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We introduce the fermionic satisfiability problem, Fermionic k-SAT: this
is the problem of deciding whether there is a fermionic state in the null-space
of a collection of fermionic, parity-conserving, projectors on n fermionic modes,
where each fermionic projector involves at most k fermionic modes. We prove
that this problem can be solved efficiently classically for k = 2. In addition,
we show that deciding whether there exists a satisfying assignment with a
given fixed particle number parity can also be done efficiently classically for
Fermionic 2-SAT: this problem is a quantum-fermionic extension of asking
whether a classical 2-SAT problem has a solution with a given Hamming weight
parity. We also prove that deciding whether there exists a satisfying assignment
for particle-number-conserving Fermionic 2-SAT for some given particle num-
ber is NP-complete. Complementary to this, we show that Fermionic 9-SAT
is QMA1-hard.
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1 Introduction
Classical k-satisfiability (k-SAT) is the problem of deciding whether there exists a config-
uration of n Boolean variables which satisfies a collection of k-variable Boolean clauses.
While 2-SAT is solvable in linear time [1], (k ≥ 3)-SAT is NP-complete. Bravyi introduced
the problem Quantum k-SAT [2]: this is the problem of deciding whether there exists an
n-qubit state which is in the null-space of some collection of k-qubit projectors. Bravyi
showed that Quantum 2-SAT can be decided classically efficiently, and later it was shown
it can even be done in linear time [3, 4]. For k ≥ 3, it has been shown that Quantum
k-SAT is QMA1-complete [2, 5].

Here, we introduce the fermionic satisfiability problem. An n-mode fermionic system
corresponds to set of annihilation operators {aj}n

j=1 (with Hermitian conjugate creation
operators {a†

j}n
j=1) which satisfy {a†

i , aj} := a†
iaj + aja

†
i = δijI, {ai, aj} = 0. In addition,

there is a state |vac⟩, —called the vacuum, or empty, zero-particle state—, for which
ai |vac⟩ = 0, ∀i.

Fermionic k-SAT is the problem of deciding whether there exists an n-mode fermionic
state which is in the null-space of a collection of k-mode fermionic projectors. Each k-mode
projector is a polynomial in aj and a†

j with j ∈ S, where S ⊆ [n] and |S| = k. Furthermore,

the k-mode projector commutes with the parity operator P̂ := (−1)
∑n

i=1 a†
i ai . As a special

case, we also study Particle-number-conserving (PNC) Fermionic k-SAT, where
each projector additionally commutes with the particle-number operator N̂ :=

∑n
i=1 a

†
iai.

In addition to studying the satisfiability of these problems, we investigate the complexity of
PNC Fermionic 2-SAT and Fermionic 2-SAT when, respectively, the particle number
is fixed to some given value N̂ = N ∈ {0, 1 . . . , n}, or the parity P̂ = P ∈ {+1,−1} is
fixed.

1.1 Main results
Problem 1.1 (Fermionic k-SAT). Given is a set of projectors {Πi} on n fermionic
modes, where each Πi is a polynomial in the operators a†

j and aj with index j contained in
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a subset of at most k fermionic modes. Furthermore, [Πi, P̂ ] = 0 for all projectors {Πi}
with P̂ = (−1)

∑n

i=1 a†
i ai. Decide whether there exists a |ψ⟩ s.t. ∀i,Πi |ψ⟩ = 0 (YES), or

for all |ψ⟩ ,
∑

i ⟨ψ| Πi |ψ⟩ > 1
poly(n) (NO).

To be precise in our definition of Fermionic k-SAT one should, in principle, provide
the accuracy with which the projectors Πi are specified, i.e. with respect to what elementary
gate set, see e.g. [3, 6] for how this is handled for Quantum k-SAT. Since this is separate
from our results, we leave such precise definition to future work.

We also consider Fermionic k-SAT with global additional constraints, i.e. one asks
for an assignment with given particle number or parity:

Problem 1.2 (Fermionic k-SAT with fixed parity P ). Given n fermionic modes, P ∈
{−1,+1}, and a set of projectors {Πi} where each projector Πi is a polynomial in the
operators a†

j and aj with index j contained in a subset of at most k fermionic modes.
Furthermore, ∀i, [Πi, P̂ ] = 0. Decide whether there exists |ψ⟩ s.t. ∀i, Πi |ψ⟩ = 0 and
P̂ |ψ⟩ = P |ψ⟩ (YES), or ∀ |ψ⟩ s.t. P̂ |ψ⟩ = P |ψ⟩,

∑
i ⟨ψ| Πi |ψ⟩ > 1

poly(n) (NO).

A special case of Problem 1.1 is the case when each projector commutes with the particle
number, i.e. ∀i, [Πi, N̂ ] = 0, which we will refer to as Particle-number-conserving
(PNC) Fermionic k-SAT. We also consider the following problem:

Problem 1.3 (PNC Fermionic k-SAT with fixed particle numberN). Given n fermionic
modes, an integer N ∈ {0, 1, . . . , n} and a set of projectors {Πi} where each projector
Πi is a polynomial in the operators a†

j and aj with index j contained in a subset of at
most k fermionic modes. Furthermore, ∀i, [Πi, N̂ ] = 0. Decide whether there exists a
state |ψ⟩ s.t. ∀i, Πi |ψ⟩ = 0 and N̂ |ψ⟩ = N |ψ⟩ (YES), or ∀ |ψ⟩ s.t. N̂ |ψ⟩ = N |ψ⟩,∑

i ⟨ψ| Πi |ψ⟩ > 1
poly(n) (NO).

Our main results are:

Theorem 1.4. Fermionic 2-SAT ∈ P, and can be decided in time O(n + m), where
m = |{Πi}| denotes the number of projectors.

Theorem 1.5. Fermionic 2-SAT with fixed parity ∈ P, and can be decided in time
O(nm), where m = |{Πi}| denotes the number of projectors.

Theorem 1.6. PNC Fermionic 2-SAT with fixed particle number is NP-complete.

As part of the proof of Theorem 1.5, we show that classical 2-SAT with fixed (Hamming
weight) parity can be solved in O(nm) time, see Theorem C.1 in Appendix C for details.
To the best of our knowledge, this has not been proved before.

To provide further context for our results, we also provide a straightforward proof that
Fermionic k-SAT is QMA1-hard for k = 9 in Section 6.

1.2 Overview of paper and main ideas
Fermionic 2-SAT instances are defined on a graph G whose vertices are fermionic modes
and whose edges correspond to projectors involving pairs of modes. These projectors are
of rank at most three (if there is to be a satisfying assignment) in the two fermionic mode
subspace, consisting of at most three rank-1 projectors. These rank-1 projectors — we will
refer to them as clauses — can be either genuinely quantum clauses, or classical clauses
which exclude a particular occupation of the two modes. When restricted to a two-qubit
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space, a genuinely quantum clause can exclude support on a state such as α |00⟩ + β |11⟩
(with |α|, |β| ̸= 0) which we call a Π02,q

e clause, or exclude support on a state such as
α |01⟩+β |10⟩ (with |α|, |β| ̸= 0) which we call a Π1,q

e clause. Since projectors in Fermionic
2-SAT are parity conserving by definition, these are the only allowed quantum clauses
besides the classical clauses. Note that we mention the caveat when restricted to a two-qubit
space since fermionic operators when viewed as acting on an n-qubit space are generally
non-local due to Jordan-Wigner strings.

Let us discuss the ideas behind the proofs of our main results of Section 1.1. Given the
graph G, we first remove all classical clauses, leaving us possibly with a set of disconnected
graphs which we call quantum clusters, see e.g. Figure 1 in Section 2.3. We will refer
to modes that are not involved in any quantum clauses as classical modes. It turns out
to be useful to distinguish at least two types of quantum clusters, namely ones that are
so-called hidden particle-number-conserving (hPNC) and ones which are not (non-hPNC).
The hPNC clusters can be brought to a form in which they only contain Π1,q

e quantum
clauses by a particle-hole transformation defined in Section 2.2: after this transformation,
every clause commutes with the cluster particle number operator, hence the terminology.
In Section 2 we introduce and discuss these various concepts.

In Section 3 we start by examining the effect of ‘constraint propagation’ by Π1,q
e and

Π02,q
e quantum clauses, see Lemma 3.1 and its Corollary 3.2. This leads up to a character-

ization of the satisfying assignments: wlog, they are of — what we call — cluster-product
form, see Proposition 3.3. Compared to Quantum 2-SAT which, except for on some
rank-3 projectors, always has a product satisfying assignment (if any) [3], this form is
more general, but also restricted in an interesting way. For assignments with or without
overall fixed parity, we will show that one can limit oneself to cluster-product states which
are products of operators (acting on the vacuum) which create (1) classical occupations
on so-called classical modes, (2) Gaussian states on hPNC clusters, (3) Gaussian states
on non-hPNC clusters which are lines or loops, and (4) non-Gaussian states on certain
4-fermion non-hPNC clusters. To obtain this result, we proceed in Section 3.3 to exclude
certain quantum numbers, —these are hidden cluster particle number or cluster parity
which uniquely fix a cluster satisfying assignment—, on quantum clusters. Crucial in this
is Lemma 3.4 which provides a uniquely fermionic simplification, which leaves us to analyze
quantum clusters which are lines and loops in Section 3.3.1. Fermions on a line do map
directly onto qubits, hence we can use some proof techniques borrowed from Quantum
2-SAT investigations. Importantly, these results allow one to efficiently (with effort linear
in the number of modes and clauses) verify which quantum numbers, i.e. hidden cluster
particle number and cluster parity, are allowed on quantum clusters in the cluster-product
form. This is expressed in Lemma 3.10.

To prove Theorems 1.4 and 1.5 in Section 3, we bring back all classical clauses in the
graph G and reduce the problem of deciding Fermionic 2-SAT after several preprocessing
steps to deciding a classical 2-SAT instance (thereby proving Theorem 1.4). For Theorem
1.5, there is the additional constraint of asking for a satisfying assignment of fixed parity. In
Appendix C, we provide an efficient algorithm for deciding classical 2-SAT where one asks
for a solution of fixed Hamming weight parity (Theorem C.1), which is used as a subroutine
in the algorithm for the fermionic problem (Theorem 1.5). This result on parity-constrained
classical 2-SAT may not be surprising, but we are unaware of any previous algorithm or
proof. Crucial in the reductions in the proofs of Theorems 1.4 and 1.5 is the fact that non-
classical assignments on quantum clusters heavily constrain how classical clauses which
straddle the quantum cluster and a classical mode can be satisfied, namely the clause has
to be true by only the choice of the classical mode, since the non-classical assignment
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requires that each mode inside the cluster should be allowed to be both empty (0) and
filled (1). The nature of the hPNC and non-hPNC clusters asks for a different treatment
in the proofs of these theorems.

In Section 5, we examine the complexity of particle-number-conserving Fermionic 2-
SAT where we ask for an assignment with given fixed particle number, and prove Theorem
1.6. Given the efficiently checkable cluster-product form, it may not be surprising that this
problem is contained in NP. It can be proved to be NP-complete since the class of problems
contains the weighted 2-SAT problem which asks for a 2-SAT satisfying assignment with
fixed Hamming weight, as a special case. In Section 6, we prove a quantum hardness
result for Fermionic k-SAT, still leaving a considerable gap between our efficient classical
algorithms for k = 2 and this hardness result for k = 9. We discuss open problems in the
Discussion Section 7.

1.2.1 Differences with Quantum 2-SAT

We take a paragraph to reflect on the difference between our Fermionic 2-SAT findings
and Quantum 2-SAT.

For Quantum k-SAT and Fermionic k-SAT, the projectors act nontrivially on k
qubits resp. involve k fermionic modes. Fermion-to-qubit mappings allow for the projectors
of a given instance of Fermionic k-SAT to be mapped to qubit projectors. However, each
fermionic projector involving k modes gets mapped —in a general setting— onto a q-qubit
projector, where q ≥ k [7]. Therefore, one cannot deduce the complexity of Fermionic
k-SAT directly from the complexity of Quantum k-SAT.

Central to the solution of Quantum 2-SAT is the fact that a satisfying assignment,
if it exists, can be taken to be a product state (except for two-qubit projectors whose
null-space is a single entangled state), see e.g. Theorem 4 in [3]. We do not have such a
statement for Fermionic 2-SAT. In fact, we find that satisfying assignments on non-hPNC
clusters can include small 4-fermion non-Gaussian states. Furthermore, for Fermionic
2-SAT, quantum clusters with vertices with degree at least 3 obey specific constraints
which relate to uniquely fermionic signs, see Lemma 3.4 in Section 3.3, excluding many
particle numbers (but leaving only Gaussian states for hPNC clusters). In contrast, for
quantum 2-SAT, product state assignments are generally built from superpositions of all
particle numbers. Indirectly, Lemma 3.4 also limits the use of any possible non-Gaussian
assignment: non-Gaussian states are only sometimes needed on non-hPNC clusters of at
most 4 fermionic modes (and any state of three or fewer fermionic modes is always Gaussian
[8]). In Appendix B we work through this 4-fermion non-Gaussian example explicitly,
showing how the departure from product state assignments for Quantum 2-SAT comes
about.

2 Preliminaries
In this section we review fermionic language and concepts, and introduce several tools for
the treatment of assignments on quantum clusters.

