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In multi-parameter quantum metrology,
the resource of entanglement can lead to
an increase in efficiency of the estimation
process. Entanglement can be used in
the state preparation stage, or the mea-
surement stage, or both, to harness this
advantage—here we focus on the role of
entangling measurements. Specifically, en-
tangling or collective measurements over
multiple identical copies of a probe state
are known to be superior to measuring
each probe individually, but the extent of
this improvement is an open problem. It
is also known that such entangling mea-
surements, though resource-intensive, are
required to attain the ultimate limits in
multi-parameter quantum metrology and
quantum information processing tasks. In
this work we investigate the maximum pre-
cision improvement that collective quan-
tum measurements can offer over individ-
ual measurements, calling this the ‘col-
lective quantum enhancement’. We show
that, whereas the maximum enhancement
can, in principle, be a factor of n for es-
timating n parameters, this bound is not
tight for large n. Instead, our results
prove an enhancement linear in dimension
of the qudit probe is possible using col-
lective measurements and lead us to con-
jecture that this is the maximum collective
quantum enhancement in any local estima-
tion scenario.

Aritra Das @: Aritra.Das@anu.edu.au

1 Introduction

Over half-a-century of advances in quantum
metrology [1-3| has vastly improved our ability
to measure, sense, image, and estimate with en-
hanced precision [4-9]. Of significant interest is
the multi-parameter estimation scenario [3, 10—
13|, where two hall-mark quantum effects mani-
fest themselves, playing opposing roles. On the
one hand, incompatibility between the unknown
parameters of a quantum system [14—17| hinders
their simultaneous estimation from a single copy
of an unknown state |3, 18-20]. On the other
hand, given multiple identical copies of the state,
an entangling measurement on all the copies,
called a collective (or joint) measurement [21],
can extract more information about the param-
eters than any measurement where the copies
are measured individually [22-24]. As individual
and separable measurements [25| can be recov-
ered as special cases of collective measurements,
it is clear that the latter can only lead to precision
enhancements in estimation tasks [24, 26|, but the
extent of this improvement is a major open prob-
lem [23, 27]. In this work, we study the mazimum
enhancement collective measurements stand to of-
fer over individual measurements, specifically in
the context of parameter estimation and state to-
mography.

Despite their advantages, collective measure-
ments are challenging to implement in any real
estimation scenario and experimental demonstra-
tions are few and far between [24, 26, 28-30].
Resultantly, the ratio between the optimal pre-
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cisions attainable via collective versus individual
measurement serves as a useful quantifier of both
the quantum advantage offered by collective mea-
surements, and the utility of performing compli-
cated entangling measurements [31] and expend-
ing vast amounts of resources. If this ratio is
small, then there is not much advantage to be
gained from entangling measurements. But even
if the ratio is large, our ability to perform the req-
uisite measurements might be limited, meaning
that the collective performance is just an overly
optimistic goal that is far from being achievable.

In local estimation theory, where unknown
parameters are assumed to be close to known
true values, collective measurements on identi-
cal copies of a separable state do not offer any
advantage for estimating a single parameter [1]
or multiple parameters of a pure state [32]. Be-
yond this, except for some simple cases, not much
is known about the optimal individual or col-
lective measurement strategies or their perfor-
mance relative to each other [19, 20]. One rea-
son for this is that the analytic evaluation of the
optimal performance of either class of measure-
ments is notoriously difficult. In fact, instead
of finding the optimal measurements, it is eas-
ier (and more common) to evaluate bounds on
their precision. The most widely-used precision
bounds for local estimation are quantum gen-
eralisations of the classical Cramér-Rao bound
(CRB), called quantum CRBs (QCRBs) [14, 33—
36]. These include the quantum Fisher informa-
tion (QFI)-based CRBs [14, 33, 34|, the Holevo
CRB (HCRB) [35], the Nagaoka-Hayashi CRB
(NHCRB) [36, 37], the Gill-Massar CRB (GM-
CRB) [23], and the most informative CRB (MI-
CRB) [36, 38, 39].

In general, QCRBs are not always attainable,
especially in the multi-parameter setting [3]|, and
the exploration of criteria for their attainabil-
ity 39, 40] is an active albeit challenging area
of research [41]. That said, in the collective mea-
surement setting, the HCRB is known to be at-
tainable in the asymptotic limit by performing
collective measurements on a large number of
identical copies of the unknown state [22, 42—
44|. Additionally, the HCRB can be computed
efficiently through a semi-definite program [45],
making it amenable to both numerical and an-
alytical techniques [40]. In contrast, the at-
tainable bound for the individual measurement

setting, given by the MICRB [36], requires a
conic program |38, 39| that is challenging to com-
pute even numerically. Further, analytical solu-
tions to the MICRB, as reformulated in Ref. [39],
are only known for either two-level systems or
single-parameter problems [39]. For exploring
multi-parameter estimation from arbitrary finite-
dimensional mixed quantum states, which is the
problem we address in this work, these limitations
render the MICRB a computationally-intractable
choice for gauging individual precision.

As a result, other individual-measurement pre-
cision bounds such as the NHCRB |21, 36, 37| and
the GMCRB (23, 40|, which are more tractable
computationally but less tight, are frequently
used as substitutes for the MICRB [21, 40]. In
particular, the NHCRB is a well-suited candi-
date to quantify individual measurement preci-
sion in multi-parameter qudit estimation. This
is because of two reasons. First, the NHCRB
is more analytically-tractable than the MICRB,
because it can be efficiently computed through
a semi-definite program that scales reasonably
with system dimension and number of parame-
ters [21]; this has, for instance, led to analytical
lower and upper bounds to the NHCRB [46]. Sec-
ond, the NHCRB is provably attainable in many
cases of interest |21, 39, 47|, including two-level
systems [36, 37|, and despite this attainability not
extending to higher dimensions, the NHCRB is
still very close to the tight MICRB (with a gap
of less than 5% reported for random qudit models
up to dimension 17, see Fig. 6 of Ref. [39]), and
serves as a good approximation to it.

Armed with these bounds, we study how far
off the collective-optimal precision can be from
the individual-optimal one by looking at their ra-
tio. Specifically, by investigating the maximum
ratio between the NHCRB and the HCRB, we
identify situations where collective quantum mea-
surements are the most advantageous. Because
the NHCRB is close to the MICRB, the ratio we
study should be close to the attainable maximum
collective enhancement. The majority of our re-
sults concern the NHCRB-to-HCRB ratio, which
we represent using the symbol RNH and refer to
as the ratio. To distinguish from this the attain-
able collective enhancement, given by the ratio
between the MICRB and the HCRB, we refer to
the latter ratio as the true ratio and use the sym-
bol RM!
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Our first result is preliminary and shows that
the ratio of precisions RNP is at most equal to
the number of unknown parameters being esti-
mated, n. This result can be intuitively expected
and agrees with empirical data for estimating
a few parameters (blue line for n = 1,2,3 in
Fig. 1) but deviates with increasing n. To find
a tighter bound for large numbers of parameters,
we focus on state tomography, where the num-
ber of parameters is maximal, n = nmax. For
the qubit tomography case, we extrapolate exist-
ing results to find a decreasing trend of the ra-
tio RM! with purity [48]. Motivated by this, we
propose a model of estimating the coefficients of
the generalised Gell-Mann matrices (GMMs) [49],
which extend the Pauli matrices to higher dimen-
sions, in mixed d-dimensional qudit states [50].
This “linear GMM model” is symmetric enough
to admit analytical results in the full-parameter
case (n = nmax) for both RNH and RM!. Fur-
ther, this model is equivalent to the problem of to-
mography in arbitrary orthonormal basis (ONB)
and is therefore representative of a large class of
full parameter models. Then, via semi-definite
programming arguments, we extend our results
to tomography in non-orthonormal bases and to
the n < nmax case.

A summary of our main analytical and nu-
merical results comparing the collective- and
individual-optimal precisions for local estimation
from smooth models on d-dimensional qudits now
follows:

e for any model comprising n parameters, the
ratio RNM is at most n (blue line in Fig. 1),
(proved in Sec. 5.1),

e for ONB tomography of the maximally-
mixed state, the ratio RN is exactly d + 1
(green line in Fig. 1), (proved in Sec. 5.3),
and the true ratio RM! is exactly d + 1
(proved in Sec. 5.6),

e for ONB tomography of any state, the max-
imum ratio RNH is upper-bounded by d + 2
(proved in Sec. 5.4) and the maximum true
ratio RM!' is upper-bounded by d+2 (proved
in Sec. 5.6),

e for tomography of the maximally-mixed
state in any non-orthogonal basis, the ra-
tio RNH is upper-bounded by d + 1 (proved
in Appendix H),

e for tomography of any state in any non-
orthogonal basis, the ratio RNH is upper-
bounded by d + 2 (numerical result in Ap-
pendix H),

e for estimating any number of GMM-
coefficients of the maximally-mixed state,
the ratio RNH is at most d + 1 (proved in
Sec. 5.5),

e for ONB tomography of any state, the max-
imum ratio RNH at fixed (known) purity de-
creases with purity and is at most d +1 (nu-

merical result in Sec. 3.3),

e for any model comprising n parameters, the
ratio RN is upper-bounded by min(n, d+1)
(red line in Fig. 1), (conjecture).

Notably, the d+2 bounds in the third and fifth
points above are loose and based on numerical ev-
idence, we expect the attainable bound therein to
be d + 1. The rest of our paper is structured as
follows. In Sec. 2 we introduce and define preci-
sion bounds for the individual and the collective
measurement scenarios and review relevant back-
ground on them. In Sec. 3, we present our results,
formalising the key quantities RN? and RM! in
Sec. 3.1, and presenting analytical and numerical
results in Secs. 3.2 and 3.3, respectively. We fol-
low up with a discussion of our results in Sec. 4.
Finally, our methodology is presented in Sec. 5,
whilst deferring mathematical proofs to Appen-
dices A-1.

2 Background: Precision Bounds for
Parameter Estimation

In this section, we present a brief recap on quan-
tum parameter estimation and introduce preci-
sion bounds for the collective and the individ-
ual measurement scenarios. The general recipe
to estimate n parameters 0 = {Oj}jgm [
© [CR" (where we define [n] = {1,...,n}
and denote by © the set of all possible pa-
rameter values) of a quantum state pg belong-
ing to a d-dimensional Hilbert space Hg in-
volves two steps. First, one performs quantum
measurements, generally positive operator-valued
measures (POVMs) {1} gm; with m outcomes,

on pg. Second, a classical estimator operator §j| is
constructed that assigns an estimated value to 0;
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for each measurement outcome ! [Jin], which
occurs with probability p; = Tr(pelM). Here Tr
(in serif font) denotes tracing over the quantum
system.

5

RM<qg4+1

NH
n

RN < min(n,d+1)

Maximum Ratio R

1 2 3 4 5 6 7 8
Number of Parameters,

Figure 1: Summary of our main results on the maxi-
mum ratio quantities RN & RNH. Our RNH < »n
(blue), RNH < d+1 (green) and RN? < min(n,d + 1)
(red) bounds are plotted against numerically and analyti-
cally found maximum collective enhancement values (bar
chart) for n-parameter estimation from qutrits (d = 3).

The performance of the estimator is quantified
via its mean squared error (MSE) matrix

1 ~
@51 = 0;)(Oa — O )p, (D)
1 (]

Vo)jk =

the trace of which gi e total average squared
deviation Tr(Vp) = ‘Liij(ign — 05)%m1. Here Tr (in
sans serif font) denotes tracing over the classical
or parameter indices. In this work, we focus on
the local setting, where the parameters of inter-
est are close to their true values, 8= {Qj'-—}'j Al
i.e., & = 0% For locally-unbiased (LUB) estima-
tors, which have zero bias at the true parameter
values, Vj is equivalent to the covariance matrix
of parameter estimates and Tr(14) is simply the
sum of variances of each parameter.

Precision bounds lower-bound the uncertain-
ties in estimating multiple (possibly) incompati-
ble parameters. In this work, we focus on preci-
sion bounds on Tr(V3); the classical CRB yields
a lower bound to this via

Vo<J ' =CVp)=Tr(J D), (2

where A < B denotes positive semi-definiteness
of A= B, and J = J(pg, {Mi}iqmp) is the clas-
sical Fisher information (CFI) matrix. The CFI
(defined later in Eq. (40)) is best understood as

a measure on the parameter space ® [R" of
the local sensitivity of measurements {1} rm)
towards each 0j when measuring state pg. Min-
imising Tr(J ™) in Eq. (2) over all possible mea-
surements {1} i yields the tight MICRB [36,
38, 39], .
nflT}lllSE] Tr(J7), (3)
stipulating the ultimate precision attainable via
individual measurements. A recent reformula-
tion of the MICRB [39] recasts Eq. (3) into a
conic program (see Eq. (147) for definition) and
presents SDP lower bounds to it. However, nei-
ther closed-form expressions nor efficient numeri-
cal techniques are known for evaluating the conic
program (the SDP approximation’s complexity
scales as d*? for qudit tomography) and analytic
solutions are known only for qubit models, single-
parameter problems, and Gaussian models [39].

