be easily constructed using
the link_env method which links two channels
through their common environment:

from numpy import array, kron, sqrt
from gmetro import (
par_dephasing, ket_bra, ParamChannel
)
p =0.75
c = -0.75
# rot_like=True gives dephasing in
# the second form:
Lambda = par_dephasing(p, rot_like=True)
krauses, dkrauses = Lambda.dkrauses()
# Rotations by plus and minus epsilon:
Kp, Km = krauses
# Derivatives of Krauses:
dKp, dKm = dkrauses

# Plus state:
plus = array([1,
# Minus state:
minus = array([1,

1) 7 sqrt(2)
-1 7/ sqrt(2)

V_theta matrix:
kron(ket_bra(plus, plus), Kp)

V + kron(ket_bra(minus, minus),
sqrt(2) * V

#
%
\Y Km)
\Y

# Derivative of V_theta matrix:

dv = kron(ket_bra(plus, plus), dKp)

dvV += kron(ket_bra(minus, minus), dKm)
dv = sqrt(2) * dv

# env_dim=d tells ParamChannel

# constructor that the channel acts

# on the d-dimensional environment space
# and the system

Phi = ParamChannel(

krauses=[V], dkrauses=[dV],
env_dim=2

)

# T channel:
T_krauses = []
for s in (1, -1):
for r in (1, -1):
x = sqrt((l+s*r*c)/2)
Tsr = x * ket_bra(
array([1, s]), array([1, r])
)/2
T_krauses.append(Tsr)
# If not provided, the derivative
# zero by default:
T = ParamChannel (
krauses=T_krauses,

is

env_dim=2

)

Lambda_tilde = Phi.link_env(T)
# or equivalently:

Lambda_tilde = Phi * T

© 0 N O O B~ W N P
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When provided with env_dim argument, the con-
structor of ParamChannel will assume that the
channel acts on a space E®QS with dim E given by
the argument. All functions implementing MOP
and ISS algorithms from Sec. 3.3 and Sec. 3.4
can take such a channel as their argument and
optimize the corresponding QFI for a sequence
of channels as in Fig. 7(A):

from numpy
from gmetro

import
import

identity
iss_tnet_adaptive_qgfi

for the adaptive strategy and

related noise:

gfi, *_ = iss_tnet_adaptive_qfi(
Lambda_tilde, N, d_a

3
=2
|
r

0O D Il

N

d_
# QF
# co

)

Input state of the environment is by
default a maximally mixed state but
can be specified using env_inp_state
parameter:

rhoE = identity(2) /7 2

gfi, *_ = iss_tnet_adaptive_qfi(
Lambda_tilde, N, d_a,
env_inp_state=rhoE

#
#
#
#

)

Bounds in  this case can be com-
puted using ad_bounds_correlated and
ad_asym_bound_correlated. In contrast to
the bounds for the uncorrelated case these
bounds are not necessarily tight asymptotically.
They are computed by upper-bounding QFI
for adaptive strategy where every m-th con-
trol operation has access to the environment,
for some integer m. This leads to a leakage
of information from the environment, which
weakens the tightness of the bound. Naturally,
larger value of m makes the bound tighter but
at the same time it exponentially increases the
execution time. Realistically, one can compute
the bound for m < 5 in case of qubit channels.
An exemplary code to compute the bound is
given below:

from gmetro import ad_bounds_correlated
N = 10
=3
ns, bound = ad_bounds_correlated(
Lambda_tilde, N, m
)
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where ns = [1,1 + m,1 + 2m,...,], bound=
[b1,61 m, b1 2m,...] and bp is an upper bound on
FI(Ag).

Note that the construction (50), (51) is not
unique and correlations (49) can be modeled us-
ing different Ag. For example a quantum channel:

t:LE)3p—  terpty € L(E),
S,r

tor =

c.__
L ol (52

satisfies tot = T thus 1~\9 = t* Pg xt will give the
same Aqu = Ag ... Ag as before. This observa-
tion is important for calculation of upper-bounds
because of the aforementioned fact that they are
not computed for the whole Aqu but for N/m
blocks of size m and the construction influences
how these blocks begin and end. For example,
it turns out that the original construction (51)
gives in this case an unrealistic HS and the opti-
mal bound is achieved for (52), see [29] for more
discussion.

