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Large-scale quantum circuits are re-
quired to exploit the advantages of quan-
tum computers. Despite significant ad-
vancements in quantum hardware, scal-
ability remains a challenge, with errors
accumulating as more qubits and gates
are added. To overcome this limita-
tion, quantum error-correction codes have
been introduced. Although the success of
quantum error correction codes has been
demonstrated on superconducting quan-
tum processors [1, 2, 3, 4] and neutral
atom-based systems [5], there have been
no experimental reports of error suppres-
sion using flag qubits on a quantum pro-
cessor. IBM’s quantum hardware fea-
tures a non-topological coupling map, and
past developments of quantum error cor-
rection codes on this platform have pri-
marily explored the use of flag qubits.
Here, we report the successful implemen-
tation of a syndrome extraction circuit
with flag qubits on IBM quantum com-
puters. Moreover, we demonstrate its ef-
fectiveness by considering the repetition
code as a test code among the quantum
error-correcting codes. Even though the
data qubit is not adjacent to the syndrome
qubit, logical error rates diminish as the
distance of the repetition code increases
from three to nine. Even when two flag
qubits exist between the data and syn-
drome qubits, the logical error rates de-
crease as the distance increases similarly.
This confirms the successful implementa-
tion of the syndrome extraction circuit
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with flag qubits on the IBM quantum com-
puter.

Quantum devices are inherently error-prone,
making quantum error correction essential for re-
liable quantum computation [6, 7, 8, 9, 10, 11,
12]. To achieve fault tolerance, quantum error-
correcting codes must be implemented to mitigate
errors and ensure accurate outcomes from quan-
tum circuits [13, 14, 15]. Among the available
platforms, IBM’s quantum devices stand out due
to their scale and accessibility. Notably, the IBM
quantum machine with the largest qubit count
adopts a heavy-hexagon topology rather than the
conventional square lattice. In this work, we fo-
cus on one such device, ibm_kyoto, which is ac-
cessible via the cloud. This architecture is de-
signed to optimize the fidelity of physical gate
operations by minimizing crosstalk at the ex-
pense of qubit connectivity [16, 17]. As a result,
implementing quantum error-correcting codes on
IBM’s heavy-hexagon hardware may require the
use of flag qubits or similar techniques to accom-
modate its specific structure [18, 19, 20, 21, 22,
23, 24].
Previous studies have focused on evaluating
quantum error correction codes that do not have
flag qubits in real devices such as the Sycamore
device from Google, where physical qubits can
have more connectivity when compared to the
heavy-hexagon structure [3, 4, 5, 22, 23, 25, 26,
27, 28]. Quantum error correction on current
IBM machines has been explored to demonstrate
logical encodings [1, 29, 30, 31, 32] and to ob-
serve error suppression by scaling the distance of
a logical qubit [1, 2]. However, to the best of
our knowledge, no experimental demonstrations
using flag qubits have been reported. Hence, in
this study, we demonstrate that a syndrome ex-
traction circuit with flag qubits in the repetition
code can be successfully implemented on the IBM
quantum machine.
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Flag qubits were originally introduced to detect
error propagation and prevent correlated faults
[18]. However, they also serve a broader pur-
pose by enabling the mapping of quantum error-
correcting codes onto non-trivial topologies, such
as the heavy-hexagon lattice of the IBM hard-
ware. To assess the utility of flag qubits in this
setting, we evaluate their impact on the code dis-
tance of a logical qubit. Specifically, we examine
the repetition code, a well-known QEC code de-
signed to correct either bit-flip or phase-flip er-
rors. We test the syndrome extraction circuit
both with and without flag qubits on ibm_kyoto,
an IBM quantum machine, and measure its ef-
fectiveness in suppressing errors. Because flag
qubits in heavy-hexagon architectures cannot al-
ways be adjacent to syndrome qubits, additional
routing is often needed. In our implementation,
we introduce flag qubits that interact with the
syndrome qubits via indirect connections [33, 34].
Fig. 1 illustrates how we detect an error that
happens during the syndrome extraction circuits
with initially selected physical qubits in the hard-
ware. The error types considered are either bit-
flips or phase-flips. When we verify the perfor-
mance of the code on ibm_kyoto, the logical er-
ror rate of the repetition code containing the flag
qubits decreases as the number of data qubits in-
creases. This implies that the error correction
can be performed using the syndrome extraction
circuit with flag qubits in the repetition code on
ibm_kyoto. More specifically, quantum error cor-
rection for bit-flips or phase-flips can be achieved
on IBM devices, even when the data and syn-
drome qubits are not close.

Repetition code with flag qubits

A repetition code of distance d consists of a one-
dimensional array of data qubits of ndata = d
and syndrome qubits of nsynd = d− 1. In a syn-
drome extraction circuit with flag qubits in the
repetition code, a flag qubit is employed to in-
teract with locally separated data and syndrome
qubits. This means that the data and syndrome
qubits are not adjacent to each other and are con-
nected indirectly by using flag qubits. If a single-
flag qubit exists between them, the total number
of flag qubits becomes nflag = 2nsynd. However,
when two flag qubits are used, the structure re-
quires nflag = 4nsynd flag qubits. The repeti-
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Figure 1: Quantum circuit for the Z syndrome extraction
circuit: (a) without a flag qubit, (b) with a single-flag
qubit, and (c) with double-flag qubits. A syndrome qubit
is prepared as |+⟩ by applying the Hadamard gates and
a flag qubit is prepared as |0⟩. When a flag qubit exists,
there is an indirect interaction between a data qubit and
syndrome qubit via CZ and CNOT gates. The blue and
red lines display propagated Z and X errors caused by
the initialization error on one of physical qubits.

tion code can be denoted by [n, k, d]f , where n
and k are the numbers of data qubits and logical
qubits, respectively, and d is the distance of the
code. Notably, f = 0 implies no flag qubit; mean-
while, f = 1 and f = 2 denote single-flag qubit
and double-flag qubits, respectively, between the
data and syndrome qubits.
We can detect one type of error in a system using
the defined stabilizer operators. The stabilizers
are either Z or X stabilizers. The Z and X stabiliz-
ers are defined with operators from two adjacent
data qubits. Therefore, the stabilizer is composed
of ith and (i+ 1th) data qubits’ operators, where
i belongs to 1, 2, ..., d − 1. The Z stabilizer can
only detect and rectify the X error. Meanwhile,
the Z error can be detected and corrected using
the X stabilizer. The Z and X stabilizers belong
to SZ and SX , respectively.

