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Sequential methods for quantum hypothesis testing offer significant advan-
tages over fixed-length approaches, which rely on a predefined number of state
copies. Despite their potential, these methods remain underexplored for unam-
biguous discrimination. In this work, we derive performance bounds for such
methods when applied to the discrimination of a set of pure states. The per-
formance is evaluated based on the expected number of copies required. We
establish a lower bound applicable to any sequential method and an upper
bound on the optimal sequential method. The upper bound is derived using
a novel and simple non-adaptive method. Importantly, the gap between these
bounds is minimal, scaling logarithmically with the number of distinct states.

The problem of identifying a discrete set of states is central to quantum information
science. Insights from this task have far-reaching implications, including setting theoretical
bounds on quantum error mitigation (QEM) [1], as well as advancements in fields such as
quantum cryptography [2] and quantum communication [3].

As this task is so fundamental, it has a rich history of study and results. The study
of this task began with binary state discrimination, that is, distinguishing between two
states, o1 and oy. The optimal measurement is given by the Helstrom measurement [4],
which yields a probability of error given by 3 (1 — ||m101 — m202]|;), where 7; denotes the
a priori probability of hypothesis ¢. With more copies of the states, the probability of
error decreases exponentially, motivating the study and characterization of the decay rate
of the probability of error. The optimal decay rate is given by the quantum Chernoff
distance [5, 6], which generalizes its classical counterpart. For the more general case where
N > 2 states are considered, the optimal decay rate is also well-characterized and given by
min, j.i+; Co(04,05) |7], where Cg(o, p) is the Chernoff distance between states o and p.

A variant of this problem is the unambiguous discrimination of states. In this setting,
any decision made must be correct. To guarantee this requirement, the option of choosing
not to decide is allowed. That is, for IV states, there are N + 1 possible results of the
discrimination process, with one completely uninformative. However, not every set of states
allows for unambiguous discrimination, as certain constraints must be met. For example,
for pure states and non-adaptive methods, the states must be linearly independent. This
problem has been widely studied for the cases of N = 2 [8, 9, 10, 11, 12] and N = 3 [13, 14].
In contrast, for N > 3, finding an analytical solution for the procedure that minimizes the
probability of an inconclusive answer becomes extremely complex.

The results discussed so far are about fixed-length methods, which involve a fixed
number of state copies. Yet, other approaches, known as sequential methods, proposed
for the task of quantum hypothesis testing in [15], are also studied for both quantum
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hypothesis testing and unambiguous discrimination. Sequential methods, unlike fixed-
length methods, deal with a random number of state copies. At the cost of this uncertainty,
they offer improved performance [16, 17, 18|. Interestingly, for the case of N pure states, as
shown in [18], using only simple non-collective measurements, we can achieve unambiguous
discrimination using an expected number of copies that scales as O(N). Much like fixed-
length methods, the problem of unambiguous discrimination has been scarcely studied for
the general case of N states using sequential methods.

In this paper, we analyze the theoretical limits on the expected number of state copies
required by sequential methods for the unambiguous discrimination of N pure states.
First, we derive a lower bound on the number of copies needed by any sequential method
that performs unambiguous discrimination. Next, we establish an upper bound on the
performance of the optimal sequential method. The gap between these bounds is of the
order O(log N), which is relatively small.

1 Quantum Hypothesis Testing and Unambiguous Discrimination

Quantum hypothesis testing involves distinguishing between different quantum states or
hypotheses based on measurement outcomes. Specifically, given multiple copies of an
unknown state o, the task is to determine which state from the set {o;} ; it corresponds
to. Here, we analyze a special case where all the states are pure, i.e., o; = |[¢);) (¢;] for
every i € [N], where [N] := {1,2,...,N}. The decision D € [N] is a random variable
(r.v.) that depends on the outcome of the measurements performed on the copies of state
o. The true hypothesis is denoted by S, i.e., 0 = og. Importantly, S € [N] is also a r.v.,
with probabilities given by the priors {m; }}¥ ;.

Therefore, the probability of error is given by P(D # S) and for simplicity, it is denoted
by P(£). Note that in fixed-length methods, the number of copies used to make a decision,
denoted by L, is preassigned. However, in sequential methods, where measurements are
performed in an online fashion, the decision is not made until some stopping criterion is
met. Consequently, the number of copies may vary depending on the measurement results,
so L becomes a random variable.

In unambiguous discrimination, the decision must be either D = S, meaning the true
hypothesis is identified, or D = N + 1, which accounts for cases where the discrimination
fails. The value N +1 is arbitrary and merely represents this additional outcome associated
with the inconclusive response event, denoted by Z. For fixed-length methods, the incon-
clusive probability must always be strictly positive, whereas for sequential methods, it can
also be exactly zero. Additionally, sequential methods have another advantage over fixed-
length methods. No necessary condition is required for the existence of a sequential method
that solves the unambiguous discrimination problem, whereas for fixed-length methods, it
is necessary that the states {|¢;)®“}N, are linearly independent [19]. Throughout the
paper, we use the shorthand P(Z|s) for P(Z|S = s), and E[L|s] for E[L|S = s].

