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A path for efficient classical simu-
lation of the DQC1 circuit that esti-
mates the trace of an implementable uni-
tary under the zero discord condition
[Phys. Rev. Lett. 105, 190502 (2010)] is
presented. This result reinforces the sta-
tus of non-classical correlations quantified
by quantum discord and related measures
as the key resource enabling exponential
speedups in mixed state quantum compu-
tation.

1 Introduction
Identifying the resources that allow quantum al-
gorithms to perform certain tasks significantly
faster than the best known classical ones is an
increasingly important question now that small
scale quantum computers are already in opera-
tion [1, 2]. The framework of quantum informa-
tion theory remains incomplete without pinpoint-
ing the quantum resources responsible for this
computational advantage in each case. Within
the paradigm of pure state quantum computa-
tion, multipartite entanglement that grows un-
boundedly with the input size was proven to be
a necessary resource [3]. On the other hand, the
Gottesman-Knill theorem [4] showed that highly
entangled stabilizer states can be simulated effi-
ciently using classical means and therefore can-
not be a resource for quantum speedup. Just
the presence of large quantities of entanglement
is therefore not a sufficient condition for compu-
tational speedup and quite a bit of exploration
has been done on whether particular quantum
circuits can be simulated classically [5, 6, 7, 8].
Shalin Jose: shaliniiser16@iisertvm.ac.in

Certain models of mixed state quantum com-
putation, conceived in the context of NMR
based experiments [9], like the DQC1 model [10],
can perform specific computations exponentially
faster than classical analogues. Since little, or
no, entanglement is generated in the state of the
quantum computer during the computation in
such models, entanglement alone cannot explain
the speedup [11]. The key resource enabling the
quantum advantage in mixed state quantum com-
putation remains an open question, with the va-
riety of quantum phenomena proposed as candi-
date resources growing with time [12, 13, 3]. A
promising candidate is quantum discord [14, 15],
which will be our focus here. Demonstrating the
presence of discord in the DQC1 model was one
major step in establishing it’s relevance as the
key quantum resource [16]. However, Dakic et
al. [17] conjectured that DQC1 may provide an
exponential speed-up even when discord is zero,
suggesting that it may not be the pertinent re-
source. While this conjecture has received some
attention in the past [18, 19, 20] no conclusive
statement about it has been made.

In this paper, we show that the zero discord
DQC1 computation discussed in [17] can be sim-
ulated efficiently by classical means provided the
DQC1 computation itself is feasible in the sense
that an efficient, gate-based implementation of
the corresponding circuit is available. Central to
the DQC1 model is a large unitary matrix acting
on n qubits which we are assuming can be de-
composed into elementary gates. The purpose of
the computation is to find the trace of this uni-
tary. To show that an efficient classical simula-
tion of the computation is possible, we first derive
a relation between the trace of the zero-discord
case unitary and it’s diagonal elements implying
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that measurement of certain matrix elements con-
tain information about the trace. Adding to this,
we prove that, with a tractable principle branch
Hamiltonian for the corresponding unitary, there
is an efficient classical algorithm for finding these
matrix elements leading to the trace. Our results
restores the status of quantum discord as a viable
quantifier of the key resource that enables expo-
nential speedup in mixed state quantum compu-
tation.

2 DQC1 and Quantum Discord
The DQC1 circuit shown in fig (1) consists of
a single qubit of non-zero purity in the state
(1 + αZ)/2, coupled to an n-qubit register in
completely mixed state 1n/2n. In the following
the three Pauli spin operators are denoted by X,
Y and Z respectively. It can efficiently evaluate
the normalized trace of the unitary matrix Un

that acts on the n-qubit fully mixed state. As
mentioned above, it is assumed that Un is imple-
mentable in poly(n) time. This model was first
introduced by Knill and Laflamme [10] and has
been shown to provide exponential speed up for
other related problems as well [21, 22, 23, 24].
The output state of the circuit is given as,

Figure 1: The DQC1 circuit for evaluating the normal-
ized trace of the unitary Un acting on the bottom register
of n-qubits which are initialized in the fully mixed state.

