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The discovery of the backpropagation al-
gorithm ranks among one of the most im-
portant moments in the history of machine
learning, and has made possible the train-
ing of large-scale neural networks through
its ability to compute gradients at roughly
the same computational cost as model
evaluation. Despite its importance, a sim-
ilar backpropagation-like scaling for gradi-
ent evaluation of parameterised quantum
circuits has remained elusive. Currently,
the most popular method requires sam-
pling from a number of circuits that scales
with the number of circuit parameters,
making training of large-scale quantum
circuits prohibitively expensive in prac-
tice. Here we address this problem by
introducing a class of structured circuits
that are not known to be classically simu-
lable and admit gradient estimation with
significantly fewer circuits. In the sim-
plest case—for which the parameters feed
into commuting quantum gates—these cir-
cuits allow for fast estimation of the gra-
dient, higher order partial derivatives and
the Fisher information matrix. Moreover,
specific families of parameterised circuits
exist for which the scaling of gradient
estimation is in line with classical back-
propagation, and can thus be trained at
scale. In a toy classification problem on
16 qubits, such circuits show competitive
performance with other methods, while re-
ducing the training cost by about two or-
ders of magnitude.

1 Introduction

Many tasks in optimisation and machine learn-
ing involve the minimisation of a continuous cost
function over a set of parameters, and gradi-
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ent based approaches are often the methods of
choice to tackle such tasks. The efficiency with
which gradients can be evaluated is crucial in
these methods, since it sets a practical upper limit
on the number of optimisation steps, determined
by the time and cost of running the algorithm.
The success of neural network models in machine
learning for example is frequently credited to the
possibility of fast gradient evaluation via back-
propagation [1, 2|, enabling the models to scale
to the enormous sizes we see today.

Within quantum computation, much hope has
been placed on parameterised quantum circuits
to provide a new generation of powerful ansétze
for optimisation and machine learning tasks [3, 4].
As such, a wide array of variational quantum al-
gorithms have been designed that hinge on the
ability to estimate gradients of quantum circuits.
Despite this, classes of circuits for which fast gra-
dient estimation is possible are still missing. Cur-
rently, the standard method to compute gradi-
ents is via the parameter-shift method [5, 6, 7, §],
which in the simplest case requires sampling from
a pair of distinct circuits for every parameter in
the model. For this reason, the cost of estimat-
ing the gradient can be significantly more expen-
sive than evaluating the function itself. This is in
stark contrast to automatic differentiation meth-
ods such as backpropagation [2], which can allow
for exact gradient computation with roughly the
same time and memory required to evaluate the
function itself.

Furthermore, the stochasticity of quantum
models results in an additional sampling cost
that scales inversely with the square of the pre-
cision of the gradient estimate [6]. For problems
with a large number of parameters, this quickly
makes gradient estimation prohibitively expen-
sive in practice. To give some concrete numbers,
to perform one epoch of gradient descent for a
dataset with 1000 data points using a quantum
model with 1000 parameters to a gradient preci-
sion of 10~* would require 2 x 10" quantum cir-
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cuit shots. With a quantum computer operating
continually at clock speed of 1MHz, this would
take around six years.

All of this suggests that variational quantum
algorithms—and in particular quantum machine
learning algorithms—are in dire need of ansétze
that allow for faster gradient estimation than
with the parameter-shift rule, and a number of
works have explored other methods [9, 10, 11, 12,
13, 14, 15, 16| and frameworks [17] to this end.
For generic, unstructured parameterised quan-
tum circuits, fast gradient estimation appears dif-
ficult to achieve however, since backpropagation-
like scaling is known to be impossible given ac-
cess to only single copies of an unknown input
state [18]. In order to make progress in this direc-
tion, it therefore seems necessary to focus atten-
tion on specific circuit structures. In some sense
this should not be surprising: building successful
machine learning models has always been about
finding well-designed structures that are tailored
for fast optimisation, and one should not expect
this to change when moving to quantum models.

In this work we present classes of parame-
terised quantum circuits that allow for faster gra-
dient estimation than parameter-shift methods.
In the simplest case (Sec. 3), these circuits feature
mutually commuting parameterised gates, which
we call commuting-generator circuits. Although
gates in these circuits commute and can thus be
simultaneously diagonalised, both the input state
and final measurement need not be in this basis,
which prevents classical simulability. The restric-
tion to commuting gates allows the gradient esti-
mation to be parallelised over the parameters of
the circuit: whereas the parameter-shift method
requires sampling from a pair of circuits for each
parameter, our method returns the complete gra-
dient vector to the same precision by sampling
from a single circuit of the same number of qubits.
This can lead to enormous savings in the num-
ber of circuit shots and in certain cases matches
the scaling of backpropagation’. Surprisingly,
this class of circuits even allows for parallelisa-
tion when estimating the Fisher information ma-
trix, and all partial derivatives of a given degree
(at the cost of exponentially increasing variance
with degree). This is something which even neu-

We note that our work does not represent a quantum
version of the classical backpropogation algorithm, but is
a different approach with comparable scaling guarantees.

ral network models cannot offer, and opens up the
possibility for efficient higher-order optimisation
methods.

We also show (Sec. 4) how one can go beyond
the restriction to commuting gates and design
classes of circuits with non-commuting parame-
terised gates that also allow for parallel gradi-
ent estimation, which we call commuting-block
circuits. Here, the circuits must have a specific
block structure, such that gates commute within
blocks, with generators from distinct blocks hav-
ing a fixed commuting or anticommuting relation.
Due to this extra freedom, parameterised circuits
from this class can be more expressive than their
commuting counterparts. This raises the ques-
tion of what are the ultimate limits of express-
ibility of these models, which we leave as an open
question.

We then present two specific examples of
commuting-generator circuits and derive the cor-
responding circuits needed for the evaluation of
partial derivatives (Sec. 5). The first of these
circuits is used as a basis to construct a quan-
tum model whose layers are equivariant with re-
spect to translation permutations of qubits. This
model is compared against another translation-
equivariant model that features non-commuting
gates, and against a quantum convolutional neu-
ral network at a classification task with trans-
lation symmetry (Sec. 6). Simulating 16-qubit
models, we show that the circuit with commut-
ing generators achieves the lowest training cost
and the best test accuracy of the three models,
using orders of magnitude fewer circuit shots.

Going forward, we hope our work encourages
a move away from viewing generic unstructured
quantum circuits as viable ansétze for optimisa-
tion and machine learning, and highlights both
the need for and potential of creating quantum
circuit ansétze with well-designed and fit-for-
purpose structures.

2 Backpropagation scaling in parame-
terised quantum circuits

The class of circuits we consider in this work
take the form of classically parameterised quan-
tum circuits:

C(6) = (0| UT(8)HU(8) |0) (1)
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Figure 1: (a) The simplest type of circuit class we consider, which we call commuting-generator circuits. An arbitrary
unitary V' is applied, followed by a parameterised quantum circuit comprised of gates exp(—i0;G;) with mutually
commuting generators GG;. An observable H is measured on some subset of the output qubits, and for each G either
(i) H commutes with G; or (ii) H anticommutes with G;. (b) The standard method to estimate the gradient of
quantum circuits is via parameter-shift rules. For gate generators with two distinct eigenvalues, the partial derivative
with respect to each parameter is evaluated by estimating the difference between two circuits, where the parameter
in question has been shifted. The resources required using this method can therefore be much larger than those
required to estimate C'(@), which can be prohibitively expensive for circuits with thousands of parameters. (c) The
corresponding circuit used for parallel gradient estimation. A unitary Dogq (or Deyen) is applied to the original circuit
and the circuit is sampled from in the computational basis M times. All odd (or even) partial derivatives can then be
estimated to additive error € = O(ﬁ) by classically post processing the outcomes. In the case that all generators
and the observable are stabiliser operators, the unitaries Deyen, Dodd are Clifford unitaries and the post-processing
consists of evaluating expectation values of subsets of qubits only.