SZ = ⟨ZiZi+1⟩ , SX = ⟨XiXi+1⟩ (1)

The logical state of the repetition code can
be defined using the stabilizers. The logical
states are spanned in a code space C. For ex-
ample, the code space of the logical states using
the Z stabilizers becomes C = {|ψ⟩ , Si |ψ⟩ =
+ |ψ⟩ , |ψ⟩ ∈ (C2)⊗d, Si ∈ SZ}. The logical states
on the Z basis are denoted as |0⟩L = |0⟩⊗d

data
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Figure 2: Error detection in the repetition code using two flag qubits. The code uses initially selected physical qubits
from a heavy-hexagon structure. The code progresses with time represented on the horizontal axis from left to right.
The blue, black, and red dots correspond to data, syndrome, and flag qubits, respectively. The code undergoes
multiple rounds of a syndrome extraction circuit, which involves reset and measurement gates on each syndrome and
flag qubit. When the code uses the Z syndrome extraction circuit, we show the detection of an X error on a data
qubit. The error is an example of an ST error. This error disseminates Z or X errors to nearby flag and syndrome
qubits, indicated by the blue and red lines, from the data qubit. Over time, outcomes of three syndrome qubits,
those closest to the data qubit, are affected: one is from the syndrome extraction circuit round highlighted with
the magenta color, where the initial error occurs. The other two are from the subsequent round of the syndrome
extraction circuit highlighted with the green color. The error can be detected by comparing consecutive measured
outcomes of syndrome and flag qubits.

and |1⟩L = |1⟩⊗d
data. The logical states on the

X basis satisfy |+⟩L = 1√
2(|0⟩L + |1⟩L) and

|−⟩L = 1√
2(|0⟩L − |1⟩L). However, to check the

error correction of X basis logical states, we con-
sider X stabilizers. Hence, |+⟩L and |−⟩L should
be defined as |+⟩L = |+⟩⊗d

data and |−⟩L = |−⟩⊗d
data.

For both cases, the logical Pauli gates are
defined as ZL =

∏d
k=1 Zk and XL =

∏d
k=1Xk

which change the state of a logical qubit and
consist of only the Pauli operators of data qubits.

If ith stabilizer (Si) anti-commutes with an er-
ror of a data qubit (Uϵ), the error in the data can
be detected.

SiUϵ = −UϵSi (2)

The error in the data qubit that anti-commutes
with the stabilizer can be noticed by performing
a subroutine quantum circuit, that is, a syn-
drome extraction circuit. Therefore, syndrome
extraction circuits are used to detect the errors.

Fig. 1 depicts the Z syndrome extraction circuits
in the cases of no-flag qubit ([3, 1, 3]f=0), a
single-flag qubit ([3, 1, 3]f=1), and double-flag
qubits ([3, 1, 3]f=2) between a data qubit and
syndrome qubit. The X syndrome extraction
circuits are listed in the supplementary material.

All data qubits interact with their neighbor-
ing syndrome qubits directly or through flag
qubits to detect errors. Sequences of quantum
operators are implemented to detect errors by
measuring both the flag and syndrome qubits.
In this section, we focus on single-qubit errors
and illustrate their propagation through the
syndrome extraction circuit, both with and
without flag qubits. In the following section, we
will address a more complex scenario in which
multiple errors occur. Above all, we explain
a case in which there is no flag qubit. Every
syndrome qubit is prepared as |0⟩ to construct
the Z syndrome extraction circuit depicted in
Fig. 1 (a). To detect an X error in a data
qubit, the CNOT operator is employed, with the
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data qubit serving as the control qubit and the
syndrome qubit as the target qubit. The CNOT
operations are performed in parallel to minimize
the depth of the circuit. Fig. 1 (a) depicts how
an error propagates in the circuit when an X
error occurs in the data qubit on the left side.
The bit-flip error propagates through the CNOT
operator. Hence, the error affects its adjacent
syndrome qubit.

Next, we explain the case in which there are
flag qubits. When flag qubits exist, the data
and syndrome qubits cannot directly interact. If
a single-flag qubit exists, as depicted in Fig. 1
(b), the error in the data qubit propagates to its
neighbor syndrome qubit through the flag qubit.
To detect errors, the structure is constructed
as follows: The syndrome and flag qubits are
initially prepared as |0⟩. The Hadamard oper-
ators are applied to every syndrome qubit to
change their states to |+⟩. CNOT gates are
implemented to create an entangled state for the
syndrome and flag qubits. The CZ operator is
applied between the data and the adjacent flag
qubit. After applying CNOT gates in reverse
order, we measure the syndrome and flag qubits
on the Z basis. For the structure with a flag
qubit between the data and syndrome qubits,
when there is an X error in the data qubit,
the error propagates to the flag qubit because
the X error causes a Z error in the flag qubit
through the CZ operator. The Z error cannot
influence the flag qubit because the flag qubit is
prepared as |0⟩. Subsequently, the Z error, which
propagates to the flag qubit, is transferred to the
syndrome qubit through the CNOT operator and
flips the syndrome qubit’s outcome. Therefore,
the X error in the data qubit can be detected
by measuring the syndrome and flag qubits. For
the structure with double-flag qubits in Fig.
1 (c), the data qubit error follows the same
process, except being spread through another
flag qubit next to the closest syndrome qubit.
Fig. 2 illustrates how errors on a data qubit can
propagate through syndrome extraction circuits
in the case of the repetition code using two flag
qubits.

In addition, errors are probable in syndrome or
flag qubits. Here, let us consider an X error in ini-
tializing a syndrome qubit. The Hadamard gate

is applied to this error, and the error transforms
into a Z error on the syndrome qubit. Because the
syndrome qubit is a control qubit of the CNOT
operators ahead of the error, the initial error is
not propagated to flag qubits for the remaining
gates. Therefore, although the error only pro-
duces a bit-flip in the measurement result of the
syndrome qubit, it does not affect the quantum
state of the data or flag qubits.
However, unlike syndrome qubits, errors in flag
qubits may interact directly with data qubits. In
Fig. 1 (b) and (c), when an X error occurs in
the preparation of the initial quantum state of a
flag qubit, the error undergoes two-qubit opera-
tors, which can be categorized as follows: 1. the
CNOT operator between two flag qubits, 2. the
CZ operator between a flag and data qubit. The
first case produces an additional X error in an-
other flag qubit. The CZ gate is applied to the
propagated error. After the CZ gate, the prop-
agated error is canceled when the initial error
passes the second CNOT operator. In the second
case, when the CZ gate is applied, the X error in
the flag qubit propagates a Z error to the data
qubit. However, the quantum state of the logi-
cal qubit is composed of data qubits on a Z basis
and only considers X errors when the Z stabilizers
are used. We consider an error as a physical gate
that is harmful to the encoded logical qubit state
in the repetition code, especially for the quan-
tum memory experiments. Therefore, the Z error
in the data qubit may not change the computa-
tional state of the logical qubit, for which we are
interested in whether the errors get corrected or
not.

