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1 Introduction

Memory describes the preservation of informa-
tion over time and is a fundamental concept for
the description of stochastic processes [1, 2]. In
quantum theory, memory phenomena are particu-
larly interesting because information is described
through quantum states, which can be entangled
across different subsystems.

Exactly the interplay between the preservation
of quantum information and the potential entan-
glement of the system with the others plays an
important role in the understanding of open quan-
tum dynamics [3-5] and temporal correlations in
quantum processes [6-8]. Considering that multi-
ple approaches exist for formalising quantum and
classical memory in quantum theory [9-15], here
we adopt the approach consistent with Refs. [16—
18], which defines quantum memory as an auxil-
iary quantum system to preserve states over time.
The size of a quantum memory is then identified
with the Hilbert space dimension of this auxiliary
system. Analogously, classical memory is quanti-
fied by the number of different classical symbols
that can be stored in an auxiliary space.

From the practical perspective, quantum mem-
ories are known as an important precondition for
various information processing tasks such as the
superdense coding protocol [19]; the latter de-
scribes the communication of two classical bits

by the implementation of a single qubit operation.
This is possible due to a perfect discrimination of
four particular qubit channels by only a single
call. The channel acts on a part of a maximally
entangled state whose counterpart is stored in a
quantum memory. The superdense coding pro-
tocol can be seen as a particular instance of a
protocol to discriminate a given set of quantum
channels. Such discrimination problems are of
great relevance in the fields of quantum comput-
ing and quantum metrology.

Despite the great potential of quantum memo-
ries in numerous applications [20], their physical
implementation is difficult and especially the stor-
age of parts of high-dimensional entangled states
is prone to noise. In earlier works [21-25], it
has been pointed out that the presence of quan-
tum memory is in general necessary to obtain the
optimal performance in a channel discrimination
problem. This fact motivates the question of how
the amount of quantum memory affects the qual-
ity of a quantum information protocol, such as
the general channel discrimination task.

Our main contribution in this article is the in-
troduction of a method to quantitatively deter-
mine the optimal success probability in the set-
ting of memory restrictions for arbitrary channel
discrimination tasks. This concrete contribution
is formalised in Thm. 9 as an idea which is later
generalised in the multi-copy regime in the Sec-
tions 5 and 6 by characterising different instances
of adaptive and non-adaptive protocols.

The key insight is that the underlying problem
can be formulated as a maximisation of a linear
functional over separable quantum states whose
factors in each separable decomposition obey ad-
ditional affine linear constraints. Recently, in
Ref. [26], a hierarchy of semidefinite programs has
been proven to provide a solution as a decreasing
and convergent sequence of upper bounds for this
class of problems. Building on this, we formulate
a general method to systematically quantify mem-
ory constraints in channel discrimination tasks.
As such, it is applicable for general instances of
channel discrimination tasks and does not depend
on additional structures such as symmetries of the
problem. For the computation of lower bounds,
we apply the seesaw method, that has been used
in the context of memory constrained quantum
metrology [27]. To apply the seesaw algorithm
in a rigorous manner, we derive, using the poly-
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tope approximation technique |17, 28-32], a gen-
eral bound on the distance from the seesaw value
to the true optimum.

Turning to the case where multiple copies of
the unknown channel are accessible, it has been
shown that adaptive strategies can improve the
quality of the channel discrimination protocol
[33-38]. Also in regard of memory effects, the
observed temporal correlations in multi-time pro-
cesses have been used in Ref. [12] to detect the
presence of quantum memory.

In the case of adaptive strategies for channel
discrimination, the role of quantum memory ef-
fects is subtle due to the possible presence of clas-
sical memory effects. The latter has been investi-
gated recently for multi-time quantum processes
[18, 39]. Using the framework of constrained sep-
arability, here we develop a systematic character-
isation of adaptive strategies for channel discrimi-
nation in which the amount of quantum and clas-
sical memory is limited. Apart from the charac-
terisation of the role of memory, we arrive at new
insights into the characterisation of multi-copy
strategies. In particular, we show that adaptive
strategies, in which the transmission of quantum
information between the channel applications is
prohibited, have no hierarchical relationship to
parallel strategies.

The manuscript is structured as follows. After
fixing the notation in Section 2, we start with
elaborating the problem of memory constraints in
single-copy channel discrimination protocols and
the connection to separability problems in Section
3. We proceed by reviewing multi-copy strategies
for channel discrimination in Section 4 before we
discuss their corresponding memory constraints
in Section 5. In Section 6, we introduce the class
of classically adaptive discrimination schemes.

2 Notation and preliminaries

We begin by fixing the notation that is used in
this paper. Quantum systems, labelled by capi-
tal letters A, are associated to finite-dimensional
Hilbert spaces Ha = Cd4 of dimension da. Given
a linear operator X, the system on which it acts
on is indicated by a subscript, e.g., the notation
XA indicates that Xa € L(Ha). A state pa
on a system A is a positive semidefinite opera-
tor, indicated as py > 0, such that Tr(pa) = 1
where Tr(-) denotes the trace. A measurement

with N outcomes on a system A is a positive
operator-valued measure (POVM), i.e., a collec-
tion of operators { M4}~ | such that M} > 0 and
SN ML = 1,. Composite systems containing
subsystems like A and B are denoted by the string
AB and their associated Hilbert space is the ten-
sor product Ha ® Hp. Given a system A, AX de-
notes the system comprising k copies of A and the
associated Hilbert space is given HZ*. Sym(A, k)
denotes the system associated to the symmetric
subspace of H%k, i.e., the space spanned by vec-
tors that are invariant under all permutations of
the individual copies of A [40].

A map from a system A to a system B, denoted
as Da_,p, is an element from L£(L(Ha), L(HB)),
i.e., a linear operator from one space of linear op-
erators to another. In case that A = B, we write
Da to abbreviate Da_,a. Simple but important
examples of maps are the transpose X — (X A)T
and the partial transpose Xap — (Xag)'B. A
map Da_,p is called positive if Dy_,p(Xa)p is
positive semidefinite for every positive semidef-
inite Xa. It is called completely positive if
(idg ® DA—B)EA—EB 1s a positive map for all
systems E. A completely positive map that is
trace-preserving is referred to as a quantum chan-
nel. Simple and important examples for quantum
channels are the identity on £(H,) written as ids
and the partial trace denoted by Tra(-). Further-
more, the following channels are important for
our discussion.

Definition 1. The map Ua(Xa) = UsXAUJ
is a quantum channel for every unitary oper-
ator Up. One particular set of unitary opera-
tors on a d-dimensional system are the clock-shift
operators XéZg fori,j € {0,...,d — 1}, where
Xy = S le 1N, Zy = S W IXI] and
w =V VF In particular for d = 2, they
correspond to the Pauli matrices oy = X378,
or = X329, 0y =iX3Z} and 0, = X373,

Other important non-unitary qubit channels are
the families of bit-flip channels Cytyp and amplitude
damping channels Cyqp with p € [0,1] given by

be,p(p) =pp+ (1 - p) OxPOg (1)
Cadp(p) = BopBf + BipB] (2)

with the operators

Bo—<1 fo_p),Bl—(g “f). Q)
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In particular, the unitary transformations
given by clock-shift operators will be crucial
to demonstrate a strong memory dependence of
channel discrimination protocol, see Theorem 7.

A quantum instrument is a collection of
completely-positive maps {Kj .5}~ that sum
up to a quantum channel Ka_,p, i.e., Ko =
L % ,p- Physically, quantum instruments
describe the non-deterministic quantum evolu-
tions of states in measurements if the measure-
ment outcome is kept track of.

The space of maps from A to B is isomorphic to
the space of linear operators on the joint system
AB that is L(Ha ® Hp). One particularly impor-
tant isomorphism is the Choi-Jamiotkowski iso-
morphism [41, 42| that transforms a map Dy_,p
into an operator

Dag =) )il ® Dass(ifila)  (4)

ij

where {]z>}f20_ !is an orthonormal basis of Ha.
We call the operator Dapg the Choi matrix of the
super-operator Da_,g. An important property
of the Choi-Jamiotkowski isomorphism is that
completely positive maps are mapped into pos-
itive semidefinite Choi-matrices. In particular,
the Choi-matrices of quantum channels Cp_,g can
exactly be identified with positive semidefinite op-
erators Cap that satisfy Trp(Cap) = 1a.

A practical tool for composing maps using the
Choi matrix is the link product [43, 44].

Definition 2 (Link product [43, 44]). Let A,E
and B be quantum systems and let Xap € L(HA®
Hg) and Ygg € L(HEg @ Hp) be linear operators.
The link product Zag = Xag * YEB s defined by

Xag *x Y := Trg {((XAE)TE & ]lB)(]lA &® YEB)} .
(5)

The link product has a clear operational mean-
ing. The Choi matrix of a composition of two-
operators is exactly the link product of the in-
dividual Choi matrices. If Xa_g and Vg_B
are maps, the Choi operator of the composition
(YoX)a—sp is given by the link product Xag*Ygp
[43, 44]. Sometimes it is convenient to use a dif-
ferent order of the systems when using the link
product. System permutations are then implic-
itly assumed and suppressed in the notation.

3 Single-copy channel discrimination

We consider the problem of minimum-error chan-
nel discrimination. One assumes that an un-
known quantum channel is drawn from a given
ensemble {g;,Ci_, o}, consisting of known quan-
tum channels Cli _,0 and known probabilities g;
of how likely the corresponding channel is drawn.
The labels I and O denote the input and output
systems of the channels and the task is to deter-
mine the correct channel label ¢ assuming that
the unknown channel Cf _,0 can be applied for a
single time.

The general strategy that could be used for this
problem exploits the presence of entanglement
and a quantum memory and can be described as
follows.

First, some quantum state prg, potentially en-
tangled with an auxiliary quantum system E that
acts as quantum memory, is prepared. In the next
step, the unknown channel acts on one part of
this state resulting in [C}_,, ® idg](piE). Finally,
a measurement { M4}, on the joint system of
O and E with outcomes ¢ = 1,..., N is performed
and an observed outcome j results in guessing the
associated channel (i , .

Given a state and measurement as above, the
success probability p of guessing j correctly using
this strategy can be computed as

N
=Y aTr(Ms [Clo @ idgl (o)) (6)

=1
N

=Y ¢Tr (Tlioc'fo) (7)
=1

where, Cfo is the Choi matrix of the channel C} -0
and T}y == pIE*(MéO)T, where * is the link prod-
uct, see Definition 2. The operators {7},
which at the same time contain information about
the state preparation pig and the measurement
{ Mo}, will turn out very handy in the fol-
lowing, both from the practical perspective in
optimisation problems and from the perspective
of generalising the scenario to more copies. The
collection of operators {T7,}¥, is denoted as a
tester and testers have been introduced at first
in Ref. [43, 44]. Conceptually, testers in quan-
tum channel discrimination can be seen as the
generalisation of measurements in quantum state
discrimination, and will here be used to concisely
describe various types of different discrimination
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protocols. From a broader perspective, testers
provide a linearisation of the success probability
Eq. (6) that is otherwise a bi-linear function in
the preparation and measurement, respectively.