where each component has variance O(1/M). The cost
. of gradient estimation via this method is there-
U(e) = He_chj 2 fore larger than the cost of estimating C(0) by
J a factor proportional to the number of trainable

is a unitary operator with Hermitian generators parameters.
G; and classical parameters 6, and H is some In similar spirit to [18], we define a method to
Hermitian observable. On hardware, by measur- have backpropagation scaling if it returns an un-
ing H and collecting M shots, one obtains an un-  biased estimate of VC(8) to the same precision
biased estimate of C'(@) with variance scaling as  as (C'(@), with a logarithmic overhead in the num-
O(1/M). ber of parameters compared to the evaluation of

To compute the gradient VC(@) of such cir-  C(0).
cuits, the most common approach is to use
parameter-shift methods [19, 5, 6, 7, 8, 20|. In the

simplest case of gate generators with two distinct Definition 2.1 (backpropagation scaling)

eigenvalues, an unbiased estimate of the gradient Consider a parameterised quantum  circuit
can be obtained by evaluating two circuits for ev- of the form (1) with n parameters, which returns
ery parameter in the model, so that an unbiased estimate of C(0) with wvariance
O(%) by sampling M shots from the circuit.
oC M ‘
90, = C(0 +aj) - C(0 — ay), (3) Denote by TIME(C) and MEM(C) the time
J

and space complexity of this procedure, and
with a; a vector with zeros on all components by TIME(VC) and MEM(NVC) the time and
except the j™. To obtain an estimate of the gra- space complexity of obtaining an unbiased esti-
dient to the same precision as C(8), one therefore mate of the gradient with elementwise variance
needs to take M shots from each circuit, so that O(1/M). Then we say that a gradient method
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has backpropagation scaling if

TIME(VC) < ¢, TIME(C) (4)
and

MEM(VC) < ¢,y MEM(C') (5)
with ¢, ¢y = O(log(n)).

In this work, we will present families of circuits
and gradient methods that achieve such scaling,
even obtaining examples where ¢, ¢, have con-
stant scaling.

3 Commuting-generator circuits

The first class of circuits we consider consists of
arbitrary input state preparation, mutually com-
muting parameterised gates, and measurement of
an observable (see Fig. 1(a)). These circuits are
thus given by

C(0) = (0| VIUT(@)HU(O)V |0), (6)

where V is an arbitrary unitary, H is an ob-
servable, and the parameterised unitary takes the
form

U(6) = [[ exp(—ic6;) )

J=1

such that [G;,Gi] = 0V j,k € [n], where we
adopt the notation [n] = {1,---,n}. We fur-
ther restrict our attention to observables H such
that for each G; we have either [H,G;] = 0 or
{H,G;} = 0; ie. agiven G, either commutes or
anticommutes with H. This is the case, for ex-
ample, if all generators and observables are ten-
sor products of Pauli operators. We remark that
many applications involve evaluating sums of ob-
servables of this form, since any Hermitian multi-
qubit operator can be decomposed in the Pauli
basis. Here we will consider just a single H for
simplicity however; evaluating gradients for sums
can be achieved in the usual way by summing the
contributions of individual observables.

We will refer to such circuits as commuting-
generator circuits. Note that this class differs
from the ‘commuting quantum circuits’ [21, 22]
commonly studied in complexity theory due to
the arbitrary unitary V' at the start of the circuit.
Interestingly, circuits in this class allow for par-
allel gradient estimation in the following sense.

Theorem 1 Consider a commuting-generator cir-
cuit C(0) of the form (6). Then an unbiased es-
timator of the gradient

vC(0) = (80’ %3 760) (8)

001" 00 a0,
can be obtained by classically post-processing a
single circuit C' with the same number of qubits
as C. As the measurement statistics of C' are
used to estimate all derivatives simultaneously,
the wvariance of each derivative estimator scales
as O(1/M), where M is the total number of shots
used to evaluate C'.

Proof—Since the generators commute, we have

S 1wl UG HU@) o). (9)
where |¢)9) = V'|0). The gradient with respect
to 0; therefore corresponds to measuring the ex-
pectation value of the observable O; = i[G;, H]
on [thg), which vanishes if G; and H commute. It
follows that we only need to consider those gen-
erators that anticommute with 7. Consider two
such generators G;, G. Using anticommutativity

we have i[G}, H] = 2iG;H and so
[0, Ok] = [ilG;, 1], i[Gk, H]]
= —4(G;HGLH — GLHGH)
=0. (10)
The operators O; therefore mutually commute
and can be simultaneously diagonalised. Denot-

ing by {|¢;)} the basis in which the O; are diag-
onal, we have

;=Y nO) W wil ()

with {\;(O;)} the corresponding eigenvalues of
Oj. To estimate the gradients in parallel, we use
the same circuit as C'(0) but measure in the basis
{|i)}, i.e. we sample from the distribution

P(i) = | (sl U(B)V [0) |*. (12)
From (11) and (9) we have
5. = Eroln(0,)] (13)
oC

shots
and estimating the

We estimate 96, by
{i1,--+ ,ip} from P(q)
expectation value (13) by

sampling M

oc 1Y
96, ~ ];Aik(Oj)‘ (14)
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From the central limit theorem, since the variance
of the sample mean of a bounded random variable
scales as O(1/M), we have proven the claim. Wl
Although the basis {|#;)} in which the O; are
diagonal must exist, one may still encounter a
difficulty in finding or implementing the unitary
that rotates to this basis. In some cases this pro-
cedure may be simple however. For this reason
we will often focus on circuits whose generators
and observables are Pauli products (tensor prod-
ucts of operators in {I, X, Y, Z}) and will call this
class of circuits commuting- Pauli-generator cir-
cuits. For these circuits, the operators O; are also
Pauli products, and this implies that the diago-
nalizing unitary can be implemented efficiently.

Corollary 1 Consider an N-qubit commuting-
Pauli-generator circuit. Then the gradient can
be estimated in parallel by a circuit C' with the
same number of qubits as C' and a depth at most

0 (lo]gVN) more than C.

The above depth bound follows from [23, Cor 1.1];
note that one can also reduce the depth further
to O(log N) at the expense of additional auxiliary
qubits. Here, the diagonalising unitary D is Clif-
ford, and partial derivatives therefore correspond
to evaluating products of Pauli Z operators on
subsets of qubits. Efficient algorithms to simul-
taneously diagonalise sets of stabiliser operators
also exist |24, 25, 26|, and for sets of operators
with a lot of structure, suitable circuits can be
found by hand (as we will see in Sec. 5.1).

Although the above depth bound scales with
N, for some choices of generators and observ-
ables, the diagonalising unitary has constant
depth. In these cases, the gradient evaluation
therefore comes at the same computational cost
as model evaluation, thus allowing for backpropa-
gation scaling. In Sec. 5 we will see two examples
of such circuits.

3.1 Higher order partial derivatives

By repeating the same process as in the proof of
Theorem 1, one finds that the partial derivatives
of any order can also be estimated in parallel.

Theorem 2 Consider a commuting-generator cir-
cuit C(0) as in Theorem 1 and a fized integer t.
Unbiased estimates of all t™ order partial deriva-
tives of C can be obtained by classically post-
processing a single circuit C' with the same num-

ber of qubits as C. The variance of each deriva-
tive estimator scales as O(1/M), where M s the
total number of shots used to evaluate C'.