If the final quantum state of every data qubit
can be corrected to its initial quantum state by a
correction operator, the quantum correction code
can be successful. Fig. 3 depicts the quantum
memory experiment circuit with the Z syndrome
extraction circuits to simulate and evaluate the
performance of the code. To perform the single
syndrome extraction circuit, the quantum state
of every syndrome and flag qubit should be ini-
tialized as |0⟩. Hence, after each syndrome ex-
traction circuit round, all the syndrome and flag
qubits pass a reset gate. In the initial and final
stages, the preparation of the initial state and
the measurement of data qubits are performed
on the Z basis. Therefore, |+⟩L is prepared by
preparing |0⟩L and applying the Hadamard gate
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Figure 3: Process example for syndrome extraction
round in [3, 1, 3]f=1. The figure explains the process
of the quantum circuit that samples the result and cal-
culates the syndrome from the measurement result. The
quantum circuit consists of three parts: initializing data
qubits, R rounds of the syndrome extraction circuit with
reset gates on flag and syndrome qubits, and measuring
data qubits. The outcomes from each stabilizer extrac-
tion circuit are used to obtain the syndrome by employ-
ing XOR gates across both temporal and spatial dimen-
sions.

on all data qubits. The measurement at the final
state can be obtained by measuring it on the Z
basis. When the logical qubit is on the X basis,
Hadamard gates are applied to the state before
the measurement.

All measurement results of the syndrome
and flag qubits can be listed in a sequence of
bits. The binary measurement outcomes from
two consecutive rounds pass the XOR gate and
create nsynd syndrome bits. When syndrome
extraction rounds are performed for N times, we
can obtain N − 1 number of syndrome rounds
between consecutive measurement rounds, which
contains error information. Furthermore, we
can build additional syndrome rounds based on
the parity between data qubits and the results
of the syndrome extraction rounds performed
during the first and last times. Therefore, we
obtain the results of N + 1 syndrome rounds and
the total (N + 1) × nsynd number of bit strings.
When there is no error in the system, every
syndrome and flag qubit is measured as |0⟩, and
all syndrome bits are obtained as 0. Hence, if the
syndrome bit is 1, it indicates that an error has
been detected, referred to as a detection event.

Because we prioritize the effectiveness of a syn-
drome extraction circuit with flag qubits in the
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Figure 4: Two-dimensional detector graph that displays
a qubit error. Errors that are probable in the system
are expressed as the S error (space error), T error (time
error), and ST error (space-time error). The virtual node
is introduced to show the S error on the boundary data
qubits.

repetition code, we use the repetition codes with
a distance of {3, 5, 7, 9} and execute the syndrome
extraction circuit 10 times with or without flag
qubits. All quantum circuits are designed and
run using the qiskit package [35]. Every case
of {|0⟩L , |1⟩L , |+⟩L , |−⟩L} is considered. In each
round, we obtain 5 × 104 number of samples at
each logical quantum state, and the total num-
ber of samples is 2 × 105. The experiment is
conducted during each measurement round and
initial state. Gate error rates can vary over time;
therefore, we consider the error properties specific
to each case for decoding and correcting errors.
During the execution of a quantum circuit, dy-
namic decoupling sequences are added to all the
data qubits during its idling period [36]. More-
over, we use a conditional reset gate to reduce the
idling time of the data qubits in the syndrome ex-
traction circuit [34].

Detector graph

We can infer the most probable correction
operator by analyzing the syndromes obtained
from the measurement results. A detector graph
is constructed for this purpose. Fig. 4 depicts
a two-dimensional detector graph in which the
node denotes a parity of measurement outcome
bits that is deterministic when the code is noise-
less, in time and space, and the edges represent
errors that flip the corresponding detectors [37].
These errors create a detection event that flips
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Figure 5: Basis gate decomposition of ibm_kyoto.
ibm_kyoto uses {RZ ,

√
X,X,ECR} gate set as basis

gates. The construction of logic gates of repetition code
in terms of basis gates of ibm_kyoto are provided: (a)
Hadamard gate, (b) conditional reset gate, (c) CNOT
gate, and (d) CZ gate. Detailed information can be
found in the supplementary material.
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Figure 6: Quantum circuit for the CNOT gate with
quantum error channels. ϵ1 and ϵ2 denote the depo-
larizing error channels of single- and two-qubit, respec-
tively. (a) The CNOT gate can be constructed based on
the gates of ibm_kyoto with depolarizing error chan-
nels. (b) The errors that occur during gates can be re-
expressed as the error channels surrounding the CNOT
gate. (c) The noisy CNOT gate can be fragmented into
the error channels before and after the ideal CNOT gate.

the outcome of a detector to 1. Edges can be
classified into T, S, and ST errors. The S(T)
error denotes the error in the data qubit (syn-
drome or flag qubit), which produces a pair of
detection events in the corresponding detectors.
The ST error denotes the case of consideration
of an error that produces two detection events
diagonally such as an error of two-qubit gates
on a data qubit, which can be seen in Fig. 2.
A combination of these three types can express
the errors in a system. The virtual node in the
graph is employed to denote the error in the data
qubit on the boundary (S error). Each edge has
a weight calculated based on its error probability.

When finding the most plausible correction op-
erators, the decoder will use the detector graph
for computing the weights of every pair of detec-

tion events in the given syndrome bit-string. We
decompose complex errors that create more than
a pair of detection events into space-, time-, and
spacetime-like errors and estimate weights for ev-
ery pair of edges based on the detector graph.
This process will require pairing a set of detec-
tion events using decomposed errors in a detector
graph. To pair them, conventionally, the blossom
algorithm has been widely used; its complexity is
O(s3log(s)), where s is the number of detection
events. To reduce it for real-time decoding, re-
cent research has put efforts into balancing the
time and accuracy, such as the Pymatching de-
coder and the sparse blossom algorithm [38, 37].
Two methods can be used to evaluate the weights
of a detector graph. The first method exploits the
error rates of every gate in the IBM hardware
[24]. The second method uses the correlation be-
tween the results of the measured samples from
the quantum circuit.

Hardware-based detector graph

The quantum memory experiment with the
syndrome extraction circuit rounds of the
repetition code consists of initialization, single-
qubit gates, CNOT gates, and measurements.
However, the quantum hardware of ibm_kyoto
uses {ECR, I, RZ ,

√
X,X,M} as the basis

gate. Notably, ibm_kyoto uses an echoed
cross-resonance gate (ECR) for a two-qubit
operator to create entanglement [39]. Therefore,
quantum circuits should be expressed in terms
of basis gates in the hardware. Fig. 5 shows
that {H,R,CNOT,CZ} can be expressed by
combining gates in ibm_kyoto. Although the
CNOT gate consists of eight RZ , four

√
X, and a

single ECR gate, the CZ gate can be fragmented
into eight single qubit gates and an ECR gate.
However, based on the parameters used for the
RZ gate, there are various methods to construct
two-qubit gates, and a detailed explanation can
be found in the supplementary material.

As explained previously, we can evaluate the
weights of a detector graph using the error rates
of every gate in the IBM hardware. The quantum
circuit constructed with only Clifford gates can be
simulated efficiently [40, 41]. Hence, an equiva-
lent quantum circuit needs to contain a gate set
with {CNOT,CZ, I,X, Z,H,M,R} and an error
channel with Pauli gates to obtain the weight of
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Figure 7: Error rate of single qubit gate, ECR gate, and readout in 127 physical qubits of ibm_kyoto at 2023-12-25
11:42:34+00:00. While each readout error is displayed on the side, the error rate of the single-qubit and ECR gate
are indicated using dots and edges, respectively, in the graph. The median error rate of the single qubit gate (ECR
gate) is 2.5 × 10−4 (9.2 × 10−3)

a detector graph [42]. Fig. 6 depicts the case for
the noisy CNOT gate when there are quantum er-
ror channels such as ϵ1 and ϵ2, which denote the
depolarizing channels of the single-qubit and two-
qubit gates. The error rate for both the single-
and two-qubit gates can be adopted as the error
rate from the corresponding gate in a real de-
vice. Because the depolarizing error channel and
unitary gates are commutative, the noisy gates
consist of the corresponding ideal gate and error
channels.

