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Several quantum and classical Monte Carlo algorithms for Betti Number Es-
timation (BNE) on clique complexes have recently been proposed, though it is
unclear how their performances compare. We review these algorithms, empha-
sising their common Monte Carlo structure within a new modular framework.
We derive upper bounds for the number of samples needed to reach a given level
of precision, and use them to compare these algorithms. By recombining the
di Lerknt modules, we create a new quantum algorithm with an exponentially-
improved dependence in the sample complexity. We run classical simulations
to verify convergence within the theoretical bounds and observe the predicted
exponential separation, even though empirical convergence occurs substantially
earlier than the conservative theoretical bounds.

1 Introduction

Given a graph, the clique complex is a geometric object that captures its clique information.
An important topological invariant of a cligue complex are the Betti numbers, By, which
quantify the number of holes in the complex in a given dimension k. The Betti numbers
have a long history in computational algebraic topology and data analysis: For fixed Kk,
polynomial-time algorithms for Betti number estimation date back to the 1970s [1], and
many recent applications of this problem have been found in the field of Topological Data
Analysis [2-4]. Despite this, it has been recently shown that, given as input a graph G
and dimension k, deciding if Bx = 0 in the cliqgue complex of G is QMA;-Hard, and, when
G is clique-dense this decision problem is in QMA [5]. This means that, under widely-
held computational assumptions, there is no e Lcieht classical or quantum algorithm for
computing the exact Betti numbers in all dimensions.

This intractability of computing exact Betti numbers in arbitrary dimensions still leaves
open the possibility of e Cciehtly approximating Bk divided by the number of k-simplices.
This quantity is called the normalised Betti number, and estimating it is the problem
we consider here and refer to as BNE. BNE has a relatively short history compared to
computing exact Betti numbers, appearing first in the literature of property testing for
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graphs [6]. Fortunately, BNE is known to be in BQP [7] for general simplicial complexes
that are e [ciehtly sampleable, of which e [ciehtly sampleable clique complexes are a special
case. In favour of the power of quantum algorithms over classical, the same paper shows
BNE to be classically intractable (DQC1-Hard) for general complexes [7] and leaves open
the question of whether BNE remains classically intractable for dense cliqgue complexes (the
near term complexes of interest). Nevertheless, this DQC1-Hardness and the previously
mentioned QMA;-completeness of exact Betti number calculation of dense clique complexes
provide strong evidence for the classical intractability of BNE for dense cliqgue complexes.

In the absence of a definitive complexity result for BNE on cliqgue complexes, progress
has been made by designing classical and quantum algorithms for BNE with steadily
improving asymptotic behaviour. The first BQP result for dense clique complexes was
proved by Lloyd, Garnerone and Zanardi [8] by introducing a new polynomial time quantum
algorithm based on quantum phase estimation. Ever since this result, new quantum [9-12]
and classical [13, 14] algorithms have been introduced, and it is still believed that there
is a regime where quantum algorithms attain a super-polynomial advantage over classical
algorithms for this problem [14].

This paper studies quantum and classical algorithms for the BNE problem which share
a similar Monte Carlo structure and take as input (classically provided) clique samples.
This forms a natural sub-class of classical and quantum algorithms for the BNE problem.
We choose to restrict our attention to this sub-class because we are interested in closely
examining the exponential speed-ups and sample costs of the dilerent quantum Monte
Carlo counter-parts to the classical random walk, ignoring any polynomial speed-ups of
other quantum algorithms such as [8, 14] which process superpositions of cliques using
non-random walk techniques.

The algorithms we consider produce an estimate by taking a matrix M related to the
combinatorial Laplacian of the clique complex, choosing a polynomial p such that the
trace of p(M) is close to the normalised Betti number, and then performing a stochastic
trace estimation of p(M). We directly compare the Monte Carlo quantum algorithm of
Akhalwaya et al. [12,15] and the classical algorithms of Apers et al. [13]. The theoretical
sample complexity bounds of these algorithms are presented in Table 1. We note that the
sample and query complexities presented in Table 1 do not have a clear dependence on
the dimension k or number of vertices in the complex n; These parameters will generally
feature in the time complexity of performing one query in the algorithm, meaning either a
step in the Markov chain for the classical algorithms, or a use of the relevant block-encoding
for the quantum algorithms. More notably, the sample count for the quantum algorithm
grows exponentially in 1/ 3, where & is the spectral gap of the normalised Laplacian of
the complex, and yields at most a polynomial advantage over the best classical algorithm,
which we prove in Section 4. We then introduce a new quantum algorithm which avoids
this exponential sample count growth.

In Sections 2 and 3, we describe the background in topology and stochastic trace
estimation which is necessary for the algorithms we consider. In Section 4, we review the
Monte Carlo quantum algorithm of Akhalwaya et al. [12, 16] which we refer to as QBNE-
Chebyshev and present the revised complexity analysis mentioned jn [15]. Additionally,
we prove that the sample count of this algorithm is exponential in 1/° 8. In Section 5, we
review the two classical algorithms for normalised Betti number estimation introduced by
Apers, Gribling, Sen and Szab6 [13], which we call CBNE-Power and CBNE-Chebyshev
and compare the complexities to QBNE-Chebyshev. In Section 6, we recombine aspects
of CBNE-Power and QBNE-Chebyshev into a new quantum algorithm for BNE. We show
that this results in a quantum algorithm which avoids the exponential dependence on 1/9
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Algorithm Polynomial degree d Sample complexity Query complexity
QBNE-Chebyshev (Alg. 3) '%%’—Dj O d2 2 od O d3 2 tod
CBNE-Power (Alg. 4) logQ/H 0 %24 O 4dz2
CBNE-Chebyshev (Alg. 5) @‘513/70] O dgd2¢d O d* 28
QBNE-Power (Alg. 6) logQ1/0H o % o & d

Table 1: Comparison of the sample and query complexities of the four quantum and classical algo-
rithms for estimating Betti numbers considered in this paper, where [is the additive precision and
is the spectral gap of the normalised combinatorial Laplacian of the complex. The sample and query
complexities are given in terms of the polynomial degree d given in the second column. We assume
that the failure probability n is constant. For more precise complexity formulas see Theorems 4.5, 5.3,
5.7, 6.3, respectively.

present in QBNE-Chebyshev?®. In Section 7, we simulate the algorithms on several small
benchmark graphs and present both theoretical upper bounds and empirically observed
sample counts for the minimum number of samples required for convergence.

2 Simplicial complexes, Laplacians and Betti numbers

A simplicial complex on a set fX 1, X2, ..., Xng is a collection of subsets I" of fx 1, X2, ..., XnQ
which is closed under subsets, meaning that if ¢ is an element of I' and 0% is a subset of
o then o%is also in I". The elements of I" are called simplices and a simplex is called a
k-simplex when its cardinality is k+ 1. Given a simplicial complex I" we write Sk to denote
the set of k-simplices in I". A simplicial complex of particular interest here is the clique
complex of a graph, which given a graph G has a subset of the vertex set as a simplex
if the vertices form a clique in G. We consider the vector space CI" with the standard
basis labelled by the elements of I". Furthermore, we define the k™ boundary map as the
mapping Jx : CSk ! CS 1 sending a k-simplex jfx j,, ..., Xj, gi with ig <y < ... <k to

(1) 32X g, ooy Xi, g N X O,
j=0

akij igs ...,xikgi =

and define the unrestricted boundary map by 0 = [_;0x. A standard lemma in algebraic
topology [17, Lemma 2.1] shows that dx 0 k+1 = 0, meaning that Im(dx+1) ker(0 k), and
therefore the quotient ker(dx)/Im(d+1) is well-defined, and called the k™ homology group.
The k'™ Betti number By is then defined to be the dimension of this vector space, that is

Bk =dim  ker(d)/Im(@kr1) ,

and is a quantitative expression for the number of k-dimensional holes in I". Similarly, the
normalised Betti number is defined as Bi/jSkj. The k™" combinatorial Laplacian is defined
as the mapping Ax : CS ' CS

DNy = a{ak + ak+1az+1. Q)

The Combinatorial Hodge Theorem [18] shows that Bx = dim(ker(Ax)), and therefore
estimating the Betti number is the linear algebra task of calculating the nullity of the

! Akhalwaya et al. in [15] introduce a di@rent quantum algorithm using qubitization which lies outside
our lower-coherence Monte Carlo comparison framework.
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Laplacian [19]. From the definition given in (1) we can see that Ay is positive semi-
definite by noting that A, = (0x + ak+l)y(ak + 0k+1) By the Laplacian Matrix Theorem
of [20, Theorem 3.4.4] the diagonal elements of Ay are bounded by n, the size of the
simplicial complex. This means that the eigenvalues of Ay are strictly in the range [0, n].
Throughout the paper, we consider the normalised Laplacian Ak = 1Ak and its reflection
I Ay, both of which have eigenvalues in [0, 1]. The nullity of Ay is equal to the nullity
of Ay and the dimension of the 1-eigenspace of | Ak We assume throughout that 4 >0
is a lower bound for the smallest positive eigenvalue of Ax. These facts are used by the
algorithms presented in this paper to estimate By.