For a subset S ⊆ [n] and |S| = k, we define the operator a†
S := a†

i1
a†

i2
. . . a†

ik
, where

i1 < i2 < . . . < ik. This ordering of the fermionic modes will later be conveniently chosen
depending on the Fermionic 2-SAT instance in Section 2.3. We can write any n-mode
fermionic state as

|ψ⟩ =
∑

S⊆[n]
αS |S⟩ , |S⟩ := a†

S |vac⟩ , (1)
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where αS ∈ C is the amplitude for state |S⟩. Each state |S⟩ corresponds to a configuration
of mode occupations {xi}n

i=1, i.e. the bit xi = 1 (resp. xi = 0) signifies that mode i is
occupied, so i ∈ S, (resp. unoccupied, so i /∈ S). When we speak of a classical assignment
in the remainder of this work, we mean a state of type |S⟩ = a†

S |vac⟩.
One can map an (ordered) set of fermionic creation and annihilation operators via the

Jordan-Wigner (JW) transformation onto a set of qubit operators:

a†
i

J.W.= Z1 . . . Zi−1σ
+
i , (2)

and the fermionic vacuum state |vac⟩ → |00 . . . 0⟩, using the definition σ+
i = |1⟩ ⟨0|i (and

similarly σ−
i = |0⟩ ⟨1|i).

Gaussian fermionic states are thermal states and eigenstates of quadratic fermionic
Hamiltonians — corresponding to so-called non-interacting fermions — and these states
can be fully characterized by a 2n× 2n correlation matrix

Mij = i

2Tr([ci, cj ]ρ), c2i−1 = ai + a†
i , c2i = i(ai − a†

i ), {ci, cj} = 2δijI. (3)

A state is a pure Gaussian state iff its correlation matrix obeys MTM = I, see e.g. [8, 9].
The n-mode states with particle number N̂ = 0 (vacuum), N̂ = 1 (single-particle "Slater
determinant" state), N̂ = n − 1 (single-hole state) and N̂ = n (all-filled) are Gaussian
states. The classical states |S⟩ are also examples of Gaussian states. See more information
on Gaussian states in [10].

2.1 Characterization of the Fermionic 2-SAT projectors
Let G = (V,E) be a graph such that the vertices v ∈ V label the modes (|V | = n) and each
edge is associated with a projector {Πe}e∈E . Since the projectors in Fermionic 2-SAT
are parity conserving, any projector Πe=(j,k) is a polynomial in aj , a

†
j , ak and a†

k of even
degree. Obviously, since each projector Πe on modes j and k commutes with the overall
parity operator P̂ , it also commutes with the edge parity Pjk = (−1)a†

jaj+a†
k

ak . Similarly, if
Πe commutes with N̂ , it commutes with the edge particle number N̂jk = N̂j + N̂k. Hence,
if we consider a two-mode projector in isolation, it can be represented as a Quantum
2-SAT projector on two qubits which is parity-conserving (or, in special cases, also particle
number-conserving). This means that if the projector, say of rank-1 in the 2-qubit space,
projects onto a product state, the product state can only be a computational basis state.
And if it projects onto an entangled state, then in the number-conserving case, it can only
project onto states such like α |01⟩+β |10⟩. In the merely parity-conserving case, it can also
project onto a state α |00⟩+β |11⟩ for some α, β. This picture is entirely preserved when we
consider the action of the fermionic projectors onto n modes. In principle, one can apply
a Jordan-Wigner transformation, see Eq. (2), and represent these fermionic projectors as
2-qubit projectors to which strings of Pauli Z’s are appended, so that the qubit projectors
are not 2-local, but this does not affect the number- or parity-conserving properties. In
some sense, we thus consider a simplified form of Quantum 2-SAT due to number- and
parity-conserving constraints, but the fermionic nature of the problem, i.e. the effect of the
Pauli Z-strings through the Jordan-Wigner transformation, makes the problem genuinely
different from Quantum 2-SAT.

Let’s now discuss the nature of rank-1 projectors1 in fermionic language. With the

1They have rank-1 only in the 2-mode subspace, not in the n-mode fermionic space, but for convenience
we use this term throughout this paper. Same for statements on higher rank projectors which have a rank
r ≤ 4 in the 2-mode subspace.
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two-qubit picture in mind, we have two different types of rank-1 projectors for an edge
e = (j, k) (with convention j < k). The only possible rank-1 projector onto an odd-parity
state is

Π1
e = |βe|2a†

jajaka
†
k + βeγ

∗
ea

†
jak − γeβ

∗
eaja

†
k + |γe|2aja

†
ja

†
kak

→ "project onto/exclude βe |10⟩ + γe |01⟩", (4)

with |βe|2 + |γe|2 = 1. When Π1
e does not project onto just "01" or "10", we call this a

genuinely quantum clause and write Π1,q
e , otherwise we refer to them as classical clauses

Π1,c
e . The only type of rank-1 projector onto an even-parity state is Π02

e :

Π02
e = |αe|2aja

†
jaka

†
k − αeδ

∗
eajak + δeα

∗
ea

†
ja

†
k + |δe|2a†

jaja
†
kak

→ "project onto/exclude αe |00⟩ + δe |11⟩", (5)

with |αe|2 + |δe|2 = 1. Again, when Π02
e does not project onto just "00" or "11", it is a

genuinely quantum clause and we write Π02,q
e , otherwise it is a classical projector Π02,c

e .
For convenience, we introduce the following shorthand for a given quantum clause on

an edge e:

ue := γ∗
e/β

∗
e ∈ C, for Π1,q

e ,

ve := α∗
e/δ

∗
e ∈ C, for Π02,q

e , (6)

which we shall only use later on when βe, δe ̸= 0, i.e. in Lemmas 3.1, 3.4, 3.7 and 3.8.
For PNC Fermionic 2-SAT, we only have projectors of type Π1

e in Eq. (4), and only
classical projectors

Π0
e = aja

†
jaka

†
k → "project onto/exclude |00⟩",

Π2
e = a†

jaja
†
kak → "project onto/exclude |11⟩". (7)

Proposition A.1 in Appendix A proves that these projectors are invariant under taking any
unitary linear combination of the two modes j and k, but this understanding also follows
from the two-qubit picture above.

2.1.1 Higher-rank projectors

The projectors appearing in Fermionic 2-SAT are of rank at most three and can be
obtained by summing the unit-rank projectors above as long as these project onto orthog-
onal states. This is true since the 1-eigenvalue sub-space of a projector Πe is spanned
by eigenstates of the commuting edge parity operator P̂e=(j,k), or, in the particle-number-
conserving case, by eigenstates of the commuting edge number operator N̂e=(j,k). By
viewing the action of the rank-1 projectors in the two-qubit space, it is clear that there
exist two orthogonal projectors in the {|01, 10⟩} space and two orthogonal projectors in
the {|00⟩ , |11⟩} space.

Observe that a rank-2 projector which is the sum of two orthogonal Π02,q
e clauses is a

rank-2 classical projector (a sum of two classical clauses, excluding both "00" and "11"),
and similarly a rank-2 projector which is the sum of two orthogonal Π1,q

e clauses is classical
(excluding both "01" and "10"). We will call an edge a classical edge (∈ Ec) when its
at-most-rank-3 projector is constructed from rank-1 classical clauses, otherwise we call
it a quantum edge (∈ Eq), thus the edgeset can be written as E = Ec ∪ Eq. Hence,
an edge in Eq consists of one — Π02,q

e or Π1,q
e — or two — Π02,q

e and Π1,q
e — quantum
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clauses. Otherwise, the edge belongs to Ec. It is worthwhile to note that a rank-2 projector
Π1,q

e +Π02,q
e only consists of quadratic terms in creation and annihilation operators, i.e. the

quartic contributions cancel as the quartic contribution ∝ a†
jaja

†
kak of each quantum clause

is independent of the choice of αe, βe, γe, δe and opposite in sign for a Π02,q
e clause versus

a Π1,q
e clause as can be seen from Eqs. 4 and 5. This fact will be used in Lemma 3.9.

2.2 Particle-hole transformation
We define the unitary particle-hole transformation KS on a subset S ⊆ [n] of the n modes.
The transformation interchanges the creation of a particle in S with the annihilation of a
particle, i.e. the creation of a hole or absence of a particle, in S:

∀j ∈ S → KSajK
−1
S =

[ ∏
k<j

s.t. k∈S

(−1)
]
a†

j , KSa
†
jK

−1
S =

[ ∏
k<j

s.t. k∈S

(−1)
]
aj ,

∀j /∈ S → KSajK
−1
S =

[ ∏
k<j

s.t. k∈S

(−1)
]
aj , KSa

†
jK

−1
S =

[ ∏
k<j

s.t. k∈S

(−1)
]
a†

j . (8)

KS also transforms the vacuum state |vac⟩, i.e. |vac⟩ → KS |vac⟩, where the new vacuum
state corresponds to the all-filled state for the modes in the set S, and the original vacuum
for the modes which are not in the set S. The ± signs in the transformation KS in
Eq. (8) can be understood by performing a Jordan-Wigner transformation which leads to
the manifestly-unitary transformation KS =

⊗
k∈S Xk, with Xk denoting Pauli-X on qubit

k. When S = ∅, KS=∅ = I.
When we apply the particle-hole transformation KS to the genuinely quantum projec-

tors in Eqs. (4) and (5), it can interchange Π1,q
e clauses and Π02,q

e clauses, depending on
the edge e and the subset S. In Appendix A we give the effect of the transformation in
mathematical detail (which is not extremely insightful).

An additional property of the particle-hole transformation KS is that it preserves Gaus-
sianity of a state ρ. We can express the unitary transformation KS on the Majorana opera-
tors c2i−1

J.W.= Z1 . . . Zi−1Xi, c2i
J.W.= Z1 . . . Zi−1Yi (consistent with Eqs. 2 and 3). Then KS

is some product of Majorana operators Πi∈SMajci, using Xk =
[∏

1≤j<k(−ic2j−1c2j)
]
c2k−1.

We have KSckK
−1
S = ±ck, with the sign depending on whether k ∈ SMaj and |SMaj|,

inducing a (diagonal) orthogonal transformation in the {ci}2n
i=1 basis. Any orthogonal

transformation R ∈ O(2n) preserves the Gaussianity of a pure fermionic state as it pre-
serves the property that the correlation matrix M still obeys MTM = I [8], hence KS

preserves Gaussianity. Note that KSP̂K
−1
S = ±P̂ , switching the overall parity P when

|SMaj| is odd.

2.3 Quantum clusters
The graph G = (V,E) describing the fermionic 2-SAT problem (where an edge represents
a rank-1, 2 or 3 projector) can contain zero, one or more quantum clusters, see Fig. 1,
defined as follows.

Definition 2.1 (Quantum clusters). Take the subgraph Gsub of G obtained by removing
all classical clauses in Ec, and removing all vertices that are not touching any e ∈ Eq. We
define the quantum clusters Gi

q = (V i
q , E

i
q) (for i = 1, . . . , Q, and with ni

q := |V i
q |) to be

the connected components of Gsub. The cluster particle number equals N̂ i
q =

∑
j∈V i

q
a†

jaj

and the cluster parity is P̂ i
q = (−1)

∑
j∈V i

q
a†

jaj .
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Figure 1: Several connected subgraphs Gi
q of G with genuinely quantum clauses (orange), the other

clauses (black) are classical clauses. The graph Gsub is obtained by removing all classical edges and
vertices not touching quantum edges (referred to as classical modes), leaving the disconnected quantum
clusters Gi

q.

If the quantum cluster contains only Π1,q
e clauses, we can call the cluster particle-

number-conserving, and states with a fixed cluster particle number span the set of possible
satisfying assignments in the cluster. Some clusters are not directly particle-number con-
serving, but can be brought to this form by a unitary particle-hole transformation defined
in Section 2.2. We call these clusters hidden particle number conserving (hPNC), see also
Fig. 2.

Definition 2.2 (Hidden Particle Number Conserving Cluster (hPNC)). A quantum clus-
ter Gq on the set of vertices Vq is hidden particle number conserving (hPNC) if we can
divide the set of vertices into two sets, Vq = A ∪ B, and all quantum clauses connecting
vertices from A with vertices from B are Π02,q

e clauses, while all quantum clauses connect-
ing vertices in either A or B internally, are Π1,q

e clauses. A special case is when there
are no Π02,q

e clauses whatsoever in the quantum cluster, —A is the set of all vertices, and
B = ∅—, and Gq is particle number conserving (PNC).

Observe that in a hPNC clusterGq, one can assume wlog that all edges are single clauses
(rank-1): if they are of rank-2 or higher, than either, they are classical edges (hence they
had been removed from the graph G, hence cluster Gq), or they are a sum of a Π02,q

e clause
and a Π1,q

e clause, and hence the cluster cannot be hPNC. Note that if we have the cluster
parity operator P̂q for nq modes, then the particle-hole transformation in Eq. (8) for a
subset S ⊆ [nq], transforms KSP̂qK

−1
S = ±P̂q: hence an eigenstate of cluster parity is

still an eigenstate of cluster parity after a particle-hole transformation, but possibly with
a flipped eigenvalue.

In order to efficiently determine whetherGq is hPNC and examine some other properties
later, it will be useful to define a “maximal spanning" subgraph Tq which is hPNC as follows.
The idea is that this (non-unique) subgraph Tq can be obtained via a greedy approach and
can be used to efficiently decide whether a quantum cluster Gq is hPNC.