Proof—We start by considering the case t = 2.
Differentiating (9) again we find that the second-
order partial derivatives are

ac?
90,00,

—4 (1ho| UT(6)G;GHU(0) |yho)  (15)

if both G and G}, anticommute with H, and are
zero otherwise. Note that in the non-zero case
one has [G;GH,G G H] = 0, so that these par-
tial derivatives can also be measured in parallel
by post-processing measurements performed in a
single basis. Continuing this pattern and defining
the multi-index o € [n]’, one finds that the ¢
order partial derivatives are

act 4 T d
== =2 (4o UT(6) | [ Gar | HU(O) lh0)
s =1
(16)
if the Gy, - , G, all anticommute with H, and

zero otherwise. The non-zero t** order derivatives
can therefore be evaluated by measuring the ob-
servables

t
Oy = i'2 (H Ga[> H. (17)
/=1

Once again, we find [Oq,Oq] = 0 and so the
' order partial derivatives can also be obtained
in parallel with variances scaling inversely with
the number of shots to C’. Due to the factor
2t the variance of the estimators will generally
increase exponentially with the derivative order
and thus in practice only reasonably low orders
are within reach. However, this approach does en-
able approximate second-order optimisation with
only a constant overhead in quantum resources
compared to first-order methods.

Finally, we note that the form of (17) allows
for an even stronger statement than Theorem 2.

Corollary 2 Consider a commuting-generator
circuit C(0) as in Theorem 1. There exist two
circuits C?,,, and C',, with the same number
of qubits as C such that all partial derivatives
of even (resp. odd) order can be estimated by

classically post-processing the circuit C,,,, (resp.

Codd)-
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To see this, consider two observables Oy # 0 #
Oy with a € [n]t and o' € [n]!" where t and #'
need not coincide. Then we find [Og, Oy] = 0 if
the parities of ¢ and ¢ are the same (¢ = t'mod 2),
and so all even (resp. odd) partial derivatives can
be estimated in parallel.

3.2 Fisher information matrix

So far we have considered partial derivatives of
cost functions as in Eq. (6). We now turn to the
quantum Fisher information

Fiv = Re{(vol [9;U1(6))0:U(0) [¢0)} (18)

— (vo| [8;UT(8)]U(8) [0) (0| UT(8)8.U(8) [100)

of the parameterised quantum state; it may be
used for diagnoses of the prepared state itself
[27, 28, 29|, or to compute the quantum natu-
ral gradient which can be used for training [30].
For a commuting-generator circuit, we find that

[0;U7(8)]0,U(6) = GG}, (19)
U'(6)o,U(8) = —iG;. (20)

This means that the Fisher information reduces
to the covariance matrix of the generators in the
encoding state [1g) = V' [0):

fjk = COV(Gj,Gk)Ww. (21)

Note that all matrix entries can be measured in
parallel because the generators commute. Fur-
thermore, F does not depend on @ but only on V',
so that the same Fisher information matrix can
be used throughout the optimisation. Finally, we
remark that some choices of encoding unitaries V'
and gate generators even allow for a classical eval-
uation of F, making the overhead of the quantum
natural gradient purely classical. An example for
this are the encoding and the generators used in
Model A in Sec. 6. Overall, this makes estimating
the natural gradient of commuting-generator cir-
cuits feasible in practice, provided that the num-
ber of parameters n allows for inversion of an nxn
matrix on a classical computer.

3.3 Simulability

A natural question to ask is under what condi-
tions commuting-generator circuits admit an ef-
ficient classical simulation. Since V is arbitrary,
one cannot expect to sample from the output dis-
tributions of such circuits in general. However,

this holds even for V = 1. For example, by choos-
ing a commuting circuit with Pauli generators in
the X basis, and an observable in the Z basis,
one arrives at a parameterisation of the class of
IQP circuits |21, 22|, for which sampling is known
to be hard (up to non-collapse of the polynomial
hierarchy) [21].

However, for the weaker task of expectation
value estimation, commuting-Pauli-generator cir-
cuits can become classically tractable under cer-
tain conditions. More precisely, the results of [22]
imply the following.

Corollary 3 Consider a commuting-Pauli-
generator circuit with initial unitary V and
observable

H=FZpIle QIF (22)

for some Clifford unitary F'. Then if FV |0) = |x)
for some computational basis state |x), there is an
efficient classical algorithm that estimates C(6)
to the same precision as the quantum circuit.

For a proof of the above, see App. A.

Note that the dynamical Lie algebra (DLA)
(see Sec. 4.1 for a definition) of any commut-
ing circuit with polynomial depth is Abelian and
has polynomial size. Therefore, somewhat simi-
lar to the Corollary above, any input state and
measurement observables with efficient classical
representations that are compatible with a com-
pressed representation of the DLA will lead to
classical simulability as well [31, 32].

4 Commuting-block circuits

We now present a larger class of circuits which
retains the property of fast gradient estimation.
These circuits have a similar structure to the com-
muting generator circuits, however the parame-
terised part of the circuit consists of blocks of
commuting gates (see Fig. 2). These blocks are
such that while generators within a given block
commute, generators between different blocks
have a fixed commutation relation (either com-
mutation or anticommutation). More precisely,
if G1 = {G}} and Go = {G}} are the generators
from two distinct blocks 7, k then one has either

[G},Gﬂzow,k or {G},Gﬁ}:ow,k.
(23)
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Figure 2: (a) The commuting-block circuit ansatz of Thm. 3. The blocks U;(6;) are commuting blocks with the
same constraints as in Fig. 1. Generators between blocks have a fixed commutation relation: for any pair of blocks
U, Uy, either (i) all generators from block j commute with all generators from block %, or (ii) all generators from

block j anticommute with all generators from block k.

(b) The circuit used to estimate the partial derivatives of

those generators G; of block b that anticommute with H. Here D is the unitary that diagonalises the operators
{2¢G;M}, and the unitaries W;, and W} are defined in (26) and (27). For generators G; that commute with 7, one
replaces W3 by iW;, and D diagonalises the operators {2G;H}.

A general circuit in this class with B blocks there-
fore has the form of (6) with

= exp(—iGBHB eXp —zGl
11 j

(24)

with the blocks G, = {Gg’-} respecting the afore-
mentioned commutation structure. We will call
such circuits commuting-block circuits. Gradients
of these circuits can be evaluated with a number
of circuits that scales with the number of blocks
rather than the number of parameters, in the fol-
lowing sense.

Theorem 3 Consider an N-qubit commuting-
block circuit with B blocks. Then an unbiased
estimate of the gradient VC(6) can be obtained
by classically post-processing 2B — 1 circuits on
N + 1 qubits with increased depth. The variance
of the estimator of each partial derivative scales
as O(1/M) where M is the number of shots used
to evaluate each circuit.

We now explain the procedure to estimate the
gradient; the full proof can be found in App. B.
To estimate the gradient of the b*™ block we use
a technique based on linear combination of uni-
taries methods [33]. Since we focus on block b we
will drop the block index on the generators, so
that G; = Gé’-. Define

[n) = U(6°) - Ua(6*)U1 (81)V [0), (25
i.e. the state after the b*™ block, and
Wy(8) = Up(67) - Upy2(6")Upy1 (6.
(26)