In this paper we are interested in computing an additive estimate of the normalised
Betti numbers, according to the following definition.

Definition. Let [ > 0. We say that the estimator ng is an (L h)-estimator if Pr ﬁk
g
ISk]

To map a simplicial complex onto the computational basis states of (C2)" we associate
a k-simplex o in I with the computational basis state jai, ...,ani 2 (C 2)" where a; = 1 if
Xj 2 0 and a; = 0 otherwise. Other more compact mappings from simplices to qubits are
explored, for example, by McArdle et al. [10] who also provide circuit constructions for the
combinatorial Laplacian. These circuits are deeper than those presented in this paper.

3 Stochastic trace estimation

Let M be an N N matrix. The normalised trace of M is ﬁtr(M), which is the same
as the average eigenvalue of M. Each algorithm for Betti number estimation in this paper
relies on a framework for estimating normalised traces called stochastic trace estimation.
This is typically applied to matrices M which are too large to store directly but have
e [cieht procedures for computing matrix-vector products such as hxjM jxi for a vector
jxi. Rather than compute each of the diagonal entries of M, we define a random variable
XM with expectation ﬁtr(M) so that sampling from Xy, and averaging these samples
gives an estimate for %tr(M). A typical example is to define Xp = hxjM jxi where jxi
is a vector chosen uniformly at random from the standard basis of CN. To estimate the
number of samples required to achieve an [=¢lose approximation of the desired trace we
make use of a well-known concentration inequality presented in Lemma 3.1. For more
background on stochastic trace estimation and its applications, we refer [21-23].

Lemma 3.1 (Hoelding's Inequality [24]). Let X 1, Ig<q be independent random variables

such that g X j b j almost surely, and write g = ?21 Xi. Then
h 2t 2
Pr sq E[sq t 2exp P—
q q L 1(b| |)

In this section, we review two modifications of this approach which are used in nor-
malised Betti number estimation.

3.1 Classical stochastic trace estimation for powers of sparse matrices

In the classical algorithms described in Section 5, we consider computing the trace of
some power MY of a sparse matrix M. A random variable is generated by first choosing
a random basis element jxi of the space acted on by M and sampling from a Markov
chain computed from the columns of M. This method, described in detail by Apers et
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al. [13], is presented below in Algorithm 1. In this setting, M is a matrix whose rows
and columns are indexed by some set of n-bit strings and we make two assumptions about
it. Firstly, we assume the existence of an e Lcieht algorithm RandomRowIndex n which
generates a random row from this set. This allows us to generate random basis vectors
jXi e Lciehtly. The second assumption is that M is poly(n)-sparse which is equivalent to

the existence of an e [cieht function SparseRow s which for any row index i returns the
row M; as a poly(n)-sized dictionary. This sparsity allows us to generate an unbiased
estimate of hxjMYjxi as follows. Firstly, we create a Markov Chain on the rows of the
matrix with transition probabilities P (Xi, Xj) = My x, }/[j]Mx;, jj1. We can then define a
random variable

a1
Ya = hoixoi  Sign(My xi., )iiMs i
j=0
where Xg is a random row generated by RandomRowIndex 4 and Xi, X2, ..., Xq are suc-
cessive random rows from the Markov Chain starting at xp. This is an unbiased estimate
of hxgj M 9jxoi in the sense that E[Y 4] = E[hxj M9 jx,i]. Furthermore, the norm can be
bounded as

a1
iYd = jiMx, jin kMK {.
j=0
For more details on this process and its analysis, see [13]. As we see in Section 5, this
bound can be used with Hoe [dihg’s inequality to prove a bound on the required samples
to estimate & tr M9 .

In order to compare algorithms which use Algorithm 1 as a subroutine we introduce
the notion of classical sample complexity and classical query complexity. For such an
algorithm A, the sample complexity will be the number of samples generated throughout
the algorithm using Algorithm 1 and the query complexity will be the number of calls to
the SparseRowy, function which queries a row of the matrix M. As the SparseRowy, oracle
will take a fixed amount of time to run depending on the input matrix, we use the query
complexity as an estimate of the cost to run A on a given input. The sample complexity
on the other hand gives an indication of how many independent processes are needed in
running A, which can potentially be done in parallel.

Definition. Let A be any algorithm which makes N calls to EstimateSparseTrace with
inputs
f(SparseRow y,, dj, gi, RandomRowIndexm )91 i N

where N,d and g; are, in general, functions of the inputs of A. We define the classi-
cal sample complexity of A to be the total number ;q; of all samples generated using
EstimatgSparseTrace. We define the classical query complexity of A to be the total
number ; djg; of all queries to SparseRow, in the algorithm.

3.2 Quantum stochastic trace estimation for positive semi-definite matrices

Quantum algorithms for estimating the trace of a unitary matrix have a long history in
the field of quantum algorithms, particularly popularised with the Hadamard test used by
Aharonov, Jones and Landau in their work on estimating the Jones polynomial [25]. In
recent work on quantum algorithms for Betti numbers, Akhalwaya et al. [12] described
an alternative method which is specialised to positive semi-definite matrices which admit
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Algorithm 1 Markov Chain Trace Estimation of a sparse matrix M, Apers, Gribling,
Sen, Szabo [13]

Let M be a N N sparse matrix, where the rows are indexed by a set S of n-bit strings.

Input: A function SparseRow \; as described in Section 3.

Input: d, positive integer denoting the power M s raised to.

Input: g, the number samples to be taken.

Input: A function RandomRowIndex 1 which el@iently generates a random element
of S.

Output: An estimate for the normalised trace & tr M9 .

1. procedure EstimateSparseTrace(SparseRow M, d, g, RandomRowIndex )
2: forl =1,...,gdoio RandomRowindex ()

3 fork =0,...,d do

4: Select a new row index i+ from the set SparseRow (i) with probability

P (ik+1, ik) = Miy i, /KMy, k1

5: [Define a value, §, which approximates M ; = hij MYjii as follows.
6: if ig= i(bthen
7: S 120 sign(Mi, .., kM ke
8: else
9: s 0
0 reurn 09 s
: qg I=1°l

a form of block-encoding. This procedure, summarised in Algorithm 2, is central to the
quantum algorithms in this paper.

A Hermitian N N matrix M is said to be positive semi-definite if all of its eigenvalues
are real and nonnegative. This is equivalent to the existence of a matrix D such that
M = DYD. For any such matrix we can rewrite terms of the form hxj IY_l jxias hxjDYD jxi =
kD jxik 2, and therefore the trace of M can be expressed as tr(M) =, kD jxik 2. For the
trace of higher powers of M, say M9, we achieve a similar expression.

Lemma 3.2. If M is a Hermitian positive semi-definite matrix written as M = D YD,
then for every positive integer d the trace of M is equivalently

X
tr M4 = kD@ jxik?,

X

where D@ is defined as (DD)¥2 for d even, and (DDY)*2~D for d odd.

Proof. If d is even then we have hxjM jxi = hxj(DYD)%jxi = k(D YD)%2jxik 2, and for d
odd we similarly have hxj M jxi = hxj DY(DDY)?! D jxi = k(DD Y)“+ D jxik 2. 0

This fact allows us to create an unbiased trace estimator using a particular type of
guantum circuit encoding D, as we next explain.

Definition (Block-encoding). For an N N matrix D whose rows and columns are
indexed by a subset S of n-bit strings, a block-encoding of D with a auxiliary qubits is
a 2"*a 2 n*a ynitary matrix U p with the property that, for any n-bit string x 2 S, we
have

Up j0%ijxi = jO 2iD jxi+ jyi, 2

for some state jyi that is orthogonal to jO2ijyi for ally 2 S.
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Now observe that for a given bitstring x 2 S, if we create the state
j02 D @ jxi + jui

for some state jyi orthogonal j0 2ijyi for all y 2 S, then after measuring the auxiliary
qubits we obtain the outcome 02 with probability kD@ jxik 2. If weJepeat this process
for a uniformly random bitstring x 2 S then the expected value is =, FkD@ jxik?2 =

%tr M9 | as desired. However, since we only have access to a block-encoding of D or

DY, it is not immediately clear how to prepare this state. In Algorithm 2 we instead
successively apply the block-encoding of D or DY, measure the auxiliary register, and only
proceed if the outcome is 02. As we show in Lemma 3.3, the probability of succeeding
after d of these steps is precisely % tr MY . The details of this process are formalised in
Algorithm 2, and we next show that it indeed estimates the desired trace. For a proof of
this, see Appendix A.l.