Definition 2.3 (Maximal spanning hPNC subgraph of a quantum cluster). Given a quan-
tum cluster Gq (with nq vertices and |Eq| quantum clauses/edges), the graph Tq is a graph
with the same vertices as Gq but a subset of quantum clauses of Gq such that (1) Tq is
hPNC, (2) The quantum clauses in Tq generate a spanning tree for the graph Gq (i.e. all
vertices in Gq are connected by some quantum clauses in Tq) and (3) Tq is maximal, i.e. it
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Figure 2: Example of a hidden particle number conserving quantum cluster Gq as given in Definition
2.2 where the green quantum edges are Π02,q

e clauses and the pink quantum edges are Π1,q
e clauses. If

one does a particle-hole transformation KB on all the fermionic modes in B (or KA on A), the green
Π02,q

e clauses become Π̃1,q
e clauses, while the pink Π1,q

e clauses become Π̃1,q
e clauses, see Eq. (31), thus

staying of particle-conserving type. Hence, after the particle-hole transformation, all clauses in Gq are
particle-number-conserving, and the space of satisfying assignments is then spanned by eigenstates |ψ⟩
of the so-called hidden cluster particle number N̂q, obeying N̂q(KB |ψ⟩) = Nq(KB |ψ⟩). Note that for
a hPNC cluster with B ̸= ∅, a satisfying assignment |ψ⟩ will generally not be an eigenstate of cluster
particle number in the original basis, but an eigenstate of the cluster parity.

becomes non-hPNC when adding any more clauses from Gq. Such (generally non-unique)
Tq can be constructed with effort O(nq + |Eq|) as follows.
→ Start with Tq containing all nq vertices, but no clauses. Pick a vertex and assign it to
A.
→ For each vertex adjacent to the current one, add it to A if the connecting clause is of
type Π1,q

e , and add it to B if it is of type Π02,q
e (if it is the sum of Π1,q

e and Π02,q
e , pick one

of them at random). Add these connecting clauses to Tq and move to the neighbor vertex.
→ Repeat this procedure for all vertices adjacent to the previous vertices (if they have not
yet been assigned to A or B) until all vertices are in the bipartition A ∪B.
→ Then, for all clauses in Gq which are not yet in Tq, do the following. Add the clause
to Tq if it is a Π02,q

e clause and the vertices at its ends are in opposite sets (i.e., one in
A and the other in B). Conversely, include the clause in Tq if it is a Π1,q

e clause and the
vertices at its ends have equal assignments.
If after this efficient procedure, no clauses are left in Gq, then obviously Tq = Gq and Gq

is hPNC.

For later reference, we state a simple fact about a choice for picking the starting vertex
in Tq:

Fact 2.4. Suppose a quantum cluster Gq contains a vertex with degree at least 3, then
a maximal spanning hPNC subgraph Tq can be efficiently constructed such that it also
contains a vertex of degree at least 3, simply by choosing the initial vertex in the greedy
approach in Definition 2.3 to be the vertex in Gq of degree at least 3.
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3 Characterizing the satisfying assignments of Fermionic 2-SAT
3.1 Properties of satisfying assignments
The following ‘Partner’ Lemma captures the idea of propagation of a constraint by genuinely
quantum clauses: recall that in the qubit case, a rank-1 entangled projector is always
‘propagating’, see Definition 1 and Lemma 5 in [3]: the assignment of a product state
for one qubit uniquely fixes the assignment of a product state for the other qubit, given
that the state has to be orthogonal to the entangled projector. Here propagation is a
more general concept as we can’t assume a product state assignment. The Lemma roughly
means that if a satisfying assignment for the whole graph G has support on a certain
n-mode state, it also needs to have support on a ‘partnered’ n-mode state.

Lemma 3.1 (Partner Lemma). Given an edge e = (j, k) (with j < k), with (1) clause
Π1,q

e or (2) Π02,q
e (or both) in an instance of Fermionic 2-SAT. Suppose that |ψ⟩ is an

n-mode satisfying assignment.

1. Π1,q
e clause ⇒ If |ψ⟩ has support on a |S⟩ = a†

S |vac⟩ which is given by occupations
{xi}n

i=1 such that xj ̸= xk, then |ψ⟩ must also have support on a ‘partnered’ state
|S′⟩ with occupations {x′

i}n
i=1 with x′

j = xj , x
′
k = xk, x

′
i̸=j,k = xi. In particular, we

must have for the amplitudes αS in the satisfying assignment:

αS = −sign(k, S′)/sign(j, S) ue αS′ , if xj = 1 and xk = 0,
αS′ = −sign(k, S)/sign(j, S′) ue αS , if xj = 0 and xk = 1, (9)

where sign(l, T ) for l ∈ T denotes the sign arising from the reordering of a†
T to a†

l a
†
T \l

and ue as in Eq. (6) for Π1,q
e .

2. Π02,q
e clause ⇒ If |ψ⟩ has support |S⟩ with occupations {xi}n

i=1 such that xj = xk, then
|ψ⟩ must also have support on |S′⟩ with {x′

i}n
i=1 with x′

j = xj , x
′
k = xk, x

′
i̸=j,k = xi.

In particular, we must have for the amplitudes αS in the satisfying assignment:

αS = −sign(jk, S) ve αS′ , if xj = xk = 1,
αS′ = −sign(jk, S′) ve αS , if xj = xk = 0, (10)

where sign(lm, T ) for l,m ∈ T denotes the sign arising from reordering of a†
T to

a†
l a

†
ma

†
T \{l,m} and ve as in Eq. (6) for Π02,q

e .

Proof. Consider case 1. Since |ψ⟩ =
∑

T ⊆[n] αTa
†
T |vac⟩ is a satisfying assignment, we must

have ⟨ψ| Π1,q
e |ψ⟩ = 0. Using Eq. (4) for Π1,q

e=(j,k) (j < k), this implies

⟨ψ| Π1,q
e |ψ⟩ =

∑
T ⊆[n] s.t. j∈T, k /∈T

∣∣ sign(j, T ) β∗
eαT + sign(k, T ′) γ∗

eαT ′
∣∣2 = 0, (11)

where for each subset T = (x1, . . . , xj = 1, . . . , xk = 0, . . . , xn), the partnered subset T ′ is
defined as (x1, . . . , xj = 0, . . . , xk = 1, . . . , xn). The relation between αS and αS′ follows
from Eq. (11). Consider case 2. To ensure ⟨ψ| Π02,q

e |ψ⟩ = 0 with Π02,q
e in Eq. (5), we must

have that
⟨ψ| Π02,q

e |ψ⟩ =
∑

T ⊂[n] s.t. j,k∈T

∣∣ α∗
eαT ′ + sign(jk, T ) δ∗

eαT

∣∣2 = 0, (12)
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where for each subset T = (x1, . . . , xj = 1, . . . , xk = 1, . . . , xn), the partnered subset T ′ is
defined as (x1, . . . , xj = 0, . . . , xk = 0, . . . , xn). The relation between αS and αS′ follows
from Eq. (12).

Lemma 3.1 strongly restricts the possible satisfying assignments on quantum clusters.
The idea is that for a hPNC cluster Gq repeatedly applying the case 1 partner rule in
Lemma 3.1 makes particles propagate on the connected quantum cluster graph Gq, so that
all occupations for a fixed hidden cluster particle number are generated in the cluster.
Then given a fixed hidden cluster particle number, there is at most 1 unique satisfying
assignment.

If the cluster is non-hPNC, one can argue that there will be some additional Π02,q
e

clauses, creating and annihilating pairs of particles via case 2, and in that case there is at
most 1 unique satisfying assignment given fixed parity (and no satisfying assignments with
fixed hidden cluster particle number).

In these arguments, care must be taken not to assume anything about the structure of
global assignment, i.e. we derive the necessary structure of such global assignment based
on how quantum clauses on each cluster can be satisfied. We capture these ideas in the
following Corollary:

Corollary 3.2. Suppose a quantum cluster Gq is hPNC with bipartition A ∪ B, and |ψ⟩
is a satisfying assignment for the entire graph G containing Gq. If KB |ψ⟩ (with KB = I
in the strictly PNC case) has support on a n-mode state |S⟩ with hidden cluster particle
number Nq on Gq, i.e. N̂q |S⟩ = Nq |S⟩, then it must have support on all

(nq

Nq

)
n-mode

states |S′⟩ with particle number Nq on Gq where |S′⟩ has equal occupation as |S⟩ on all
other modes in G. Moreover, there is at most one satisfying assignment per hidden cluster
particle number Nq ∈ {0, 1, . . . , nq} on Gq alone. Thus for a hPNC cluster, Nq is the
cluster particle number of the particle-hole transformed cluster, which we will refer to as
the hidden cluster particle number.

Suppose a quantum cluster Gq is non-hPNC and |ψ⟩ is a satisfying assignment for G.
If |ψ⟩ has support on a n-mode state |S⟩ with cluster parity Pq on Gq, i.e. P̂q |S⟩ = Pq |S⟩,
then it must have support on all 2nq/2 n-mode states |S′⟩ with parity Pq on Gq where
|S′⟩ has equal occupation as |S⟩ on all other modes in G. There is at most one satisfying
assignment per parity P ∈ {−1,+1} on Gq alone.

Proof. The first part of the Corollary follows directly from repeatedly applying ‘the prop-
agation rule’ of case 1 of Lemma 3.1 to an Nq-particle n-mode state |S⟩ on which KB |ψ⟩
is supported, propagating the particles (only for Nq = 0 (all empty) and Nq = nq there
is nothing to propagate and case 1 does not apply). The coefficient relation Eq. (9) im-
plies that there is at most one satisfying assignment per hidden cluster particle number
Nq ∈ {0, 1, . . . , nq} on the vertices of Gq alone. As for the second part of the corollary,
consider a non-hPNC cluster and construct the maximal spanning hPNC subgraph Tq in
Definition 2.3 with bipartition A∪B. If we were to apply the particle-hole transformation
KB on Tq, any satisfying assignment |ψ⟩ for the projectors in this subgraph Tq would be
such that KB |ψ⟩ is a unique state for fixed cluster particle number as per the first part
of this corollary. Since Gq is non-hPNC, using this bipartition of Tq, there will be (a) at
least one internal Π02,q

e clause inside either A or B, or (b) one Π1,q
e clause connecting A

and B. If we apply the particle-hole transformation KB, then in case (a) such Π02,q
e clause

stays a Π̃02,q
e “pair-creating" clause, implying that any satisfying assignment |ψ⟩ for the

quantum clauses in Gq has the property that KB |ψ⟩ is a unique state given some cluster
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parity: this follows from case 2 in Lemma 3.1 and states of any particle number with that
cluster parity must occur in the superposition (working in the particle-hole transformed
basis). If KB |ψ⟩ is a state which involves all particle numbers with given parity, then so is
the satisfying assignment |ψ⟩, since KB maps any state |S⟩ onto some other state |S′⟩. In
case (b) upon the particle-hole transformation KB, the connecting clause Π1,q

e transforms
to “pair-creating" clause Π̃02,q

e and then the same arguments apply as in case (a).

3.2 Cluster-product form of satisfying assignments
Let’s examine the consequences of Corollary 3.2 for satisfying assignments for the entire
graph G. Let hPNC be the set of hPNC quantum clusters, let non − hPNC be the set of non-
hPNC quantum clusters and let Class be the collection of remaining modes not contained in
any quantum cluster, to which we have referred as classical modes. Let’s us fix an ordering
of the fermionic modes in the graph G using these sets hPNC, non − hPNC and Class and
some chosen internal ordering of modes inside the sets. Say, we first assign labels 1, 2, . . . , n1

q

to the modes in the first hPNC quantum cluster G1
q , then labels n1

q + 1, n1
q + 2, . . . , n1

q +n2
q

to the modes in the second hPNC quantum cluster G2
q , etc., then do the same for the non-

hPNC quantum clusters, and then finally for all the classical modes. What is relevant is
that in this ordering, we order the modes in each cluster immediately following each other,
so the satisfying assignment of the cluster itself can be used in the assignment for the whole
graph in so-called cluster-product form. Given this ordering, Corollary 3.2 implies that
any satisfying assignment |ψ⟩ must be a superposition of states of ordered cluster-product
form, i.e.

|ψ⟩ =
∑

{N i
q},{P j

q },{xk}

β{N i
q},{P j

q },{xk}

 ∏
k∈Class

Ok(xk)

 ∏
j∈non−hPNC

Oj(P j
q )

 ∏
i∈hPNC

Oi(N i
q)

 |vac⟩ , (13)

Here the operator Oi(N i
q) creates the unique state with hidden cluster particle number

N i
q using the modes of hPNC quantum cluster i, the operator Oj(P j

q ) creates the unique
state with cluster parity 2 P j

q = ±1 using the modes in the non-hPNC cluster j, and the
operator Ok(xk = 0) = I, Ok(xk = 1) = a†

k for a classical mode k ∈ Class. Note that the
operators Ok(xk), Oj(P j

q ), Oi(N i
q) do not generally commute. We note that for a hPNC

cluster i, non-hPNC cluster j and k ∈ Class, some values for respectively N i
q, P j

q and xk

in Eq. (13) may be excluded in order to be a satisfying assignment. For example, this can
be due to further constraints on parity or particle number which we will examine in the
next Section 3.3. We only consider the constraints due to classical clauses in the proofs of
Theorems 1.4 and 1.5 in Section 4.