All basis gates, except the RZ gate, are
susceptible to errors [43]. The RZ gate is
implemented as a virtual gate, meaning it does
not involve any physical pulse and therefore does
not experience hardware-induced errors. As a
result, RZ is effectively noise-free. In contrast,

gates such as ECR,
√
X, and X are followed

by depolarising noise channels. However, the
readout and reset gate errors are considered
with an X error instead of the depolarizing
channel. While the noisy version for the other
gates {CZ, I,X,H} can also be constructed
using depolarizing channels. We can design a
quantum circuit by surrounding the ideal gate
with depolarizing error channels, ensuring that
the gate consists only of the Clifford gates.
Therefore, we can construct a quantum circuit
with Clifford gates, simultaneously considering
the error rate of the hardware where its basis
gates are not Clifford gates.

To implement a syndrome extraction circuit
with flag qubits in the repetition code on

Accepted in Quantum 2025-09-28, click title to verify. Published under CC-BY 4.0. 7
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Figure 8: The selected 49 physical qubits for [9, 1, 9]f=2 and the error rate of ibm_kyoto. (a) The selected 49
physical qubits for [9, 1, 9]f=2 are shown with color dots with respect to their types: data, syndrome, and flag qubits.
The blue dots correspond to data qubits, black and red dots represent syndrome, and flag qubits, respectively. (b)
The graph shows the ECDF of gate errors for selected physical qubits at [9, 1, 9]f=2. In this figure, error rates of
quantum gates are considered when the initial logical state is |0⟩L. The cumulative distribution of each error of ECR,
SX(

√
X), and readout are plotted as a function of the physical error rate. The dot lines correspond to their mean

values.

ibm_kyoto, we select a combination of one-
dimensional qubits from a heavy-hexagon struc-
ture of 127 qubits. Fig. 7 depicts the error rates
of the SX gate, ECR gate, and measurement in
ibm_kyoto [44]. The average of the lifetime (T1)
and coherence time (T2) are 219.08 µs and 125.06
µs, respectively. When a flag qubit is introduced
between the data and syndrome qubits, we need
33 qubits in the case of [9, 1, 9]f=1, because it uses
16 flag qubits between the data and syndrome
qubits. If double-flag qubits exist between the
data and syndrome qubits, we need 49 qubits in
the case of [9, 1, 9]f=2, as depicted in Fig. 8 (a).
Fig. 8 (b) shows that the ECR pulse, the mea-
surement, and single qubit gate error rates in the
selected qubits for the [9, 1, 9]f=2 are expressed
in terms of the empirical cumulative distribution
function (ECDF).

Fig. 9 depicts the detector graph of [9, 1, 9]f=2
obtained using the Stim code [42]. The weight
for each edge in the detector graph can be de-
termined by considering the probability of the
corresponding error. We assign a lower weight
when the probability is high, increasing the like-
lihood that the MWPM algorithm selects that
error as a correction operator. The edge color-
ing reflects edge weight: red edges have higher

weight and blue edges lower weight respectively.
Further, as the weight decreases, the intensity of
the blue color increases. This means that an error
corresponding to a lower weight on a blue edge is
more likely to occur than others. Therefore, it
will be selected more frequently as a correction
operator over others with a higher weight.

Structure [n, k, d]f Error Type Avg. weight

[9, 1, 9]f=0

S error 5.560
T error 4.387
ST error 5.803

[9, 1, 9]f=1

S error 5.260
T error 2.893
ST error 5.487

[9, 1, 9]f=2

S error 4.874
T error 2.038
ST error 5.174

Table 1: Average weights of S, T, and ST errors in the
hardware-based detector graph when the number of data
qubits is nine.

Table 1 lists the average values of the weights
for the cases of [9, 1, 9]f=0, [9, 1, 9]f=1, and
[9, 1, 9]f=2 with respect to the type of errors: S,
T, and ST errors. As listed in Table 1, the weights
corresponding to the measurement errors have
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Figure 9: Detector graph for a distance of 9 with double-
flag qubits. The horizontal, vertical, and diagonal lines
denote the S, T, and ST errors, respectively. The weight
of each edge is obtained from the Stim code, which has
the depolarizing error channel with the error rates of
basis gates based on ibm_kyoto.

smaller values regardless of the existence of the
flag qubit. This tendency appears in the case of
the average error rate of gates of ibm_kyoto. Fur-
thermore, the weights with flag qubits have lower
values than those without flag qubits. This im-
plies that the more flag qubits we use, the more
likely the errors are to occur.

Sample-based detector graph

The second method evaluates the statistical cor-
relation between samples and uses it to decode
errors [3, 4]. The main idea of the sample-based
detector graph is to utilize statistical correlations
between detectors as weights, based on actual
syndrome samples. It assumes that every possible
error is uncorrelated and independent. We can
derive the probability (pij) of detection events
on each node of any pair with the given assump-
tion. These probabilities can be obtained through
the experimental results, especially using the ex-
pectation values of detectors. When pij is the
probability where two detectors of i and j can
be simultaneously flipped, pij can be obtained by
calculating the probability of detection events on
each detector (⟨xj⟩, ⟨xi⟩) or both simultaneously

(⟨xixj⟩).

pij = 1
2 − 1

2

√
1 − 4(⟨xixj⟩ − ⟨xi⟩ ⟨xj⟩)

1 − 2 ⟨xi⟩ − 2 ⟨xj⟩ + 4 ⟨xixj⟩
(3)

If the error probability pij has a negative value,
it is set to zero. The correlation matrix indicates
the correlation between detection events. The
number of detectors can be considered in terms
of the horizontal direction corresponding to space
and the vertical direction corresponding to time.
The horizontal number is denoted by s, which
can be 1, 2, . . . , d − 1. The vertical number is
denoted by t, which can be 1, . . . , R + 1, where
R is the number of rounds of syndrome extrac-
tion. The order of detectors can be determined
in two cases: The first is when the priority is
space, Ns−t, which is the space-time type. The
second is when the priority is time, Nt−s, which
is the time-space type. Detectors can be labeled
based on one of these methods.