Lemma 3.3. For each i = 1,...,q, the random variable s; output by Algorithm 2 is a
Bernoulli random variable with expectation 3 tr M¢ .

In order to compare quantum algorithms which use Algorithm 2 as a subroutine we
introduce the notion of quantum sample complexity and quantum query complexity. For
such an algorithm B, the sample complexity will be the number of samples generated
throughout the algorithm using Algorithm 2, and the query complexity will be the number
of calls to the either of the block-encodings Up or Upy. As this oracle will have a fixed
circuit size depending on the input matrix, we use the query complexity as an estimate
of the cost to run B on a given input. The sample complexity on the other hand gives an
indication of how many independent quantum processes are needed to run B, which can
potentially be done in parallel.

Definition. Let B be any algorithm which makes N calls to EstimateBlockEncoding
with inputs
f(U p, dj, gi, RandomRowIndexn )01 i N

where N,d and g; are, in general, functions of thg inputs of A. We define the quan-
tum sample complexity of A to be the total number ;q; of all samples generated using
EstimateFromBlockEncoding. We define the quantum query complexity of A to be the
total number  ; djqg; of all queries to Uy or Upy in the algorithm.

When M = DYD also admits a classical oracle SparseRowy,, these measures are good
analogues for the classical sample and query complexities defined in Section 3.1. This is be-
cause the query complexity captures the number of uses of a fixed-cost oracle (SparseRowpm
in the classical case and Up in the quantum case) and the sample complexity captures the
number of quantum or classical processes that are employed to generate samples.

4 The QBNE-Chebyshev algorithm

4.1 Outline

To our knowledge the first proposed quantum algorithm for normalised Betti number esti-
mation which did not use primitives such as Hamiltonian evolution and phase estimation
was presented in the work of Akhalwaya, Ubaru et al. across a number of papers [12,16,26]
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Algorithm 2 Quantum Trace Estimation of a Positive Semi-Definite Matrix with Block
Encoding [12]

Let M be a N N positive semi-definite matrix with M = D YD whose rows are indexed
by a set S of n-bit strings, and RandomRowIndex \, a function which eldiently
generates a random element of S.

Input: U p circuit with n+a qubits which block-encodes D; a positive integer d denoting
the power M is raised to; a number of samples q

Output: An estimate for the normalised trace & tr M? .

1: procedure EstimateFromBlockEncoding(U D, d, q,RandomRowIndex )
2: fori=1,...qdo

3 X RandomRowindex  m()
4 joi jO @ijxi [CTreate the initial quantum state from the n-bit string x.
5: forj=1,...,ddo
6: if j is odd then
7 joi U pijoi [CApply the quantum circuit U p to joi
8: else
9: joi U pyjoi [U oy can be constructed as (ig)Y.
10: Measure auxiliary qubits of joi in computational basis
11: if outcome is (7 then
12: Continue to next j
13: else
14: si 0; Continue to next i
15: si 1
. 1Py
16: retun ¢ =1 Si

2. This work introduced several innovations which opened up the possibility of perform-
ing normalised Betti number estimation on nqu -term devices. Their proposed algorithm
works by first choosing a polynomial p(x) = -_0 aix' such that the trace of p(Ax) is
approximately Bx/jSkj. They provide a modular circuit for block-encoding Ay, Which we
review in Section 4.2. This block-encoding is then used to perform stochastic trace esti-
mation on the powers A' via Algorithm 2. The traces of the matrices A Ad are
then summed according to the polynomial p to give the normalised Betti number estimate.
The full algorithm is summarised in Algorithm 3.

In this section we describe the methods used in each of these steps and give a new
assessment of the time complexity of this algorithm [12]. In particular, the complexity
analysis we give in Section 4.4 shows that the number of uses of a block-encoding of Ay
scales with the 2-norm of the polynomial p(x) chosen above. We additionally show in
Section 4.3 that the polynomial considered in [12] has 2-norm that grows exponentially in
its degree, which then leads to a term in the algorithm’s complexity scaling exponentially
with 1/6.

4.2 Quantum circuits for the Laplacian

The quantum circuit used in this algorithm is built from a number of simple operators
considered by Akhalwaya et al. that we summarise now [12,26]. First, the normalised

2Culminating in a recent ICLR paper [15], which forward references this paper for the revised complexity
analysis of their Monte Carlo algorithm.
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Algorithm 3 The QBNE-Chebyshev Algorithm [12,16]

Input: G, a graph on n vertices with cligue complex I'; a desired dimension k such that
1 k n 1; adesired error (3 0; a desired failure probability n >0
Output: An (Lh)-estimator [§k of the k" normalised Betti number of T
Let Ay be the normalised K" combinatorial Laplacian of I".
Let R k be an eldient random sampler of k-simplices from .
Let 8 2 (0,1/2] a lower bound on smallest positive eigenvalue ofA.
1: procedure QBNE-Chebyshev

2: Define the ([Z2, d)-filter polynomial p(x) = —o ajx' as described in Lemma 4.2.
3 d p% log(4/01]

4 q d 2I0g]i(é/'])kpkge [See Theorem 4.4
5: Let Up be the block encoding of a matrix D such that D'D = Ak

6: fori=1,...,ddo

7: a®  EstimateFromBlockEncoding(U D, i, 0, Ry)

8 returna g+ aifi® + ... +agp@®

Laplacian can be expressed as a product of operators as
~ 1 1
Ay = PyPr EFHB Pr %B PrPk. (3)

Here, B = 0 + 0¥ denotes the unrestricted boundary operator, P = P oor Johaj denotes
the projection onto the simplices of the cliqgue complex, and Py is the projection onto the
Hamming weight k subspace of the n-qubit Hilbert space. The operator pl—ﬁB is both
Hermitian and unitary, and a quantum circuit construction for it using the Jordan-Wigner
transform was given in [26]. Additionally, block-encodings for the projections Pr and Py
are described in [12] using a circuit of ToLall gates and a Quantum Fourier transform,
respectively. The identity in (3) allows us to express the normalised Laplacian in the form
Ay = BYB, where B is called the restricted boundary operator. This form allows for the
use of quantum stochastic trace estimation algorithm described in Algorithm 2 by setting
D=B =Pr %B PrPx. The circuit implementation of FFB and block-encodings of
Pr and Py prewously mentioned yield a block-encoding Up of D by successively applying
each of the circuits for Py, Pr and pl—ﬁB, measuring the ancilla register in between each
application and proceeding only if the measurement outcome is 0%. For higher powers of
the normalised Laplacian, say AY, we can write A{ = (D®)YD@ using the construction
discussed in Section 3 to obtain a block-encoding U@ of D®.

4.3 Polynomial constructions

In this section we describe a family of polynomials considered in the Betti number esti-
mation algorithm of [12] that is used in Algorithm 3. We first give general conditions for
a polynomial p(x) to yield an appropriate approximation of the normalised Betti number
when applied in the context of Algorithm 3. We will then show that the polynomials used
in [12] have 2-norm growing exponentially with their degree, which we then show leads to
an exponential term in the algorithm’s time-complexity.

Lemma 4.1. Let [3> 0 be given, and let § denote the smallest positive eigenvalue of the
normalized Laplacian Ax. If p(x) is a real polynomial with the property that p(0) =1 and
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jp(x)j < Cor all x 2 [9,1], then

1 ~ 1
iS4 P(AK) iS4 Bk 4)
Proof. Since the trace of a diagonalisable matrix is the sum of its eigenvalues, and since
Bk is the dimension of the kernel ofAy, it follows that

- X
tr p(Ax) =B+  p(A),
A>0

where the above sum is over the positive eigenvalues dy, counting multiplicity. As
p(X)j < Cior x 2 [8, 1] and A is an jSkj |jS kj matrix then we obtain the upper and lower
bounds 5

Bk 03 «j tr p(Ax) B «+ 03«
or equivalently .

iS4 B <[] ®)

1 ~
— tr p(A
50 pP(Ak)

O]

Lemma 4.1 shows that we can estimate the normalised Betti number by an estimation
of the normalised trace of p(A) for an appropriately chosen polynomial p(x). By linearity
of the trace, the normalised trace of p(Ax) can be estimated by estimating the normalised
traces of Ay, AZ, ..., Al and summing according to the coe [Ciehts of p(x). The conditions
of Lemma 4.1 motivates the following definition.

