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We propose an efficient protocol to re-
alize multi-qubit gates in arrays of neu-
tral atoms. The atoms encode qubits in
the long-lived hyperfine sublevels of the
ground electronic state. To realize the
gate, we apply a global laser pulse to
transfer the atoms to a Rydberg state
with strong blockade interaction that sup-
presses simultaneous excitation of neigh-
boring atoms arranged in a star-graph con-
figuration. The number of Rydberg excita-
tions, and thereby the parity of the result-
ing state, depends on the multiqubit input
state. Upon changing the sign of the inter-
action and de-exciting the atoms with an
identical laser pulse, the system acquires
a geometric phase that depends only on
the parity of the excited state, while the
dynamical phase is completely canceled.
Using single qubit rotations, this transfor-
mation can be converted to the C.Z or
CiyNOT quantum gate for £+ 1 atoms. We
also present extensions of the scheme to
implement quantum gates between distant
atomic qubits connected by a quantum bus
consisting of a chain of atoms.

1 Introduction

Neutral atoms in arrays of reconfigurable micto-
traps [1, 2, 3| excited by lasers to strongly inter-
acting Rydberg states represent a highly versatile
system for analog quantum simulations of many-
body physics [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16] and digital quantum information process-
ing and quantum computing [17, 18, 19, 20, 21,
22, 23, 24, 25]. Regular arrays of atoms subject
to amplitude and frequency tunable lasers cou-
pling the ground and Rydberg states can emu-
late the quantum Ising model for spins in effec-

tive longitudinal and transverse magnetic fields
[6,7,8,9,10, 11, 12, 13], enabling simulations and
studies of quantum phases and phase transitions
of interacting many-body systems. Using the Ry-
dberg excitation blockade [26, 27, 28, 29, 30|,
atoms arranged in various spatial configurations
are used to solve hard optimization problems that
can be mapped onto the maximal independent set
(MIS) solutions for graphs of different connectiv-
ity [31, 32, 33]. Meanwhile, the long lifetimes of
Rydberg states and their strong interactions en-
able realizations of high-fidelity quantum gates in
neutral atom quantum computers |22, 23, 24, 25].

The dipole-dipole (DD) or van der Waals
(vdW) interactions between the atoms in Ryd-
berg states permit the realization of gates be-
tween pairs of atoms separated by less than the
Rydberg blockade distance of several micrometers
[27, 28]. The gates are performed either by indi-
vidual atom addressing [17, 26, 29, 30|, or using
laser pulses illuminating pairs of atoms simulta-
neously [34, 19, 35, 23, 24, 25|. The long-range
interactions between the Rydberg-excited atoms
also enable implementations of native multiqubit
gates [36, 19, 35, 37, 22, 38, 39| that can signifi-
cantly reduce the number of two-qubit gates re-
quired for quantum algorithms [40, 41, 42| and
increase the circuit depth. Multiqubit gates are
also highly advantageous for logical qubit encod-
ing/decoding and error syndrome detection and
correction in fault-tolerant quantum computation
[43, 44, 45, 46]. To implement quantum gates
between distant atoms, they moved during the
computation to be brought within the interac-
tion range [47], which should, however, be done
sufficiently slowly to avoid atom loss or motional
decoherence.

It is thus important to develop robust schemes
to realize fast and reliable multiqubit quantum
gates between distant atoms to achieve high

Accepted in { Yuantum 2026-01-20, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Multi-qubit%20Rydberg%20gates%20between%20distant%20atoms&reason=title-click
https://orcid.org/0000-0002-9256-1096
https://arxiv.org/abs/2507.16602v2

® qubit

/ a2~ 3 —5um

e auxiliary

Figure 1: Schematic illustration of a two-dimensional
array of atoms irradiated by lasers (shaded blue) to im-
plement the CxZ quantum gates between neighboring
atomic qubits in star-graph configurations, or between
distant atomic qubits connected by auxiliary atoms pre-
pared initially in state |1). Red transparent circle around
a Rydberg excited atom corresponds to blockade range.
Inset shows the level scheme of atoms involving the
qubit encoding ground state subleveles |0),|1) and the
strongly interacting Rydberg state |r).

connectivity in neutral atom quantum proces-
sors, which is the objective of the present work.
We propose a novel scheme to implement mul-
tiqubit CpZ gates between k + 1 atoms driven
by global laser pulses, as illustrated schemati-
cally in Fig. 1. In our protocol, as in most other
schemes [18, 19, 20, 21, 22, 23, 24, 23], the atoms
encode qubits in a pair of long-lived hyperfine
ground state sublevels |0),|1). The atoms par-
ticipating in a gate are positioned in star-graph
configuration with strong Rydberg state interac-
tion between the central atom and k outer atoms,
and weak interaction between the outer atoms.
We apply a global laser pulse uniformly irradi-
ating the participating atoms and coupling their
qubit state |1) to the Rydberg state |r), while
the other qubit state |0) remains passive. Start-
ing with an input configuration |q) = |qoq1 - - - qx)
(gi = {0,1}) of the states of all the qubits, upon
adiabatic sweep of the laser detuning from the
red to the blue side of the ground-Rydberg res-
onance, the atoms in the active qubit state are
transferred to the state | Rq) corresponding to the
MIS solution for the given subgraph and contain-
ing a certain number vq of Rydberg excitations
that depends on the input |q). Switching the sign
of the interaction between the atoms in the Ryd-
berg state and applying a reverse transformation

with an identical chirped laser pulse, the atoms
return to their initial state (—1)"a|q), but the
combined state of the system acquires a geometric
phase that depends only on the parity of vq while
the dynamical phase cancels exactly. We show
that, upon applying single-qubit X and Z gates
to all but one qubit, this transformation is equiv-
alent to the CiZ gate. We also propose extensions
of the scheme to implement long-range quantum
gates between distant atomic qubits connected to
the central qubit by a quantum bus realized by a
chain of atoms initially in state |1) [48].

The paper is organized as follows. In Sec. 2
we introduce the physical model for laser-driven
atoms in a lattice, the principles of operation of
multiqubit gates, and the dynamics of the many-
body system. In Sec. 3 we analyze the result-
ing gate fidelity, taking into account the decay
and non-adiabatic leakage errors, as well as er-
rors due to Rydberg state transfer and thermal
motion, and present pulse optimization for faster
and better gates. In Sec. 4 we discuss implemen-
tations of quantum gates between distant atomic
qubits. Our conclusions are summarized in Sec. 5.

2 The many-body system
2.1 Model

We consider N neutral atoms trapped by optical
tweezers at positions x; (i = 0,1,2,...,N — 1)
on a 2D plane.
internal states to represent a qubit and interact
with the other atoms. The qubit basis states |0)
and |1) are encoded in a pair of long-lived hy-
perfine sub-levels of the electronic ground state,
while a highly excited Rydberg state |r) mediates
interactions between the atoms. A global laser
field couples the state |1) of each atom to the
Rydberg state |r) with time-dependent Rabi fre-
quency €2(t) detuning A(t) = w—w;,1, while atoms
in state |0) remain decoupled from the laser. In
the frame rotating with the laser frequency w, the
Hamiltonian of the system is (h = 1)

Each atom has three relevant

N-1
H(t) =~ At) Y Iraril
1=0

N-1

+39(t) Y (Jraf1i| + He)

=0

+ > Bijlriry)Xrirjl (1)
1<j
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Figure 2: (a) Star-graph configuration of N = k + 1
atoms. Half-filled circles represent atomic qubits in ei-
ther state |[0) or |1). A global laser field with Rabi
frequency €2 and detuning A couples the atomic states
[1) and |r) while atoms in state |0) are decoupled from
the laser (inset). Atoms in Rydberg state |r) interact
with each other. Graph edges denote Rydberg block-
ade interactions between the connected atoms, B =
By, > max (A, Q), while absence thereof implies weak-
interactions, B;; < max(fQ) for 4, j > 0. (b) Schematic
representation of the computational basis states of the
atoms |q), which is the ground state of H for —A > Q,
whereas the corresponding MIS configurations |Rq) is
the ground state for A > (.

where B;; = hcfifmﬁ is the strength of the van
der Waals interaction between the Rydberg-state
atoms at positions x; and x; with Cs being the
interaction coefficient that depends on the se-
lected Rydberg state |r). Interactions between
the atoms in ground-state sublevels |0, 1) are van-
ishingly small and can be neglected.