ρ = 1
2n+1

(
11 ⊗1n +α|0⟩⟨1|⊗U †

n +α|1⟩⟨0|⊗Un

)
The normalized trace of Un, τ = Tr(Un)/2n,

can be estimated by performing measurements
of X and Y operators on the first qubit with
τr = ⟨σx⟩/α = Re(Tr(Un)/2n) and τi = ⟨σy⟩/α =
Im(Tr(Un)/2n). To estimate the trace to any
fixed, desirable precision, a fixed number of repe-
titions of the measurements on top qubit are suf-
ficient. This is in contrast to the resource require-
ment for any known classical method for evaluat-
ing the trace of the 2n×2n unitary Un, all of which
scale exponentially with n. The DQC1 circuit

therefore achieves an exponential speedup but bi-
partite entanglement across the natural division
between the top qubit and the rest is never gen-
erated during any step of the DQC1 algorithm.
Across other bi-partitions some minimal amount
of entanglement is present but it is bounded and
is vanishingly small in the limit of n → ∞ [25].
However finite amounts of non-classical correla-
tions as quantified by quantum discord were ob-
served to be present and it was proposed that
such correlations may be the key quantum re-
source enabling the speed up [16].

2.1 Quantum Discord

For a composite quantum system AB with con-
stituent sub-systems A and B described by the
density matrices ρAB, ρA and ρB respectively,
Quantum discord, D(B,A) captures the quantum
correlations between A and B as the difference
between total correlations and the purely classi-
cal correlations. Total correlations are quantified
using the quantum mutual information given as,

I(B : A) = H(ρB) +H(ρA) −H(ρAB) (1)

where H(ρ) = −tr(ρ log ρ) is the von Neumann
entropy of ρ. Classical correlations between the
two subsystems are captured by,

J (B : A) = H(B) − H̃(B|A) (2)

where H̃(B|A) = min{ΠA
i }

∑
i piH(ρB|i) with

the minimisation of the conditional entropy
H(S|M) =

∑
i piH(ρS|i) taken over all possible

measurements on A. In practice, the measure-
ments are limited to projective ones for computa-
tional simplicity. This leads to quantum discord
given as,

D(B,A) = I(B : A) − J (B : A)

We are specifically interested in the case where
the state of the n + 1 qubits in the DQC1 cir-
cuit after the application of Un has zero discord
across top qubit versus rest division with mea-
surements on the top qubit. In [17] it was shown
that given a singular value decomposition of a
state ρAB as

∑
k ckAk ⊗ Bk with Ak and Bk

being operators belonging to the Hilbert spaces
of A and B respectively, D(B : A) is zero if
there exists a set of projection operators {ΠA

j }
such that

∑
j ΠA

j AkΠA
j = Ak. This also implies
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[Aj , Ak] = 0. The DQC1 state after Un can be
written in the form,

ρAB = 1
2n+1

(
11 ⊗ 1n + αX ⊗ Un + U †

n

2

+αY ⊗ Un − U †
n

2i

)
, (3)

where X, Y and Z are the three Pauli spin op-
erators. This means that the DQC1 state after
Un is a zero discord state provided U †

n = kUn

which is possible only if Un = eiϕOn with O2
n = 1.

In [17] it is conjectured that finding the trace of
Un = eiϕOn efficiently using classical means may
not be possible for all such unitaries while DQC1
can still perform the task efficiently thereby im-
plying that discord (which is zero) cannot be a
quantifier for the key resource behind exponen-
tial quantum speedup.

The question of classical simulation of the zero
discord DQC1 model is now reduced to trace es-
timation of the restricted class of unitary matri-
ces with U †

n = kUn. We show in the following
that Un is sufficiently restricted with On being
involutory, that it is possible to estimate its trace
classically in an efficient manner as long as Un is
also assumed to be efficiently implementable as it
should be for any realistic DQC1 circuit.