Definition. We will say that a real function f(x) is an (L[b)-filter if f£(0) = 1 and jf(X)] <
(for all x 2 [3, 1].

In [12], Akhalwaya et al. consider a polynomial filter based on the Chebyshev polyno-
mials, which we now describe. We let Ty(x) denote the d™ degree Chebyshev polynomial
of the first kind, defined by the recurrence To(X) = 1, T1(X) = x and

Ta+1(X) = 2XTg(X) T 41 (X), (6)

for d 1. It was shown in [12, Proposition 1] that by shifting and scaling a Chebyshev
polynomial of su Lciehtly large degree we obtain an (L[.0)-filter.

Lemma 4.2. Let [d > 0 be given. For all d pl—g log(2/DJthe polynomial

1 x 1
15 1 "

Tq

is an (Ld)-filter.

q
Define the 2-norm of a polynomial p(x) = ag+aix+...+agx? askpk, := ag+aj +... +a3.
Next we show that the 2-norm of the polynomial in Lemma 4.2 is exponentially large in
its degree. We defer the proof to the Appendix A.2.

Lemma 4.3. Let [3>0 and 6 2 (0,1/2] be given, and let p(x) denote the polynomial

1 x 1
15 /T 15

For d pl—g log(2/0)] the polynomial p(x) has 2-norm which satisfies

p(x) = Ty

(8)

ﬁ(gm)d kpk 3 [Fd210d,

Accepted in { Yuantum 2025-09-22, click title to verify. Published under CC-BY 4.0. 10



4.4 Complexity analysis

In this section we prove the correctness and give the complexity of the QBNE-Chebyshev
algorithm described in Algorithm 3. Consider the quantities i) as defined_in Algorithm 3.
Each [i4) can be expressed as an average of random variables, say fid) = % 9_. a9 where

ﬁi(j) are random variables taking value 0 or 1, as described in Algorithm 2. The normalised
Betti number estimate resulting from Algorithm 3 is

Bk = ap + a1 fi® + ... + agf@. (9)

We can now give the number of samples q required for this estimator to be an (Lh)-
estimator.

Theorem 4.4. Let ) > 0 be given, and suppose p(X) = & +ajX + ... + adAxd is a real
polynomial that is an ([ZR, d)-filter. The normalised Betti number estimate Bk output of
Algorithm 3 is an (L1)-estimator.

Proof. Applying the triangle inequality and Lemma 4.1 we obtain

2 Bk = 1 ~ 1 ~ Bk
Bk iS4 Bk iS4 P(Ak) iS4 p(Ax) St
~ 1 ~ O
Bk ﬁtr P(Ak) +§,
and therefore we have the lower bound
h. g i h 10 : 1 ~ |
Pr Pk OO Pr oag+- aip® _—tr pa = 10
Be s AT L LGOI R

The random variables qﬁi(j) are independent and have absolute value in the interval
[0,]jajj], hence applying Lemma 3.1 with t = [q¥/2 yields

h 18 xd : i fq

~G) 1 ~
Pr ap+ - aj [ —tr p(Ax) 2 2exp —— .
i1jor IS 2kpk2

For ¢ M&kpkg the right side of the above is at most n, and combined with (10)
gives the result. O
Lastly, we give the sample and query complexity of Algorithm 3.

Theorem 4.5. Let G be a given graph on n vertices, k a desired dimension, (& desired er-
ror, n a desired failure probability, and let & be the spectral gap of the normalized Laplacian
Ay. Executing Algorithm 3 gives us an (L[ 1)-estimator of §/jSkj of the cligue complex of
G, with sample complexity

log(4/ 10log@ry
SQBNE-Chebyshev = 109(2/1) ﬁsa—m 2 5

and query complexity

1 2 1 10|Og(41/[ﬂ
QQBNE-Chebyshev = 10g(2/n) % log(4/0) (BE log(4/0H1 2 5
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Proof. Following Algorithm 3 there are d estimates i) produced, each of which uses q
samples. Therefore the total sample complexity is

d q= pl—élog(4/III 2"*’7(@2/”) kpk 2 %log(ugﬁ 2log(2/n) 2 1%,

where we have applied Lemma 4.3 to bound the 2-norm of the polynomial used in this
case. For the query complexity, we count the number of uses of the circuit f or its
Hermitian conjugate. In each sample applied towards the estimate f) we use i uses of
the circuit U p or its Hermitian conjugate. Therefore the total query complexity is

xd
qi=q 0*D 210000 gk ogarmn (e togas 1
1 2 £ 2 7% d
]
Olog(AlD]

We note that the term 2
analyses given in previous work.

in the complexity of Theorem 4.5 is not present in the

5 The classical BNE algorithms

In this section, we recall the two classical algorithms of Apers, Gribling, Sen and Szab6 [13]
for estimating Betti numbers. In this original work, the authors consider a broader problem
than that addressed in this paper. In particular, their algorithm is described for all finite
simplicial complexes (not just Vietoris-Rips complexes) and they are able to exploit an
upper bound A on the eigenvalues of Ax. In order to compare these algorithms directly
with their quantum counterparts, Algorithm 3 and 6, we limit the scope of these algorithms
in this section to that of Algorithm 3. We also present some small improvements to the
design of this algorithms which help to present a fairer comparison in Section 7.

5.1 Outline

The algorithms presented by Apers et al. [13] have a very similar structure to Algorithm
3 presented in the last section. In particular the k™ normalised Betti number is approx-
imated by the normalised trace 55 tr(p(M )) for some polynomial p and relevant matrix
M, then this quantity is estlmated by stochastic trace estimation on the relevant powers of
M. There are two main di[erences in our presentation of this algorithm versus the original
paper. Firstly, the matrix M taken by Apers et al. is the reflected Laplacian H =1 Ay
instead of A3, The eigenvalues of Ay all fall in the range [0, 1], as noted in Section 2.
Thus the eigenvalues of I Ay are confined to the same range and the Hodge theorem [27]
implies that the dimension of the 1-eigenspace of H is equal to the k" Betti number. As
we show, this changes the polynomials p which are needed for these algorithms. Secondly,
the algorithm employs the classical Monte Carlo method of stochastic trace estimation
described in Algorithm 1. To use this they show that H is sparse via the Laplacian Ma-
trix Theorem [20, Theorem 3.3.4]. This theorem can be used to implement the function
SparseRow , in the course of the numerical simulations presented in Section 7.

3| the original presentation, the matrix H is defined with Ay = A /A where A n is an upper bound
on the largest eigenvalue of Ag.
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5.2 CBNE-Power algorithm

The first classical Betti number estimation algorithm of [13] which we present in modified
form as Algorithm 4, estimates the normalised Betti number in two simple steps. Firstly,

it is observed that the desired quantity can be estimated to any accuracy [y tr HY /jSj

for su Lciehtly high d. This is an observation made originally by Friedman [28] and we
reprove the exact relationship between [and d for completeness.

Lemma 5.1. For any [~ 0, if d wthen the normalised trace of H satisfies
1 1 1
B s i 1)
Proof. The trace of HY is evaluated as
X
tr HY =B+ (1 Mn) @ (12)
A>0

where the sum is over the positive eigenvalues A of £ including multiplicity. Since the
eigenvalues of 4 lie in the interval [0, n], then each term (1 A/n) ¢ above is nonnegative,

and hence f tr HY . On the other hand, since & is a lower bound for the positive

eigenvalues of&k then each term (1 A/n) ¢ above is at most (1 &) 9. Choosing d M
ensures that (1 ) ¢ [lthus we obtain tr HY B  + [3j, completing the proof. [

Given this approximation, the algorithm then estimates tr HY /jSyj using the classical
Markov chain trace estimation described in Algorithm 1. As was shown in [13], the number
of samples required to obtain an @stimate of tr HY /jS,j with probability 1 n can then
be deduced from Lemma 3.1. We give a short proof for completeness.