We consider star-graph configurations of N =
k 4+ 1 atoms, see Fig. 2(a), assuming strong
Rydberg-state interactions between the central
atom and k outer atoms, B = By; > max(A, ),
whereas the interactions between the outer atoms
are weak, B;; < max(Q2) for 4,j > 1. Thus, si-
multaneous laser excitation of strongly interact-
ing atoms is suppressed, while weakly interacting

atoms can simultaneously be excited to the Ryd-
berg state. Atoms in state |0) remain decoupled
from the rest of the graph.

Under such blockade interactions, the ground
state of the Hamiltonian for large negative de-
tuning —A > max()) contains no atom in the
Rydberg state and is of the form |q) = |goq1-.-qx),
with ¢; = {0,1}. Hence, every input of the com-
putational basis corresponds to the ground state
of a specific sub-graph for A < 0. Conversely, for
large positive detuning, A > max(€2), the ground
state of the system |Rq) corresponding to input
|q) contains the maximum number v4 of Ryd-
berg excitations of disconnected atoms, i.e., it is
the MIS solution of the corresponding sub-graph.
The number of Rydberg excitations in state |Rq)
is given by

{1
Vo =
: ?:1 qi
(2)

as illustrated in Fig. 2(b): (i) If only the central
atom ¢ = 0 is initially in state |1) and all the other
atoms ¢ = 1,2,...,k are in the passive state |0),
then the central atom can be excited to the Ry-
dberg state |r), leading to vq = 1; (ii) If one or
more outer atoms are in state |1), then they can
all be excited to the Rydberg state |r) while the
central atom remains in its original state, result-

. . k
ing in vgq = 3 iy G-

ifgo=1&¢q =0Vie[lk

otherwise,

2.2 The gate protocol

The multiqubit CiZ gate corresponds to the
transformation

k
lgoar--ax) = (~DH=0% laoqr..qn) . @ ={0.1},
(3)
where the uniform input |11...1) acquires a sign
flip, whereas all the other configurations remain
unchanged.
We define the parity operator P = [T, (|1;X1;| —
|ri)Xri]) acting as

Pla) = la), (4a)
P|Rq) = (=1)"|Ry) . (4b)

Our protocol to realize the gate relies on the se-
quence of global laser pulses that implement uni-
tary transformations U and U = PUI_IP with
the result

U U i
lq) =5 [Rq) = €7 |q) (5)
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Table 1: lllustration of the transformations Uyl |q) of
Eq. (5) for N = 3 atoms and the resulting parity (—1)"a.

lgoqrq2)  |a) = |Rq) Parity
|000)  o-0-0 0-0-0 +1
|100) 0-0-0 0-0-0 -1
|010)  o-o-e 0-0-o -1
|001) ®-0-0 ®-0-0 -1
[110) o-e-@ %(o-o-o + o-e-e) -1
[101) e-0-0 %(o-o-o + e-0-0) -1
|011) e-0-o e-0-o +1
[111) oo o-0-0 +1

where ¢4 is a geometric phase resulting from the
parity of state |Rq), €'%s = (—1)"a, as illustrated
in Table 1. Hence, the first transformation
connects states |q) and |Rq). The second trans-
formation Uiy reverses the dynamics due to Uy and
returns the system to its original state, up to the
geometric phase

(6)

The combined transformation |q) —
Unli|q) = e™a™|q) is, up to single-qubit
rotations, equivalent to the CiZ gate. The full
circuit implementing the CiZ gate thus consists
of applying the X and Z gates to all but one
qubit before Uy and Uy followed by applying
the X gates to the same qubits, as illustrated in
Fig. 3 and detailed in Appendix A.1.

¢g = vgqm mod 27.

2.3 Adiabatic dynamics of the system

The instantaneous eigenstates |a,,) of Hamilto-
nian (1) for any [Q2, A, B] are defined via

H(t) ‘an(t» = gn(t) ‘an(t» > (7)

CrZ

q0

il X
Unlh

qk —X—

Figure 3: Circuit implementing the C;,Z gate. Applying
the Hadamard gates on the target qubit before and after
the C,Z gate will result in CxNOT, which is the Toffoli
gate for k = 2.

where &, are the corresponding energy eigenval-
ues. Consider the low-energy part of the spec-
trum |&,| < |B| not suppressed by the blockade
interactions B, see Fig. 4. There are m = 2¥ + 1
states in this subspace. Applying the parity op-
erator P to both sides of Eq. (7) and using the
equality PH[Q, A,B] = —H[Q,—A,—B|P, we
find that

EQ A B] = —£[Q,—-A, B, (8)
i.e., for every eigenstate |ay,) of H[Q2, A, B] with
eigenvalue &,[Q, A, B], there is an eigenstate
lal) = P lay) of H[Q, —A, —B] with eigenvalue
&N, —A,—B] = —&,|Q, A, B].

Recall now that, for large negative detuning
—A > Q, the lowest energy eigenstate |a1) = |q)
with & =~ 0 coincides with the state |q) with
all the atoms in the ground states, whereas for
large positive detuning A > € the same eigen-
state |aq) = |Rq) with energy & ~ —vq/p coin-
cides with the state |Rq) with vq Rydberg exci-
tations. Thus, in step I, starting from state |q)
and assuming B > 0, we turn on Q(t) for time
0 <t < 7 and simultaneously sweep the laser de-
tuning A(¢) from a large negative value —Aq to
a large positive value Ay < B, which implements
the transformation

Uy = exp {—i /0 T’H(t)dt} — U[Ot), A), B].
9)

For sufficiently slow sweep (see below), the sys-
tem adiabatically follows the eigenstate |a;) and
transitions from |q) to ei%a |Rq), where ¢}, =
— Jo &i(t)dt is the acquired dynamical phase.

Next, in step II, we set B < 0 (see below),
switch on the laser and sweep its detuning as

Qt) =Q02r —t), A@l)=-A2r—t) (10)
for time 7 < ¢ < 27. This implements the trans-
formation

2TH(t)dt} — U[Ot), A(t), —B]

(11)

Now for A = —A( the highest energy eigenstate
lam) = |Rq) with &, ~ vqAg coincides with the
state |Rq), whereas for A = A the same eigen-
state |ay,) = |q) with energy &, ~ 0 coincides
with state |q) with all the atoms in the ground

Uit = exp [—i
= PU;'P.
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Figure 4: Energy eigenvalues &, of Hamiltonian (1) for N = 3,4,5 atoms (left, center, right panels) arranged
in symmetric star-graph configurations (By; = B, B,;j4+1 = constVj > 1) vs detuning A. The parameters are
Q=QyVA € [-Ag, Ag]; Ao =240, |B] =6Q0 (B = 0 for upper/lower panels) for N = 3,4; and Ay = 3.2Q,
|B| = 5.6 for N = 5. In step | (upper panels) we implement the transformation U;: Starting in state |q) = |ag)
for A = —A, the system adiabatically follows the eigenstate ;) with lowest energy &; (solid blue line) reaching
state |Rq) for A = Ag. In step Il (lower panels) we implement the transformation Uj: Now starting in state
|Rq) = |auy) for A = —Ay, the system adiabatically follows the eigenstate |a,,) with highest energy &, (solid blue
line) returning to state |q) at A = Ag and acquiring the sign change (—1)”a. During steps | and Il, the non-adiabatic
transitions away from states |aj—1 ,,) to other instantaneous eigenstates |a,) are quantified by the dimensionless
parameter 7, = |(y|0|c,)|?T/Ag (color depth of the solid lines for the corresponding &,,). Eigenenergies of “dark”
eigenstates, decoupled from the laser for all A, are not shown.