Let us now argue that taking a superposition of cluster-product states as in Eq. (13)
is unnecessary, i.e. individual cluster-product states suffice. For this, we first examine
some basic properties of the cluster-product form. For any i0 ∈ hPNC, the cluster-product
form is an eigenstate of the hidden cluster particle number N̂ i0

q (where Ki0
B applies the

2Remember that cluster parity is defined in the original basis while hidden cluster particle number is
defined in the particle-holed transformed basis in Definition 2.1 and Fig. 2.
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Figure 3: Satisfying assignments of Fermionic 2-SAT can be taken to be of cluster-product form:
ordered products of operators which create satisfying assignments on quantum clusters and classical
assignments on classical modes starting from the vacuum state, as in Eq. (17). The possibly-created
states on a hPNC cluster Gi

q ≡ i ∈ hPNC (orange clusters) are completely specified by (hidden)
cluster particle numbers N i

q = 0, 1, . . . , ni
q. The possibly-created states on a non-hPNC cluster j ∈

non − hPNC (blue clusters) are completely specified by the cluster parity P j
q = ±1. The possibly-

created states for a classical mode k ∈ Class are completely specified by the occupied/unoccupied label
xk = 0, 1. The black edges correspond to classical clauses. Note that these classical clauses can also
be internal to a quantum cluster or straddle a quantum cluster and a classical mode.

particle-hole transformation for cluster i0), i.e.

N̂ i0
q

(
Ki0

B (Πk∈ClassOk(xk))
(
Πj∈non−hPNCOj(P j

q )
) (

Πi∈hPNCOi(N i
q)
)

|vac⟩
)

=

(Πk∈ClassOk(xk))
(
Πj∈non−hPNCOj(P j

q )
) (

Πi∈hPNC[N̂ i
qK

i
B]δi,i0Oi(N i

q)
)

|vac⟩ =

N i0
q

(
Ki0

B (Πk∈ClassOk(xk))
(
Πj∈non−hPNCOj(P j

q )
) (

Πi∈hPNCOi(N i
q)
)

|vac⟩
)
, (14)

using Eq. (8), i.e. we can commute these operators through the ordered product. Similarly,
for any j0 ∈ non − hPNC

P̂ j0
q

(
(Πk∈ClassOk(xk))

(
Πj∈non−hPNCOj(P j

q )
) (

Πi∈hPNCOi(N i
q)
)

|vac⟩
)

=

P j0
q

(
(Πk∈ClassOk(xk))

(
Πj∈non−hPNCOj(P j

q )
) (

Πi∈hPNCOi(N i
q)
)

|vac⟩
)
, (15)

and for any mode k0 ∈ Class, we have

N̂k0
q

(
(Πk∈ClassOk(xk))

(
Πj∈non−hPNCOj(P j

q )
) (

Πi∈hPNCOi(N i
q)
)

|vac⟩
)

=

Nk0
q

(
(Πk∈ClassOk(xk))

(
Πj∈non−hPNCOj(P j

q )
) (

Πi∈hPNCOi(N i
q)
)

|vac⟩
)
, (16)

We will use the following shorthand for the cluster-product form:

∣∣ϕ({N i
q}, {P j

q }, {xk}
)〉

≡

 ∏
k∈Class

Ok(xk)

 ∏
j∈non−hPNC

Oj(P j
q )

 ∏
i∈hPNC

Oi(N i
q)

 |vac⟩ .

(17)
These facts give us a final characterization of the satisfying assignments, see Fig. 3:
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Proposition 3.3 (Cluster-product form of satisfying assignments). If there exists a sat-
isfying assignment of a Fermionic 2-SAT problem, possibly with fixed particle number or
fixed parity, then one can assume, with loss of generality, that it is of cluster-product form∣∣ϕ({N i

q}, {P j
q }, {xk}

)〉
in Eq. (17).

Proof. Given Corollary 3.2 the most general solution is of the form in Eq. (13). However,
if any superposition state with different cluster parities {P j

q } for non-hPNC clusters is
a satisfying assignment, then so is each individual term in the superposition since cross
terms with distinct cluster parities must be zero as

∑
i Πi commutes with any cluster parity.

Similarly, if any superposition state with different hidden particle numbers {N i
q} for hPNC

clusters is a satisfying assignment, then so is each individual term in the superposition
since (using manipulations in the particle-hole transformed basis) cross-terms must be 0.
Similarly, if any superposition state with different values {xk} is a satisfying assignment,
then so is each individual term in the superposition since cross-terms must be 0 as

∑
i Πi

commutes with N̂k. Thus wlog we can restrict ourselveves to assignments of cluster-
product form

∣∣ϕ({N i
q}, {P j

q }, {xk}
)〉

.

3.3 Excluding certain particle numbers or parities on quantum clusters
In this section we further examine the structure of satisfying assignments, namely the
allowed values for (hidden) cluster particle numbers and parities in the cluster-product
form in Eq. (17) which will restrict the search for an assignment. The following Lemma
provides an important simplification for quantum clusters with vertices with degree at least
3.

Lemma 3.4 (Fermionic Degree ≥ 3 Simplification). Let Gq = (Vq, Eq) be a quantum
cluster on nq modes (=vertices) with at least one vertex of degree ≥ 3 and let Tq be
its maximal spanning hPNC subgraph with partition A ∪ B in Definition 2.3. Then, for
any satisfying nq-mode assignment |ψ⟩ for Gq, we must have ⟨S|KB |ψ⟩ = 0, for any
|S⟩ = a†

S |vac⟩ with hidden cluster particle number N̂q = 2, 3, . . . , nq − 2.

Proof. Using Fact 2.4, the graph Tq contains a vertex j of degree ≥ 3 and let three of its
neighbor vertices be labeled k, l,m. We may assume wlog that j < k < l < m < i1 < i2 <
. . ., with i1, i2, . . . labeling the other modes in the quantum cluster Gq. We write e = (j, k),
e′ = (j, l) and e′′ = (j,m). In the particle-hole transformed basis, all clauses adjacent to
j are of type Π1,q

e by construction via Definition 2.3 and Fact 2.4. After the particle-hole
transformation we write Π1,q

e=(j,k), Π1,q
e′=(j,l) and Π1,q

e′′=(j,m) with non-zero coefficients ue, ue′

and ue′′ introduced in Eq. (6), uniquely characterizing the clauses.
Suppose that KB |ψ⟩ has support on a state |S⟩ = a†

S |vac⟩ with particle number
Nq = 2, 3, . . . , nq − 2. Lemma 3.1 implies that KB |ψ⟩ must have support on all

(4
2
)

states |S′⟩ = a†
S′ |vac⟩ s.t. in |S′⟩ two modes from {j, k, l,m} are occupied, and |S′⟩

has occupation equal to |S⟩ on all modes Vq\{j, k, l,m}. Let the occupied modes in
Vq\{j, k, l,m} be denoted by subset T (which depends on S). Let KB |ψ⟩ =

∑
S αS |S⟩,

using, say, the fermionic mode ordering established at the start of Section 3.2, and assume
wlog that in this ordering T = Tbefore ∪ Tafter where Tbefore is a set of modes which come
before j, k, l,m in the chosen fermionic order and Tafter is a set of modes which come after
and let a†

T = a†
Tbefore

a†
Tafter

. Then KB |ψ⟩ must have support on each of the six states

a†
ja

†
ka

†
T |vac⟩ , a†

ja
†
l a

†
T |vac⟩ , a†

ja
†
ma

†
T |vac⟩ , a†

ka
†
l a

†
T |vac⟩ , a†

ka
†
ma

†
T |vac⟩ , a†

l a
†
ma

†
T |vac⟩ , (18)
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with amplitudes αj,k,T , αj,l,T ,αj,m,T , αk,l,T , αk,m,T and αl,m,T . Lemma 3.1 implies the fol-
lowing relations between these amplitudes:

(1) αj,k,T = +ue′ αk,l,T , (2) αj,l,T = −ue αk,l,T , (3) αj,l,T = +ue′′ αl,m,T ,

(4) αj,k,T = +ue′′ αk,m,T , (5) αj,m,T = −ue αk,m,T , (6) αj,m,T = −ue′ αl,m,T . (19)

However, conditions (1-6) imply +1 = −1. Hence, KB |ψ⟩ cannot have support on n-mode
states |S⟩ = a†

S |vac⟩ with cluster particle number N̂q = 2, 3, . . . , nq − 2.

We note that the previous Lemma is intrinsically fermionic, i.e. the anti-commutation
of creation operators plays a role in the signs of Eq. (19) and there is no Quantum 2-SAT
counterpart. The following corollary summarizes the consequences.

Corollary 3.5. Consider an assignment of cluster-product form∣∣∣ϕ ({N i
q}i∈hPNC, {P j

q }j∈non−hPNC, {xk}k∈Class
)〉
, (20)

in Eq. (17), which, per Proposition 3.3, exists if there is a satisfying assignment for G. We
summarize some consequences for the quantum numbers N i

q and P i
q in the cluster-product

form due to the quantum clauses on clusters.

1. For degree ≥ 3 hPNC clusters i ∈ hPNC, the only hidden cluster particle numbers
can be N i

q = 0, 1, ni
q − 1, ni

q which are Gaussian states, remaining Gaussian when
undoing the particle-hole transformation as argued in Section 2.2.

2. For any hPNC cluster i ∈ hPNC with ni
q modes, the hidden cluster particle number

can always be N i
q = 0 or N i

q = ni
q, since Lemma 3.1 imposes no constraints on the

coefficients, i.e. particles don’t propagate since there are either no particles or all
modes are filled.

3. For a hPNC cluster i with ni
q modes, let there be a cluster product assignment with

hidden cluster particle number N i
q ̸= 0, N i

q ̸= ni
q. Then the assignment will have

support on states |S⟩ in which any mode j in the cluster is empty (xj = 0) and
states for which it is filled (xj = 1). Hence in this case any classical clause straddling
the cluster on mode j and a classical mode k ∈ Class or mode in another quantum
cluster, will have to be satisfied (if it can) no matter the value for xj = 0, 1. When
ni

q > 2, if the state with hidden cluster particle number N i
q ̸= 0, N i

q ̸= ni
q obeys any

additional classical clause constraints inside the cluster, then either the all-empty
N i

q = 0 or all-filled assignment N i
q = ni

q (or both) should also obey these constraints
since on any pair of modes, at least 3 out of 4 occupations on these two modes will
be allowed (thus always including either 00 or 11).

4. If G contains a degree ≥ 3 non-hPNC cluster j ∈ non − hPNC with a number of
modes nj

q ≥ 5, then G has no satisfying assignment. Via Corollary 3.2 the satisfying
assignment is characterized by total parity P and has support on states with any
hidden cluster particle number with this parity. However, Lemma 3.4 implies that
the assignment cannot have support on odd hidden cluster particle number Nq = 3
(in case of odd parity) or Nq = 2 (in case of even parity) when nq ≥ 5, hence there
cannot be any satisfying assignment.

5. For a degree ≥ 3 non-hPNC cluster Gq ≡ j ∈ non − hPNC with nj
q = 4, KB |ψ⟩ (with

the set B defined through the graph Tq of the cluster Gq), can only have support on
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states with odd cluster parity. Undoing the particle hole transformation, this excludes
one choice of parity P for this cluster in Eq. (20) (which one depends on whether
|B| is odd or even). In Appendix B we show that the satisfying assignment for such
cluster of four fermionic modes is a non-Gaussian fermionic state.

6. For a non-hPNC Gq cluster with nq modes, let there be an cluster product assignment
with some cluster parity Pq. Then this assignment will have support on states |S⟩
in which any mode j in the cluster is empty and states for which it is filled: it has
support on all occupations xj for any j in the cluster, with the given fixed parity
by Corollary 3.2. Hence any classical clause straddling the cluster on mode j and a
classical mode k ∈ Class or mode in another quantum cluster, will have to be satisfied
(if it can) no matter the value for xj = 0, 1.

The corollary means that if a vertex in the cluster is of degree at least 3, then, if the
cluster is non-hPNC, we must have nq ≤ 4, and hence it is easy to verify whether an
assignment exists. Otherwise, if it is hPNC and has a degree ≥ 3 vertex, its assignments
are simple and Gaussian as they are very restricted in particle number (in the particle-hole
transformed basis), collapsing the search space to being linearly dependent on the number
of modes in the cluster. We capture this efficiency more precisely in Lemma 3.10 in the
next section.

If all vertices in the cluster Gq are of degree less than 3, the graph Gq is a line or a
loop. For a line, one can apply the Jordan-Wigner transformation and map the problem
onto quantum 2-SAT on a line which can fully be solved, using existing methods. For a
loop there is a small adaptation due to the Jordan-Wigner Pauli-Z strings. The cases of
Gq being a line or a loop are dealt with in Section 3.3.1 below.

Corollary 3.5 also makes clear that the assignments of hidden particle number and
parity on the cluster lead to strong restrictions on whether and how one can satisfy the
remaining classical clauses in Ec, and this will be used to prove our main Theorems 1.4,
1.5 and 1.6.

3.3.1 Quantum clusters: lines and loops

To handle lines and loops, it is convenient to switch to qubit language as Fermionic 2-
SAT projectors on a line map directly onto Quantum 2-SAT projectors on qubits via the
Jordan-Wigner transformation in Eq. (2).

Let us first consider the taxonomy of graphs Gq that are lines or loops, shown in Figure
4. Remember that there is at most a single Π02,q

e or single Π1,q
e per edge e, otherwise one

can reduce the pair to a classical edge, see the arguments in Section 2.1.1, and we do not
yet consider any classical clauses in this section yet. If Gq is a line, its maximal spanning
hPNC subgraph Tq (see Definition 2.3) is also a line, and Gq is either hPNC or non-hPNC
as in Figure 4(a) and (b). If Gq is a loop, then Tq is either a loop, see Figure 4(c) and (d),
or a line, Figure 4(e) and (f).

(a) Lemma 3.6
(hPNC).

(b) Lemma 3.8
(non-hPNC).