Lemma 5.2. Let [ = 0 be given. The output of Algorithm 4 is an ([ 1)-estimator of
Bk/iSki-

~ = )
Proof. Let Bx = % ‘ﬂglsgdenote the output of Algorithm 4, where q = d
and the srare i.i.d random variables described in Algorithm 1. Similar to the proof of
Theorem 4.4, an application of the triangle inequality shows

224+ |og(2/n) e
e

~ Bk ~ 1 d D
S L 2
and therefore we have the lower bound
Prhﬁ B EII Pr h|§ IR 0
< S Sk 2

The random variables s—are bounded as 0 s kHk i‘ as described in Section 3. There-
fore applying Lemma 3.1 with t = [g¥2 gives
h

pa 1 d m
P . - t H 2
r Bx 54 r 5 2exp

[Fq

—_— 13
2KHKZ (13)

To make the right side at most n it sul@es to take q 2In(2/n)kHk 297121 As was pointed
out in [13, Corollary 4.4], for a cliqgue complex the 1-norm of the matrix H is at most 2,

therefore choosing q = &— '%(Zln)e we obtain
h B i
=~ k
Pr Bk — [
JSki

as was desired. O
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Algorithm 4 CBNE-Power [13, Algorithm 1]

Input: The input is per that of Algorithm 3
Output: The output is per that of Algorithm 3
Let Ay, Rk andd be defined as per Algorithm 3. Let § be the function SparseRow | A
as described in Section 3.
1: procedure CBNE-Power(G, k, 01

2: d d %je [See Lemma 5.1.
3 q d w@Me [See Lemma 5.2.

4: return EstimateSparseTrace(S H, 0, d, Ry)

Having shown that the output of Algorithm 4 is an ([ h)-estimator, we can now give
the sample and query complexity.

Theorem 5.3. Let G be a given graph on n vertices, k a desired dimension, & desired

error, 1 a desired failure probability, and let & be the spectral gap of the normalised Lapla-
cian Ax. Executing Algorithm 4 gives an (L 1)-estimator of [k/|Skj of the clique complex

of G, and with sample complexity

2 log(2/0)
5 +1

1
SCBNE-Power = e log(2/n) 2

and query complexity

1  log(2/
QCBNE-Power =@ 9(5 2 log(2/n) 2

2 log(2/)
5 1

Proof. With d = d % Algorithm 4 consists of running Algorithm 1 to estimate the
normalised trace of H! to accuracy [ZR and with probability 1 n. In Lemma 5.2 we

showed that this can be done with &%e samples from the random variable in
Algorithm 1. This gives the claimed sample complexity. For the query complexity, each of
these samples required d calls to the SparseRow, A t0 simulate d steps of the relevant
Markov chain. This means that the query complexity is d times the sample complexity,
which is precisely the claimed query complexity. O

5.3 CBNE-Chebyshev algorithm

As we saw in Theorem 5.3, Algorithm 4 has an exponential asymptotic dependence on
the degree d = %Iog(Z/Eﬂ In [13], a second algorithm was proposed which reduces this
exponential term to an exponential of O pl—g log(1/ D1 by choosing a polynomial approxi-
mation with a lower degree. This second algorithm uses a well-known approximation of the
monomial x" by a sum of Chebyshev polynomials of degrees 1,2,...d. (For more details,
see the exposition of [29, Theorem 3.2].) This polynomial is written as Br'd(x) and the
important consequence of the theorem cited above is that choosing d 2 O(" r) is su [cieht
to guarantee any constant uniform approximation of x" in the range [ 1, 1]. This approx-
imation is then used in the same way as the polynomial approximation in Algorithm 3 in
that each trace tr(H)/jSyj, tr H2 /jSyj,...,tr HY /jS.j is approximated using stochastic
trace estimation as per Algorithm 1, and then summed to get an estimate of Bk/jSj.

We make two observations which improve the analysis of this algorithm. The first is
that in general a lower degree polynomial can be used in the approximation compared with

Pr,d-
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Algorithm 5 CBNE-Chebyshev [13, Algorithm 2]

Input: The input is per that of Algorithm 3
Output: The output is per that of Algorithm 3
Let Ax,Rx and 6 be defined as per Algorithm 3, and let $ be the function
SparseRow | z as described in Section 3.
1: procedure CBNE-Chebyshev G k, DJ
2: Define polynomial p(x) = , Loaix! s.t. tr p(l Ek) /iSkj B «/jSxj <2 [
See Lemma 5.

3: r]0 1 dd/2 W

4; fori=1,...,d where a; 6= 0 do

5: G Wzljejaj

6: g d 22d+1 Iog(Z/nO)e

7: (" EstimateSparseTrace(S H, Gi, 1, Ry)
8. returna g+ aifi® + ...+ agfi®

Lemma %4. Let [ 0, and let & be the smallest nonzero eigenvalue ofAx. For d
log(4/0)x" 9, the polynomial

X 1
POO=Ta 5 /Mo 15
satisfies
1 Bk
JSki P ISk]
Proof. This follows immediately from Lemma 4.1 and 4.2 by noticing that the polynomial
considered here is a reflection of the polynomial considered there. O

Remark. In the original vgsmn of CBNE-Chebyshev [13] the polynomial p g4 with
r = dlog(3/0Z6e and d =d 2/6log(6/D¢ has degree d and achieves the approximation

1 Bk
S Pt g

The polynomial p(x) described in Lemma 5.4 has lower degree d = dlog(4/&§e and
achieves the better approximation

1 Bk
?tr(p(H)) iSu <I[p

Similar to Lemma 4.3 we give an upper bound on the 2-norm of the polynomial defined
in Lemma 5.4 which will later be used to bound the complexity of Algorithm 5. The proof
can be found in the Appendix A.3.

Lemma 5.5. Let [3> 0 and % 2 (0,1/2] be given, and let p4(x) denote the polynomial

1
19

Pa(X) = Ty T3

For d pl—g log(4/0)] the polynomial py(x) has 2-norm which satisfies

kpgka [ 3d1 .
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In Apers et al.’s original algorithm, the samples for each trace estimation of tr H' /jS,j
are divided up diCerkntly from how this process is done in Algorithm 3. In their version,
they perform a sep:gate trace estimation for each monomial in p, 4 with a separate error [
for each such that  [< [ZR. Our second observation gives more precise values of these
errors and chooses shot counts to ensure that the final estimate is [=glose to the k™ nor-
malised Betti number with confidence n. We also note that we only need to perform trace
estimations for the non-zero monomials of the polynomial p. The polynomial described in
Lemma 5.4 is either even or odd due to the well-known fact that the Chebyshev polynomi-
als are either even or odd, depending on the parity of its degree. Therefore when applying
Algorithm 5 there are only d = dd/2e of these traces tr H' /jSij needed to estimate.

Lemma 5.6. Let [ ) > 0 be given. The output of Algorithm 5 is an (L 1)-estimator of
Bk/iSkj-

Proof. Let By = ag + a1fi® + ... + agfi® denote the output of Algorithm 5. Similar to
the proof of Theorem 4.4, an application of the triangle inequality shows

B ~ 1 O
e — tr H + —,
Bk Su] Bk iS4 p(H) >
and therefore it remains to show
h X N1 : h
ia:i i i =
Pr jail @ iS4 tr H > 1n.

i=1

This probability can be bounded below by the probability that every estimate 0 is
simultaneously close to its expected valuqsl—kj tr H' with high enough probability. More
precisely, we have the lower bound
h xd ) ) H
Pr jaj pO ot H 0

h i
: 1 : |

: Pr g® _— tr H

i=1 JSKJ 2 K

i=0 1Ski 2dd/2ejaj
Each estimate {{" is an average of g samples which lie between 0 and kH¥ 2 29, hence

: I : - . — 229 log(2/n% i
applying the Hoelding inequality and the choice of g; dTe we obtain

h [
: 1 - O [P
Pr g® _—tr H — 2 — 1 0
rH iSkj ' 2dd/2eja;j exp dd/2¢&ja;j222d+1 L
for each i =1, ...,d. Together we have therefore shown
h xd _ . ' dd/2
Pr jay pO ot H 0y n o 1,

i=1 JSkJ 2

O]

Theorem 5.7. Let G be a given graph on n vertices, k a desired dimension, & desired

error, N a desired failure probability, and let & be the spectral gap of the normalised Lapla-
cian Ax. Executing Algorithm 5 gives an (L 1)-estimator of [k/|Skj of the clique complex

of G, with sample complexity

89% log(4/001 log(2/1)

1 3
SCBNE-Chebyshev = %'09(4/ Dl 2
and query complexity

1 4 gpl
QCBNE-Chebyshev = %'09(4/ D1 2%75 'O 1og(2/m)
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P
Proof. The sample complexity of Algorithm 5 is (ij=l gi- Applying the choice of g =
d&l'gﬂMe and = Wzmejaj this is simplified as

X 220+1 |9g(2/19)
SCBNE-Chebyshev = T

i=1
X 4dd/2€ja;j?