3 Trace Estimation
Estimation of the global phase of U , if any, will be
discussed separately. First we focus on finding the
magnitude of the trace of U setting ϕ = 0. Note
that we have dropped the subscript n from the
operators U and O in the following for simplifying
the notation. The Hermitian Unitary matrix O
has det(O) = ±1 and eigenvalues λj = ±1 so
that,

Tr[O] = N+ −N−, (4)

where N+ and N− are the number of eigenvalues
of O equal to +1 and −1 respectively. The Her-
mitian unitary O can always be written as O =
V †DV , whereD is a diagonal matrix with +1 and
−1 as entries while V is a Haar-random unitary.
Since the Haar measure is invariant under per-
mutation of rows and columns [26, p. 138], we as-
sume that D has been rearranged through a suit-
able permutation of rows and columns with all the
−1 entries clubbed together at the top so that we
can write it in the form D = diag[−1,−1, .., 1, 1].

With this rearrangement, the qth diagonal ele-
ment of O is,

Oqq =
∑

k

|vqk|2dk =
∑

k>n−1

|vqk|2 −
∑

k≤n−1

|vqk|2,

(5)
where dk ∈ [1,−1] denote the diagonal entries of
D and vqk = ⟨q|V |k⟩ with |q⟩ and |k⟩ being the
(permuted) computational basis vectors. We now
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Figure 2: Probability, Pq of measuring |00 · · · 00⟩ at
the output of a randomly generated 12-qubit zero dis-
cord unitary, when |00 · · · 0⟩ is the input state is plotted
against N−. Also shown as the solid line (red) is the
analytic expression for the expectation value of Pq from
Eq. (9). We see that the numerically obtained points are
distributed around the expected value with small vari-
ance.

consider the expectation value of Oqq with respect
to the Haar probability measure µN over the uni-
tary group UN with N = 2n. For any measurable
function f over UN , the expectation value is de-
fined as E(f) =

∫
V ∈VN

f(V )dµN (V ). The follow-
ing results from Proposition 4.2.3 of [26] applies
to any Haar-random unitary:

E(|vij |2) = 1
N
,

E(|vij |4) = 2
N(N + 1) ,

E(|vij |2|vij′ |2) = 1
N(N + 1) , (j ̸= j′). (6)

Using the equations above, we obtain,

E(Oqq) = N+ −N−
N

, (7)

which is nothing but the normalised trace of O.
If any computational basis state |q⟩ is inserted as
the input into the bottom half of the zero-discord

Accepted in Quantum 2025-10-14, click title to verify. Published under CC-BY 4.0. 3



DQC1 circuit, then the probability of obtaining
the same state as output is given by,

Pq =|⟨q|UN |q⟩|2 = O2
qq

=
( ∑

k

|uqk|2dk

)( ∑
l

|uql|2dl

)
=

∑
k,l≤N−

|vqk|2|vql|2 −
∑

k>N−,l≤N−

|vqk|2|vql|2

−
∑

l>N−,k≤N−

|vqk|2|vql|2 +
∑

k,l>N−

|vqk|2|vql|2

(8)

Using Eq. (6) we obtain,

E(Pq) = E(O2
qq) = 1

N + 1 + (N+ −N−)2

N(N + 1) . (9)

From Eqs. (5), (7), (8) and (9) we observe the
following about the zero discord case. The mag-
nitude, apart from an overall phase, of the nor-
malized trace of UN can be obtained from E(Oqq)
only and O2

qq = Pq is an observable quantity. Fur-
thermore, with respect to the Haar measure, Oqq

is a random variable distributed with variance,
∆(Oqq) = E(O2

qq) − [E(Oqq)]2 ∼ 1/N , for large
N . The means that when the number of qubits
in the bottom register of DQC1 circuit is mod-
erately big so that N = 2n is large, the estimate
of Oqq obtained from Pq is equal to E(Oqq) with
very high confidence level. We can see this from
Fig. 2, where the probability of obtaining the
state |00 · · · 00⟩ at the output end of the DQC1
circuit, corresponding to the same state as in-
put, is plotted as a function of N− for randomly
generated 8-qubit (N = 256) zero discord uni-
taries. Also shown in the figure is E(P00···00) from
Eq. (9) written as a function of only N− using
N+ = N −N−.