Definition 3 (Single-copy tester [43, 44]). A col-
lection of positive operators {Tin}N | C L(H1 ®
Ho) is a single-copy tester if there is a quantum
system E such that

Tiy = pie * (Mo)T (8)

where pig is a state and { Mo} | is a measure-
ment. The tester can be depicted by the following
circuit, where C* indicates that the memory sys-
tem E has no dimension restriction.

E=C*™

 C
I O

Testers can be seen as generalisation of usual
measurements that are described as POVMs.
This is due to the fact that testers linearly assign
probability distributions to a channel C;_,o via
p(i|T, C) = Tr(Tj5Cio0). In this way, testers play
an analogous role to POVMs in the generalised
version of Born’s rule that assign probabilities to
channels instead of states.

Example 4 (Superdense coding). To give a con-
crete example, we examine the superdense coding
protocol [19]. The input system 1 and output sys-
tem O are both two-dimensional and the chan-
nels C{_,, are the Pauli rotations, i.e, CI—>O( )=
oj - 05 for j € {0,1,2,3}. Its corresponding
Choi matrices are the Bell states with Cf, =
2[¢ Xt Clo = 2 [ Y|, Clo = 2]y~ )y |
and Ciy = 2|¢~Xo~|. The well known optimal
strategy to discriminate Pauli channels involves a
qubit memory system E and preparing the mazi-
mally entangled state |¢* ). Then, the unknown
Pauli operator acts on the input qubit 1 before a
Bell state measurement on the joint system of
memory and output EO is performed in the end.
The corresponding testers To are given by

To = [0 Ko* g # 6" X&' gor O
Tio = [0 Ko™ | * [o+ Ko (10
Ty = |6+ Ko | , * 10 X¥ o> (11
Tio = 0" 07|, * 16 X0 ko (12

and a straightforward calculation reveals

Tr (TIZOCI]O) = 5ij .

Given a channel ensemble, finding the optimal
discrimination strategy corresponds to an optimi-
sation problem over testers. We consider the situ-
ation in that the set of available testers is limited
by quantum memory quantified by the dimension
of the auxiliary system E. Before that, we start
with the discussion of channel discrimination with
unlimited quantum memory.

3.1 Unlimited memory case

In the case of unlimited quantum memory, one
makes the strong assumption that states pig en-
tangled with a system E of arbitrarily high dimen-
sion can be prepared, and that the coherence is
preserved by a perfect identity channel idg dur-
ing the channel application on the input system
I. Also, it is assumed that every measurement
{Mio}Y, on the joint system EO can be per-
formed.

In this case, the set of possible testers {17}V,
is completely determined in terms of positive
semidefinite matrices and affine constraints [43,
44] leading to the following Theorem.

Proposition 5 (Ref. [4‘3 44]). A collection of
positive operators {TIO} ~, is a single-copy tester
if and only if there exists a state oy such that

N
Y Tio =01 ® 1o. (13)
=1

Furthermore, the dimension dg of the memory
system E in the Definition 3 of a single-copy tester
can always be chosen equal to dy, i.e., equal to the
dimension of the input system.

Single-copy testers are thus characterised in
terms of positive semidefinite matrices and affine
constraints. Consequently, the maximal success
probability popt(€) for the discrimination of a
channel ensemble & = {g;,Ci_ o}, can be ef-
ficiently computed by the semidefinite program

N
Popt (€) = nj{?x Z q; Tr (TIiOC%O)’ (14)

10 =1

where {7}, 1}, is a single-copy tester. For sake of
convenience, we describe a proof of Proposition 5
in Appendix A.
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In the scenario in that quantum memory, quan-
tified by the auxiliary dimension dg, is restricted,
the characterisation of available tester elements
is more involved.

3.2 Limited memory case

In the case of limited memory, the auxiliary di-
mension dg is assumed to have some value that
is strictly smaller than d;. We see from Propo-
sition 5 that the case di = dg means no restric-
tion on the memory system. This motivates the
following definition of memory-restricted single-
copy testers.

Definition 6 (Memory-dp single-copy tester). A
collection of positive operators {Tio }lYy C L(H1®
Ho) is a memory-dg single-copy tester if there is
a quantum system E of dimension dg such that

Tiy = pie * (Mo)T (15)

where pig is a state and {Mio}N | is a measure-
ment. The corresponding circuit is:

E = Cle

1% o

By Proposition 5, every memory-dg single-copy
tester is also a single-copy tester as in Definition 3,
but the opposite does not hold if dg < di. Given a
channel ensemble {g;,Ci_,}¥ |, we want to solve
the optimisation problem

N
Popt,d (€) = H%?XZQZ‘ Tr(Tfono), (16)
10 =1

where the optimisation runs over all memory-dg
single-copy testers Tfo. Of particular interest are
memory-less testers for which dg = 1. Here, the
link product simply reduces to the usual tensor
product so that tester elements T} are given by

Tio = @ (Mo)" (17)

The amount of quantum memory quantified by
the admissible environment dimension dg is in
general very important for the performance of
a discrimination protocol. To illustrate, we con-
sider the problem of discriminating the d? unitary
evolutions provided by the clock-shift operators
in dimension d, see Definition 1. We obtain the
following result, see Appendix B for the proof.

Theorem 7. The mazimal success probability
pgi)t dp 0 discrimination of the uniform ensemble
given by the d-dimensional clock-shift operators

using memory-dg, single-copy testers is given by
@ . dg
Popt.dp = 10N {1, d} . (18)

Clock-shift operators give rise to a remarkable
dependence on quantum memory. For any fixed
value of dg and large d, the success-probability

(d) _
optdy = 0. How-

ever, when dg = d, it holds that p(()i?t’ ap =1 for
any d. This shows that the performance ratio be-
tween unlimited and limited memory cases may
be arbitrarily large. Hence, this problem instance
demonstrates that the size of memory plays a ma-

jor role in quantum channel discrimination.

goes to zero, that is, limg ,oo p

Other examples where memory offers great ad-
vantage for channel discrimination may be found
in 23], where it is shown that for any dimension
d, the two Werner-Holevo channels [45], i.e., chan-
nels whose Choi matrices are proportional to the
projection onto the symmetric or antisymmetric

S 1 min{dg,d}
subspace, is given by py 4, = 5+ ——57 -

In the proof of Theorem 7, we exploited the
fact that the problem of discriminating uniformly
distributed quantum channels with a group struc-
ture is a considerably simpler problem than gen-
eral channel discrimination. Solving the problem
of finding the optimal strategy in the setting of
bounded memory for a general channel ensemble
does not admit such a simple solution.

In the following, we provide a systematic tech-
nique for solving the problem (16) in general. It is
first a simple but important observation that ev-
ery channel discrimination problem with testers
of limited memory is equivalent to an associated
discrimination problem with memory-less testers.

Remark 8. The discrimination problem of a
channel ensemble {q;,Ci_, o} | with memory-dg
single-copy testers is equivalent to the discrimina-
tion problem of the ensemble {q;,C o ®@idg}Y
with memory-less single-copy testers.

Hence, every method to tackle the channel
discrimination problem with memory-less testers
can directly be applied to the case of limited mem-
ory.

The key idea of our approach comes from the
fact that memory-less tester elements Tfo, as
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a set of positive operators that can be decom-
posed as in Eq. (17), can be identified with un-
normalised quantum states IT'njo = @fil Tin =
SN JiXily ® Ty where the states |i), often re-
ferred to as flag states, denote the standard basis
of a system N with dy = N. We have

Tnio = Preo (Mo ® p1) Plg (19)

where P, is the system permutation that ex-
changes input system I and output system O,
p1 is a state and Myo = @N, M} is the
block-diagonal operator of measurement effects of
{ME}N . In this work, we use the convention of
adding an underline to denote operators that have
a direct sum structure, such as My and T'yio-
The operator Myo can be (after normalisation)
seen as a quantum state that is subject to the
affine constraint

®(Myo) = Tin(Myo) = Lo. (20)

The optimisation (16) over memory-less testers
Popt,1(E) can then be explicitly written as

max Tr(Cxio I'nio) (21)
s.t. T'nio = Pioo (Mo ® pr) PIT<—>O (22)
pr, Mxo 2 0 (23)
Tr(pr) =1, 2(Mno) = 1o (24)

where Cnio = @Y ¢i Cio. Notice that the ob-
jective function (21) is linear, which implies that
the optimisation may be equivalently performed
over convex combinations of the operators I'xio-
As it will be discussed in Section 3.3, the problem
corresponds to a so-called constrained separabil-
ity problem that is maximisation of a linear func-
tional over separable states whose local factors
obey further affine constraints.

This insight allows us to state the following
characterisation theorem of memory-less testers,
which is our main result for the single-copy sce-
nario. An explicit proof of Theorem 9 is presented
in Appendix C.5.

Theorem 9. A single-copy tester {Tin}Y, C
L(H1 ® Ho) is a convex combination of memory-
less testers if and only if for all k € N there exists
(not necessarily memory-less) single-copy tester
{TSZym(Lk)O}’f\Ll C LIHE* @ Ho) such that

Tio = Trpe-1 (Tymri0) (25)

where Sym(1, k) is the system that corresponds to
the symmetric subspace of the Hilbert space Hf@k
of k copies of the input system 1.

Theorem 9 gives rise to a converging hierarchy
of outer approximations to the set of memory-less
single-copy testers, where each level is indexed
by the number k of copies of the input system
I. Later in Sec. 3.3, we will see that Theorem 9
describes a special instance of a constrained sym-
metric extension hierarchy that provides a general
method to find bounds to constrained separability
problems. For any fixed k, the outer approxima-
tions only have affine and positive definite con-
straints, hence the problem of finding the opti-
mal probability of success in the set of an outer
approximation with parameter k is a Semidefinite
Program (SDP). SDPs describe a class of convex
optimisation problems that is well studied, and
in addition of respecting various properties, they
can be numerically solved by efficient algorithms
[46]. Hence, in pragmatic terms, Theorem 9 pro-
vides a practical tool to compute upper bounds to
the optimal success probability (16) of a memory-
constrained channel discrimination problem.