states. Hence, the system adiabatically follow- the dynamical phases gbtli + gbg = 0, we assume
ing |y, transitions from |Rq) to €%d |q), where  that the sign of the interaction B — —B = B’

g =—/ T2 " Em(t)dt is the dynamical phase. Due can be changed between the two pulses by quickly
to the symmetry of the spectrum in Eq. (8) and transferring the atoms to another Rydberg state
the temporal profile of the laser pulses in Eq. (10), |r) — |r), as discussed in Sec. 3.2 and Ap-

the dynamical phases ¢(Ii = —qﬁg exactly cancel, pendix E.
and only the geometric phase ¢4 in Eq. (6) re-
mains. In order for the system to adiabatically follow

the instantaneous eigenstates |oy(t)) during steps

To illustrate the foregoing discussion, in Fig. 4 I (I = 1) and II (I = m), the non-adiabatic transi-
we show the adiabatic spectrum of the system  tion rates (a;(t)| 0 |an(t)) = (aq| OH ) /(& —
with N = 3,4,5 atoms in symmetric star-graph ~ &,) to all the other eigenstates |ay,(t)) should

configurations and the adiabatic paths that the be small compared to their energy separation
system takes during steps I and II. We simulate |& — &|. For the star-graph configurations, the
the dynamics of the system driven by flat-top lowest and highest energy eigenstates |aq ) re-
laser pulses with linear sweep of the detuning sat- main gapped for all A, with the minimal gap

isfying Eq. (10), as shown in Fig. 5(a). The cor- 6 = min|& — &| = min &y, — En—1] x Qo
responding dynamics are illustrated in Fig. 5(b), around A = 0. In Fig. 4, we quantify the transi-
while in Appendix B we show the dynamics of  tion rates from states |oy=1,) by the dimension-

the system for all the possible inputs implement- less parameter ny, = |{qy|0¢|an)|?T/ Ao, smallness
ing the CpZ gates with £ = 2,3,4. To in-  of which in the vicinity of A(t) = 0 (t = 7/2
sure the symmetry of the spectrum & [Q2, A, B] = and t = 37/2) ensures good adiabatic following.

—Em[Q, —A, —B] leading to exact cancellation of ~ We note finally that only symmetric states are
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Figure 5: (a) Time dependence of the Rabi frequency
Q(t) (right vertical axis) and detuning A(t) (left verti-
cal axis) during step | with B > 0 (al) and step Il with
B < 0 (a2) as per Egs. (29) and (10), with parameters
0o, Ao, B as in Fig. 4. (b) Dynamics of populations
of the initial/final states |q) = |11...1) and the cor-
responding intermediate MIS states |Rq) = |1r...7)
with vq = k Rydberg excitations for N = k41 =
3,4,5 atom graphs (top, middle, bottom panels) with
7 = 167/Qp. Inset in each panel shows the total phase
@(t) = arg (¥(0)| P (t)) of the state |¥) of the system.

coupled to the ground state by the laser acting
uniformly on all the atoms, while non-symmetric
states remain “dark”, n;,, = 0, for all times ¢ and
any 2Ag/T = 3, as discussed in Appendix C.

3 Gate Fidelity

We quantify the performance of our protocol by
error probability £ =1 — F, where F' is the gate
fidelity averaged over all the d = 2% input states
of N =k + 1 qubits [49]

F = (1(d1+1)(Tr{MMT} + | Te{M}?), (12)

with M = Z/I(Tjkzl;{, where Uc, 7 is the unitary
transformation corresponding to the ideal CiZ
gate, and U is the actual transformation. To

determine U, we solve the Schrédinger equation
0y |¥) = H |¥) for the system initially in each of

the input states |¥(0)) = |q) = |goqi...qx) using
the effective non-Hermitian Hamiltonian

k
H(t) =H(t) — 5 > [Trlrafral + Lo [riXri] ],

=0
(13)

[\9\&.

where I'.,, are the decay rates of the Ryd-
berg states |r),|r’) to states outside the com-
putational subspace. After the evolution, we
project |¥(27)) onto the computational subspace,

B = T [02r), T = TS, 00 ) {ail

and obtain from ‘\I/> the transformation matrix

U, which is diagonal since H does not couple the
qubits states |0,1), and non-unitary due to the
decay of the Rydberg states and projection onto
the computational basis. Neglecting the decay
back to the qubit states slightly overestimates the
gate error but simplifies the calculations.

3.1 Decay and leakage errors

The two main sources of error in our protocol
are the decay of the Rydberg states and non-
adiabatic transitions to the states with the wrong
parity.

The probability of decay during steps I and II
is

1 _ 27 B
Edecay =1- Qkﬁ Z e FfO va(t)dt ~ 2Vkr7',
q

(14)
where v, = 2,6% 2_qVq is the mean number of
Rydberg excitations averaged over all the input
configurations |q) and pulse duration 7, vq =
1 [T vq(t)dt, and we assume that the atoms in
Rydberg states |r) , |r) decay with rate I', ,» ~ T
and neglect the transfer time between these states
discussed in Sec. 3.2 and Appendix E. Note that
at time ¢ = 7, the input-averaged number of
Rydberg excitations is v, = Qk%zq vg(1) =
9/8,25/16,65/32 for k = 2,3,4 (N = 3,4,5),
and if we assumed that the atoms spend on av-
erage half of the total time 27 in the Rydberg
states |r), |r'), we could approximate vy ~ %Vk,
which, however, would slightly overestimate the
decay errors for kK = 3 and even more so for
k = 4. Actually, due to the interaction be-
tween the outer atoms, B;; = B/64,B/27,B/8
for k = 2,3,4, their transition from state |1)
to the Rydberg state |r) occurs around slightly
later times ¢ > 7/2 when A(t) ~ B;; > 0 during
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step I; similarly, during step II, they transition
from state |r') back to state |1) slightly earlier,
around time ¢ < 37/2 when A(t) ~ Bj; < 0.
Hence the time-averaged vg are slightly smaller
than %Vq, but we can estimate 74 using the mean-
field approximation. We thus assume that each
outer atom ¢ initially in state |1;) is in the field
Bi(q) >~ >3z Bij (Rq|rj) (rj|Rq) produced by the
other atoms j in Rydberg state |r;) as per state
|Rq) and therefore transitions to the Rydberg

state around time ¢ > 7/2 when A(t) = %B,L-(q).
We thus obtain 27, = 8.9/8,23.9/16,57.4/32 for
k=2,34.

At the end of the process, the probability of
error due to nonadiabatic transfer, or leakage, to

the states with the wrong parity is given by
4 2
Eleakage = W Z |bq| ) (15)
q

where, for each configuration |q), |bq|? is the pop-
ulation transferred from state |a;) to the states
with vq £ 1 (or vq £ 3 etc.) Rydberg excitations,
and we assume that the population |bg|? leaked
from state |a1) at the end of step I is the same
as that leaked from state |,;,) at the end of step
II, see Appendix D. Most of the leakage occurs
to the nearest “bright” state |as) with one less
Rydberg excitation, vq — 1, and we estimate the
non-adiabatic transition probability to that state
using the Landau-Zener formula [13]
5E/2)*
|bg|? = exp l—Qﬂ(QA{)/)Tl ,

where §€ = min|&; — & is the minimal energy
gap between states |a1) and |ag) in the vicinity
of A =0. The gap depends on the initial config-
uration |q), and for each k =2,3,4 (N =k +1)
the configurations with the smallest energy gap
0, = g give the dominant contribution to
the error in Eq. (15). Thus, for k¥ = 2, we have
one (ug—2 = 1) configuration, |111), with the
smallest gap d&; [13], while for k = 3,4, we have
p3.4 = 4,16 configurations with the smallest gap
034, as detailed in Appendix D. We can thus
approximate Eq. (15) as

4 02
Eleakage = W#k exp —CkKOT ) (16)

where ¢, = ng% /4. We verified these approxima-
tions by solving the Schrédinger equation with