Finally, for the sake of clarity, we introduce the formal definition of a sequential method
for quantum unambiguous discrimination.

Definition 1. A sequential method for quantum unambiguous discrimination is a method
that can be expressed in the form of Algorithm 1, and furthermore satisfies P(D # S) = 0.

Accepted in (uantum 2025-11-12, click title to verify. Published under CC-BY 4.0. 2



Algorithm 1

Input: Access to a query function that outputs copies of the unknown state [1)).
Output: Decision d € [N + 1].
1+ 0
while stopping criterion is not satisfied do

e Update the counter: ¢ < i+ 1

e Request k; copies of the unknown state |1)), where k; may depend on the data
from previous iterations.

‘ e Measure state |1) (1)|*¥ @ 7,_; using measurement £;, obtaining outcome z;,
where 7;,_1 denotes the collection of all post-measurement states from previous iterations.
This detail is included to account for measurements that do not completely collapse the
state, such as weak measurements. Similar to k;, the measurement £; may depend on
(g Hh, Oy Yo AL ).

‘ e Check whether the stopping criterion is satisfied.
end while
Take a decision d € [N +1], which is a function of the triplet ({z; };Zl, {k; }ézl, {L; };:1)

Interestingly, aside from the distinction between fixed-length and sequential methods,
additional distinctions can be made to further characterize these methods based on their
properties. For instance, if the measurements used do not depend on previous outcomes,
the method is said to be non-adaptive; otherwise, it is adaptive.

2 Lower bounds on the expected number of copies

In this section, we first present a lower bound on the expected number of copies used by any
sequential method that unambiguously discriminates a set of pure states. Next, we apply
the same technique to obtain an analogous bound for quantum hypothesis testing. Specifi-
cally, we adopt a worst-case approach, where we bound the expected value max,¢|nj E[L|s]
rather than E[L]. This approach allows for a more straightforward technical analysis and
interpretation.

2.1 Lower Bound in unambiguous discrimination

We start by presenting the main result of this section, which establishes a bound on the
expected number of copies required for unambiguous discrimination, and then proceed with
its proof. Importantly, the results obtained in this section do not require any particular
restriction on the sequential methods used or on the states to be discriminated.

Theorem 1. For any sequential method that distinguishes unambiguously a set of pure
states {|1;)}1, the mazimum expected value of state copies maxsen) E[L|s] satisfies

1 — max ey P(Z]s) (logS)

—log max; jiiz; | (¥il) 2 \ 3 S{maXEmsﬂ W

SE[N]

The most interesting aspect of this lower bound is that it is inversely proportional to
the minimum pairwise Chernoff distance. This is because the Chernoff distance can be
expressed as — log Tr(o102) when at least one of the two states is pure [20]. That is, the
geometry of the states has a significant impact on the performance of the methods. Another
interesting point about the bound is its dependence on the inconclusive probability, where
a higher probability reduces the required number of copies, as expected.
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To prove this theorem, we first need to derive some auxiliary results. In particular, we
use Corollary 1 and Lemma 2 to derive the bound for P(Z|s) = 0. Next, using the result
for P(Z|s) = 0 and Lemma 3, the final result is obtained. We begin by deriving Corollary
1, which is a specific case of the following lemma.

Lemma 1. Let ]P’succ({ai}fil) be the optimal probability of success in discriminating the
states {ai}fvzl given a single copy with prior probability of 1/N for all the states. Then,
for any subset S C [N],

s 5
Puvce ({0} 11) < 2 Brnee({0}ic) +

LB e({01}cs) )
where S = [N)\S.

Proof. For this proof, we need to express the optimal probability of success as the prob-
ability of success given by the optimal positive operator-valued measure (POVM). That
is,

Pace({01})) = = sup 3 Tr(Ajo)

s.t. vazl ANi=1
S L S Te(Ao) + — s > Tr(Aioy)
_ up - up T O — up r 104
0=01,02=1 N {Ai=0%ies  jes o N {Aito}ieg icS .
@1+®2:I s.t. ZiES Az:@1 s.t. Zleg Az:e2
1 1
< — sup Z TI‘(AZ'O'Z') + — sup Z Tr(AiJi)
N {Ai=0}ies  jes N {Aito}ieg ieS
S't'ZiES A =<I S.t.zieg—/\ij]
1 1
= sup Z Tr(AiUZ‘) + = sup Z Tr<AiUi)
N {Ai=Oties  jes N A0 5 T
S't'ZiES Al:I S't‘ziegAi:I
S S
= BV’PsuCC({Ui}iES) + |]V|IP)SUCC({O-7;}Z'ES) (3)

where the notation A > 0 means that A is positive semi-definite. The first equality uses
that 0 = > ;e i 2 [, and 0 X 3, g A; < I, for any POVM, and in particular, for the
optimal one. The inequality follows from removing the constraint ©, + Oy = I, meaning
we allow a broader set of matrices A;. Consequently, this modification can only increase
the value or leave it unchanged. Finally, the third equality follows from the fact that the
supremum is always achieved when }; ¢ A; = I. O

From this result, the corollary used in the proof of Theorem 1 follows.