It is practical in the sense that sufficiently low
levels k of the hierarchy may be efficiently eval-
uated by an SDP implementation on a standard
personal computer. By counting the matrices and
using the dimension of the symmetric subspace,
the size of the SDP in the k-th level and memory
dimension dg amounts to N positive semidefinite
matrices that each have

didp + & — 1
(= ( ! E*]; )*dodE (26)

dsym(IE,k)

rows and columns where the left factor corre-
sponds to the dimension of the symmetric sub-
space of (CU9e)®k [40]. By evaluating the bino-
mial coefficient in terms of factorials, it follows
that the number of scalar variables grows poly-
nomially in k with leading exponent 2(didg — 1).
In particular, in the case of memory-less qubit
testers, i.e., df = 2 and dg = 1, the size of the
SDP grows quadratically in k allowing to com-
pute the level k = 8 using a personal computer
within less than a minute.

In a nutshell, the scaling of the computational
complexity of our methods will behave as the scal-
ing of the k-symmetric extension hierarchy for
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detecting entanglement (also known as DPS hi-
erarchy) [47]. While our methods have strictly
more constraints (we also impose the validity of
the quantum tester), these additional constraints
do not change the scaling of computational com-
plexity.

As an application of the hierarchy stated
in Theorem 9, we consider the discrimination
of the channels given by the unitary square
roots of three-dimensional clock-shift operators
{\/X3iZ4}2,_, defined in Definition 1 with lim-
ited quantum memory, see Table 1. With our
methods, we are able to compute the optimal
strategies with a gap of less than 1072 between
lower and upper bounds for all memory levels.
For the computation of lower bounds, we applied
the seesaw technique, see Appendix C.3 for de-
tails. The small size of the gap between the
bounds is remarkable, as the considered set of
channels has no underlying group structure that
would simplify the problem. The source code
used for our computations is available on a public
repository [48].

From a mathematical perspective, it also has to
be noted that the presence of an extra constraint
(24) in the separability problem for memory-less
testers is important.

Remark 10. The set of separable testers, i.e.,
testers {Tio Y., of the form

Tio =Y aix p* @ ME' (27)

A
with any positive operators ,0? and Mg\ and pos-
itive numbers q;) does not coincide with the set
of convex combinations memory-less testers, for

which {ME YN, is forced to be a measurement for
each \.

To see this, consider the discrimination of
qubit to qubit channels with memory-less testers.
The elements Tfo simply correspond to posi-
tive semidefinite operators on the system of two
qubits. These are separable if and only if they
have a positive partial transpose (PPT) [49], see
Appendix C.4.1 for more details on the PPT cri-
terion.

In a recent work in the context of Bayesian
quantum metrology [50], the PPT condition has
been used to described memory-less qubit testers.
Although the PPT property is equivalent to sep-
arability in two-qubit systems, the following ex-
ample demonstrates Remark 10 and shows the

optimal success probability
dg | lower bound upper bound

1| 032627 032738 (k=4)
2 | 059416  0.60157 (k=1)
3 | 070126 0.70126

Table 1: Lower and upper bounds for the optimal success
probabilities for discrimination of square roots of qutrit
shift clock operators, see Definition 1, with dg = 1,2, 3.
By Proposition 5, the value for dg = 3 can be exactly de-
termined by a single SDP so that lower and upper bound
coincide in this case. For dg = 1,2, lower bounds to
the optimal success probability are obtained by a seesaw
optimisation of the problem (21), see Appendix C.3 for
more details on seesaw optimisation. The upper bounds
for dg = 1,2 are obtained by applying the constrained
symmetric extension hierarchy given by Theorem 9 to
some finite order & combined with additional PPT con-
straints.

perhaps counter-intuitive fact that the PPT cri-
terion is in general not enough for characterising
memory-less qubit testers.

Example 11. Consider the problem instance
given by the uniform ensemble of an amplitude
damping channel Cad%, a bit-flip channel be%,
see Definition 1, and the identity ids. One o0b-
serves that the maximal success probability with
memory-less testers is given by p = 0.556. This
value has been obtained using the constrained sym-
metric extension hierarchy given by Theorem 9 up
to level k = 8, see Section 8. The accuracy of this
value has been verified with a seesaw optimisation.

On the other hand, the relaxation of demanding
that the tester elements are separable (equivalently
PPT) leads to the outcome psep = 0.562 providing
a clear separation of both optimisation problems.
This corresponds to the level k = 1 in Theorem

9.

The public repository [48] contains the script
“amplitude damping bit flip identity success
_ probability.jlI” that allows for a verification of
the numerical results presented in Example 11.

3.3 Constrained separability problems

In the last section, we saw that the question of
optimal channel discrimination with limited mem-
ory in the single-copy scenario can be described
by the optimisation problem (21) over separable
states with extra affine constraints that the fac-
tors in the separable decomposition have to obey.
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In the course of this work, we will see multiple ap-
pearances of variants of such problems since the
multi-copy versions of the channel discrimination
problem admit a similar mathematical descrip-
tion with properly defined generalised testers.

As a general convex optimisation problem, con-
strained separability problems have been intro-
duced in Ref. [26] and they describe the optimisa-
tion of a linear functional Tr(Fap -), specified by
a hermitian operator F' € L(Ha ® Hp), that is of
the form

Topy = Max Tr(FaB paB) (28)
5. pAB = D Px PA @ P (29)
A

YA: pA >0, PA(pr) = a, Tr(p/)g) =1 (30)
VAt pd >0, Un(p) =b, Tr(p) =1 (31)

pA>0, > =1 (32)
)

Here, ®p : L(HA) — Vi and Up : L(Hp) —
VB are fixed linear maps with vector spaces Va
and Vg and a € V) and b € Vg are fixed vectors in
the images of &4 and ¥p. The equations (30) and
(31) describe affine constraints which make up the
difference compared to the standard separability
problem [51, 52|. The trace constraints are im-
posed to ensure that the outcome 7oy is finite.
We saw an example of such an extra constraint
already in Eq. (20) which characterised the set
of POVMs describing general quantum measure-
ments. Notice that the problem, that the block
matrices describing POVMs are not normalised
as quantum states, can be easily taken care of by
a suitable redefinition of the cost functional Fap.

Although separability problems are known to
be generally hard to solve [53], lower and upper
bounds can be obtained. A strong method for
the computation of the latter comes from a con-
verging hierarchy of semidefinite programs that
is a generalisation of the converging hierarchy of
symmetric extensions [47]| for the unconstrained
Another important method for the com-
putation of upper bounds is based on the pos-
itive partial transpose criterion (PPT) [49], see
Appendix C.4.1 for details. The combination of
both approaches leads to the PPT-constrained

case.

symmetric extension hierarchy

r = max Tr(Fap paB)
PAB

(33)
s.t. PAB = TI'Ak—l(pAkB) ( )
parg 2 0, Tr(parg) =1 (35)
parg = (U ® 1p)parp(US" @ 1p) Vo (36)
Trg(pare) @ b= (idar ® Ug)parp (37)

Trag(pars) ® a = (idpae-1 @ Pa) Trp(pars)
(38)

Vie{l,....k}: (parp)™al >0 (39)
for £ € N where o — U, is the standard uni-
tary representation of the symmetric group Si
on HY¥ [40]. In the constrained setting, the hier-
archy (33)-(39) has been proven to converge [26]
in the sense that limy_,o 7 = ropy based on the
generalisations of the quantum De Finetti theo-
rem |26, 54-58]. We review the problem of con-
strained separability in Appendix C and give an
elementary proof of the convergence of the con-
strained symmetric extensions that is based di-
rectly on the standard quantum De Finetti theo-
rem [47, 54].

For the computation of lower bounds we use
the seesaw technique in which initial local states
are sampled, and local optimisations are per-
formed in an alternating manner, see Appendix
C.3 for more details. In the context of quantum
metrology, such a technique has also been used
in Ref. [27], where the authors make use of a ten-
sor network representation to obtain non-trivial
lower bounds for bounded memory scenarios in
adaptive scenarios with up to NV = 50 copies of
the given channel. Also, in Ref. [50], the seesaw
approach was used in the analysis of Bayesian pa-
rameter estimation in a memory-less scenario.

The seesaw optimisation provides a valuable
method for the computation of lower bounds.
However, previously it has been difficult to deter-
mine the difference between the lower bound and
the real optimum in the case that upper bounds
cannot be computed or are relatively far away
from the lower bound. To overcome this prob-
lem and to make quantitative statements about
the quality of seesaw optimisation bounds, we ap-
ply the method of polytope approximations that
has already been used for constructing local hid-
den variable models for entangled states [28, 29|,
quantum steering |30, 32|, in the study of causal
structures in quantum processes [17] and for the
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Figure 1: Simple inner polytopes V of the unconstrained

qubit state space (Bloch sphere) with reference state

TA = 1—22. (a) Polytope spanned by the 6 eigenvectors of

the three Pauli matrices. (b) Polytope spanned by the
8 Bloch vectors (:l:%, i%,i%). Although having a

different number of vertices, both polytopes have the

same approximation radius I, (Va) = % ~ 0.577 with

respect to Ta.

standard quantum separability problem [31|. The
idea is to consider a fixed finite subset of op-
erators {p) }7%; of quantum states that satisfy
®4(p)) = a for all \. The states {5\ }7-, can
be thought of as the set of initialisations chosen
to start the seesaw algorithm. Geometrically, the
convex hull V5 = conv({p)}}L,) is a polytope
that approximates the constrained state space

Ya :={pa =2 0,Tr(pa) =1, Pa(pa) = a} (40)

from inside, i.e., Vo C Ya. Given the polytope
Va, we consider the optimisation problem

Ty, = Max max Tr(FAB ﬁi{ & ,0B> (41)
A PB

st pgp >0 (42)

Tr(ps) =1, ¥p(p) =b  (43)

that may be solved by a maximisation over the
outcomes of finitely many semidefinite programs,
out of which each contains a positive semidefinite
variable matrix with dg rows and columns. No-
tice that ry, < ropt providing a lower bound to
the optimisation problem. By considering “outer
polytopes” that are given by a finite set of oper-
ators whose convex hull contains the constrained
state space Yy, also upper bounds to 7, can be
computed in an analogous way [17, 29-32].