—
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Figure 6: (a) Total error probability (infidelity) F =
1—F = Edecay + Eleakage of gate CZ (k = 2,3,4)
vs pulse duration 7, as obtained numerically (open
circles) using the full Hamiltonian (13) and analyti-
cally using Eq. (14) with the mean excitation numbers
2034 ~ (1.11,1.49,1.79) and Eq. (16) with the fit-
ting parameters 9 3 4 = (0.99,4.27,15.88) and ¢z 3.4 =
(0.43,0.45,0.48). The optimal pulse duration 7o and
corresponding minimum error E;, (black crosses) for
each gate are obtained using Eqs. (17) and (18) respec-
tively. Other parameters are g = 27 x 8 MHz, T" =
27 x 0.5 kHz for all k, Ag = 2.4Qp and |B| = 6 for
k=23 and Ag = 3.2Q and |B| = 5.6§ for k = 4.
(b) Error E, for the STIRAP transfer |r) — |r’) via in-
termediate state |p) using two laser pulses Qgsp pp(t) =
FQmax sin?[m(t — tsp.pp)/(Ter — Tael)] with peak Rabi
frequencies Q,.x = 27 x 80 MHz vs the total transfer
time 7, and pulse delay time 74e = tsp — tpp. (c)
Thermal dephasing error Eyy, for the C,.Z (k = 2,3,4)
gates vs temperature T as obtained via simulations of
the total process for all the input states. Data point
for each T (filled circles) is obtained by averaging over
M = 40 independent atomic velocity sets sampled from
the Maxwell-Boltzmann distribution, with the shading
corresponding to one standard deviation.

the full Hermitian Hamiltonian H(¢) (without
the atomic decay) for all k£ and |q) and fitting
Eq. (16), obtaining the values of pj and ¢ (or
gk = 24/cp/m) listed in the caption of Fig. 6.
Adding now the decay of the Rydberg states,
we obtain the total gate error E = FEgecay +
FElcakage shown in Fig. 6(a) for different pulse du-
rations 7. Clearly, shorter pulses lead to smaller
decay error, while longer pulses reduce the non-
adiabatic leakage errors. To determine the opti-
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mal pulse duration 7pt, for each k, we minimize
the total error £ and obtain

Ao JURERY
~ 1 17
Topt = 02 n<2kaPAo ’ (17)

leading to minimal error

_ Ay
Emin ~ 21/kF |:Topt -+ CkQ%] , (18)
which is in very good agreement with the exact
numerical calculations for the full system.

3.2 Rydberg state transfer error

As mentioned above, switching the sign of inter-
action B — —B = B’ between the steps I and
IT can be accomplished by quickly transferring
the atoms from Rydberg state |r) = ‘n351/2>
with Cs > 0 to another Rydberg state |r') =
‘nDD5/2> with Cf ~ —Cg, and we assume Rb
atoms. This can be accomplished with high fi-
delity by stimulated Raman adiabatic transfer
(STIRAP) using a pair of laser pulses Qgp(t)
and Qpp(t) coupling near-resonantly the Ryd-

berg states ‘n551/2> and ’nDD5/2> to the in-

termediate state ‘6P3 /2>, see Appendix E. Ap-
plying the pulses in the “counter-intuitive” order,
with Qgp(t) delayed from Qpp(t) by time 7ge
while still having sufficient temporal overlap, we
scan Tgel < T¢r and the total transfer duration
Ty to find their optimal values and the corre-
sponding transfer error. For short times, this
error stems mainly from the decay of the inter-
mediate state ‘6P3 /2> which is, however, highly
suppressed when STIRAP is adiabatic, requiring
laser pulses with large area [Q(t)dt > 27 x 10,
Q) = \/|Qgp(t)|2 + |Qpp(t)]? [50, 51]. For
longer durations with good adiabatic following of
the “dark” state |yg) < Qpp |r) — Qgp |r'), the
error is dominated by the decay of the Rydberg
states. Remarkably, each Rydberg atom adiabat-
ically follows the state [1g) even in the presence
of Rydberg-state interactions with other atoms
leading to Raman detuning Ap < Bij — Bjj,
i,7 > 1, provided |AR(t)] < Q(t).

In Fig. 6(b) we show the resulting transfer error
FE; averaged over all the input states for the CoZ
gate. For realistic parameters and total duration
of the two pulses 17, = 0.2 — 0.3 us and optimal
delay 7qe1 ~ 0.27,, we obtain the error Ei <

~

2 x 1073, which is smaller than the minimal total
error Eni, in Eq. (18) and Fig. 6(a). We obtain
that Ei, < Enin also for the C3Z and C4Z gates:
Ey = (3.3,9.3) x 1072 with 7, = (0.3,0.23) us for
k = 3,4, respectively.

3.3 Error due to thermal motion

By changing the sign of interatomic interactions
between steps I and II, Blfj = —By; Vi, j, we sat-
isfy the condition for the symmetry of the spec-
trum in Eq. (8) which ensures that the dynamics
of the system during step II is the time-reversal
of the dynamics in step I, up to the geomet-
ric phase inherent from the parity transforma-
tion, cf. Egs. (9) and (11). Hence, static disor-
der of atomic positions, and the resulting varia-
tions in the interatomic interactions Bi(]/-), do not
affect the gate fidelity, provided the conditions
1BJ)| > max(A,Q), |BYY| < max(Q)Vi,j > 0
remain satisfied. But if the atoms move during
and between steps I and II, the interactions will
not satisfy the condition ng = —B,; and the dy-
namical phases will not fully cancel, leading to
dephasing.

We thus need to consider the influence of
thermal atomic motion on the gate ﬁdeli%y).
0

For pairs of atoms initially at positions X; |

and moving with velocities v;;, the interac-

tion strength varies with time as Bi(]/')(t) =

7
ture T, the atomic velocities are given by
the Maxwell-Boltzmann distribution W(v) =
(vau) "> exp(—v2/u?), where u = \/2kgT/mgp
is the most probable velocity of the atoms, as-
sumed 87Rb. Treating the atomic motion classi-
cally, we place each atom 7 at position xgo)
the corresponding trap minimum, and choose a
random velocity v; according to the probability
distribution W (v). We then simulate the com-

plete gate protocol with the time-dependent in-

—6
Cé/) ‘X(O) _ xgo) + (vi — Vj)t‘ . At tempera-

near

teractions Bi(]/») (t), assuming that the velocities v;
remain constant during the gate time. This is
justified by the fact that, for typical tempera-
tures T = 0.1 — 10 K, leading to u = 1073 —
1072 m/s, the atoms move during the gate time
217 = 2 us little compared to the trap size ag =
VE/(2mgpr) < 0.1 pm, where v = 27 x 10 kHz
is a typical trap frequency.

In Fig. 6(c) we show the CrZ gate errors Eyy
resulting from the thermal atomic motion as ob-
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tained from the numerical simulations for vari-
ous temperatures 1. For each temperature, we
sample M = 40 atomic velocities, and compute
the total error Fi. averaged over all the gate in-
puts |q). The error associated with the thermal
atomic motion is then obtained by subtracting
the error £ = Ep—_g of Sec. 3.1 for frozen atoms,
FEy, = Eiot — E7—g. We observe that for the ex-
perimentally revenant temperatures T' ~ 1 uK,
the error due the thermal dephasing is at least
an order of magnitude smaller than the combined
decay and leakage error E of Sec. 3.1.