We first define two sets of Hermitian observables:
= {0,} = {2G;H}, for j such that G; and
H commute, and O = {O;} = {2iG;H}, for j
such that G; and H anticommute. In contrast
to commuting-generator circuits, the generators
in Oy contribute to the gradient although they
commute with H, which is due to the circuit W}
applied after the b block. Note that all gener-
ators in either Oy or O; mutually commute and
so can be simultaneously diagonalised. We first
focus on the partial derivatives corresponding to
the indices j appearing in ;. One implements
the circuit shown in Fig. 2 (b) to produce the
quantum state [¢)), where D is the unitary that
diagonalises the observables in Oy, and W}, is de-
fined by
W,Gj = G;Wy. (27)
For example, if generators in block b anticom-
mute with all generators in W, then W), has the
same form as W with @ replaced by —6. For this
circuit one finds
(1| Z ® DO;DT |4h) = 9,C(). (28)
Since D diagonalises the Oj, the partial deriva-
tives are obtained by sampling the circuit in the
computational basis via post-processing analo-
gous to (14). For Oy the process is the same,
however one replaces W by W} in the circuit
and uses a unitary D that diagonalises the ob-
servables in Oy. For each block we therefore re-
quire two circuits, however the generators that
commute with H in the final block have zero gra-
dient; hence 2B — 1 circuits suffice.
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Figure 3: An instance of an X-generator circuit for 5 qubits (left) and the corresponding circuit used for gradient
estimation (right). The parameterised gates are generated by products of Pauli X operators on different subsets
of qubits and the observable is a product of Pauli Z operators on a subset of qubits. To estimate the gradient,
an additional circuit D is added, which involves performing a controlled Z gate between all qubits on which the
observable acts non-trivially. Here H, is the single-qubit Hadamard unitary that switches between the X and Y
bases. To estimate the gradient of one of the gates (highlighted in yellow), one evaluates the expectation value of
the generator at the output of the circuit. Since all generators are products of X, one can estimate the gradient in

parallel by measuring each qubit in the X basis.

4.1 Increased expressivity with commuting-
block circuits

A natural question to ask is whether commuting-
block circuits have increased expressivity com-
pared to the single block circuits of Fig. 1. This
is indeed the case. To quantify expressivity we
will use the dynamical Lie algebra [34] of the gate
generators, defined as

DLA[{G;}] = spang ({iG;})vie (29)

where spang .S is the real vector space spanned by
the elements of S and (S)y;e is the Lie closure:
the set of nested commutators of operators in S.
As a simple example, a single-qubit ansatz with
the Pauli X and Y operators as generators has
the DLA = spanp{iX,iY,iZ} since [iX,iY] =
—2iZ. The class of unitaries that can be realised
by sequential uses of gates with generators {G;}
is given by [35, 36|

U = {e*|X € DLA[{G,}]}. (30)

Thus, the larger the dimension of the DLA, the
larger the expressivity of the ansatz. Note that
the dimension of the DLA cannot be larger than
4N | since this is the dimension of the space of
Hermitian operators acting on N qubits.

For a single block, since all generators com-
mute, the dimension of the DLA is given by
the dimension of the span of the generators, and
therefore cannot be greater than 2. This dimen-
sion can be achieved for example by considering
the 2V generators comprised of tensor products
of Z and I. To show that we can go beyond this
limit, consider a commuting-block ansatz consist-
ing of sequential uses of the following two blocks.

The first block is comprised of 2/V/2 gates that
are generated by G; € {I, Z}"V, where we con-
sider operators with an odd numbers of Zs only.
The second block contains a single gate gener-
ated by X®N . These blocks satisfy the condition
of mutual anticommutativity. A small calcula-
tion shows that the DLA is given by linear com-
binations of (i) the generators of the first block
(of which there are 2V /2) and (ii) all full-weight
Pauli tensors of X and Y operators (of which
there are 2V). Thus we have a DLA with di-
mension % -2V which is larger than the maximal
DLA for a single block.

4.2 Gradient scaling

The ability to train parameterised quantum cir-
cuits under random initialisation of the param-
eters is closely connected to the phenomenon of
barren plateaus [37], whereby the magnitudes of
cost function partial derivatives decrease expo-
nentially with the number of qubits. Recent work
has proven that if either the initial density matrix
or cost observable are in the DLA of the gate gen-
erators, then the scaling of the partial derivatives
is closely tied to the inverse of the dimension of
the algebra (34, 38|.

For commuting-generator circuits, the DLA is
simply the span of {G;} U I, which thus has a
polynomially bounded dimension for polynomi-
ally sized circuits. Unfortunately, the results of
[34, 38] cannot be applied to commuting genera-
tor circuits however, since the requirement that
the input state or observable be in the DLA im-
plies commutation with all generators, and the
gradients of such circuits will therefore vanish.
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The interesting cases for these circuits are there-
fore when both the input state and observable lie
outside of the DLA, however this is not covered
by the current theory.

For commuting-block circuits the DLA can
contain non-commuting basis elements, and so
non-trivial circuit structures that are free from
barren plateaus can in principle be constructed,
provided that the dimension of the DLA is kept
polynomial (here, results from [39] may be use-
ful). Nevertheless, one must be careful, since us-
ing an observable in the DLA can often render the
circuit simulable [31]. One may therefore need to
find a ‘sweet spot’ that avoids the criteria in [31]
for efficient simulation, but retains non-vanishing
gradients from the results of |34, 38|.

Finally, we stress that although barren plateaus
are often viewed as a practical barrier to training,
their existence does not necessarily prohibit effi-
cient training via strategies that do not initialise
parameters uniformly at random. For example,
alternative initialisation strategies [40, 41, 42, 43|,
layer-wise training [44] or classical pre-training
[45, 46] may be effective approaches to optimiz-
ing such circuits in practice.

5 Explicit constructions of commuting
circuits

In this section we present two constructions of
commuting generator circuits, and detail the ex-
plicit unitaries required for gradient estimation.
As we will see, both these constructions allow for
backpropagation scaling for gradient estimation.

5.1 X-generator ansatz

For this ansatz the generators are diagonal in the
X basis:

Gj=Gji@ @Gy e{LX}*" (31

and the possible observables are diagonal in the
Z basis:

H e {1, Z}%V. (32)

Recall that to estimate the gradient we need to
evaluate observables O; = 2iG;H for all G; that
anticommute with H. We begin with the simple
case where the observable is

H=27R1x L (33)

We need only consider generators that feature an
X on the first qubit. The corresponding observ-
ables O; take the form

0;=2Y®Gj2® - @GN (34)

and mutually commute as expected. In this case,
simultaneous diagonalisation is easy since the O;
are diagonal in the Y @ X ®- - -® X product basis.
To obtain estimates for all partial derivatives one
samples the N qubits in this basis and then eval-
uates expectation values of the relevant subsets
of qubits given by (34).

When there is more than one Z operator ap-
pearing in H the situation is a little more com-
plicated. Let us assume that H is of the form

7@ --Zele---a1, (35)

i.e. the Z operators appear on the first m qubits
only. Due to the symmetry of the ansatz, other
cases can be handled by permuting the qubits in
the corresponding circuits.

We now need to diagonalise the operators O; =
2iGjH (for {Gj,H} = 0), however the diago-
nalising unitary is no longer a tensor product of
single-qubit unitaries. In App. D we show that
the circuit of Fig. 3 diagonalises the O; in the
product X basis. This circuit involves applying
an z —y Hadamard on the first m qubits followed
by a controlled-Z between every pair of the first
m qubits. More precisely, the effect of the circuit
is to map the O; back to the Gj:

DO;D' = 2G;. (36)

Thus, the partial derivative 0;C(@) can be ob-

tained by estimating the expectation value of G;

at the output of the circuit of Fig. 3. Since the

{G;} take the form (31), one simply needs to

measure each qubit in the X basis and construct

the expectation value from the relevant subset.
The second-order derivatives are given by

0;C = (0| ViU (@)0U @)V 0)  (37)

with Oj;, = —4G ;G H such that both G and Gy,
anticommute with H. The {O;;} can be diago-
nalised by a similar circuit to D: one applies a
z —y Hadamard on the first qubit, followed by D
(see App. D). With this one finds

DH)0,HS) Df = (=1)"14x VGG, (38)
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Figure 4: A commuting-generator circuit family with nonlocal generators and Hamiltonian (left). The similarity
in structure between the Hamiltonian and the generators allows to measure all gradient entries in parallel without
an additional basis change, simply by measuring in the computational basis and post-processing the samples into
expectation values of products of Pauli Z operators (right).

where 81 = 0 if G;1G)1 = X and 1 otherwise.
The second-order partial derivatives can therefore
be obtained by replacing D by DH 2/) in Fig. 3,
measuring in the X basis and estimating the ex-
pectation values of the relevant subset of qubits
given by (38).