A different precision bound on Tr(Vp) for the
separable-measurement case, developed by Na-
gaoka [37] and Hayashi [16], is the NHCRB,

1

CM| =

CnHere =min Tr[SeL] | L < XX -

1 1 C1
Ljk = Lij Hermitian —Tr 66—
4
Here X == {X1, ..., Xn}ale the Hermitian LUB

operators that satisfy (abbreviating aaTj as 0j)

Tr(peXj) =0; & Tr(djpeXk) = djk, (5)

and Sg = 1, [pd, Tr denotes trace over both
classical and quantum subsystems, () =denotes
transpose with respect to the classical (parame-
ter) index, 1 denotes the n-dimensional identity
matrix, and blackboard fonts represent classical-
quantum matrices. The minimisation in Eq. (4)
is a conic optimisation over the extended Hilbert
space H = C" [CHy, combining parameter
space C" and Hilbert space Hy of the qudit. The
other optimisation variable L is a positive oper-
ator on H that is also symmetric under a partial
transpose with respect to the first subspace C",
so as to reduce to valid covariance matrices on C"
under Tr[SgL] [39, 46].

Although the NHCRB is not always
tight (CNHCRB = C|\/||)7 it is an analytically-
tractable lower bound to Cpy; that is often
provably tight (Cnucre = Cwmi) [21, 47],
and always efficiently-computable (the SDP’s
complexity scales as d*® for qudit tomogra-
phy) [21]. Further, Ref. [39] reformulated the
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tight bound and demonstrated the NHCRB
to be a good approximation to the tight
bound, with a gap of less than 5%, for large
qudit dimensions. The GMCRB, another
separable—measurementlzprecisio bound, is
defined as Comcre = TrlJg o] /(d—1) [23],
where Jg p is the symmetric logarithmic
derivative (SLD) QFI (see Appendix D for
definition). =~ The GMCRB is generally not
tight for d-dimensional states, and for d > 2
and n < d — 1, the GMCRB is known to be
weaker than the SLD CRB [23] (see Appendix D
for definition). Nonetheless, the GMCRB is
analytically-tractable and, for the problem of
tomography in orthonormal bases,
proven to be at most a factor of 2 away from the
tight bound [40].

The HCRB is a collective-measurement preci-
sion bound on Tr(Vp), defined as

CHcrB = m)gn {Tr (Zo[X]) + Orh Zg[X] [}
1 1
—Tr 60—

Zg[X]jk = Tr(peXjXk), (6)
LA 1

has been

where [(XIG1:= Tr XTX denotes the trace

norm. An equivalent expression for Cycrg, writ-
ten in a similar form as Eq. (4), is

CHCRrB:= rTL]IQ Tr[SeL]| Tr[SgL] real, symmetric,
' 1 i1 1 1
Tr[SoL] < Tr SeXX=1—=Tr 99~
(7
Note that the minimisations in Egs. (4), (6)
and (7) have no explicit closed-form solution for
general mixed states pg |[51] and are typically eval-
uated numerically via SDPs [21, 45].
Besides Cycre = CnHcRrs, the following or-
dering between the various precision bounds is
known

max (CsLp, CrLD) = Chcre = CnHere = Cwi -

(8)
Here Cg p and Crp are, respectively, the SLD
CRB and the right-logarithmic derivative (RLD)
CRB (see Appendix D for definitions). By defini-
tion, Cpy is the tightest precision bound for sepa-
rable measurements, and hence is greater than or
equal to all four other CRBs in Eq. (8). We know
that all three inequalities in Eq. (8) are satu-
rated for single-parameter estimation [32]. More-
over, CNHcrB = CHcera for estimating any num-
ber of parameters from pure states [32]. On the

other hand, if the single-copy NHCRB and the
HCRB are unequal, this gap persists between
the finite-copy NHCRB and the HCRB, shrinking
asymptotically with the number of copies [52]. As
for the GMCRB, its position in Eq. (8) depends
on model properties: for d = 2, we have Cg p <
Comcre but for d > 2 and n < d — 1, we
have Cogmcre = Csi.p, whereas for d > 2
and n > d — 1, no ordering can be specified.

Beyond ordering, some ratio relationships be-
tween the precision bounds are known. The
HCRB is known to be at most twice the SLD
CRB, i.e., Csip < Chcre < 2Cs1p |53, 54] so
that, up to a factor of 2, the SLD CRB also
quantifies collective precision. For the problem
of tomography in an orthonormal basis, the re-
lation Comcre < Cmi < 2Ccmcre was estab-
lished in Ref. [40]. At the level of the Fisher infor-
mation, the Gill-Massar trace Tr[JS_LlDJ] =d—1
reduces to a ratio of the QFI Js p and the CFI J
when they are proportional: J [J§ p. This is
the case for Fisher symmetric measurements [55]
that attain a CFI such that Jgip = (d + 1)J,
and thus Cwm/Csip = d + 1, for tomography
of the maximally-mixed state [56]. However,
Fisher symmetric measurements exist only for
maximally-mixed states and pure states [55, 56],
so the ratio for general mixed states remains un-
decided. The recent reference [57] analysed the
impact of dimensionality on precision and pa-
rameter incompatibility [58| by defining the nor-
malised gap A = (CHCRB - CSLD)/CSLD7 which
satisfies 0 < A < 1. By considering the estima-
tion of n = 2 and 3 parameters encoded unitar-
ily onto d-dimensional states, the authors showed
that asymptotic incompatibility can vanish alto-
gether when d > n, making the gap A = 0. Sur-
prisingly, a direct ratio relationship between Cp
and Chcre, or even between CyHcre and CHcre
is not known [59], leading to a gap in our knowl-
edge of the potential quantum advantage offered
by collective measurements.

3 Results

3.1 Collective Quantum Enhancement

We first define a measure of collective enhance-
ment for estimation tasks. Whereas the truly
attainable ratio of collective and separable vari-
ances is given by Cmi/Chcre, the analytic in-
tractability of Cpy renders this quantity be-
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yond the reach of currently available tools. In-
stead, we consider the ratio between the NHCRB
and the HCRB, which provides a lower bound
to Cmi/CHcre. Specifically, in this work, we
shall analyse the collective quantum enhancement

NH — CNHcralpel
R™ [{pel 0 [A}] = max Chcraloe] )

for a given quantum statistical model {pg| 6 A}
with n parameters for d-dimensional qudit states,
where the maximum is over all allowed parame-
ter values for this model. This quantity can be
interpreted as a measure of the maximum quan-
tum enhancement obtainable from using collec-
tive measurements over separable measurements
for this particular model.

A further maximisation over all quantum mod-
els with the same number of parameters, n, and
for the same probe dimension, d, is possible,

RN [{pel 0 CEN ,
(10)

where we have suppressed the dependence on d
for conciseness. A final maximisation over all pos-
sible n for a given system dimension d (1 <n <
nmax) then leads to

RNH .= max
n-parameter models

RNH .= max
1=N=Nmax

RAT, (11)

corresponding to the ultimate collective quantum
enhancement in precision for this system dimen-
sion [3, 60]. Here nmax represents the maximum
possible number of independent parameters and
equals 2(d — 1) for pure qudits and d®> — 1 for
mixed qudits. In this work we consider general
mixed states and, thus, define nmax = d* — 1.

Physically, Egs. (10) & (11) define model-free
quantities that capture the maximum potential
advantage of collective measurements across var-
ious quantum models, comparing their general
utility beyond particular estimation scenarios.
Practically, these two quantities, RNF and RNH,
offer insights into the behaviour of the maximum
utility of collective measurements from two op-
posing extremes of the number of parameters.
As depicted in Fig. 1, analysis using RN™ re-
veals a maximum utility linear in n for small n
whereas analysis using RN reveals a plateauing
utility, fixed by d instead of n, for large n. In
the following we abbreviate the model represen-
tation {pg| € CA} to {pg} while specifying the
model explicitly.

The NHCRB is generally close to the
MICRB [39], but whether RNH (or RNH)
corresponds to the true maximum collective
enhancement depends on the NHCRB’s attain-
ability for the model maximising Cmi/CHcrs
in the setting of Eq. (10) (Eq. (11)). The
non-attainability of the NHCRB in specific
cases [39] means that the quantities RNP[{pg}],
RNH and RNM could be smaller than the
corresponding true maximum collective en-
hancements, denoted RM'[{pg}], RM!' and RM'.
These are defined similarly to Egs. (9)—(11)
through RM'[{pe}] := maxg tenCwmi[ps]/Crcralpel,
RnMI ‘= MaXn-param. models RMI[{PG}] and

RM''= max RM. (12)

1=N=nNmax

The same construction of maximum ratio quanti-
ties applies to other choices of separable measure-
ment bounds, leading to REM[{pe}] and REM for
the GMCRB, studied later and depicted in Fig. 2.

The quantities RNH and RM! can only increase
with d. This is because of two reasons: (i)
higher dimensions allow more incompatible pa-
rameters to estimate, and (ii) a lower-dimensional
model can always be embedded in a higher di-
mension keeping the ratio invariant. Note that
we only consider full-rank models in defining
Egs. (9), (10), & (11), i.e., we assume pg to be
non-singular or non-degenerate for all § [@.?
Our definitions imply that for any n-parameter
model over d-dimensional states, RNH[{pg}] <
RNH < RNH and RM[{pg}] < RM!' < RMI

Below, in Sec. 3.2, we present our analyti-
cal results. First, in Sec. 3.2.1, we present our
results on the ratio quantities RN™ and RNH
and on RNH[{pg}] for the linear GMM model.
The GMM model results apply to tomography
in arbitrary ONB, and we conjecture that this
model at § = 0 maximises Eq. (11), thereby at-
taining RNH; we prove the attainability of the
NHCRB at this point. Then, in Sec. 3.2.2, we
present our analytical result using the MICRB
to upper-bound RM![{pg}] for the problem of
ONB tomography and compare this to an upper
bound derived from REM. Finally, in Sec. 3.3,
we present our numerical results including the
extension of RNH[{pg}] to tomography in non-
orthogonal bases and to tomography under fixed

1Singular or degenerate states can be approximated
arbitrarily well by non-degenerate ones via regularisa-
tion [50].
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probe purity, as well as random sampling experi-
ments addressing RNH and RN for generic qudit
estimation models.

3.2 Analytical Results
3.2.1 Results for NHCRB ratio

In Sec. 5.1, we prove a model-independent and
attainable upper bound on the collective preci-
sion enhancement. Specifically, by using an up-
per bound to Cnncre [39, 46] and using Csip
to lower-bound Cycrge, we prove that for esti-
mating n independent parameters of a quantum
state, the collective enhancement is at most a fac-
tor of n, i.e., RN? < n. We state this as Theo-
rem 1 (see Sec. 5.1 for proof):

Theorem 1. For estimating n parameters of
any qudit state pg, the collective enhance-
ment Cnncrelpel/Crcrelpe]l <n, ie., RYT < n.

The factor-of-n smaller attainable precision intu-
itively aligns with the approach of dividing the
multi-parameter problem into n single-parameter
problems, where the SLD-optimal separable mea-
surement for each parameter 6 individually is
performed on a fraction 1/n of the number of avail-
able state copies.? Due to technical difficulties in
guaranteeing the local-unbiasedness of parameter
estimates within this approach [61], we instead
use the analytic upper bound to Cyucre devel-
oped in Ref. [46] (summarised in Appendix G) to
prove Theorem 1.

The upper bound in Theorem 1 can be a tight
relation for models with small n. For example, a
ratio RNH, = 2 is attained for d = 3 by the model
of estimating the coefficients of A1 & Az (see
Appendix A for definitions) in the maximally-
mixed qutrit state, and a ratio RND; = 3 is
attained for d = 2 by the model of estimat-
ing the three Pauli coefficients of the maximally-
mixed qubit state [48]. We also expect the
ratio RN to increase with n, because having
more parameters to estimate can lead to higher
incompatibility—this implies RNH < RNH  On

Nmax *

the other hand, at the n = nmax = d? — 1 limit,

2However, this does not constitute a locally-unbiased
multi-parameter estimation strategy, which must assign
locally-unbiased estimates to all the parameters in each
trial. 'When performing the SLD-optimal measurement
for 8;, the procedure for assigning locally-unbiased esti-
mates for 6k (K & j) is discussed in Ref. [61].

the upper bound from Theorem 1 would imply an
enhancement R”;'ax < d? — 1 —quadratic in d—
is attainable; this is not the case, as we subse-
quently establish.