— n2d+1 0
=2 log 2/n 2

i=1

%dZZZd” log 2/n° kpk3

We then apply the bound on 2-norm given in Lemma 5.5, so that the above is upper
bounded as
SCBNE-Chebyshev d 228d1 Iog 2/'10

Lastly, note that that n %is bounded below by §9/2¢. This can be seen by using the Taylor
expansion of 1f around n = 0 and noticing that n°=> n/dd/2e which is bounded below by
n49/2¢ for any n < 0.5 and dd/2e > 2. This shows the upper bound

SCBNE-Chebyshev d 32891 Jog(4/n).

Substituting d = asl—S log(4/0)Jwe get the claimed sample complexity. For the query com-

plexity, for each 1 i d, each of the q ; samples used to estimate tiH' /jSyj make i d
calls to the matrix H. Therefore the total query complexity is bounded as

QCBNE-Chebyshev d S CcBNE-Chebyshev d 4281 log(4/n),

completing the proof. O

6 The QBNE-Power algorithm

We now present a new quantum algorithm for Betti number estimation which requires
O(1/1®) samples from short-depth quantum circuits. Assessing advantage for this algo-
rithm requires consideration of the variable convergence rate of Algorithm 4. We compare
these algorithms empirically in Section 7.

As shown in Theorems 4.5 and 5.7, the number of samples required to estimate the
kth norm@lised Betti number of the input graph grows at least exponentially in the term
log(1/0Z &. In this section, we describe a new alternative quantum algorithm for this
problem which exponentially improves the Monte Carlo algorithm of Akhalwaya et al. stud-
ied in Section 4 which, as we show in Theorem 6.3, has a sample count that is polynomial
in n,1/Cand 1/6.

6.1 Outline

In this section we propose a new quantum algorithm for Betti number estimation which
can be viewed as a quantum analogue of Algorithm 4 in Section 5. The algorithm relies
on first modifying the circuit construction of Akhalwaya et al. to work for the reflected
Laplacian | Ay, showing that we can write | A = DYD and giving a block-encoding
Up. Following the notation of Apers et al., we refer to this matrix as H. Then we use the
stochastic trace estimation technique described in Algorithm 2 to estimate tr HY which

approximates the k" normalised Betti number for a su [ciehtly high d. This method is
summarised in Algorithm 6.
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Algorithm 6 A New Quantum Algorithm for Betti Number Estimation

Input: The input is per that of Algorithm 3

Output: The output is per that of Algorithm 3

Let Ay, Rk and & be defined as per Algorithm 3.
1: procedure QBNE-Power(G, k, D]

2: d d We [CApply Lemma 5.1 for [/R.
3 q d M#e IZSBeg Theorem 6.2.
4: Let Up be the block encoding of a matrix D such that DD =1 A

5 return EstimateFromBlockEncoding(U D, d,q, Rk)

6.2 Quantum circuits for the reflected Laplacian

In Section 4.2, we recalled the quantum circuits designed by Akhalwaya et al. for con-
structing trace estimates of powers of the normalised Laplacian matrix Agx. Central to
this,(3) gives a modular decomposition of the Laplacian into components which could be
implemented in quantum circuits as unitaries or block-encodings. However, taking a circuit
implementing some unitary U and trying to design a circuit implementing I U is not
even possible in general. Fortunately, the Laplacian has structure that allows us to give a
decomposition of the reflected normalised Laplacian, I  Ag in (14), which di[erk by just
one component to that in (3):

1 1
H = PyPr %B P ]%HB PrPk. (14)
By this construction, H can be expressed as DYD where
1
D= Pyp) %B PrPk.

To show how to compute the block-encoding Up required to apply Algorithm 2 to H it
remains to show how to block encode the projection I P . Here, we show that this can
be done.

This circuit, Uy p , is shown in Figure 1. 1t works by first applying a circuit Up. which
block-encodes the projection Pr, then applying a multi-controlled X controlled on the 0
outcome of every one of the auxiliary qubits of Up.. Finally, we apply ugr to uncompute
the auxiliary qubits. See [15] for a circuit construction of Up_ using O(n?) auxiliary qubits.

Theorem 6.1. Given a circuit U p_ which block-encodes the projection P, the circuit in
Figure 1 acts as a block-encoding of the projection | R-.

Proof. Note that the projection I P  sends a computational basis state to itself if the
corresponding simplex is not in I', and 0 otherwise. We will show that the circuit maps
a given computational basis state jx, ..., Xnij0 Mij0i to itself when the set corresponding
to jX1,...,Xni is not in I, and otherwise maps to jXi, ..., XnijPijoi for some state jyi
orthogonal to j0™ij0i. If the set corresponding to jX 1, ..., Xni is not in ', then the circuit
Up, acts on jxi, ..., XnijO0 MijOi as the identity, after which the following two operations
maps it as

X1 ooy Xni JO ™00 71X 1, ey Xni jO M1
7ViX 1, oy Xni JO MO
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Figure 1: The circuit U;p . which block-encodes the projection I P  given a circuit Up, that block-
encodes the projection Pr. The multi-controlled X operation is controlled on the 0 of each of the
auxiliary qubits of Up.. See [15] for a circuit implementation of Up_ using O(n?) auxiliary qubits.

The remaining Ugr acts trivially on this output state since the set corresponding to
iX1,..,Xni is not in . This shows that the circuit has the correct action when the
set corresponding to jx,...,Xni is not in I'. For case when this set is in I, the circuit
Up, maps jXi, ..., Xnij0 MijOi to jx 1, ..., XnijYijOi for some state jyi orthogonal to jO ™i.
The multi-controlled X operation then acts trivially, and the X gate maps the state to
X1, ..., Xnijijli. After applying the circuit U gr the output is jx 1, ..., Xni j0 Mijli, where
j0Mijli is indeed orthogonal to jO Mijli. This completes the proof. O

6.3 Complexity analysis

In this section, we prove the correctness of Algorithm 6 by verifying the number of samples
g given. First, in Theorem 6.2 we establish the correctness of the estimator created by
Algorithm 6. Then we show in Theorem 6.3 that both the sample complexity and query
complexity grow only polynomially in n,1/[1and 1/46. This represents a large asymp-
totic improvement over the behaviour of the previously presented classical and quantum
algorithms.

The algorithm presented in Algorithm 6 produces an estimate for By/jSkj by estimat-

ing the tr HY /jS,j using Algorithm 2. We recall that the algorithm generates samples

which are either 0 or 1 and has expectation tr HY /jS,j. To establish the correctness of
Algorithm 6, we prove that the number of samples that we pass to this trace estimation
subroutine is su [cieht. That is the purpose of the next result.

Theorem 6.2. Let [ > 0. For all g 2log(2/n)/1 2 and d %ﬁhe Betti number
estimator Bk output by Algorithm 6 is an ([,0)-estimator.

Proof. The proof is similar to that of Theorem 4.4 and so we sketch the main ideas. Similar
to Theorem 4.4, the normalised Betti number estimate provided by Algorithm @can be

expressed as an average of random variables taking value 0 or 1, s@(( ,_1 .
Applying a similar triangle inequality along with Lemma 5.1 we obtain the lower bound
Pro Bk —~ O Pr = [ tr HY 2 .

iSki 0.y ISW

Applying the Hoelding inequality of Lemma 3.1, we obtain

h 1 X i
pr © i Lo ne m 2exp [Fa/2
[ ISk]
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and therefore the choice of g gives the result. O

We can now summarise the quantum algorithm for Betti number approximation using
the power method and provide its time complexity.

Theorem 6.3. Let G be a given graph on n vertices, k a desired dimension, (& desired er-
ror, n a desired failure probability, and let & be the spectral gap of the normalized Laplacian
Ay. Executing Algorithm 6 gives us an ([ h)-estimator of §/jSkj of the cliqgue complex of

G, with sample complexity

2log(2/n)
SQBNE-Power = N

and query complexity

__log(2/D1 2log(2/n)
QQBNE—Power - 5 2]

Proof. Following Theorem 6.2, the total number of samples used iﬁ'ig(@, which gives
the claimed sample complexity. For the query complexity, each sample produced by Al-
gorithm 6 requires running a circuit with at most d = %Iog(Z/IIIcaIIs to the the circuit
Up or Upy. Thus the total number of uses of this circuit is given as

log(2/00  2log(2/n)
3 Z

as required. O

7 Numerical experiments

As summarized in Table 1, we have analysed four Monte Carlo algorithms for normalised
Betti number estimation, deriving upper bounds for the required number of samples to
achieve an (L 1)-estimate for a given error [&nd confidence n. In this section, we set out
to empirically verify our analysis by implementing all four algorithms and confirming that
the output of the algorithms converge to the known ground-truth values within a required
precision, [ using a number of samples less than or equal to the conservative upper bounds.
We also set out to observe empirical performance diLerences between the four algorithms.

