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Loop-based boson samplers interfere pho-
tons in the time degree of freedom using a
sequence of delay lines. Since they require
few hardware components while also allow-
ing for long-range entanglement, they are
strong candidates for demonstrating quan-
tum advantage beyond the reach of classical
emulation. We propose a method to exploit
this loop-based structure to more efficiently
classically sample from such systems. Our
algorithm exploits a causal-cone argument
to decompose the circuit into smaller effec-
tive components that can each be simulated
sequentially by calling a state vector sim-
ulator as a subroutine. To quantify the
complexity of our approach, we develop a
new lattice path formalism that allows us
to efficiently characterize the state space
that must be tracked during the simula-
tion. In addition, we develop a heuristic
method that allows us to predict the ex-
pected average and worst-case memory re-
quirements of running these simulations.
We use these methods to compare the sim-
ulation complexity of different families of
loop-based interferometers, allowing us to
quantify the potential for quantum advan-
tage of single-photon Boson Sampling in
loop-based architectures.

1 Introduction

Boson sampling is a promising candidate in the
search for quantum advantage because it presents
a problem solvable by a quantum computer that

William R. Clements: wclements@orcacomputing.com

generally cannot be solved classically. In single-
photon Boson Sampling (SPBS) proposed by
Aaronson & Arkhipov [1], a multi-mode Fock
state made of a collection of single photons is
sent through a passive interferometer and mea-
sured by photon number detectors. The proba-
bility distribution governing this process depends
on the permanent of a matrix, the computation
of which is #P-hard [2]. Under reasonable as-
sumptions, sampling from such a distribution is
classically hard [1]. As such, boson sampling is
generally intractable to simulate using a classical
computer beyond a few tens of photons. How-
ever, a quantum device can generate samples effi-
ciently.

To show that a specific SPBS system achieves
quantum advantage, we must determine the com-
plexity of classically simulating the sampling pro-
cess using currently known methods, and show
that this is beyond the reach of current classical
computers. In order to achieve sufficiently high
simulation complexity, we need the interferome-
ter to allow a large number of modes to interfere
with each other, generally requiring many compo-
nents to build, for example the triangular [3] or
rectangular [4] universal schemes. If the connec-
tivity is too low, the entanglement is local and
the system can be efficiently simulated, e.g. by
tensor network methods [5].

However, one family of architectures that al-
lows such connectivity but are easier to build are
loop-based systems, used for example by Mad-
sen et al. [6] in an experiment that claimed to
achieve quantum advantage. These architectures
work in the time degree of freedom where modes,
called time-bins, correspond to regular time in-
tervals in which photons arrive [7, 8]. The inter-
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Figure 1: Overview of the results. (a) A time-bin boson sampler consisting of loops of different lengths composed
in sequence. The input photons arrive in regular intervals, represented by time-bin modes with photon numbers
|n0, n1, . . . , nm−1⟩. The loops couple earlier time-bin modes to later ones, and the lengths of the loops are given
in time-bin units: thus a loop of length ℓ allows photons in modes a and a + ℓ to interfere. This is shown below
the physical schematic as a circuit. Note that by convention, the first ℓ time-bins are deterministically loaded into a
loop of length ℓ, and we omit drawing the initial vacuum modes inside the loop. (b) Progressive decomposition of
the circuit, where each yellow box Pa contains only beamsplitters in the causal cone of the measurement of mode a,
except for those already captured by previous causal cones. This decomposition allows us to evolve the wavefunction
only through components Pa that all have a bounded effective number of modes, measure their top mode, and
collapse the wavefunction into a subspace. (c) An example of our lattice path formalism that describes the reachable
state space of a loop-based system throughout simulation. Here, we show the state space after evolving the input
wavefunction

∣∣15〉 through component P0 and measuring 1 photon in the top mode, thus collapsing the wavefunction
into a subspace shown as the yellow lattice diagram. Each basis state |n′

1, n
′
2, n

′
3, n

′
4⟩ of the space that can be found

with nonzero probability corresponds to a path within the yellow diagram that starts in the bottom left corner, ends at
top right corner, and takes integer steps up or right. The numbers of photons correspond to vertical steps taken by a
path, as shown for two example paths on the right-hand-side. Basis states of the full Fock space F4C4 not contained
in the yellow diagram are not reachable.
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ferometer consists of time-delay loops of various
lengths, such as the ones illustrated in Figure 1a,
which allow photons in distinct time-bin modes
to interfere.

Investigation of the complexity of simulating
such loop-based systems is needed because, while
general SPBS is known to be hard, the restricted
circuit topology may be exploited to speed up
classical simulation. This would raise the bar for
quantum advantage in such loop-based systems.
Recent examples include Lubasch et al. [8], who
focused on the case where all loops have the same
length, and Deshpande et al. [9] who showed that
two loops of different lengths are also not complex
enough for advantage.

However, in the case of more general loop-based
systems, further study is required to determine if
and when these systems are simulable or not. Our
work advances this field of study by establishing
new conditions on the sequence of delay lines that
should be used to achieve advantage. Our main
contributions are described in the following.

Using a representation of a loop as a staircase-
shaped sequence of possibly nonlocal gates, as
illustrated in Figure 1a,1 we highlight the lim-
ited connectivity of the interferometer. Follow-
ing a light-cone argument, we decompose the cir-
cuit into smaller components shown in Figure 1b.
Each component has a bounded effective number
of modes, and only contains a small number of
beamsplitters; thus strongly simulating a single
component (by computing its state vector evolu-
tion) is easier. Our method measures a single
mode after simulating each component, and col-
lapses the wavefunction correspondingly, keeping
the memory requirement tractable even for large
systems. The wavefunction evolution through
each component can be computed using any wave-
function simulator capable of working in the Fock
(number) basis, giving a way for further specific
optimizations or extensions.

To quantify the complexity of the above simu-
lation method, and hence help in the search for
quantum advantage, we develop a new formalism
based on lattice paths that fully describes the
state space throughout the simulation. An exten-
sion of the work of Brádler & Wallner [10], our

1Note we use the same convention as [7] where we
preload the loops with the first time bins which leads to
the circuit as shown, omitting the initial vacuum modes of
the loops.

formalism maps one possible output state as one
path in the lattice, and the entire reachable space
corresponds to a region bounded by the maximal
path; see an example in Figure 1c. Our formal-
ism provides tools to reason not only about purely
loop-based systems: one can use it to characterize
the state space in an arbitrary circuit of beam-
splitters and measurements, as long as the first
operation is a loop of length one time-bin, and
the input consists of Fock states.

The structure of our paper is the following:
First, in Section 1.1, we compare our approach to
existing methods found in the literature. In Sec-
tion 2, we present the background material neces-
sary to understand the paper. Then we study the
circuit topology of loop-based systems, and use it
to design a new simulation algorithm in Section 3.
In Section 4 we develop our new lattice path-
based formalism to characterize the state space,
and in Section 5, we show how our formalism can
be used to obtain the memory complexity statis-
tics. We use these tools to evaluate the potential
for quantum advantage in a family of loop-based
systems where the lengths are 1, ℓ, ℓ2. Finally,
in Section 6, we contextualize our findings and
identify advantage candidates that warrant fur-
ther study.

We provide a companion Git repository2 with
a reference implementation of the simulation al-
gorithm, as well as the lattice-path computation
and complexity estimation used to obtain results
in Section 5.

1.1 Comparison with other approaches

First, we summarize how our approach compares
to other relevant work in the literature. Our ap-
proach provides an efficient method for simulat-
ing loop-based circuits with a very large num-
ber of photons and modes, as long as there are
few loops and their lengths are kept short. This
regime is not covered by any other classical simu-
lation algorithm to date. We describe these other
algorithms in the following. Note that we focus
here on exact sampling algorithms as the most rel-
evant comparison, and do not consider methods
that exploit noise to approximate boson sampling
such as [15].

2https://github.com/orcacomputing/
loop-progressive-simulator
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Circuit type ⇒ power-law (Λ loops, base ℓ) full-depth Haar-random
Algorithm ⇓ triangular [3] or square [4]
our method ℓ = 1 O(mΛ32.6Λ) O(m42.6m)
(average instance) ℓ > 1 O(mΛℓ2(Λ−1)2.6ℓΛ−1) n/a
Clifford & Clifford [11] incl. O(m2m/2) +O(m3)
tree decompositions [12, 13]
SLOS_full [14] O (m2.6m)

Table 1: Computational scaling of our method compared to other simulation and sampling algorithms. Here m is
the number of modes, and we consider systems where the number of photons is half the number of modes. For the
power-law architecture, we consider a sequence of Λ loops of lengths 1, ℓ, ℓ2, . . . , ℓΛ−1. The base of exponentials
2.6 ≈

√
27/2 comes from the use of the Stirling’s formula to simplify

( 3
2 x−1

x

)
as x grows, see (C.5).

As a first point of reference, Clifford and Clif-
ford [11] developed an algorithm generating a
sample from an m-mode n-photon experiment in
time O(n2n) + O(mn2). This general method
does not exploit any internal structure of the in-
terferometer and only depends on the number of
modes and photons. As such, it becomes imprac-
tical in regimes above 40 photons, even when
the interferometer is highly structured. Our al-
gorithm can sample from states with many more
photons in simple loop-based systems.

For settings where local-only interactions in-
duce a sparse graph structure, tree decomposition
techniques can reduce the complexity of the Clif-
ford and Clifford algorithm to O(mn2ω22ω) [12],
with a further reduction to O(n22ωω2) +O(ωn3)
achievable in the 1D lattice case [13]. Here ω cor-
responds to the (highest) treewidth of the graphs
representing measurement outcomes. However,
in general, these tree decomposition techniques
are not transferrable to our setting: in the pres-
ence of loops of arbitrary lengths, long-range in-
terference occurs which leads to less sparsity in
the graph representing the connectivity of modes.
As such, they cannot be used for the loop-based
circuits considered in this work.

Another point of reference is the
SLOS_full [14] strong state vector simula-
tor. The SLOS_full algorithm achieves a
running time O(n

(n+m−1
m−1

)
) where the binomial

is the dimension of the Fock space. It is general
in the sense that it does not exploit any internal
structure. This, however, means that at some
number of photons and modes, the time and
memory requirements become intractable. Our
algorithm, on the other hand, calls a strong sim-
ulation subroutine only on a smaller subcircuit,
with a smaller number of photons, and then

samples some of the photons, thus keeping the
problem tractable even for many photons and
modes in a loop-based system. Note that on
a Haar-random circuit, our method is slower
than SLOS_full since we evolve the state vector
over all the beam splitters one by one instead of
just using the matrix description of the overall
unitary to calculate the state.

In Table 1, we summarize the comparison in
a table showing the time complexities of our
algorithm and the other algorithms described
above. As illustrative examples we focus on two
cases. First, we consider the power-law archi-
tecture with the sequence of loops of lengths
1, ℓ, ℓ2, ..., ℓΛ−1 (with integer ℓ and Λ) that we
study in Section 5.3, with an input state |n⟩ =
|1, 0, 1, 0, . . . ⟩. Ours is the only method that
does not scale exponentially with the number of
photons or modes, with scaling instead with ℓ
and Λ. We also contrast this with a Haar-random
circuit, modelled as a triangular or rectangular
schemes [3, 4] which can also be implemented
in a loop-based system (setting ℓ = 1), and the
same input state. For these Haar-random circuits,
other methods are more appropriate. The deriva-
tion of the complexities presented in this table
can be found in Appendix C.

We note that the theoretical hardness of loop-
based circuits has been explored by Go et al.
[16, 17]. In [16], the authors present a circuit
with a “non-local hypercubic structure” which can
be implemented with a power-law architecture
with sequential loops of length 1, 2, 4, ..., 2⌊log2(m)⌋

where m is the number of modes. This circuit is
shown to exhibit properties that are conducive
to hardness, which include the ability to mimic
a Haar-random unitary up to the first moment
and the so-called hiding property exploited in
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the usual hardness proofs for boson sampling.
In [17], a circuit with two repetitions in sequence
of this power-law architecture was shown to be
hard. Our work bridges some of the gap between
known classical simulation methods for one loop
[8] and two loops [9] and the hardness results from
Go et al. by extending the range of simulable loop-
based architectures.

2 Background
We start by introducing some background to fur-
ther motivate the study of loop-based time-bin
interferometers and to introduce our new meth-
ods to simulate and characterize them. We give
a short overview of SPBS in Section 2.1, we moti-
vate and define loop-based time-bin interferom-
eters in Section 2.2, and we present the back-
ground for the lattice path formalism in Sec-
tion 2.3.