Corollary 1. Let Peor({0:3Y1) = 1 — Psuec ({0 }.,) be the optimal probability of error
in discriminating the states {oi}ij\il given a single copy with prior probability of 1/N for
all the states. Then,

1 1 .
Pasor({o:}120) = ¢ (1= g minflos = ol (@
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implying that for pure states,

Perror({a—i}i\;l) Z % (1 - \/1 - I{I;?JX‘ Wz’%) 2) (5)

Proof. The proof follows trivially by applying Lemma 1 and performing some algebraic
manipulations.

Perror({ai}z‘]\il) =1- PsuCC({Ui}i]\il)

2 N -2
>1- N PSHCC({Uz’}ie{p,q}> TN

= 2 (1~ Pacel {03}icna))
2

1 1
5 (1=5 = 3l = aall)

=+ (1= 3l =l (6)

where the inequality follows from Lemma 1, with & = {p, ¢}, and from the fact that
Psuce({0i};c5) is upper bounded by 1. The final result is obtained by taking {p, ¢} such
that ”O'p*O'qu :min#j ||Uz *O’j”l. ]

Next, we state the second auxiliary result in Lemma 2.

Lemma 2. For any sequential method that unambiguously distinguishes a set of pure states
{1vi) Y, withP(T) = 0 using a mazimum expected number of measurements max ey E[L]s],

there exists at least one fized-length method that uses AK [maxsew] E[L!s” samples and
distinguishes the states with a probability of error at most 1/KA, where A, K € N.

Proof. See Appendix A. O

Now that Corollary 1 and Lemma 2 have been presented, we can prove Theorem 1 for
P(Z]s) = 0. To do so, we use the fact that the specific fixed-length method used in Lemma
2 satisfies that its error probability is lower bounded by that of the optimal fixed-length
method. Additionally, using Corollary 1, we obtain the following result.

1

N
ﬂ > Perror ({’wz> <wi‘®AK [maXSG[N]E[L‘SH }izl)

1
> 5 (1= L~ max ) PARTmeseci 01T ()

for any A > 1. The power 2AK [maxse[m E[L\sﬂ appears due to the property (¢;|“" [);)®" =

N
(¥i|Y;)", as we apply Corollary 1 to states {Wz‘>®AK [max e n) EILIS]] } ) Therefore,
1=
al 24K EIL
L KA = \/1 - I?;?]X| <¢z|¢]> | [max,e(v) E[Ls]] ®)

which implies that for any A such that (1 — N/K4) >0, i.e., A > logg N,

2
1 (1 _ N) > max | (s [;) |2AK [maxsen EILIs]] (9)
KA) = iz e
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Next, using that logmax;z; | (¢;|1;) |> < 0,

W log <1 -(1- IJ(VA)2>

> 2
AK log max;-; | (1:]v;) |

B 1 (logK> 5 log(2- )
- log max;; | (¥s]1;) |? K (14+46) (1+6)logN

> g TP (1) (175) 1o

where the equality follows by substituting A = log (N 1+5), being § € RT. The second

{max E[L|s]
SE[N]

inequality uses that N > 2 and, therefore, log (2 — %) /log N < 1. Finally, by taking the
supremum over 6 € RT and K € N,

1 log 3
“log maxiz; | (Uil ;) | < 3 ) = {Q%Emsﬂ -

for any sequential method that discriminates unambiguously a set of quantum states
{]w:)}Y, with inconclusive probability P(Z)=0. Finally, we use the following lemma to
conclude the proof.

Lemma 3. For any sequential method that unambiguously discriminates a set of states
{wi) YNy with an inconclusive probability P(Z|s) < 1 and an expected number of copies
E[L|s], there exists another sequential method that unambiguously discriminates the same
set of states {|10;) Y., with an inconclusive probability P(Z|s) = 0 and an expected number
of copies equal to E[L|s]/(1 —P(Z]s)).

Proof. See Appendix B. O

That is, we can transform a sequential method that unambiguously discriminates a set
of states with a strictly positive inconclusive probability into one with zero inconclusive
probability by increasing the expected number of samples by a factor of (1 — P(Z|s))~!.
The theorem follows by applying inequality (11) to this second sequential method.

Finally, we conclude this section by discussing the difficulties involved in improving the
lower bound using this proof technique. In particular, small improvements to the one-shot
lower bound given in Corollary 1, such as

1 1
Perror({0i}Y.) > —— (1 — = min||o; — 0|1 ], 12
rn(oiia) > o (1= G min o = 1 (12)
where g(N) < N is some increasing function, would unfortunately yield the same lower
bound when taking A = logy g(N)'*° and following the same procedure. Therefore,
improving Theorem 1 would likely require exploring alternative proof techniques or refining
Lemma 2.