Ns−t = s+ (d− 1)(t− 1)
Nt−s = t+ (R+ 1)(s− 1) (4)

Fig. 10 (a), (b), and (c) depict the correla-
tion matrix of syndrome samples of [9, 1, 9]f=0,
[9, 1, 9]f=1, and [9, 1, 9]f=2, respectively, which
are displayed in terms of the forms of the space-
time method. These figures exhibit the explicit
correlation between detectors in space and time.
The probability of detecting two detection events
is higher in the presence of flag qubits than in
their absence. As we add more flag qubits, we
can see a higher probability of an error, which can
be broken down into a combination of categorized
errors (S, T, and ST error). This implies that the
cross-talk effect becomes larger when flag qubits
are included. T errors, caused by measurement
errors on either syndrome or flag qubits, can oc-
cur consecutively over time because they are more
frequent than S or ST errors. The phenomenon is
observed in all cases, with or without flag qubits,
as depicted in Fig. 10 (a), (b), and (c) with the
dotted diagonal lines.

Table 2 lists the average weight of the detector
graph obtained from the correlation matrix for
the cases [9, 1, 9]f=0, [9, 1, 9]f=1, and [9, 1, 9]f=2.
When the weight is derived from the sampled
data, time errors are also more likely to occur,
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Figure 10: Correlation matrices of repetition code at a distance of nine with different numbers of flag qubits. Space-
time correlation matrices for (a) [9, 1, 9]f=0, (b) [9, 1, 9]f=1, and (c) [9, 1, 9]f=2 are shown. The matrices are obtained
when the initial logical state is |1⟩L, and the number of rounds in the syndrome extraction is 10. Each pixel can be
mapped to the edge of the corresponding detector graph. The S, T, and ST errors are visible along the diagonal
line. The dashed diagonal lines correspond to multiple T errors occurring consecutively in a row. The axes represent
the labeled detector in the detector graph in the space-time method. Each syndrome round is divided into t, which
varies from 0 to 10.
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Figure 11: Ratio between the number of corresponding samples and total number of sampled data in terms of the
number of detection events for (a) [9, 1, 9]f=0, (b) [9, 1, 9]f=1, and (c) [9, 1, 9]f=2. The data is obtained with 10
rounds of syndrome extraction. The probability is calculated by considering Z basis states |0⟩L and |1⟩L, meaning
the total number of samples is 105. The number of detection events is plotted when its probability is more significant
than 10−5 for all distances.

Structure [n, k, d]f Error Type Avg. weight

[9, 1, 9]f=0

S error 4.416
T error 4.350
ST error 5.533

[9, 1, 9]f=1

S error 3.868
T error 2.680
ST error 5.101

[9, 1, 9]f=2

S error 2.800
T error 1.120
ST error 4.321

Table 2: Average weights of S, T, and ST errors in the
sample-based detector graph when the number of data
qubits is nine.

similar to the case with the hardware-based
detector graph.

Fig. 11 (a), (b), and (c) depict the probabil-
ity of the samples from the data concerning the
number of detection events according to the dis-
tance in the cases of no flag qubits, one flag qubit,
and two flag qubits, respectively. The probabili-
ties are evaluated by considering two logical qubit
states, |0⟩L and |1⟩L. The case in which the num-
ber of detection events is zero implies that an er-
ror detected by the syndrome does not exist. In
the case of [3, 1, 3]f=0, the number of detection
events to be zero is 62.325% in the data, which
implies that more than half become error-free. As
a flag qubit is added, its probability of being zero
decreases (23.904%), and the value is the lowest
when double-flag qubits are added (0.322%) for
distance three, which is the case of [3, 1, 3]f=2.
Further, the probability of the samples with an
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Figure 12: Logical error rate of repetition codes. The figure displays the logical error rates of [d, 1, d]f=0, [d, 1, d]f=1,
and [d, 1, d]f=2 in terms of syndrome extraction rounds when (a, b, c) hardware-based or (d, e, f) sample-based
detector graph is used. The logical error rate is shown as a function of the number of data qubits (d = 3, 5, 7, 9) with
different structures as follows: (a, d) The logical error rate of repetition codes with no flag qubit, (b, e) a single-flag
qubit, and (c, f) double-flag qubits.

even number of detection events is more signif-
icant than that for the number of cases to be
odd, regardless of distance and the number of
flag qubits. This is because only the S error lo-
cated at the boundary can produce an odd num-
ber of detection events. Notably, the probability
of many detection events in the presence of flag
qubits is more significant than that without any
flag qubits.

Logical error rate

Fig. 12 depicts the logical error rates in the
hardware-based detector graph (a, b, c) and the
sample-based detector graph (d, e, f) with dif-
ferent numbers of flag qubits. The experiment is
performed according to Fig. 3, and we obtain the
average and standard deviation of the logical er-
ror rates for four different logical quantum states.
The decoding results in the hardware-based and
sample-based detector graphs exhibit similar
behavior. The logical error rate is obtained by
comparing the initially prepared logical quantum
state with the corrected state. Logical errors can
occur even when the number of detection events
is zero. Therefore, even when no detection event

is detected, we should check whether a logical
error exists. When several detection events are
detected, the Pymatching algorithm is used to
decode given detection events [38, 37]. Finally, by
applying a correction operator to the measured
data qubit, the updated data qubit state can be
a logical qubit state. If the corrected state is
different from the initial state, we count a failure.

Fig. 12 demonstrates the effectiveness of the
syndrome extraction circuit with flag qubits in
the repetition code on the IBM quantum ma-
chine. More specifically, in Fig. 12 we can see
that in ibm_kyoto, the logical error rates of the
repetition code exhibit a decrease as the dis-
tance of the repetition code increases from three
to nine. Even though the average gate error
rates for each structure increase as we consider
more flag qubits, this tendency remains when flag
qubits are present, regardless of whether the de-
tector graph is hardware-based or sample-data-
based. This implies that even when the data
qubit is not adjacent to the syndrome qubit, a
repetition code can operate on the IBM quan-
tum computer. Moreover, even when there ex-
ist double-flag qubits between the data and syn-
drome qubits, a repetition code may operate on
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ibm_kyoto.

Error suppression factor
In this section, we present the error suppression
factors Λ for all cases, with and without flag
qubits, based on fits to the experimental results
shown in Fig. 12. The suppression factor (Λ),
originally introduced in Ref. [3], quantitatively
characterizes how rapidly the logical error rate
decreases with increasing code distance.

pL = 1 − (1 − 2ϵL)R

2 , (5)

Let R denote the number of syndrome extraction
rounds, and let the logical error rate per round
be approximated as ϵL ≈ C/Λ(d+1)/2, where C
is a fitting constant, Λ is the error suppression
factor, and d is the code distance. Then, the total
logical error rate after R rounds can be expressed
as Equation 5.

Figure 13: The logical error rate per round (ϵL) is plot-
ted as a function of the code distance (d) to plot the
error suppression factor Λ obtained through linear fit-
ting. Error suppression factor Λ for all cases, with and
without flag qubits, where f represents the number of
flag qubits used between data and syndrome qubits. ‘D’
denotes the decoding method, where sim is hardware-
based and real is a sample-based one.