In Sec. 5.2, we ‘linear
GMM  model’: an  Nmax-parameter fam-
ily of d—dimﬁgﬁnal qudit states given by
pe = 1gq/d+ =T 05 A [50].  Here, the mmax
parameters of interest, {0j}jqap.], are the
coefficients of the GMMs Ag = {Aj}j (ramax]:
The GMMs Ay are traceless, Hermitian gen-
eralisations of the qubit Pauli operators (see
Appendix A) and the parameterisation is valid
for any qudit state. Estimating {0} };j rqapa. thus
corresponds to tomography in the GMM basis,
which is an ONB given that Tr(AjAk) = djk.
In fact, the unweighted GMM model at any pg
is equivalent to tomography of pg in any other
ONB, as we show using Lemma 1 in Sec. 5.2.
This means that the QCRBs as well as ratios
between them are invariant to the particular
choice of ONB and the following results derived
for the GMM basis hold for any ONB.

For the GMM model, we prove that the maxi-
mum collective enhancement RNP[{pg}] is a fac-
tor linear in dimension d, as opposed to quadratic.
Specifically, we show that the collective enhance-
ment is exactly d + 1 for estimating from the
maximally-mixed state, pm = 14/d, in Theorem 2
(see Sec. 5.3 for proof):

introduce the

Theorem 2. For ONB tomography of the
maximally-mixed qudit state pm, the collective
enhancement Cnncrelpm]/Crerelom] = d + 1.

The factor of d + 1 here previously appeared
in the relation Jgip = (d + 1)J satisfied by
Fisher SIC measurements for pm [56]. This is
because for the particular model considered in
Theorem 2, the NHCRB is tight (see below)
and the SLD CRB equals the HCRB. There-
fore, the ratio Cyncre/CHcre reduces to the ra-
tio Cwmi/CsLp, which equals the proportionality
constant between the QFI Js p and the CFI J.
However, the true merit of Theorem 2 lies in our
novel method for its proof, which directly ex-
tends to upper-bound the collective enhancement
in several settings beyond Theorem 2. Specifi-
cally, this lets us prove that the maximum en-
hancement RNH[{pg}] is less than d + 2 for esti-
mating from arbitrary states in Theorem 3 (see
Sec. 5.4 for proof):
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Theorem 3. For ONB tomography of arbi-
trary d-dimensional qudit state pg, the maximum
collective enhancement RNH[{pg}] < d + 2.

Although we prove an upper bound of d + 2,
based on numerical evidence shown in Fig. 3,
we expect the attainable bound to be d + 1 and
expect RNA[{pg}] to be maximised at § = 0
over @. Thus for the linear GMM model, we
propose RNH[{pg}] < d + 1. Further, for the
maximally-mixed case, we prove the SIC POVM
to be an optimal individual measurement. This
proves the NHCRB to be attainable or tight in
this case, implying Cpm/Chcre = d + 1 as well
at this maximum point.

We then treat two extensions of the linear
GMM model. The first is the weighted ver-
sion, where an arbitrary, full-rank, parameter-
independent weight matrix W is included in
the cost function (Appendix H). Importantly,
weighted models are equivalent to reparameter-
isations of the unweighted model, i.e., estimat-
ing parameters that are not coefficients in any
particular ONB [13, 21, 61]. Our results in Ap-
pendix H prove that for the maximally-mixed
state, pm, and for estimating any nmax indepen-
dent parameters, the collective enhancement is at
most d+1. We also numerically show (Fig. 6) that
the collective enhancement for estimating from
any state pg B pm under a weight W is smaller
than the collective enhancement for estimating
from pm under the same weight W. This suggests
the maximum collective enhancement RN~ for
any full-parameter problem to be at most d + 1,
ie.,

NH _— NH < J+
R =, max RV [{pp}] < d+1, (13)
models

and this upper bound is attained by the model
studied in Sec. 5.3.

In Sec. 5.5, we treat the extension of the linear
GMM model to the n < nmax case, assuming the
remaining nmax — n GMM coefficients to be zero.
In this case, we prove that for estimating from the
maximally-mixed state, the maximum collective
enhancement is d + 1 in Theorem 4 (Sec. 5.5):

Theorem 4. For estimating fewer-than-
nmax Coe Lciehts of GMMs of the maximally-
mixed qudit state pm, the collective enhance-
ment CnHerelpm]/Cherelom] = d + 1.

We do not analytically solve this model for other
states, or for states with the remaining nmax — n
GMM coeflicients non-zero. However, the n
bound in Sec. 5.1 and numerical results in Sec. 3.3
suggest that the maximum enhancement RNH is
non-decreasing with increasing n at fixed d. Hav-
ing analysed the n = mmax case in depth, we
expect that for any n <mnmax model, the same
bound of d + 1 should hold, i.e., Ry <= R\ <
d+1.

In summary, we find that there are two dif-
ferent upper bounds on the maximum collec-
tive enhancement in the low n and the high n
regimes. Taking the example of qutrits (d = 3),
for n = 1,2 & 3, models attaining RNF = n
are found, whereas for n = 5,6,7 & 8, models
attaining RNH = d + 1 are found. Combining
these two cases, we propose RNM < min(n, d + 1)
and RN? < d + 1. Figure 1 summarises these
results along with numerically-found maximum
ratios and analytically-found ratios from known
models.

3.2.2 Results for MICRB & GMCRB ratios

The results on RNF and RNF[{pg}] in Sec. 3.2.1
lower-bound the corresponding quantities RnM'
and RM[{pg}]. In particular, for the linear GMM
model that addresses ONB tomography, we have
proved RMI[{pg}] = d + 1. Based on analytical
and numerical results, we conjecture that RNH <
d+1; accordingly, Theorem 2 implies RM! = d+1.
In Sec. 5.6, we use the NHCRB solution behind
Theorem 2 to solve the MICRB for the linear
GMM model at 8 = 0, obtaining a ratio of d + 1.
We then extend this solution to upper-bound the
true ratio for arbitrary 6 by d + 2 in Theorem 5
(see Appendix I for proof):

Theorem 5. For ONB tomography of arbi-
trary d-dimensional qudit state pg, the maximum
true collective enhancement RM[{pg}] < d + 2.

Theorem 5 therefore constrains the true maxi-
mum enhancement for ONB tomography as

d+1<RM"[{pe}<d+2. (14)

A different way to quantify collective pre-
cision enhancement is to consider the ra-
tio CGMCRB/CSLD' As noted previously, the
SLD CRB can capture collective performance
up to a factor, and the GMCRB, though not
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tight for qudit problems with small n, can be
directly computed given the SLD QFI Jg p.
This significantly simplifies the evaluation of
the ratio Comcrs/CsLp, which then upper-
bounds Cegmcre/CHcra, compared to the ratios
considered in Sec. 3.2.1.

Let us denote the maximum GMCRB-to-
HCRB ratio for a fixed model as RGM[{pg}], for
any n-parameter d-dimensional model as R(n;M,
and for any d-dimensional model as R®M (simi-
lar to Egs. (9), (10) and (11) for the NHCRB).
A straightforward application of the Cauchy-
Schwartz inequality to the eigenvalues {vj};jrm

of Js_l_ll:/)2 (the positive square-root of the inverse
of the SLDQFT matrix) leads to
- e
—1/2
TrlJs/ o] ( 34l
_se <n, (1)
TrlJs ol i

with equality attained if Jg| p is a scalar matrix.
The ratio in Eq. (15) proves the upper bound

C
ROM = max eMmcralpe]
6@l Cnhcralpsl
n-parameter

models {pg} (16)
Comcralre] _ 7

T d-1

= max

8 [ C
n-parameter SLD[PG]

models {pg}

for any n-parameter d-dimensional model, re-
ducing to RSM ' < npmax/(d —1) = d+ 1 at
the maximum number of parameters. More-
over, Eq. (16) is a tight bound: a ratio REM =
n/(d — 1) is attained by the model of estimat-
ing any n GMM coefficients of the maximally-
mixed state. This is because Jgip = d1lp
here, so that Cemcre = 7°/(d(d — 1)), dividing
which by Csip = Chcre = n/d (see Methods
Sec. 5.5) produces the ratio n/(d — 1), thereby
proving RSM = n/(d — 1).

In Fig. 2, we compare the maximum collective
enhancement predicted by REM and by RN for
generic n parameter models (1 < n < nmax) on
qutrits. The comparison with the NHCRB, which
is a tighter bound, reveals that whereas Eq. (16)
upper-bounding REM is tight, REM itself gener-
ally underestimates collective enhancement. This
is because the GMCRB can be far from the at-
tainable individual precision for qudit problems,
especially for small n, but also for full-parameter
models (see Fig. 9 in Appendix J). Nonetheless,

&
=)

RN < min(n,d+1)
REM<n/(d-1)
R

GM
m RS

w
o

N
o

=
o

Maximum Collective Enhancement

1 2 3 4 5 6 7 8
Number of Parameters,

Figure 2: Comparison of the collective enhancements
specified by the GMCRB (REM) and by the NHCRB
(RNH) for n-parameter models (1 < n < nmax). The
maximum GMCRB ratios (dark gray bar chart) sat-
isfy REM = n/(d — 1) (blue line). The maximum
NHCRB ratios (light gray bar chart) satisfy RNH <
min(n,d + 1) (red line). The ratios are plotted against
the number of parameters, n, and include numerically
found maximum ratios from random-sampling experi-
ments (1300 samples for each n for d = 3) as well as
analytically found ratios. The NHCRB ratio RNH gen-
erally predicts a larger collective enhancement than the
GMCRB ratio RE‘M, except at the maximum number of
parameters (n = Nmax)-

if it holds that the GMCRB is separably attain-
able up to a scaling factor g (that is independent
of d and n, e.g., g = 2 for ONB tomography [40]),
implying Cm1 =< g Cemcra, then we can reason
that

Cwmi - CGMCRBSQ n 7
Chcre Csip d—1

so that in general, R\ = RMI < ¢RGM =
gn/(d—1). For ONB tomography, which includes
the GMM model as a special case, this proves that

d+1=<R™[{pe}] = R™[{pe}]

<2R°M[{pe}] = 2(d +1). an

However, no such scaling factor g is currently
known for general models beyond the setting of
tomography.

3.3 Numerical Results

In this section, we report our numerical results
on the effect of probe-purity on the collective
enhancement and its maximum, and on the de-
pendence of the maximum collective enhance-
ment RNP on d and n for randomly-sampled n-
parameter, d-dimensional models. For both of
these analyses, we rely on random sampling to
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study the dependence of the maximum enhance-
ment on state or model properties because di-
rectly maximising the ratio CyHcre/CHcrB over
the state space Hg or the model space is com-
putationally demanding for large d. For each
randomly-generated problem instance, we solve
the NHCRB and HCRB SDPs numerically and
compute their ratio [21]. Further details of the
random-sampling procedure used for subsequent
results are presented in Appendix L.

In Fig. 3, we plot our random-sampling results
for the ratio versus purity in the linear GMM
model for d = 2,3 and 4. For each d, the over-
all maximum ratio observed is d + 1.
ingly, whereas for qubits the ratio is uniquely de-
termined by purity, the higher dimensionality of
the qudit state space allows for a range of ra-
tios at any given purity. We find that the ratio
at a given purity is maximised by full-rank de-
polarised pure states, p|opLdl] + (1 — p)1ly/d for
any pure state |¢pChnd p [JD,1]. To simplify
computation, we choose the more specific family
pmax(p) = p1+Blg 41— p)La/d, where |+ (=
(o= .- +|d—10J d and calculate the HCRB
to be

Interest-

2 _ —
Tt apa-n- 07

(18)
For the NHCRB, based on numerical evidence
for d = 3 to 8, the analytic solutions at the
boundary cases ((d®> — 1)(d + 1)/d at p = 0
and 2(d — 1) at p = 1), and the analytic solu-

tion for d = 2 (Eq. (24)), we find that

CHcrlpmax(p)] =

P+l d-4d+s

Cnrcrelpmax(P)] = —; >
d3 +2d? —3d — 2
+ 1—p2. 19
4 p (19)
Accordingly, the maximum collective

enhancement at a fixed purity PY is

@[Pmax@%/cHCRB[Pmax(pq'] with p—'=

PE‘Il. Eqgs. (18) and (19) reveal that the
HCRB grows at most linearly with d, whereas
the NHCRB grows at most quadratically, so that
the maximum enhancement at fixed purity (dark
red line in Fig. 3) grows at most linearly with
dimension and is at most d + 1.