In fact, an outer polytope can be obtained from
the inner polytope V, which allows for assessing
the quality of the inner polytope itself. To this
end, let 74 € int(Va) be a fixed reference point
in the interior of Vs and let us define the approx-

imation radius I, (Va) € [0,1] by

lry(Va) = maxt (44)
sttpa+ (1 —t)Ta € Va Vpa € Yo (45)

Intuitively, the bigger I;, (Va) is, the better is the
quality of the polytope approximation. The num-
ber I, (Va) can be computed by a facet enumera-
tion of the polytope Vo and subsequent semidefi-
nite programs that have to be computed for each
facet, see Appendix C.3. Each of the SDPs con-
tains a positive semidefinite variable matrix with
dp rows and columns. For instance in the case
of the qubit state space, geometrically described
by the Bloch sphere, and with the reference state
given by the maximally mixed state, the approx-
imation radius is just given by the largest sphere
(centred at the origin) that is contained in the
polytope, see Figure 1.
Further, let us define the value f;, as

fra i= min Tr[Tra(Fap7a ® 1g)pp]  (46)
PBEYR

where the optimisation runs over all states pg
such that ¥g(pg) = b and Tr(pg) = 1, that is,
the constrained state space Y. The value f;,
only depends on the reference state 74, especially
it does not depend on the specific polytope Va,
and can be computed by a single SDP involving
a positive semidefinite matrix variable with dp
rows and columns.

We can now state the following theorem that
gives rise to a quantitative bound on the error
in seesaw optimisation. The proof is presented
in Appendix C.3 based on the construction of an
outer polytope from an inner one.

Theorem 12. Let (Fap, ®a,a,¥p,b) describe a
constrained separability problem and let Vo be an
inmer polytope of the constrained state space Y
that has a non-zero approzimation radius Ly, (Va).
Then for the polytope approximation 1y, , we have
the inequalities

1 lrn(Va) —1
Tya < Topt < Ty, + 47
T S ™ T e
In particular, the right-hand side of the inequality
goes to ry, if the approzimation radius ., (Va)
goes to 1.
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4 Multi-copy channel discrimination
without memory constraints

In the multi-copy scenario, the channel discrimi-
nation protocol is strengthened by allowing to ap-
ply the unknown channel more than once within
a single run. For simplicity, we focus on the situa-
tion in which two copies of the unknown channel
are available, but all the following notions can be
straightforwardly generalised to more copies. It is
assumed that a channel is randomly drawn from
the ensemble {g;, (C' ® C);_, o}~ | where I and O
are the labels for the composite systems I;1s and
0109, respectively. With an appropriate general-
isation of testers to the multi-copy scenario given
by a set of positive operators {Tjo}Y |, we are
interested in optimising the success probability

N
p=YaT((C'eCoTo)  (48)

=1

where C? is again the Choi matrix of C*.

In contrast to the single-copy scenario, there
are multiple inequivalent strategies to perform
the discrimination that lead to different defini-
tions of the testers {Tfo}Y ;. We will discuss
these strategies first in the case of unlimited quan-
tum memory. In the subsequent section, their re-
spective memory restrictions will be discussed.

4.1 Parallel schemes without memory con-
straints

The first possibility is to apply the two copies
of the channel in parallel in the sense that they
act as a product channel on a high-dimensional
quantum state before a high-dimensional mea-
surement is performed.

Mathematically, this means that one acts with
the channel (C* ® Ci)I_>O ®1idg on a state prg be-
fore some global measurement Méo is performed.
Simply speaking, this strategy is the same as
the single-copy scheme applied to the ensemble
{N\i, (C'®CH1_o Y, of product channels. Con-
sequently, the associated tester elements are given
by Tio = pie*(Mio)T which in analogy to single-
copy testers 3 justifies the following definition.

Definition 13 (Two-copy parallel tester [43]).
A collection of positive operators {Tio}Y, C
L(H1, ® Hi, ® Ho, ® Ho,) is called a two-copy
parallel tester, if there is a quantum system E, a

state p1g and a measurement Méo such that

Tio = p1e * (Mgo) (49)

The corresponding circuit looks as follows:

Ex=C®*®
I Oq .
Pr—— C M’
— C
I O

Mathematically, it is fair to say that parallel
testers are just single-copy testers as in Defini-
tion 3 and the only difference between them lies
in the considered scenario in the sense that paral-
lel testers allow the application on multiple copies
of an unknown channel. Consequently, similar to
Proposition 5, parallel testers admit a character-
isation in terms of positive semidefinite matrices
and affine constraints via 31, Tig = o1 ® 1o
where oy is a state.

4.2 Adaptive schemes without memory con-
straints

In adaptive schemes, one allows that one of the
channels is used before the other one. This means
that one admits quantum communication of the
output of the first call to the input of the second
call. In terms of tester elements, the adaptive
scheme has been defined in Ref. [43], see also [34].

Definition 14 (Two-copy adaptive tester [43]).
A collection of positive operators {Tig}¥, C
L(H1, @Ho, @H1, @Ho,) with Wio = 2N | Tio
s called a two-copy adaptive tester, if there ex-
ist quantum systems E; and Eg a state ppg,, a
channel Kg,0,-1,E, with Choi matriz Kg,0,1,E,
and a measurement {]\4&202 N | such that

TIiO = PLE; * KE10112E2 * (MEQOQ)T' (50)

The corresponding circuit can be represented as
follows:

E; =C> Ey = C>®

I 01 Iz 02
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In physical terms, every two-copy adaptive
scheme can be understood in the following way.
The first copy of the unknown channel is applied
on a part of potentially entangled state pr, g, be-
fore a fixed global channel K, 0, 1,E, transforms
the resulting state. After that, the second chan-
nel copy is applied on a subsystem of the output
system of the channel Kg,0,-1,8, Which is fol-
lowed by a measurement {My o, }i.

As for parallel testers, adaptive testers admit
an SDP description that is practical from the
point of view of optimisation tasks.

Proposition 15 ([43]). A collection of positive
operators {Tio} N, with Wio := SN, Tig is a
two-copy adaptive tester if and only if

W = RIQ1 ® 1o, (51)
Tr12 (RIOl) =oy, ® 1o, (52)

where Rio, s a positive operator and o1, is a
state.

It follows directly from Definition 13 and
Proposition 15 that every parallel tester is at the
same time an adaptive tester. The inclusion is
also proper in the sense that there exist adap-
tive testers which are not parallel. One can ex-
plicitly provide examples of channel discrimina-
tion tasks in which adaptive strategies outper-
form all parallel schemes [35]. An example is
provided by the discrimination of the unitary op-
erators given by the square roots of Pauli matri-
ces {1,/0z,/0y,+/0-}. On the one hand, their
corresponding unitary channels can be perfectly
discriminated with two copies in the adaptive sce-
nario. In Ref. [35], the authors make use of com-
puter assisted proof methods to show that in par-
allel scenarios, the maximal success probability is
upper bounded by ppar < %. Here, we present
a simple proof that ppa, < 1 without making use
of any computational support.

Theorem 16. [t is not possible to perfectly dis-
criminate the ensemble given by the unitary oper-

ators {1,\/04, \/Ty,\/0=} using two-copy parallel
testers.

The proof of Theorem 16 is presented in Ap-
pendix D.

5 Multi-copy channel discrimination
with memory constraints and the role
of classical memory

In analogy to the single-copy scenario, it is
also important to consider the case of limited
quantum memory for schemes involving multiple
copies of the unknown channel. We will see that
the role of quantum memory has to be analysed
with special care in the investigation of adap-
tive strategies. The characterisation of tester el-
ements depends on whether classical communica-
tion between consecutive measurements is permit-
ted or not.

5.1 Parallel schemes with memory constraints

The similarity between parallel testers and single-
copy testers carries over to the memory bounded
scenario so that we define the parallel testers with
limited quantum memory as follows.

Definition 17 (Memory-dg two-copy paral-
lel tester). A collection of positive operators
{TIiO}g\;l C L(Hy, ® Hi, ® Ho, ® Ho,) s a
memory-dg two-copy parallel tester if there is a
quantum system E of dimension dg such that

Tio = pie * (Mpo)” (53)

where pig is s state and {MEq}Y., is a measure-
ment.

E~Cde
I Oq ‘
Pr— C M’
— C
Iy Oq

Notably, this definition is completely analogous
to the one of single-copy testers and there are no
new effects that would have to be discussed.

In the parallel scheme, it is known [18] that clas-
sical communication can be modelled by convex
combination of testers which has no practical ef-
fect due to the linearity of the optimisation objec-
tive (48). On the other hand, imposing memory
restrictions in adaptive strategies is more subtle,
as we will explore in the following. The reason for
this is that the possibility of classical communi-
cation within the respective channel application
has to be considered.
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5.2 Adaptive schemes with memory constraints

We first consider the case in which the envi-
ronment systems E; and Eo are bounded and
where no additional classical memory is accessi-
ble within the test. Such an assumption has been
made in Ref. [12] for the study of temporal corre-
lations in open system dynamics. We define the
corresponding testers as follows.

Definition 18 (Memory-(dg,,dg,) two-copy
adaptive tester without additional classical
memory). A collection of positive operators
{Tfo}i]\il - L:(Hh ® HOI ® HIQ ® 7'[02) is a
memory-(dg, , dg,) two-copy adaptive tester with-
out additional classical memory if there are quan-
tum systems E1 and Eg of dimensions dg, and
dg, such that

TIiO = PLE; * KE10112E2 * (MEQOQ)T (54)

where prg, s a state, Kg,0,1,E, % the Choi-

matriz of a quantum channel Kg,0,-1,58, and
i N

{Mg,0,}it1 is a measurement. The correspond-

ing circuit 1s:

E; = Cd: Es & Cdes

C C
I O I O2

Quantum memory constraints without possi-
ble replacement by classical communication are
a strong restriction. Notice that the tester defi-
nition in Eq. (54) implies that the action of the
measurement { M, }; on the system EOy is com-
pletely rigid and can not change due to any event
within the test. We consequently obtain the fol-
lowing general bound.

Theorem 19. Let {3,Ci_ oY, be a uniform
channel ensemble. The optimal success probability
p for discriminating this ensemble using memory-
(dg,,dg,) two-copy adaptive testers without addi-
tional classical memory is bounded as

dod
p < min{ ONE2 , 1} . (55)

Proof. The bound follows from the fact that for
any fixed choice of pr,g and Kg,0,-1,E,, finding
the optimal measurement {Mf, o}, is a state
discrimination task of a uniform ensemble of states

{Ph,0}iL,. For every measurement choice M, ),
one then has

N ] ) N
S () < 30\ 1) T ((07) (56)
i=1 i=1

< ivj Tr(Mi) = dodg, (57)
=1

where the Cauchy-Schwarz inequality and the
inequality Tr(A42) < Tr(A)? for positive operators
A have been used. This gives rise to the bound
p < do% for the uniform state ensemble. ]

As a direct consequence of Theorem 19, one can
observe the following for the memory-less discrim-
ination of the clock-shift operators.