In the discussion above we require the unitary
V in V †DV to be Haar random for Eq. (9) to
hold and for Pq to converge to a parabola with
respect N−1 as in Fig. 2. This raises the follow-
ing question. What if the the DQC1 unitary is
highly structured and from inspection itself it is
suspected that V is not a typical Haar random
unitary. This question can be addressed by not-
ing that changing V does not change the eigen-
values of O or the trace of O. Furthermore the
V †DV form allows us to pad the given imple-
mentation of the unitary with layers of gates on
either side with corresponding layers being ad-
joint of each other without changing the V †DV

form. By randomly choosing the gates in these
padding layers we can make the unitary sand-
wiching D effectively Haar-random. Since we are
adding only finite number of layers, the padding
does not increase the computational complexity
of our classical simulation. In order to demon-
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Figure 3: Probability, Pq of measuring |00 · · · 00⟩ at the
output of a randomly generated n-qubit zero discord uni-
tary, with |00 · · · 0⟩ as the input state, plotted against
N−1. The solid line (red) is the analytical expression
for the expectation value of Pq from Eq. (9) while the
dots (Blue) are the numerical obtained data points. For
the plots on the left, n = 8 and for those on the right,
n = 12. The unitary is of the form V †DV where V
consists of m layers, each constructed using sets of com-
muting gates randomly from the Clifford + T gate set.
The first, second and third rows correspond to m = 4,
m = 8 and m = 12 layers respectively. We see that as m
increases the convergence of the values to the expected
parabolic curve improves. Further, the convergence is
better for larger N for a given m.

strate that such a procedure can work, we start
from a randomly chosen D and see the behavior
of Pq when V is built-up in stages using randomly
generated circuit layers consisting of gates from
a universal gate. We denote the number of lay-
ers in V with m. We see that for small m, the
unitary V is more structured and the correspond-
ing Pq has a large scatter around the parabolic
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curve expected from Haar-random V . With the
addition of more layers the probability converges
to the expected parabola as observed in Fig. 3.
Comparing similar computations for the 8-qubit
and 12-qubit cases, we also observe that a higher
number of qubits require fewer layers for better
convergence. This behavior becomes useful in the
next section where the BCH formula is applied
to find an effective Hamiltonian. With increasing
number of qubits, application of the BCH formula
become computationally challenging but some of
the difficulty can be offset if the number of lay-
ers required to construct V is smaller. Note that,
so far, in the numerical computations considered,
the matrix D is a 2N × 2N matrix with randomly
placed 1 and −1 values along the diagonal and
need not always have an efficient implementation
as a circuit consisting of one and two qubit gates
(see Appendix A).

4 Classical Simulation

We assume that the input unitary U we are con-
sidering in the zero-discord case be describable
classically as a quantum circuit with Poly(n) ele-
mentary gates and not as a matrix representation
of U [19]. If the DQC1 circuit itself is not effi-
ciently implementable as a quantum computation
then the question whether it can perform a task
using exponentially faster than best known clas-
sical circuit is ill-defined. Resource counting in
such scenarios must take into consideration the
exponential cost in terms of time and energy re-
quired to realize all the gates required for imple-
menting the circuit and this cost will grow ex-
ponentially if the circuit is not efficiently imple-
mentable. The celebrated Solovay-Kitaev theo-
rem informs us that even if a specific unitary is
not efficiently implementable, it can always be
approximated to any desired accuracy with those
that can be implemented efficiently [27, 28] and
so we restrict our attention to only such imple-
mentable unitaries. This means that even if one
happens to be interested in a DQC1 computa-
tion that involves a zero-discord unitary that is
not efficiently implementable then one can ap-
proximate the computation using a suitable uni-
tary that is implementable. Operationally this
implies that restricting our attention only to im-
plementable zero-discord unitaries in the follow-
ing can be done without loss of generality.