Fig. 13 shows the logical error rates per round
as a function of the code distance. In the fig-
ure, the error suppression factors with or without
flag qubits are represented by the slope of the fit-
ted lines. The results obtained using the sample-

based decoding method yield larger Λ values com-
pared to those from the hardware-based method.
When no flag qubit is used with the hardware-
based decoder, the suppression factor is Λ ≈ 3.49.
With the introduction of a single flag qubit and
two flag qubits, the values decrease to Λ ≈ 2.62
and Λ ≈ 2.14, respectively. Notably, when using
sampled data for decoding, the suppression fac-
tor Λ increases regardless of the number of flag
qubits. However, this difference diminishes as the
code distance increases. It is worth noting that
while the fitted line closely matches the logical
error rates per round at small code distances, the
data begins to deviate from the fitted line as the
code distance increases. This deviation is partic-
ularly evident or higher code distances, such as
d = 7 or d = 9, where logical error events be-
come rare. Overall, increasing the code distance
consistently suppresses logical error rates across
all rounds of syndrome extraction, regardless of
the presence of flag qubits, although introducing
additional flag qubits tends to increase the logical
error rates.

Conclusion

In this study, we showed the effectiveness of
a syndrome extraction circuit with flag qubits
in the repetition code on the IBM quantum
machine, ibm_kyoto. Quantum error correction
was implemented using a repetition code with
flag qubits was realized in the IBM quantum
machine, ibm_kyoto. Because the IBM machine
uses a heavy-hexagon structure, in which the
maximum connection of a single node is three,
the use of flag qubits may be required. We
demonstrated that even when two flag qubits
exist between a data qubit and a syndrome
qubit, the logical error rates diminish as the
distance between the repetition code increases
from three to nine. This implies that a syndrome
extraction circuit with flag qubits remains stable
in the IBM machine for bit-flip or phase-flip
errors.

While flag qubits were originally introduced
to detect a specific class of errors, namely hook
errors that increase the effective error weight
through qubit interactions, their utility in the
repetition code may be limited by the code’s in-
herent simplicity. In this context, incorporating
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flag qubits can even be counterproductive, as it
adds physical qubits and elementary gates to the
syndrome extraction circuit, thereby increasing
the probability of logical errors. A compelling
direction for future research is to determine
how many flag qubits can be employed without
compromising error suppression.

In Ref. [33, 31], a hypergraph was constructed
using the flag qubit information to correct errors.
A promising direction for future research could
be to explore the potential of the hypergraph
in reducing the logical error rates in repetition
codes with flag qubits. Moreover, increasing
the number of flag qubits between the data and
syndrome qubits is possible. Investigating how
logical error rates vary with an increase in the
number of flag qubits can be a simple experiment
for assessing syndrome extraction circuits that
employ long-range entanglement in situations
where connectivity is limited.

We believe an intriguing future experiment
would be to correct both bit- and phase-flip
errors simultaneously and demonstrate error
suppression with various numbers of flag qubits
in the syndrome extraction circuit. The surface
code can be a promising candidate for cor-
recting both types of errors. However, unlike
the repetition code, embedding the surface
code on quantum processors with connectivity
constraints, such as IBM quantum devices, is not
a trivial problem. Suitable embedding schemes
have been proposed in Ref. [24]. In contrast,
incorporating flag qubits into the surface code
could be simplified when using devices with a
square lattice coupling map, for example, by
placing flag qubits between data and syndrome
qubits. While the number and placement of
flag qubits cannot be arbitrarily chosen, it will
be important to evaluate their effectiveness by
testing different embedding schemes with vary-
ing numbers of flag qubits. In particular, this
includes investigating how flag qubits can aid
in error decoding by tracking error propagation
in experiments and determining how many flag
qubits can be used to maintain error suppression
while scaling the code distance.
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Supplementary information

0.1 Quantum hardware

0.1.1 Calibration table

T1(µs) T2(µs) Readout (ns)
217.69 140.21 1400
1Q gate time(ns) 2Q gate time(ns)

60 660

Readout Idling
1.90 × 10−2 2.79 × 10−4

1Q gate 2Q gate
2.79 × 10−4 8.16 × 10−3

Table 3: Time and error information for the physical
qubits in [9, 1, 9]f=2. The table lists the average times
of T1, T2, readout, single-qubit gates, and two-qubit
gates. The average error rates of readout, idling, single-
qubit gates, and two-qubit gates are also displayed.

Here, we describe the hardware specifications
of ibm_kyoto. The hardware has a heavy-
hexagon structure consisting of transmons of a
fixed frequency. ibm_kyoto performs periodic
calibrations in qubits and gates. Our study is
based on the hardware specification at 2023-12-
25-05:39:45 ∼ 11:42:34 +00:00. Values can vary
over time, even within the period. Table 3 dis-
plays a summary of the hardware specifications at
the time when we run and obtain data for |−⟩L

in [9, 1, 9]f=2.

The average values of time T1 and T2 of 49
physical qubits used are 217.69 µs and 140.21 µs,
respectively. The longest operation among the
hardware gates is the measurement, and its du-
ration is 1400 ns. The 1Q gate is a single-qubit
gate that contains X and

√
X except for RZ , I.

Because a virtual Z operation operates the RZ

gate, we do not physically apply the gate dur-
ing the execution of the quantum circuits. The
duration of the single-qubit gate is 60 ns. Mean-
while, the duration of the two-qubit gate (ECR)
is 660 ns. The average error rate of 1Q gate is
2.79 × 10−4. The I-gate error is an idling error,
a decoherence error caused by the free evolution
of a single qubit. The error rate of the 1Q gate is
the same as that of the idling error.
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Figure 14: Four different methods to implement the
CNOT gate. The control and target qubits correspond
to the upper and lower gray dots. The CNOT gate can
be fragmented in four ways using the basis gate set from
ibm_kyoto. The structure varies depending on what pa-
rameters are used in the RZ gate and the type of the
ECR gate.
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0.1.2 ECR pulse

The 2Q gate denotes a two-qubit gate obtained
by the ECR pulse. There are two ways to oper-
ate the ECR gate: 1. ECR01 = 1√

2(IX − XY );
2. ECR10 = 1√

2(XI − Y X). When the CNOT
pulse comprises an ECR pulse and single-qubit
gates, the sequences of the gates differ accord-
ing to ECR01 or ECR10. Fig. 14 depicts the
four cases created by combining the ECR pulse
and single-qubit gates. The physical CNOT gate
is designed to apply an X gate to one physical
qubit, known as the target qubit, based on the
state of another physical qubit, which serves as
the control qubit. In the Figure, each case shows
the CNOT gate designed to implement two physi-
cal qubits, grey dots, by choosing the top node as
the control qubit and the bottom node as the tar-
get qubit. Since idling errors occur because free
evolution occurs before and after the ECR pulse,
the depth of the circuit is identical to those in
the other cases. Therefore, the common feature
of these four cases is that we require two single-
qubit gates before and after the ECR pulse. We
adopt these cases to construct a noisy CNOT gate
for a hardware-based decoder. A CZ gate can also
be constructed in many ways by choosing differ-
ent gate sets, such as the type of ECR pulse and
parameters for single-qubit gates. However, the
depth of the gates in the CZ gate is identical to
that in the CNOT gate, and both have similar
error channels. At the hardware level, these gate
sequences can differ from what we apply physi-
cal pulses in a quantum circuit when optimizing
them. However, we consider the logic gates where
their noisy version is the worst case when model-
ing the error channel using its hardware calibra-
tion value.