In contrast to the maximum ratio, the
minimum-ratio states (blue dots in Fig. 3) are

rank-deficient states® of the form psﬁl)n(p) =
p|0M] + (1 —p) |1 for purity greater than 1/2,
P (@) = plOm] + p|LM + (1 — 2p) |20 for
purity between 1/3 and 1/2, and so on,* down
to pfgi)n for purity between 1/d and 1/(d — 1).
This change in form of the minimum-ratio state
reflects as the points of non-differentiability in the
minimum-ratio curve in Fig. 3.

Figure 4: Maximum ratio RNM between the NHCRB
and the HCRB over 10,000 random models for each di-
mension, d, from three to eight and for each number of
parameters, n, from two to eight. (See Fig. 11 in Ap-
pendix L for the distribution of ratios for each d and n.)
The bar chart (with black callouts) on the back panel
depicts the maximum ratio for estimating n GMM co-
efficients from the maximally-mixed qutrit (Table 1 in
Appendix F). The red line on the bar chart (with red
callouts) represents the maximum ratio for each n from
known analytic models, applicable for all d = 3.

Whereas our analytical results in Secs. 5.3-5.6
apply to the linear GMM model and its exten-
sions, we now consider arbitrary smooth mod-
els of full-rank qudit states, i.e., we address
the quantities RNP and RNH from Egs. (10)
and (11). Specifically, we estimate n arbitrary in-
dependent parameters from arbitrary full-rank d-
dimensional qudit states. In this case, the pa-
rameter derivatives Jjpg are arbitrary traceless
Hermitian operators. Our results for this model
are shown in Fig. 4 (and Fig. 11 in Appendix L).
The 3D bar chart in Fig. 4 clearly depicts the
increase in maximum ratio with number of pa-

SAlthough we have treated only full-rank states until
now, rank-deficient states can be approximated arbitrarily
well by full-rank ones [50].

)

min

“We only provide analytic expressions for p

3
and pfm)n.
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Figure 3: Ratio between the NHCRB and the HCRB versus purity for estimating all d> —1 GMMs from arbitrary
states. For qubits (a), we find a one-to-one dependence between ratio and purity (10,000 samples). However, for
qutrits (b) and quartets (c), there is a region of allowed ratios at any given purity (15,000 and 25,000 samples,
respectively). The ratio at any fixed purity is maximised by the state pmax, which is a depolarised pure state, and

@ (3 (4)

minimised by the states prin: Pmin (aNd pain in (€)), which are rank-deficient classical states

rameters, in agreement with Secs. 5.1 and 5.5.
This suggests RN? < RNH,. On the other hand,
in Fig. 4, the maximum ratio for a given num-
ber of parameters seems to decrease with in-
creasing dimension—this is an anomaly stemming
from having an increasingly larger sample space
of models but a fixed number of samples (10%)
from them. In fact, the maximum ratio cannot
decrease with increasing d; any model in d di-
mensions can be extended to d + 1 dimensions
by padding the state and its derivatives with ze-
ros. This preserves both the individual and the
collective precision bounds, and thus their ratio.

4 Discussion

In this work, we explored the ratio between
separable- and collective-measurement precision
bounds in order to identify the maximum col-
lective quantum enhancement in a range of set-
tings. Considering the ratio between the NHCRB
and the HCRB, we established that for estimat-
ing any n independent parameters, the maxi-
mum precision-enhancement from collective mea-
surements can, in principle, be n. However, at
the maximum value of n, we proved thi\? maxi-
mum enhancement to be only O(d) or O( " nmax)-
Specifically, for the model of qudit tomography
in the Gell-Mann basis, we proved the maximum
collective quantum enhancement to be d + 2,
revealing the SIC POVM to be an individual-

optimal measurement for the maximally-mixed
Based on the specific examples provided
and our numerical results, we expect the attain-
able maximum enhancement to be d + 1 instead.
We also established a maximum enhancement
of d+1 for tomography in any other basis, i.e., for
estimating any other nmax parameters, as well as
for estimating fewer than nmax parameters of the
maximally-mixed state. Finally, we numerically
demonstrated a maximum enhancement in O(d)
for states of a fixed known purity. Our work
thus suggests supplementing the known ratio re-
sult Cqp < Chcr < 2Cg p with CHycre <
CnHeRrB = (d + 1) Cycre. Throughout, we have
demonstrated our analytical findings via numer-
ics and figures for specific d.

case.

It is, however, important to note that, though
our methodology leveraging the NHCRB as a
separable-measurement precision bound leads to
several analytical results, the NHCRB is a sub-
stitute here for the most informative bound Cy;.
The NHCRB can overestimate the best attain-
able separable precision whereas Cy is tight by
definition, so the attainable maximum advan-
tage from collective measurements could be larger
than d + 1, as in Eq. (12). However, numerical
evidence for large qudit dimensions [39] suggests
the gap (Cm _CNHCRB)/CNHCRB to be small, so
that the NHCRB-maximum ratio should be close
to the MICRB-maximum ratio [47]. Indeed, for
qudit tomography in orthonormal bases, we prove
the attainable maximum collective enhancement
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to be bounded between d+1 and d+2—the same
bound that applies for the NHCRB-maximum ra-
tio. We then compare this result to a bound
based on the GMCRB, demonstrating that our
approach imposes a stronger constraint on at-
tainable enhancement. Notably, both approaches
predict a maximum enhancement linear in di-
mension, and not quadratic, at the maximum
number of parameters. However, beyond full-
parameter models, the NHCRB reflects more ac-
curately a non-linear dependence of maximum
collective enhancement on number of parame-
ters n, whereas the GMCRB predicts a linear
relationship (Fig. 2). These factors justify our
choice of the NHCRB as the individual measure-
ment precision bound.

Our choice of the Gell-Mann basis for tomog-
raphy was motivated by its symmetry and sim-
plicity, apart from being a generalisation of Pauli
matrices. The orthonormality of the basis leads
to (local) parameter orthogonality of the basis
coefficients for estimating from the maximally-
mixed state [62], making the classical and quan-
tum (SLD) Fisher information matrices diagonal.
As further captured by the theory of Fisher SIC
measurements [56], the two Fisher information
matrices are proportional. In general, any full-
parameter model is D-invariant {13, 35, 63|, lead-
ing to Cycre = CrLp. Additionally, for GMM
tomography, the SLD and RLD CRBs equal the
HCRB, which is a signature of a locally-classical
model [13, 63]. In fact, the theory of quantum lo-
cal asymptotic normality [42, 44, 64, 65] predicts
that in the asymptotic limit of number of copies,
this model becomes a completely classical Gaus-
sian model [51]. This theory therefore offers a
physical explanation for why collective enhance-
ment might be maximised in the orthonormal to-
mography setting: the single-copy measurements
are subject to maximal parameter incompatibil-
ity whereas all the parameters can be estimated
simultaneously in the asymptotic limit.

However, the significance of considering the
Gell-Mann basis cannot be overstated. Gen-
erally, any parameter estimation problem may
be linearised a the true parameter values
as pg = ppit i — ejl‘_)‘ijEWith the partial
derivatives 0jpg necessarily traceless and Hermi-
tian, meaning they are combinations of GMMs
(Sec. VC in [23]). This estimation problem
can then be linearly transformed to the equiv-

alent problem of estimating some number of
GMM coefficients [13], precisely the model solved
in Sec. 5.5. For example, the simple result
of Chcrelpm] = n/d from Sec. 5.3 can be directly
linearly transformed to obtain a closed-form ex-
pression for the HCRB for estimating any d? — 1
independent parameters from any full-rank qu-
dit state. Lastly, although our main analysis was
specific to GMM tomography, we proved that the
bounds and their ratios are invariant for tomogra-
phy in any other orthonormal basis for the same
space. These results lay a foundation for the
future exploration of the enhancement potential
of entangling measurements in multi-parameter
quantum estimation.

Our approach in this work was to study
quantities RNH and RM! to assess collective
quantum enhancement.  The collective- and
separable-optimal precisions are identical for
single-parameter problems, but can grow increas-
ingly farther apart with increasing number of pa-
rameters, disagreeing the most at the maximum
number of incompatible parameters. Therefore,
the maximum ratio of precisions effectively com-
pares how parameter incompatibility affects sep-
arable versus collective measurement strategies.
Our results motivate defining a finite incompati-
bility measure through the gap § = (CnHCRB —
Cuhcre)/CHcre, which complements the nor-
malised gap A = (CHCRB_CSLD)/CSLD that was
connected to the asymptotic incompatibility be-
tween parameters in Refs. [53, 57]. In contrast to
Ref. [57], our results show that even if the asymp-
totic incompatibility vanishes [53], the individual
and collective attainable precisions can still dis-
agree maximally and the finite incompatibility §
can be as large as the dimension d, a significant
difference from the asymptotic case.

The results in Figs. 1, 2 and 4 indicate that the
maximum collective enhancement RNH increases
with number of parameters, and hence is largest
for state tomography. Moreover, for tomography,
the maximum enhancement decreases with pu-
rity (Fig. 3) and is maximised by minimum-purity
states. Based on this, we conjecture that maxi-
mum enhancement RNH is attained for orthonor-
mal tomography of the maximally-mixed state.
This case was studied analytically to find a ratio
of d + 1. Hence, we conjecture that CyHcre =
(d + 1)Cycra for all smooth full-rank models in
the local estimation setting, i.e., RNH = d + 1.

Accepted in {Yuantum 2025-09-18, click title to verify. Published under CC-BY 4.0. 12



Notably, both the n bound (Sec. 5.1) and the d+1
bound (Secs. 5.3 & 5.4) can be tight, and for qubit
tomography (Eq. (24)), they are tight and identi-
cal. Resultantly, if our conjecture holds true, we
would also expect RNH < min(n, d + 1) (red line
in Figs. 1 & 2) to hold for qudits. For qutrits,
Fig. 1 shows this conjectured upper bound to be
attainable for all n except n = 4. The value
of R for qutrits remains an open problem (we
report a ratio of 3.25 in Fig. 4), motivating further
inquiry into the utility of collective measurements
in multi-parameter quantum estimation.

In conclusion, we find that for local estima-
tion problems involving n parameters, the opti-
mal collective measurements are at most n times
more precise than the optimal individual mea-
surements. Although this suggests that a collec-
tive quantum enhancement of n is possible, and
that the utility of collective measurements scales
with the number of estimated parameters, our
further analysis indicates otherwise. By taking
the probe dimension d into account, we upper-
bound the collective enhancement by d+1, which
is a tighter bound for large n (n > d). Our in-
vestigation into the utility of collective measure-
ments thus reveals a diminishing payoff in the
asymptotic limit. Whereas collective measure-
ments on two copies, three copies, and so on, are
practically feasible and outperform the optimal
individual measurements, the optimal collective
measurements that saturate the HCRB require
entangling measurements on asymptotically-large
number of copies but only enhance precision by a
factor at most linear in dimension, underscoring
their non-utility.

Our results apply to multi-parameter quan-
tum metrology and quantum sensing, where a
judicious choice between measurement strate-
gies would be resource-wise beneficial. Con-
versely, our work questions the choice of the
HCRB when benchmarking the performance of
real-world quantum measurements, and suggests
the (finite-copy) NHCRB as a more suitable al-
ternative. Investigating the advantage offered by
finite-copy collective measurements, or extending
to Bayesian settings could offer valuable insights
into the potential of entangling measurements.

5 Methods

In this section, we present our methodology
for analytically deriving the RN? < n and
the RN < d + 1 bounds on the maximum col-
lective enhancement. First, in Sec. 5.1, we es-
tablish a problem-independent upper bound of n
on the collective enhancement RNH. Then, over
Secs. 5.2—5.5, we establish the upper bound
of d+1 on RNH. We start by introducing the ‘lin-
ear GMM model’ and identifying some of its sim-
plifying features in Sec. 5.2. Then, in Sec. 5.3, we
solve the full linear GMM model, corresponding
to GMM-basis tomography, for maximally-mixed
qudit states, showing the enhancement here to be
exactly d +1. Next, in Sec. 5.4, we extend our
arguments for the full linear GMM model to ar-
bitrary qudit states, establishing a maximum col-
lective enhancement of d + 2. Finally, in Sec. 5.5,
we explore the related model of estimating fewer
than nmax parameters of the maximally-mixed
state, proving that the maximum enhancement
remains d + 1. We also establish the maximum
enhancement to be d + 1 for the weighted lin-
ear GMM model in Appendix H and for a differ-
ent choice of the individual-measurement preci-
sion bound in Appendix J.

5.1 Ratio of n

We now establish a model-agnostic (or problem-
independent) upper bound of n on the collective
enhancement RNH.