(c) Lemma 3.7
(hPNC).

(d) Lemma 3.8
(non-hPNC).

(e) Lemma 3.8
(non-hPNC).

(f) Lemma 3.8
(non-hPNC).

Figure 4: Different types of line and loop clusters in the particle-hole-transformed basis. The black
edges make up Tq (representing Π1,q

e -type clauses) and the blue edges are Π02,q
e -type clauses.
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First, we consider the case of Gq being a line. The following Lemma is to be applied
to Tq in the particle-holed transformed basis, thus containing only Π1,q-type clauses. It is
essentially a rephrasing of some results in [11].

Lemma 3.6. Given a line with nq fermionic modes and (rank-1) clauses Π1,q
(i,i+1) between

modes i and i+ 1 for i ∈ {1, 2, . . . , nq − 1}. For each particle number Nq ∈ {0, 1, . . . , nq},
there is a unique assignment satisfying the clauses Π1,q

(i,i+1).

Proof. Via the Jordan-Wigner transformation in Eq. (2), each 2-mode rank-1 projector
Π1,q

(i,i+1) becomes a projector onto a two-qubit quantum state Πqubit
i,i+1 = |ψ⟩ ⟨ψ|i,i+1 with

|ψ⟩(i,i+1) = α |01⟩ + β |10⟩ (where |α|2 + |β|2 = 1). The entangled state |ψ⟩(i,i+1) can
generally be expressed as Bi ⊗I |Ψ−⟩ with a two-qubit singlet state |Ψ−⟩ = 1√

2(|01⟩−|10⟩)
and some diagonal, invertible Bi.

LetH = I⊗A2 . . .⊗AnqHFM−HeisI⊗A†
2 . . .⊗A†

nq
≥ 0, withHFM−Heis =

∑
i |Ψ−⟩ ⟨Ψ−|i,i+1,

the 1D ferromagnetic Heisenberg model. Here A2 is uniquely chosen such that I ⊗
A2 |Ψ−⟩1,2 = B1 ⊗ I |Ψ−⟩1,2 = |ψ⟩1,2. Given A2, A3 is chosen such that A2 ⊗A3 |Ψ−⟩2,3 =
B2 ⊗ I |Ψ−⟩2,3 = |ψ⟩2,3 etc. Importantly, the satisfying assignments of {Πqubit

(i,i+1)} are the
zero-eigenvalue states of H. A zero-eigenvalue state with particle (or "excitation") number
Nq can thus be obtained by applying I⊗A† −1

2 ⊗ . . .⊗A† −1
Nq

to any state
∣∣∣ψNq

FM−Heis

〉
in the

null-space of HFM−Heis, with equal particle number Nq as the A† −1
i matrices are diagonal.

Hence, given a null-space solution with excitation number Nq for HFM−Heis, one obtains
a satisfying assignment for the fermionic problem on a line.

Due to the U⊗nq -invariance of HFM−Heis, the eigenspaces must be spanned by states of
the form |χ⊗nq ⟩, hence symmetric subspaces of nq qubits [12]. There is only one such state
with a given particle number Nq, namely the fully permutation-symmetric state, which
is in the null-space of HFM−Heis since |Ψ−⟩ ⟨Ψ−|i,i+1

∣∣∣ψNq

FM−Heis

〉
= |Ψ−⟩ ⟨Ψ−|i,i+1 π(i, i +

1)
∣∣∣ψNq

FM−Heis

〉
= − |Ψ−⟩ ⟨Ψ−|i,i+1

∣∣∣ψNq

FM−Heis

〉
= 0 where π(i, i + 1) is the permutation

between qubits i and i + 1. Note that the unique satisfying assignment for the quantum
2-SAT clauses is thus I ⊗A† −1

2 ⊗ . . .⊗A† −1
nq

∣∣∣ψNq

FM−Heis

〉
.

Let us now consider a hPNC cluster for which both Gq and Tq are a loop as in Fig. 4(c).
Again the following Lemma is to be applied to Tq in the particle-hole-transformed basis
in which it consists of Π1,q

e clauses only. For there to be any satisfying assignments on Tq,
the clause closing the loop needs to be consistent with the other clauses. For Fermionic
2-SAT clauses this consistency condition also turns out to depend on the cluster parity:

Lemma 3.7. Given a loop consisting of nq fermionic modes with clauses Π1,q
(i,i+1 mod nq)

for i ∈ {1, 2, . . . , nq}, with coefficients u(i,i+1 mod n) defined in Eq. (6). Besides the
satisfying assignments at Nq = 0 (all-empty) and Nq = nq (all-filled), there are sat-
isfying assignments at a given Nq iff (−1)Nq+nq−1[1/u(1,nq)

∏nq−1
i=1 u(i,i+1)

]
= 1. So, if

|1/u(1,nq)
∏nq−1

i=1 u(i,i+1)| = 1, there are only satisfying assignments at all even Nq (when
nq is odd) or odd Nq (when nq is even).

Proof. The proof of Lemma 3.7 is similar to the proof of Lemma 3.6. The only difference
is that in the case of a loop, the clause Π1,q

(1,nq), when Jordan-Wigner transformed, becomes

2Πqubit
(1,nq) = I1 ⊗Bnq

(
|1⟩1 |0⟩nq

− Z2 . . . Znq−1 |0⟩1 |1⟩nq

)
×(

⟨1|1 ⟨0|nq
− Z2 . . . Znq−1 ⟨0|1 ⟨1|nq

)
I1 ⊗B†

nq
, (21)

Accepted in Quantum 2025-10-24, click title to verify. Published under CC-BY 4.0. 18



with Bnq diagonal and (Bnq )11/(Bnq )22 = −β(1,nq)/γ(1,nq) = −1/u∗
(1,nq) (see Eq. (6)).

The satisfying assignments of the loop problem correspond to zero-energy states of H
in the proof of Lemma 3.6 that are also projected to zero by Πqubit

(1,nq). We have that
(Bi)11/(Bi)22 = −γ(i,i+1)/β(i,i+1) = −u∗

(i,i+1) for i ∈ {1, 2, . . . , nq − 1}, from which the
entries of A2, . . . , Anq follow (see the proof of Lemma 3.6). The relation Πqubit

(1,nq)I ⊗

A† −1
2 ⊗ . . . ⊗ A† −1

nq

∣∣∣ψNq

FMHeis

〉
= 0 holds iff u(1,nq) = (−1)Nq (Anq )∗

22/(Anq )∗
11 is obeyed

(where we have used (Bnq )11/(Bnq )22 = −1/u∗
(1,nq)). Using that the entries of A2, . . . , Anq

can be expressed in terms of {u(i,i+1)}
nq−1
i=1 , this condition is equivalent to the condition

(−1)Nq+nq−1[1/u(1,nq)
∏nq−1

i=1 u(i,i+1)
]

= 1 from the lemma statement.

3.3.2 non-hPNC lines and loops

We have thus far considered the hPNC line or loop graphs. For non-hPNC lines and loops,
however, we must consider the effect of the Π02,q

e clauses (in the particle-hole-transformed
basis) on the satisfiability of these clusters as in Fig. 4(b),(d), (e) and (f). These Π02,q

e

clauses can be of two types: they can either be part of a rank-2 projector as in Fig. 4(d),
or they can close a loop as in Figure 4(e). We will refer to the former as a non-loop-
closing Π02,q

e clause and to the latter as a loop-closing Π02,q
e clause. Of course, any loop

Gq contains at most one loop-closing Π02,q
e clause. If Gq is a line, then all Π02,q

e clauses are
non-loop-closing as in Fig. 4(b). If Gq and its maximal spanning hPNC subgraph Tq are
loops, all Π02,q

e clauses are also non-loop-closing (Fig. 4(d)).
Note that one can always apply a different particle-hole transformation (with a different

Tq) such that the instance in Figure 4(f) becomes an instance in Figure 4(d), by ensuring
that the loop is closed on a rank-2 edge. Therefore, if Gq contains a loop-closing Π02,q

e

clause, then wlog it is the only Π02,q
e clause in Gq.

Lemma 3.8 below provides a detailed account of conditions under which a parity Pq is
allowed on a quantum cluster Gq, provided that Pq is allowed on Tq. The important take-
away is that for any non-hPNC line or loop, these conditions come down to straightforward
relations between the ue and ve coefficients of respectively Π1,q

e and Π02,q
e clauses along the

line or loop.

Lemma 3.8. Given a non-hPNC cluster Gq which is a line or a loop on nq modes. The
following statements hold in the particle-hole-transformed basis in which Tq only has Π1,q

e

clauses and Pq refers to the parity of the particle-hole-transformed assignment. Assume
that Tq allows for satisfying assignments of parity Pq. If Gq contains a single Π02,q

e clause,
then the same parities of Tq are allowed as satisfying assignments for Gq. If Gq contains
at least two Π02,q

e clauses, then suppose:

1. Gq is a line (Figure 4(b)) then any Pq of Tq is allowed for Gq iff the following
consistency condition is satisfied. For each pair of subsequent non-loop-closing Π02,q

e

clauses on edges (j, j + 1) and (k, k + 1) (j < k),

(⋆) v(j,j+1) =
[ k−1∏

i=j

u(i,i+1)u(i+1,i+2)
]
v(k,k+1) (22)

must hold.

2. Gq is a loop and Tq a line (Figure 4(e). Pq is always allowed on Gq since there is
only one Π02,q

e clause in Gq.
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3. Both Gq and Tq are loops (Figure 4(d)). Any Pq of Tq is allowed for Gq, if condition
( ⋆) holds on Π02,q

e clauses along the loop, with the following caveat. If one of the
non-loop-closing clauses is on edge (1, nq), then the one condition (on subsequent
pairs) involving Π02,q

(1,nq) has v(1,nq) replaced by −1/u2
(1,nq)v(1,nq) on the RHS of ( ⋆).

Proof. By assumption, Pq is allowed on Tq. According to Corollary 3.2, if Pq is allowed
on Gq, then a satisfying assignment has support on all states |S⟩ = a†

S |vac⟩ with parity
Pq. For Pq to be allowed on Gq, the Π02,q

e clauses on Gq should not lead to inconsistencies
when connecting these states of parity Pq via Lemma 3.1. Such inconsistencies can come
up when, starting with any |S⟩, one repeatedly applies Lemma 3.1 to end up at state |S⟩
again. If the associated coefficient relations in Lemma 3.1 are not consistent, Pq is excluded
on Gq. For Gq lines and loops containing a single Π02,q

e clause, these inconsistencies are
always avoided. For non-hPNC lines and loops with multiple Π02,q

e clauses, the consistency
of these relations can be checked rather straightforwardly. To see this, we distinguish
between cases (1), (2) and (3) in the lemma statement.

For case (1), all Π02,q
e clauses are non-loop-closing. The following process, realized by

repeated application of Lemma 3.1, can lead to inconsistency. Start off with |S⟩ with equal
occupation on an edge with a Π02,q

e clause. One creates a pair of particles/holes on edge
e, migrates them to a clause Π02,q

e′ at edge e′ via Π1,q
e clauses, and undoes the creation of

the particle/hole pair through clause Π02,q
e′ to end up at |S⟩. Provided that the condition

in the lemma statement holds, this can never lead to inconsistency. Ensuring that the
condition holds on subsequent Π02,q

e clauses along Gq is sufficient to ensure the consistency
between non-subsequent Π02,q

e clauses.
For case (2), the Π02,q

e clauses cannot lead to inconsistency, since there is only one such
clause in Gq.

For case (3), the same process as for case (1) determines the consistency conditions.
However, there can be a non-loop-closing Π02,q

(1,nq) clause (i.e., on edge (1, nq)). Again
using Lemma 3.1, it can be shown straightforwardly that the altered (⋆) condition implies
consistency between the Π02,q

(1,nq) clause and its subsequent Π02,q
e clause along the loop.

Importantly, we can show that satisfying assignments on non-hPNC clusters which are
lines or loops are always fermionic Gaussian states of fixed parity. This is argued using
the fact that a Π1,q

e + Π02,q
e projector is quadratic, see Section 2.1.1, and arguing that one

can always add extra clauses onto edges in the cluster so that all edges become of this
form Π1,q

e + Π02,q
e . Satisfying assignments must then lie in the null-space of a quadratic

fermionic (positive semi-definite) Hamiltonian, hence be a Gaussian state.

Lemma 3.9. Given a non-hPNC cluster Gq which is a line or loop. The satisfying
assignments (if they exist) on this cluster are Gaussian states.

Proof. Let us first consider line or loop clusters (in the particle-hole transformed basis)
for which the only Π02,q

e clauses are non-loop-closing. There can be multiple such clauses
(i.e., cases (1) and (3) in Lemma 3.8), or just a single one. In the former case, we
assume Eq. (22) is satisfied (otherwise, the cluster would not be satisfiable). Let us add
a non-loop-closing Π02,q

e clause to an edge not yet containing one. If this Π02,q
e clause also

obeys Eq. (22), then the satisfying assignments of the original problem are still satisfying
assignments. One can keep adding Π02,q

e clauses in this manner until all edges in the
cluster are of type Π1,q

e +Π02,q
e . In that case, all cluster projectors are quadratic and hence

the satisfying assignments are Gaussian states as per observations in Section 2.1.
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What is left is to consider clusters whose only Π02,q
e clause is a loop-closing Π02,q

e clause
(i.e., Figure 4(e) and case (2) in Lemma 3.8). Importantly, a quantum cluster with exactly
the same satisfying assignments can be obtained by deleting the loop-closing Π02,q

e clause,
and adding an appropriate non-loop-closing Π02,q

e clause anywhere along Tq. Hence we
have obtained a cluster of type (1) in Lemma 3.8, for which we have already shown that
the lemma statement holds.