Values of the QFI for anti-correlated (¢ =
—0.75) dephasing case are shown in Figs.7
(B) and (C). Note, that the presence of
(anti)correlations significantly increases the ob-
tained QFI which becomes even larger then the
upper-bounds for uncorrelated case. Interest-
ingly, we can see that the adaptive strategy with
da = 2 is optimal for N < 5, unlike in the un-
correlated dephasing case, see Fig. 6(B).

4 Advanced package usage—
optimization of strategies with arbitrary
structures

In addition to the functions presented in Sec. 3,
the QMetro++ allows the user to define their
own strategy and then optimize it using the
ISS algorithm. Strategies are defined via
a straightforward-to-use symbolic programming
framework. The user creates a tensor network
representing their strategy where some of the
nodes are marked as constants and others are
marked as variables to be optimized over—let us
call the set of variables V. This strategy is then
plugged into the function iss_opt which, based
on the provided data, constructs the pre-QFI:

F(V) = 2Tr(fol) — Tr(pol?),  (53)

where pg and L are defined as in Fig. 9 and fg
is created from pg using the Leibniz (chain) rule.
Then the function optimizes the above pre-QFI
over each variable node one by one in a typical
ISS manner.

In Sec. 4.1 we explain the classes of QMetro++
tensors (placed in gmtensor folder, see Fig. 2)
which are the building blocks of strategies. Then
in Sec. 4.2 we show how such a strategy can
be created using the example of the collisional
metrological model.

4.1 QMetro++ tensors

A general strategy in QMetro++ is created by
defining it as a tensor network of:

e density matrices,

e elements of MPOs of density matrices, in
particular density matrices of MPSs (see

(34)),

* parameter-encoding channels,

* control operations,

e quantum combs,

* measurements,

e elements of measurement MPOs.

connected by their physical and bond spaces, as
in the diagram in Fig. 9. Some input states, con-
trol operations, and quantum combs as well as
all measurements, are marked as variables of the
pre-QFTI function (53) and they will be optimized
by the ISS algorithm. KEach non-measurement
node is represented using its tensor represen-
tation (see a detailed explanation in the Ap-
pendix B) and measurements are represented via
a tensor representation of the pre-SLD matrix L.

In practice, this means that each node of the
network has to be initialized as an object of a
QMetro++ tensor class (see Fig. 10). There are
five kinds of tensor classes:

e GeneralTensor - a class containing at-
tributes and methods common to all tensors,
such as the shape or the contraction opera-
tion. It is an abstract class [47] i.e. it is
only a blueprint for other classes to inherit
from and it is not meant to be used in any
computations directly.
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Figure 9: Diagram of a strategy with arbitrary structure that can be optimized using iss_opt. The input state, po,
might consist of MPSs and/or states on a full Hilbert space. The input state goes through an arbitrary arrangement
of parametrized channels, control operations and combs. The requirement is that each operation’s output can be
connected only to the input of a different operation such that there are no causal cycles. Finally, the state obtained
after application of each operation, pg, is measured. The measurement is specified by the form of the pre-SLD matrix
L which can be an MPO and/or a matrix on a full Hilbert space. States, control operations, and combs can be
marked as variable or constant, the pre-SLD must be variable and the parametrized channels must be constant.

« ConstTensor - a class representing tensors
that stay constant during the optimization
process.

e ParamTensor - a subclass of ConstTensor
which has an additional attribute defining its
derivative over the measured parameter 6.
It is meant to represent parameter-encoding
channels Ag.

* VarTensor - a class representing tensors that
are optimized by the ISS algorithm. Mem-
bers of this class store information specifying
how they should be initialized and optimized
(for example that they are CPTP channels,
quantum combs or pre-SLD matrices) but
they do not have any value—they are only
symbols.

e TensorNetwork - networks of constant,
parametrized and variable tensors.