For implementable unitaries we assume that
the quantum circuit using any preferred universal
set of quantum gates [29, 30] is available. Multi-
plying the gates together as matrices to find the
unitary carries exponential computational cost
and cannot be done. However our objective is
served if a few of the diagonal entries of the uni-
tary can be sampled efficiently. Using these val-
ues we can compute the sample mean ⟨U2

qq⟩ =
⟨O2

qq⟩ ∼ Pq and use it as an estimate of Pq. As
can be seen from 2 if we know the value of Pq

which is on the y-axis, we can find N−1 from the
x-axis. The two possible values of N−1 corre-
sponding to each Pq give the normalized trace of
U up to an overall factor of −1 which can further
be disambiguated using the available circuit im-
plementation of U . We outline below how a few
diagonal elements of U can be sampled efficiently
using classical means. The method we propose
does have one caveat though, which we will point
out as we go along.

The first step, if not already done, is to re-
arrange the gates of the given circuit implemen-
tation of U into groups of mutually commuting
gates acting simultaneously on the n-qubit regis-
ter. For concreteness we further assume that U
is implemented using the universal gate set (Clif-
ford + T) consisting of the three gates,

Hd=e
i π

2

[
1− X+Z√

2

]
, T =ei π

8 [1−Z],

cnot=ei π
4 [1−Z]⊗[1−X],

where Hd denotes the Hadamard gate. Note that
each of these gates can be written in the form
eih

(j)
k where h(j)

k are one- or two-local strings of
Pauli operators multiplied by appropriate numer-
ical coefficients. After the grouping the circuit
has m + 1 layers with each layer containing all
the gates that can act simultaneously. Out of
these one layer would correspond to the overall
global phase with eiϕ1 as the gate on every one
of the qubits. We can read off the overall phase
from this layer and focus on the remaining m lay-
ers. The unitary transformation corresponding
to the jth layer of the circuit can be written as
O(j) = ei

∑
k

h
(j)
k ≡ eiH(j) , where H(j) are sums of

products of Pauli operators with eachH(j) having
a Poly(n) terms.

The DQC1 unitary, O (modulo the global
phase) can be written in terms of its circuit rep-
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resentation as

O =
m−1∏
j=0

O(m−j) =
m−1∏
j=0

eiH(m−j) ≡ eiH , (10)

The operator H is in general difficult to find and
the problem of mapping a given quantum cir-
cuit to a local Hamiltonian is quite well stud-
ied [31, 32]. However, here we have the additional
advantage that O, is an involution (Hermitian)
with O2 = 1. The operator H has to be con-
structed from H(j) through a judicious applica-
tion of the Baker-Campbell-Hausdorff (BCH) for-
mula [33]. Details of the convergence of the BCH
expansion for the type of U considered and its
numerical exploration is included in Appendix A.
The operator H is again a sum of Pauli strings.
We can now identify O = V †DV = eiH so that

D = V eiHV † = eiV HV †
, (11)

is a diagonal matrix with +1 and −1 as entries.
The operator V HV † therefore can be considered
as a diagonal matrix with 0 and π appearing as
entries wherever +1 and −1 appears along the
diagonal of D respectively. Hence we have,

D = − 2
π
V HV † + 1

⊗n, (12)

which leads to,

O = V †DV = − 2
π
H + 1

⊗n. (13)

The matrix O is essentially the sum of the
the same set of Poly(n) one- and two-local Pauli
strings appearing in the Hamiltonian scaled by
−2/π. We now have to compute a fixed number
of diagonal elements of O to find the normalized
trace of U as discussed earlier. Since H is sum
of Pauli strings, each of which are also typically
sparse matrices [34, 35], this involves computing
the diagonal elements at a fixed position of each
these terms essentially just by inspection of the
Pauli strings that are involved. As the number of
terms in H are Poly(n) albeit with a large mul-
tiplicative factor, computing a fixed number of
elements Oqq can be done classically in an effi-
cient manner [36], thereby completing our con-
struction. In Appendix A.3, we have tested the
algorithm and show that efficient classical com-
putation of the trace of randomly generated zero-
discord unitaries acting on n qubits is possible

for n = 15 and n = 18. An important caveat
in our discussion is that since H ∼ logO, H is
not, in general single valued. The key relation-
ship in Eq. (13) holds only if H belongs to the
principal branch of the logO function. The con-
struction of H from the circuit decomposition of
O has to be such that at each step this condition
is maintained. While it appears to be possible
to do this in the case of the types of zero-discord
unitaries we have numerically explored with num-
ber of qubits ranging up to 20, whether it can be
done in general without having to evaluate V HV †

and looking at its 2n diagonal elements remains
an open question beyond the scope of the present
work.