Theorem 1. For estimating n parameters of
any qudit state pg, the collective enhance-
ment Cnncralpel/CHeralpe] < n, i.e.,

RNH <. (20)

Proof. Using Ref. [46]’s upper bound (based on
Ref. [39]) to the NHCRB (see summary in Ap-
pendix G),

1
CnHcralpe] = m)}n Tr(Ze[X])

1
1
+ Cpd[ X, Xi] LT
J.k[n]
(21)
1 1

and [de[Xj, Xi|LJ< 1/27Tr po(X7 + X72) , we
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get

CnHerslpe] = n m)!n Tr (Zo[X]) = n CsiLplpe] -
(22)
On the other hand, from Eq. (6), we
have Cucrilpg]l = minx Tr(Zg[X]), so that
CNHCRB[PG]/CHCRB[PG] < n for all smooth mod-
els and, thus, RNP < n, O

Note that under the assumption of independent
parameters 6, we have n < nmax [23], so that
Eq. (20) implies RNH < npax = d2 — 1.

5.2 Model: Estimating GMMs from Qudits

We now introduce our quantum statistical
model, which is an nmax-parameter family of d-
dimensional qudit states. This model, which
we call the ‘linear GMM model’, involves esti-
mating the nmax coefficients {0 }j rapa,g of the
GMMs Ag = {Aj}j rIapay] from the Bloch repre-
sentation of a qudit state [50],

nefax——]
pe = 1gq/d+ 0 \j - (23)

=1

The GMMs Aq are traceless, Hermitian gener-
alisations of the qubit Pauli operators (see Ap-
pendix A), and the decomposition in Eq. (23) is
a one-to-one map between the Hilbert space Hgy
of pg and the parameter space @ [RI'Max. Esti-
mating 6 is thus equivalent to qudit state tomog-
raphy. Note that we adopt the convention of nor-
malising the GMMs such that Tr(A\jA) = 5jk-5
It is useful to summarise the d = 2 case results

here [48]; the HCRB and NHCRB are

Chcre =Crip==3—72+ 2rlj:l> 28)

_ _ 2
CnHere = Comcre =5—r“+4 1—12

—J 1
with r2 = i = Tr% — 12 the
squared length of the Bloch vector. In this

case, the NHCRB is attained by measuring
informationally-complete (IC) POVMs, simplify-
ing to symmetric informationally-complete (SIC)
POVMs (see Eq. (39) for definition) at r =
0 [48]. It is straightforward® to see from Eq. (24)

5Some authors [66] instead normalise as Tr(AjAx) =
2djk to be consistent with the d = 2 case for Pauli ma-
trices. Our convention rescales the parameter values and
bounds, but leaves their ratios invariant.

5Cuhcre increases with r whereas Cnncre decreases.

that the ratio Cnncre/CHcre is maximised
at » = 0, corresponding to estimating parame-
ters of the maximally-mixed state. Thus, for the
qubit tomography model, the maximum enhance-
ment RNH[{pg}] is three, and this ratio is at-
tained when estimating the three Pauli matrix co-
efficients of the maximally-mixed qubit state [48].

An important simplifying feature of the lin-
ear GMM model is that the LUB operators
X ={X1,..., Xn} “are uniquely fixed to be the
GMDMs themselves, i.e.,

Xj = )\j . (25)

That there is exactly one feasible solution for the
LUB operators significantly simplifies the evalu-
ation of the bounds.” To see this unique feature
of our model, consider that the true (unknown)

state is
n
pe=1g/d + 9,!,— :

j=1

The LUB constraints (Eq. (5)) at §“4re then

Tr(peXk) H_e = O

(26)
Tr (9 pe Xk) gg = Jjk -

Writing Xj = | ¢cjkAk, where ¢jk are unknown

real numbers (to preserve Hermicity of Xj), re-

duces Eq. (26) to

I%j@}j—‘ O & cj = djk,
i

which immediately implies Xj = Aj, as claimed.

The simplification from having a unique solu-
tion for feasible LUB operators, X, extends more
generally to tomography in any ONB (n = nmax).
The model here,

n
peo=1q+  607Bj, (27)
j=1

is called the ONB model, and corresponds to
tomography in the basis {Bj}j rapa], Which is
orthonormal, Tr(BjBx) = djk. Further, Bj are
traceless and Hermitian and, therefore, can be

"This is not generally true; in most cases there are mul-
tiple feasible LUB operators X, which need to be optimised
over to calculate the bounds, see for example Refs. [21, 26]
and Appendix F.
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written as a real linearﬂlbinations of the
GMMs A through By = | njkAk, so that

I I | EE;I ]
1 11 Min 1
HEH - HHH @9
Bn M1 - Tnn An

or in short, with vectorised notation Bq for the
left hand side,

Ba = (n LIDA4- (29)

Now imposing the condition that By is orthonor-
mal, i.e.,

TI’(Bj Bk) = 5jk R (30)

implies that the transformation matrix 7 is or-
thogonal, so that the inner-products between its
different rows (or different columns) is zero. This
is stated and proved as Lemma 1 below.

Lemma 1. For transforming from the GMM ba-
sis to any other ONB for the space of d > d trace-
less Hermitian matrices over reals, the transfor-
mation matrix n is real and orthogonal, meaning

m—=nbr=1,. (31)

Proof. The orthonormality condition from
Eq. (30) in the GMM basis simplifies to
Nfax ]
Tr(BjBk) = Njafks Tr(AaAp)
a,b=1
Nifax
= njanka = (M ik = Gk,
a=1

so that == 1,,. As both By and A4 are bases
for the space, the matrix 7 is full-rank and there-
fore invertible. This makes n'jthe inverse of 7,
so that nn == 5= 1,, as claimed. O

Clearly, the GMM model is an ONB model,
and Lemma 1 says any two ONB models are re-
lated by a real unitary (orthogonal) transforma-
tion of the parameter derivatives. Conversely,
this connects the ONB parameters 0-(in Eq. (27))
to the GMM parameters 6 (in Eq. (23)) through

Nifax ]
b= by =03k " =a9= 0.

=1

This relation enables a much stronger connection
between different ONB models. In particular, any

ONB model can now be considered as a reparam-
eterised GMM model with 7= 76 [13, 21, 61].
From Sec. V of Ref. [61], we know that such a
reparameterisation of any model is equivalent to
the weighted version of the original model with
weight matrix W = 7 7 For the reparameterised
GMM model, the orthogonality of  (Lemma 1)
makes this weight W = 5 5= 15, thereby prov-
ing that the GMM model and the ONB model
are completely equivalent. This means that both
individual (NHCRB, MICRB, GMCRB) and col-
lective (SLD CRB, HCRB) precision bounds are
invariant to the particular choice of ONB for
tomography. Therefore, the ratios RNF[{pe}]
and RM'[{pg}] obtained below for the GMM
model also hold for the model of tomography in
any other ONB.

5.3 Ratio of d + 1: Maximally-mixed State

We now investigate the parameter estimation
of 6 (n = nmax) for the maximally-mixed qudit
state pé:'z 14/d =: pm in d dimensions (corre-
sponding to #= 0). For pm, we calculate the
SLD and RLD CRBs, the HCRB, the NHCRB,
and the GMCRB. We also find the SIC-POVM
in d dimensions to be an optimal individual mea-
surement that attains the NHCRB, thus estab-
lishing Cypy = Cnners for this case [37]. Choos-
ing pé:': pm simplifies the evaluation of various
CRBs as this choice of pel:bommutes with every
linear operator.

From their definitions, (see Eqgs. (87) and (88)
in Appendix D), we find both the SLD and the
RLD operators to be simply

L = LR =d . (32)

The two resulting QFI matrices are equal and di-
agonal (see Appendix D),

1 1
d 0 ... 0
J(SLD):J(RLD):E fl E . (33)
N
0 0 d
nxn

which is a sign that our model is “locally clas-
sical” [13, 63]. The two QFIs then yield their
respective CRBs,

Nmax __ dz -1

d d

Csip = CrLD = (34)
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As expected of a locally classical model, the
HCRB coincides with the SLD CRB and RLD
CRB [13, 63]. In fact, any full parameter
model (n = nmax) with linearly-independent pa-
rameter derivatives constitutes a “D-invariant”
model, for which Cycrg = CRgrLp is known to
hold [35, 63]. Nonetheless, and more directly,
note that the minimisation over X in the def-
inition in Eq. (6) is trivial due to the unique-
ness discussed in Sec. 5.2. Thus, (Ze[X])jk =

LTr(\A) = djk/d, which is exactly JED
Correspondingly,

-1
Chcre = Tr(Ze[X]) = Tr(JE-D) )

d?—1
= =CsLp -

We write this result as Lemma 2, and defer the
detailed proof to Appendix C. Note that, more
generally, Csip = minx{Tr(Zs[X])}. Addition-
ally, when X is uniquely fixed,
1 L1
Chicre = Tr(Ze[X]) = Tr SeXX"™—=Cs1p.
(35)

Lemma 2. The HCRB for estimating § = 0
from pn, is

d?—1
Chcralom] = 7 (36)

The NHCRB is not as trivial to compute be-
cause despite X being uniquely fixed, there is
still a minimisation over nd % nd matrix L in
Eq. (4) [21]. Moreover, directly proving the op-
timality of a candidate L is difficult—for this
purpose we turn to the SDP formulation of the
NHCRB [21] (see Appendix E for definition). The
SDP approach offers a simple way to prove opti-
mality via duality: if we can find a primal-feasible
solution and a dual-feasible solution such that the
primal objective value equals the dual objective
value, then the solutions are optimal. In Ap-
pendix E; we present a pair of such solutions and
prove their optimality using this approach. The
optimal argument L™ve find to the SDP is

oo T

]

where 7,k [In] and {, } denotes the anti-
commutator. Directly computing Tr[SgL}'then
leads to the following lemma.

Lemma 3. The NHCRB for estimating 0 = 0
from pm is

2 _
CNHcrBlpm] = W (38)

Our first main result now follows straightfor-
wardly from Lemmas 2 and 3.

Theorem 2. For ONB tomography of the
maximally-mixed qudit state pny, the collective
enhancement Cnncrelpm]/Crerelpm] = d + 1.

The HCRB is already known to be asymp-
totically attainable, so we now prove the at-
tainability or tightness of the NHCRB for our
model. Specifically, we show that the NHCRB in
Lemma 3 can be attained by measuring any rank-
one symmetric informationally-complete (SIC)
POVM in d dimensions (assuming one exists).
The SIC POVM is a set of d?> measurement oper-
ators {Ii} raz; that form a POVM and are com-
pletely symmetric between themselves under the
trace inner product,

Tr (M, My,) = (A E lp, 1,1, CId%]

(39)
To prove that measuring SIC POVMs attains
the NHCRB, we show that the measured proba-
bilities Tr(pmMM;) directly yield a variance equal
to CNHere from Lemma 3, establishing Cyy =
CNHcra in this case. The CFI matrix Jjk (j,k 1
[n]), which in the multi-parameter case is given
by

d?(d +1)

J Dﬂ 1 T [ po M) Tr [Okpei]
ik {Mhigm = T (el
I=1

(40)
simplifies to (see Lemma 9 and proof in Ap-
pendix E.5)

Jik =d> TN TriwN]
1=1 (41)
o d
Tk

in this case, so that Eq. (2) then leads to

2 _
w = CNHcre - (42)

Tr(JH =
From Eq. (3), we then have Cyy < Tr(J™Y) =
CNHerRB = Cwmy with the last inequality from
Eq. (8). This proves Cyy = CnHCRB, meaning
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that the ultimate individual precision is attained
for this model by measuring SIC POVMs. No-
tably, any rank-one SIC POVM in d dimensions,
irrespective of its orientation, constitutes an op-
timal individual measurement in this scenario.

An alternative proof of this attainability can be
furnished using the GM inequality for individual
measurements [23],

T ™ S <d—1. (43)

For the SLD QFI JGLP) in Eq. (33), the inequal-
ity in Eq. (43) implies that

Tr(J = (d?—1)(d+1)/d, (44)

which is saturated by the SIC POVM CFI J from
Eq. (41), as seen in Eq. (42).

5.4 Ratio of d + 2: Extension to Arbitrary
States

In this section, we extend Lemmas 2 & 3 and The-
orem 2 for pm to arbitrary qudit states pg B pm.
Such a qudit state can still be written as in
Eq. (23), but now the true parameter values ™~
are non-zero and § = A% In this we show
that Crcrelps]l = Chcreloml = g ff? and

that Cnmcrelps]l = Cnwcrelom] = j rm 072
which, we then show, imply

CnHcralps]

<d+2.
Chcrslpel

This establishes the maximum collective quan-
tum enhancement RNH[{pg}] for the linear GMM
model to be d+2. We also argue that the optimal
individual measurements are now IC POVMs,
supported by numerical results in Appendix K.