2.2 Lower bound in quantum hypothesis testing

Interestingly, the methodology used in the previous section can be applied to the case
where a sequential method is used for the standard hypothesis testing task, i.e., there is
no inconclusive answer, and the probability of error may be nonzero.
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Theorem 2. For any sequential method that discriminates the set of pure states {|1;)} 4

with a probability of error satisfying max iy P(E]s) < %, then

1 1 Tmaxen PEls)\
—Tlog max; j.iz; | (¥i|Y;) > \ 2 6

< {max ]E[L|s]-‘ (13)

SE[N]

As in Theorem 1, we observe that the lower bound depends inversely on the minimum
pairwise Chernoff distance of the different states. Additionally, similar to the dependency
of the bound in Theorem 1 on the inconclusive probability, here, as the probability of error
increases, the bound decreases. This theorem complements the results in [16], which show
that any sequential method solving a binary hypothesis testing problem for mixed states
{01, 02} satisfies

max E[L]s] > — g PE)1 —P(E))

] 2 (D o), Dl )+ OO ()

However, this expression does not hold when min{D(p1, p2), D(p2, p1)} is not finite, as is
the case for pure states.

Note that the bounds given in (1) and (13) do not coincide when P(£) = P(Z) = 0,
as they are derived through slightly different procedures. Specifically, the proof of this
theorem is analogous to that of Theorem 1, but it uses Lemma 4 instead of Lemma 2,
which is stated below.

Lemma 4. For any sequential method that distinguishes a set of pure states {|1;) }I¥., with
a probability of error P(E]s) < &L for all s € [N, using an expected number of measure-
ments B[L|s], there exists at least one fized-length method that uses AK {maxse[N] E[L|5H
samples and distinguishes the states with a probability of error at most

A l_Krnaxse[N]]P’(g\s) 2
26 2 K—1

where A, K € N and K > 7.
Proof. See Appendix C. O

As before, we use the fact that the specific fixed-length method employed in Lemma 4
has an error probability that is lower bounded by that of the optimal fixed-length method.
This, together with Corollary 1, yields

KmaxSE[N] P(E|s)

o AR ({10 qeanTmmc =} 7 )

i - B < 1oy \ |2AK | max gy E[L]s]
> 5 (1= 1= max ) PARTsem =) (15)

for K, A € N, and K > 7. To obtain the result shown in Theorem 2, we need to substitute

log 2N1+9
(l _ K max,¢c[n P(S|s)>2
2 K-1

A= (16)

into the previous expression. Consequently,

1 2
1 log <1 ~(1-m) ) 1 K max,en P(E]s) < [max B[]S
Klogmaxi; | (Gilv)) |2 log(2N1F9) 2 K1 = |efn

(17)
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Since the inequality holds for any integer K > 7 and § € R*, we choose K = 7 and let
0 — oo as they maximize the lower bound. Next, for a fixed IV,

log (1 -(1- le)2>

li =-1
500 log(2N1+9) ’

(18)

which leads to the desired result.

3 Upper bound in unambiguous discrimination

In this section, we show an upper bound on the expected number of copies required to
unambiguously discriminate a set of pure states of the optimal sequential method. The
result is presented in the following theorem.

Theorem 3. For any p € [0,1], the optimal sequential method that unambiguously dis-
criminates the set of states {|1;)}L|, such that maxscn) P(Z]s) < p, satisfies the following
inequality:

max E[L|s] < min (19)

s€[N] = 6e(0,1) | —logmax;; | (1i|e) |

(1 - p)log(%51) <1+5>
1-0

For this theorem, we rely on the simple fact that any sequential method, in expectation,
uses more copies than the optimal method. Specifically, this upper bound is established
using a novel non-adaptive approach, which we now present. As before, we first derive the
inequality for the case where the inconclusive probability is zero, and afterwards, through
Lemma 6, we generalize it.

The proposed method measures copies of the state |¢)) until a conclusive result is ob-
tained. It proceeds as follows. Each copy is first measured using a two-outcome measure-
ment, and in case the first outcome is obtained, it is then measured with an /N + 1-outcome
POVM. The first measurement uses POVM {ATA, I — ATA}, where matrix A is selected
such that

(1) 0 = ATA <1,
(i) and {A |¢;)})¥, is an orthogonal set of vectors.

Without loss of generality, we adopt the convention that if the first outcome is obtained

when measuring the state |), the state transforms into A |) /1/ (| ATA 1)L, Conse-

quently, if the outcome of the POVM corresponds to ATA, then the set of post-measurement
states becomes an orthonormal set. Hence, the second POVM, given by

{A\w1><wlw Alga) (ol AT Afgpw) (| AT z_%AW wA*} 20)
(D1l ATA 1) " (ol ATA b)) " 7 (N[ ATA [N) T = (i ATA [y) |7

identifies the post-measurement state resulting from the first measurement, thereby allow-
ing the correct identification of the initial state |1)).

Now that we have explained the method, let’s propose a specific matrix A that satisfies
conditions (i) and (i¢) under certain assumptions.

A POVM does not uniquely determine the post-measurement state. However, the post-measurement
state of different POVM implementations varies only by a unitary operation, which is irrelevant to our
analysis.
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Proposition 1. Iff rank(W) = N, where W = Zfil [1;) (¥i], i.e., when the states
{|wi) Y, are linearly independent, then matriz

A= A (21)

[vive],

where |[M|l3 := supyy,=1 [Mull2 = \/Amax(MTM) and M* denotes the pseudoinverse
of M, satisfies that:

(1) 0 = ATA <1,

(i) and {A|;)}X, is an orthogonal set of vectors.