4.1 Schmidt Rank

In [37], the Schmidt rank of the final state of
the DQC1 circuit for a random implementable
unitary was shown to scale exponentially as 2n/2

proving that classical simulation of the state us-
ing the approach in [5] is not possible. For the
implementable Hermitian unitaries we consider,
the action of the unitary on a pure state |ψ⟩ of
Schmidt rank 1 is given by Eq. (13) as essen-
tially left multiplication by a sum of Pauli oper-
ators with degree of locality bounded by the or-
der of the BCH truncation. The Lieb-Robinson
bound [38] tells us that each of the terms in the
sum can increase the Schmidt rank of the state
only by a fixed amount that is independent of n
and dependent only of the degree of locality of
the operator. Since the number of terms in the
sum is bounded by Poly(n) we find that Schmidt
rank of the output state of the zero discord DQC1
state is also bounded by Poly(n) indicating that
methods from [5] may also be adopted to simulate
the DQC1 circuit in this case.

5 Conclusions

Equations (7) and (13) captures the key reasons
that allow for an efficient classical simulation of
the zero discord DQC1 circuit when U is imple-
mentable. The first reason was that the magni-
tude of the normalized trace can be found from
any diagonal element of O. The arguments that
lead to Eq. (7) can be generalized even when U
has more than two distinct eigenvalues and it can
generate discord in the DQC1 circuit. However,
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we note that the convergence of Oqq to E(Oqq) is
better if the number of distinct eigenvalues of U
are less in number. This is because even if we are
nominally replacing |vqk|2 with E(|vqk|2) = 1/N
to get Eq. (7), what we are actually doing is
replacing

∑
k |vqk|2 with N±/N which is much

better approximation when N± ≫ 1. This ef-
fect can be observed in Fig. 2 where the agree-
ment between the theoretical curve and numeri-
cally obtained data points for N = 4096 is bet-
ter in the middle (N± ∼ 2048) and at the ends
where either N+ or N− dominates. In the limit
of the number of distinct eigenvalues of U be-
coming equal to N , no such additional averag-
ing will be possible and Oqq can become a good
estimate of its expectation value only by virtue
of the law of large numbers which applies only
for very large N . In comparison, the steps that
lead to Eq. (12) and Eq. (13) are not possible if
U has more than two distinct eigenvalues. This
means that the techniques presented here cannot
be extended to do efficient classical simulations
of DQC1 circuit when U generates discord be-
tween the fully mixed quantum register and the
top qubit.

In conclusion, we have proposed a classical al-
gorithm using which we can efficiently estimate
the trace of an implementable zero-discord uni-
tary, in effect, reproducing the statistics of a zero
discord DQC1 circuit using Poly(n) classical re-
sources. We have shown that the conjecture made
in Ref. [17] that the zero discord DQC1 case may
furnish an argument against considering quan-
tum discord as a key resource behind mixed state
quantum computing is not true when U is im-
plementable. There remains one caveat to the
method we presented that needs to be fully ad-
dressed. Our results do not furnish a clinching
argument in favor of considering quantum discord
and other related measures which quantify non-
classical correlations other than entanglement in
mixed states as the key resource either but it con-
siderably strengthens the argument and more im-
portantly, restores quantum discord as one of the
main contenders for such consideration.
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A Computing H

The results of our numerical exploration of re-
peated applications of the BCH formula for ob-
taining H as a sum of a large, but Poly(n) num-
ber of Pauli strings is summarized below. The
first challenge is to identify or generate efficiently
implementable unitaries with corresponding gate-
based quantum circuits which have only ±1 as
its eigenvalues. We outline a means of addressing
this problem and following that the convergence
of the BCH based approach and the number of
Pauli strings in H are discussed.