Additionally, there is one more class, SpaceDict,
that stores the information about the names, di-
mensions and types of the respective spaces. For
example:

© 0 N O g b~ W N P
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import numpy as np
from gmetro import *

sd = SpaceDict()

# Adding physical spaces with names
# ”a’, “b” and dimension 2 to sd.
sd[’a’] = 2

sd[’b’] = 2

# Calling sd[’a’] will return
# the dimension of space ’a’.
print(sd[’a’]) # Prints 2.

# Adding bond space ’x’
sd.set_bond(’x”, 4)
print(sd[’x”]) # Prints 4.

# Accessing range of appropriate index:
print(sd.irange[’a’]) # Prints 4.
print(sd.irange[’x’]) # Prints 4.

Note that the range of the physical index is equal
to the square of the dimension of the correspond-
ing space. This is because physical indices are
created by joining two indices of a CJ operator.
However, this is not the case for bond indices
which are not related to any Hilbert spaces. See
detailed discussion in Appendix B).

Instances of tensors are created on spaces de-
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Figure 10: UML diagram of classes used for creation of strategies with their most important attributes and methods.
Subclasses inherit all attributes and methods of their parent class. Instances of GeneralTensor and its subclasses
can access a SpaceDict instance through their sdict attribute. Two tensors can be contracted with each other
only when they have the same sdict attribute.

fined in the SpaceDict: 4 bonds = [”x’]
5
6 # Variable tensor:
o 7 vt0 = VarTensor(spaces, sd)
# Constant tensor can be initialized .
# from a CJ matrix: o # Types:
id_ab = np.identity(sd[’a’]*sd[’b’]) 10 # > state:
ct0 = ConstTensor( . 11 vtl = VarTensor(
[*a”, "b”], choi=id_ab, sdict=sd 12 spaces, sd, output_spaces=spaces
) 13 )
i L 14 # > element of a density matrix of
# Its tensor representation is in array 15 # an MPS-
# attribute: 16 vEl = VarTensor(
ctO_ten_rep = ctO.array 1 spaces + bonds, sd,
# Order of its indices is in spaces 18 output_spaces=spaces
# attribute: ) -
spaces = ct0.spaces 20 # > CPTP map of a channel “a’->"b”:
o 21 vtl = VarTensor(
# Constant tensor can be initialized s spaces, sd, output_spaces=["b’]
# from its tensor representation ) ’ ’ -
ctl = ConstTensor( 24 # > pre-SLD:
spaces, array=ctO_ten_rep, sdict=sd s Vt2 = VarTensor(
) 26 spaces, sd, is_measurement=True
27
# Parametrized tensor requires both its s ; > element of a pre-SLD MPO:
# value and derivative. For example o V2 = VarTensor(
# a tensor with trivial derivative will 2 spaces + bonds, sd
# be: ) ) 31 is_measurement=True
zeros = np.zeros_like(id_ab) )
pt = ParamTensor (
spaces, sdict=sd, Tensors can be contracted using either contr

choi=id_ab,

Variable tensors require only spaces.
type is derived from additional attributes:

spaces = [’a’, *b7]

dchoi=zeros

method, function with the same name or the star

ko

symbol:

Their from gmetro import *

1

2

3 channel =
4 choi = channel.choi ()
5
6

sd = SpaceDict()

par_dephasing (0.75)
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* GT CT PT VT TN
GT | Error | Error | Error | Error | Error
CT | Error | CT PT TN TN
PT | Error | PT PT TN TN
VT | Error | TN TN TN TN
TN | Error | TN TN TN TN

Table 2: Resulting type of a contraction of various ten-
sor pairs: GT-GeneralTensor, CT-ConstTensor, PT-
ParamTensor, VT- VarTensor, TN-TensorNetwork.
Contraction with generalized tensor raises an error be-
cause instances of this class are not meant to be used
in calculations. When ParamTensor is contracted with
a ConstTensor or a ParamTensor the derivative of the
result is computed using the Leibniz (chain) rule.

spaces = ["a’, "b”,
for space in spaces:
sd[space] = 2

¢

ct0 = ConstTensor([’a’, ’b”], choi, sd)
ctl = ConstTensor([’b’, “c’], choi, sd)
# Contraction of b’ space.