3.3.3 Efficient verification of allowed hidden particle number or parity on a quantum cluster

The following Lemma captures that verifying what cluster particle numbers and parities
are allowed in the cluster-product form assignment, Eq. (20), already restricted by the
results in the previous section, is classically efficient.

Lemma 3.10 (Cluster checks). Given a quantum cluster Gq = (Vq, Eq) consisting of nq

modes and mq quantum clauses. If Gq is an hPNC cluster, one can check in O(nq +mq)
time which hidden cluster particle numbers Nq (being the cluster particle number of KB |ψ⟩,
with |ψ⟩ a satisfying assignment) correspond to satisfying assignments. If Gq is a non-
hPNC cluster, one can check in O(nq + mq) time which cluster parities correspond to
satisfying assignments.

Proof. First, suppose Gq is a hPNC cluster. By Corollary 3.5 point 2, hidden cluster
particle numbers Nq = 0 and Nq = nq are always permitted.

If the hPNC cluster Gq has a vertex of degree at least 3, then by Corollary 3.5 point
1, to see if a single-particle state with Nq = 1 and/or single-hole state with Nq = nq − 1
are permitted, one simply lists all mq partnering constraints (Lemma 3.1) between nq

coefficients in the potential satisfying assignment and checks the consistency of these
constraints in time O(nq +mq). On the other hand, suppose the hPNC cluster Gq has no
vertex of degree at least 3. If Gq is a line, all hidden cluster particle numbers are allowed
via Lemma 3.6, and the corresponding cluster particle states are unique. In case Gq is a
loop, then all cluster particle numbers for which the condition in Lemma 3.7 is obeyed,
are permitted, with the caveat that Nq = 0 and Nq = nq are permitted in any case.

Now suppose that Gq is a non-hPNC cluster. If Gq has a vertex of degree at least 3,
then by Corollary 3.5 any assignment is excluded for nq ≥ 5, one parity is excluded for
nq = 4, and obviously nq cannot be ≤ 3. Clearly, one can efficiently verify the existence
of an assignment for nq = 4. If the non-hPNC cluster Gq does not have a vertex of degree
at least 3, then Gq can be a line or a loop and which (if any) parity is allowed for those
clusters can be checked in O(nq +mq) time using the conditions in Lemmas 3.7 and 3.8.

4 An efficient classical algorithm for Fermionic 2-SAT (with and without
fixed parity)

4.1 Solving Fermionic 2-SAT: proof of Theorem 1.4
Let us now prove Theorem 1.4, which states that Fermionic 2-SAT can be solved in
time O(n + m). Solving Fermionic 2-SAT comes down to performing certain checks on
properties of quantum clusters, and running a (classical) 2-SAT algorithm based on these
constraints and the remaining classical clauses:

Proof of Theorem 1.4. Due to Proposition 3.3 we can restrict the assignment to cluster-
product form. We will be constructing a classical 2-SAT instance, which will be used
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for deciding whether the Fermionic 2-SAT instance is satisfiable. This classical 2-SAT
instance is denoted by C. First, let us consider only the constraints from quantum edges.

1. We first consider all hPNC clusters. For these clusters, Corollary 3.5 point 2 implies
that there are always two classical assignments that satisfy all quantum clauses in
the cluster and that are each other’s negations (see Figure 5 for an illustration).
Now consider the set of classical clauses, either internal to the cluster or straddling
between the cluster and some classical modes or between the cluster and some other
quantum cluster. By Corollary 3.5 point 3 for nq > 2, obeying any internal classical
clauses on the cluster in any assignment with hidden particle number Nq ̸= 0, Nq ̸=
nq would also allow for two classical assignments Nq = 0, nq. Hence wlog we can
assume that we have to choose from these classical assignments for any nq > 2 cluster
when constructing a global satisfying assignment. One can impose this using a set
of 2-SAT clauses whose two unique satisfying assignments are these two classical
assignments (which are each other’s negations): note that we need to apply the
particle-hole transformationKB to obtain these 2-SAT clauses. These 2-SAT clauses,
the classical clauses internal to the cluster and any straddling clauses are included in
C. The case nq = 2 is dealt with separately for convenience. For nq = 2, if there is a
single clause and no internal classical clause, we do the same as for nq > 2. If nq = 2
with one Π1,q

e clause and one Π02,q
e clause, the cluster is non-hPNC and we deal

with it in the next point 2. If nq = 2 and the projector is rank-3, then it is hPNC,
with 2 classical internal clauses and there is at most one satisfying Gaussian, non-
classical assignment. For example, the two classical clauses exclude the assignments
00 and 11, allowing only the state (αa†

1 +βa†
2) |vac⟩ orthogonal to some Π1,q

(1,2) clause.
Hence, in this case only, one has to choose this non-classical (Gaussian) assignment
and handle the possible classical clauses straddling this cluster via Corollary 3.5
point 3: a straddling clause on mode 1 in the cluster, i.e. (x1 ∨ u) or (x1 ∨ u), gets
replaced by clause (u) with literal u on some classical mode (and similarly for mode
2 in the cluster). These latter clauses are included in C.

2. For all quantum clusters that are non-hPNC, we first check via Lemma 3.10 in
O(n + m) time whether there exists a satisfying assignment. Corollary 3.5 point 6
says that if there exists a satisfying assignment, there can be no additional internal
classical clauses (as the state has support on all occupations with given parity). We
handle any straddling classical clauses by replacing (xm ∨ui) or (xm ∨ui), with mode
m inside the non-hPNC cluster and classical literal ui, by clauses (ui). These latter
clauses are included in C. The case when the classical clause is straddling between
two quantum clusters can be dealt with similarly.

After these preprocessing steps in which we may find that there can’t be a satisfy-
ing assignment (then output NO), let the collection of classical clauses obtained via the
preprocessing, as well as the remaining clauses on solely classical modes, be the classical
2-SAT instance C. We then solve instance C in time O(n+m) [1].

4.2 Solving Fermionic 2-SAT with fixed parity: proof of Theorem 1.5
Let us now address the question of whether fixing the parity changes the complexity of
the Fermionic 2-SAT problem. We prove Theorem 1.5 in this section, which states that
this problem can still be solved efficiently, in time O(nm). Our algorithm for solving
Fermionic 2-SAT with fixed parity P ∈ {−1,+1} consists of running certain efficient
checks on the allowed satisfying assignments on quantum clusters as a preprocessing step
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Figure 5: Satisfying assignments on non-hPNC quantum clusters are such that each mode has to be
both empty and occupied, see Corollary 3.5 point 6. On hPNC clusters, one only has to assign either
of two classical states to check whether the instance is satisfiable (apart from a special case when the
cluster only has two modes, nq = 2), when we do not aim to find an assignment of given parity. The
black vertices and edges respectively denote modes that are not in any quantum cluster (i.e., classical
modes) and classical clauses.

to construct a (classical) 2-SAT with fixed parity instance, on which one runs the O(nm)
time algorithm developed in Theorem C.1 in Appendix C.

Importantly, non-hPNC clusters are treated differently than hPNC clusters in this
next proof. Namely, any assignment in a non-hPNC cluster satisfies the classical cluster-
straddling clauses (or not) independent of its parity, while for hPNC clusters, assignments
of different parity can lead to different ways of satisfying the straddling classical clauses.

Proof of Theorem 1.5. By Proposition 3.3 an assignment of fixed parity is of cluster-
product form. We proceed in three steps.

1. We run the O(nm) time algorithm (developed in Appendix C) for solving the (clas-
sical) 2-SAT instance C obtained in the proof of Theorem 1.4 via items 1 and 2, with
fixed parity. If the algorithm outputs an assignment of the right parity, we are done
and output YES. If there is no assignment, output NO. If there is an assignment but
with the wrong parity (which the algorithm will tell you), let’s call the assignment
X0, and proceed to the next step.

2. We consider whether it is possible to flip the parity of any non-hPNC cluster in X0.
No variables internal to a non-hPNC cluster enter the instance C due to how we
handle the straddling clauses in item 2 in the proof of Theorem 1.4. Therefore, if we
can flip the parity of a single cluster Gj

q ∈ non − hPNC, the assignment on G\Gj
q of

X0 is still valid, and hence we have full assignment with the correct parity. According
to Corollary 3.2, each non-hPNC cluster has at most one satisfying assignment per
parity. Which parities (one or both) are allowed for each non-hPNC cluster can be
checked in time O(n+m) via Lemma 3.10. So we iterate over all non-hPNC clusters
and if there is one whose parity can be flipped, we are done (output YES). If not,
we proceed to the next step.

3. The next step pertains to all hPNC clusters, except the nq = 2 clusters with a rank-3
edge which were treated differently in obtaining C in item 1 of the proof of Theorem
1.4: we will not attempt flipping parity on these clusters as there is only one possible
assignment.
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Due to the failure of obtaining a flipped parity assignment in the previous two steps,
we know that it is not possible to change the parity by flipping classical modes
and/or flipping the hidden particle number Nq = 0 (all-empty) to Nq = nq (all-
filled) assignment on any hPNC cluster (which are the possible assignments inside
the hPNC clusters in C which are examined in step 1). This has the following
consequence. We define the classical 2-SAT instances C+,M which is a superset of
the classical clauses of C and some classical clauses which pertain to a subset of non-
hPNC clusters M ⊆ hPNC. That is, C+,M is obtained by adding to the collection of
clauses in C, for each cluster Gj

q ∈ M, the following: replace each straddling clause
between a mode i ∈ Gj

q and classical mode, of the form (xi ∨u) or (xi ∨u) by clause
(u) with u a literal of the classical mode. One does the same for any straddling
clause with another hPNC quantum cluster provided it is not in the set M (if it is
non-hPNC or in the set M, there would be no satisfying assignment for C+,M). Due
to failure in the previous two steps, either an instance C+,M will have no satisfying
assignment, or an assignment of the wrong parity, i.e. the same as X0, for any M,
since any satisfying assignment of C+,M is also a satisfying assignment for C. Hence,
the only way to still obtain a flipped parity assignment as compared to X0 is to
possibly flip the parity of some individual hPNC cluster by not choosing the hidden
particle number Nq = 0 or Nq = nq assignment on it, as we did for C. Note that if
we do not constrain the overall parity, as in Theorem 1.4, there was never a reason
to consider other possible assignments (see also Fig. 5).
Hence, we first consider for each hPNC cluster Gi

q whether one can flip its parity,
and then if so, we decide whether an altered classical 2-SAT instance CGi

q
has a

satisfying assignment using a 2-SAT solver. To check whether one can flip its parity,
observe that no internal classical clauses must be present as any assignment with
hiddden particle numbers Nq ̸= 0, Nq ̸= nq has the property that each mode j in
the cluster can be both 0 and 1. If classical clauses are present and/or the parity
cannot be flipped for other reasons, we move onto the next hPNC cluster. As for
checking on a hPNC cluster whether an assignment of flipped parity is allowed,
given its quantum clauses, Lemma 3.10 shows that this can be done efficiently, in
O(n + m) time. For a hPNC cluster which is a line or a loop, in principle non-
Gaussian assignments with hidden particle number Nq ̸= 0, 1, nq − 1, nq may be
allowed. However, one can observe that, if a flipped parity assignment is possible,
one can take this assignment actually to be a Gaussian state, i.e. one only with
hidden particle number Nq = 0, 1, nq − 1, nq.
If the parity can be flipped for cluster Gi

q, we construct CGi
q
. To get from C to CGi

q
we

(1) replace all straddling clauses between a mode j in cluster Gi
q and a classical mode

(xj ∨u) and (xj ∨u) by clause (u). One does the same for a straddling clause with a
mode in a hPNC quantum cluster (if there is a straddling clause with a non-hPNC
quantum cluster, then there won’t be a satisfying assignment when flipping cluster
Gi

q). From C we remove all classical clauses which constrain the assignment on Gi
q

to have hidden particle number Nq = 0 or Nq = nq as described in item 1 in the
proof of Theorem 1.4: there are no more variables in CGi

q
which pertain to CGi

q
. If

CGi
q

has an assignment, then it must now be an assignment of the right parity and
we output YES. If not, for all hPNC clusters that we iterate over, we output NO,
and this process is clearly efficient.
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5 PNC Fermionic 2-SAT with fixed particle number is NP-complete
Let us now consider the complexity of solving Problem 1.3, which corresponds to deciding
PNC Fermionic 2-SAT with particle number fixed to some N ∈ {0, 1, . . . , n}. In contrast
to fixing the parity, we show that fixing the particle number to N makes Fermionic 2-SAT
NP-complete (Theorem 1.6).

Proof of Theorem 1.6. Proposition 3.3 and Corollary 3.5 show that satisfying assignments
of PNC Fermionic 2-SAT are of cluster-product form. In the PNC version of Fermionic
2-SAT, quantum clauses are only of type Π1,q

e . As a consequence, all quantum clusters
are PNC, even without performing a particle-hole transformation. Therefore, we can
characterize satisfying assignments on quantum clusters by the particle number on that
cluster. A witnessW thus consists of a list of O(n) integersW =

(
{N i

q}i∈hPNC, {xk}k∈Class
)
.