Remark 20. The mazximal success probability
p for channel discrimination of the wuniform
ensemble of the d? qudit clock shift unitaries

Xz

ij=0 With memory-less adaptive testers

without classical memory is upper-bounded by %

In particular, the optimal success probability
decays to zero for d — co. On the other hand, in
the next section in Theorem 22, we will see that a
perfect discrimination is possible if classical mem-
ory is permitted and quantum memory remains
inaccessible at the same time. Hence, classical
memory can greatly enhance the performance in
some channel discrimination tasks.

5.3 The role of classical memory

From a practical perspective, the memory restric-
tion in Definition 18 in the adaptive setting of
the preceding section is arguably too drastic. It
might well be technically possible to feed-forward
the first measurement result to the second mea-
surement setting during the test, independent of
whether entanglement is present in the state at
some point or not. For this reason, we introduce
the notion of adaptive testers with classical mem-
ory.

5.3.1 Adaptive schemes with classical communica-
tion

Technically, the possibility of classical com-
munication in the setting of bounded quan-
tum memory can be included by replacing the
transformation channel Kg,0,-1,E, between the
channel applications by a quantum instrument
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{KE,0,51LE, }]L 1 whose Classical outcome Jj con-

trols the final measurement {M, 202 N

labels the measurement setting and ¢ labels the
outcome. Similar constructions have been consid-
ered in Ref. [59] in the context of process discrimi-
nation in general restricted scenarios. The precise
definition that we assign to classical memory in
adaptive schemes is the following.

~, where j

Definition 21 (Memory-(dg,,dg,) two-copy
adaptive tester with classical memory) A col-
lection of positive operators {Tjo Yy C L(Hy, ®
Ho, ® Hi, ® Ho,) is a memory-(dg,,dg,) two-
copy adaptive tester admitting classical memory
if there are quantum systems E1 and Eo of dimen-
sions dg, and dg, such that

L

. . . T
Tio = e * Kb o, * (Milo)  (58)
j=1

where pr,g, is a state, {K%10112E2}jL:1 are the
Choi-matrices of elements of a quantum in-
strument {’C%hol—)IQEz}f*l of size L € N and

{M 202 N | are measurements for all j.
E; & Cdoi By = Cim Y
P K Ml
C C
I 01 I O2

The amount of classical memory that is needed to
implement such an adaptive tester can be quan-
tified by logy(L) where L is the number of non-
vanishing instrument elements.

In the last subsection, we saw in Remark 20
how the discrimination success decayed for clock-
shift operators and rising dimensions in the com-
pletely memory-less scenario. On the other ex-
treme, by allowing for classical memory, a perfect
discrimination is possible in all dimensions.

Theorem 22. The  clock-shift-unitaries
{Xd 4 ” 0, see Definition 1, can be per-
fectly discriminated with a two-copy adaptive
tester without quantum memory but with classical
memory.

Proof. We explicitly explain the strategy. First,
the state p = |0)(0] is prepared. Since Z7 leaves p
invariant for all j, the unitary channel with the

unitary X;Zﬁ transforms p into the state |i)(i| and
1 is deterministically measured in a computational
basis measurement. Let now [i);) := d Wi |5)
be the Fourier basis. Independent of the first
measurement outcome, in the second run one pre-

pares p = [to)to| so that X7} [vo) = U% ;)
which deterministically leads to the outcome j
in a Fourier basis measurement. By classically
memorising the first measurement result i, all
the d? clock-shift operators can hence be distin-

guished. 0

The statement of Theorem 22 demonstrates
how subtle the advantage of memory usage in
quantum information processing, especially for
the problem of channel discrimination, is. We see
that the amount of classical memory, quantified
by L, may play an important role for the optimal
discrimination success. In view of Theorem 19,
there are instances in which a sufficient amount of
classical memory can compensate a lack of quan-
tum memory quantified by the environment di-
mensions di, and dg,. This demands for finding
methods to efficiently characterise those memory
restrictions.

Similar to single-copy testers, memory re-
stricted adaptive testers admit a description in
terms of constrained separable states.

5.4 Optimisation over memory-constrained
adaptive testers as constrained separability prob-
lem

Here, we show how the computation of maxi-
mal success probabilities in a channel discrimina-
tion task, using adaptive and memory restricted
testers, can be cast as a constrained separability
problem. First, with an argument similar to Re-
mark 8, one can restrict to the quantum memory-
less scenario, i.e., dg, = dg, = 1 with a suitable
redefinition of the channel ensemble. The tester
elements TIiO from Definition 21 then take the
form

L
Tio = pn @ Kb 1, © MY (59)
j=1
with i € {1,...,N}. With a permutation P of

the systems N, 11,15, O1 and O9, we can write the
corresponding tester Tyio = BN, Tio as

Inio =P (H [ﬂLNOQ ® K01, ® 'Oh} ) P
(60)
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—_ mL N il —
where ﬂLNO - @j:l @7, 1M027 KL’OlIQ T

I K}, and IT is the projection

L
= > Trow[(17)idly ® Into) ()] (61)
j=1
that is needed for discarding all terms of the form
Mll] ® K&Iz ® p1, where k # j.

Hence the operator T'yio can be seen as a tri-
partite fully separable state whose factors obey
additional affine-linear constraints. Explicitly,
these affine constraints are

Tru, (Ky0,1,) = Loy (62)
Tron[(17)G ], ® Inoo )M, o, ] = Lo, Vi. (63)

The case of no classical memory then simply cor-
responds to setting L = 1.

6 Classically adaptive schemes

Remarkably, the instrument {K’}; used in the
proof of Theorem 22 is rather special in the sense
that it is entanglement-breaking. This motivates
a further restriction of adaptive tester to classi-
cally adaptive testers.

6.1 Classically adaptive testers

In contrast to general adaptive schemes, classi-
cally adaptive schemes describe the situation in
which there is no quantum communication by a
transfer of quantum states between the uses of
the channel. The strategy can then be described
by forcing the general instrument {K} . }]Lzl to
be entanglement-breaking or equivalently to be
a measure-and-prepare instrument [60]. Such in-
struments have elements of the form K} _ (-) =

TY(Fj )UB where {Fi 1 1s a measurement

and o3 are states. In terms of the Choi isomor-
phism, this implies that all Choi matrices KiB
are separable.

Classically adaptive testers for which the in-
strument {K%101HIQE2 }le is forced to be entan-
glement breaking are, using single-copy testers,
defined as follows. First, a single-copy tester is
applied to the first copy of the channel. After
that, a second tester which may depend on the
first outcome is chosen to be applied on the sec-
ond copy. Such types of quantum testers also
appeared in Ref. [59] in the context of discrimina-
tion of quantum process in restricted scenarios.

Definition 23 (Two-copy classically adap-
tive tester) A collection of positive operators
{TioY, C L(H1, ® Ho, ® Hi, ® Ho,) is called
a two-copy classically adaptive tester, if

L .
TIZO = Z R%101 ® S%L]Oz (64)
j=1

where {R1101} and {S’f'jo2

testers for all j.

Y, are single-copy

____________

E; = (CdEl :

P R |- g
c J.
I 0Oy il 7

Ml

It can be checked that every classically-
adaptive tester is also an adaptive tester, but the
opposite statement is not true. We derived the
following relation between the sets of testers, see
Fig. 2 for an illustration and Appendix E for the
proof.

Theorem 24. The set of adaptive testers con-
tains all parallel and all classically adaptive
testers.

There exist testers which are parallel and not clas-
stcally adaptive and vice versa, as well as testers
which are parallel and classically adaptive.

Furthermore, we show that there exist stan-
dard channel discrimination tasks for which paral-
lel strategies strictly outperform classically adap-
tive ones. In particular, when discriminating
the square root of qubit Pauli channels with two
copies, we could show that no classically adap-
tive tester can outperform the optimal parallel
strategy. To show this, we relax the optimisa-
tion by demanding that all tester elements T{g
have a positive partial transpose in the biparti-
tion 1;01|I209, which is obviously follows from
Eq. (64).

On the other hand, there exist standard chan-
nel discrimination tasks for which classically
adaptive strategies strictly outperform parallel
ones. This fact may be demonstrated by a see-
saw optimisation giving rise to lower bounds to
the optimal classically adaptive strategy. By com-
puting bounds to the respective constraint sepa-
rability problems, we obtained the following.

Example 25. Classically adaptive protocols out-
perform parallel ones in the discrimination of two
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copies of the uniform ensemble of an amplitude
damping Cad% a bit-flip channel be%, see Defini-
tion 1, and the identity ido. Here, the maximal
success probability in the parallel case is computed
as ppar = 0.80697 while pc, > 0.8118 holds for the
optimal classically adaptive schemes. This lower
bound has be obtained by a seesaw optimisation
over the set of classically adaptive testers.

In return, for the discrimination of square roots
of Pauli operators, one obtains ppar = 0.9571 for
the optimal parallel strateqy and pea < 0.8980 for
the optimal classically adaptive strategy, where
the upper bound has been obtained by demanding
that all tester elements have a positive partial
transpose in the bipartition 1;01|I20x.

The public repository [48] contains the script
“parallel vs class adp demonstration.jl” that
allows for a verification of the numerical results
presented in Example 25.

This shows that there is no hierarchy between
parallel and classically adaptive channel discrim-
ination strategies, already in the consideration of
standard channel discrimination tasks. For the
computation of success probabilities in the case
of classically adaptive testers, we again employ
a formulation in terms of constrained separable
states.

6.2 Optimisation over classically adaptive
testers as constrained separability problem

The collection of classically adaptive tester ele-
ments as in Definition 23 can be described by a
block matrix Tyio = @Y, Tjo that can be de-
composed as

T'nio = P(H[SLN1202 ®EL’1101])PJr (65)

with a permutation P of the systems N, I;,0q, 1o
and Oz and II is the same projection as in
Eq. (61).