ct2 = ct0.contr(ctl)
# or equivalently
ct2 = contr(ctO,
# or equivalently
ct2 = ct0 * ct1l

ctl)

While contraction of two ConstTensors sim-
ply creates a new ConstTensor this is not
the case when one of the contracted tensors
is a VarTensor because it does not have any
value. Contraction with a VarTensor creates a
TensorNetwork consisting of the two tensors:

4.2 Collisional strategy

We will describe the creation of a custom strat-
egy using the example of a collisional strategy de-
picted in Fig. 11(A). Physically, we can imagine
this scheme to represent a situation where mul-
tiple particles, potentially entangled with each
other initially, approach the sensing system one
by one. They interact locally with the system via
control operations Cj, carrying away information
about the parameter while at the same time caus-
ing some back-action on the sensing system itself.

This strategy may be viewed as a hybrid of the
parallel and the adaptive strategies where each
control operation Cj has its own ancilla which
is measured immediately after the action of C;j.
Notice that if all Cj were set to SWAP gates one
would regain the parallel strategy. On the other
hand, this strategy does not allow control opera-
tions to communicate with each other like in the
most general adaptive strategy. Therefore the
QFTI for this strategy must be at least as good
as for the parallel strategy but in general will
be worse than for the adaptive strategy with an
ancilla dimension dx 1 where dp is the dimen-
sion of a single ancillary system in the collisional
strategy.

We can now create a tensor network represent-
ing the collisional strategy. In the following we
will use functions from the gmtensor/creators
folder, see Fig. 2. These functions greatly sim-
plify the process by creating entire structures (for
example the density matrix of an MPS) and they
make the code more readable. Let us start by
defining the necessary spaces:

1 from gmetro import *

2

3 # Number of parametrized channels:
ct = ConstTensor([’a’, “b’], choi, sd) 4+ N =10 ) ) N
vt = VarTensor([’b’, ’c’], sd) 5 d_a =2 # Ancilla dimension.
# Tensor network of ct and vt connected 6 )
# by b’ space: 7 sd = SpaceDict()
tn = ct * vt ¢ ) _

o # arrange_spaces will create a series of
# Elements of tensor network can be 10 # spaces (7INP”, 0), -5 (CINP”, N-1)
# accessed using tensor and name 11 # with specified dimension and it will
# attributes:- 12 # return a list of their names:
print(tn.tensors[ct.name] is ct) # True. 1 # > Input spaces of parametrized
print(tn.tensors[vt.name] is vt) # True. *# channels:

15 Inp = sd.arrange_spaces(N, 2, “INP?”)

16 # > output spaces of parametrized
Similarly, a contraction with a TensorNetwork 17 #  channels:
creates another TensorNetwork. The results of '° OUt = sd.arrange_spaces(N, 2, "0UT”)
1 bl . bi . 19 # > ancillas:
a pos§1 e contraction combinations are pre- = ... _ sd.arrange_spaces(2*N-2, 2, *ANC”)
sented in Table 2.
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Figure 11: (A) Diagram of a collisional strategy with multiple parametrized channels Ag and ancillas A;. Values of
QFI normalized by the number of channel uses, N, for: (B) dephasing (p = 0.75), (C) amplitude damping (p = 0.75)
and different strategies: adaptive (da = 2) - blue dashed line, parallel (da = 2, rmps = /L = 2) - red dotted
line, collisional (da = 2, rmps = /T = 2) - green dash-dotted line. Fluctuations for larger N are due to numerical

instabilities.

The input state can be created using
input_state_var or mps_var_tnet:

# First input space and ancillas with
# even indices:
spaces = [inp[0]] + anc[::2]
rho = input_state_var(
spaces, name="RHO0”, sdict=sd

)

# In case we want to optimize over MPSs:
r_mps = 2 # MPS bond dimension.
rho0 = input_state_var(
spaces, “RHO0’, sd,
mps_bond_dim=r_mps

)

# or equivalently:

rho0, rhoO_names, rhoO_bonds =
mps_var_tnet(spaces, ’RHO0’, sd,
r_mps)

Both of these functions create the same MPS but
mps_var_tnet returns additionally names of its
components and bond spaces which might be-
come useful later for accessing the optimization
results.