Proof. Substituting A = —" we obtain
VW,

T
VIWH VI +
0=<ATA = W VW — <7 (22)

Amax(‘/WJ“T*/W”L) Amax (W) —

where the equality follows from the fact that W is Hermitian. As for the second condition,
we prove that (¢;| W |¢;) = & ; when rank(W) = N. To do this, we first define the

matrix

H ={l¢1), [ha2) s [n)] - (23)
Matrix W can be written as HH', and additionally, matrix M; ; = (;| W+ |¢);) is given
by HIW+H. Since N = rank(W) = rank(H), then H*H = Iy, where Iy is the N x N
identity matrix. Therefore,
M=HW*'H=H(HH""H
—H'H'"Y"HTH = (HTH)'H'H = Iy (24)
where the third equality uses that (AAT)T = AT+ A¥ for any matrix A.

Finally, we prove that the condition rank(W) = N is a necessary condition. To see
this, we first use the fact that any A that satisfies the conditions (i) and (i¢) also fulfills

A fi) (il AT = o 3) (v (25)

where {|v;)}}¥, is a set of N orthonormal quantum states. Hence,

(Z W}Z wl ) AT = Zaz ‘Uz Uz’ (26)

=1

which implies that rank(AWAT) = N. Furthermore, using the property
rank(AB) < min{rank(A),rank(B)}. (27)

it follows that N = rank(AWAT) < rank(W). Since W is the sum of N rank-1 matrices,

we have that rank(WW) < N. Therefore, rank(W) N. Interestingly, the condition

rank(W) = N is not only necessary for A = Vv \/7VH to satisfy conditions (¢) and (4i), but

also necessary for the existence of any matrix A that satisfies both conditions.
O
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3.1 Performance of the proposed method

In this section, we analyze the performance of the method when using the A matrix pre-
sented in Proposition 1, which assumes linear independence of the states {|1;)}¥. Specif-
ically, as in the rest of the paper, the performance is measured based on the expected
number of copies used.

Lemma 5. The mazimum expected number of copies used, max ey E[L|s], when applying
the method introduced in Section 3, is upper bounded as

Amax (W)
BRI S 3w .

where W =SSN 1) (4], and M. (W) denotes the smallest positive eigenvalue of W.

min

Proof. Denoting by [1)s) the observed quantum state, then the probability of observing
the first outcome with POVM {ATA, T — ATA} is (5] ATA |¢)5). Therefore, the expected
number of copies is given by

1
(5| ATA [1)s)

where the second equality uses that > 3°;ia’ = a/(1 — a)? for |a| < 1. Next, note that
|1s) L Ker(W), which leads to the following inequality,

(s ATA s) = N (ATA)

min

_ )\+ W+
min )\max (W+)

Arin (V) Agin (W)

min min

B )\max(W+) B )\max(W)

= STU — (il ATA ) (] ATA i) =

(29)

(30)

where A (ATA) denotes the smallest positive eigenvalue of ATA. The first equality follows

min

from A = VIWW+ / ’\/7 H and the last equality uses that Apax(W™T) =1/ )\mm( ) and
AL (W) = 1/ Amax(WT). Therefore,
1 )\max(W)
L < 31
ELLls = TR ) = AL (W) (31)
O

Interestingly, as indicated by Lemma 5, when the states are nearly orthogonal, the
required number of copies is quite small. This is because, in such cases, all non-zero
eigenvalues of W are close to 1. To illustrate this more clearly, let us analyze an example,
where the set of states is chosen such that they satisfy || [1;) (5| —|i) (i] |2 = €. Specifically,
we set € = 51. Notably, for any value of €, the method introduced in [18] requires O(N)
copies. In contrast, the last method requires fewer than 3 samples on average. To prove
this result, we begin by using

1— N2 <A (W) < Apax(W) <14 Ne (32)
The bound on Apax (W) follows from
N N
Amax (W) = [Wl2 < /W =" [) (il + > 16)
i=1 2 =1 2
< Ne+1 (33)
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For the other bound, we use

N=Tr(W) <AL (W) + (N = DApax (W) <AL (W) + (N —1)(1 + Ne) (34)

min min

Therefore, performing some algebraic operations,

1— N?e< A (W) (35)
Consequently,
1+ Ne
< —<
E[L] < N2 = 3 (36)

where the second inequality follows from substituting e.

3.2 Removing the requirement for linear independence

The method presented at the beginning of Section 3 is based on Proposition 1 and, there-
fore, requires the set of states to be linearly independent. However, a sequential method
that unambiguously discriminates a set of states does not need to satisfy this condition. In
general, the only necessary requirement is that | (1;[1;) | < 1 for all i # j. To achieve this,
we can modify the proposed method to collectively measure a set of k copies, instead of
measuring each copy individually. That is, the problem becomes one of distinguishing the
states {|wl>®k N .. In this case, we can apply the previous method as long as the states
’T/Jz‘>®k are linearly independent. We will now show that a small value of k is generally
sufficient to ensure the linear independence of the states. Furthermore, we show also that
the ratio between the largest and smallest positive eigenvalues of W) = S [o;) (4;|¥* is
small.