2.1 Single-photon Boson Sampling
Single-photon Boson Sampling (SPBS) is a quan-
tum optical experiment defined by Aaronson &
Arkhipov in [1] where we send a collection of n
indistinguishable single photons into a linear in-
terferometer on m modes (ports) and measure
where they exit. The quantum state of light in
such an experiment is described by a vector in
Fock space FnCm. This is spanned by the num-
ber basis made of vectors |n0, . . . , nm−1⟩ where
each na is the number of photons in mode a. The
dimension of a Fock space of n indistinguishable
photons distributed in m modes is:

dimFnCm =
(
m− 1 + n

n

)
(2.1)

The SPBS problem is defined as follows: gen-
erate Fock basis states measured after sending an
input |n⟩, usually with na ≤ 1 for each mode,
into a linear interferometer. The interferometer
is a mode-to-mode transformation described by a
unitary matrix U : Cm → Cm. There are many
ways to construct these, most commonly decom-
posing them as a system of single-mode phase-
shifters and two-mode beamsplitters [3, 4]. We
represent a beamsplitter B(θ) : C2 → C2 as the
following rotation matrix [18]:

B(θ) =
(

cos θ sin θ
− sin θ cos θ

)
. (2.2)

In a system of more than two modes, we specify
that a beamsplitter acts on modes a, b as Ba,b(θ).
Note that we omit any reflection or transmission
phases, only representing the coupling angle θ.
Furthermore, we will often care only about a cou-
pling being possible but not the concrete value
of θ, in which case we omit it from the notation.

The input-output transition amplitudes of the
interferometer U acting on the Fock space are per-
manents of certain matrices derived from U [1].
The computation of a permanent of a general ma-
trix belongs to the complexity class #P-hard [2,
1]. This means that classically simulating Boson
Sampling is likewise hard, and that is the reason
why Boson Sampling devices, which can generate
these samples natively, are candidates for quan-
tum advantage.

2.2 Loop-based time-bin interferometers

One specific type of architecture used for Boson
Sampling, proposed by Motes et al. [7] and ex-
perimentally implemented for example by Mad-
sen et al. [6] and Carosini et al. [19], is based
on loops. Here, some output port of a device
is connected back to an input port of the same
device using an optical loop; see an example in
Figure 1a. The modes of a loop-based interferom-
eter, called time-bins, correspond to regular time
intervals when photons arrive or leave [8]. This
is useful because it allows us to build complex in-
terferometers without using many physical com-
ponents [20], and the combination of being prac-
tically realizable, but at the same time allowing
large interferometers, makes loop-based architec-
tures candidates for quantum advantage demon-
strations.

2.2.1 Single loop

We define an optical loop as a device consisting
of a delay line and a single beamsplitter which
may change its transmissivity in time. The loop
connects one output port of the beamsplitter to
an input; the remaining two ports are the input
and output of the device.

We understand this as a circuit consisting of
a staircase-shaped sequence of beamsplitters, as
in Figure 1a. The length of the loop is given in
time-bin units, so if the loop has length ℓ, denoted
Lℓ, then it couples mode a to a + ℓ. Note that
for every loop Lℓ, including when these are com-
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posed in Section 2.2.2, we employ the convention
of Motes et al. [7] where photons from the initial
ℓ modes deterministically enter the loop, and we
omit the latter’s original vacuum modes. This
gives us the circuit in Fig. 1a, and the following
definition:
Definition 2.1 (optical loop). Let ℓ ≥ 1. Then
define a loop of length ℓ as the following composite
of time-bin beamsplitters:

Lℓ = B0,ℓ #B1,1+ℓ # · · · #Ba,a+ℓ # · · · ,

where the composition is written from left to right
(A # B := BA for maps A,B), and we omit the
coupling angles. In practice, the total number of
modes m is finite and the above composite stops
at Bm−1−ℓ,m−1.

The simplest example is the loop L1 = B0,1 #
B1,2 # · · · , which looks like a staircase of nearest-
neighbour beamsplitters when drawn as a circuit
(see the left part of Figure 1a). This loop is im-
portant throughout the paper, because it estab-
lishes a shared pool of photons to be distributed
between modes; we come back to this idea in Sec-
tions 2.3 and 4.

2.2.2 Sequential composites of loops

A single photonic loop Lℓ is a fairly simple sys-
tem, and in particular it can be efficiently sim-
ulated [8]. This means that in order to achieve
quantum advantage, we need to look elsewhere,
and the natural idea for a loop-based setup is to
compose multiple loops together.

There are different ways that multiple loops
could be joined together, and in our work we focus
on sequential composites of loops Lℓ1 #Lℓ2 #. . .#LℓΛ ,
where Λ is the number of loops, and the lengths
ℓj may be different. An example of such architec-
ture is L1 #L3 shown in Figure 1a. Note that if all
lengths ℓj = 1, then the individual loops are sim-
ilar to slices of the Reck scheme [3], a well-known
universal decompositions of optical unitaries to a
system of beamsplitters and phase shifters.
Definition 2.2 (power-law composites). An inter-
esting family of sequential composites of loops are
those with lengths ℓ = (1, ℓ, ℓ2, . . . , ℓΛ−1), which
we call power-law composites. We call ℓ the base
loop length.

Power-law systems are important because of
their simple form that still allows long-range en-
tanglement in shallow circuits (Λ small). The

property that each length is an exponent of ℓ
generates connectivity between modes that can
be understood as the volume of a Λ-dimensional
hypercube with sides of length ℓ, where modes
are vertices at integer coordinates and edges cor-
respond to beamsplitters [9, 16]. Such architec-
tures have been recently used in an advantage
demonstration [6], and in Boson Sampling hard-
ness results [17, 16].

2.3 Lattice path formalism for bosonic Fock
spaces

The circuit topology of loop-based systems re-
stricts where photons can go, and this can be cap-
tured by a formalism where the state space corre-
sponds to a region in an integer lattice. Possible
output number states correspond to lattice paths
within this region (see for example Figure 1c),
and thus the lattice-path representation can be
used to count the state space using combinato-
rial methods.

In this section, we describe the original lattice-
path formalism developed by Brádler & Wall-
ner [10] that can be used to count and enumerate
the state space of a system of loops that all have
length one. We expose their results using a dif-
ferent notation and terminology that will suit our
needs later; and we then expand their formalism
to general loop-based systems in Section 4.

2.3.1 Lattice paths

Informally, a lattice is a collection of discrete
points in space that repeat in regular intervals.
We will be interested in lattices contained within
finite rectangles in the N2 quadrant of Z2, and in
the paths allowed within these rectangles.
Definition 2.3 (lattice path). Let W,H ∈ N.
A lattice path in the rectangle of dimensions
(W,H) is a path in N2 that starts at the ori-
gin (0, 0), ends at point (W,H), and only takes
steps right (+1, 0) or up (0,+1). The set of all
(W,H)-lattice paths is denoted L(W,H).

To describe individual paths in L(W,H), we
define two equivalent representations, each with
a different domain of usefulness. We show an ex-
ample path and both representations in Figure 2.
Definition 2.4 (height representation). In height
representation, a path is written as a nondecreas-
ing sequence of integers λ = (λ0, . . . , λW ). Each
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Figure 2: Example of a lattice path from L(3, 2) in
both the height and step representations. (red) Height
representation λ = (0, 0, 1, 2) where the coordinates
indicate the height of the path above the horizontal axis.
This is the maximum y coordinate of a point passed by
the path at each x coordinate. (blue) Step representation
nλ = ∆λ = (0, 0, 1, 1) with coordinates nλ

a = λa−λa−1
that represent the size of the vertical steps the path takes,
shown by blue dashed arrows.

component 0 ≤ λa ≤ H is defined as

λa = max{yi : (a, yi) ∈ N2 is passed by λ},

where (a, y) are points with x = a passed by the
path; see example in Figure 2 in red. Note that
since a path must end at point (W,H), the final
component is always λW = H. Height repre-
sentation is denoted by lowercase Greek letters
λ, κ, µ, . . .

Definition 2.5 (step representation). A lattice
path in L(W,H) represented by λ in height
representation has step representation nλ =
(nλ

0 , . . . , n
λ
W ) where the component nλ

a is the num-
ber of steps up that λ takes at x = a. Equivalently,
it is the discrete difference of the height represen-
tation, written nλ = ∆λ with components

nλ
a = λa − λa−1,

see example in Figure 2 in blue. By convention,
λ−1 = 0. The step representation is suggestively
denoted by n to indicate the connection to bosonic
Fock states, and identified by a superscript when-
ever required.

Both representations are clearly equivalent,
and to go from step representation n to height
representation λn (note the superscript to iden-
tify the path), we take the summation:

(λn)a =
a∑

b=0
nb. (2.3)

2.3.2 Fock states represented by lattice paths

In Definition 2.5, we define the step representa-
tion of a lattice path, suggestively denoting it

n highlighting the connection to Fock (number)
states. We show two example basis states in the
right path of Figure 1c. We now make this con-
nection formal:
Lemma 2.6 (bosonic states are lattice paths).
The bosonic Fock space FnCm of n indistinguish-
able photons in m modes is spanned by lattice
paths in a rectangle of size (m− 1, n):

FnCm = ⟨L(m− 1, n)⟩C , (2.4)

where we use the notation ⟨S⟩C (or just ⟨S⟩) for
a C-vector space spanned by elements of a set S
seen as an orthogonal basis.

Proof. We show that the dimension is correct. A
lattice path in L(W,H) must start at the origin
and take H steps up and W steps right to reach
(W,H). It takes a total of W +H steps, and any
order of the steps is allowed, so the number of
paths is the combination number

(W +H
H

)
. Setting

W = m− 1 and H = n:

|L(m− 1, n)| =
(
m− 1 + n

n

)
(2.1)= dimFnCm.

Finally, note that all lattice paths end at height n,
so each path in step representation, which con-
tains the sizes of the steps up, corresponds to
distributing the n photons into m modes. We
conclude that lattice paths in L(m− 1, n) indeed
correspond to basis states of FnCm. ■

So far, we have a convenient way to visually
represent number states that implements the con-
straint that there are in total n photons dis-
tributed between m modes. In the next section,
we show that lattice paths can help us implement
more constraints on the state space.

2.3.3 Loops give downsets

The circuit topology of a loop-based system al-
lows incoming photons to end up only in some
modes. We can capture this using a region in the
lattice that represents the subspace of the valid
number states. As shown in Figure 3, the impor-
tant new information encoded by this region are
the constraints on the maximal number of pho-
tons in a given mode, which form a nondecreas-
ing sequence that defines a lattice path, and all
paths below it are allowed. This is enough to
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describe the state space because photons are in-
distinguishable and we only know how many are
in each mode.

We show how this works for a system with
length ℓj = 1 for each loop, which is one of the
main results of [10]. Our work in Section 4 ex-
tends this to more general systems.

We take the simplest example using a system of
a single loopX = L1 acting on an input state

∣∣15〉
on 5 modes in Figure 3. At each of the output
wires of the circuit, we write down the set of pos-
sible numbers of photons measured there: these
have the form J0, µaK = {0, 1, . . . , µa}, where µa

denotes the maximum number of photons that
could exit in mode a. Intuitively, µa can be found
by following the possible paths of the photons
through the circuit X. More formally, if the in-
put state is |n⟩, we can express the maximum
number of photons in output mode a as

µa =
∑

b

nb,

where the summation runs over the input modes b
from which photons can reach output mode a.

|1⟩ J0, 2K
L1

|1⟩

|1⟩

|1⟩

|1⟩

J0, 3K
J0, 4K
J0, 5K
J0, 5K

2 3 4 5 5

Figure 3: An example showing how we obtain a maximal
lattice path µ from a given circuit and input state, in
this case L1 and

∣∣15〉. On the output modes are sets of
possible photon numbers measured there, and we show
how these define the lattice path µ (red). The possible
measurement outcomes are all the lattice paths lower
than µ – these are the paths constrained to the yellow-
shaded region under µ.

Due to the staircase structure of L1, the se-
quence µ = (µ0, . . . , µm−1) is nondecreasing and
terminates in n, the total number of photons.

This means it corresponds to a height represen-
tation of a lattice path in L(m − 1, n), shown in
red in the example of Figure 3. The set of possi-
ble output basis states is exactly the set of paths
lower than µ, i.e. those constrained to the yellow-
shaded region in the figure. We refer to µ as the
maximal lattice path, and we call the set of paths
below or equal to it the downset µ↓. This exactly
describes the state space which has the following
form:

Definition 2.7 (cumulative space). Let K be a
subspace of FnCm. If there exists a maximal
lattice path µ ∈ L(m− 1, n), corresponding to a
basis state |nµ⟩ in FnCm, such that K = ⟨µ↓⟩C,
then we call K a cumulative space.