3.4 Faster gate with optimized adiabatic pulse

It is advantageous to perform faster gates with
shorter pulses, but non-adiabatic transitions to
the wrong parity states limit the maximal rate
B = 2A¢/T of change of the detuning A(t). We
can still reduce the pulse duration and increase
the gate fidelity if, instead of the linear sweep of
A(t) = B(t — 7/2), we let A(t) be determined by
the energy gap |1 — &2| between the adiabatic
ground |aq) and first excited |ag) states, dur-
ing step I. [During step II, a mirror symmetric
pulse satisfying Eq. (10) will minimize nonadia-
batic transitions between |a,,) and |a,—1).] Re-
call from Sec. 2.3 that, for constant 2 = ), the
transition rate between the instantaneous eigen-
states |ag) and |ag) can be cast as

- JAGP [ (ealri) (rilas) |
2T la) - &) Ao/T '

Assuming that the numerator in the second frac-
tion changes slowly in the time interval ot < t <
7 — dt where Q(t) =~ Qo can be assumed approxi-
mately constant, we determine the rate of change
of the detuning via

- 20
A(t) C|51(t) 52(t)|’ C 57,;_& ’51 _ gg‘dt
(19)
in the corresponding detuning interval —Aj =
ot —7/2) < A < A§ = p(7/2 — dt); while in
the boundary intervals 0 < t < 6t and 7 — 6t <
t < 7 where Q(t) is changing rapidly, we inter-
polate between the points {(0, —Ay), (0t, —Aj)}
and {(A§, 7 —dt), (7, Ap)} using cubic polynomi-
als with smooth derivatives A(t) at t = 0t, 7 — 6t
and A(0) = A(r) = 0, as illustrated Fig. 7(al).
The resulting population dynamics of the instan-
taneous ground state |aq) for the three-atom ini-
tial state |q) = [111) is shown in Fig. 7(a2) and

al) A, —T—T—T b mr—T—TTT—TTT T T .
( ) 0 J \ 7 Q()() k\ =@~ linear
» —8— optimized |
\
0 F G \
< & )
I 102 \ .
: : ~ |
N | o §
(a2) 1.00 — . 5
\ /
Il Iy 9%
— 0.99 |- VAR ks
5 i o
~ 0.98 | v .
S \
>~ v
0.97 |~ J -
1 L L L L 1 10—5 1 | I 1 1
. 1 0.4 0.6 0.8 1.0
time t/Topt T [ps]

Figure 7: (al) Time-dependence of the pulse Rabi fre-
quency Q(t) (solid blue line) and detuning A(t) for lin-
ear sweep (dashed orange line) and optimized adiabatic
sweep (solid black line). Dashed vertical lines bound
the interval 0t < t < 7 — 0t where Q(t) > 0.9Q) can
be assumed approximately constant, with A(¢) deter-
mined by Eq. (19). (a2) Dynamics of population of
the adiabatic ground state |ay) for input |q) = |111),
for the linear (dashed teal line) and optimized (solid
black line) sweeps of A(t). (b) Total error probability
E =1—F = Egecay + Eleakage 0f the C2Z gate vs pulse
duration 7 for the linear (dashed teal line) and optimized
(black solid line) sweeps of A(t). For optimized A(t),
the minimal gate error Emin =23-1073 = 0.75Emin
is smaller, and is attained for shorter optimal pulse
Topt = 0.6us= 0.757gp:, than for the linear sweep of
A(t), with all the parameters as in Fig. 6(a) for k = 2.

compared to that for the linear sweep of A(t).
We observe significant suppression of the non-
adiabatic transition probability away from |aq)
both during and, more importantly, at the end of
the pulse.

We use such pulses with optimized detuning
A(t) to perform the CoZ gate and calculate its
fidelity averaged over all the input state while
taking into account the Rydberg state decay, as
in Fig. 6(a). The results are shown in Fig. 7,
where we observe significant reduction of the total
gate error Emin =2.3-10"3 = 0.75E,;, achieved
for even shorter pulses of duration 7o,y = 0.6us=
0.757gpt, as compared to the CoZ gate performed
with linearly chirped A(t).

4  Multi-qubit gates between distant
atoms

We can adopt the approach of Ref. [48] to imple-
ment quantum gates between distant atoms that
do not directly interact with each other but are
connected by auxiliary atoms playing the role of
a quantum bus. To this end, some or all of the
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CoZ C4Z

Figure 8: Examples of C3Z, C3Z, and C4Z gates be-
tween distant atomic qubits. Auxiliary atoms inserted in
each branch of the star-graph and initialized in state |1)
(filled circles) play the role of a quantum bus mediating
interactions between the distant qubit-encoding atoms
(half-filled circles).

outer atoms encoding qubits can be connected to
the central atom ¢ = 0 by auxiliary atoms ini-
tialized in state |1), see Fig. 8. In each branch
1 = 1,2,...,k, we may have n; > 0 auxiliary
atoms mediating the interaction between the cen-
tral atom and the outer atom. The total number
of atoms simultaneously addressed by the global
laser pulses is now N = k + 1+ ¥ n;. De-
noting again the initial state of the central and
outer atoms encoding qubits as |q) = |qoq1..-qk),
gi = {0, 1}, the combined state of N atoms can
be cast as |Q) = |q) [TF, [1)®™, where [1)®" =
|11...1) is the state of the quantum bus in i-th
branch.

For large negative detuning —A > max(Q),
state |Q) is again the ground state of Hamilto-
nian (1). Adiabatic sweep of the detuning A to
a large positive value max(Q2) < A < B, with B
being the vdW interaction between the nearest-
neighbor atoms in Rydberg state |r), we imple-
ment the transformation U that prepares the sys-
tem in the corresponding MIS state |Rq) with

o {1 + 2 [1/2]
Sk 2]

if gop =1&1; is even Vi
otherwise

(20)
Rydberg excitations, where [; = n; 4+ ¢;. We next
switch the sign of interaction B — —B = B’
by transferring the Rydberg atoms to state ‘Rb>
with all |r) — |r'). We then repeat the laser
pulse to implement the reverse transformation
Uyt which returns the system to the initial state
|Q) and imprints the geometric phase ¢, = DQm
mod 27 stemming from the parity of 7q. This
is illustrated in Table 2 for N = 5 atoms imple-
menting the extended CyZ gate. Depending on

102 F

Gate error 1 — F

10—3 Pl SRS SSEEN S S S R E S SR E RSN SRS SR
0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50

7 [ps]

Figure 9: Total error probability (infidelity) E = 1—F =
FEdecay + Eleakage of gates CiZ (k = 2,3,4) with ex-
tensions (auxiliary atoms) vs pulse duration 7, as ob-
tained numerically (open circles) using the full Hamil-
tonian (13) and semi-analytically using Eq. (14) with
20534 ~ (2.09,1.97,2.22) and Eq. (16) with po 34 =
(1.5,4.54,17.45) and c2 34 = (0.3,0.45,0.48). Param-
eters are as in Fig. 6(a) for the corresponding k's. For
short pulse durations 7 < 1 us, the average error of the
CoZ gate with two auxiliary atoms is larger than that of
the C5Z and C,Z gates with one auxiliary atom, since for
the former, when averaged over all inputs, more atoms
initially in state |1) are participating in the dynamics,
leading to significantly more leakage error.

the number of auxiliary atoms in each branch of
the graph, the combined transformation

Unth |Q) = (1) |Q) (21)

is either equivalent to the CrZ gate when n; is odd
for all i = 1,2,...,k (as in Table 2), or can be
converted to the CrZ gate using single-qubit op-
erations X and 7, as discussed in Appendix A.2.

We performed numerical simulations of the
complete protocol for the CiZ gates including
several auxiliary atoms. In Fig. 9 we show the
calculated average error probabilities for the the
extended CgZ gates involving one or two auxiliary
atoms. We observe that gate fidelities are not ad-
versely affected by the extensions and can still be
sufficiently high even with >, n; < 10 auxiliary
atoms.