Note that, if we restrict to local observables
(i.e. m is upper bounded by a constant for all
N), then the diagonalising unitaries for both the
gradient and second order partial derivatives are
of constant depth, and we achieve backpropaga-
tion scaling for the gradient estimation.

5.2 Circuits with nonlocal generators

Here we give another construction that uses fully
nonlocal generators. While it generally comes at
the cost of larger circuit depths, we will see that
this structure allows the gradient of a sum of ob-
servables to be estimated from a single circuit.
The generators we consider take the form

Gj e {X, oY (39)
with an odd number of Y’s in each generator.
The observables take the same form

He {X,Y}oN (40)
but with an even number of Y’s. One sees that
the observables O; = 2iG;H are up to a sign fac-
tor given by products of Z operators on those
qubits on which G; and H differ. The gradient of
(H) can therefore be estimated by sampling each
qubit in the Z basis and estimating the relevant
expectation value. This holds true for any ob-
servable H,, of the form (40). Thus we can in fact
estimate the gradient of any operator

H=> hyH, (41)

by measuring the same circuit in the Z basis and
postprocessing. Since the depth of the gradient
evaluation is the same as the model, we achieve
backpropagation scaling.

6 Numerical study: learning transla-

tionally invariant data

Although the circuits introduced in this work re-
quire much fewer circuit shots to optimise, it re-
mains unclear if their limited structure makes
them suitable in practice. In this section we in-
vestigate this by using a machine learning prob-
lem based on classifying 1D translationally in-
variant data. We first construct a 1D transla-
tion equivariant quantum model based on the X-
generator ansatz of Sec. 5.1 that is tailored for
learning data with this structure. We then train
this model (Model A) and compare it against
three other models: a 1D translation equivariant
quantum model with non-commuting generators
(Model B), inspired by a recently introduced per-
mutation equivariant model [47]; a quantum con-
volutional neural network [48, 49| (Model C); and
a simple separable quantum model (Model D). As
we will see, the commuting circuit model (Model
A) performs the best of the four models whilst
requiring much fewer circuit shots to train. This
suggests that commuting-generator circuits may
generally perform as well or even better than
other proposed models from the literature, and
could therefore represent a powerful model class
for machine learning tasks. Code to reproduce
our numerical results is available online [50].
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Figure 5: (a) We generate two types of 16-dimensional vectors corresponding to either bars (label 1) or dots (label
2). Independent Gaussian noise is added to generate the input data for the classification task. Note that the labels
of the data set are invariant to translations of the elements of the vectors. (b—c) The two translation equivariant
models we benchmark for this problem. Here ‘4+ sym’ denotes symmetrisation of the generator over 1D translations,
eg. X; + sym = X; + Xo---+ X,. The model in (b) features X generators only, and can therefore exploit the
parallel gradient evaluation described in Sec. 5.1. The model in (c) is a translation equivariant version of the model

in [47] and features non-commuting generators.

6.1 The learning problem: learning bars and
dots

The dataset we consider can be seen as a simple
1D version of the bars and stripes data set that
we call ‘bars and dots’ (see Fig. 5 (a)). Each data
point x; is a d-dimensional real vector, which cor-
responds to a bar (class 1) or dots (class 2). A
bar vector is constructed by setting the values
of |d/2] neighbouring elements of the vector to
+1 and the remaining values to —1. A dots vec-
tor corresponds to alternating +1 values. The
dataset is created by setting d = 16, sampling
random bars and dots vectors, and then adding
independent Gaussian noise (with variance 1) to
each element of the vector. The learning prob-
lem is a simple binary classification problem to
predict whether a given vector belongs to the bar
or dots class (corresponding to a label y; = +1),
and the figure of merit we consider is the usual
class prediction accuracy on a test dataset con-
sisting of 100 input vectors. During the training
phase, we generate a set of 1000 input vectors
and train each model with the adam optimiser
using batches of 20 input vectors per update, an
initial learning rate of 0.01 and gate parameters
initialised uniformly random in [0, 27]. All mod-
els are trained using the binary cross entropy loss

—Zlog P(yi|zi, 0) (42)

where the probability P(+1|x;,0) is given by
o(6(H)), where o is the logistic function and H is
normalised such that |[(#)| < 1. In practice, we
observed that this gives better results than taking

for example P(+1|x;,0) = (1 +H)/2.

6.2 Quantum models

Each model corresponds to a quantum circuit
with N = 16 qubits, where the data is encoded
into the circuit via single-qubit Pauli Y rotations
given by the data encoding unitary

d .
Vo= Qexp (~5aV) (13

r=1

with z(™ the r** entry of . Note that we have
chosen a specific scaling of the data in the above;
in practice we found that this generally gives
good results compared to other scalings, how-
ever we have not performed a detailed investi-
gation into the effect of different data scalings on
each model. After this data encoding layer, each
model consists of a parameterised unitary fol-
lowed by measurement of an observable H, where
we use sign((H)) as our class prediction label.
The parameterised unitaries for each model are
as follows.

Model A: FEquiwariant X -generator circuit—
This model is an instance of the X-generator
ansatz of Sec. 5.1, and is depicted in Fig. 5(b).
To construct a model with equivariant layers, we
need to consider gate generators that commute
with the symmetry group that corresponds to
the label invariance of the data [51, 52|. From
our choice of data encoding, the translation sym-
metry of the data is represented by translations
of the qubit subsystems; i.e. translating the ele-
ments of the input vector @ results in a new data
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encoding unitary SV, where S is an operator
that cyclicly permutes the qubits. We therefore
consider generators that are symmetric with re-
spect to this symmetry group. The simplest of
these corresponds to the operator

X1+ Xo+-- Xg=sym(Xy),  (44)

where sym(X1) is the twirling operation [53, 51|
that symmetrises a given operator with respect
to 1D cylic permutations. Two-body generators
are therefore given by sym(X;X,) for different
choices of r. The ansatz uses all k-body genera-
tors up to some fixed K, which we leave unspec-
ified for now. By using an observable that also
respects this symmetry, we arrive at an equivari-
ant model whose label prediction is invariant to
the data symmetry. This follows from

(0| VISTU(6)HU (0)SV |0)
= (0| VIUO)THU(0)V2 [0),  (45)

where we have used the fact that S commutes
with H and U(@) by construction. To this end,
we consider the observable

H:Z1+Z2—|-'~-+Zd. (46)

Note that the gradient for each Z, can be esti-
mated in parallel via the method of Sec. 5.1, as
will be described shortly in Sec. 6.3.

Model B: FEquivariant
commuting generators—This model (see Fig.
5(c)) can be seen as a translation equivariant
analogue of the permutation equivariant model
presented in [47]. The model consists of L layers
where the generators in each layer are given by
sym(Zy), sym(Y1) and sym(X;X,). The final
observable H = sym(Z;) is the same as for
Model A. Since this model is not of the form
of a commuting-generator or commuting-block
circuit, gradient evaluation will be assumed to
be via the parameter-shift rule.

Model C: Quantum convolutional neural net-
work—We also train a quantum convolutional
quantum neural network [48, 49]. We construct
the model based on the architecture in [49], using
a 10-parameter convolutional circuit (circuit 7 of
Fig. 2 therein). Here the observable is given by
H = Z;. As with Model B, gradients are assumed
to be evaluated via the parameter-shift rule.

model with non-

Model D: Separable quantum model—As a san-
ity check, we also train a fully separable quan-
tum model. This model has 3 trainable parame-
ters per qubit that are used to optimise individ-
ual single-qubit rotations via the parameter-shift
method. The observable is H = sym(Z).