2.3.4 Interpretation

The reason to make the above definition and call
it a cumulative space is that the loop L1 acts as an
accumulator of photons. It collects incoming pho-
tons, and may release them into any subsequent
time-bin. Notice that the maximal path µ cor-
responds to photons leaving the system as soon
as possible, i.e. never entering the loop.3 The
paths below µ correspond to some photons enter-
ing the loop and leaving later than their starting
time-bin, with the extreme being the bottom path
λ⊥ = (0, . . . , 0, n) where all photons stay in the
loop until the last time-bin mode.

Finally, we shortly note that in this context of
lattice paths, lower than has a precise meaning
in terms of a partial order on the set L(m− 1, n),
called the Young order. Two paths λ and µ satisfy
λ ≤ µ iff λa ≤ µa for each component a. The
heights of λ are lower in the lattice than those of
µ, so indeed λ belongs to the region below µ in
Figure 3, which is the downset

µ↓ = {λ ∈ L(m− 1, n) : λ ≤ µ}.

In the main body, we give a mostly non-order-
theoretic presentation, and instead we only elab-
orate on the formal details in Appendix B.

3Except of course the first photon, which is preloaded
into the loop by convention (see Section 2.2.1). This photon
also immediately exits.
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3 Loop-based structure allows simula-
tion of certain interferometers

We present a new wavefunction evolution algo-
rithm to classically simulate loop-based interfer-
ometers exploiting their staircase structure by
performing partial measurements when modes be-
come unused.

3.1 Progressive simulation algorithm

Observe in Figure 1a that due to the staircase
shape of the circuits corresponding to loops, each
mode has a time in the circuit after which it is
never affected by any subsequent operation. Our
algorithm is a hybrid between strong and weak
simulation: it evolves the wavefunction through
small components of the circuit, and after each
of them, it simulates the measurement of a single
mode that is never needed again, collapsing the
wavefunction to a smaller subspace in the process.
Due to the collapse, the memory required to store
the state vector stays more manageable. Further-
more, we show that the strategy of measuring sin-
gle modes and collapsing the state means that we
only strongly simulate circuits with a low effective
number of modes. Therefore our algorithm can
tackle even large loop-based systems that could
not be simulated otherwise.

3.1.1 Decomposition of the circuit

We describe the idea using the simple system
L1 #L3 shown in Figure 1a. We push the measure-
ment of mode 0, and all beamsplitters that influ-
ence it, to the left. At the same time, we push
all subsequent beam splitters to the right of the
measurement, obtaining Figure 1b. Two beam-
splitters can be pushed past each other whenever
they do not act on the same modes. Note that
moving measurements to the left, we are identi-
fying their causal cones, as shown in the more
complex example of Figure 4 where we highlight
the paths in the circuit through which photons
could arrive to output mode 0.

In Figure 4, notice that to find all the modes
and beamsplitters relevant to output 0, we just
need to find the farthest reachable mode. We
follow the path with arrows ( ) from output
0 backward, and use each beamsplitter to jump
to a later time-bin mode until we reach the first
loop of length 1. Since this loop corresponds to a

staircase of nearest-neighbour beamsplitters, all
the time-bin modes identified by lower numbers
are also connected to output 0 (shown by yellow
fill).

We iterate the procedure of moving measure-
ments left for all output modes in the order
0, 1, . . . , transforming the example circuit in Fig-
ure 1a to the form of Figure 1b which we
call the progressive decomposition to components
(Pa)m−1

a=0 . Each component Pa contains only the
beamsplitters inside the causal cone of mode a
that have not appeared in the previous compo-
nents P0, . . . , Pa−1. This means that even though
the set of beamsplitters relevant to an output
mode a includes some of the beamsplitters rele-
vant for mode a− 1, the component Pa contains
only the “new” beamsplitters.

After rewriting the circuit as above, observe
the effective number of modes in all the compo-
nents Pa is bounded by a number which only de-
pends on the loop lengths. In Figure 1b, this is
the maximum height of a box Pa.
Theorem 3.1 (relevant modes). In a progressive
decomposition of a loop-based system X made of
loops of lengths ℓ = (ℓ1, . . . , ℓΛ), each component
Pa acts non-trivially on at most the number of
relevant modes

R = 1 +
Λ∑

i=1
ℓi. (3.1)

This follows from the intuition above; we also
provide a formal proof in Appendix A.

3.1.2 Simulation

We can understand the progressive decomposition
as a sequence of smaller circuits Pa, each of which
only acts on at most R modes, and only includes
a few beamsplitters. We evolve the state vector
through only these beamsplitters, and then we
perform a partial measurement of the top mode a
of the component, collapsing the wavefunction to
a subspace compatible with the measurement out-
come. The collapsed wavefunction becomes the
input state of the next component. We iterate
the procedure for all components, thus progres-
sively generating the full sample |n′⟩. We sum-
marize the algorithm, labelled Algorithm PS, as
pseudocode in Figure 5.

Observe in Line 1 in the pseudocode that we
call the strong simulation as a subroutine. This

Accepted in Quantum 2025-10-14, click title to verify. Published under CC-BY 4.0. 9



...
...

...

L1
0
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0

1
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L2

4

5

6

3

4

5
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Figure 4: A view of the input modes and beamsplitters influencing output mode 0 in a system L1 # L2 # L3. We
highlight in red the wires along which photons may reach output mode 0 on the right. The path reaching the maximum
input mode is further emphasized with arrows ( ). The relevant beamsplitters are drawn in red as well – these are
the beamsplitters that form the component P0. Observe that the first loop L1 is a staircase of nearest-neighbour
beamsplitters, so if a mode a is relevant, so are the modes < a; this fact is emphasized in the yellow area.

Algorithm PS: Progressive simulation
Input: Number of modes m, vector of

loop lengths ℓ = (ℓ1, . . . , ℓΛ),
vector of beamsplitter angles (θi)i,
input state n = (n0, . . . , nm−1).

Output: A single sample
n′ = (n′

0, . . . , n
′
m−1).

1 (Pa)m−1
a=0 ← progressive decomposition of

L1 # · · · # LΛ obtained by pushing
measurements to the left and reordering
beamsplitters (together with their
angles (θi)i) accordingly

2 |ψ⟩ ← |n⟩
3 for a = 0, . . . ,m− 1 do
4 |ψ⟩ ← evolve |ψ⟩ through

component Pa as a subroutine
5 p(n′

a)← compute the marginal
probability of measuring n′

a photons
in output mode a, for each possible n′

a

6 n′
a ← random sample from the
distribution p

7 |ψ⟩ ← collapse |ψ⟩ to subspace
compatible with measurement n′

a

8 return n′ = (n′
0, . . . , n

′
m−1)

Figure 5: Pseudocode of the progressive simulation algo-
rithm. This algorithm is independent of how the state is
stored (e.g. as a dictionary).

gives us the freedom to choose any wavefunction
simulation algorithm, as long as it can accept a

superposition state as input. This is required
because the projected state after measuring a
mode a, which is the input to Pa+1, is generally
a superposition of several number states.

3.2 Evaluating the algorithm

To evaluate how useful the progressive algorithm
is, we aim to estimate the cost of using it as a
function of different parameters of the system to
be simulated.

We specifically focus on the memory complex-
ity because this gives us a lower bound on the
running time for any choice of exact wavefunction
simulator. This is the case because any wavefunc-
tion simulator must at least spend time to read
the entire stored state. Focusing on memory is
further justified by the fact that the current best
algorithm SLOS_full performs wavefunction sim-
ulation in time linearly bounded by memory [14].

The three main contributions to memory com-
plexity come from the following:

1. The effective number of modes in each sub-
circuit Pa, given by the value R from Theo-
rem 3.1.

2. The total number of photons in the system.

3. The possible positions of photons, given by
the input state and the circuit topology.

Point number 3 is the focus of the next Sec-
tion 4 and one of the main technical contributions
of the present paper. However, already using the
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first two points, we can roughly estimate which
architectures are easy to simulate. For example,
we can clearly hold a billion coordinates in the
memory of a high-end computer, so we set the
dimension to 109. Assume, as an upper bound,
that we need the full Fock space with dimension
in eq. (2.1). We need to simulate R modes, and
for simplicity assume we have R photons to maxi-
mize the binomial in (2.1). Then R should satisfy(

2R− 1
R

)
≈ 109,

which is the case when R ≈ 16. This implies
we can easily simulate systems made of loops
of lengths, for example, ℓ = (1, 14), (1, 5, 9), or
(1, 2, 4, 8).

However, this method is a very coarse approx-
imation. Not only may there be fewer or more
photons in a component Pa to be simulated, in-
validating the assumption that n ≈ R above, but
the circuit topology restricts where those photons
can be. This means the actual state space is gen-
erally very different. We present a more granular
and robust way to estimate complexity in the fol-
lowing sections.

4 A new formalism to enumerate the
state space
To quantify the complexity of our progressive
simulation algorithm, in Section 4.1 we expand
the formalism of Brádler & Wallner [10] from
loops of length one, presented in Section 2.3, to
more general systems where loops have different
lengths. Then in Section 4.2, we show how to en-
code the outcomes of mid-circuit partial measure-
ments. Together, these allow us to describe the
state space throughout simulation, an important
tool in computing the complexity in Section 5.

4.1 Evolution through long loops
Recall from Section 2.3.3 that we describe the
possible outputs of a loop-based system by a se-
quence µ = (µ0, . . . , µm−1) where each µa is the
maximum number of photons that can be mea-
sured in output mode a. For a system of loops of
length one, Brádler and Wallner [10] show that
µ defines a lattice path in height representation,
and that the state space is fully characterized by
the set of lattice paths lower than µ. In order for

|1⟩ J0, 5K
L1

|1⟩

|1⟩

|1⟩

|1⟩

J0, 3K
J0, 4K
J0, 5K
J0, 5K

5 3 4 5 5

L4

Figure 6: Example circuit that cannot be described by
the original lattice path formalism of [10]. The maximum
numbers of photons form a sequence µ = (5, 3, 4, 5, 5)
which is not nondecreasing, and hence not a lattice path
in height representation. As a lattice path, µ would have
to descend (hatched part in the picture) and this is not
allowed.

µ to be a valid lattice path, it must be a nonde-
creasing sequence.

This breaks when we allow a loop of longer
length. See for example in Figure 6 that the
loop L4 allows the exchange of photons between
the top and bottom mode, leading to a maximal
“path” µ = (5, 3, 4, 5, 5). As µ is not nondecreas-
ing, it is not in fact a valid lattice path. We show
that this issue can be addressed by introducing
mode permutations into this formalism.

4.1.1 Lattice paths with mode permutations

To encode a loop of length ℓj > 1, we introduce
mode permutations in the lattice path represen-
tation so that they appear in an order of nonde-
creasing maximum photon number. Recall that
in Section 2.3.3, the nondecreasing property of
the maximal path µ arises due to a loop L1 accu-
mulating incoming photons, and releasing them
in any subsequent time-bin modes. Individual
lattice paths in µ↓, via their step representation,
capture ways to distribute the fixed number of
photons between modes. However, the order of
modes in the lattice path representation has no
physical meaning, serving only as labels that can
be reordered.

In the following, we show that even with modes
permuted, we can still fully describe the state
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3 4 5 5 5 5 3 4 5 5

⟨µ↓⟩σ

µ

σ

σ

5 3 5 5 5

B0,2

v : vc = µσ(c)

v not a lattice path!

w

w not a lattice path!

3 5 5 5 5

⟨κ↓⟩τ

κ : κc = wτ−1(c)

τ

τ−1

Figure 7: An example of the PCS evolution rule from Theorem 4.2, following the same steps as the accompanying text.
We start with a PCS ⟨µ↓⟩σ obtained by the circuit and input from Figure 6. On the left, we display the maximum path
µ and the permutation σ acting on the PCS. Next, we apply the permutation σ to the top path to obtain the vector
v describing the maximum photon numbers in real (unpermuted) modes, and we highlight that this is not a lattice
path. Then we apply a beamsplitter between modes 0 and 2, obtaining the new vector of maximum photon numbers
w, which is again not a lattice path. Finally, we sort the modes using a permutation τ−1 to obtain a new maximum
lattice path κ, landing in a new PCS ⟨κ↓⟩τ . Note that by construction the permutation acts to permute modes from
PCS to the physical space, and hence sorting the modes from physical to PCS in the last step is done by τ−1.

space by a downset µ↓. To do this, we gener-
alize the notion of cumulative space from Defini-
tion 2.7:

Definition 4.1 (PCS). A subspace H ⊆ FnCm

is called a permuted cumulative space (PCS) if
there exists a cumulative space ⟨µ↓⟩ ⊆ FnCm and
a permutation of modes σ ∈ Sm that acts as an
isomorphism from ⟨µ↓⟩ to H sending

|n0, . . . , nm−1⟩ 7→ |nσ(0), . . . , nσ(m−1)⟩.