The block matrices are defined as éLNIQOQ =

L N il — L j
@le @l:l 51202 and EL/Ilo1 -— ®]:1 R{loll AS
§LN1202 and Ry, are positive, T'yyo corre-
sponds to a separable state. In particular, it is
constrained separable with respect to the affine

constraints

Tr (o, (Br,0,)) =0 (66)
TrLN[(ij’L ® IL1\11202) QOQ (§LN1202>] =0 (67)

Adaptive

Classically
adaptive

Parallel

Figure 2: Venn diagram of the sets of different adaptive
testers. Classically adaptive testers and parallel testers
form intersecting subsets of the set of adaptive testers.

for all j = 1,..., L where (g is the “trace-and-
replace” map defined as

1
Q0(Xa0) = Xao — Tro(Xao0) ® i (68)

7 Conclusion

In this manuscript, we investigated the role of
quantum memory in protocols for the task of
channel discrimination. Our main contribution
is the quantitative characterisation of quantum
memory by constrained separability problems. In
particular, we provided methods to compute op-
timal performances for arbitrary channel discrim-
ination tasks in the memory restricted setting.
Our analysis showed that the role of memory is
subtle, especially in adaptive protocols, where a
classical memory may sometimes suffice for an
optimal discrimination success. Finally, we anal-
ysed classically adaptive schemes as a particular
subset of the adaptive testers and explained their
particular role in comparison to parallel schemes.
An interesting direction for future work is the
employment of symmetry reductions in the SDP
implementation, as discussed in Ref. [12], to fur-
ther improve the scalability of our numerical tech-
niques. From a broader perspective, our results
can be expected to be useful to determine the nec-
essary memory for a quantum computation, or to
design experiments to certify the dimension of a
quantum memory. Interesting future topics are
the study of memory limitations in deterministic
quantum processes and in continuous parameter
estimation tasks.
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8 Code availability

The source code used for our computations is
available on a public repository [48]. All the nu-
merical values presented in Examples 11 and 25
and in Table 1 can be explicitly verified by execu-
tion of individual code scripts.
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Appendix

A Realisation theorem for testers

In this appendix, we present a proof of Proposition 5 and Proposition 15 of the main text. An

important tool for the proofs is the following identity. Let A and B be isomorphic quantum systems
and let | X), g = Z 117) ® X |7) where X is some hermitian operator.
Then, by deﬁnition of the link product it can be straightforwardly verified that the identity

X)X g * Yoo = (X @ 10) pac (X] @ 1c) " holds.

Proposition. Let {T; O}Z 1 be a collection of positive operators. Then, there exists a quantum state
o1 such that ZZ 1 TIO =01 ® Lo if and only if there exists a quantum state pig and a measurement

{Mgo Y, such that Tio = prg * (Mgo)"

Proof. Assume first that Tfo = pPIE * M}f:o. One computes

N . N .
> Tio =Y pie * Mg (69)
i=1 i=1
= PIE * ]lEO (70)
= Tre(pe) ® 1o (71)

which shows the first implication by defining oy := Trg(pg).
For the other direction, assume that Zfil Tio = 01 ® 1o where o7 is some quantum state. We choose

the system E to be isomorphic to I and consider the pure state pigp = ‘\/ET><ﬁT‘IE via

di—1

Ve =Dl eva i), (72)

1=0

Here the positive square root v X is the operator v X = >, /ai [1; ;| where X = Y, au |1 )] is a
spectral decomposition of a hermitian operator X. The state prg is a purification of O'IT in the sense
that Trg(pp) = O'I Next, we define a measurement MEO by

; -1 ; -1 ;
Mg = (Vog ®1o) Tio (Vog ®1o) + Gro (73)
where 07! = >0 a% |1iX1i| denotes the Moore—Penrose inverse (inverse on im(o)) and where
Lo Is an arbitrary collection of positive operators that sums up to the projection on im(o)*, i.e.,
> GEO = Il ()1 - Then it can be simply calculated that Ty, = prg * (MéO)T completing the proof. [

We now present the proof of Proposition 15 from the main text.

Proposition. A collection of positive operators {TIO} *, with Wio = Zl 1 TIO s a two-copy adaptive
tester if and only if

W = Rio, ® 1o, (74)
Try, (Rloi) =oy, ® 1o, (75)

where R1o, s a positive operator and o1, is a state.

Proof. Similarly to the single-copy case, we start by setting the system E; to be isomorphic to im(or, )

and consider the pure state pr, g, = )ﬁT><\/ET via

ILEq1

di—1

i\f ) =Y leva i), (76)
=0

LE;
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We now set Eg to be a system isomorphic to E1O1lz and define a quantum channel Kg,0,-1,5, via
the Choi operator

(Vg ®101LE,) (77)

VR VR

The operator Kg,0,1,E, is positive semidefinite and a direct calculation shows that Tri,g,(K) = 1g,0,,
hence Kg,0,1,E, is indeed the Choi operator of a quantum channel Kg,0,51,E,-
Finally, we define the POVM {M{ o, }¥, via

—1
KE10112E2 = (\/EEI ® ]lOlIQEQ) E10:1xE9

i -1 i -1 i
ME202 = (\/EEQ ® 1102) (TEQOQ)T (\/EEQ ® ]]‘02) + GEQOQ’ (78)

where G%ZO2 is an arbitrary collection of positive operators that sums up to the projection on
im(R)t ® Ho,, ie., 3,;Ghy = gyt © 1o,. Then it can be checked that T o 1,0, = PLE, *
KE,0,1,E, * (Mf,0,)" completing the proof. O

B Proof of Proposition 7

Here, we present the proof of Theorem 7 in the main text that stated the following.

Theorem. The maximal success probability pq q, in discrimination of the uniform ensemble given by
the d-dimensional clock-shift operators by memory-dg single-copy testers is given by

i d
Pd,d, = min {1, dE} : (79)

Proof. To start, in [61] it has been shown that if {p;, U}, is an ensemble of unitary operations,
p; = 1/N (uniform distribution) and the unitary operators U? € £(C?) form a group up to a global
phase (i.e., U is a projective representation of a group), the maximal probability for discriminating
the N unitary from the ensemble {p;, U l}f\;l in a single shot memory-less scenario is given by

1 .
ps = D dmin{dy,m}, (80)

AEirreps

where A labels the irreducible representations (irreps) of the group formed by {U*}Y; represented in
C? and dy and m) are the corresponding dimensions and multiplicities, respectively.

Now, we notice that the clock shift operators { X} 27 z;:lo form a group up to a global phase. Also,
this group cannot be reduced on C?. To see that it is irreducible, notice that the character of the
representation is given by X(XéZUJl) = tr(XéZZl), and for ¢ = j = 0 we have x(Ig) = d; in all other
cases we have X(Xngé) = 0, because all clock-shift operators that are not the identity are traceless.
The Schur orthogonality relations [62, Theorem 5] state that a representation of a finite group G is
irreducible if and only if the characters of it respect

) |1G’X(9)X(9) —1. (81)

geG
For the particular case of the clock and shift operators it follows that
> 5 or(x529) e (X325) =1, (82)
i,j€{0,...,d—1}

hence the representation of the clock-shift operators in C is irreducible, and since it has dimension d,
the multiplicity of this irrep is one. This is enough to show that in the memory-less case, we have that

1

Ps :ﬁd (83)
1
== (84)
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Now, we recall Remark 8 that having a memory size of dg is equivalent of discriminating the
ensemble with operators {X}Z} ® Iy, ?,g_‘:lo- We notice that the set {X}Z) ® IdE}g;:lO is itself a
projective representation of the clock-shift operators, with a single irrep of dimension d, and multiplicity
dg. Hence, evaluating Eq. (80) yields

1
Ds :ﬁd min {d,dg} (85)

C Quantum memory and constrained separability problems

C.1 Constrained separable states

Before we consider constrained separability problems as well as their ability to quantify quantum
memory, let us recall the standard notion of quantum separability. A bipartite (mixed) quantum state
pAB is separable if it can be decomposed as

PAB = DDA PA ® i (87)
A

with a probability distribution {py}, and states {p} }, and {p3}, of the systems A and B, respectively.
Constrained separable states introduced in Ref. [26] obey a slightly modified definition compared to
the usual notion of separability.

Definition 26 (Constrained separable state). Let pap be a bipartite quantum state, @ : L(H ) — Va
and Vg : L(HB) — VB be linear maps to finite-dimensional vector spaces Va and Vg and let a € Vi
and b € Vg be some constant vectors. Then, pap is constrained separable with respect to @5, Vg, a
and b if pap can be decomposed as

PAB = > Px PA ® P (88)
A
where {pa}x is a probability distribution, p) > 0, py >0, Tr(p}) = Tr(py) = 1 and
Pa(pr) =a (89)
V(o) = b (90)

for all A.

In words, constrained separable states are separable states for which the tensor factors in each
summand of each separable decomposition obey an additional affine constraint. When it follows from
the context which constraining maps and constants are under consideration, we will just speak of
constrained separable states without further reference.

C.2  Optimisation over constrained separable states

An optimisation of a linear functional over some set of constrained separable states is a constrained
separability problem [26]. Every bipartite constrained separability problem is characterised by the
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data tuple (Fap, ®a, ¥p,a,b) and can be formulated as

max Tr(FaAp pAB) (91)
PAB
s.t. pAB = DDA PA © P (92)
A
pA >0, Tr(p/\A) =1, ®a(p}) = a for all A (93)
PR >0, Tr(pg) =1, Up(py) = b for all A (94)
P20, ) p=1 (95)

~[~]

Our strategy to find bounds or even exact results in some cases consists of calculating lower and upper
bounds to the problem (91) by semidefinite programs. If we find that lower and upper bounds coincide
for a problem, we can conclude that we have found the optimum.

C.3 Seesaw optimisation

Lower bounds to the constrained separability problem (91) can be obtained by a seesaw algorithm,
that is a standard approach in bilinear or more generally biconvex optimisation problems [63]. By the
linearity of the objective function, it is clear that the optimum will be obtained on an extreme point
pa & pp of the set of constrained separable states. Furthermore, every evaluation Tr(Fap pa ® pp) for
fixed pa, pp is a lower bound to the optimum of (91). The idea is now to fix a local state ps that
fulfils @5 (pa) = a and to maximise the reduced linear functional over states pp that fulfil ¥ (pp) = b.
This optimisation problem is a semidefinite program in standard form. In the next step, one takes the
optimiser pg and performs the analogous optimisation over pa. Both optimisation problems that are
given by

given pa given pp

max Tr[Tra(Fap(pa ® 18))ps] max Tr[Trp(Fap(1a ® pB))pal (96)
s.t. pp > 0,Tr(pp) = 1, ¥(pB) = b sit.pa >0, Tr(pa) =1, Pa(pa) = a

= Evaluate pp = Evaluate pa

are carried out alternately until convergence occurs. The limit point that is achieved by this procedure
is not guaranteed to be optimal value. However, by sampling over many initialisations pa, one can
often find a promising candidate for the optimiser and the optimum. Often, upper bounds can then
be used to confirm the optimality.

But even in the absence of any upper bounds, the error in the approximation coming from the seesaw
algorithm can be explicitly bounded, based on the geometry of the polytope that is spanned by the
chosen initialisations. To make this precise, we need to define a few quantities. First, the setting of
the constrained separability problems naturally motivates the definition of the associated constrained
(local) state spaces Y given by the convex set of states of the form

YA = {pA > O,TI‘(,OA) = 1,(I)A<pA) = a}. (97)

As mentioned above, in seesaw optimisation one selects or randomly samples states from Yj. The
initialisations may be thought of points that span a polytope that is included in Y4 motivating the
following definition of inner and outer polytopes of a constrained state space.