5 Conclusions

To conclude, we have proposed and analyzed a
protocol to perform efficient multiqubit C;Z gates
in quantum computing platform involving neu-
tral atoms excited by the lasers to the strongly
interacting Rydberg states. In our protocol, the
atoms participating in the gate are arranged in
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Table 2: lllustration of Upl |Q) transformation for N = 5 atoms, with the central and two end atoms encoding
qubits while the auxiliary atoms are initialized in state |1). The MIS state |Rq) for all inputs but |q) = |111) contains
an even number of Rydberg excitations, g = 2, which implements the C,Z gate without additional single qubit

operations.
|909192) Q) = |RQ) Parity
|000) 0-0-0-0-0 0-0-0-0-0 41
|100> 0-0-0-0-0 0-0-0-0-0 +1
|010) 0-0-0-0-0 O-0-0-0-0 +1
|001) 0-0-0-0-0 0-0-0-0-0 +1
[110) O-0-0-0-0 %(o-o—o—o—o + 0-e-e-0-0) +1
|101) e-0-0-0-0 %(o-o—o—o—o + e-e-0-0-0) +1
|011) e-0-0-0-0 e-0-0-0-0 +1
‘111) e-0-0-0-0 0-0-0-0-0 -1

star-graph configurations and addressed by global
laser pulses that transfer them to the Rydberg
state and back, leading to a conditional geometric
phase 7, while the dynamical phases cancel even
in the presence of atomic position disorder at fi-
nite but sufficiently low temperature T" < 1 uK.
We have also shown how to extend the effective
interaction range to realize multiqubit gates be-
tween distant atoms, which will greatly improve
connectivity in neutral atom quantum computers
that rely on Rydberg blockade interactions.

We have gained detailed understating of adi-
abatic spectrum of the multiatom Rydberg sys-
tem and non-adiabatic transitions that result in
gate errors and should therefore be suppressed to
achieve high-fidelity multiqubit quantum gates.
We explored a simple method to reduce the
harmful nonadiabatic transitions by adapting the
sweeping rate of laser detuning to the energy
gap between the instantaneous eigenstates of the
Hamiltonian, which led to faster gate with better
overall fidelity. More involved pulse optimization
techniques [52, 53, 35, 48| can yield even faster
gates, but at the expense of greater sensitivity
to uncertainty in interatomic distances and their
interactions.

Multiqubit gates between distant atoms can re-
place long sequences of universal two-qubits gates
to perform desired unitary transformations dur-
ing the execution of quantum algorithms [40], and
to realize error correction codes that encode indi-
vidual logical qubits into several physical qubits
and perform collective syndrome detection [43].
Multiqubit gates can therefore reduce the to-
tal error while increasing the circuit depth and

connectivity in neutral atom quantum comput-
ers that employ the Rydberg-state interactions.
Thus, with realistic values of I'/B that we used,
under otherwise optimal conditions [35] the best
achieved or projected two-qubit CZ (or CNOT)
gate infidelities (errors) are By = 1 — F > 1073
[23, 22, 15, 24]. We, on the other hand, ob-
tain infidelities F345 ~ 4,7,15 x 1073 for N =
k+1 = 3,4,5 qubit gates. Implementing these
transformations using only two-qubit gates would
require mz 45 = 6,14,30 CZ gates [54, 55]. In
the absence of error correction — itself requiring
multiqubit gates — the resulting infidelities of the
Co3.47 gates would then be significantly larger,
Es45 2 6,14,30 x 1073, the more so for larger
N.

We have considered atoms forming star-graphs
on a 2D plane, which allow the realization of
N < 5 qubit gates. Having in sight the neutral-
atom quantum computing platforms with global
addressing in 3D geometries [3], it would be in-
teresting to consider even larger graphs with ex-
tensions realizing topologically non-trivial con-
nectivities between the qubits. Such structures
are also relevant for solving various optimization
problems that can be mapped onto the quantum
Ising model realized by laser-driven atoms in re-
configurable arrays of microtraps.
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A Full circuits implementing the C;Z
gates

A.1 Star-graphs

Here we show that application of X and Z gates to
all but one of the qubits before the transformation
U, followed by X gates applied to the same
qubits, as illustrated in Fig. 3, is equivalent to
the CiZ gate of Eq. (3) of the main text.

Without loss of generality, we may assume that
the single qubit gates are applied to all the qubits
1=1,2,...,k except for the central qubit ¢ = 0.
The combined transformation is thus

k k
< 11 Xi)“llul ( 11 ZiXi> ) - (22)
i=1 i=1
Proceeding one step at a time, we have
k k _
[12Xila) = (-2 T g . @), (23)
i=1

where q; = 1 — ¢;. Next

Unilhr |qods - - - @) = €™ |qon - - - k) (24)

where
1 if |q) =|[11...1
A @) = [11...1) (25)
> iz1Gi, otherwise.
Finally,
k
i=1

Hence, the result of the combined transformation
(22) is

/ ko k )
(_1)(Vq+2i:1 a) Iq) = (=) T=0% |gogr ... i),
(27)
since (vg + S @) =1 for |q) = [11...1) and is
an even number 2 Zle @; for all the other inputs.

A.2  Star-graphs with extended branches

Here we show that the protocol of Sec. 4 im-
plements CiZ gates between distant atoms con-
nected to the central atom via auxiliary atoms
initially in state |1).

We first derive Eq. (20) for the number of Ry-
dberg excitations q in the MIS for a star-graph
with k£ branches, each branch i =1,2,...,k con-
taining n; > 0 auxiliary atoms. To this end, we
examine two cases:
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(i) If go = 0, the central atom remains pas-
sive and the participating sub-graph consists of
k disconnected 1D chains (graph branches), each
of length I; = n; + ¢;. Then, for each branch,
the MIS corresponds to an antiferromagnetic-like
(AFM-like) state of [1;/2] Rydberg excitations at
non-adjacent sites, resulting in the total number
of iq = S8 [1;/2] excitations.

(ii) If go = 1, we have a star-like tree graph with
k branches, each of length [;. We now consider
the following sub-cases:

e [f all branches are of even length I;, the exci-
tation of the central atom does not change
the number of excitations in each branch
[1;/2], and the total number of excitations

is ig = 14+ 8 1 [1;/2].

e If only one branch has odd length [;, we have
degenerate MIS configurations with the cen-
tral atom excited or not. The latter is equiv-
alent to case (i), while for the former the ex-
citation of the central atom reduces by one
the number of excitations in the odd-length
branch and does not affect the remaining
k — 1 even-length branches as above. In ei-
ther case, the total number of excitations is

vQ = Z?:l [1:/2].

e If £ > 1 branches have odd length I;, the
central atom is not excited in the MIS state,
since it would suppress the excitation of k >
1 atoms in the odd-length branches. Hence,
as in case (i), we again obtain total number
of iq = S8 [1;/2] excitations.

Summarizing all the cases above, we have
1+ Sk T1/2] ifgo=1&I; is even Vi
Sk TL/2] otherwise
(28)
which is Eq. (20) of the main text.

Now note that when n; is odd, I; = n; + ¢;
is even for ¢; = 1 and is odd for ¢; = 0, and
[l;/2] = (n; + 1)/2 for either ¢;. Hence, when
all n; are odd, 7 = Y8, [1;/2] = (N — 1)
has the same value for all input values of g;
(1=1,2,...,k), and only the input configuration
with the central qubit gg = 1 and all the other
qubits ¢; = 1 leads to the MIS parity (—1)'*"
opposite to that, (—1)", for all the other inputs.
Thus the transformation Upilf; with the MIS in-
termediate state |Rq) implements the C,Z gate
without additional single-qubit gates.

When some n;’s are even, similarly to Sec. A.1,
we apply the X and Z gates to the qubits in the
odd-n; branches before the transformation Uy,
followed by X gates on the same qubits. The X
gates redefine the basis of the qubits in the cor-
responding branches, whereas the Z gates remove
the trivial m-phase change. The combined trans-
formation then implements the CZ gate.

B  Population and phase dynamics

We simulate the dynamics of the N = k+ 1 atom
system using the full Hamiltonian (1) realizing
the transformation Uplf;. In the simulations, we
take the amplitude and frequency of the chirped
laser pulse during step I, 0 < ¢ < 7, as

6_(t_7—/2)8/08 — 6(_7/20)8
Ut = %7 (29a)
A(t) =B (t—T1/2), (29b)

with o = 0.47 and 8 = 2Aq/7, while during step
II, 7 < t < 27, an identical pulse satisfies the
conditions (10), see Fig. 5(a). To insure the sym-
metry of the spectrum for the exact cancellation
of the dynamical phases qbil + <Z>£ll = 0, we assume
that between the two pulses the sign of the in-
teraction B — —B = B’ is changed by transfer-
ring the atoms to an appropriate Rydberg state
|r) — |r'), as discussed in Appendix E.