0.1.3 Circuit-level noise model

Every gate of the repetition code consists of a
Clifford gate. The depolarizing error channel for
the gates can be constructed, as depicted in Fig.
15, based on the conversion from the basis gate
of the real device. Fig. 15 (a), (b), (c), (d), and
(e) depict the error models of the CNOT, CZ,
Hadamard, reset, and measurement gates for con-
structing the hardware-based decoder with the
Stim code. While X error channels are consid-
ered for reset and measurement gates, the de-
polarizing error channels are used for the other
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Figure 15: Error model for five elements of a syndrome
extraction circuit: (a) CNOT, (b) CZ, (c) Hadamard,
(d) reset, and (e) measurement gate. ϵ1 and ϵ2 denote
the depolarized error channels of single-qubit and two-
qubit gates, respectively. XR and XM correspond to
the X error for the reset and measurement gate. The
error channel surrounds the ideal gate to construct the
noisy one.

gates (CNOT, CZ, and H). We select the error
rates for the error channels of the single- and
two-qubit qubits based on their gate error rate
in the actual quantum device by considering the
qubits where the gates were applied. We empha-
size the consideration of depolarizing error chan-
nels on physical qubits when inactive during the
execution of physical hardware. Each syndrome
extraction circuit comprises nine steps, including
syndrome and flag qubit measurement. Certain
physical qubits do not undergo quantum gates
during each step and experience free evolution,
making them susceptible to errors. When design-
ing the hardware-based detector graph, depolar-
izing error channels are accounted for, considering
their idling error rates from the calibration table.

0.2 Repetition code on ibm_kyoto

0.2.1 X syndrome extraction circuit

The X syndrome extraction circuit detects the Z
errors of the data qubits. Fig. 16 depicts the
X syndrome extraction circuit for the structures
without a flag qubit and with a single-flag qubit
or double-flag qubits between the data and syn-
drome qubits. When flag qubits exist, the con-
struction of the quantum circuit of the X syn-
drome extraction circuit is identical to that of the
Z stabilizer, except when using the CNOT opera-
tor and not the CZ operator to interact with data
and its neighbor flag qubit. Initialization errors
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Figure 16: Quantum circuits for the X syndrome extrac-
tion without and with flag qubits. The quantum circuits
for the X syndrome extraction round are shown when
there is (a) no flag qubit, (b) a single-flag qubit, and (c)
double-flag qubits between a data qubit and a syndrome
qubit.

on either flag or syndrome qubits can be detected
in the same way as we have covered. However, the
error that affects the state of a logical qubit is not
an X error but a Z error. Since the code considers
only Z errors and all data qubits are initialized on
an X basis, the state of the logical qubit we are
interested in is unaffected by X errors.

0.2.2 Selected qubit lists

We select the physical qubits for the double-
flag qubit structure, as depicted in Fig. 17.
When the logical qubit is initialized as |−⟩L,
the average error rate for the error type for
each case is as follows. The average read-
out error of [3, 1, 3]f=0([9, 1, 9]f=0) is 9.18 ×
10−3(1.06 × 10−2). The average readout error
of [3, 1, 3]f=1([9, 1, 9]f=1) is 1.11 × 10−2(1.15 ×
10−2). Meanwhile, the average error rate of
the ECR gate of [3, 1, 3]f=0([9, 1, 9]f=0) is 4.80 ×
10−3(5.44 × 10−3). The average error rate of
the ECR gate of [3, 1, 3]f=1([9, 1, 9]f=1) is 5.91 ×
10−3(6.61×10−3). Fig. 18 depicts the qubits and
error rates of gates when two flag qubits are in-
troduced between a data qubit and a syndrome
qubit. ibm_kyoto provides 127 qubits. There-
fore, the qubit selection for the syndrome extrac-
tion circuit with flag qubits in the repetition code
is not unique. We use the function “transpile"

from the qiskit package to choose specific physi-
cal qubits that are likely to provide the best per-
formance among the possible combinations. In
Fig. 19, the average error rates for each basis
gate of the selected physical qubits in the hard-
ware are plotted as a function of the distance and
number of flag qubits between the data and syn-
drome qubits. As more flag qubits are added to
the structure, the average error rates for all gates
increase.

0.2.3 Syndrome calculation

Here, we explain the method used to obtain
the syndromes from the outcomes of syndrome
extraction circuits. When R round syndrome
extraction is performed, the syndrome can be
broadly divided into three parts in terms of time
T : 1. at T = 0, 2. from T = 1 to T = (R − 1),
and 3. at T = R. The method used to treat this
syndrome is depicted in Fig. 20. The diagram
depicts an example of a method for obtaining a
syndrome with [3, 1, 3]f=1 and R = 3. The ini-
tial data qubits are prepared with |0⟩L = |000⟩.
The outcomes from the syndrome extraction cir-
cuits can be divided into patches based on the
syndrome qubits, and each patch is covered with
red and black boxes containing three bits from the
syndrome and flag qubits in Fig. 20. The calcula-
tion of a syndrome bit involves checking the par-
ity of six values between two consecutive patches.
The process is as follows: the system counts the
number of occurrences of the digit ‘1’ among these
six values. If the count is odd, the syndrome bit is
set to ‘1’ otherwise, it is set to ‘0’. This method
determines the syndrome bit based on the par-
ity of observed values within a specified temporal
range. For a syndrome bit located in the tempo-
ral boundary, two data qubits that are neighbors
of a patch are used to calculate the syndrome bit.
For instance, each syndrome bit in the initial syn-
drome round at T = 0 utilizes five bits comprising
three values from the outcomes of the first round
of a syndrome extraction circuit and two values
from the initial states of its adjacent data qubits.
The process is the same for the syndrome bits in
the final rounds (T = 3), except that the mea-
sured states of the data qubits are used instead
of their initial states. The method for calculating
the syndrome bit-string can be applied similarly
to a structure involving double-flag qubits. The
only variation lies in the specific number of bits,
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Figure 17: Selected physical qubits for different distances d = 3, 5, 7, 9. The physical qubits that used in (a)
[3, 1, 3]f=2, (b) [5, 1, 5]f=2, (c) [7, 1, 7]f=2, and (d) [9, 1, 9]f=2 are shown. The blue, red, and black dots correspond
to data, flag, and syndrome qubits.

which is five in the case of double-flag qubits be-
tween the data and syndrome qubits within each
patch.