Definition 27 (Inner and outer polytope of constrained state space). Let Yo be a constrained state
space. An inner polytope Va of Ya is the conver hull of a finite subset of elements of Ya, i.e.,
Va = conv({pA 1% ,) where for each X\ € {1,...,m}, px € Ya. An outer polytope of a constrained
state space Ya is the convex hull On = conv({o)}",) of hermitian operators o) € L(Ha), such
that Op contains Ya, i.e., for each px € Ya there is a probability distribution {gx}Y_, such that

PA = ZT:1 qx UX
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Inner polytopes V4 that lie in the constrained state space and outer polytopes O that contain the
state space give rise to lower and upper bounds ry, and rp, of the optimisation problem (91) via

RO r{ rA(Fan(Pi © B))pB] oA =\ R TRX r[ ra(Fap(oy ® B))PB]
s.t. pp > 0, Tr(pp) = 1 s.t. pg > 0, Tr(pp) = 1
Vp(pp) = b Up(pg) = b

(98)

that can both be evaluated by finitely many semidefinite programs.

Inner and outer polytopes are therefore practical approximations of the constrained state space
Ya. To quantify the quality of the approximation of inner polytopes, whose vertices correspond to a
potential set of the initialisations of the seesaw optimisation, we define the approximation radius.

Definition 28 (Approximation radius). Let Vo be an inner polytope of a constrained state space Yj.
Furthermore, let T4 be some state that is in the interior of Va. Then, the approzimation radius I, (Va)
of Va with respect to the reference state Tp is defined as the solution of the optimisation problem

lry(Va) =maxt (99)
st tpa + (1 —t)Ta € VA Vpa € Ya. (100)

One way to compute the approximation radius in practice works by first enumerating the facets of
the polytope V4. For that, one has to find hermitian linear operators B) € £(#) and numbers b; € R
for i € {1,..., L} such that

L
Va={ra: Tr(ngA) < b} (101)
=1

Given the vertices of the polytope, the facet enumeration may be performed using the algorithm of the
double description method [64]. The approximation radius can then be computed by the minimisation
over finitely many outcomes of semidefinite programs, one for each facet of the polytope, as follows.
l;x(VA)= min min s 102
7a(Va) e (102)
wrtse Ry, pa € L(Ha)

s.t Tr(BZﬁA) >bi—(1—ys) Tr(BATA)
pa >0, Tr(pa) = s, Pa(pa) = sa.

The error bound in Theorem 12 of the main text further involves the quantity fr, defined as

fTA = min Tr [TI“A(FAB TA ® ]lB),OB] (103)
PBEYB

where the minimisation runs over all states pp in the constrained state space Yp. Importantly, f;,
only depends on the reference state 74 and can be computed by a single SDP. We are now ready to
prove Theorem 12.

Theorem. Let (Fap,®a,a,¥p,b) describe a constrained separability problem and let Va =
conv({ﬁf&}’)\":l) be an inner polytope of the constrained state space Yy, that has a non-zero approximation
radius -, (Va) with respect to some reference state Ta. Then, for the polytope approxzimation ry, , we
have the inequalities

1 lry(Va)—1
lra (VA) lra (VA)
In particular, the right-hand side of the inequality goes to v, if the approzimation radius I, (Va) goes
to 1.

(AN S ropt S

ry, + fra (104)
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Proof. First for A=1,...,m, let us consider the operators o*j_\\ defined via

1
A A
= - + TA. 1
oA lTA(VA)(pA TA) +TA (105)

We now claim that Ox = conv({c} }2,) is an outer polytope of Yz. To show this, let py € Y5. By
definition of the approximation radius i, (Va), we know that the state p; o given by

PLA = by (Va)pa + (1 =1y (Va))7A (106)

lies in the polytope Va which means that there is a decomposition pja = >5_ g ﬁg with some
probability distribution {py}3" ;. Reordering Eq. (106) yields

lry(Va) —1
— 4+ A A 107
PA lTA(VA)Pl,A RON TA (107)
m
1 Ly(Wa)—1 )
_ + 108
)\Z::l qx <ZTA (VA) PA ZTA (VA) TA ( )
=Y ao; (109)
A=1

from which follows that py € Oy, implying that O, is an outer polytope. Hence, we obtain the bound

Topt < max max Tr [TrA(FAB or® ]lB)pB} (110)
B
~ lT (VA) -1 .
< Tr | Tra(Fag pr @ 1 TaA Tr [Tra(F, 1

< lTA (VA) m):\J,X H}J%X ( T [ rA( AB PA & B)PB}) + lTA (VA) H/}én( 1"[ rA( ABTA & B)PB])

(111)
1 Lry(Va) —1

_ ry + A - 112

o T Lo )

The minimisation in the second term of (111) arises from the fact that the prefactor l”*(lvﬁ is always
TA

negative. O

C.4 Outer approximations
C.4.1 PPT-criterion

A simple and important tool to compute upper bounds to constrained separability problems is the well
known PPT criterion [65, 66]. Every bipartite separable state pap has a positive partial transpose
(PPT) pi%. Hence, the set of positive operators with a positive partial transpose forms an outer
approximation of the separable operators and states which are not PPT are detected as entangled.
In general, this approximation is not optimal in the sense that there exist entangled states which are
PPT.

This criterion for standard separability can be easily generalised for constrained separable states.
One can state the following.

Proposition 29. Let the state pap be constrained separable with respect to (®a, Vg, a,b). Then it
holds that

PaL >0 (113)
(ida ® ¥p)[paB] = Trp(pan) ® b (114)
(PA ®idp)[paB] = a ® Tra(pan). (115)

States pap that fulfil the conditions (113)-(115) hence form an outer approximation of the constrained
separable states. Relaxing the constrained separability constraints to PPT enables an upper bound of
the optimisation problem (91).

Accepted in { Yuantum 2026-01-08, click title to verify. Published under CC-BY 4.0. 23



C.4.2 Constrained symmetric extensions

A hierarchy of outer approximations of the set of constrained separable states is provided by so called
k—constrained symmetric extendible states which generalise symmetric extendible states introduced in
[47]. The corresponding idea stems from the quantum de Finetti theorem that characterises exchange-
able sequences of quantum states [54, 55, 67]. The following characterisation of bipartite separable
states is known.

Theorem 30 ([47, 55]). Let pap be a bipartite quantum state such that there exists a sequence of
states psym(ax)B labelled by k € N such that TI'Ak—l(pSym(A7k)B) = pap. Then every member of this

sequence can be written as

k) ) ®k
PSym(Ak)B = ZP(A ) pA - ® piy (116)
X

(k)

for some probability distribution p\~ and quantum states pj}l and pg. In particular, pap is separable.

The states psym(ax)p are called symmetric extensions of pap of order k and, if such an extension
exists for some k, pap is said to be k-symmetric extendible. As such, the sets of k-symmetric extendible
states for every k € N serve as a converging hierarchy of outer approximations for the separable states.
This concept admits a generalisation to constrained separable states in the following sense.

Definition 31 (k-constrained symmetric extendible state). Let pap be a bipartite quantum state,
Dp: L(HA) — Va and Vg : L(HB) — VB be linear maps, Va and Vg be vector spaces, and let a € Vi
and b € Vg be some constant vectors. Then pap is k—constrained symmetric extendible for k € N with
respect to ®a, ¥, a and b if there exists a quantum state paxg such that

paB = Trai-1(parp), Tr(parg) =1 (117

parp = (Us @ 1) paip (U @ 1) Vo € S (118
Trg(paxg) ® b= (idpkx ® ¥p)parp (119
Trag(paxs) ® a = (idpx1 ® o) Trp(parp) (120

— — ~— —

where S is the symmetric group of k elements and o — U, is its standard unitary representation on

(Cla )k

The conditions for k-constrained extendibility are semidefinite representable and the limit of & — oo
corresponds to the set of constrained separable states, which is formalised by the next theorem, first
proven in Ref. [26] and generalised to arbitrary ordered vector spaces in [56].

Theorem 32 ([26]). A bipartite quantum state pap is constrained separable with respect to ®a, Vg, a
and b if and only if it is k—constrained symmetric extendible for all k € N.

Similar to the unconstrained case, the convergence speed of the hierarchy can be improved by
imposing additional PPT constraints on the extension psxp. This works by adding the additional
constraint

(parp)Tal > 0foralll =1,...,k (121)

to the constraints (117)-(120).

Here, we present an alternative proof of the convergence of constrained symmetric extensions in
Theorem 32 that has first been proven in Ref. [26] based on information-theoretic constructions. Our
proof follows a different logic and directly makes use of the standard symmetric extension Theorem 30.
Furthermore, we make use of the following result that is well known in theory of symmetric tensors,
see for instance [68, Lemma 4.4| or [69, Corollary 4.4].

Lemma 33 ([68, 69]). Let vy,...,v, € C" be pairwise linearly independent vectors. Then for every

k >r—1, the vectors vig’k, e ,v?k e C"" are linearly independent.
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We will present an independent proof of Lemma 33. This requires the following result that just
states that if two vectors are linearly independent, then there is a functional that vanishes on one of
them but not on the other. This is rather intuitive in the context of inner product spaces, nevertheless
we will provide a formal proof. We will use (C™)* to denote the dual vector space of C".

Lemma 34. Let u,v € C" be linearly independent vectors. Then there is a functional ¢ € (C™)* such
that p(u) =1 and p(v) = 0.

Proof. Since u # v then there is ¢ € (C™)* such that ¥(u) # ¥ (v). We will now argue that we only
need to address the case when 0 # ¥ (u) # ¥(v) # 0. If ¥(v) = 0, then ¢ = % is the functional
existence of which we intend to prove. So we only need to treat the case when 1 (v) # 0.

If ¢(u) = 0, then take any ¢’ € (C™)* such that ¢'(u) # 0, such ¢’ must exist since u # 0, which
itself follows from that u and v are linearly independent. We can now construct v" = as) + 1)’ where
a € C. We have ¢ (u) = 9¢'(u) # 0, and we can choose « such that " (u) # 1" (v), i.e., we can choose
a such that ¥'(u) # a(v) 4+ ¢'(v), remember that we already argued that ¢ (v) # 0. Finally, we
can again only consider the case when 9" (v) # 0 since if ¥ (v) = 0, then ¢ = wfb,i(u) is the sought for
functional.