In Fig. 10 we show the time-dependence of pop-
ulations of the input/output state |q) and the cor-
responding intermediate excited MIS state |Rq)
for all the possible inputs of the system imple-
menting the CiZ gates, as well as the total phase
o(t) = arg (¥(0)|¥(t)) = ¢a(t) + ¢4 of the state
|W) of the system. We observe that at the end
of the process, t = 27, the dynamical phase van-
ishes, ¢4(27) = ¢} + ¢} = 0, and only the geo-
metric phase ¢, = ¢(27) = vgm mod (27) = 0
or 7 remains.

C “Bright” and “dark” eigenstates

In Fig. 4 of the main text, we show only the in-
stantaneous eigenstates |a,) of Hamiltonian (1)
that are “bright” in the sense of having non-
vanishing non-adiabatic transition rates n;, =
|(cu|O¢]an)|*7/Ag # O from states |ay—1 m) which
coincide with the input/output states |q) for
FA > Q respectively. Starting from the com-
pletely symmetric states, such as |q) = [11...1),
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Figure 10: Dynamics of populations of the initial input states |q) (black lines) and the corresponding intermediate
MIS states |Rq) with vq = 1,2, 3,4 (red, magenta, blue, teal lines) Rydberg excitations during the transformation
Unildy, realized by the laser pulses of Egs. (29) and (10) with parameters as in Figs. 4, 5, for implementing the
CyZ (a), C3Z (b), and C4Z (c) gates. Each panel corresponds to an appropriate input configuration, and (d)
illustrates equivalent configurations for different subgraphs. Inset in each panel shows the dynamics of the total
phase ¢(t) = arg (U (0)|U(¢)) of the state |¥) of the system.

we can identify the subspace of the “dark” eigen- atoms are positioned equidistantly from the cen-
states of H which, in the absence of decay or de- tral atom, Bp; = constVj = 1,...,k, and from
phasing, are completely decoupled from the ini- their nearest neighbors, Bj;j;1 = constVj =
tial state and all the states reachable from it. 1,...,k (for j =k, 74+ 1 =1). The Hamiltonian

is then invariant under the cyclic permutation of
To this end, we analyze the symmetries of

the Hamiltonian (1). We assume that the outer
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Figure 11: Symmetries of star-graphs with (a) N = 3
and (b) N =4 atoms.

the outer atoms
k
C=1]Sj+1 (30)
j=1
where
Sz'j = ’111]><111J’ + |1Z"I”j><7“i1j‘
+ [rilyXLirg| + |rars)rir;| (31)

swaps atoms i and j. Since CF = 1, the eigen-

values of operator C are e, where p = %T"
(n = 0,1....k — 1) is the quasimomentum of

the corresponding eigenstate. The Hamiltonian
is also invariant under reflection about any axis
connecting the central atom to an outer atom.
The corresponding symmetry operators are Sio
for N = 3, 512 (OI‘ 813’23) for N = 4, and 813 (Ol“
Sa4) for N = 5. Since S7; = 1, the eigenvalues of
S;; are A = 1. The action of operators C and &
for N = 3,4 are illustrated in Fig. 11.

For the symmetric initial state |a;) = |q) =
11)®Y we have p = 0 (and A = 1). Since
C commutes with the Hamiltonian H and its
derivative 0;H, only the symmetric states |o,)
with p = 0 can be reached from |o—1) via
(oq(t)| O |an(t)) = (ay| OcH o) /(& — &), while
all the states |a,s) with p # 0 remain dark,
(oq(t)| O lans (t)) = 0, for any time-dependence
of A(t) [and possibly Q(t)]. Hence, for N = 3,
we have one single-excitation dark state with
p = ‘n(rl)> o [1) (|r1) + €™ [1r)). For N = 4,
the dark subspace is composed of two single-
excitation states with p = 27/3,47/3: ‘r,gl)> x
1) (|r11) 4 €% [171) + € |117)), and two double-
excitation states with p = 27/3,47/3: ‘r,(32)> x
11) (|rr1) + € |rlr) + P |1rr)); out of which
we can form four states: two with quasimomen-
tum p = 27/3, and two with quasimomentum
p = 4m/3. Using the reflection operator S that
commutes with the Hamiltonian and converts
the state with p = 27/3 into the correspond-
ing state with p = 47 /3, and vice versa, we find
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Figure 12: Adiabatic spectra of Hamiltonian vs detuning
A for N = 3 (upper row panels), N = 4 (middle row
panels) and N = 5 (lower row panels). For each N,
we show the full spectrum (left panel), only the bright
eigenstates with p = 0 (middle panel), and only the
dark eigenstates with p # 0 (right panel) with double
degeneracy marked by an overlapping solid pink line.

that the energies of these state pairs are degen-
erate. Finally, for N = 5, we have three single—-
excitation and three triple-excitation states with
p =2m/4,4m /4,67 /4, and four double excitation
states: one with p = 27 /4, one with p = 67/4
and two with p = 47 /4 (excitations at neighbor-
ing and non-neighboring atoms); out of which we
can form ten states. Again, using the operators S,
we find three double-degenerate states, while the
remaining four states are non-degenerate. The
full spectrum involving the bright and dark eigen-
states of the Hamiltonian is shown in Fig. 12.

D Error due to leakage to wrong-parity
states

As detailed in the main text, the geometric phase
for implementing the CrZ gate stems from the
parity (—1)"a of Rydberg excitations in the in-
termediate state |Rq). Non-adiabatic transitions
to state(s) |Bq) with the wrong parity, P |Bq) =
(—1)"a%1|By), lead to error. To determine the
leakage error, assume that

Urlg) = Qq ’Rq> + bq |Bq) , (32)
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Leakage error

Figure 13: Leakage errors for different input states |q) =
l90q1 - - - qx) (¢; = {0,1}) for symmetric star-graphs of
N =14k = 3,4,5 atoms (upper, middle, lower panels)
vs the laser pulse duration 7.

where the amplitudes aq and bq of the right and
wrong parity states are normalized as |aq|? +
bg|? = 1 and |aq|? > |bq|?. At the end of the
process, at time 27, the amplitude of the initial
state is then

9q = (alUnthla) = (alth ' Plh|a)
(—1)afaq|* + (=1)"a* by |?
= (1) (1= 2bgl?) (33)

and the error probability due to leakage to the
wrong parity state(s) |Bq) is Eq = 1 — |gq|? =~
4|bq|%. Averaging over all the 2¥*! input states
|q) leads to the total leakage error

4
Eleakage = 5777 > Ibgl, (34)
q

which is Eq. (15) of the main text.

In the main text, we state that during the
transfer |a1) = |q) — |Rq) the input configu-
rations |q) = |qoq1 - ..qx) with the smallest en-
ergy gap to the nearest bright state |ao) with
the wrong parity contribute the dominant error in
Eq. (34). In Fig. 13 we show the leakage errors for
various input configurations for symmetric star-
graphs of N =14 k = 3,4,5 atoms vs duration

7 of the laser pulse with the linear sweep of de-
tuning A(t) as in Fig. 5(al). For N = 3 atoms,
the dominant error is that of the input |111) and
thus pg—2 ~ 1 in Eq. (16). For N = 4 atoms,
the three input configurations of the form [1110)
and one of the configurations |1111) or |0111) give
dominant errors, us = 4. For N = 5 atoms,
the dominant error comes from the input config-
urations [11111) and |01111), the four configu-
rations the form [11110), the four configurations
the form [01110), and the six configurations the
form [11100) and [11010), in total ps4 ~ 16 con-
figurations.