A.1 Circuit Implementation for a Hermitian
Unitary

The task of generating random Hermitian Uni-
tary Circuits is a non-trivial problem. To un-
derstand why, we look at the decomposition of
a Hermitian Unitary provided in [39]. The Uni-
tary is broken into three main parts by writing
the unitary as U = WDW †. The central part of
the circuit is the circuit decomposition of the di-
agonal D and it is sandwiched by rotation gates
and their corresponding conjugate gates on either
side. The complexity of constructing a general
diagonal Hermitian unitary scales exponentially
in n as shown in [40, 41], where the well-known
decomposition of multi-control CkZ gates into
O(n2) elementary gates [29] is used. But this
method [29] relies heavily on performing arbitrary
single-qubit rotations for the exact decomposition
which is challenging to implement experimentally.
It may be noted that fault tolerant implemen-
tation of single-qubit rotations are typically not
possible as well [42]. To switch to a universal
gate set such as the Clifford + T gate set, re-
quires applying the Solavey Kiteav Theorem and
for multi-controlled Z rotations, CkZ, exact de-
composition is only known up to k = 2 [43, 44].
Due to this, we choose to construct our circuit
for the diagonal part D using randomly placed
Z, CZ and CCZ gates only. On the left side of
these gates we place m layers of gates with each
layer consisting of a collection of mutually com-
muting gates chosen from a universal gate set like
Clifford + T . On the right side, there are again
m layers placed in reverse order with each layer
consisting of the conjugates of the gates on the
corresponding layer on the right side. Though
this need not encompass the entire set of Hermi-
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tian Unitaries that are implementable efficiently
on a quantum computer, we use this subset of
Hermitian Unitaries to explore the convergence
of repeated application of the BCH formula and
the number of terms in H.

A.2 Baker-Campbell-Hausdorff Convergence

We are interested in answering the question of
how one arrives at the Hamiltonian, H of the
full Unitary efficiently, given the gate decompo-
sition of the circuit. If that step can be achieved
we can apply Eq. (10) from the main text and
calculate the normalized trace for a given circuit
implementation of a Hermitian Unitary. To do
this, we apply the BCH formulae to the set of
random Hermitian circuits generated as described
in the previous section and estimate how closely
the Hamiltonian and the corresponding unitary
approximation converges to the required unitary.
The sandwich structure of the circuit, allows us to
use the following form for the BCH formula with
the pattern of coefficients appearing it leading to
easier computations:

e−sAeBesA = exp
(
B + s[A,B] + s2

2! [A, [A,B]]

+ s3

3! [A, [A, [A,B]]] + . . .

)
(14)

The gates that are part of the diagonal ma-
trix at the center all commute with one another
and they are contained in the eB operator. The
above expansion is repeatedly applied for each
layer with truncation up to the specified order to
estimate the final approximate Hamiltonian H(1)
of the circuit. We note that the eigenvalues of
H(1) are equal to 0 or π only modulo 2π. We
discuss the special case where the eigenvalues are
set to 0 or π separately. The L2 norm of the
difference between the exact U and the approx-
imate Unitary, given by ϵu = |U − exp iH(1)|, is
plotted in Fig.(3) by varying different parame-
ters such as n, m and the order of truncation.
This is done for gate sets, Clifford + T and Tof-
foli + Hadamard. We find that the convergence
to the expected Unitary varies only slightly with
the gate set but they exhibit similar patterns. We
also see that it converges around the truncation
order 60 for n = 8, 10 for almost all the sampled
circuits while for n = 12 it converges for most
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Figure 4: The L2 norm of the difference between the
exact unitary and the unitary constructed from a Hamil-
tonian obtained using the BCH formula is plotted. For
the plots on the left-hand side the expansion of the uni-
tary was in terms of the gate set (CNOT + H + T) and
on the right-hand side it was expanded using (Toffoli
+ H). The first, second and third rows shows conver-
gence of the L2 norm under BCH expansion for varying
numbers of qubits, different number of layers in the cir-
cuit implementation of the unitary and the order of BCH
truncation respectively. The sample size is 100 for each
plot and the order of the BCH truncation for the first
two rows is 60.

of the samples. We can expect it to converge for
higher values of n though we could only go up
to 12 qubits as the computation gets heavy. The
Unitary is also seen to converge faster for fewer
number of layers as is expected.