We write H = ⟨µ↓⟩σ.

4.1.2 Non-nearest-neighbor beamsplitter

To show how to use permuted spaces to reason
about general loop-based systems, we focus first
on describing the action of a basic building block,
a single beamsplitter between arbitrary modes a
and b that are not necessarily nearest neighbors.
In Figure 7, we show an example of the same steps
that follow in the explanation.

We define a vector v where vc = µσ(c) is the
maximum possible number of photons in mode c.
Due to the cumulative nature of the input state
space, the maximum number of photons in either
modes a and b after applying the beamsplitter is
max{va, vb}. We write a new vector of maximum

photon numbers wc with components:

wc =
{

max{va, vb} if c ∈ {a, b},
vc if c /∈ {a, b}.

Since a and b are not necessarily nearest neigh-
bors, and because v may not be nondecreasing
in the first place, it is possible that w is not a
nondecreasing sequence. Hence w is not a valid
lattice path. We sort it in nondecreasing order
and thus permute the modes. We call the per-
muted sequence κ which is a valid lattice path in
height representation, and we call τ the inverse of
the permutation we used (where the permutation
maps κ 7→ w).

We summarize the procedure as the following
evolution rule:
Theorem 4.2 (PCS evolution). Suppose H =
⟨µ↓⟩σ is a PCS with a mode permutation σ ap-
plied. Then applying a beamsplitter between
arbitrary modes a, b maps H to a PCS ⟨κ↓⟩τ with
a new mode permutation τ , where

κτ(c) =
{

max{µσ(a), µσ(b)} if c ∈ {a, b},
µσ(c) if c /∈ {a, b};

(4.1)

and where τ assures that κ is non-decreasing.

Proof. This follows from the reasoning above the
theorem statement. ■
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It follows that to obtain the state space at
the output of a loop-based system, we apply the
above rule iteratively. This simplifies to the fol-
lowing:
Corollary 4.3. SupposeX is a loop-based system
made of loops of lengths ℓ = (1, ℓ2, . . . , ℓΛ), where
ℓ1 = 1 and other lengths are arbitrary. Then
there exists a lattice path in height representation
µ and a mode permutation σ ∈ Sm such that
the space of possible output Fock states resulting
from applying X to the input |n⟩ is a PCS ⟨µ↓⟩σ
with

µσ(a) =
∑

b

nb

where the summation runs over input modes b
that are reachable from output mode a (see Sec-
tion 3.1.1). The permutation σ ensures µ is non-
decreasing.

4.1.3 Discussion

The tools above allow us to fully and efficiently
describe the output state space of any system of
loops where ℓ1 = 1, on any input basis state, and
any number of modes. This includes even large
systems where the state space would be too big
for a computer memory, since in our formalism,
we need only store two objects: µ and σ. The
condition that ℓ1 = 1 stems from the fact that
our evolution rule in Theorem 4.2 requires its in-
put space to be a PCS: from an arbitrary input
(not a PCS), in particular a single number basis
state, we obtain a PCS by applying a loop L1 (see
Section 2.3.3). However, requiring that ℓ1 = 1 is
reasonable in the context of time-bin loop-based
systems, and it is always the case in the present
paper.

We use the lattice path formalism to count the
dimension of the state space characterized by a
downset. Obtaining a general closed-form for-
mula that counts any downset is difficult, though
possible when the loop lengths are restricted (e.g.
Brádler & Wallner proved a closed-form formula
when all lengths are ℓj = 1 [10]). However, in Ap-
pendix B.4, we provide a dynamic programming
algorithm that can efficiently count lattice paths
in general systems without such restriction.

The applicability of Theorem 4.2 goes be-
yond staircase-shaped circuits, as it allows us
to characterize the evolution of the state space
beamsplitter-by-beamsplitter, particularly in the
order given by the progressive decomposition (see

Section 3.1.1). The last ingredient missing to
fully describe the state space throughout all of
the steps of the progressive algorithm are partial
mid-circuit measurements, which we develop in
the next section.

4.2 Measuring arbitrary modes

In the progressive simulation algorithm, after
evolving the statevector through a component Pa

of the progressive decomposition, we perform a
measurement of its top mode, after which it is re-
moved from the simulation. To fully describe the
state space at every step during the simulation,
we need to capture this partial measurement in
our lattice path formalism. Even though we al-
ways measure the top mode, due to the permuta-
tion of a PCS this may be represented by a dif-
ferent mode in the formalism. We thus adapt the
formalism so that it can encode the measurement
of an arbitrary mode of a cumulative space.

Our key contribution in this section is show-
ing that a state space described by lattice paths
can still be described by lattice paths after a mea-
surement is performed. Specifically, we show the
measurement of x photons in mode a sends a max-
imal path µ over m modes and n photons to the
new maximal path µ(na=x) over m−1 modes and
n− x photons.

We follow three steps, shown in a running ex-
ample in Figure 8: First, we encode the projec-
tion to a subspace where each basis state has
na = x (Section 4.2.1). This is not a single
downset anymore, but it is made of a collection
of regions in the lattice, each defined by λa−1,
the number of photons in modes J0, a − 1K. Sec-
ond, we delete the measured mode a and the x
photons inside by squashing the lattice diagram
(Section 4.2.2) which is vital for merging the afore-
mentioned regions back together. The final step
is the merge itself: we show that taken together,
the squashed regions give a new PCS, and hence
our efficient representation can encode measure-
ments (Section 4.2.3).

4.2.1 Projection

When we measure x photons in mode a, we
project the statevector to the subspace that is
compatible with that measurement. This is the
step (a) → (b) in the running example in Fig. 8.
We only keep those lattice paths that have a step
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Figure 8: Encoding a measurement outcome in the lattice
path formalism. (a) State space before a measurement
which is a cumulative space ⟨µ↓⟩ with µ = (2, 3, 4, 4, 4).
We measure x = 2 photons in mode a = 2. (b) First, we
project to a subspace compatible with the measurement,
keeping only those lattice paths λ that have nλ

a = x. The
set of these paths is, in general, not a single skew diagram
in the lattice, but a union of several skew diagrams
{µq/νq}q where q = 0, . . . , qmax. Each µq/νq represents
the subspace with q photons in modes < a. These
constraints give µq/νq the S-shaped region centered at
mode a, starting at height q, and with step x. (c) Next,
we delete the measured mode and the photons within.
We implement this as a contraction of the S-shaped
region: squash the diagram vertically to ensure that at
mode a, the step has size zero. Then erase the vertical
line that corresponds to mode a, merging the boxes to
the left and to the right of it. Relabel the modes to
the right of a as b 7→ b− 1. (d) Finally, we merge the
contracted diagrams. This results in a contiguous region
in the lattice, the downset µ(na=x)↓.

of size x in mode a:

{λ ∈ µ↓ : nλ
a = x}. (4.2)

The above is generally not the set of paths in
some downset, or even a contiguous region in the
lattice: the projection removes certain paths, cre-
ating gaps in the region. This is a problem for
our representation, since this would no longer al-
low us to efficiently characterize very large state
spaces using a single maximal path µ.

The solution is to decompose (and later recom-
pose) the above set (4.2) into lattice regions de-
fined by the number of photons in modes J0, a−1K,
encoded by restricting the paths λ to have height
λa−1 = q (see (2.3)), for each possible choice
of q. These regions, depicted in Figure 8b, cor-
respond to a collection of disjoint subspaces of
the state space, and are represented by regions
of the lattice that can be efficiently described by
their boundaries, i.e. the minimum and maxi-
mum paths. We call them skew diagrams µq/νq

where q is the choice of λa−1. Where a downset
µ↓ includes all lattice paths in the region below
µ, a skew diagram µq/νq contains paths between
and including µq and νq:

µq/νq = {λ : νq ≤ λ ≤ µq}. (4.3)

In Figure 8, we draw µq red and νq blue wherever
they differ. Notice that they all include an S-
shape that implements the step of size x in mode
a starting at height q. The value of q ranges be-
tween 0 and qmax = min{µa−1, µa−x}, the latter
easily found as the highest y coordinate in the di-
agram where the start of the S-shape of height x
can be placed within a diagram µ↓.

Informally, the systematic way to obtain all
µq/νq is to start with q = 0, place the S-shape
at the corresponding position in the lattice, and
restrict the yellow region to be compatible with
the S-shape. Then increase q, sliding the S-shape
upward, and repeat the procedure until we reach
the top of the lattice (q = qmax). We show the for-
mal details of computing all skew diagrams µq/νq

in Appendix B.2.1.

4.2.2 Contraction

The next step is to delete the measured mode a
and the photons it contained from all the skew di-
agrams produced in the previous step. To do this,
we remove the x measured photons by removing
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Figure 9: Example action of the contraction of mode
a = 2 on the permutation σ of a PCS. On the LHS, we
delete input mode a on the left, as well as its target, the
output mode σ(a) on the right, related by the dashed
arrow. All the modes below these, on each side, have
their labels shifted by −1. We obtain the contracted
permutation on the RHS.

x rows from each diagram (i.e. remove boxes be-
tween vertical positions q and q+x), then remove
one column at position a. This implements a con-
traction of the S-shaped region in µq/νq which is
shown as the step (b)→ (c) in the running exam-
ple in Figure 8. We are left with contracted skew
diagrams that represent subspaces of a system of
m − 1 modes and n − x photons. We provide a
formal presentation in Appendix B.2.2.

If the state space is a PCS with a nontrivial per-
mutation σ, we implement the contraction on σ
by deleting the input a, output σ(a), and shifting
the labels of modes following the deleted modes
by −1. We show an example in Figure 9.

4.2.3 Merge

Finally, we merge all of the contracted skew dia-
grams, one for each q = 0, . . . , qmax, to again ob-
tain a representation where a single lattice path
characterizes the whole state space as a downset.
We show this in the step (c) → (d) of the running
example in Figure 8.

Informally, to see why this yields a downset,
consider the following: After contraction of the
S-shapes, each skew diagram encodes only the
choice of λa−1 = q, that is, it enforces that the
paths of that diagram pass the point (a − 1, q).
However, the paths are otherwise free in the other
modes, as long as they are consistent with the for-
mer constraint, as well as the original constraints
imposed by µ/ν; see Figure 8c. We can imagine
“scanning” the contracted lattice, setting q = 0,
and writing down all the paths that satisfy the
constraint λa−1 = q, then advancing to q = 1,
etc. Note in particular that we have a skew dia-

gram for each q ∈ J0, qmaxK without gaps. This
captures all the valid lattice paths after a mea-
surement, as seen in the example in Figure 8d.
However, this part is formally nontrivial, and we
provide more detail in Appendix B.2.3.

4.2.4 Full description of measurement

Putting the three steps together, we obtain one
of our main results. It gives us the ability to effi-
ciently encode the effect of a measurement of an
arbitrary mode, with a given measurement out-
come, on the state space using the lattice path
formalism:

Theorem 4.4 (measurement). Starting with a
cumulative space ⟨µ↓⟩, the state space left after
measuring x photons in mode a is a cumulative
space ⟨µ(na=x)↓⟩ where the maximal path µ(na=x)

is the contraction of µqmax . The latter is the
maximum path of the skew diagram corresponding
to q = qmax = min{µa−1, µa − x}.

The proof can be found in Appendix B.2.3.

4.3 Tracking the state space in progressive sim-
ulation

Together, the maximal lattice path µt and the
mode permutation σt at step t fully describe
the state space throughout the simulation, where
each step is either an individual beamsplitter or a
measurement. If step t is a beamsplitter, then we
obtain µt+1 and σt+1 using Theorem 4.2. Note
that if the beamsplitter is part of the initial L1,
as described in Appendix B.3, we must also ap-
pend a new mode to the PCS. On the other hand,
if step t is a measurement, we choose its outcome
number of photons, and obtain µt+1 using Theo-
rem 4.4 and σt+1 as described in Section 4.2.2.

Our extension of the lattice path formalism al-
lows us to determine the size of the state space
that the progressive simulator must keep in mem-
ory to reach a specific output measurement |n′⟩.
However, this does not tell us how |n′⟩ should be
chosen. To quantify metrics such as the average-
case memory complexity of simulating a given ar-
chitecture, we would need to sample |n′⟩ from a
generally hard boson sampling distribution. That
would be counterproductive because we want to
estimate the complexity of sampling from this dis-
tribution in the first place. In Section 5, we show
how to solve this issue and thus use the lattice
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path formalism to quantify the complexity of the
progressive algorithm itself.