E Changing the sign of interaction

We here consider in more detail the procedure
for changing the sign of interaction, B;; — —B;;,
between steps I and II, which involves transfer-
ring the atoms from state |r) with vdW coeffi-
cient Cg > 0 to state |r') with vdW coefficient
Cy ~ —Cg. We assume "Rb atoms, with the

ground state |1) = ‘551/2,F =2, Mp = 0> cou-
pled during step I to the Rydberg state |r) =
’n531/2> by a two-photon process via the inter-

mediate state |p) = ’6P3/2>. After step I, the
atoms in state |r) are transferred to the Ryd-
berg state |r') = ‘nDD5/2> via Raman process
involving two laser pulses acting on transitions
|r) — |p) and |p) — |r’) with the Rabi frequencies
Qgp and Qpp, see Fig. 14(a). With appropriate
choice of the principal quantum numbers ng and
np for the Rydberg states |r) and |r’), their vdW
coefficients can be Ci ~ —Cq (or Cf = —ACg
with A ~ 1), see Fig. 14(b). During step II, the
atoms are returned from state |r’) to state |1) by
a two-photon process via the same intermediate
state |p).

Since the intermediate state |p) is a lower
electronically excited state, it has a large de-
cay rate I'), ~ 27 x 0.58 MHz (I', > T, ).
Hence, during the Raman transfer |r) — |r), we
should avoid populating the intermediate state
|p) which would result in population loss. This
can be achieved either by using largely detuned,
|Ap| > max[Qgsppp], temporally overlapping
laser pulses [48], or by using resonant pulses
and employing stimulated Raman adiabatic pas-
sage (STIRAP) in which the pulses Qgp(t) and
Qpp(t) are applied in a “counter-intuitive” order
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Figure 14: (a) Level scheme for STIRAP between the
Rydberg states |r) = |ngSi/2) and |r') = [npDs2)
via the intermediate state [p) = [6P3,2) of a Rb atom.
(b) With a proper choice of the principal quantum num-
bers ng and np of states |nsSi) and |npDs)2),
the ratio of their vdW coefficients —Cs/C§ can be
close to 1 [57]. (c) Temporal profiles of the pulses
QDP(t < T — 7'del) = Qmax Sin2 [ﬂ't/(Ttr - Tdel)] and
Qsp(t > Tae)) = —Qmax sin?[7(t — Tae1)/(Ter — Tael)]
with Qpnax = 27 X 80MHz, 7, = 0.2 us and 74e =
0.2757. (d) Population transfer between states |Rq)
(blue lines) and | R;,) (orange lines) for configurations in-
volving vq = 2 (|Rq) = |1r7)), vq = 3 (|Rq) = |1rrr))
and vq =4 (|Rq) = |1rrrr)) Rydberg excitations. The
interaction strengths are B;; = —B;], = B/64 for k = 2
and B;; = B/27 for k = 3 with B = 27 x 48 MHg,
and B;; = B/8 for k = 4 with B = 27 x 44.8 MHz,
and the decay rates are I, = 27 x 0.58 MHz and
T, =27 x 0.5 kHz.

[50, 51]. We here explore the latter approach.
Let us first recall the STIRAP for a single
non-interacting atom. Assuming resonant pulses
Qgppp, the Hamiltonian for an atom, in the
frame rotating with the frequencies wy,,/p, is

(h=1)

Har = 592sp(t) [r¥pl + 3P (8) [/ Xp| + Hee.

(35)
The eigenstates of this Hamiltonian are [¢y) =
cosf|r) — sinf|r') and |¢y) = %(sin9|r> +
Ip) + cos @ |r’)) with the mixing angle 6 defined
via tanf = Qgp/Qpp, and the correspond-
ing energy eigenvalues are ¢g = 0 and e1 =
+3[Qsp?+[Qpp2. The zero energy “dark”
eigenstate |1g) does not contain the rapidly de-
caying state [p), while the “bright” eigenstates
|th+) do contain |p) and thus are unstable. Our
aim is to completely transfer the population be-
tween the two long-lived (I',,» < I'p) Rydberg
states |r) and |r') without populating the unsta-

ble state |p), which is achieved by adiabatically
changing the dark state superposition. With the
system initially in state |r), we first turn on the
Qpp(t) field, resulting in (o) = 1 (Qsp(t) <
Qpp(t) and therefore 6(t) = 0). This is then fol-
lowed by switching on Qgp(t) and switching off
Qpp(t) [see Fig. 14(c)], resulting in | (’|¢g) | = 1
(Qsp(t) > Qpp(t) and therefore 0(t) = 7/2).
If the mixing angle is rotated slowly enough,
0 < |ex — o, the system adiabatically follows
the dark state [io), and the bright states |¢4),
and thereby |p), are never populated. Hence, the
decay of |p) is neutralized and the population of
the system is completely transferred from |r) to
|7") [Fig. 14(d)]. Note that since during the trans-
fer we follow the eigenstate with energy ¢y = 0,
the dynamical phase vanishes, and we can choose
the sign of the Rabi frequency 2gp to be opposite
to that of Qpp (7w phase difference) to transfer
|r) — |r') without sign change.

Consider now the multiatom system initially
in state |Rq) with vq Rydberg excitations and

our aim is to transfer them to state ‘R21> with all

|ri) — |ri). The interaction between the Rydberg
state atoms is described by

Hie = Y [Bij|rir)rirs| + Bj
i<y

i i
riT ><ri7";~ )[36)

where Bj; = —AB;; with A ~ 1, and Bj; = xBy;
with |x| < 1. The total Hamiltonian is

Byj(|riry Xrirs] +

H = ZHS(—I) + Hint, (37)

and we expect that during the STIRAP each
atom will still adiabatically follow the corre-
sponding dark state ‘wéz)>, provided the interac-
tions are small compared to the energy separation
from the bright states, |e4| ~ 2 max |Qgppp| >
B;j ¥V i,7 > 1. We verified these conclusions by
performing exact numerical simulations of the dy-
namics of the system evolving under the effective
non-Hermitian Hamiltonian

ﬁ:y—gwmmm+nf

riXril +Tp [pi)pil]

that includes the decay of all the atomic states.
Using strong Raman pulses Qgp(t) and Qpp(t)
of proper duration Ty, — 7Tqe and delay 7ge with
respect to each other, we obtain nearly complete
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transfer between states |Rq) and ’Ra> involving
vq < 2,3,4 Rydberg excitations for & = 2,3,4
graphs, see Fig. 14(c,d).

The transfer error for the CiyZ gate averaged
over all the input states |q) is

Us |Rg) [, (38)

1
Etr:WZ‘<R/q
q

where U, = exp (—i o ﬂdt). We vary the
transfer time 7¢, and pulse delay 741 to determine
their optimal values that minimize the transfer
error Ey,, as shown in Fig. 6(b) of the main text
for CoZ gate. There we assumed A = 1 and set
for simplicity x = 0, which, for Qgp(r, — t) =
—Qpp(t), leads to vanishing dynamical phase.

More generally, assuming that during the
transfer each Rydberg atom i = 1,2,...,vq adi-
abatically follows the state ’¢62)>, the instanta-
neous interaction energy of the many-atom dark
state |Wo) = [[:2, (()Z)> is

Emt(t) = (Yo| Hing | Po)

Vq
=Y Bj [COS4 0(t) — Asin 0(¢)
1<j
+2x cos? O(t) sin? G(t)] . (39)

leading to the dynamical phase ¢y =
0" Ent(t)dt. By appropriately shaping the tem-
poral profiles of the pulses Qgp(t) and Qpp(t),
and thereby 6(t), such that

/m[(l — x) cos? O(t) + xr dt
0
_ /O "0 + ) sin 0(t)dt, (40)

we can make the dynamical phase vanish, ¢y, =
0. Obviously, for y = 0 and A = 1, the above con-
dition reduces to [j* cos® 0(t)dt = [;** sint O(¢)dt
satisfied by the pulses Qgp(7: — t) = —Qpp(t)
as mentioned above.
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