The HCRB and the N@B involve an addi-
tional —Tr(0¢H) L= — j ngZI term for non-
zero §{Eqs. (4), (6) & (7)). For the HCRB, it is
simple to see from Eq. 83 in Appendix C that
Tr(SeXX Hstill lower-bounds ming x Tr(SeL)
(see also Remark 1 in Appendix C) so that

Chcralpe] = Tr(SeXXH~'— 0;
j n]

(45)

despite L = XX ™ot being the optimal solution
anymore. Note also that the purity of the true
state pg1s

1 —
P(og)'=Tr (pp)* =1/d+ 6~
i )

By explicit calculation, we find Tr(SgXX '?':
d*~1/d = Chcralpm], and hence,

>—1_

9,-@: d—P(py. (46)

J tnj

Chcralpe] =

From Lemma 2, we know that this inequality
is saturated by the maximally-mixed state pm,
which has purity 1/d. Figure 5 (a) depicts how
d— P(pé——)' compares with the actual HCRB for
qutrit states.

For the NHCRB, our key insight is that the op-
timal argument Lj%'z d+1/d+2 ({\j, A} + djk1d)
from Lemma 4 in Sec. 5.3 is still feasible: Ldat-
isfies the constraints Ljx = Lgj Hermitian and
L < XX 5—vhich are all independent of pg. How-
ever, L™s not optimal so Tr[SgLF only upper-
bounds ming Tr[SgL] in Eq. (4). Again, we ex-
plicitly calculate Tr[SgL F'to find

(d> —1)(d+1)
=

Tr[SeL = CNHcralpm]

(47)
so that we can upper-bound the NHCRB as

&

(P@—-1)(d+1)
d i (48)

CnHcralpe] =
=d?>+d—1—P(pgo).

From Lemma 3, we see that the inequality in
Eq. (48) is saturated by the maximally-mixed
state pm. Figure 5 (b) depicts how d? + d —
1- P(pé?)| compares with the actual NHCRB for
qutrit states.

Theorem 3. For ONB tomography of arbi-
trary d-dimensional qudit state pg, the maximum
collective enhancement RNH[{pg}] < d + 2.

Proof. Combining the lower bound for the HCRB
in Eq. (46) with the upper bound for the NHCRB
in Eq. (48), we get

d? +d—1— P(pp)
d —P(pg)

Then, using 1/d < P(pg) < 1, we find the
maximum of the right hand side of Eq. (49) to
be d + 2, attained when P(pg) = 1, i.e., when pg
is pure. O

CNHcrel[pel
Chcralps] —

(49)

Theorem 3 establishes a loose upper bound
that we expect to never be attained. The ratio
between the two bounds is actually maximised by
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Figure 5: Comparison of the HCRB and the NHCRB to their lower and upper bounds, respectively. (a) HCRB
and its lower bound d — P(pg) (from Eq. (46)). The lower solid parabolic curves show the lower bound and the
upper triangular curves (beginning and ending with dots) show the numerically-computed HCRB. (b) NHCRB and
its upper bound d? +d — 1 — P(pg) (from Eq. (48)). The lower dotted curves show the numerically-computed
NHCRB and the upper solid curves show the upper bound. The state chosen in both (a) and (b) is a mixed

qutrit pg = 1d/d + 012 + 02)4.

maximally-mixed states and minimised by pure
states, as seen in Fig. 3. This discrepancy is
due to the HCRB lower bound in Eq. (45) be-
ing a decreasing function of purity, whereas nu-
merical results (Fig. 3 and weighted version in
Appendix H) and analytical results for the qubit
case (Eq. (24)) show the HCRB to be an increas-
ing function of purity for this model. Figure 5
(a) and (b) numerically compare the lower and
upper bounds from Eqs. (46) and (48) with the
true HCRB and NHCRB, respectively, for d = 3
and pg close to pm. It is evident that the lower
and upper bounds are valid for all pg but satu-
rated only for pm. It is also clear from Fig. 5
(a) that the HCRB lower bound in Eq. (46) is
a decreasing function of purity whereas the true
HCRB is an increasing function of purity. And,
in fact, using Cycrelps] = CHcrelpm] instead of
Eq. (45) in the proof of Theorem 3 leads to an
upper bound of d+1 on the ratio. This is a tight
bound and is saturated by the model considered
in Sec. 5.3. Nonetheless, Theorems 2 and 3 to-
gether establish that for the linear GMM model,
and any other ONB model, RNH[{pg}] < d + 2.

We extend the upper bounds on the ratio
proved in Secs. 5.3 and 5.4 to arbitrary, full-rank,
parameter-independent weight matrices W in Ap-
pendix H. Arbitrary weight matrices correspond
to reparameterisations of the model [13, 21, 61],
i.e., estimating parameters that are not coeffi-
cients of any particular ONB. Our results in Ap-
pendix H prove that for the maximally-mixed
state pm, and for estimating any nmax indepen-
dent parameters locally, the maximum collective

enhancement is at most d + 1. We also numeri-
cally show that when estimating from any other
state pg, the ratio is smaller than when estimating
from pm with the same weight W. This suggests
the maximum enhancement from collective mea-
surements over individual measurements in any
local tomography problem is d + 1, i.e.,

NH

Nmax

RV [{pe}l = d+1,

(50)
and this upper bound is saturated by the model
studied in Sec. 5.3.

Finally, the optimal separable measurements,
assuming all the 6 to be independent, are IC-
POVMs. This is because to estimate d? — 1 inde-
pendent parameters, one needs d°—1 independent
probabilities which can only arise from measuring
a POVM with at least d? linearly independent
elements. Having any more than d?2 POVM el-
ements is also redundant, as the extra elements
cannot be linearly independent from the first d?
elements. In Appendix K, we depict the transi-
tion from SIC POVMs to IC POV Ms as the purity
of pg increases from 1/d for the maximally-mixed
state to 1 for pure states. This result is in line
with previous findings that IC POVMs are opti-
mal for state estimation and tomography [67, 68|.

max
Nmax-parameter models

5.5 Related Model:
GMMs

Estimating N < Npax

In Secs. 5.3 and 5.4, we studied the full-parameter

linear GMM model for the cases %= 0 and §-&
0. In this section, we study the GMM model
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with n < nmax parameters, with the remain-
ing mmax — n parameters set to zero, i.e., esti-

mating {0} qm A from

L1
0jAj - (51)
jgnl

pg = lgq/d+

The case with {0} rqapeq\n B 0 is also inter-
esting but we do not study that here. More-
over, we only provide analytic results for the true
state péj: pm- This is because, numerically, we
see that when the parameters not estimated are
set to zero, the ratio is maximised by pm. Al-
though we have not specified which n GMMs we
choose to estimate, and despite the NHCRB (but
not the HCRB) depending on this choice,® the
bounds we provide on the ratio are independent
of this choice.

The differentiating factor for this model is
that Xj = \j are not the sole possible LUB oper-
ators. Nonetheless, for the HCRB, this choice is
still optimal, and the HCRB is n/d, the same
For the NHCRB, we find
that linearly modifying Ay and bilinearly modify-
ing Lj'%' from Lemma 4 gives us an upper bound
of (d +1)n/d, also the same form as Lemma 3.

For estimating parameters of pm, we find
the SLD-optimal X, i.e., argminy Tr[SgXX ;o
be Xj = \j for j CI&] (see Appendix F). This
establishes that Cg.p = n/d. Moreover, for this
choice of X, L = XX Fshtisfies all the HCRB con-
straints (Eq. (7)) and yields

form as Lemma 2.

Tr[SeL] = Tr[SeXX = g ,

so that Chcrelpm] = Csiplpm] = n/d, as
claimed.

For the NHCRB, the Xj are linear combina-
tions of the d> —1 GMMs, and can be written
as

X=COng, (52)

where C@ is a real matrix. Then, XXX
COANTED " We similarly modify L™ from
Eq. (37) to define L= c@LE@ I,:Iwhich en-
sures LTH< XX ™Hecause of L-< AATHrom
Lemma 4 in Appendix E. The NHCRB in Eq. (4)
then becomes a minimisation over L and C®.
However, if we choose our ansatz L™ Hor L and

8See Table 1 in Appendix F

minimise only over C@, we should get a larger
value, i.e.,

]
CNHerBlpm] = min - Tr[SgL]|Ljk = Lyj ,
L,C®

Ljk Hermitian,
L<C® AAEE®

-
=< min Tr[SeL ™| LT c@ AATEP
C

5!

Iéss)

_(d+1)n
=

The inequality in Eq. (53) holds because the sec-
ond minimisation is performed over a subset of
the set over which the first minimisation is per-
formed and the last equality follows after some
algebra (see Appendix F). Combining this upper
bound on the NHCRB with Cycrs = n/d, we
get the following theorem.

Theorem 4. For estimating fewer-than-
nmax Ccoe [ciehts of GMMs of the maximally-
mixed qudit state pmn, the collective enhance-
ment CnHerelpm]/CHerelom] = d + 1.

Numerically, we see this ratio actually depends
on n: as n increases from 2 to d? — 1, the ra-
tio increases from 2 to d + 1. Table 1 in Ap-
pendix F depicts this increase, though not mono-
tonic, by listing the two bounds and their ra-
tios for d = 3. As proven here, the HCRB
only depends on n and d. Interestingly, when
the true values of the parameters not being es-
timated are non-zero, the maximally-mixed state
is no longer the ratio-maximising state. However,
the n bound in Sec. 5.1 and numerical results
in Sec. 3.3 suggest that the maximum enhance-
ment RNM cannot decrease with increasing n at
fixed d, meaning RN < RNH,. And we have
analysed the n = nmax case in depth, so we expect
that for any n < nmax model, the same bound
of d + 1 should hold, i.e., RN = RNH <4+ 1.

Nmax

5.6 True Ratio for GMM Model using MICRB

To establish an upper bound to the true collec-
tive enhancement RM'[{pg}], we use the MICRB,
which quantifies the optimal precision attainable
with separable measurements [36, 38, 39]. The
MICRB is formulated in Ref. [39] as a conic opti-
misation over an (n + 1)d X% (n + 1)d-sized opera-
tor X that lies in a separable cone, Sggp, within
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the space of positive operators of this size (see def-
inition in Eq. (147) in Appendix I). Additionally,
the operator X satisfies linear trace constraints
arising from the POVM condition and from the
local unbiasedness condition (Eqgs. (148), (149)
in Appendix I). Subject to these constraints, the
MICRB minimises the objective Tr[(W [pg)X],
where the typically n>n weight matrix W is mod-
ified to be (n + 1) % (n + 1)-sized by padding its
first row and column with zeros (W15 = Wj1 =0
for j CJd + 1]).

It is important to note that one of the main
contributions of Ref. [39] was showing that vari-
ous precision bounds, including the NHCRB and
the HCRB, can all be recast as the minimisa-
tion of this same objective but subject to dif-
ferent inclusion constraints on operator X. In
particular, the NHCRB was shown to require the
positive semi-definiteness of X, whereas the MI-
CRB was shown to require X to also be separable,
over an (n + 1)-dimensional real space and a d-
dimensional complex space. Our key observation
is to find that for the linear GMM model, at the
maximally-mixed state, a solution to the MICRB

is given by
1 1
g M A2 ... A
x] L LG ... LY
Xoo = 2 Ly LS ... LY — (54)
A LY LS o0 LY

where LJ-IEI is the NHCRB-optimal argument pre-
sented in Eq. (37) of Sec. 5.3. This connection
between the NHCRB solution and the MICRB
solution is not surprising, given that two bounds
minimise the same objective subject to different
constraints, and are equal for the linear GMM
model at the maximally-mixed state.

In Appendix I, we rigorously prove that Xgg
satisfies all the MICRB constraints, including
the POVM constraint, the LUB constraints and
the separability constraint (Lemma 10). The
MICRB objective value for Xg equals the
NHCRB, Cnneralpm] = n(d+1)/d, as expected.
Further, we show that Xgo is a feasible candi-
date (but not necessarily optimal) for the MICRB
for arbitrary qudit states, thereby leading to the
upper-bound,

1 |_—2_|
Cmilpe]l =n I%lgl R (55)
J

which was derived for the NHCRB in Eq. (48)

of Sec. 5.4. Combining this upper bound for the

B with the lower bound Cycralpe] = n/d—

j 05 we prove in Theorem 5 of Appendix I that

the true maximum ratio RM'[{pg}] in the linear
GMM model is upper-bounded by d + 2.

Theorem 5. For ONB tomography of arbi-
trary d-dimensional qudit state pg, the maximum
true collective enhancement RM[{pg}] < d + 2.

This theorem reproduces the upper bound de-
rived on the maximum ratio RNH[{pg}] in The-
orem 3 and similarly extends to tomography in
any ONB. However, as with Theorem 3, we do
not expect the upper-bound of d+ 2 to be attain-
able.