To do this, first, let us define matrix H® = [|¢p))®* |¢h)®% -+ |n)®*]. Impor-
tantly, H®'H® — Iy as k increases since [H(k)TH(k)]i,j = (1hi|1;)*. Therefore, using
Gershgorin’s circle theorem, the eigenvalues of H (k)T py (k) satisfy

L= (N = Dmac| (i) |* < 3 <1+ (V= 1) max| () |* (37)
Therefore, for any ¢ € (0,1), if k satisfies

N log (5
~ —logmax; | (1i|1;) |

(38)

then the eigenvalues belong to the interval [1 — 4,1 + d]. Hence, since all eigenvalues are
positive, rank(H(k)TH(k)) = N, which is equal to the rank(H*)). That is, the states are
linearly independent. Furthermore, since the singular values satisfy o(H®) = o(H®1),
implying that for the non-zero eigenvalues )\(H(k)TH(k)) = A(W®)). That is, the non-zero
eigenvalues of W% fulfill inequality (37). Hence, putting everything together, and using
the value of k specified earlier, we conclude that

. log (V5 140
PP sy { “Togm, T (13) )

for any set of N quantum states. Therefore, the modification explained in this section
improves efficiency in terms of the expected number of copies, but at the cost of introducing
the added complexity of performing collective measurements, which are extremely difficult
to implement. Additionally, note that equation (39) proves Theorem 3 for p = 0. The
result can be generalized for p € [0, 1] using the following lemma:
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Lemma 6. For any p € [0,1], and any sequential method that unambiguously discrimi-
nates a set of states {|1;)}., with an inconclusive probability P(Z) = 0 and an expected
number of copies E[L|s|, there exists another sequential method that unambiguously dis-
criminates the same set of states {|1;)}. with an inconclusive probability P(Z|s) = p and
an expected number of copies equal to E[L|s|(1 — P(Z]s)).

Proof. The idea of the proof is to modify the sequential method slightly to introduce the
inconclusive probability. In particular, before anything else, we sample a Bernoulli random
variable B with parameter p. If the outcome is 1, then the method terminates and outputs
D = N + 1. Otherwise, the original sequential method is run. From this, it follows that
P(Z|s) = p for all s € [N]. Let’s now move on to analyze the expected value of copies.
Clearly, E[L|s,B = 1] = 0, and similarly, E[L|s, B = 0] = E[L|s]. Consequently, the
expected value of the new sequential method is given by E[L|s](1 — P(Z|s)). O

Interestingly, by examining the results of Theorem 1 and Theorem 3, we observe that
the gap between the two bounds is O(log N). As a result, the optimal method can only
improve the performance of the proposed method by a factor of this order. In other words,
while our proposed method may not be optimal, it achieves performance that is very close
to optimal.

4 Analysis for Mixed States

In this section, we discuss generalizations of some of the main results from the previous
sections to the case of mixed states. Interestingly, in Theorem 1, we observe that neither
Lemma 2 nor Lemma 3 makes use, at any point, of the restriction to pure states, therefore,
they also apply to mixed states. Next, combining (4) with inequality

lp— ol < 2y/1 - F(p,0) (40)

yields

1
Perror({ai}f\;l) > N (1 - \/1 - maXF(Ui7Uj)> (41)
7]
Consequently, using that F'(p®K o®K) = F(p, )&
(7). Hence, an analogous lower bound for mixed states holds.

, we obtain an expression analogous to

Proposition 2. For any sequential method that distinguishes unambiguously a set of mized
states {o;}1L |, the mazimum expected value of state copies max () E[L|s] satisfies

1 — max,en P(Z]s) (1og3> <{

E[L 42
—logmaxm;#j F(O’Z‘,O'j) 3 e [ ‘S]—‘ ( )

SE[N]

Note that, importantly, unlike in the pure case, for some sets of mixed states {ai}i]\il, all
sequential methods that distinguish the states unambiguously satisfy max,cn P(Z]s) = 1.
In other words, no sequential method can discriminate these states unambiguously. The
necessary and sufficient condition for the existence of a sequential method that satisfies
maxe( v P(Z]s) < 1 is stated next.

Proposition 3. The necessary and sufficient condition for the existence of a sequen-
tial method that unambiguously discriminates a set of mived states {o;}N.,, such that

maxe(n] P(Z | s) < 1, is supp(o;) € supp(;) for all i # j.
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Proof. The sufficiency is shown in Section 4C of [18]. To show that the previous condition
is necessary, we use a proof by contradiction. Specifically, assume that there exists a set
of states {o;} | such that the condition supp(o;) € supp(c;) for all i # j is not satisfied,
and that there exists a sequential method A such that max,cnP(Z]s) < 1. Then, there
exist 4, j € [IV] such that supp(o;) C supp(c;). Let us denote these states as p; and ps.
From [16], we know that any sequential method that discriminates these two states must
satisfy