The verifier algorithm verifies for each quantum cluster i, using Lemma 3.10 whether N i
q

is indeed an allowed particle number on that cluster. Note that the verifier does not need
to construct or have the actual fermionic state to do this. Using the collection of particle
numbers on quantum clusters N i

q and Corollary 3.5, she infers for each mode in a quantum
cluster whether it is empty, occupied or both. Combined with {xk}k∈Class, it is then verified
whether all classical clauses e ∈ Ec are indeed satisfied. As a final step, the verifier checks
if the total particle number of the witness W is indeed the given N . This verification
algorithm is efficient. To show NP-hardness, let us consider an instance of Fermionic
2-SAT consisting of monotone classical clauses only, i.e. only clauses of type (xi ∨ xj).
Deciding this problem with fixed Hamming weight N is equivalent to deciding whether
there is vertex cover with N vertices, which is NP-complete. Indeed, it is known that
classical 2-SAT with fixed Hamming weight, i.e. the weighted 2-SAT problem (W2SAT) is
NP-complete, see https://en.wikipedia.org/wiki/2-satisfiability.

Remark (Classical Assignments). Part 1 of the proof of Theorem 1.4 for hPNC clusters
and classical modes shows that PNC Fermionic 2-SAT (which only has Π1,q

e quantum
clauses and thus hPNC quantum clusters) without any particle number constraint always
has a classical satisfying assignment, i.e., a satisfying assignment of the form a†

S |vac⟩,
with the exception of 2-mode quantum clusters with rank-3 projectors in Gaussian states.
Note that this is similar to quantum 2-SAT always having a product assignment with the
exception of rank-3 edges [3]. In contrast, when fixing particle number to some integer N
as in Problem 1.3, there are instances with only non-Gaussian satisfying assignments, like
the satisfying assignments on a line for 1 < Nq < nq − 1 in Lemma 3.6.

6 Complexity of Fermionic k-SAT and related problems
Let us provide some background and perspective on the (known) complexity of related
fermionic problems. Using qubit-to-fermion mappings, such as the one in Ref. [13], we can
straightforwardly argue the following, see Appendix D for the proof.

Lemma 6.1. Fermionic k-SAT ∈ QMA and Fermionic k-SAT is QMA1-hard for
k = 9.

This Lemma mirrors the results for QMA1-hardness of Quantum k-SAT for k ≥ 3 [5, 2].
One may expect that Fermionic k-SAT ∈ QMA1 for all variants of the problem

(particle or non-particle number conserving, with a fixed particle number or not), but one
has to be cautious about what basic gates are used in the class QMA1 (usually H, CNOT
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and T ) and whether this set of gates allows for a zero-error acceptance in the YES case
when the fermionic problem and its specification is mapped to qubits.

It may be possible to reduce k = 9 in Lemma 6.1 to a lower k by adapting the space-time
circuit-to-Hamiltonian construction in Section 3.3 in [14] which proves QMA-completeness
of a fermionic circuit Hamiltonian with projectors which involve at most 4 fermionic modes
(k = 4), under the restriction that there is 1 particle per track on the 2D lattice. Thus
we don’t have an overall particle constraint, but several fixed particle sectors, which can
possibly be shown to be equivalent to an overall constraint.

Let us also mention a result that is related to this work. It is known that the
‘Fermionic MAX-2-SAT’ problem with particle number constraint is QMA-complete, see
the next Theorem 6.2. Note that this problem is fundamentally different from Fermionic
2-SAT, since the former is a ground-state energy estimation problem and not a question
of whether a given Hamiltonian is frustrated or not.

Theorem 6.2 (Theorem 2 in [15]). Determining the ground state energy with 1/poly(n)
precision for a class of Fermi-Hubbard Hamiltonians with n fermionic modes, with particle
number N = n/2 (half-filling) is QMA-complete. The particle-number-conserving Fermi-
Hubbard Hamiltonian on a graph G = (V,E) is

HFH = U
∑
i∈V

ni,+ni,− +
∑

(i,j)∈E

∑
σ=±

ti,j(a†
i,σaj,σ + a†

j,σai,σ), (23)

with ni,+ = a†
i,+ai,+, U, ti,j ∈ R. For QMA-completeness, bounds are specified on the

parameters U and {ti,j}.

7 Discussion
Interestingly, it is not clear whether there is an efficient classical algorithm to solve in-
stances of Quantum 2-SAT (with only parity-conserving projectors) when we ask for an
assignment with fixed parity: in this case there can be non-product satisfying assignments.
In addition, we don’t have the “natively-fermionic” Lemma 3.4 for Quantum 2-SAT. We
conjecture that this problem is of different complexity than Fermionic 2-SAT with fixed
parity which we have proved to be efficiently solvable in Theorem 1.5. This would mesh
elegantly with the point of view that parity-conserving interactions are fundamental for
fermions.

We have seen that the satisfying assignments of Fermionic 2-SAT are of cluster-
product form with some modes with purely classical occupations, some modes in a possibly-
large clusters in Gaussian states of fixed parity or hidden fixed particle number, and some
modes in a 4-fermion cluster in a non-Gaussian state. It will be interesting to explore
how we can use these results for Fermionic 2-SAT to develop approximation algorithms
or heuristic strategies, quantum or classical, to solve Fermionic k-SAT for k > 2. For
Fermionic (k > 2)-SAT one may expect that satisfying assignments can be genuinely
many-mode non-Gaussian states: due to its QMA1-hardness, satisfying assignments for
general Fermionic k-SAT problems are not expected to be classically efficiently describ-
able. Thus for such problems, one can seek quantum heuristic strategies, i.e. a quantum
equivalent of classical heuristic SAT solvers, which aim at constructing a satisfying state
on a quantum computer: such strategies could build on the nature of satisfying assign-
ments for the (Fermionic) 2-SAT problem. It is an open question whether there are
interesting classical mathematical problems which can be formulated as a question about
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the existence of a satisfying assignment to a finite-size, quantum or Fermionic k-SAT
problem,—perhaps the results in [16] can be useful here—. Such construction would be a
quantum counterpart to a classical computer-assisted proof obtained through the use of a
classical heuristic SAT solver [17].

As a general question, it might be interesting to consider Fermionic (k > 2)-SAT
problems with additional fermionic symmetry, for example consider whether there are
complexity-theoretic consequences of time-reversal, spatial-parity and charge-conjugation
symmetries as used in the classification of non-interacting fermionic models [18].
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A Mathematical micro-facts for Section 2
A.1 Invariance of Fermionic 2-SAT clauses that exclude all-empty or all-filled states
For an edge e = (j, k) one can define rotated annihilation operators:(

ãj

ãk

)
=
(
U11 U12
U21 U22

)(
aj

ak

)
, (24)

with U a unitary matrix.
We can define

Π0
e =

(
I − ã†

j ãj
)(
I − ã†

kãk

)
, (25)

and
Π2

e = ã†
j ãj ã

†
kãk. (26)

The following holds

Proposition A.1. Projectors Π0
e and Π2

e in Eqs. (25) and (26) are invariant under any
transformation U , as in Eq. (24), and can thus be viewed as classical clauses in the {aj , ak}
mode basis, with the classical Boolean variables corresponding to occupation numbers of the
{aj , ak} modes. That is, Π2

e becomes the clause (xj ∨ xk) (excluding 11) and Π0
e becomes

(xj ∨ xk) (excluding 00) as in Eq. (7).
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Proof. Inserting the transformation U into Π0
e with e = (j, k) gives

Π0
e = ãj ã

†
j ãkã

†
k

=
[
I −

(
U∗

11a
†
j + U∗

12a
†
k

)(
U11aj + U12ak

)][
I −

(
U∗

21a
†
j + U∗

22a
†
k

)(
U21aj + U22ak

)]
= I − a†

jaj − a†
kak + | detU |2a†

jaja
†
kak = aja

†
jaka

†
k, (27)

where we have used unitarity of U : U21U
∗
22 = −U11U

∗
12 and | detU | = 1. Similarly, since

Π2
e = I − ã†

j ãj − ã†
kãk + Π0

e, and ã†
j ãj + ã†

kãk is invariant under U , Π2
e is also invariant

under U : Π2
e = ã†

j ãj ã
†
kãk = a†

jaja
†
kak.

A.2 Action of the particle-hole transformation KS on Π1,q
e and Π02,q

e clauses
The transformation rules are

j ∈ S, k /∈ S :



KSΠ1,q
e K−1

S = Π̃02,q
e with α̃e = −

[ ∏
j≤i<k
s.t. i∈S

(−1)
]
βe and δ̃e = γe

KSΠ02,q
e K−1

S = Π̃1,q
e with β̃e = −

[ ∏
j≤i<k
s.t. i∈S

(−1)
]
αe and γ̃e = δe.

(28)

j /∈ S, k ∈ S :



KSΠ1,q
e K−1

S = Π̃02,q
e with α̃e =

[ ∏
j≤i<k
s.t. i∈S

(−1)
]
γe and δ̃e = βe.

KSΠ02,q
e K−1

S = Π̃1,q
e with β̃e =

[ ∏
j≤i<k
s.t. i∈S

(−1)
]
δe and γ̃e = αe.

(29)

j ∈ S, k ∈ S :



KSΠ1,q
e K−1

S = Π̃1,q
e with β̃e = −

[ ∏
j≤i<k
s.t. i∈S

(−1)
]
γe and γ̃e = βe.

KSΠ02,q
e K−1

S = Π̃02,q
e with α̃e = −

[ ∏
j≤i<k
s.t. i∈S

(−1)
]
δe and δ̃e = αe.

(30)

j /∈ S, k /∈ S :



KSΠ1,q
e K−1

S = Π̃1,q
e with β̃e =

[ ∏
j≤i<k
s.t. i∈S

(−1)
]
βe and γ̃e = γe.

KSΠ02,q
e K−1

S = Π̃02,q
e with α̃e =

[ ∏
j≤i<k
s.t. i∈S

(−1)
]
αe and δ̃e = δe.

(31)

B Example of a unique 4-fermion non-Gaussian, non-product satisfying
assignment

We work through explicitly how the satisfying assignments depend on fermionic parity
for a simple illustrative 4-fermionic problem where one has a line of three Π1,q

e clauses on
modes 1,2,3 and 4 as in Lemma 3.6, and one adds a single Π02,q

(2,4) clause between modes 2
and 4. This is an example of a non-hPNC cluster with vertex 2 having degree 3, i.e. an
example of Fig. 4(d).

This example gives insight into why product state assignments suffice for Quantum
2-SAT (with the exception of cases involving rank-3 projectors) but 4-fermion non-product,
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non-Gaussian states are needed for Fermionic 2-SAT. On a separate note: from Lemma
3.6 it is clear that if we ask for fixed particle number for Quantum 2-SAT, one can have
a unique satisfying assignment which is not a product state, i.e. a fully permutation-
symmetric state of nq qubits with a fixed number Nq of 1s (with Nq unequal to 0 or the
maximum nq).

The instance we consider here consists of 4 fermionic modes with projectors Π1,q
(1,2),

Π1,q
(2,3),Π

1,q
(3,4) which we give in qubit language. Specifically, we take Πqubit

(1,2) = |Ψ−⟩ ⟨Ψ−|12,

Πqubit
(2,3) = |Ψ−⟩ ⟨Ψ−|23,Π

qubit
(3,4) = |Ψ−⟩ ⟨Ψ−|34, with |Ψ−⟩ denoting a singlet state. For a fixed

particle number 0 ≤ N ≤ 4, the permutation symmetric state with N excitations is the
unique satisfying assignment (i.e., ground state of the ferromagnetic Heisenberg model)
via Lemma 3.6. For each N , there is thus a satisfying assignment, i.e.

|ψN=0⟩ = |0000⟩
|ψN=1⟩ = |0001⟩ + |0010⟩ + |0100⟩ + |1000⟩ ,
|ψN=2⟩ = |1100⟩ + |0011⟩ + |1010⟩ + |1001⟩ + |0110⟩ + |0101⟩
|ψN=3⟩ = |0111⟩ + |1011⟩ + |1101⟩ + |1110⟩ ,
|ψN=4⟩ = |1111⟩ . (32)

Now image we wish to add a fourth fermionic Π02,q
(2,4)-type projector with amplitudes

α(2,4) = δ(2,4) = 1/
√

2 which, in qubit language —note the additional Z3 due to the
Jordan-Wigner transformation in Eq. (2)—, equals

Πqubit
(2,4) = 1

2
(
σ−

2 σ
+
2 σ

−
4 σ

+
4 + σ−

2 Z3σ
−
4 + σ+

2 Z3σ
+
4 + σ+

2 σ
−
2 σ

+
4 σ

−
4

)
= 1

2
(

|00⟩ ⟨00|24 + Z3[|00⟩ ⟨11|24 + |11⟩ ⟨00|24] + |11⟩ ⟨11|24

)
. (33)

From the expression for Πqubit
(2,4) , it is clear that an assignment |ψ⟩ can only be a satisfying

assignment if it is of the form |ψeven⟩ = a0 |ψN=0⟩ + a2 |ψN=2⟩ + a4 |ψN=4⟩ (even parity)
or |ψodd⟩ = a1 |ψN=1⟩ + a3 |ψN=3⟩ (odd parity). Let us see which (if any) of these states is
projected to zero by Πqubit

(2,4) .