Data availability

The data that support the findings of this study
are available from the corresponding author upon
reasonable request.

Code availability

The codes that support the findings of this study
are available from the corresponding author upon
reasonable request.
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A  Gell-Mann Matrices and Tomogra-
phy via Parameter Estimation

The main advantage of the Bloch representation
for qubits,
1 1

Ll fjo; 51 (56)
ity.2)

N| -

p:

where P = {ox, 0y, 0.} is the Pauli basis, is the
convenience of working with the real-valued Bloch
vector 0 = {0x, by, 0;} [CRP instead of the equiv-
alent complex operator p [CCP>*2. The same con-
venience is availed in three dimensions by replac-
ing P with the GMMs, A3 = {)\j}le. These
constitute an orthonormal basis over the reals for
the space of 3 % 3 traceless Hermitian matrices
and generalise the Pauli matrices to three dimen-
sions. So for a qutrit state p, we can write

|
p= 13/3 + Hj )\j (57)
j=1
with
10 o i o
-1
=+ o o =+ FEl o oHd
2000 20 0 0
T o o o 1
na=fod—1 oFd a =+ Fedo oFH
20 0 0 2100
1 1 1 [1
00 —i 00 0
=~ fodo o x=+ Fodo 1H
2 50 0 2010
1 1 1 1
00 0 10 0
yv=v-ltodo —iEhs=~ltod1 o HH
2094 0 6 00 —2
(58)

Note that we choose a different convention
in Eq. (57) from that in Eq. (56), and we
set Tr(A\jAk) = djk instead of the standard 2dj
in Eq. (58) for convenience.

The eight GMMs in Eq. (58) for d = 3 can
be extended to d > 3 leading to the generalised
GMMs Aq (that we s Iso refer to as GMMs).
In fact, Ay consists real, symmetric matrices
that generalise ox, , imaginary, skew-symmetric
matrices that generalise oy, and d—1 real, diago-
nal matrices that generalise 0;. In total, we have
d? — 1 matrices, {}j }fi}l, in Ag, and, for arbi-
trary qudit density matrix p in d dimensions, we

can write

et

p= 1d/d+ Gj)\j (59)

j=1
to get a one-to-one map between p ~ 6. Resul-
tantly, a qudit state estimation or tomography
problem can be treated as a parameter estima-
tion problem with # as the unknown parameter.
Note that our convention in Eq. (59) is different
from that used in some existing literature [66] but
is equivalent up to a re-scaling of the parameters,
which leaves the ratio unchanged.

B Proof of Generalised Gell-Mann Ma-
trix ldentities

In this appendizx, we prove the following identities
for N\g = {)\j }?:El.

— 2
2 — d°—1
Lo jom Ay = T 1

L1 1
L1 _ d2—1
3. j,kflﬁl )\J )\k)\] /\k —_ _7d2 1d

Proof of Identity 1. It is known that IJ:EI@ )\jg
is a group invaria,n;Llcalled the Casimir opera-
tor [69]. Thus, qu)\jz = C 14 for some con-
stant C. We use the trace condition Tr(AjAx) =

1 1
I 1 I 101
T NL=l Tr X =n=Cd, (60)
jtm im

which implies C' = n/d, proving

I——Z—I d?—1

j nl

O

Proof of Identity 2. For this proof, we use some

properties of GMMs from Ref. [70] (see page 17,

Sec. 4.6 Gell-Mann Matrices in n-dimensions).

Writing the product AmAj in terms of the com-
mutator and the anti-commutator, we get

2 s I w—
= g(smj 14+ dmjcAc +  ifmjcAc,
c c
(61)
where dji = Tr({)\j , AkPA1)  and fixi =

—i Tr([Aj, \dJA1)  are  the  fully-symmetric
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and fully-antisymmetric structure constants®
— [ — 42— 4
d 6Jp

of su(d) [69, 70]. Repeating the process after
right-multiplying Eq. (61) by Am, @: dmjcdemp = djmedpme = 2
20 — m.c m.e
|:|C I:(SI
_ 20mj 1 b 25m  —  —
== Am+ S C (dmjc +ifmjc) —~1d ®:  fmicforp = fimefome = 24 3jp (g)
1 m,C m,C

1 )
+  (demp + ifemp) Ap The Jacobi identity [70] reads
1

dabk frel + dock fial + dcak fiol = 0.

p
2 1 .
= Z0miAm + = (dmjm + ifmjm)La K
1 L1 ) )
+ 2 (dmjc + @fmjc)(demp + 7.femp) Ap If we set @ = ¢ and then sum over a, we get
c,p 1 1
(62) [ — [ —  —
2 dpakfiak = daak  folk-
a,k k a

Due to anti-symmetry, fmjm = 0, and
Using this to simplify 4), we get

(dmjc + ié]hjc)(dcmp + 1 femp)
1 1
dj mcfpmc

= (dmjcdcmp - fmjcfcmp)lzI (63)
+ i(dmjefemp + fmjcdemp) - @ : . dmjcfemp = — N
Thus, ' 1 1 (70)
— 1 T — 2.0 mme fipe
AmAiAm = ZAj+ o5 dmim1a  (64)
m (2 [T ] and, similarly, for &) we get
- @ —— —
1 C 111 1 ®: fmjcdemp = — dpme fjme
+-— dmj cdcmp - fmjcfcmp (65) m,c m,c
P me m. 1 L1 1 L (71)
[ [T11 1 [To ] = — = dmmcf jc = = d f
@ 3 2 pjc 2 mmcJjpc »
—1 m| m.e m.e
_ L1 1
+1 dmjcfcmp + fmjcdcmp )\p (66) SO that
2 mm o m o 1
@ ® @+®: (dmjcfemp *+ fmjcdemp) = 0. (72)
m,C
Below we evaluate terms @), 2),3),@ and &) o _
one by one, using properties of the GMMs listed Combining the expressions for (D),(2) and (3),
in Ref. [70]. we get
1 1 1 Iﬁl 4 _—
1 1 . — . 4+ = Tt
@: dmjm = djmm m AmAj Am d)\J + 2 b d d Ojplp
1 - I:ml - 1m - d2—1 - 1 2 1
=2Tr Aj OmAm} =2 T1 A 14 =N TN T TN
4 m 2 d (73)
= o4 Tr(xj) =0 thus proving Identity 2. O
(67)  corollary 1. By linearity, any dxd traceless Her-
mitian matrix A satisfies
®Owing to di [erent normalisation conygntions, our dasc
and fape are scaled up by a factor of 2 compared to IA:mzl‘U\m — —%A. (74)
m
24

Ref. [70].
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Corollary 2. For any j, k []d],

1 1
AmAjAkAm = djkld — &Aj Ak (75)

m

Proof. To see this, start with assuming j 8 k.
From Eq. (61), this implies A\j A is traceless Her-
mitian, and thus from Corollary 1,

1

1

m

Similarly, for j = k, Aj )\k—%ld is a traceless, Her-
mitian matrix (see Eq. (61)). Thus, from Corol-
lary 1,

1 1 1 1 1 1
2 — 2
so that

1 1

AmASAm = 1g = =AF. (76)
d’}

m

This concludes the proof of Corollary 2. O

Proof of Identity 3. Using Identity 2, we have

L1 L1
L1 L 1 1
AjidA Ak = I M = —g)\ﬁ.
j j

(77)

Summing over k and using Identity 1, we find

1 1 I 1 42—1
ANMAA === AN =——%—14, (78)
. d d?
ik k
which proves Identity 3. O

C Deferred Proofs: Proof of Lemma 2

Proof of Lemma 2. The proof is segmented into
three parts. (i) First we establish that the Xj
are completely and uniquely determined by the
local unbiasedness conditions to be Xj = Aj.
This can be traced back to the trace orthonor-
mality Tr[Aj ] = djk of GMMs. (ii) We estab-
lish a lower bound on Cycrg. (iii) We show this
lower bound is achieved by valid choices of argu-
ments Sg and L, implying Ccre is equal to the
lower bound.
Part (i): The local unbiased conditions

TI’[per] = 9j and Tr[aj peXk] = 5jk (79)

for j,k CJd? — 1] at & = 0 become
Tr[Xj]=0 and Tr[A\j Xk] = djk . (80)

It is simple to verify that the only solution to

this is Xj = \;. By virtue of being traceless and

Hermitian, each Xj must be a linear combination

of \gs, i.e.,

1
Cjk Ak

k

Xj = Cjk [H, (81)

which then means cjx must satisfy Tr[A\j Xix] =
ckj = djk, Implying Xj = Jj.

Part (ii): Tracing over the parameter in-
dices (Tr) in
1 L]
Tr[SpL] < Tr SeXX ™ (82)
yields
Tr[SeL] = Tr[SeXX - (83)

Part (iii): The choice L = XX ™éads to
(Tr{SeLD; « = Tr[1/d A\jAd] = djk/d,  (84)

which is real, symmetric and has trace (over pa-
rameter indices)

d?>—1

Tr[SgL] = Tr[SeXX £ y

(85)
Finally, from part (ii) we know that a
lower Tr[SgL] is not possible, thus proving
Eq. (36). O

Remark 1. When there exists a unique set of LUB
operators X, the inequality in Eq. (83) holds re-
gardless of whether L = XX ™id a valid choice ac-
cording to the HCRB constraints in Eq. (7). We
utilise this fact to solve the full-parameter linear
GMM model for arbitrary states in Sec. 5.4 and
for arbitrary weight matrices in Appendix H.

D SLD & RLD CRBs

The two simplest quantum Cramér-Rao bounds,
the SLD and the RLD, generalise the logarithmic
derivative of a parameterised probability distri-
bution,

dope(x) = pe(x)de [log(pe(x))] ,  (86)
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to linear operators acting on the density ma-
trix pg. The SLD version produces Hermitian op-
erators {LJ§SLD)} and the RLD version produces

operators {L}RLD) } defined implicitly via

. SLD SLD
2050 = L{® P pg + po LD, (87)
. RLD
dipe = polLj . (88)

Once Egs. (87) and (88) are solved for {L}SLD)}

and {LJ(RLD)}, the corresponding QFIs can be
computed using

] 1 [ 111
J(SLD) L =Re T po LI LD (89)
] ] N

J(RLD) L= poL LY (90)

Notably, JOLP) is real and symmetric and JRLP)
is complex and Hermitian. Finally, the traced
versions of the SLD and RLD QFI matrix inequal-
ities Vg < J(SLD)_l and Vg < J(RLD)_l yield the
scalar SLD and RLD CRBs

Tr(Ve) =Csip & Tr(Vg) =Crip, (91)

with
] _1|:|
Csip =Tr JELB 7 (92)
R DlIZI
CRLD =Tr Re J(RLD) (93)
]
B
1
A

where XIG1:= Tr XTX denotes the trace
norm. The SLD and RLD CRBs are not at-
tainable in general, especially in multi-parameter
contexts. For more details on the SLD and RLD
CRB, see Ref. [13].

For the model in Sec. 5.3, pi' = 14/d
and Jjpg = Aj, so Eqgs. (87) & (88) become
2)j =2/d L3P,
i =2/l (94)

Aj = 1/d LFP

implying LJ-SLD = LFLD = d)j. A direct compu-
tation of Eqgs. (89), (90), (92) & (93) then yields
the QFIs

d Iil
J(SLD) — j(RLD) — @ ZE . (95)
0
0o ... 0 d
nxn

and the scalar CRBs

d?—1
d 9y

as in main text Eqgs. (33) and (34).

Cstp = Crip =

E Deferred Proofs:

E.1 SDP Formulation and Dual Problem

The SDP formulation of the NHCRB [21] is

1
CNHCRB = mln Tr[FoY]|ITr[FeY] = ek,
|:| 1
Se 0 .| 97)

0o 0 V=0

Proof of Lemma 3

F():

where Fg are constant matrices and ¢k are con-
stants, as defined in Ref. [21] (supplementary note
4). The dual problem to the SDP in Eq. (97)
reads
L (.
ykek|l  ykFk 4 Fo .
k k

6NHCRB = m;/’;tx
(98)

In the following two lemmas, we present solu-
tions to the primal and dual problems.

Lemma 4. The optimal L for the primal problem
in Eq. (4) is

Lid= d+1/a+2 ({0, A} + Gjkla)  (99)

where j,k [In] and {\j, A} is the anti-
commutator.