6.3 Calculating the required shots

Since we are interested in the number of shots
used to train the models, we would ideally es-
timate gradients using a finite number of shots
from each quantum circuit. However, the clas-
sical simulation of finite-shot gradients becomes
very resource intensive at larger qubit numbers,
making this approach inconveniently expensive.
For this reason we use numerically exact stat-
evector simulations and automatic differentia-
tion, which returns the exact gradient and can
in principle result in different behaviour com-
pared to a finite-shot scenario. To account for
this, we add independent Gaussian noise with
zero mean and standard deviation € = 0.1 to the
gradient vector before updating the parameters.
This roughly approximates the shot noise that
one would encounter from sampling M = 1/e? =
10000 shots from each quantum circuit involved
in gradient evaluation.

We now proceed to calculate the number of
shots needed to estimate the gradient for a fixed
input « for each of the four models. For addi-
tional details of the calculation, also see App. F.
For Model A, the gradient for each Z, can be
estimated using the parallel gradient method of
Sec. 5.1. For example, for r = 1, if we consider
the generator sym(X;) with parameter 6; then

O OV @)l sym(X1), A]U(O)Vz 0

= (0| ViUT(8) (01 + - + 04) U(8) V4 |0),
(47)

where O; = i[Xj, Z;]. It follows that each com-
ponent of the gradient is obtained by summing
contributions from operators O; of the form (34),
which we have seen can be performed in parallel.
Since we need to do this for each Z, in H, the
gradient evaluation requires M - d shots in total.

For Model B, similarly to above, considering
the first generator sym(Z;) with parameter 6; we
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Figure 6: Numerical results for the ‘bars and dots’ learning problem using 16-qubit models and numerically exact
gradient evaluation (simulated using PennyLane [54] and JAX [55]). All models are trained using the cross entropy
loss and we assume M = 10000 shots per circuit used for gradient estimation. The plots show the results after 100
gradient steps using the adam optimiser, for 19 trials per model (average values given by thick lines). The highest
average accuracy is achieved by the commuting-generator model, despite requiring two orders of magnitude fewer

shots.

find

O i (0l Visym(2)U (0T (0)Va [0
1

— i (0| ViU (O)YHU (8)sym(Z1)Vy |0)
(48)

which is equivalent to a sum of d partial deriva-
tives for gates with generators Z,. by expanding
the sum in sym(Z7). Via the parameter-shift rule
we therefore need to evaluate two circuits per
Pauli generator used in the circuit. Note that
since one measures H directly here, we do not
need to evaluate a different circuit for each Z,
appearing in H, unlike in the parallel method.
The total number of shots required is Mp =
M [d*(L — 1) + 3d(L + 1) — 2] for L layers on d
qubits (see App. F for details).

For Model C, we need to be more careful, be-
cause not all gates are generated by Pauli words,
since the convolutional network also uses con-
trolled Pauli rotations. We compute the required
shots to be Mo = M (56d — 80).

Finally, for Model D the gradient of each Z,
depends only on qubit r because the circuit is
separable. Thus we can use the parameter-shift
rule in parallel and a full gradient evaluation re-
quires only 6 shots.

We see that the parallel method scales with
d, whereas the parameter-shift rule scales with
the number of Pauli generators: in a regime in
which the number of parameters or the num-
ber of gates is much larger than the number of
qubits, this can have a dramatic effect on shot

efficiency. In our numerical experiment, Model
B systematically suffers from this because it uses
O(Ld?) gates, whereas Model C merely suffers
from a constant-factor overhead of 56, which is
significantly larger than d = 16. This means that
Model C asymptotically requires the same num-
ber of shots as Model A, namely O(Md), however
at the price of being limited to O(d) parameters.
In Table 1 we show the number of parameters
and circuits for each model for the case d = 16
considered here.

Finally, we note that in the case of Model A,
since gradients are estimated in parallel, correla-
tions could exist between measurement outcomes
that correlate the noise in the gradient vector in
undesirable ways, although this will be less of a
problem the higher the precision of the estimate.
To investigate this, in App. E we present results
for a 6-qubit version of Model A, using a complete
finite shot analysis with 500 shots per circuit, and
observe that the behaviour of the model closely
matches that of the exact gradient.

7 Results

In Fig. 6 (a) we show the results for the 16-
dimensional bars and dots problem, considering
19 trials for each model, and 100 training steps for
each trial. The results for Model D can be found
in Fig. 9 in the appendix; we do not include them
here since the model performs very poorly com-
pared to the others. For Model A, we consider
a model containing all generators up to 3-body
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Model # parameters n | # circuits
A (commuting) 44 16
B (non-commuting) 40 1006
C (qg. convolutional) 48 816
D (separable) 48 6

Table 1: Specifications and resource requirements for
each model for the 16-qubit classification problem we
consider. n is the number of trainable parameters, and
# circuits is the number of unique circuits that need to
be evaluated in order to estimate the gradient for a given
input x.

interactions (so K = 3), and for Model B we set
the number of layers to L = 4. This ensures that
the models have approximately the same number
of trainable parameters. In Tab. 1 we show the
number of parameters and the number of circuits
required for gradient evaluation.

The horizontal axes of Fig. 6 show the (cu-
mulative) number of shots used for the train-
ing, computed as described above, and assum-
ing M = 10000 shots per circuit. As expected,
Model A requires dramatically fewer shots, and
completes the 100 gradient steps before the first
gradient update of the other models is available.
For this problem, this translates to a roughly two
orders of magnitude reduction in circuit shots.

The training dynamics of the three models vary
significantly, with Model C exhibiting a strongly
fluctuating batch loss. Interestingly, this model
achieves a lower average batch loss than the other
models, however this is not in contradiction to
the poorer test accuracy. Consider for example
a model whose label prediction probabilities are
close to 1 on all inputs, but such that sign(#)
always returns the correct label. This model will
have perfect accuracy, however the expected cross
entropy on any dataset can be arbitrarily close to
—log(3) ~ 0.69. Essentially, a similar effect is at
play here; Model C is more confident in its pre-
dictions than Model A and B (resulting in a lower
cross entropy), however its prediction sign(#) is
more likely to be incorrect.

Both equivariant models (A and B) exhibit
smoother training dynamics and achieve much
higher test accuracies. This suggests that equiv-
ariant architectures of the form presented here
may be better suited to learn translation invari-
ant data than previous proposals of quantum con-
volutional models (however we stress that a more

involved hyperparameter optimisation and longer
training times would be required to make a con-
clusive statement). Most importantly, the re-
striction to commuting generators appears not to
compromise the performance of Model A, which
even achieves the highest average test accuracy
of all models. We expect that the flatter training
curve of Model B is a reflection of a flatter cost
landscape for this model; this may be linked to
the fact that model has a larger DLA than Model
A.

8 Discussion

Although the results of Sec. 6 provide some in-
dication that commuting-generator circuits can
perform well at tasks of interest, it remains to
be seen whether their reduced expressivity com-
pared to general ansétze remains sufficient to ex-
pect advantages over classical models when tested
at scale. An important route to clarify this issue
would be to understand the limits of expressiv-
ity of commuting-block circuits. As we have seen
in Sec. 4.1, increasing the number of blocks can
result in a larger expressivity compared to single-
block ansétze, however it remains unclear how
far one can push this under the constraints on the
circuit generators. Since these constraints involve
mutual anticommutation between blocks, a nat-
ural starting point could be to consider maximal
sets of mutually anticommuting Pauli tensors, of
which it is known that there cannot be more that
2N +1 [56]. Such a set can be found for example
by considering the Jordan-Wigner form of a set
of Majorana operators, which we detail in App.
C. We note that a recent work [57] has made sig-
nificant progress in this direction, showing that
the commuting-block generator construction of-
fers and optimal trade-off between expressivity
and gradient efficiency. A further work [58] in-
creases expressivity by using probabilistic mix-
tures of commuting circuits.