Πqubit
(2,4) |ψeven⟩ = 1

2
(
a0(|0000⟩ + |0101⟩) + a2(|1010⟩ − |1111⟩ + |0000⟩ + |0101⟩)

+ a4(− |1010⟩ + |1111⟩)
)
,

Πqubit
(2,4) |ψodd⟩ = 1

2
(
a1(|0010⟩ − |0111⟩ + |1000⟩ + |1101⟩)

+ a3(− |0010⟩ + |0111⟩ + |1000⟩ + |1101⟩)
)
,

(34)

where the different signs are caused by Z3 in Πqubit
(2,4) . Clearly, Πqubit

(2,4) |ψeven⟩ = 0 for a0 = −a2

and a2 = a4, and Πqubit
(2,4) |ψodd⟩ cannot be zero. So, |ψeven⟩ with a0 = −a2 and a2 = a4

is the unique satisfying assignment of {Πqubit
(1,2) ,Π

qubit
(2,3) ,Π

qubit
(3,4) ,Π

qubit
(2,4) }, which is clearly not

a product state. Let us set a0 = 1/2
√

2, a2 = −1/2
√

2 and a4 = −1/2
√

2 wlog (so that
|ψeven⟩ is normalized).

Back in fermionic language, we thus have a satisfying assignment

|ψeven,f⟩ = 1
2
√

2

(
I − (a†

1a
†
2 + a†

3a
†
4 + a†

2a
†
3 + a†

1a
†
4 + a†

2a
†
4 + a†

1a
†
3) − a†

1a
†
2a

†
3a

†
4

)
|vac⟩ . (35)
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To prove that this is a non-Gaussian state, we argue as follows. A pure Gaussian state
has a correlation matrix M ∈ R8×8 (with entries in Eq. (3)) with orthonormal columns as
MTM = I. To show that this does not hold for our state, let’s evaluate the first column
of M (Mj,1 for j = 1, 2, . . . , 8).

By definition, we have that M1,1 = 0. Furthermore, M2,1 = 2 ⟨ψeven,f | a†
1a1 |ψeven,f⟩ − 1,

which can be simply seen to equal 0. For the other entries, let us distinguish between

M2j−1,1 = i ⟨ψeven,f | (aj + a†
j)(a1 + a†

1) |ψeven,f⟩ , with odd index 2j − 1,

M2j,1 = i ⟨ψeven,f | i(aj − a†
j)(a1 + a†

1) |ψeven,f⟩ , with even index 2j, (36)

for j = 2, 3, 4. For either type of entry, we have to evaluate the following expectation
values, which can be done straightforwardly.

⟨ψeven,f | aja
†
1 |ψeven,f⟩ =


−1/4 if j = 2,
0 if j = 3,
1/4 if j = 4.

⟨ψeven,f | a†
ja1 |ψeven,f⟩ =


1/4 if j = 2,
0 if j = 3,
−1/4 if j = 4.

⟨ψeven,f | a†
ja

†
1 |ψeven,f⟩ =


0 if j = 2,
1/4 if j = 3,
0 if j = 4.

⟨ψeven,f | aja1 |ψeven,f⟩ =


0 if j = 2,
−1/4 if j = 3,
0 if j = 4.

(37)

Using these expressions, we conclude the following.

M2j−1,1 = 0 for j = 2, 3, 4 and M2j,1 =


1/2 if j = 2,
1/2 if j = 3,
−1/2 if j = 4.

(38)

Thus the first column of M is (0, 0, 0, 1/2, 0, 1/2, 0,−1/2)T , which has 2-norm
√

3/4 < 1,
so |ψeven,f⟩ is not Gaussian.

Let’s compare our findings briefly with an equivalent set of Quantum 2-SAT con-
straints: Will there be a product assignment here? The Quantum 2-SAT equivalent
of the Fermionic 2-SAT instance considered here is

{
Πqubit

(1,2) = |Ψ−⟩ ⟨Ψ−|12, Πqubit
(2,3) =

|Ψ−⟩ ⟨Ψ−|23, Πqubit
(3,4) = |Ψ−⟩ ⟨Ψ−|34, Πqubit

(2,4) = 1
2(|00⟩ + |11⟩)(⟨00| + |11⟩)24

}
(note the ab-

sence of the Jordan-Wigner Z3). This Quantum 2-SAT instance indeed has a product
state satisfying assignment, namely

⊗4
j=1

1√
2(|0⟩ + i |1⟩)j .

Our pedestrian findings here are captured by the statement for nq = 4 in Corollary 3.5
point 5. The degree-3 vertex in this case is vertex 2, the particle-hole-transformation acts
on modes 1, 3, 4 and changes the parity of the non-Gaussian even parity state in Eq. (35)
to an odd parity state, while an even parity state in the particle-hole transformed basis
(hence odd particle here) is disallowed. The exclusion of one of the two parities for this
Fermionic 2-SAT instance is essentially what causes the unique satisfying assignment to
be non-product and non-Gaussian.

C Classical 2-SAT with fixed parity
In this section, we prove that classical 2-SAT can be solved efficiently, even when con-
straining the Hamming weight parity of the assignment. This is not necessarily a trivial
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problem as they are, for example, simple examples of 2-SAT instances with exponentially
many solutions, all with the same parity. Consider for instance

n/4−1∧
j=0

(xj+1 ∨ xj+2) ∧ (xj+2 ∨ xj+3) ∧ (xj+3 ∨ xj+4) ∧ (xj+1 ∨ xj+4), (39)

with n a multiple of four. This instance corresponds to disjoint units of four variables, where
the only satisfying assignments on each unit are the all-zeros or the all-ones assignment.
Clearly, there are exponentially many satisfying assignments, and they are all of even parity.
In fact, there are even simple examples of connected 2-SAT instances with exponentially
many satisfying assignments, all with the same parity. Thus even if one is guaranteed
that a 2-SAT instance has (exponentially) many satisfying assignments, the question of
whether there is a satisfying assignment with a given parity is a nontrivial one. We prove
the following

Theorem C.1. Given an instance of classical 2-SAT on n variables with m clauses, and a
parity P ∈ {−1,+1}. Decide whether there exists a satisfying assignment x with Hamming
weight parity P (YES), or there is no satisfying assignment with Hamming weight parity
P (NO). This problem can be decided in time O(nm).

Proof. First, we find a satisfying assignment in time O(n+m) [1] for the 2-SAT instance,
if it is satisfiable. If this solution has Hamming weight parity P , then we are done (output
YES), else we proceed. For convenience, let us redefine the 2-SAT instance such that
the obtained solution is the all-zeros assignment. Then what is left is to check whether
there exists an odd Hamming weight satisfying assignment for the redefined instance. The
redefined instance wlog consists of clauses (xi ∨ xj) (with i < j or i > j) and (xi ∨ xj)
(with i < j wlog). Note that there can be multiple clauses per pair of variables i, j.

Let us consider the sub-graph Gsub consisting of just the clauses of type (xi ∨xj) (with
i < j or i > j). We associate a directed edge i → j with each clause (xi ∨ xj) (i.e., edges
point from “variable” i to “negated variable” j). Note that two variables i, j can simulta-
neously be connected by a (xi ∨xj) clause and a (xj ∨xi) clause, resulting in a i → j edge
and a j → i edge in Gsub. Next, we identify the strongly-connected components (SCC’s)
of the directed graph Gsub in time O(n+m) [19]. The only satisfying assignments on these
SCC’s are the all-zeros and the all-ones assignments, see Lemma C.2 below. Hence we
compress each SCC into a single Boolean variable. We label the new collection of variables
by {yj}≤n

j=1, where some were previously single variables and others are compressed SCC’s.
Since each directed cycle is (part of) an SCC, the compressed problem cannot contain any
directed cycles, i.e., it is a directed acyclic graph. The graph with (yi ∨ yj)-type edges can
be topologically sorted in time O(n + m) [20]. The topologically-sorted graph now only
includes edges of type (yi ∨yj) for which i < j. Next, let us add the (xi ∨xj)-type clauses,
which after compression have become either (yi ∨ yj) clauses or self-edges (yi ∨ yi). The
former can be added s.t. i < j in the topologically sorted graph (since, obviously, (yi ∨yj)
and (yj ∨ yi) are equivalent) to construct the new graph G̃, see Fig. C.2. The self-edges
of type (yi ∨ yi) exclude yi = 1. These variables with self-edges can be flagged in time
O(n+m).

With each variable j in the compressed problem, we associate a weight wj ∈ {0, 1}.
The weight wj corresponds to the number (modulo 2) of original variables in the SCC
that has been compressed into variable yj . Note that for any uncompressed variable, we
assign weight 1. To obtain a satisfying assignment of odd Hamming weight (if it exists),
we need to flip an odd number of odd-weight variables. In order to do so, we might have
to simultaneously flip some even-weight variables.
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Importantly, if we flip a variable j (with some weight wj) to yj = 1, then, by con-
struction, all clauses to variables in later layers of the topological sort are still satisfied.
Clauses from variable j to variables in earlier layers can now become unsatisfied and thus
some variables i s.t. i < j might also have to be set to yi = 1. Similarly, flipping such a
variable i can only lead to unsatisfied clauses that connect i to variables in earlier layers
of the topological sort, not to variables in later layers.

The algorithm runs by first identifying the earliest odd-weight variable j in the topo-
logical sort. For some instances, this might already be in the first layer. We set yj = 1
and see whether the propagation to earlier layers of the topological sort does not lead to
any contradiction. If it does not, then we have found a satisfying assignment of flipped
parity (output YES), since all variables that are flipped in earlier layers due to propa-
gation are even-weight variables by definition. If the propagation leads to contradiction,
then clearly there is no satisfying assignment for which yj = 1. Next, we reset to the
all-zeros assignment and identify the next odd-weight variable k in the topological sort
(which is in the same or in a later layer). Again, one checks whether setting yk = 1 leads
to contradiction in earlier layers. If it does not, then we have constructed a satisfying
assignment with flipped parity (output YES), since yk is the only odd-weight variable set
to 1 in that assignment. Indeed, if yj would also have to be set to 1, then there would be
a contradiction. If setting yk = 1 does lead to contradiction, then there is no satisfying
assignment for which yk = 1. We proceed again by resetting to the all-zeros assignment
and identifying the next odd-weight variable in the topological sort. We iterate over all
odd-weight variables in this manner and either obtain a satisfying assignment of flipped
parity or conclude that no odd-weight variable can be set to 1 consistently and hence there
is no satisfying assignment with flipped parity (output NO). Iterating over all odd-weight
variables and checking for the consistency of flipping them takes time O(nm).

Figure 6: First three layers of a compressed topologically sorted graph G̃ derived from G, where each
variable j has been given a weight wj . The red clauses are of type (yi ∨ yj) (with i < j) and the blue
clauses are of type (yi ∨ yj).

Lemma C.2. Given an instance of classical 2-SAT with (xi∨xj)-type clauses only. Let us
consider the directed graph with edges i → j for each clause (xi ∨ xj) (i.e., edges pointing
from “variable” i to “negated variable” j). If this graph is strongly connected, then only
the all-zeros and all-ones assignments are satisfying assignments.

Proof. If the directed graph is strongly connected, then for each pair of variables (i, j)
there is path from i to j and a path from j to i. Let us set xi = 0. Then clauses along
the path of directed edges from variable i to variable j can only be satisfied if xj = 0.
Conversely, let us set xi = 1 and let us now travel “upstream” to variable j. The clauses
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along the path of directed edges from variable j to variable i can only be satisfied if xj = 1.
Hence the lemma statement follows.

Remark. The algorithm in Theorem C.1 cannot be used to solve the NP-complete prob-
lem of finding an assignment with fixed Hamming weight (particle number) since one can
generally not appropriately change the particle number by flipping a polynomial set of des-
ignated variables. Similarly, the algorithm above cannot be used to count the number of
solutions to a 2-SAT instance (which is a #P-complete problem), although there is a way
of enumerating all solutions with effort growing with the number of solutions, which uses
similar techniques as our algorithm [21].

D Proof of Lemma 6.1
Proof. Containment in QMA can be obtained by simply mapping the n-mode fermionic
problem onto a n-qubit problem using e.g. the Jordan-Wigner transformation in Eq. (2).
This means that each projector Πi using k fermionic modes is mapped to a projector which
is a sum of terms, each of which has a k-local part to which a string of Pauli Zs of some
length is appended. Hence the Fermionic k-SAT problem maps onto a local Hamiltonian
problem but some Pauli strings in the Hamiltonian have weight larger than k. However,
one can still apply standard QMA-arguments for the proof verification as in Section IV
in [22] since this method only relies on the fact that the number of Pauli terms in the
Hamiltonian is poly(n).

To prove hardness, we can map the QMA1-complete problem in [5] onto a Fermionic
k = 9-SAT problem using the unitary “assimilation mapping" described in Lemma 15
in [13]. We take the 3-local circuit Hamiltonian, with its 3-local projectors, on some n
qubits in the QMA1-proof and view it as a Hamiltonian on n qubits plus n/2 fermionic
modes which gets mapped on a space of 3n/2 fermionic modes and the Pauli operators
of one qubit get mapped on products of two (Majorana) fermion operators out of three
fermionic modes. Thus each 3-local projector becomes a fermionic projector Πi involving
at most 9 fermionic modes which conserves fermionic parity. In the YES case, if there is a
n-qubit satisfying assignment for the Quantum 3-SAT problem, it can be rewritten as a
3n/2-fermionic state which is a satisfying assignment for the Fermionic 9-SAT problem.
In the NO case, if there is no approximate satisfying assignment for Quantum 3-SAT,
imagine that there is a fermionic state |Φ⟩ for the Fermionic 9-SAT problem for which∑

i ⟨Φ| Πi |Φ⟩ = β. Then performing the inverse mapping and tracing over the additional
fermionic registers in |Φ⟩ ⟨Φ| to get the qubit reduced density matrix ρqubit, this implies
that

∑
i Tr Πqubit

i ρqubit = β which by assumption implies that β ≥ 1/poly(n).
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