—log P(£)(1 = P(€))
Is%&[l;](E[LM = min{D(p1, p2), D(p2, p1)}

Importantly, since supp(p1) C supp(pz2), min{D(p1, p2), D(p2,p1)} is finite, and the ex-
pected value grows at least as O(—logP(£)). However, using Lemma 3, the sequential
method A for unambiguous state discrimination can be transformed into a sequential
method with P(Z) = 0, or equivalently, P(£) = 0. Therefore, this transformed method,
when applied to the states {p1, p2}, also satisfies P(£) = 0 and has a bounded expected
value. This leads to a contradiction with (43) and completes the proof. O

+O(1) (43)

Finally, the method described in Section 3 can also be generalized to apply to some
sets of mixed states. The procedure starts by measuring with a POVM {ATA, T — ATA},
where observing the first outcome maps the supports of the states to orthogonal subspaces.
Subsequently, a POVM of projectors onto these subspaces is performed, with an additional
element projecting onto the complement to guarantee that the sum of all POVM elements
equals the identity.

Specifically, a matrix A satisfying the previous conditions exists at least when the states
{‘v;>}w, formed by the eigenvectors of the different states {o;}, are linearly independent,

where ‘fu;> denotes the j** eigenvector of state ¢;. In this scenario, we can take

A= AL (44)

[V,

where W = Z?Ll Z?"Zl v;> <v; .

In summary, the lower bound presented in Theorem 1 can be fully generalized to mixed
states, as shown in Proposition 2. Similarly, the method proposed in Section 3 can also be
generalized to mixed states. However, the upper bound derived from this method is not

straightforward to obtain for the mixed-state scenario.

5 Conclusions

In summary, by combining the results from both Theorem 1 and Theorem 3, we have
demonstrated that the performance of the optimal sequential method for unambiguous
discrimination of a set of pure states, as measured by maxcy]E[L[s], is primarily de-
termined by the inverse of the minimum pairwise Chernoff distance. Furthermore, we
have shown that the dependence of max ey E[L|s] on the number of states, N, is at most
O(log N). Despite these findings, an important question remains unresolved: namely, what
is the optimal scaling of the expected number of samples as a function of the number of
states, N7 That is, the optimal method may have no dependency on the number of states
N at all, which would show that the lower bound of Theorem 1 is tight. Alternatively,
the lower bound could be improved to demonstrate that the O(log N) factor is necessary,
rather than merely an artifact of the proof of Theorem 3.
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Apart from these results on optimal sequential schemes, we have also introduced a
novel non-adaptive method for the unambiguous discrimination of N pure states and a
generalization of Theorem 1 for mixed states. This method achieves a highly competitive
performance, as the optimal strategy can improve its performance only by at most a factor
of O(log N). Furthermore, the method is quite simple and has an intuitive geometric
interpretation.
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Appendices

A Proof of Lemma 2

In this appendix, we provide the proof of Lemma 2, which, for completeness, is restated
here.

Lemma 2. For any sequential method that unambiguously distinguishes a set of pure states
{1vi) Y, withP(T) = 0 using a mazimum expected number of measurements max () E[L]s],

there exists at least one fized-length method that uses AK [maxse[N] E[L!s” samples and
distinguishes the states with a probability of error at most 1/KA, where A, K € N.

Proof. The fixed-length method is defined as follows:
o Divide the AK [maxse[ N] E[L!sﬂ samples into A groups.
¢ Run the sequential method independently for each group.

e The final decision coincides with the one given by any sequential method that has
completed the procedure. If the sequential method does not finish for any group, a
random decision is made.

To analyze this method, first, let L denote the number of copies used by the sequential
method when the true state is given by |15). Then,

1

B(L, > KE[L|s]) < —

(45)
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independently of the method used. This follows from Markov’s inequality. Therefore,

P <L > K {maxE[L] ]D < % (46)

s€[N]

holds for all s € [N]. Hence,

N
PE)=P(D #8)=> 7, P(D # sS =s)

s=1
N A
< s P| Ly > K |max E|L
RO )
1
< i (47)

where the first inequality follows from the fact that an error can only occur if none of the
A
A groups has finished. This happens with probability P (Ls > K[max,en E[L]sﬂ) , as

each group uses K [maxc|nE[L[s]] states. The last inequality uses (46).
O

B Proof of Lemma 3

In this section we prove the following result.

Lemma 3. For any sequential method that unambiguously discriminates a set of states
{i) Y, with an inconclusive probability P(Z|s) < 1 and an expected number of copies

E[L|s], there exists another sequential method that unambiguously discriminates the same
set of states {|1;) ., with an inconclusive probability P(Z|s) = 0 and an expected number
of copies equal to E[L|s]/(1 — P(Z|s)).