So let us consider the case when 0 # ¢ (u) # ¥ (v) # 0. Denote v’ = %u, then we have ¥ (u') = ¥ (v),
but since v and v are linearly independent we must have v’ # v. But then there must exist a functional
€ € (C™)* such that £(u) # £(v). Again if £(v) = 0, then we can construct the required functional ¢
as above, so we only need to treat the case when £(v) # 0. We can now construct

; p(v)
We have ¢'(v) = 0 as requested. Moreover, we have
oy ) PN () g &)
) = ) - ) = wiw) — Fle) = wiw) (1- 5. (123)
We already argued that ¢ (u) # 0, moreover we have {(u') # £(v) and so 1 — 55((1: /)) # 0. It follows that
¢ (u) #0. Thus, p = (p?p(/u) is the requested functional. O

Proof of Lemma 33. Fix k > r—1and i € {1,...,r}. Then for every j € {1,...,r}, j # i, there is
a functional ¢; € (C™)* such that ¢;(v;) = 1 and ¢;(v;) = 0; the existence of such functional is due
to Lemma 34. Moreover, let £ € (C™)* be any functional such that £(v;) = 1. Then we construct
¥ € (C™)* as follows:

]6{1777‘}7]#2

b= ( 03¢ %) BT+, (124)

Then we have 1 (v°%) = 1 and w(v?k) =0forje{l,...,r}, j #i. Now assume there are ay,...,a, € C
such that 327 _; a,v®* = 0. Then we have

0=1 (Zr: oznvf?k> = zT: an(vEF) = . (125)
n=1 n=1

Using the same construction for every index, we get a; = 0 for every i € {1,...,r} and thus the vectors
are linearly independent. O

Now, we have prepared everything to prove Theorem 32.
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Proof of Theorem 32. First, if pap is constrained separable, then it can be readily confirmed that it is
k-constrained symmetric extendible.

Assume now that pap is k-constrained symmetric extendible for all £ € N. This implies that pap
is symmetric extendible in the usual sense that there exists a sequence of states paxg for £ € N such
that pap = Trax-1(paxg). By Theorem 30, we know that for every k € N there exists a symmetric
extension ppxp of pap of the form

k Rk
pan = D08 (03)"" @ piy (126)
A
which implies that pap can be written as
_ (k) X b 197
PAB—ZP)\ Pa @ pPB- (127)
A

We now show that the existence of extensions of the form (126) implies that pap is constrained
separable, i.e., that ®(p}A) = a and Wp(py) = b for all A. First, by Carathéodory’s theorem [70], it
can without loss of generality be assumed that the sums in Eq. (126) and (127) consist of finitely many
summands and that the operators {pﬁ}ﬁle with n € N are pairwise linearly independent. Then, by
Lemma 33, we have that {(pﬁ)@)k}?}\:l is linearly independent for £ > n — 1 which implies the existence
of a set of operators {G }7_; such that Tr (G’Zk(pg)@)k) = 0. It is in the following assumed that
k>n.
From the previous discussion, we have that

i i k
P b= Trye [(Gh @ 18) 3 (1) @b (128)
L A=1
= Traw (G4 @ 1) Tr(parp) @] (129)
119 .
Oy, (Gl © 1) (i © W) i (130)
i ) N
= Ty |G @ 15) Y o (1) @ %(pﬁ)] (131)
L A=1
= pu VB(pH) (132)

for all w =1,...,n so that the operators pg fulfill the affine constraint.
Let now {égk,l}ﬁzl be a set of operators such that Tr (é" (pg)(@k_l) = 6,a. This leads to

Ak—1
P a = Tryes [(é;ik_l 210> 0 () g (133)
A=1
= Trpx— [(éikfl ® 1a) Trag(paxg) ® a} (134)
2 [(@’gk,l ® 14)(idpk—1 ® Pa) TrB(PAkB)] (135)
= Trpk [(éﬁikl ®14) En:p&k) )" e @A(Pﬁ)] (136)
A=1
=pP ®a(ph) (137)
for all u =1,...,n so that also the operators pg fulfil the affine constraints. This proves that pap is
constrained separable. ]
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C.5 Proof of Theorem 9

In this appendix, we prove the characterisation of memory-less testers by a hierarchy of semidefinite
programs that is given in Theorem 9 in the main text.

Theorem. A single-copy tester {Tfo}i]il is a convex combination of memory-less testers if and
only if for all k € N there exists a tester (not necessarily memory-less) {Tslym(I k)O}i]\il such that
Tio = Trqu(TSiym(Lk)O) where Sym(I, k) is the system that corresponds to the symmetric subspace of
the Hilbert space of k copies of the input system 1.

On the one hand, this characterisation of memory-less testers can be directly derived as a consequence
of Theorem 32. Here we show an alternative proof of the theorem, in which we make use of the following
characterisation of convex combinations of memory-less testers.

Proposition 35. A single-copy tester {Tfo}fil is a convexr combination of memory-less testers if and
only if there exists a separable state pig and a measurement { Mo} | such that Tiy = pig * M.

Proof. Let us first assume that the tester {TIiO}i]\Ll is a convex combination of memory-less testers, i.e.,

| N
Tio =Y pa it ® M) (138)
A

where jf are states and {Mg’\ N | are measurements for all \. Then we define a state pig and a

measurement Mg as

PIE = YDA AT ® [ AR (139)
A
i ~ri|A
Mo =S Nl © M (140)
A

In particular, notice that prg is a separable state. Now a straightforward calculation reveals that
Tio = pie * M} finishing the first part of the proposition. 4

Let us now assume that there is a separable state prg and some measurement Mg, such that
Tio = pie * M. Then one calculates

Tio = prw * Mg (141)
=3 Tre [(0 @ ()" @ Lo)(L1 ® Mio)| (142)
A
=Y " ot @ Trsl((od)" ® 1o) Miso)] (143)
Px 01 re[((pR 0)MEQO
A
=3 a0} @ 0T (144)
A

where MSA = Tre[((pp)T ® 1o) M) are POVM elements on the system O for every A which implies
that {17}, is a convex combination of memory-less testers. O

Proof of Theorem 9. By Proposition 35, convex combinations of memory-less testers are exactly given
by Tjo = pi * M, where pig is a separable state. By Theorem 30, pig is a separable if and only if
there exists symmetric extensions pgym 1) for all k € N of pig. Hence, one has

Tio = pie * Mo (145)
= Trp-1 (psymir) * Mbo (146)
= Trp-1 (psymir * Mbo) (147)
= Trpe-1 (TS ym(r100) (148)

where {T, Siym(l k)O}iJ\LI is a general single-copy tester with input system Sym(I, k) and output system O
which completes the proof. ]
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D Proof of Theorem 16

Proposition. It is not possible to perfectly discriminate the ensemble given by the unitary operators

{1,\/04, /0y, /0. }, explicitly defined by

10 e/ (1 e/t (1 1 10
]1_(0 1) Vo =g (2 1) \/@_\/i<1 1) \/a_<o 2)

using two-copy parallel testers.

Proof. Suppose, the unitary operators {1, /o, VOys\/0z } can be perfectly discriminated using two-
copy parallel testers. Then, since the environment system E is unlimited, every input state can be
purified and there must exist a pure state |¢)) = ZdE ! Z},k,:o ay k|l 7, k) such that the output states
[Ya) == (1g ® /04 ® \/04) |1) are pairwise orthogonal.

We now show that the collection of orthogonality conditions on the states [i,) contradict the
existence of [)).

We start with [¢) and [1),),

(Wls) = 3 af s v (1) (1) (K k) (149)
=Y (afoo00— a1 ou1,1) +i(efg 01+ 051 00010) (150)
!
= 1> (lewool” =l )|+ D (o l* + e ol?) (151)
1 1
=0 (152)
Thus, one has a;10 = g1 = 0 for all [ = 0,...,dg — 1. Hence, the state reduces to |¢) =

Zl «.0,0 ‘lv Oa 0> + Q1,1 |la 17 1)
Next, we consider the orthogonality of |¢)) and [i),)

Wle) =D afi o crpn U1 (K |Voa|k) (K'|/oz|k) (153)
= Z Of ok Ol <k/|@’k>2 (154)
=3 > (lawo0l? + |l — aro00f 11 — au1,1050,0) (155)

!

i

=3 > w00 — arial? (156)

[
=0 (157)

so that o009 = 1,1 =: ag for all [.
Finally, for |¢) and [vy),

(Whey) =D af ar (U[D) (K'|\/aylk) (kv lk) (158)
=" laal* (K| /oy k) (159)
=23 |y (160)
1
=0 (161)
It follows that a; = 0 and [¢») = 0 which is a contradiction. O
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E Proof of Theorem 24

Theorem. Fvery classically adaptive tester and every parallel tester is an adaptive tester. There
exist testers which are parallel and not classically adaptive and vice versa, as well as testers which are
parallel and classically adaptive.

Proof. We first show that every classically adaptive tester is an adaptive tester. Let the two-copy tester
{Tjo Y, be given by

TIO - Z R1101 ® SI‘QJOQ (162)
7j=1

where {R1101 ~, is a single-copy tester and {Sf';o2 N | are single-copy testers for all j € {1,...,L}.

We show that {T IO} * , satisfies the definition of an adaptive tester. From the definition of smgle copy
testers, one computes

N

Wio = > Tio (163)

=1

L

7=1

L ,

— Z R{IOI X o'fQ ® 1102 (165)

j=1
= GIOl ® ]102 (166)

with Gio, := Zf:l Rﬂol ® 0{2 and

Try, GIOI ZRhOl (167)
=pn @ 101 (168)

which together with Proposition 15 directly implies that {TIO} *, is adaptive. That every parallel
tester is an adaptive tester can also directly be seen from the definitions.
To see that the sets of classically adaptive and parallel testers have a non-empty intersection, we

consider a special subset of classically adaptive testers. We assume that the testers {S } for each

j €{1,..., L} from the decomposition (162) have the property that Zi:l ;ljoz = 01, ® 1o, with a

state o1, independent of j. Now, one calculates

N L
Y Tio =) Rio, ®@o,®1lo, (169)
i=1 =1

= pn ® o1, @ 1o,0, (170)

so that {T¥5}Y, satisfies the definition of parallel testers.

It remains to be shown that there are parallel testers which are not classically adaptive and vice
versa. To this end, we provide an example for both cases.

Let first {|¢?)}?_; be the usual two-qubit Bell states and consider the parallel tester {T7o}¥, given

by
Tho = o), o}

Notice that each tester element T; Iio is entangled in the bipartition I;O1|I202 which shows that the
tester can not be classically adaptive as these are necessarily separable in that bipartition.

(171)
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Next consider the tester {Tig}v, given by

1

Tio = Y_ 10X0l, ® [7)ilo, ® [7Xil, © liXilo, - (172)
§=0

It can be readily confirmed that

1 1
, . 1

" Tio # Tro (Z ch,) oo (173)
— — do
1=0 i=0

so that the tester is not parallel. O
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