The number of samples needed by the four algorithms to produce the estimate Bk
for a user-selected order k naturally depends on the two user-provided ‘output-quality’
parameters [and n, which we choose as (= n = 0.1 throughout. More opaquely, the
sample counts depend on subtle properties of the user-provided graph, most importantly,
the spectral gap 6 of the normalised combinatorial Laplacian. The number of vertices,
n, indirectly features in the upper bound on the number of samples through the spectral
gap, where as n increases the gap may decrease e.g. & 2 O(1/poly(n)) and indeed does
for our chosen class of benchmark graphs. The number of vertices also features in the
computational time needed to generate one sample.

7.1 Selected benchmarks: complete (k + 1)-partite graphs

We have selected to run the algorithms on four clique complexes which have explicit ex-
pressions for both their normalised Betti numbers and spectral gaps of their normalised
Laplacian, and which have been previously studied in [14].* For this reason we consider the

4These graphs in graphml format can be found at https://github.com/quantinuum-dev/CBNE/tree/
main/graphs
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Normalised

Dimension N““.“ber of Spectral Betti
Vertices, n Layout

k = (k+1) m gap o number

Bk/ISkj
Graph-1 1 6=2 3 0.500 0.444
Graph-2 1 8=2 4 0.500 0.562

Graph-3 2 9=3 3 0.333 0.296 ,

Graph-4 2 12=3 4 0.333 0.421

Table 2: Properties of the four k + 1-partite graphs with m clusters used to compare the algorithms.

QBNE-Chebyshev CBNE-Power CBNE-Chebyshev QBNE-Power
d Sample Query d Sample Query d Sample Query d Sample Query
Count Count Count Count Count Count Count Count
2.07 8.70 2.45 1.47 9.11 5.46 6.00 3.60
Graph-1 | 6 109 1020 6 105 107 6 1016 10V 6 102 103
2.07 8.70 2.45 1.47 9.11 5.46 6.00 3.60
Graph-2 | 6 10% 1020 6 106 107 6 10% 1047 6 102 10°
2.48 1.39 1.57 1.41 3.70 2.59 6.00 5.40
Graph-3 | 7 1022 102 o 108 10° ! 1019 1020 o 102 103
2.48 1.39 1.57 141 3.70 2.59 6.00 5.40
Graph-4 | 7 1022 102 o 108 10° ! 10 1020 o 102 103

Table 3: Comparison of the sample counts and query counts for the four di Cerknt algorithms to estimate
the normalised Betti number By /jSkj with error [3= 0.1 and failure probability n = 0.1. See Table 2
for the graph properties.

complete (k + 1)-partite graph, which is the graph having k + 1 clusters with m vertices in
each cluster, such that any two distinct vertices are adjacent if they are in di Lerent clusters.
The clique complex of this graph has normalised Betti number B/jSij = (m 1) **1/mk,
and the spectral gap of Ay is & = ﬁ [14, Proposition 1,2]. We collect the exactly cal-
culated instances of these properties for the graphs under study in Table 2. These graphs
are useful benchmarks because they have a small number of vertices and yet their sample
complexities as described in Table 1 are large. Additionally, the graphs that induce these
clique complexes are the smallest non-trivial examples of the class of graphs discussed
in [14] that induce exponentially large Betti numbers. In Table 3, we list the degree d of
the respective polynomial used, along with the sample and query counts for these cases,
which are computed by the formulae referenced in Table 1.

7.2 Classical implementations of the four Monte Carlo algorithms

We have implemented the two classical algorithms in C++, closely following the descrip-
tions in Algorithms 4 and 5 while incorporating the improvements introduced in this pa-

Accepted in { Yuantum 2025-09-22, click title to verify. Published under CC-BY 4.0. 21



per.° For the two quantum algorithms, since we are mainly focusing on comparing the
sample count behaviour in the noiseless regime with as large a vertex count as manage-
ably possible, we decided against implementing them on a quantum computer or even
using a quantum programming language, preferring to classically simulate the unitary and
projection matrices acting on the simplicial subspace of the j02i-block only, i.e. directly
simulating the (otherwise block-encoded) D and DY on Sy represented with n qubits, using
a symbolic algebra package. The most important reason for this is to avoid simulating the
full Hilbert space of n + a qubits, thereby achieving an exponential classical simulation
saving. The unitary matrices acting solely on the main simplex register are calculated by
directly simulating actual gates acting on the main register qubits. However, given our
strategy to avoid simulating the full Hilbert space, we have to forgo empirically checking
the correctness of the individual quantum gates acting on the auxiliary qubits, satisfying
ourselves with mathematically equivalent operations. In particular, the control gates tar-
geting the auxiliary qubits followed by mid-circuit measurement of the auxiliary qubits
(with the concomitant state collapse of the main register) are simulated by the following
procedure on the main register only. We implement the Markov steps by applying the
Hermitian matrices D or DY, calculated by sandwiching a circuit-derived unitary matrix
with circuit-equivalent projection matrices. To simulate quantum state collapse and the
generation of the measurement outcomes, we draw a uniform random number in [0, 1] and
compare it to the value of the norm of the non-normalized simplicial state vector in the
block. If the random number is less than the value of the norm, we manually normalize
the simplex state vector thereby simulating a successful projection onto j02i, and continue
with the remaining Markov steps. If the projection ‘fails’, we record a zero for s; and move
to the next sample. If all d Markov steps end with successful projections, we record a
one for sj and move to the next sample. With this randomised procedure we are able to
accurately and realistically simulate lines 10 - 15 of Algorithm 2.

7.3 Results and interpretation of experiments

Having explained the benchmark graphs and the implementation of the algorithms, we
now discuss the experiments we ran, the results we obtained and our interpretation of the
results. As discussed above, we decided to compare the convergence of the four algorithms
on the four benchmark graphs as a function of the number of samples taken and not the
time taken, since there is an uninteresting time dependence on the dilerkent algorithms
and their implementations to produce each sample. We also decided to run 10 instances of
each of these 16 experiments to allow us to observe that indeed there is significant variation
between runs and that our analysis accurately captures this.

With four di Lerknt algorithms on four benchmark graphs we have widely varying sample
counts, as described in Table 3. However, in order to facilitate a straightforward comparison
between the algorithms as well as between graphs for the same algorithm we have decided
to run all experiments for the same fixed sample count of 10% samples. For algorithms
other than QBNE-Power this sample count is well below the counts required to guarantee
convergence as per Table 3.

We display the resulting 16 plots in a grid of graphs versus algorithms in Table 4. Each
plot is the running estimate of the normalised Betti number plotted against the sample
count on a log-scale starting at 102, in equal logarithmic steps up until 106 samples. The
two horizontal red lines represent the chosen error [from the true normalised Betti estimate

50ur implementation can be found at https:/github.com/quantinuum-dev/CBNE/tree/main. The
repository contains instructions on building and running the tool.
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QBNE- CBNE- CBNE- QBNE-

Chebyshev Power Chebyshev Power
Graph-1 B
Graph-2 {3, S
Graph-3 B S——
Graph-4 B, )

L 1 1 1
102103 10% 10°10% 10210°% 10* 10°10® 10210% 10* 10°10® 102103 10% 10°10°
Sample Sample Sample Sample

Table 4: Ek vs sample count for 10 runs of the four algorithms on each of the four benchmark graphs.
Horizontal lines correspond to the desired [precision interval. Vertical line corresponds to the first
count where 9 out of 10 runs empirically remain within [Cof the ground-truth (not visible when out of
range).

(which is subtracted from the 10 traces to center the plot). The vertical red lines correspond
to the first sample count after which 9 out of 10 of the runs remain within Caf the actual
normalized Betti number. Fortunately, as expected, convergence occurs much earlier than
the sample counts computed in Table 3.

Overall the most striking di Lerknce between the four algorithms as illustrated in Table 4
is the performance of QBNE-Power compared to the other three. The estimates output
by QBNE-Power in Table 4 appear to have the smallest variance from the actual Betti
number, and produces an estimate within Clising far fewer samples than the other three
algorithms. This observation is justified by the sample complexity of QBNE-Power only
depending on [Cand n, as displayed in Table 1.