Proof. The sequential method with zero inconclusive probability is obtained by running
the other sequential method until a conclusive answer is obtained. The number of times
the method is run is denoted by the r.v. R. Importantly,

P(R = r|s) = P(Z|s)" (1 — P(Z]s)) (48)
Furthermore, for R = r, the expected number of copies used is
(r—1DE[LID =N +1,s] + E[L|D < N + 1, 5] (49)

where D = N +1 is the inconclusive event. Therefore, the expected number of copies used
by the new method is

iP(R =rls)((r—1)E[L|ID =N +1,s]+E[L|D < N +1,s])

i P(Z]s)" "1 (1 — P(Z]s)) (r — DE[L|D = N +1,s] + E[L|D < N + 1, s])
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:E@ML<N+Lﬂ§3Mﬂ@“%1—Mﬂ$)

r=1

+EMU):AP+Lﬂ§3PabY‘%1—P@b»&—l)
r=1
P(Z]s)
1- P(Z|s)
(1 - P(Z|s)E[L|D < N + 1, 5] + P(Z|s)E[L|D = N + 1, ]
1-P(Z]s)

=E[LID<N+1,s]+E[LID=N+1,s]

_ _E[Lls]

1 -P(Z)s)
where the third equality uses that >°ja’ = 1/(1 — a) and }°)ia’ = a/(1 — a)?
for o] < 1. The last equality uses the identities 1 — P(Z|s) = P(D < N + 1]s), and
P(Z|s) =P(D = N +1|s).

(50)

O

C Proof of Lemma 4

In this appendix, we provide the proof of Lemma 4, which, for completeness, is restated
here.

Lemma 4. For any sequential method that distinguishes a set of pure states {|1b;) } N, with
a probability of error P(£|s) < % for all s € [N], using an expected number of measure-
ments E[L|s], there ezists at least one fized-length method that uses AK [maxsew] E[L|s]—‘
samples and distinguishes the states with a probability of error at most
2
_a 1 KmaxsE[N] P(E|s)
a(y- gy
where A, K € N and K > 7.

Proof. The method coincides with the one explained in Lemma 2, except in the decision
taken. In particular, we decide by a majority vote between the segments that have finished.
In case no segment ends the procedure, the decision is taken at random. Now, let’s analyze
its performance. To do so, first note that

P(&ls) =P <5|Ls > K ’Vng% E[L\s]-‘ ,5) P (LS > K ’Vmax E[L|s]-‘>

SE[N]

+P <¢€'|LS <K {max IE[L|5]—‘ ,s) P (LS <K ’Vmax E[L|s]—‘>
s€[N] s€[N]

1
> (1 — K) P <€|Ls <K hrelﬁ\)f(] E[L\s]—‘ ,5) (51)
where the inequality uses (46). Therefore, P(€|Ls < K {maxse[N] ]E[L]sﬂ ,8) < ZE5P(E]s) <
27 max,c(n) P(€]s). Now, we move on to the probability of error associated with the ma-
jority vote among the methods that have finished. For the moment, let’s assume that the

number of segments that have finished is A < A, and for these segments, we define the
following random variables,

XZ-(S) = 1 {Segment i makes the wrong decision given that the correct decision is s}
(52)
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Hence, since in these segments Ly < K [maxse[N] E[L|3]W,

E[x?)] = <5|L <K{£%E[L| ]W ) (53)

Using Hoeffding’s inequality,

d (s) ~ _2:2
P> X;¥-P|&IL, <K m%E[Ms] s|A>t| <e A (54)
=1 EIS

Taking t = (1/2 —PE|Ls <K [maxse[N] E[L] ﬂ )) A (as t has to be positive, this im-

plies that to guarantee ¢ > 0, max [y P(E]s) < B£-2) the previous inequality becomes,

A ~ - K max P(E|s)
A _9A(1_ s€[N]
P (Z X7z 2) ] (55)
=1

The left-hand side of the previous inequality is an upper bound on the probability of error
of the majority vote. To see this, note that if Zl: (s) < A/2, then the majority of the
groups that have finished are correct, and therefore, the decision is correct. Therefore,
errors can only happen when Z?:l XZ-(S) > fl/ 2. Consequently,

A~ 1 ~ K max P(E|s) 2

i s A o1 _ I MFseN] E1®)

IP)(‘sﬁxed|5,x4) <P ( XZ( ) > 2) <e (2 K-1 ) (56)
i=1

where Egyeq denotes the error event of the fixed-length method. Now, let’s analyze A.
First, we denote

Yi(s) = 1 {Segment i does not terminate} (57)
Hence, E[ ] P(Ls > K [maxse[N] E[L|s]b Using Hoeffding’s inequality,
0 =
S VY —AP( Ly > K |maxE[L[s]| | >t | <e 2 (58)
i1 s€[N]

Taking t = A (% —P(Ls > K {maxse[N] E[L|sﬂ)) (this implies that K > 2 to guarantee
that ¢ > 0),
P (f: v > A) < e 2AG-%) (59)
i=1 P2
Therefore,
—24(3-%)° (60)

@

P <[1 < 4 y s> <
2
Putting everything together, we have that
IP>(€ﬁxed) = Z P(gﬁxed‘sa A)P(;L 5)

s5,A

= Z P(Egyed|s, A)P(A|s) s
s, A

Z P(Efixed|s, A) (A|5) s + Z P(Exed|s, A) (A| )T

2
(liKmaXSG[N ]P’(8| ))
2
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Finally, for K > 7, as

K P&
L v2\ 1 (1 KmaxgnPER)) (62)
V2 K )72 \2 K—1
it follows that
_A(l_KmaxSE[N] ]P(€|s))2
P(Efixed) < 2e  \° r (63)
O
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