5 Quantifying the simulation complex-
ity of loop-based interferometers
Now that we have a tool to characterize the state
space at every point in our simulation, including
individual beamsplitters as well as measurements,
we are almost ready to use this to estimate the
complexity of simulating loop-based systems, de-
fined in terms of the memory requirement:
Definition 5.1 (memory complexity). Given a
loop-based system with loop lengths ℓ, total num-
ber of modes m, and an input state |n⟩, we define
a function M that captures the memory required
to run a simulation of that system producing the
output pattern n′:

M(n′) = max
t
|µt↓|

where µt is the maximal lattice path at step t of
the simulation.

This metric captures the maximum memory
needed to store the state vector over the course of
the simulation. We note that M does not assume
a choice of strong simulator or how the data is rep-
resented: it is simply the number of nonzero coor-
dinates to be stored. Since the number of photons
n′

a measured in mode a at any given time affects
the size of the state vector after the measurement,
the value of M does depend on the choice of n′.

As this expression is defined in terms of a single
output n′, to quantify the complexity of simulat-
ing an experiment, we must estimate the statis-
tics of M(n′) over a range of possible values of n′.
One useful metric is the average complexity of an
experiment:

M̄ := E
n′∼p

[
M(n′)

]
=
∑
n′

p(n′)M(n′), (5.1)

This is the expectation over all possible samples
n′ taken with respect to the physical probability
distribution p, i.e. the actual outcome probabil-
ity.

The distribution p is hard to compute or sam-
ple from for all but the smallest systems, so we
need a tractable way to evaluate the expectation
(5.1). To solve this issue, in Section 5.1, we build
a heuristic probability distribution that is easy
to sample from and can be used to predict the

memory complexity. We validate it by compari-
son against samples from small and medium-size
architectures that can be simulate. Then in Sec-
tions 5.2 and 5.3, we use the heuristic to study
the behavior of complexity with respect the to-
tal number of modes and the lengths of loops in
large systems in order to assess their potential for
quantum advantage.

5.1 A good heuristic probability distribution
To evaluate the expectation M̄ in Eq. (5.1) with-
out having to sample from the true distribution
p for a large system, we propose instead using a
heuristic probability distribution pH that is easy
to sample from and provides a good estimate of
M̄ . Given the same input state and loop struc-
ture that gave rise to p, we now assume that all
possible outcomes n′ are equally likely, thus defin-
ing pH as the uniform probability:

pH(n′) = 1
number of possible outcomes

.

There is a simple and efficient way to gener-
ate samples n′ from the distribution pH mode-by-
mode using the progressive decomposition:
Lemma 5.2. Suppose µ is a maximal path after
simulating the circuit up to the end of compo-
nent Pa, just before the measurement of mode a.
In particular, µ already encodes the previously
obtained measurement outcomes n′

0, . . . , n
′
a−1.

Then the marginal heuristic probability of mea-
suring x photons in mode a is

pH(n′
a = x | n′

0, . . . , n
′
a−1) = |µ

(na=x)↓|
|µ↓|

, (5.2)

where previous measurements n′
0, . . . , n

′
a−1 are

fixed, the value x ∈ J0, µaK, and µ(na=x) is the
maximal lattice path after the measurement.

Sketch proof. The maximal path µ already en-
codes the outcomes n′

0, . . . , n
′
a−1 and the proba-

bility of outcomes is uniform, so we just need to
count the paths in µ↓ with na = x. ■

Note that the uniform heuristic pH is very dif-
ferent from the true SPBS distribution p, but is
a good first choice because it requires no infor-
mation about p. We show in Section 5.1.1 that
pH does in fact provide a good estimate of the
statistics of the memory complexity, giving simi-
lar results to the real distribution.
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Figure 10: Validation of the heuristic probability distribution pH . The horizontal axis shows different architectures
(m, ℓ, |n⟩) where |n⟩ = |1, 0, 1, 0, . . . ⟩ with ⌈m

2 ⌉ photons. The vertical axis shows the memory requirement to simulate
samples from a given architecture using our method, and is scaled logarithmically. The data are shown as mirrored
violin plots, showing the distribution of memory with respect to true probability p̄ in red on the left, and with respect
to the heuristic pH in green on the right. Inscribed in the violins are the quartiles: median dashed, 25-th and 75-th
percentiles dotted.

5.1.1 Validation of the heuristic

We empirically validate on small, easy-to-
simulate circuits that the heuristic pH can be
used to compute the average memory complex-
ity. Since a real boson sampling distribution p
depends on the choice of beamsplitter parameters
(θi)i, in our numerical experiments we average
over several choices of (θi)i drawn uniformly at
random. Our validation consists of showing the
following approximation:

E
n′∼pH

[M(n′)] ≈ E
(θi)i

n′∼p

[M(n′)] (5.3)

In the following, we call p̄ the probability distribu-
tion on the RHS above which averages over (θi)i.

We choose, here and in the following sections,
the input state |n⟩ = |1, 0, 1, 0, . . . ⟩ with ⌈m

2 ⌉ pho-
tons. This choice is motivated by two considera-
tions: First, current experimental efforts operate

roughly in this regime, for example [21] with in-
put similar to ours, or [22] with a slightly differ-
ent ratio between the numbers of photons and
modes. This regime is interesting in near-term
experiments because there is a large space of pos-
sible measurement outcomes even without perfect
photon number resolution. Second, recent theo-
retical research supports the investigation of this
regime (and generally m = O(n)), showing that
it is hard to simulate classically [23].

As shown in Figure 10, we find over several
choices of loop architectures that the distribution
of memory complexities using heuristic pH closely
matches the distribution obtained using p̄. For vi-
sual convenience, we only show a small selection
of experiments represented along the horizontal
axis. The vertical axis represents the memory
complexity M(n′), and is scaled logarithmically.
We take N = 1000 samples from each the true dis-
tribution p̄ and the heuristic pH , and from these
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samples we estimate the corresponding probabil-
ity distributions of M using kernel density esti-
mation (KDE).4 We plot these estimates as mir-
rored violin plots: true distribution on the left
in red, and heuristic on the right in green. For
further comparison, each violin is inscribed with
the quartiles: dashed line for median and dotted
lines for 25-th and 75-th percentiles.

The results shown in Figure 10 confirm that the
uniform heuristic pH can be used to give good pre-
dictions for the memory complexity. This means
we can use it to reason about systems where gen-
erating samples using the real distribution is not
possible.

5.2 Complexity of a large loop-based system

Now that we have the tools to estimate the mem-
ory complexity of simulating arbitrary loop-based
systems with our progressive algorithm, we can
use them to analyze the largest loop-based sys-
tems built to date. We focus on a system with
loop lengths ℓ = (1, 6, 36) used by Madsen et al. in
their Borealis GBS experiment [6], and we study
the complexity of this architecture in the context
of SPBS as a function of the total number of
modes m. To do this, we replace the original
Gaussian input with |n⟩ = |1, 0, 1, 0, . . . ⟩.

In Figure 11, we plot the memory complexity
as a function of the total number of modes m be-
tween 2 and 284. For each value of m, we take
N = 1000 samples of memory complexity using
the heuristic probability pH . We study the aver-
age memory M̄ (full line in the figure), as well as
the 95-th percentile of the samples of M (dashed
line). The latter represents the memory required
to obtain almost all possible samples and we use
it as a proxy for quantum advantage: if our clas-
sical computer has more memory than the 95-th
percentile, then we can successfully run the pro-
gressive simulator at least 95 % of the time.

In the figure, we draw a comparison between
the memory complexity and the memory avail-
able to a state of the art supercomputer, shown
as a horizontal gray line. Our chosen value of
1015 is inspired by the OLCF-5 (Frontier) sys-
tem [25], taking a loose assumption that all mem-
ory within the system can be used to store the
quantum state. This overestimates the real ca-

4KDE uses an important parameter called bandwidth,
and we use the Scott’s rule [24] to automatically select it.

pacity, but is independent of any implementation
details. For comparison with the values M(n′),
we assume each nonzero coordinate is stored as a
double-precision complex float.

Observe that there are three different regions
in terms of m where the memory complexity has
different behaviour, and there are abrupt jumps
between these. The regions correspond to values
of m where different numbers of loops are active.
For example, if m ≤ 6, then L1#L6#L36 effectively
becomes a single loop system L1, because there
are not enough modes for the longer loops to have
any effect. However, as m increases to 7, the
second loop becomes active, and we see a jump
in complexity. A similar situation repeats for the
transition from m = 36 to 37, where the third
loop becomes active.

The memory complexity starts to saturate once
the total number of modes reaches the value R.
Recall that R is the maximum number of modes
in each component Pa of the progressive decom-
position, in this case R = 44. In the region of
m slightly larger than R, the components Pa are
reaching their maximum possible size and the
complexity reaches a plateau shortly after. We
gain little additional complexity by increasing m
further, though for the system with ℓ = 6, already
m ≈ R is in the regime where our progressive al-
gorithm fails even on a supercomputer.

5.3 Comparison of power-law architectures

We generalize our analysis to three-loop power-
law architectures from Definition 2.2 where the
base length ℓ may be different and we study
how this affects the complexity. Similarly to
the previous section, we also vary the total num-
ber of modes m, and we use the input state
|n⟩ = |1, 0, 1, 0, . . . ⟩ with ⌈m

2 ⌉ photons. We again
compare the memory complexity to the capacity
of a state-of-the-art supercomputer to better con-
textualize the potential for quantum advantage.

We present the results in Figure 12 where we
show several colored series of data, each corre-
sponding to a different value of ℓ. Similarly to
the previous Fig. 11, we show the average and
95-th percentile memory as functions of m. We
find that three-loop power-law systems with base
length ℓ < 5 and the above input are classically
simulable using a large enough computer, even for
a large number of modes. Thus we consider them
not complex enough to reach quantum advantage.
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Figure 11: Memory complexity of simulating a loop-based system of lengths ℓ = (1, 6, 36) with a varying number
of modes m between 2 and 284 along the horizontal axis. We consider an input state of |1, 0, 1, 0, . . . ⟩ where there
are half as many photons as modes. On the vertical axis, we show the memory complexity estimated using the
heuristic pH . We show two subplots of the same data, where the LHS picture only shows the range of m between 2
and 44 to make this region more visible. In each plot, we show the mean memory M̄ as a full line and the 95-th
percentile of the samples of memory as a dashed line. We observe that the memory increases abruptly between three
regions, corresponding to each loop entering the simulation. We also observe that the complexity starts to saturate
after m = R = 44, shown by the full red line. For comparison, we plot an estimate of the total memory available to a
state of the art supercomputer (horizontal grey line), assuming that each coordinate is encoded as a double-precision
complex number (16 bytes). We highlight the number of modes (m = 100 with our input) up to which the Clifford &
Clifford algorithm can simulate the circuit (vertical dash-dotted line).

When ℓ = 5, we reach a threshold in complex-
ity. Observe in Figure 12 that the memory re-
quirement to simulate a system with ℓ = 5 with
⌈m

2 ⌉ photons using our progressive simulator just
surpasses the capacity of a state-of-the-art super-
computer. We see this happen when m ≥ 80.

It follows that ℓ = 5 is a lower bound for quan-
tum advantage: Systems with ℓ < 5 are clearly
simulable by the progressive simulation algorithm.
However, while systems with ℓ ≥ 5 are not simula-
ble by our algorithm, they may still be simulable
using other methods. For instance, in addition
to having a sufficiently complex loop structure a
quantum system must also have roughly 40 to
50 photons at least to avoid classical simulability
with the algorithm of Clifford and Clifford [11].

We also highlight this threshold, which falls on
m = 100 modes for our input |1, 0, 1, 0, . . . ⟩, in
Figure 12. Moreover, as we discuss in the next
section, experimental imperfections such as pho-
ton loss and distinguishability can reduce the re-
quirements for classical simulation.

6 Discussion and conclusion

Here, we discuss ways in which our classical sim-
ulation method could be extended to broader set-
tings beyond ideal boson sampling with single
photons.
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Figure 12: Comparison of power-law architectures ℓ = (1, ℓ, ℓ2) for different values of the base loop length ℓ, signified
by the colors of the lines. We consider an input state of |1, 0, 1, 0, . . . ⟩ where there are half as many photons as modes.
The plot is similar to Figure 11: we show the total number of modes on the horizontal axis, the memory complexity on
the vertical axis, and we plot the mean M̄ and 95-th percentile, comparing them to the supercomputer memory drawn
as horizontal grey line. We observe that ℓ = 5 is a threshold for complexity when using the progressive simulator. We
furthermore highlight the number of modes (m = 100 with our input of n = 50 photons) up to which the Clifford &
Clifford algorithm succeeds in simulating the circuit. Thus we divide the plot into quadrants representing regimes
where different simulators are appropriate, and we observe the bottom right quadrant containing systems simulable by
our algorithm, but not by the Clifford & Clifford algorithm.