An alternative route to increased expressivity
would be to consider greedy layer-wise training.
Here, one would train a sequence of layers in the
order they are performed, where each layer con-
tains mutually commuting generators. By view-
ing previously trained layers as part of the initial
unitary V in a commuting-generator circuit, pa-
rameters can be trained in parallel. Note this
goes beyond the commuting-block circuit ansatz

Accepted in { Yuantum 2025-09-06, click title to verify. Published under CC-BY 4.0. 14



since we no longer require a fixed commutation re-
lation between generators in differing layers. Al-
though this strategy allows for universal quantum
computation [59], it remains to be seen if layer-
wise training is sufficient for good performance at
scale.

Our results could also have significant im-
pact across fields other than machine learning, in
which quantum circuit optimisation plays a role.
For example, can one construct problem-inspired
ansitze based on our circuits in a similar spirit
to QAOA? For the X-generator ansatz with the
choice V =1, it is known that no superpolyno-
mial advantage with respect to the approximation
ratio is possible relative to classical algorithms
[60]. However, considering other choices of V' or
non-commuting layers via the commuting-block
class may lead to faster variational algorithms for
optimisation.

One other area that is in critical need of re-
source reductions is quantum chemistry, where
the need to evaluate a large number of terms
that comprise the Hamiltonian can render op-
timisation unfeasible in practice [61]. Much
effort has been put into reducing this burden
e.g. via clever groupings of mutually anticom-
muting terms [62, 63] or additional preprocessing
steps of H [64], and our work can be seen as an
additional method that attempts to find savings
by exploiting commutation between circuit gener-
ators. It is nevertheless unclear whether our class
of circuits can provide a useful structure for vari-
ational quantum chemistry: for example, param-
eterised gate sets that respect particle-number
conservation in the Jordan-Wigner form do not
form a commuting set and cannot obviously be
put into a commuting-block form.

Finally, a key question with regards to quan-
tum machine learning is to identify interesting
symmetries that can be encoded into our circuits
beyond that of the 1D translation symmetry con-
sidered here. Here, there is a possible link to
quantum error correcting codes. Namely, suppose
we have a data symmetry whose representation
on the data-encoded quantum states corresponds
to the logical operators of some error-correcting
code. Then, since the code stabilisers commute
with these operators, they can be used as gener-
ators to construct equivariant gates. Identifying
data encodings and data symmetries that fit this
framework may therefore lead to specific applica-

tions that leverage the backpropagation scaling
of the quantum circuits proposed in this work.

9 OQutlook

The overriding message we hope to convey with
this work is that there is a strong need to move
away from generic, unstructured models in quan-
tum machine learning and towards specific cir-
cuit structures that are engineered to have desir-
able features. Indeed, works that consider un-
structured quantum circuits as viable machine
learning models often end up painting an overly
pessimistic picture due to the disadvantages of
working with an unreasonably large model class
[37, 65, 66, 67]. With regards to gradient esti-
mation, more focus on structured, non-universal
circuits like those presented in this work may be
necessary, since backpropagation scaling may be
impossible for general models [18§].

Although our work presents a potential route
to efficient training for supervised problems such
as classification or regression, we stress that more
progress may be needed for generative problems,
where access to log-probabilities—often required
to train large classical generative models—is un-
comfortably absent in quantum machine learning.
In the long run, we hope that more focus on find-
ing circuit architectures that can be trained at
scale will lead to a ‘neural network’ moment in
quantum machine learning, marked by the emer-
gence of the specific building blocks necessary to
construct scalable and powerful quantum learn-
ing models.
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A Proof of Corollary 3

The theorem follows from the results of [22] where
it is shown that it is possible to estimate the ex-
pectation value

| UNZole- DU |z) (49)

for any circuit U that is comprised of exponen-

tiated commuting Pauli operators e =" to pre-

cision € in poly(N,1) runtime. Here |z) is any

0 —H] ! { H—Z
p—— — —
) { —— NIRRT — »O;
N — - —

Figure 7: The circuit used to estimate the partial deriva-
tives of a commuting block.

computational basis input. For a circuit with
H = FTZ,F we need to estimate

C(0) = (0| VIUNO)FTZ,FU@)V|0)  (50)
= (0| VIFTUT(6)Z,U(0)FV |0)  (51)

for some other commuting circuit U(8) with Pauli
generators FG;FT. If FV|0) = |z) our expres-
sion therefore takes the same form as (49). Since
sampling the quantum circuit results in an e-
estimate of C(6) in run time %, it follows that
the same precision can be achieved by the classi-
cal algorithm with at most polynomial overhead
in N.

We note that for ‘strong’ classical simulation
of expectation values (i.e. exponential accuracy),
classical simulability does not hold in general [22],
however the quantum circuit itself cannot achieve
this precision.

B Gradient estimation of commuting-
block circuits
Here we prove Thm. 3. Consider a commuting-

block ansatz with B blocks. The cost C'(0) can
be written as

C(0) = (| WIHW [yy) (52)
where
[6) = Up(6") - Ua(6*)U1(6")V [0)  (53)
is the state after the b*" block and
W =Up(07) - Up2(8")Up1(6°71)  (54)

is the parameterised circuit after the b block.
The partial derivatives of the b block are then

oC

gt = (U0l GG, W IHW = iWIHWG) s,

(55)
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where G is the generator of the 4 unitary in
block b. Since all generators in the block share
the same commutation relation with other blocks,
we have

WG =G;W VG, (56)
for some other unitary W. For example, if gen-
erators from all other blocks anticommute with
those of block j then W(0) = W (—8) since

Gjeieka

S (57)

for {Gy, Gj} = 0. We may now write (55) as

oC oy ~ . s
e = (Y] (WTZGJ‘HW —(=1)% WTZGJ'HW) [y
J

(58)
Where g; = 0 or g; = 1, depending on whether

G commutes or anticommutes with H. Defining
0; =19GjH, (58) takes the form

Z@C? = (| (WIO;W" + (W)I0,W) ) (59)
_ % [(wb‘ (WT + (W’)T) O; (W’ + W) |Vb)

+ (o] (W= (W) 0 (W' = W) )]
(60)
= % [(OﬁL;V\wb) - (Oﬁ%w} (61)

where we first defined the modified unitary W’ =
i'=9% W and then introduced the linear combina-
tions of unitaries Lﬁ, —W+W.

Consider the circuit depicted in Fig. 7, which
applies controlled-WW’ instead of W in the original
circuit, followed by a controlled-W controlled on
the first qubit being in state |0). The prepared
state is

on) = 5 [10) L low) + 1) Ly )] . (62)

If we then measure the expectation value of Oj =
2(Z ® O;) on this state we obtain

(01) 13y =3 [(01210) (] (L) 05T i)
+

(112 1) (ol (L) 05 Ly [
oC

a0"

Similar to the single-block case we may confirm
that

0,0, =0 Vi, k. (64)

for generators with the same value of g;. The ob-
servables can therefore be simultaneously diago-
nalised and evaluated in parallel and we need to
evaluate at most 2 circuits to estimate all partial
derivatives of any given block, one for the genera-
tors that commute with H and one for those that
anticommute. Since the derivative is estimated as
a standard circuit expectation value, its variance
scales as 1/M with M the number of shots.

For the last block we note that W = W =1 so
that we may use parallel estimation without any
auxiliary qubits. Alternatively, this case can be
interpreted as single-block commuting-generator
circuit by absorbing all other blocks into V. The
total number of circuits required for full gradient
estimation of B blocks is therefore 28 — 1.