Tensors of parameter-encoding channels can
be created using tensor method from the
ParamChannel class:

# Parameter-encoding channel:
channel = par_dephasing(0.75)

4 # This will be the tensor network of our
# strategy:
tnet = rhoO

# Adding channels to tnet:

for 1 in range(N):

10 inp_i = inp[i] # i-th input space.
11 out_i = out[i] # i-th output space.
12 pt = channel.tensor(

13 [inp_i], [out_i], sdict=sd,

14 name=f>CHANNEL{i1}"

15 )

16 tnet = tnet * pt

5
6
7
8
9

We want the control operations to be CPTP
maps, hence we will use cptp_var creator:

for in range(N-1):
-th control input spaces:
np = [out[i], anc[2*i]]
i-th control output spaces:
out = [inp[i+1], anc[2*i+1]]
Variable control operation:
vt = cptp_var(
c_inp, c_out, sdict=sd,
name=f>CONTROL{i}”

i
#
C_
#
c_
#

10 )

11 tnet = tnet * vt
Similarly to the input state, the measurement can
be created in one of two ways:

1 # Ancillas with odd indices and last

2 # output space:
3 spaces = anc[1::2] + [out[-111
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20
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24
25
26
27
28
29
30
31
32
33
34

35
36

Pi = measure_var(

spaces, name=’Pi’, sdict=sd

)

# In case we want to optimize over
# pre-SLD which is MPO:

r_ L = r_mps*r_mps # pre-SLD bond dim.

Pi = measure_var(
spaces, ’Pi’, sd, bond_dim=r_L

)

# or equivalently:

Pi, Pi_names, Pi_bonds =
mpo_measure_var_tnet(spaces, ’Pi’, sd
, r_L)

tnet = tnet * Pi

In summary, the code is:

from gmetro import *

ch = par_dephasing(0.75) # Channel.

N = 10 # Number of channels.

d_a = 2 # Ancilla dimension.

r_mps = 2 # MPS bond dimension.

r L = r_mps**2 # pre-SLD bond dimension.
sd = SpaceDict()

inp = sd.arrange_spaces(N, 2, ’INP”)

out = sd.arrange_spaces(N, 2, *0UT?)

anc = sd.arrange_spaces(2*N-2, 2, “ANC”)

rho0_spaces = [inp[0]] + anc[::2]
rho0, rhoO_names, rhoO_bonds =
mps_var_tnet(rho0O_spaces,
r_mps)

RHO0”, sd,

tnet = rhoO
for i in range(N):
pt = ch.tensor(
Cinp[ill, [out[il],
name=F>CHANNEL{i}’

sdict=sd,

)
tnet =

tnet * pt
for 1 in range(N-1):
vt = cptp_var(
[out[i], anc[2*i]l],
[inp[i+1], anc[2*i+1]],
sdict=sd, name=f”CONTROL{i}”
)
tnet =

thet * vt

spaces = anc[1::2] + [out[-1]]

Pi, Pi_names, Pi_bonds =
mpo_measure_var_tnet(spaces,
, r_L)

Pi”, sd

tnet = tnet * Pi

To optimize our strategy, we need to simply put
it into iss_opt function:

gfi, gfis, status =

tnet)

tnet_opt, iss_opt(

© 0 N O g b~ W N P
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where Ffi is the optimized QFI, gfis is a list
of pre-QFI values per iteration, status tells
whether the optimization converged successfully
and tnet_opt is a copy of tnet where each
VarTensor is replaced with a ConstTensor stor-
ing the result of the strategy optimization. To
access those values we need to use the names of
the required tensor and its spaces:

i=2

# Accessing the CJ matrix of the i-th

# control operation:

name = F?CONTROL{i}”

# 1-th control operation tensor:

C_i = tnet_opt.tensors[name]

spaces = [
inp[i+1], anc[2*i+1], out[i],
anc[2*i]