A.3 Classical Simulation

The algorithm proposed was tested for a few ran-
domly generated Hermitian unitary circuits using
the method proposed in Appendix A.2. For gen-
erating zero-discord unitaries required for verify-
ing the algorithm, we have reverse-calculated the
principle branch Hamiltonian using Eq. (12) for
a randomly selected sequence of diagonal gates
that constitute D. The BCH expansion was then
employed for each additional layer of gates (which
are part of V and V † respectively) on either side.
Fig. 5 shows a comparison between the exact and
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Figure 5: Normalized trace for randomly generated her-
mitian unitary circuits for n = 15 and 18 with m = 10
and 8 respectively is computed using the classical simu-
lation algorithm and plotted (red dots). For each data
point, 500 randomly selected diagonal elements of the
unitary are average over. The data points have sub-
stantial overlap since many of the randomly generated
unitaries have the same trace. The dotted line denotes
the actual values of the traces and we see that the al-
gorithm performs very well.

approximate trace values for n = 15 and n = 18
for m = 10 and m = 8 respectively. The av-
eraging is performed on 500 randomly generated
D matrices. The computation was done in Julia
using the PauliStrings.jl [45]. Since the D matri-
ces were constructed using a limited set of gates,
namely, Z, CZ and CCZ, many of the matrices
generated had the same trace. Similar calcula-
tions were done for n = 20 whose results are not
included, since we were able to perform only up to
m = 6 in most cases. We observe that complex-
ity of calculating the effective Hamiltonian via
the BCH expansion increases with the number of
layers m on either side of the center block. This
is because, although the number of Pauli terms
in the effective Hamiltonian is Poly(n), the poly-
nomial could be of a high order depending on the
layers being applied.

A.4 Scaling of number of terms of H
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Figure 6: The third Quartrile (Q3) of the distribution of
the number of Pauli strings in the Hamiltonian decom-
position as a function of the number of qubits n. H1 and
H2 are blue and red lines plotted for (nccz, ncz, nz) =
(6, 6, 6) respectively while the black line indicates the
case of random circuit Hamiltonians. The sample size is
1000 for each n.

The classical trace estimation method outlined
here depends on the number of Pauli strings
that make up the Hamiltonian operator and it
would fail if the number scales exponentially in
n. Therefore, we obtain numerical estimates for
the number of terms in the Hamiltonian operators
H(1) and H(2) corresponding to the same Hermi-
tian unitary given in Fig. 5. Here, H(2) is the
Hamiltonian that satisfies Eq. (9) of the main text
and has eigenvalues 0 or π only. Therefore, H(2)
also reflects the growth of the number of terms in
O as given in Eq. (10) of the main text. A com-
parison is shown between Hermitian circuits and
randomly generated circuits in Fig. 6. The Her-
mitian circuit is constructed as described above.
For random circuits, we have fixed m = 2n + 1
layers and decomposed its matrix logarithm into
a Pauli string summation. We have sampled 1000
circuits for each n. Although we cannot exactly
determine the order of the growth rate of the
number of terms in H(2) for Hermitian circuits, it
is much slower compared to the number of terms
in the randomly generated circuits which grow as
O(4n). H(1) is also plotted for comparison, as it is
known to scale as a polynomial in n by the nature
of its construction. This would suggest that the
Hamiltonian description of the Hermitian unitary
operators and therefore the output state of such
unitaries can be computed classically using far
fewer resources with increasing number of qubits
compared to a randomly generated unitary and
its corresponding Hamiltonian.

Accepted in Quantum 2025-10-14, click title to verify. Published under CC-BY 4.0. 11


	Introduction
	DQC1 and Quantum Discord
	Quantum Discord

	Trace Estimation
	Classical Simulation
	Schmidt Rank

	Conclusions
	Acknowledgments
	References
	 Computing H 
	Circuit Implementation for a Hermitian Unitary
	Baker-Campbell-Hausdorff Convergence
	Classical Simulation
	Scaling of number of terms of H