C Maximal set of mutually anticom-
muting Pauli tensors

A maximal set of 2N + 1 mutually anticommut-
ing Pauli products can be found as follows. Here
we give the construction for five qubits; the gen-
eralisation to N qubits is straightforward. In the
Jordan-Wigner representation, the Majorana op-
erators look like:

(65)

i
NNNNSNNNN X
NN NS~ NN N X~
NN SN ~~NNXM~~
NN~~~ N K~~~
Mo~~~ ]~ N~ i~

Py =

which can be seen to mutually anticommute. To
these we may add Py, = ZZZZ 7, giving the de-
sired set of 2N 4+ 1 = 11 mutually anticommuting
operators.
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D The diagonalising unitaries for the
X-generator ansatz

Here we show that the circuits described in the
main text diagonalise the operators O; = 2iG;H
and Oj, = —4G;GH in the product X basis for
‘H given by (35). That is, we show

DO;D' = 2G; (66)
and
DHWO;HY D! = (-1)4XMG;Gr. (67)

We first prove (66). Let us denote the number
of X operators of G; on the first m qubits as
m;. Since we need only consider generators that
anticommute with H, we have that m; is odd and
the O; take the form

0j =28iPj1 @ @ Pjm @Gjmi1 @~ OGN,
(68)

where Pj, € Z,Y with an odd number of Ys.
The sign factor takes the form

1
s; =4l =
: -

Since the O; all contain X or I operators on the
last n — m qubits, D needs only to act on the
first m qubits. Our task is therefore to diagonalise
operators { P @ PJ®---®PJ } where P! € {Y, Z}
and there are an odd number of Y’s.

To do this we first apply an X-Y Hadamard to
each qubit, so we now have operators

for m; mod 4 =1

(69)

formjmod4:3‘

(=)™ Pj1 ®Pj2®--®Pjnm (70)

with Pj; € {Z, X} with an odd number of X'’s.
We then apply the sequence of CZ operators
between every pair of qubits. To make things
clearer, we consider a specific operator which we
show in Fig. 8. We call the qubits that have a
Z /X operator ‘Z qubits’ or ‘X qubits’. Since
CZ(Z® Z)CZ = Z ® Z, CZ operators that act
of Z sites have no effect. Those that act between
a given Z site and an X site (green lines in Fig.
8) have the effect of changing the Z site to an
identity operator. This follows from the property

CZ(X@)CZ=X® Z. (71)

oN

oN

X

Figure 8: The diagonalising unitary (left) and a visual aid
for the proof of App. D (right). Note that the order of
operations in the diagonalising circuit matches the order
in which we apply them to the original (non-diagonal)
observable, because we implement Dt instead of D and
because the operations are applied to the observable in
reversed order compared to the quantum state.

Since there are an odd number of X operators,
the combined effect is to multiply the Z site by
an odd number of Z operators, thus converting it
to an identity. We are thus left with all the CZ
operators that act between two X sites (purple
lines). From (71) and XY = iZ we have

CZX®X)CZ=YQ®Y, (72)
CZ(Y®X)CZ=-XQY. (73)

Let us label the X sites as 1,--- ,m;. From (72),
if we apply all CZ operators between the first site
and the rest, the effect of this is (i) alternate the
operator at site 1 between X and Y an even num-
ber of times, thus ending as an X operator, and
(ii) pick up a factor of (—1)Lmi=D/2l = _1 In
this process the remaining X sites now have a Y
operator. Applying all CZs between site 2 and
the rest now results in an odd number of flips
(leaving site 2 with an X operator), and picking
up a factor (—=1)1™=2/2) = 41, The remaining
m; — 2 sites now have an X operator as before.
Continuing this process we see that the X oper-
ators remain unchanged, but we pick up a factor

(1)<mj2_1)2 _ {1

-1 for m; mod 4 =3
(74)

for m; mod 4 =1

This factor matches precisely the factor s; in (69)
which multiplies the operators. It follows that the
action of the whole circuit D is given by (66).

We now prove (67). The possible Oj;, take a
similar form to (68):

Ojr, =48, Pj1 @ - @ Py @ Gjms1 @~ @ Gj N,
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Figure 9: Results for the 16-qubit benchmarking problem of Sec. 6 using the separable model (Model D).

where now we have an even number mj;, of ¥
operators on the first m qubits and

mj 1
—1  for mj; mod 4 =0

(75)

for m; mod 4 = 2

Note that if we apply an z-y Hadamard operator
on the first qubit, we map any Oj; to an oper-
ator that now has an odd number of Y’s on the
first m qubits, which is precisely the case we had
before. After applying D, from (74) and (75) we
see that the sign factor we obtain matches s
if GjG) has an X operator on the first qubit;
if not we pick up a factor —1. We therefore
find DHY) 0, HY) DY = (—1)A14X(DG,G), as

claimed.

E finite-shot numerics

In Fig. 10 we show training and accuracy curves
for Model A from Sec. 6 for a 6-dimensional bars
and dots problem, using finite-shot analysis and
500 shots per quantum circuit used in the gra-
dient evaluation. Here, the model has access to
up to 6-body generators, i.e. K = 6. The black
dotted curve corresponds to the learning trajec-
tory if the exact gradient were provided instead
of that given by the finite shots. As can be seen,
the finite shot updates approximate well the ex-
act behaviour.

F Details on the required shot counts

Here we present a few details on the numbers of
shots required to compute a gradient for the four
models discussed in Sec. 6.

1.50 1 —— parallel-gradient
—— parameter-shift
exact gradient

-
]
&

cost (train)
e o o =
[ w ~ o
(&1} o wul o

o
=)
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e o o
NI © ©
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o

o
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10 105 106
shots

Figure 10: Results for the 6-qubit problem with finite
shots described in App. E, using 500 shots per circuit.
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For Model A, the calculation of the required
shots given in the main text is already sufficiently
precise and we have My = M - d.

For Model B, the number of Pauli generators
can be evaluated to be

d>—d

P:L<2d+ >=L-Z'(d+3)a (76)

where the parentheses in the first expression
consists of the contributions for the two single-
qubit layers and for the block of two-qubit gates.
Each generator is a Pauli word and thus requires
two parameter-shifted circuits, leading to a naive
count of Mg = M Ld(d+ 3). However, in the last
layer of the circuit we may exploit commutativ-
ity within the block of two-qubit gates in order to
execute the parameter-shift rule for d/2 of these
gates simultaneously. This reduces the number of
different circuits for the last two-body block from
d*—d to % = 2(d—1). The resulting corrected
shot count for a full gradient evaluation of Model
B is then

Mp = M[(L—1)d(d+ 3) + (6d — 2)]
= M [d*(L-1)+3d(L+1)-2|. (77)

In Model C, we use —1 + Z;O:gfdy =2d—3
two-qubit convolution blocks with 10 gates each,
where we assumed that d is a power of two.
Two of these gates are controlled Pauli rotations,
which require four instead of two parameter-
shifted circuits each. Thus we require (2d — 3) -
(824 2-4) = 24(2d — 3) circuits for the gra-
dient w.r.t. the convolution parameters. In addi-
tion, the model uses Z;-O:gg loj—qg—1 pooling
blocks, with two controlled Pauli rotations each.
This leads to (d—1)-(2-4) = 8(d — 1) circuits to
compute the gradient w.r.t. the pooling parame-
ters. Overall, we find the shot cost for Model C
to be

Mg = M [24(2d — 3) + 8(d — 1)] = M (56d — 80).
(78)

Lastly, the gradient for the separable Model D
can be computed in parallel between the different
qubits, as they do not interact at all. There are
3d Pauli generators, of which d can be treated
in parallel, leading to shot cost of Mp = M -2 -
3d/d = 6M.
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