Extension to loss Here, we show that this
method can be extended to simulate lossy cir-
cuits. Loss on a mode can be modeled as a
beam splitter between the mode and the environ-
ment. We can thus evolve an initially n-mode
pure state through loss on mode a by applying a
beam splitter between mode a and the environ-
ment. We then simulate a measurement process
on the environmental mode, by calculating the
probabilities of measuring different photon num-
bers on the environmental mode and sampling
from these possible outcomes. This measurement
collapses the initial n modes back to a pure state
with potentially fewer photons. Though the prob-
abilistic outcome of the environmental measure-
ment makes this process stochastic, the resulting
statistics match those obtained by tracing out the

environmental mode and using the density ma-
trix formalism. However, our method avoids the
quadratic overhead stemming from the use of a
density matrix. Repeating this process at every
loss location in the circuit allows us to exactly
simulate sampling from the lossy state using our
classical simulation algorithm.

Moreover, the complexity of the lossless case
provides an upper bound to the complexity of sim-
ulating a lossy circuit. Adding additional beam
splitters to simulate loss adds an overhead which
is only linear in the number of optical compo-
nents. However, the state space is also signifi-
cantly smaller than the lossless case since we now
simulate a state with fewer photons. Though our
lattice path formalism for determining the exact
size of the state space cannot be directly applied
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in the case of loss, the lossless case thus provides
an upper bound.

Extension to distinguishable photons Our
method can also be extended to simulating boson
sampling with partial distinguishability. Follow-
ing [26, 27], a simple model for a system with par-
tially distinguishable photons involves consider-
ing that each photon is in a superposition of being
in an indistinguishable mode and a distinguish-
able mode. Sampling from this model can be sim-
ulated by randomly assigning the input photons
into a distinguishable set and an indistinguishable
set at the beginning of the simulation, with an
assignment probability determined by the initial
superposition state. Evolving the indistinguish-
able photons through the circuit and collecting
the output measurements, then simulating the
distinguishable photons and summing both mea-
surements, would yield the correct output statis-
tics. The complexity of this method is dominated
by the complexity of simulating this subset of in-
distinguishable photons, which is upper-bounded
by the complexity of simulating the full set of in-
distinguishable photons given by our lattice path
formalism. We note that more involved models
for partial distinguishability have been developed,
which we anticipate could also be used within our
simulation method [28, 29].

Gaussian Boson Sampling We focus on
SPBS, but there are other variations of Boson
Sampling that have been investigated, such as
Gaussian Boson Sampling (GBS). For example,
in Section 5.2, we studied the system of loops
ℓ = (1, 6, 36) which was inspired by a GBS advan-
tage experiment by Madsen et al. [6]. GBS is un-
derpinned by a different formalism than SPBS, so
our methods are not directly transferable. How-
ever, it would be interesting to explore whether
the staircase structure of the interferometer (Fig-
ure 1a) could be exploited to accelerate GBS sim-
ulations.

6.1 Summary and outlook
In this work, we study the potential for quantum
advantage in loop-based boson sampling systems,
and to this end, we provide new tools to quan-
tify their classical simulation complexity. First,
we exploit the circuit topology to design a new
simulation method that requires that only small

subcircuits are strongly simulated. This can use
any wavefunction Fock basis simulator, which im-
plies that a relevant choice of complexity metric
is the memory required to store the state, i.e. the
dimension of the reachable state space.

To fully and efficiently characterize the reach-
able state space, we extend the lattice path for-
malism of Brádler & Wallner [10]. Our extension
can encode the action of beamsplitters between
arbitrary modes, and similarly the outcomes of
measurements of arbitrary modes. To use the for-
malism to predict the memory complexity of sim-
ulating large systems, we define a heuristic prob-
ability on the possible outcomes that is easy to
sample from. We validate the statistics given by
the heuristic by comparing its predictions to em-
pirical data from simulations of small to medium-
scale systems.

Using these tools, we study the complex-
ity of power-law architectures where the loops
have lengths 1, ℓ, ℓ2 and we use input state
|1, 0, 1, 0, . . . ⟩, to represent the common experi-
mental scenario where there are half as many pho-
tons as modes. A system with ℓ < 5 (and any
number of modes m) can be efficiently simulated
using our method, and thus does not achieve ad-
vantage. We provide a lower bound for advantage
in such systems at ℓ ≥ 5.

To conclude, our work provides new insight into
the boundaries for quantum advantage using sin-
gle photons in loop-based time-bin interferome-
ters. We develop new tools that provide new
lower bounds for the arrangement of the loops.
We anticipate that this work will help guide fu-
ture experimental implementations of boson sam-
pling, and points the way for further research into
quantum advantage with loop-based systems un-
der different experimental scenarios.
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A Results on the loop-based structure
To formally prove Theorem 3.1, we formalize the
notion of travelling through a circuit X back-
wards. For an output mode a, we denote X†(a)
the set of all input modes, photons from which
can reach the output a with nonzero probability,
constrained only by the circuit topology. That is,
the set X†(a) is a preimage of the relation encod-
ing connectivity from input to output modes.

We recall the statement of the theorem below:
Theorem 3.1 (relevant modes). In a progressive
decomposition of a loop-based system X made of
loops of lengths ℓ = (ℓ1, . . . , ℓΛ), each component
Pa acts non-trivially on at most the number of
relevant modes

R = 1 +
Λ∑

i=1
ℓi. (3.1)

Proof. Recall that a component Pa is made
of beamsplitters relevant to measuring output
mode a. We use these beamsplitters to reach
the modes in X†(a) while traversing the circuit
backward: a beamsplitter allows us to jump to
a different mode, as shown in the example of
Figure 4.

To bound the number of relevant modes, we
need to identify the furthest reachable mode,
i.e. the one identified by the maximum num-
ber maxX†(a). The mode maxX†(a) is found by
starting at output a and following backward the
circuit X = L1 # Lℓ2 # · · · # LℓΛ , taking a step +ℓj
(towards a mode identified by a higher number)
at each loop Lℓj

; for example, see the red path
with arrows in Figure 4. This way, reach the
maximum mode: maxX†(a) = a+

∑Λ
j=1 ℓj .

Finally, recall that by construction of the pro-
gressive decomposition, the component Pa does
not act on modes J0, a − 1K: Any beamsplitters
affecting these are captured by P0, . . . , Pa−1, and
furthermore, the modes J0, a− 1K are measured
before the component Pa is simulated. Having pre-
viously identified the maximum reachable mode
maxX†(a), we conclude that the maximum num-
ber of modes that Pa can act on is:

∣∣∣Ja, a+
∑Λ

j=1 ℓjK
∣∣∣ = 1 +

Λ∑
j=1

ℓj . ■

Finally, we note that this upper bound is sat-
urated whenever a component Pa starts with

a staircase of nearest-neighbour beamsplitters
given by L1 – namely, this is the case for P0 in a
system with ℓ1 = 1. The reason is that the set of
inputs reachable via L1 from any output mode b
is L†

1(b) = J0, b+1K. This is because the staircase
of nearest neighbour beamsplitters allows us to
take one step from b to b+ 1, and as many steps
towards lower (< b) modes as we like, as shown
in Figure 4 by the yellow region.

Other progressive components (Pa for a > 0)
in a system with ℓ1 = 1, and more generally any
component if ℓ1 ≠ 1, may act on fewer modes
than R. The procedure of travelling through the
circuit backward, and using beamsplitters to take
steps up or down, yields a set which is not an in-
terval, but has gaps. We do not need more detail
on this for our work, however, the set X†(a) can
be exactly characterized using the rich theory of
numerical monoids, see [30].

B Formal details of the lattice path
formalism

In order to give a more formal proof of Theo-
rem 4.4, particularly the part where we merge
contracted skew diagrams, we need to fill in some
details omitted in Sections 2.3.3 and 4. We need
tools from order theory: we present generalities
inlined in the text, and we only number defini-
tions or lemmas specific to our work.

B.1 Young order

We start by recalling that a partial order ≤ on a
set P is a generalization of a total order (e.g. the
usual ordering on the real line R) where some ele-
ments may be incomparable. The set P is a par-
tially ordered set (poset); for more details, see [31].
The order relevant to us is the following:

Definition B.1 (Young order). Take two paths
λ, κ ∈ L(W,H) in height representation. We
define a partial order, called the Young order,
where λ ≤ κ iff λa ≤ κa for each mode a.

It is called the Young order because lattice
paths can be seen as generalized Young diagrams
when we fill the boxes below them.5 Then the
order can be understood geometrically as the in-

5Note the choice of orientation is such that lattice paths
are nondecreasing sequences.
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|2, 0, 0⟩

|1, 1, 0⟩

|1, 0, 1⟩ |0, 2, 0⟩

|0, 1, 1⟩

|0, 0, 2⟩

Figure 13: The Hasse diagram of the set of paths L(2, 2),
which corresponds to the bosonic Fock space F2C3, with
the Young order. The arrows show the covering relation
λ⋖ κ. Next to each lattice path, we display the number
state it represents.

clusion of Young diagrams; we show an example
inequality below:

≤

The Young order is well-known in the literature
and has many properties useful to us later [31].

We present an example of the order for L(2, 2)
in Figure 13 which shows the order’s Hasse di-
agram: a directed graph where vertices are ele-
ments of L(2, 2) and there is an arrow λ → κ
iff λ is covered by κ (written λ ⋖ κ). The lat-
ter means that λ < κ and there is no element
between them. In the geometric picture, λ ⋖ κ
when the Young diagram of λ has exactly one
box less than κ.

B.2 Representing measurements

The part of the formalism that encodes measure-
ments uses intervals in the Young poset, which in
our paper are called skew diagrams in analogy to
skew Young diagrams. Recall that an interval is

a subset of the poset defined by two paths ν ≤ µ:

µ/ν ≡ [ν, µ] := {λ : ν ≤ λ ≤ µ}.

When necessary, we write it vertically as µ
ν .

B.2.1 Projection to skew diagrams

Recall that to project to a subspace compatible
with some measurement, say na = x, in Sec-
tion 4.2.1, we impose an S-shaped region onto
the original downset µ↓. For the following steps,
it is useful to always reason in terms of skew dia-
grams; note that the downset is the skew diagram
µ/⊥ where ⊥ is the bottom element of the poset,
i.e. the path λ⊥ = (0, . . . , 0, n).

The S-shape is parametrized by its starting
height, controlling the number of photons in the
modes to the left of the S, thus implementing the
constraint λa−1 = q on the lattice paths λ in the
post-measurement subspace. It then takes a step
of size x, encoding the number of photons found
in mode a, implementing the requirement that
na = x. Away from the S-shape, the skew dia-
gram should stay as unchanged as possible from
the original downset. A convenient way to con-
struct this is to define measurement helpers, skew
diagrams which only encode information about
the measurement, and leave everything else as
free as possible. We show an example in Fig-
ure 14, and we precisely define helper diagrams
below. Then we take an intersection of the helper
with the original skew diagram µ/⊥ to obtain a
projection.
Definition B.2 (measurement helper). To rep-
resent a subspace of the full Fock space
⟨L(m− 1, n)⟩C that has in total λa−1 = q pho-
tons in modes J0, a− 1K and x photons in mode a,
define a helper skew diagram E(q) = εq/ηq where
the top path is

εq = (q, . . . , q︸ ︷︷ ︸
a

, q + x, n, . . . , n︸ ︷︷ ︸
m−a−1

)

and the bottom is

ηq =


(0, . . . , 0︸ ︷︷ ︸

a−1

, q, q + x, . . . , q + x︸ ︷︷ ︸
m−a−1

, n) if a > 0,

(q + x, . . . , q + x︸ ︷︷ ︸
m−a−1

, n) if a = 0.

Note that if a = 0, then only E(q = 0) exists, so
the above second case becomes η0 = (x, . . . , x, n).
Note also that the maximum q is qmax = n− x.
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0 1 2 3 4

E(q = 2)

2

5 6

Figure 14: Helper diagram E(q = 2) which represents
the subspace of the full Fock space ⟨L(m− 1, n)⟩C (with
m = 7 and n = 5) of those basis states that have q = 2
photons in modes J0, 2K, represented by the starting
position of the S-shaped region, and x = 2 photons in
mode 3, represented by the height of the step in the
S-shape. No other constraints are implemented in this
skew diagram.

The notation E(q) does not specify the mode
a, nor the number of photons x, however, in the
following text, this will always be clear from the
context.

The above definition is the first step to formally
define the projection step in terms of lattice paths,
i.e. in a way that can be written as a formula
(and implemented in code). We use it to repre-
sent the subset of the basis of a full Fock space
that remains after a given measurement. The
next step is to take its intersection with the di-
agram µ/⊥ representing the state space of our
system before measurement to obtain those basis
states that agree with both. In order to obtain
the intersection of skew diagrams, we first need
some more theory of the Young order:

The poset L(m−1, n) is an order-theoretic lat-
tice which means that it contains all finite meets
and joins [31]. Recall that a meet (also called
supremum or least upper bound) of λ and κ is the
unique least element λ ∧ κ such that λ ≤ λ ∧ κ
and κ ≤ λ ∧ κ. Dually, the join (also infimum
or greatest lower bound) is the unique greatest
element x∨ y such that both x and y are greater.