0.2.4 Correlation matrix

The correlation matrix expresses the correlation
between two detectors in a detector graph. Fig.
21 and 22 depict the correlation matrix obtained
from 10 rounds of the X syndrome extraction cir-
cuit when |−⟩L is prepared, and the number of
samples is 50,000 in the case of double-flag qubits.
The matrices are displayed with the space-time
and time-space methods depicted in Fig. 21 and
22, respectively. The numbering in space-time
is performed in terms of space, whereas that in

time-space is processed in terms of time. Each
pixel in the correlation matrix corresponds to an
error probability, and the representation excludes
negative values. Moreover, the color scale is trun-
cated to enhance visibility and clarity, with 0.2 as
the maximum value. We emphasize positive error
probabilities within the specified color scale while
disregarding negative values to represent the er-
ror patterns accurately. The T errors are domi-
nant for all cases, consistent with the hardware
specifications.

In Ref [3], the cross-talk effects, observable in
Time-Space correlation matrices, happen due to
physical qubits locally nearby at the hardware
level, even though they are not physically inter-
acting in a quantum circuit. More specifically,
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Figure 18: Gate error rates of the physical qubits in the repetition codes with double-flag qubits. The figure shows
the case of (a) [3, 1, 3]f=2, (b) [5, 1, 5]f=2, (c) [7, 1, 7]f=2, and (d) [9, 1, 9]f=2. The ECDF is plotted as the function
of the error rates of the basis gate set of ibm_kyoto for each case.

the cross-talk effects can be seen from the corre-
lation between syndrome bits that are spatially
close in the real device but not neighbors in the
perspective of the code. However, we are unable
to observe these effects. In cases where we run the
repetition code without flag qubits, this could be
due to the initially selected physical qubits being
locally separated at the hardware level. When
flag qubits are employed in the syndrome extrac-
tion circuits, this lack of observation may be at-
tributed to relatively high error rates resulting
from including flag qubits in the structure, di-
minishing the visibility of these effects.

0.2.5 Detection event rate

We define the detection event rate as the ratio
of the number of samples with detection events
to the total number of samples. Fig. 23 depicts
the detection event rate(gray line) from each syn-
drome qubit for [9, 1, 9]f=2 versus the syndrome
rounds. The red line represents the average of all
detection event rates for each syndrome qubits.
The first (last) round also uses the initial (mea-
sured) state of the data qubits to identify the

detection events. Data are obtained by initial-
izing the logical qubit as |−⟩L with 50,000 sam-
ples. The number of syndrome extraction cycles
is 10. Thus, there are 11 rounds of syndromes.
We use data sampled from (a) ibm_kyoto and
(b) the Stim code, which adopts the noise model
of ibm_kyoto. Both cases have similar behav-
ior regarding the probability of detection events
being lower in the first and last rounds than in
other rounds and maintaining one value between
them. However, those values are not the same,
which can be attributed to the oversimplification
of each qubit’s error channel as a depolarizing and
idling error model. This suggests that the system
on the device is more vulnerable to errors than
we initially modeled.

0.2.6 Logical error rates

The logical error rates for each initial state are
evident in Fig. 24. The Hardware-based decoder
calculates the number of faults and corrected
samples. To sample the data from ibm_kyoto,
the experimental implementation is the same, ex-
cept for the initial state of the logical qubit and
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Figure 19: Average error rates for each gate with different structures. The red, green, and blue markers represent
the average error rate of ECR, single qubit gate, and readout, respectively. Meanwhile, the solid, dash-dotted, and
dash double-dotted lines denote the structure with no flag qubit, a single-flag qubit, and double-flag qubits. As we
add more flag qubits, the average error rates of the gates increase.

syndrome extraction circuit based on the basis: 1.
The Z basis logical qubit (|1⟩L) 2. X basis logical
qubit (|−⟩L). The Z(X) basis logical qubit uses
a syndrome extraction circuit constructed by the
Z(X) stabilizers and considers only X(Z) errors in
the system.

0.2.7 Samples

The sampled data are categorized into non-
detected, corrected, and non-corrected. Non-
detected samples are those in which the detec-
tion event is not detected due to the absence of

error. Corrected samples correspond to the data
in which detection events are detected and cor-
rected; if these are not corrected, they belong to
the non-corrected samples. In Fig. 25, the ratio
of the categorized samples is shown with stacked
bar charts for all cases of [d, 1, d]f for both the
hardware- and sample-based decoders. Although
the samples are non-defective, a logical error can
occur, which can be sorted as non-corrected in-
stead of non-defective. As the structure size in-
creases, the proportion of non-defects decreases.
It is worth pointing out that most data samples
are categorized as corrected samples as we in-
crease the structure size.

Accepted in Quantum 2025-09-28, click title to verify. Published under CC-BY 4.0. 21



� � �

� � �

� �

� �

� �

� �

� � � � � �

� � � � � �

� � � � � �

� � �

��������������������������

������������
�����
�
�	�����	�
	���

������������
�����
�
�	�����	�
	���

������������
�����
�
�	�����	�
	���

���������������	��������

� � � � � �

� � � � � �

�����

�����

�����

�����

Figure 20: Procedure for extracting the syndrome from the sampled data. The structure is [3, 1, 3]f=1 and the
number of the syndrome extraction circuit rounds is three. The initial logical qubit state is |0⟩L. Each syndrome
extraction circuit produces six outcomes from the flag and syndrome qubits. Their outcomes can be grouped with
red and black boxes. The syndrome bits corresponding to the orange dots can be calculated by checking the parity
of two consecutive groups in time.
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Figure 21: Space-Time correlation matrices obtained in the structures with double-flag qubits. Space-Time correlation
matrices are shown in the case of (a) [3, 1, 3]f=2, (b) [5, 1, 5]f=2, (c) [7, 1, 7]f=2, and (d) [9, 1, 9]f=2. The data is
collected from the experiment with |−⟩L state. Ten rounds of the syndrome extraction circuit are implemented. The
number of samples is 50,000.
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Figure 22: Time-Space correlation matrices obtained in the structures with double-flag qubits. Time-Space correlation
matrices are shown in the case of (a) [3, 1, 3]f=2, (b) [5, 1, 5]f=2, (c) [7, 1, 7]f=2, and (d) [9, 1, 9]f=2. The data is
collected from the experiment with |−⟩L state. Ten rounds of the syndrome extraction circuit are implemented. The
number of samples is 50,000.
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Figure 23: The probability of detection events. The probability of detection events for the |−⟩L state in the [9, 1, 9]f=2
structure is shown in the case of (a) real quantum device, ibm_kyoto, and (b) Stim code. The data is collected from
the experiment with |−⟩L state. Here, the number of syndrome rounds is eleven. The number of samples is 50,000.
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Figure 24: Logical error rates for the structure with double-flag qubits and different initial logical states. The logical
error rates in the case of |1⟩L are plotted on (a) a log scale and (b) a linear scale for the vertical axis. Likewise, the
logical error rates in the case of |−⟩L are plotted on (c) a log scale and (d) a linear scale for the vertical axis. The
logical error rates are obtained from the hardware-based decoder.
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Figure 25: The probability of the categorized results for all cases of repetition codes. The data from (a) the hardware-
based and (b) sample-based decoder is categorized. The samples can be divided into three classes: non-defect(blue
bar), corrected(green bar), and non-corrected(red bar). Each case with a different structure regarding the distance
and the number of flag qubits is indicated using the stacked bars.
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