8 Conclusion

We have studied four Monte Carlo algorithms for Betti number estimation. Our analysis
of the three algorithms already found in the literature improves previous understanding.
Furthermore, we introduce a new quantum algorithm that does not su [erl from an expo-
nential dependence on the Laplacian inverse-eigengap. The emerging picture is that both
guantum approaches benefit from exploring exponentially-many Monte Carlo paths in one
circuit run, while both are sample-noise limited by the number of samples needed to extract
information about the powers. We have shown that by using the reflected Laplacian, it be-
comes possible to avoid the exponential precision needed in the power estimation, thereby
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avoiding the exponential dependence on 1/3 which is present in the previous algorithms.
For future work, it would be interesting to determine if other concentration inequalities
aside from the Hoe [dihg inequality could lead to tighter upper bounds.
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A Proofs

Here, we present the proofs for the Lemmas presented in them main section of the paper.

A.1 Proof of Lemma 3.3

Lemma A.1 (Restatement of Lemma 3.3). For each i = 1, ...,q, the random variable s;
output by Algorithm 2 is a Bernoulli random variable with expectation tr M? .

Proof. Clearly each random variable § takes value 0 or 1 by definition, so we are left to
show that the probability thats j = 1is % tr MY . From Lemma 3.2 we know that the the

. P o .
normalized trace of MY can be expressed ag; tr M4 =L~ kD@ jxik 2 where D@ is
a product of d terms equal to D or V. The random variable s; is determined by choosing
a bitstring x uniformly from the set S and then successively applying the block-encoding

of D or its Hermitian conjugate, hence the expected value of sis

1
— Pr(all measurements are 8),
x2S N

where the above probability refers to the measurement outcomes described in Algorithm 2
line 10 each being 8. We now show that this probability for a given x 2 S is kD @ jxik 2
by induction on the degree d.

For the case where d = 1, Algorithm 2 prepares the state

Up j0%ijxi = j0 & D jxi + jui

where jyi is orthogonal to j02ijyi for all y 2 S. After measuring the auxiliary qubits if
we observe the outcome 9 the resulting state is

1
——— j0%i D jxi
kD jxik : :
and the probability that we observe this outcome is kD jxi k2, which proves the case d = 1.
Next, assume that the statement is true for all degrees i < d and consider the degree d
case, meaning that we have constructed the state

.~a: d1) iy
kD@D ik 0P X
with probability kD @1 jxik 2. The algorithm then applies the circuit Up to this state if
d is odd and Uyy = (Up)Y if d is even, thus creating the state

mjo iD Y jxi+ i
for some state jyi that is orthogonal to j02ijyi for all y 2 S. Now if we measure the a

auxiliary qubits we observe & with probability kD @ jxik 2/kD@D jxik 2. Now the whole
process succeeds with probability

kD@ jxi k 2

@1) ivip 2
kDT KT pan jxik?

= kD@ jxik 2

as required. O

Accepted in { Yuantum 2025-09-22, click title to verify. Published under CC-BY 4.0. 26



A.2 Proof of Lemma 4.3

We now provide the proof of Lemma 4.3. Our proof makes use of the following known
result regarding the Chebyshev polynomials [30, Theorem 7].

Lemma A.2. Suppose that q(x) is a polynomial of degree at most d with the property that
ja()j 1forall x2[1,1]. Then

iTa(Y)i jay)i
for everyy 2[1,1] ©.

Lemma A.3 (Restatement of Lemma 4.3). Let (3> 0 and 6 2 (0, 1/2] be given, and let
p(x) denote the polynomial

X 1
5 /T 15

PO =T 1 (15

For d pl—g log(2/0)] the polynomial p(x) has 2-norm which satisfies

1 d 2 10d
m(9/4) kpk 3 [Pd210d,
Proof. Write p(x) as ag+aix+...+aqgx%. For the upper bound, we can derive an explicit
expression for the coeldients of p(x) using the well-known identity

(d+k 1)

— Xj k
TaC)=d (2 "oz

k=0

1 x)

Applying the Binomial Theorem and rearranging we then obtain
|

1x X 2 k@d+k 1 X K i
o135 =9 1% Wi . (8) *'x
k=0h i=0 | . (16)
_0 M 2 k@rk Dk (8) ki i

o e 18 (d RIK)

From Lemma 4.2, our choice of d pl—g log(2/Dimplies 1/Tq 1+ [Chence the 2-norm

of p(x) satisfies
|

hxd 2 k@d+k 1) k 5 i 2
15 @@ i Y

xd
kpk3 [Fd?
i=0 k=i |
IZFd3xd 2 & (d+k 1) 2k 252(|<i)
138 (d K)!(2k)! i

i=0 k=i

where the second inequality follows from the Cauchy-Schwartz inequality applied to the in-

ner sum. We may express% as the scaled binomial coel@ient g %% . Applying

this identity and the fact that 6 1 we obtain

! !
2 2ad Xd 1 d+k ° Kk °

13y @+K2 2k i

kpk3 [Fd3
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The binomial coeldients %* are trivially upper bounded by 224 for each k d, and

additionally ﬁz Elz for 0 k d, therefore applying this above we obtain

|
)
2 2d4dXdXd Kk

2
kpk3 [fd 5 2 o i,
= ﬁj L 2d:24dxd X k ’
19 k=01i=0 Ii
_zy 2 P 2
139 o K
Pd 125 4™ g
k=0
2 2, 49+l 1
fd T 2‘“’73
2 g
(1 6) 2d

. , . . .. P
where the second equality and inequality follows from the well-known identities ¥, 'I‘ ? =
2|1< and zkk 4 K. From the assumption that 8 1/2 this then implies the upper bound

kpka [Fd2%0d,

This proves the claimed upper bound. For the lower bound, an application of the Cauchy-
Schwartz inequality implies

ip(Q)j2 =jag +ax + ... +agx¥j2 (@ 3+a’+ .. +aj)(d+x2+xt+ .. +x29).

When x = 1 this reads

1 2 1 2
2
ke g3 T 75 /T 15

To prove the claimed lower bound, it sul@es to show that T 4(2x)/T4(x) (3/2) 9 for all
X 1. We prove this inequality by induction on d. Since T o(X) = 1 and T1(X) = X, it
is easily seen that H(2x)/Tp(x) = 1 and T1(2x)/T1(x) = 2, so that the cases d = 0 and
d = 1 both hold. Now suppose the statement is true for all degrees at most d. Applying
the recurrence of (6) we obtain

Ta+1(2X) _ 4XTg(2x) T g1 (2X)
Tar1(X)  2XTg(X) T g1 (X)
IXTq(2x) T 41 (2X)

2XT4(X)

Since the Chebyshev polynomial takes values between between 1 and 1 on the interval
[1, 1] then applying Lemma A.2 we obtain T g(2x) T g1 (2x) for all x 2 [1, 1), thus

Tg+1(2x)  (@x DT 4(2%x)
Tg+1(X) 2XT4(x)

(17)

The function 4’§)} takes minimum value 3/2 on the interval [1, 1), so applying this along
with our inductive hypothesis gives Ty+1(2x)/Tg+1(X) (3/2) 9*1, which then implies the
claimed lower bound. O
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A.3 Proof of Lemma 5.5

Lemma A.4 (Restatement of Lemma 5.5). Let (3> 0 and & 2 (0, 1/2] be given, and let
pq(X) denote the polynomial

X 1
PaC)=Ta 175 /Mo 15

For d pl—g log(4/0)] the polynomial py(x) has 2-norm which satisfies

kpdk2 21 3d1 .

Proof. We proceed by induction on the degree d. Note that in general since the term
1/Td(%) is a constant then the norm of py can be expressed as

1 X
kpgka = - - Ty
iTa(:3)i 13

The choice of d p% log(4/ Nimplies that —2— 5 therefore in general will show

Ta(35)

X 3d
Ty 15 2 8.
For the cases d = 0,1, the Chebyshev polynomials J{x) are 1, X, respectively. Therefore
Tq(15-) in these cases are 15—, respectively. The norms of these polynomials are then 1
and % 2, since 9§ is assumed to be in the interval (0,1/2]. Therefore kTq(3-)k 2 3d
ford =0 and 1.
For the general case when d 2, we assume that KT(35-)k 2 i forall i <d. The
Chebyshev polynomials satisfy the recurrence J{x) = 2xTg1 (X) T 42 (X) ford 2.
Since the polynomial norm is subadditive and since 6 2 (0,1/2] then

X 2X X X
Tqg —— T + T
4715 15 9 13 27173
4 2 3(d1) +23(d2)
2 3d
as claimed. O
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