Lemma B.3 (meet and join in Young order).
Suppose λ, κ ∈ L(m− 1, n). Then their meet and

join have the following components:

(λ ∧ κ)a = min{λa, κa},
(λ ∨ κ)a = max{λa, κa}.

Proof. Recall that in the Young order α ≤ β iff
αa ≤ βa for all a, making it a product order of
several copies of the linear order on integers. This
means the meet and join are componentwise the
meet and join of integers, which are the minimum
and maximum, respectively. Note that this is
compatible with the fact that the height represen-
tation of a lattice path must be a nondecreasing
sequence: a component a is a meet (resp. join),
and so is a + 1, etc., so the nondecreasing con-
straint is satisfied. ■

Lemma B.4 (intersection of skew diagrams).
Suppose α/β and γ/δ are skew diagrams in L(m−
1, n). Their intersection is either empty or equal
to the following:

α

β
∩ γ
δ

= α ∧ γ
β ∨ δ

.

Proof. The intersection must contain exactly the
paths λ such that β ≤ λ ≤ α and simultaneously
δ ≤ λ ≤ γ. It is possible that no such λ exists,
in which case the intersection is empty. If the
intersection is nonempty, then it is clearly an
interval (skew diagram). The greatest λ that
satisfies both λ ≤ α and λ ≤ γ is the meet α ∧ γ.
Dually, the least λ is the join β∨δ. Note that this
relies on L(m− 1, n) being an order lattice. ■

With the above tools, we can characterize the
state spaces after the measurement projection:
Lemma B.5. The family of skew diagrams ob-
tained from µ/ν after the projection implementing
the measurement of x photons in mode a consists
of skew diagrams parametrized by the number of
photons q in modes J0, a− 1K written as follows:

µq

νq
= µ

ν
∩ E(q) = µ ∧ εq

ν ∨ ηq
.

Proof. The intersection selects those lattice paths
λ in the original state space µ/ν which also satisfy
λa−1 = q and nλ

a = x, the latter constraints
imposed by the measurement helper E(q). The
second equality follows from Lemma B.4. ■

Note that the values of q which yield
nonempty intersections µq/νq come from an in-
terval Jqmin, qmaxK whose endpoints depends on µ
and ν and x. Notably, in our case of ν = ⊥, these
are qmin = 0 and qmax = min{µa−1, µa − x}.
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B.2.2 Contraction

Having the projection, we now formalize the next
step, the contraction of the projected skew dia-
grams from Section 4.2.2. The contraction step
is required to make the merge step in the next sec-
tion work. Recall that the contraction removes a
mode and all the photons contained therein.
Definition B.6 (contraction). In a poset L(m−
1, n), measuring x photons in mode a and then
deleting it is represented by the function

Cx
a :
⋃
q

E(q)→ L(m− 2, n− x)

that sends

(n0, . . . , na−1, x, na+1, . . . , nm−1)

(n0, . . . , na−1, na+1, . . . , nm−1)

deleting the component a in step representation
and preserving the others. The q in

⋃
q E(q) runs

over all allowed values J0, n− xK. The domain is
the subset of L(m− 1, n) where the contraction
makes sense.

Recalling Eq. (2.3), the height representation
is transformed as follows:

(Cx
aλ)b =

{
λb if b ≤ a− 1,
λb+1 − x if b ≥ a.

(B.1)

What follows are two technical lemmas showing
that the contraction is well-behaved with respect
to the Young order: it is an order isomorphism,
which means it is a bijection of sets and preserves
the order structure of those sets. This is impor-
tant because it is this order structure that allows
us to efficiently count basis states.
Lemma B.7 (contraction is monotone). The con-
traction function Cx

a :
⋃

q E(q)→ L(m− 2, n− x)
preserves the Young order.

Proof. Take two paths λ, κ ∈
⋃

q E(q), and sup-
pose λ ≤ κ. Equivalently λb ≤ κb for each b. The
contraction deletes mode a and all the photons
contained therein. Following Equation (B.1), for
modes b ≤ a− 1, we have

(Cx
aλ)b = λb ≤ κb = (Cx

aκ)b.

Similarly, for modes b ≥ a, we have

(Cx
aλ)b = λb−1 − x ≤ κb−1 − x = (Cx

aκ)b.

We conclude that Cx
aλ ≤ Cx

aκ. ■

Lemma B.8 (contraction is isomorphism). The
contraction function Cx

a is an order isomorphism,
i.e. a monotone bijection

⋃
q E(q) ∼→ L(m−2, n−

x) whose inverse is also monotone.

Proof. The function Cx
a is clearly injective: it

forgets the a-th component of a lattice path in
the step representation, but that component is,
by construction, always na = x for the paths
contained in the domain

⋃
q E(q). Thus it for-

gets no information, and is clearly invertible, at
least from its image, written

⋃
q Ẽ(q), where each

Ẽ(q) = Cx
a (E(q)). Writing its inverse (Cx

a )−1 :⋃
q Ẽ(q) →

⋃
q E(q) is easy in the step represen-

tation: simply insert a component of value x at
position a to undo the action of Cx

a . We know
from Lemma B.7 that Cx

a preserves order, and by
a similar argument, we see that (Cx

a )−1 does as
well.

What remains to be shown is that Cx
a is surjec-

tive, i.e. that
⋃

q Ẽ(q) = L(m − 2, n − x). Take
an arbitrary path λ ∈ L(m− 2, n− x). We show
that we can act by the inverse (Cx

a )−1. Inserting
a component x at position a into nλ is clearly
possible and sends λ to E(q = λa−1). Finally, we
note that E(q = λa−1) is indeed a part of the do-
main

⋃
q E(q): recall that q ranges over J0, n−xK,

as does λa−1. We conclude that Cx
a is a bijection

of sets, and an order isomorphism. ■

B.2.3 Merge

The final step is to merge the contracted skew
diagrams into a single skew diagram, and indeed
a downset, containing exactly the correct paths.
We fill in the details omitted in Section 4.2.3.
Skew diagrams are intervals in the poset, and
merging them means taking their union as sets:

⋃
q

Cx
a

(
µq

νq

)
.

It is not entirely trivial to see that such a union
is also an interval. Indeed, this is not the case
when there is a gap between the intervals, i.e.
there exist elements between them. To see the
intuition, we use an example of the real line with
its usual order: Suppose we have two intervals
[a, b] and [c, d] s.t. b ≤ c. If b < c, then there
exists some x ∈ (b, c) that is not contained in ei-
ther interval, nor in their union [a, b]∪ [c, d]. This
means that the union is not itself an interval.
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One can easily find examples to show that,
without contraction, the union

⋃
q E(q) (and

therefore
⋃

q
µq

νq ) is not generally an interval. How-
ever, the contraction Cx

a removes the gaps be-
tween consecutive helper diagrams, i.e. intervals
Ẽ(q) and Ẽ(q + 1), where we recall the notation
Ẽ(q) ≡ Cx

a (E(q)). The strategy to show this is to
study the boundary between a contracted helper
Ẽ(q+1) and a hypothetical gap between Ẽ(q) and
Ẽ(q + 1), showing that such gap cannot exist.

Boundaries of intervals To do this, define a
lower boundary of a subset S of a poset P as

∂S = {(λ, κ) : κ ∈ S, λ ∈ P \ S, λ⋖ κ}.

If S is a contiguous region in the Hasse diagram,
then ∂S can be seen as a cut between S and the
region outside (and lower than) S. We can dually
define an upper boundary, but the reasoning will
be analogous, so it is enough to focus on ∂S.

The strategy is to show that for a contracted in-
terval, the lower point λ of the boundary belongs
to another contracted interval. We start with a
general statement:
Lemma B.9. Let α/β be some skew diagram,
and let (λ, κ) ∈ ∂(α/β), then there exists a com-
ponent b such that

λc =
{
βb − 1 if c = b,

κc if c ̸= b.

Proof. Recall that if λ⋖ κ, then geometrically λ
has one fewer box than κ as a Young diagram.
In terms of the height representation, there must
be exactly one component, here b, where they
differ: λb = κb− 1. By definition of the boundary,
κ ∈ α/β, thus κc ∈ Jβc, αcK for each c. On the
other hand, λ /∈ α/β, so there must exist at least
one c for which λc /∈ Jβc, αcK, which implies λc <
βc since λ ≤ κ. Since λ and κ must agree on
all but one element, the component c where this
happens is c = b. Together, this implies that
κb = βb and λb = βb − 1. ■

Lemma B.10. Let (λ, κ) ∈ ∂Cx
a (E(q+1)). Then

the value b from Lemma B.9 is b = a− 1.

Proof. First, we show that b ≥ a−1 which follows
from Lemma B.9: we have λb = Cx

a (ηq+1)b − 1,
and by Definition B.2, for c ∈ J0, a − 2K, the
bottom path has components ηq+1

c = Cx
a (ηq+1)c =

0. The value λb must be nonnegative, and thus
b ≥ a− 1.

Next, we show that b ≤ a− 1. By case-by-case
analysis, we show that (λ, κ) in the boundary of a
contracted helper diagram can not exist otherwise.
We display the cases in the table below, omitting
their individual derivation which is simple but
tedious. Each case shows the allowed values of λc

depending on the choice of b and c ̸= b.

c < b c > b

c ∈ J0, a− 2K J0, qK {q, q + 1}
c = a− 1 ∅ {q + 1}

c ∈ Ja,m− 3K ∅ Jq + 1, n− xK
c = m− 2 ∅ {n− x}

Cells which violate order requirements are shown
by ∅ to signify that they represent cases with no
possible value for λc. Conclude that the only way
to have a value of λc for all c is if b ≤ a− 1. ■

Lemma B.11. Let (λ, κ) ∈ ∂Cx
a (E(q+1)). Then

λ ∈ Cx
a (E(q)).

Proof. This follows from Definition B.2 and Lem-
mas B.9 and B.10. We know that

λa−1 = η̃q+1
a−1 − 1 = q = η̃q

a−1,

where we denote α̃ ≡ Cx
a (α) for paths α. For all

c ≠ a − 1, we have λc = κc ∈ Jη̃q+1
c , ε̃q+1

c K. For
c < a − 1, this is J0, qK, and for c > a − 1, it is
Jq+1, n−xK. We conclude that λ ∈ Cx

a (E(q)). ■

Lemma B.12 (union of consecutive intervals).
The union of consecutive contracted intervals Ẽ(q)
and Ẽ(q + 1) is

Ẽ(q) ∪ Ẽ(q + 1) = ε̃q+1

η̃q
.

Proof. This requires three facts, two of which are
immediate: First, the set Ẽ(q) ∪ Ẽ(q + 1) has a
maximum element ε̃q+1, i.e. the top element of the
interval Ẽ(q+ 1). Similarly, it has a minimum η̃q,
i.e. the bottom element of Ẽ(q). This follows from
the construction of (contracted) helper diagrams.

The final step is to show that there are no
elements between the intervals Ẽ(q) and Ẽ(q + 1).
If λ is between them, there exist α ∈ Ẽ(q) and
β ∈ Ẽ(q + 1) s.t. α < λ < β. It is possible to
find such λ that is adjacent to Ẽ(q + 1) in the
Hasse diagram, i.e. it is covered by a κ ∈ Ẽ(q+1).
This is equivalent to saying (λ, κ) ∈ ∂Ẽ(q + 1).
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From Lemma B.11, it follows that λ ∈ Ẽ(q). We
conclude that there is no gap between the two
consecutive contracted helper intervals, and thus
their union is the interval ε̃q+1/η̃q. ■

B.2.4 Full description of measurement

The result of Lemma B.12 clearly extends to the
whole union⋃

q

Ẽ(q) = ε̃qmax

η̃qmin
= ε̃n−x

η̃0 .

Furthermore, it extends to the union of con-
tracted intersections

⋃
q C

x
a (µ/ν ∩E(q)): each in-

tersection is taken with the same skew diagram
µ/ν, and the effect is simply a further restriction
on modes away from a− 1.

Finally, having proved all that is needed for
Theorem 4.4 in the preceding sections, we recall
its statement below:
Theorem 4.4 (measurement). Starting with a
cumulative space ⟨µ↓⟩, the state space left after
measuring x photons in mode a is a cumulative
space ⟨µ(na=x)↓⟩ where the maximal path µ(na=x)

is the contraction of µqmax . The latter is the max-
imum path of the skew diagram corresponding to
q = qmax = min{µa−1, µa − x}.