]

# CJ matrix with spaces
# given by the argument:
choi = C_i.choi(spaces)

in the order

# Accessing the i-th element

# of the MPS density matrix:
name = rhoO_names[i]

# 1-th element of the state’s
# density MPO:

rhoO_i = tnet_opt.tensors[name]

spaces = [
rho0_bonds[i-1],
rho0_bonds[i]

rho0_spaces[i],

]

# MPS element with indices
# given by the argument:
psi_i = rhoO_i.to_mps(spaces)

in the order

Figs. 11 (B) and (C) show the optimized values
of the QFTI for collisional strategy together with
the parallel and the adaptive ones for compari-
son. It turns out that in the case of the dephas-
ing noise (B), additional control operations do
not help and the results are the same as for the
parallel strategy. On the other hand, for the am-
plitude damping noise (C) the collisional strategy
is significantly better than the parallel one and
appears to be able to beat the adaptive strategy
for N > 100, under the given limited ancillary
dimensions. This proves that in this case, the
optimal strategy found is qualitatively different
from both the parallel and the adaptive ones.
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5 Summary

We hope that the presented package will serve
as an indispensable tool for anyone who wants
to identify optimal protocols in noisy metrology
scenarios as well as for those who want to com-
pare the performance of strategies of a particular
structure with fundamental bounds.

While the package is at the moment focused
solely on the single-parameter QFI optimization
paradigm, it may be in principle developed fur-
ther to cover Bayesian as well as multi-parameter
frameworks. In case of Bayesian framework,
though, we do not expect tensor-network meth-
ods to work as efficiently as in the QFI case.
This is mainly due to the need to use larger
ancilla spaces to effectively feed-forward infor-
mation that systematically increases with the
protocol length, see [23] for further discussion.
This would limit applicability of these methods
to small-scale problems only, and go against the
main purpose of this package, which is to pro-
vide numerical methods that work efficiently for
large-scale quantum metrology problems. For
people interested in small-scale Bayesian estima-
tion problems, we can recommend the QuanEs-
timation package [48], where implementations of
some of the quantum Bayesian estimation meth-
ods can be found.

In general, the QuanEstimation package may
be regarded as largely complementary to the
present one. It provides a wider set of quantum
estimation tools, combining both QFI-based and
Bayesian methods. The package also has numer-
ous tools dedicated to analyzing and optimizing
experimentally relevant quantum control frame-
works, as well as some multi-parameter quan-
tum estimation tools. QuanEstimation has op-
timization procedures that allow to optimize in-
put states in a basic single quantum channel es-
timation problem, as well as optimize adaptive
strategies, with some predefined control struc-
tures. That said, efficiency of the proposed al-
gorithms is limited to small-scale problems, and
even in this case, the optimization procedures
employed do not guarantee that the result ob-
tained is indeed optimal.

In case of multi-parameter estimation strate-
gies, one may generalize the ISS and tensor-
network methods in a rather straightforward way
to optimize the trace of the QFI matrix, as in [49)].
However, despite some novel works on this topic

[50], a rigorous and at the same time numerically
effective optimization of a multi-parameter cost
that could be applied to study the performance of
noisy metrological protocols in the large N limit
seems to be out of reach at this stage.

Finally, we should also mention that we have
independently studied and developed similar
methods to study the channel discrimination
problem [51], results of which will be reported
elsewhere.
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A Choi-Jamiotkowski matrix and the
link product

When discussing networks of channels it is useful
to introduce the notion of the Choi-Jamiolkowski
matrix (CJ). For a linear map

P:L(A) —L(B), (54)
the corresponding CJ matrix is given by [36, 38]:
P=FP@Ila)(|2)<2))eLBRA), (55

where [®) = ;[i)®|i) is a non-normalized max-
imally entangled state on A®A. In what follows,
CJ matrices of maps (e.g. map P) will be denoted
with the same symbol but in italics (e.g. P). CJ
matrix P has many useful properties [38]:

Fact A.1 (CJ operator properties) For a map P
from (54) and its CJ matrix de ned by formula
(55) the following properties are satis ed:

1. if P represents a state preparation procedure
then P is the density matrix of the state it
produces,

2. if P = Tra represents the partial trace with
respect to A than P is the identity matrix on
A,

3. P is completely positive if and only if P is
positive semide nite,

4. P is trace-preserving if and only if Trg P =
1A,

5. P is unital, that is P(1a) = 1g, if and only
if TraP = 1g.

Additionally, for two maps:

P:L(Ho) — L(Hi®H,), (56)
Q:L(H2®H3) — L(Hg),

the CJ matrix of their composition R:

Ho{ o FH1 Moo P [Hyr— O
7‘(3— —H4 HS Q —H4

is the link product of P and Q:
R=P+Q=Tr, 1u®P? (Q®1ly) , (58)

where 1jj, Trjj and 7 denote identity, partial
trace and partial transposition on Hj ® Hj and

Hi. In case of CJ matrices acting on more com-
plicated Hilbert spaces for example:

M e L (®ipxHi), NeL(®ipyHi), (59)
where X and Y are some sets of indices, the link
product is

M#N = (60)

=Trxxy Lyxx @ MY N®@lyy

where Trz, 1z and Tz-are trace, identity matrix
and transposition for  ;p» Hj and it is assumed
that there are SWAP operators inserted inside
the trace such that terms in round brackets act
on the tensor product of spaces Hj in the same
order. Additionally, since the relation between
channels and CJ matrices is isomorphic [36, 38]
link product can be naturally extended to chan-
nels.

B Tensor network formalism and ten-
sor representation

It is convenient to denote tensors and their con-
tractions using diagrams. In this formalism ten-
sor THoMi--Hn 1 jg represented as a vertex of a
graph with an edge for each index:

Hn—1 Mo
T HoKL-fn-1 — Za/
Hn—2 /. .. M1 (61)

)

and contraction of indices is depicted as a con-
nection of these edges:
Iz v U

VHWY =
(62)

Tensor network formalism can be used to con-
veniently express the link product. For a Hilbert
space H = ' IH; with dj := dimH; and a
linear operator acting on it:

= My i lag-.an 1) Cbo-bn 1l

(63)
we define the tensor representation of M to be a
tensor:
Mpxo-Xn 1 — pRo-An L for g = diaj + by
(64)
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Next, consider channels P, Q and R = P%Q from
(56) and (57). One can easily check that tensor
representations of their CJ matrices satisfy:

CPTP Completely Positive Trace-

Preserving . . . . .. ... ...

Ho l?—lg Ho Hy Hs HS Heisenberg Scaling . . ... ... ... 20
Ha a He o )ﬂ a [M, (65)
ISS Iterative See-Saw . . . . .. ... ... 26
which mirrors the circuit diagram from (57). Due
to the similarity of these two diagrams, in the MOP Minimization Over Purifications . . 19
main text we drop the symbol ~ and we depict
strategies using circuit diagrams and tensor net-
work diagrams interchangeably. MPO Matrix Product Operator. . . . . . 30
When M is an MPO:
a0 a@ n-1 MPS Matrix Product State . . . . .. .. 24
My = @ @ e ,
QCR Quantum Cramér-Rao bound . . . . 6
bo by bn1 (66)
SDP Semidefinite programming . . . . . . 9
we can extend this definition to its components
M; such ‘Ehat M will be a result of contraction of SS Standard Scaling . . . . . .. . ... 1
tensors M;:
Zo T1 Tp—-1
SLD Symmetric Logarithmic Derivative 15
M:tOmzn—l — P
, (67) QFI Quantum Fisher Information. . . . . 26
T
UML Unified Modeling Language . . . . . 22
. (68)
that is, only physical indices of Mj are joined.
This, combined with the use of ‘*’ to denote both
link product and tensor contraction, allows for
convenient depiction of link product with CJ ma-
trices which are MPOs.
List of acronyms
CCR Classical Cramér-Rao . . . . .. .. 6
CF1 Classical Fisher Information . . . . . 10
CJ Choi-Jamiotkowski . . . . ... .. .. 30
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