B.3 Coupling new modes in initial L1

In Section 4.3, we mention a subtlety in applying
beamsplitters from the initial loop L1. The issue
is that the initial loop couples a PCS to a new,
previously unseen mode, with new photons; thus
the rule from Theorem 4.2 does not apply.

Though it is likely not possible in general to
couple an additional mode to an arbitrary mode
of a PCS, it is possible in the special case of cou-
pling the maximum mode of a PCS to a new mode
via a beamsplitter of the initial L1. Suppose we
start with m modes and n photons. All we need
to do is expand the lattice rectangle width by one
mode, height by the number x of new photons in
the added mode, and to set the height of µ in
the final two modes to the new total number of
photons n+ x:

(µ0, . . . , µm−2, n) 7→ (µ0, . . . , µm−2, n+ x, n+ x).

B.4 Counting lattice paths
We give a dynamic programming algorithm to ef-
ficiently count a downset µ↓ or a skew diagram
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Figure 15: A schematic explanation of the counting
algorithm for an example skew diagram µ/ν (in fact, a
downset, i.e. with ν the bottom path). To each point
(x, y) in the lattice rectangle, we associate a number
Ax,y. This is the number of allowed lattice paths within
a part of the the skew diagram that start at point (x, y)
and terminate, as usual, in the top right corner (W,H).
The array A is what Algorithm 1 computes. The total
number of paths in the diagram is found at point (0, 0),
i.e. |µ/ν| = A0,0.

Algorithm 1: count_interval
Input: Lattice paths ν ≤ µ identifying a

skew diagram µ/ν.
Output: Cardinality |µ/ν|.

1 m← length of µ; n← µm−1
2 if m = 1 or n = 0 then return 0
3 Initialize array A = (Ai,j)i,j with all zeros,

for i = 0, . . . ,m− 1 and j = 0, . . . , n
4 Am−1,n ← 1
5 for x← m− 1,m− 2, . . . , 0 do
6 if x = 0 then ymin ← 0
7 else ymin ← νx−1
8 for y ← µx, µx − 1, . . . , ymin do
9 Ax,y ← Ax+1,y +Ax,y+1 where

Ai,j = 0 if i or j are out of bounds

10 return A0,0

Figure 16: Pseudocode of the dynamic programming
algorithm to count the lattice paths in a given skew
diagram. For notational simplicity, we allow the indices
i, j of Ai,j to be out of bounds (i > m − 1 or j > n)
and we assume Ai,j = 0 in those cases.

µ/ν. To formulate it, we recall that a lattice path
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can be understood as a sequence of steps right
(+1, 0) or up (0,+1).

Note that given a point (x, y) in the lattice rect-
angle J0,W K×J0, HK, the number of paths passing
through this point is

|L(x, y)| · |L(W − x,H − y)|.

This is the number of paths that reach (x, y),
times the number of paths that start at (x, y)
and reach (W,H). To count the paths in µ/ν,
we restrict the above sets to regions allowed by
the skew diagram.

Together, the two ideas above give us an effi-
cient algorithm to compute the number of lattice
paths in a skew diagram µ/ν; see example in Fig-
ure 15 and pseudocode Algorithm 1 in Figure 16.

To each point (x, y) of the lattice rectangle
J0,W K× J0, HK, we associate an integer Ax,y that
is the number of paths starting at that point, end-
ing at (W,H), and staying within the region µ/ν.
These form an array A, shown in Figure 15. From
(x, y), a path can go up to (x, y + 1) or right to
(x+ 1, y), and at each of those points, we have a
corresponding value of A which counts the (dis-
joint) set of paths starting there. This allows us
to count paths starting at (x, y):

Ax,y = Ax+1,y +Ax,y+1.

Above, by abuse of notation, we assume that
Ax,y = 0 if (x, y) /∈ J0,W K × J0, HK. Points out-
side of µ/ν also get Ax,y = 0. Finally, we con-
ventionally define AW,H = 1: there is a single
(empty) path from (W,H) to itself.

To evaluate all entries of A, we start with
AW,H = 1 and progress through the array towards
(0, 0), evaluating an entry once its dependencies
are available, as shown in Figure 15 and Algo-
rithm 1. The final value is A0,0 = |µ/ν|.

C Theoretical complexity of the pro-
gressive sampling algorithm
In Section 1.1, we compared the asymptotics of
our Algorithm PS to other algorithms in the liter-
ature. Here, we provide the derivation. This will
concern our reference implementation of the algo-
rithm, found in the companion Git repository.2

Since the algorithm is dynamic in nature, in
that the computations for component Pa+1 de-
pends on the number of photons measured after
component Pa, it would be difficult to estimate
its theoretical time complexity in the general case.
Thus here we focus on one kind of circuit of inter-
est, the power-law architecture with loop lengths
ℓ = (1, ℓ, ℓ2, . . . ℓΛ−1). Note that in this case, the
number of modes per components of the progres-
sive decomposition, given by (3.1), is:

R = 1 +
Λ∑

i=1
ℓi−1

=
{

1 + Λ if ℓ = 1,
1 + ℓΛ−1

ℓ−1 if ℓ > 1,
(C.1a)

=
{

Θ(Λ) if ℓ = 1,
Θ(ℓΛ−1) if ℓ > 1.

(C.1b)

We take a total number of modes m ≥ R (even
m ≫ R generally), and we take an input state
|n⟩ = |1, 0, 1, 0, . . . ⟩ that we used in Section 5.
The analysis can be easily generalized to input
|n⟩ = |n0, n1, . . . , nm−1⟩ with na ≤ 1 for all
modes a, by bounding the photon numbers by
R instead of R/2 in the following.

C.1 Time to compute transition amplitudes
C.1.1 Single beamsplitter

In our reference implementation, we use the fol-
lowing equation to compute the transition ampli-
tudes for a beamsplitter Bab(θ) between modes
a ̸= b with beamsplitter angle θ:

[Bab(θ)]Na,Nb
na,nb

=
√
na!nb!Na!Nb!

min{na,Na}∑
k=max{0,Nb−na}

(−1)na−k+1(cos θ)nb+k−l(sin θ)na−k+l

k! (na − k)! l! (nb − l)!
, (C.2)

where k represents the number of photons start-
ing in mode a and ending in the same mode a, and

where l = Na − k, the number of photons transi-
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tioning from b to a. Furthermore na, nb are the in-
put, and Na, Nb the output numbers of photons.6

Assuming Θ(1) time arithmetic7, the complex-
ity of computing one transition amplitude from
(C.2) is just the number of terms in the sum-
mation, i.e. the number of possible values of
k ∈ Jmax{0, Nb − na},min{na, Na}K. We show
the size of this interval in the table below:

Nb ≤ na Nb > na

na ≤ Na na + 1 2na −Nb + 1
na > Na Na + 1 na +Na −Nb + 1

Note that ñ := na +nb = Na +Nb, and Na = k+ l.
It is clear that in each case the number can be
bounded by 2ñ+ 1.

Simplification: beamsplitters see all To
compute evolution of the state though a beam-
splitter, we need to apply (C.2) for all possible
values of na, nb, Na, Nb. We can exactly predict
the constraints on these using the lattice path
formalism from Section 4, however, this would be
too complicated for an asymptotic analysis. In-
stead, we simplify and assume that every beam-
splitter of a component Pc may interact with all
the photons in that component. This will lead to
an upper bound, because most beamsplitters will
see much fewer photons. The number of photons
in the component Pc is denoted n(Pc). Thus we
bound ñ = na + nb ≤ n(Pc).

There are ñ + 1 possible way to distribute ñ
photons between Na, Nb. Likewise, there are ñ+1
ways to do this for the input numbers of photons
na, nb, but we shall count these in a later step
when we reason about the size of the statevec-
tor to be evolved. Thus for each beamsplitter we
need to compute up to ñ + 1 ≤ n(Pc) + 1 am-
plitudes, and together with the above number of
terms per amplitude, we get up to (n(Pc) + 1) ·
(2n(Pc) + 1) operations.

C.1.2 All beamsplitters in the circuit

We now count how many beamsplitters are con-
tained in the circuit so that we can estimate the

6To get (C.2) from (2.2), represent photons in modes
a, b by creation operators â†

a, â†
b that transform as â†

c 7→∑
d∈{a,b} B(θ)dcâ†

d, and extend this to (â†
a)na (â†

b)nb .
7including using q! = exp ln q! = exp

∑q

i=1 log i to ef-
ficiently compute factorials, as well as precomputing the
first several values of log q!

time needed to compute the transformation of the
state through them all. Each loop of length ℓ′ gen-
erates a sequence of m − ℓ′ beamsplitters: there
is a beamsplitter starting at each mode, except
the ℓ′ last ones. For simplicity, we upper bound
this by m, noting also that generally m≫ R > ℓ′.
There are Λ loops, so the number of beamsplitters
in the circuit is bounded by mΛ.

Note that the reason we can count all beam-
splitters in the circuit, instead of worrying about
individual components, is a later simplification
that assumes all components behave similarly.

Observe that the complexity depends on the
number of photons in mode Pc. This complicates
the analysis, because these numbers depend on
the actual SPBS marginal probabilities. We will
again simplify the analysis by taking an appropri-
ate assumption. Note first that

n(Pc+1) = n(Pc)− n′
c + nc+1+R,

which corresponds to removing the n′
c measured

photons coming from the previous component Pc,
and adding nc+1+R photons in the new input
mode.

Simplification: number of photons roughly
constant Without any more information, it is
reasonable to assume that on average, the num-
ber of photons in a component will stay roughly
the same, i.e. n(Pc+1) ≈ n(Pc). This takes into
account that we add photons, but not in all new
input modes, and we remove photons by measure-
ment, but we cannot predict how many. At its
core, this is an entropy argument: we cannot as-
sume any more information.

With this simplification, the number of pho-
tons in each component becomes n(Pc) ≈
n(P0) = ⌈R/2⌉ ≈ R/2 (or generally ≤ R for an
input with na ≤ 1). Then the number of opera-
tions needed to compute amplitudes becomes the
number of operations per beamsplitter multiplied
by the number of beamsplitters (still ignoring the
state space):

T amp = O
(
mΛ ·

(
R

2 + 1
)
· (R+ 1)

)
= O(mΛR2). (C.3)

Recall again that R = 1 + Λ if ℓ = 1, and R =
O(ℓΛ−1) if ℓ > 1. Then the time to compute the
amplitudes of beamsplitters needed to evolve the
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state is:

T amp =
{
O(mΛ3) if ℓ = 1,
O(mΛℓ2(Λ−1)) if ℓ > 1.

(C.4)

C.2 Effect of state in memory
Finally, we recall that so far we only computed
the time to compute the transition amplitudes.
In order to evolve the state vector, we have to
multiply its coordinate components by these val-
ues, which essentially means iterating over these
components.

The number of statevector components, i.e. the
dimension of the reachable state space, at each
step, is given by the lattice paths. However, this
would again make asymptotic analysis difficult.
Instead, we extend the simplification we had al-
ready taken before: each beamsplitter can see
all the photons in a progressive component Pc,
and so we further assume that the Fock space
at the input and output of each beamsplitter is
the same as the final space at the end of the
progressive component. Having assumed that
n(Pc) ≈ n(P0) ≈ R/2, we can bound the dimen-
sion of the relevant space by:(

R+ n(P0)− 1
R

)
≈
(

3
2R− 1
R

)
We simplify this using Stirling’s approximation

ln x! = x ln x− x+O(x)

which gives(
x

qx

)
∼ x

(
−q ln q − (1− q) ln(1− q)

)
for a large x and q ∈ (0, 1). For us x = 3

2R − 1
and q → 2

3 as R grows, and thus(
3
2R− 1
R

)
= O

(√27
2

)R
 = O(2.6R) (C.5)

where we take an upper bound
√

27/2 =
2.598 · · · < 2.6.

Finally, noting that the above is independent
of the component Pc, we obtain a bound on the
total running time by multiplying the above with
T amp. We recall again that R = 1 + Λ if ℓ = 1,
and R = O(ℓΛ−1) if ℓ > 1. Thus the running
time is:

T =
{
O(mΛ32.6Λ) if ℓ = 1,
O(mΛℓ2(Λ−1)2.6ℓΛ−1) if ℓ > 1.

(C.6)

C.2.1 Measurement subsumed

In the end, we note that we did not mention
the measurement step that occurs after every
progressive component Pc. This consists of it-
erating over the components of the state vector,
summing up the marginal probabilities of sam-
pling a particular photon number using a hash
table, and then taking a sample from the re-
sulting distribution. This can be done in time
O(n(Pc)2.6R) = O(R2.6R) that is already sub-
sumed by the bound in (C.6).
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