Lemma 5. The optimal y for the dual problem
in Eq. (98), yE,'is such that

1
1 1 2
G() .. 6P c®
. Gh
'%_ . @
Yk 1) ' C:"(n 1n

® (2
Gn(n 1) 0 Gn
ng) . c¥P Gc®
(100)

with
G = —1a [\j, Ml
G? = d+i/y )
G® = —(d2—1)(d+1)/d2 14,

(101)

where j, k£ [d] and [)j, A¢] is the commutator.
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The proof of Lemmas 4 and 5 is broken up into
the following three subsections. In Subsec. E.2,
we prove the feasibility of L™from Lemma 4. In
Subsec. E.3 we prove the feasibility of y™from
Lemma 5. Finally in Subsec. E.4 we prove that
the primal-objective value from L™equals the
dual objective value from y'thus establishing
their optimality and proving Lemma 3 from the
main text.

E.2 Feasibility of L for the Primal Problem

The L] ik from Lemma 4 is ea,sﬂy seen to be sym-
metrlc in j and k, meaning L{ ik = Lklj L i is also
seen to be Hermitian. To show Lis fea51ble, it
only remains to show L™ XX™=& 0. Writing
L5 XX B2k a block matrix,

d 1
(L= XXk = 5 DAY+ dikla) = Aj M

we see that we need to prove N := 1g+N1—Njy <
0, where we have defined block matrices
— Aj Ak
(Nji = AAi & (No)j = 24
We first evaluate (N1 — Ny)2 = N% + N% —N1No —
NoN; to find
(N%)jk = 0jklg — 1/d)\j Ak
d—1
N
( 2)] d(d+1)>\1)\k
1 (103)
NiN2)ik = ————< X
(N1N2)jk dd+1) %
1
NoN1);i ——j

where we have used the identities proven in Ap-

dix B. Cqmbining these results we arrive at
(N]_—Nz)2 K = 5jk1d which means (N]_—Nz)2 =
1n4- From this, and using that N; — Ny is
Hermitian, we can conclude that the eigenval-
ues of Ng — Ny are 1. Hence the eigenvalues
of N = 1,4 + N7 — Ny are 0 and 2. This proves
that N is a positive semi-definite operator, and

that LM XXE2 0. O

E.3 Feasibility of y~for the Dual Problem

d + 1 %I 1 +N N -
kLd 2j L kl
Td+2 Lk gk We need to show that the matrix | y, Pk, which
(102) explicitly is
|
1 1
0 32, A1l dlAn. Al En >‘1
M, ho] 0 dn; A2]
: ' C 1DnAe] (104
1, )\n] %[)\n—b )\n] 0 d+1)\n
gty ety ol

satlsﬁle.s__% K ykﬁk < 0. Note that
this k corresponds to yQIalues

d+1
y? =0, Y= — ik, ® =0 (105)
n(d + 1)
yjkl__fjk|/d yj(s) —d\%éjl (106)

whereas the corresponding cj values are
@ _

=0 & =25, =0 @07
dn=0 &= "ds (108)
so that the dual objective value is
q (5) Zn(d + 1) n(d + 1)
j 2y55° + d d  d
_n(d+1)
7
(109)

To showfi.h&sl yHis feasible, note that prov-

ing Fo — Y Pk < 0 is equivalent to showing
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1 1
14 [A1, A2] M, 0] =@+ 1\
)\2, )\1] ld [)\27 )\n]
: i [)\n—la )\n]
)\na /\1] [)\m )\n—l] 1d _(d + 1))\n
—(d+ D\ —(d+ 1 MRy

is positive semi-definite. Using Schur’s comple-

1 ]
14 [A1, A2] [A1, An]
@2, M 14 (A2, An]
: [)\n—ly )\n]

[>\n, )\1] [)\m )\n—l] 1d

We rewrite the left hand side of Eq. (110) in the
block-matrix representation as

Sjklg + [)‘jy)\k] )‘j Ak
= 5jk1d 1)\1 )\k )\k)\j
] -
= Andjk — (M) + (M2)j

where we have defined

Mjk = ——AjA - & (M)jk = A
(1112)
Thus, we finally need to prove the following the-

orem to establish the feasibility of y=

d 1

Lemma 6. The operator M = 1,4 — (M1 + M>)
is positive semi-definite.

Before we can prove Lemma 6, we first need to
prove the following two lemmas.

Lemma 7. M; and M, commute, i.e., M{M, =
MoMy.

Proof. Using Identity 2 from Appendix B, we
have

1
(M1)j1(M2) 1k

(M1M2)jk =

|

! A M AR
—ﬁ JAIAKAL

|:!L 1 (112
=d—1 K
1

=—— " i)

S dd—1) 17k

ment lemma, this can be simplified to showing

1
A A A1An
] .
d Y

£ Al 0 (110)
d—=1 - :

)\n)\l )\n)\Z e )\%
\
whereas

 —
(M2)j1(M1)ik
|

(M2My)jk =

1
A ALK

IJ:&I:I

7/\1 Ak

(113)
d
1

Hence MM, = M>M4, which also implies that
M1 and M share some eigenvectors. O

Lemma 8. M1 + M, satisfies (M; + M2)2 =1g
or, equivalently,

1 2IZI
(M1 +Mp)” = djklq
where j, k []d].
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Proof.

] ]
(M1 + My)?
— ¥
= (M1 +My);, (M1 + M2),,
—] =)
= . 1)\J)\|+)\|)\J _1)\I/\k+)\k)\l
I
1 C 1
1 1
= (d— 1)2)\j )\| P )\I)\j)\k)\l
= - [
L1

1
+ —— ) AMAA +
J—1 M | IAKA| |

L1

I
AMAJAL Ak

so using Corollary 2 and ldentities 1 and 2,

= dikl
o= -
2—-1 1 1 1
L S . - Aj M
dd—12 d dd—-1) dd-1

= 5jk1d-

Now we can prove Lemma 6 as follows.

Proof of Lemma 6. From Lemma 8, the eigenval-
ues of (M1 +M,)? must all be 1. As (M1 + M) is
Hermitian, its eigenvalues must be £1. It follows
that the eigenvalues of M = 1,4 — (M1 + My)
must be either 2 or 0. Hence M, being a Hermi-
tian matrix with non-negative eigenvalues, must
be positive semi-definite. O

E.4 Optimality of Solutions & Proof of
Lemma 3

Proof of Lemma 3. Note that, by direct calcula-
tion,

Tr(SeLY'= k% =

In other words, L™s primal-feasible and y™is
dual-feasible and the primal value equals the dual
value. This lets us conclude that (®=1)(@d+1)/d is
the true optimal value of the primal and dual
problems, and that L~and y™&re optimal solu-
tions to the primal and dual problems, respec-
tively. As a result, we have

M . (114)

(> —1)(d+1)

CNHCRB = 7 (115)

O]

E.5 Attainability of NHCRB via SIC POVMs

Lemma 9. The CFI matrix for estimating all
GMMs from the maximally-mixed state pm by
measuring the SIC POVM in d dimensions is

-
e S
Egi e
d+
0

Proof of Lemma 9. In the multi-parameter case,
the CFI matrix Jjk (j,k [Id]) is given by

C'Z—TL[&,- pel ] Tr [Ok pei]

TrpsMi] ’

(116)

Jik {M}] = (117)

I=1
From [71] we have that for any (rank-one) SIC
POVM {I'I|}I 1

-
Tr%5 +1

2 _
TrpM]” = Ad+1)

1=1

(118)

for arbitrary density matrix p. For the diagonal
elements in Eq. (117), substl&g[ = 1/d+0j\j
into Eq. (118) and using Tr p? = 1/d + 67 gives

¥— X
TN = s

=1

Jjj = d? : (119)

whereas for the o [=diagonal elements, substitut-
ing p —&g + 0jAj + Ok ¢ into Eq. (118) and

using Tr p* = 1/d + 6f + 0f gives
Jik =d*>  TrIINMTIMNMI=0 (G E k),
I=1
(120)
thus proving Eq. (116). O

F  Estimating a Subset of GMMs

Consider estimating a subset {\j}j mx of GMMs
from the maximally-mixed state pm. Here K
denotes a subset of n indices from 1 to Mmax
(K odnax], | K| = n). We denote the maximum
NHCRB-to-HCRB ratio here as RNP[{pm}], re-
ferring to the model {pm} of estimating n GMM
coefficients from pm. Now, the corresponding un-

biased operators can be written as

L1

Xj = )\j + ij)\m,

m Qfhax]\K

j CH, ¢jm [R,

(121)

Accepted in {Yuantum 2025-09-18, click title to verify. Published under CC-BY 4.0. 29



which follows from the unbiasedness conditions in
Eq. (26). Specifically, Tr(0jpeXk) = Tr(\jXk) =
djk forces each Xj to contain a unit contribution
from Aj due to the orthonormality of the GMMs
and Tr(peXj) = 0; implies the only other GMMs
contributing to Xj must be the ones not being
estimated.

Notice that at the block-matrix level, this can
be rewritten as

1 1
— )
X= 1n| Cmman Ae, (122)
N>XNmax
where X == [X1,..., Xn]5Ad = D1y -+, A
and Cgt) = cgp. For convenience, we also define
1 1
c?:= 1, \ c® (123)

N>(Nmax—n)
N>XNmax

so that XX T2 C@pnFe@
We capnow wsg Cucrelpm] = Csiplpm] =
miny Tr SgXX™+to get

1 1
1 . lj(r’
Chcralpom] = 7 min Lad  (Cy)? T
cw ab (124)
n
= — = CsLplpm] -

d

Moreover, as in Appendix C, L = XX 4 a valid

choice leading to
1 1

1 1)~
(TriSoLy = - Copd + c{Pey
| TOhax]\K
(125)
which is real, symmetric and gives Tr[SgL] =

Tr[SgXX 5 This proves

n
Chcralpm] = ¥l (126)

following the same arguments as in Appendix C.
For estimating all nmax parameters this reduces
to Lemma 2. Numerical checks also verify this
result, as shown, e.g., in Table 1.

Notice that /\d/\dqg the same as XX™=om

Lemma 4, so that, using the fact that C® %{2) <
0, we can modify L ™~rom Lemma 4 as

LWy = c@Le@ " (127)
It then follows from Lemma 4 that
L AA=L 0
. [
=CcP LELAATED <0 (128)
=t xx==o.

]:I

That this L™ katisfies the other NHCRB con-
straints (thll(jj: LkEJD%{ermitian from Eq. (4)) for
all C® is also easy to check.

Note that Cnpcrs[pm] is now defined by the
following minimisation:

1
CNHCRB = mi(rl1) Tr[SeL | Ljkx = Lk;j Hermitian,
L.C
L<[1n|CO A1, | COD 15,
(129)
whereas if we restrict the minimisation over L
to a minimisation over our ansatz L™{CM), we
should get a larger value than Cnpcrs, i-€.,

1
mi(q) Tr[SeL | Ljk = Lgj Hermitian,

L,C
==

L<[1,]|CO IAA1, | CD ]
(- (130)

< min Tr[SeL "™ LjE L Hermitian,
c

LTL[ 1, [ C® JAATL, | c® ]'J—-_.rl

This is because the minimisation on the RHS of
Eq. (130) is over a subset of the set over which
the minimisation on the LHS is performed. The
quantity on the RHS of Eq. (130) can then be
simplified to

i O — 11
- Lt o |——%'&)|—2_—|:|:|:|(d+1)n
co 4 ab ab 1 4

This lets us upper-bound Cnncrslpm] as

d+1)n
CNHcrBlpm] = (d) ;

(131)
which for estimating all nmax parameters re-
duces to Eq. (48) from Subsec. 5.4. Combining
with Cycrelpm] = n/d, we find

CNHcrB[pm]

m <d+1,
K Othax]IKI=n Chcrelpm]

(132)
as claimed in Theorem 4. Numerically, we see the
ratio RN?[{pm}] actually depends on n: as n in-
creases up to nmax, the ratio increases up to d+1.

Table 1 lists out CHcrp, the minimum and max-
imum values of Cnypcrg and the maximum ra-
tio RNH[{pm}] for estimating a given number, n,
of GMMs from qutrits. The HCRB only depends
on n but not on which GMMSs are chosen and is
equal to n/d.

RN {om}] =
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N | Chcre | Range:CnhHcre gﬁﬁ[?;:}o]
2| 2/3 (273, 4/3) 2

3| 1 (372, 3) 3

4 4/3 (2.8270, 4.3154) 3.2365

5 5/3 (25/6, 6.6427) 3.9856

6| 2 (6, 7.0921) 3.5461

7 7/3 (8.4369, 8.4951) 3.6408

8| 8/3 32/3 4

Table 1: HCRB and NHCRB for estimating a sub-
set {\j}j rxa AL of GMMs from the maximally-mixed
qutrit state pm. The HCRB depends only on the num-
ber of parameters, |K| = n, but the NHCRB depends
on the subset K chosen, so we tabulate its range in
the third column, as (Min NHCRB, Max NHCRB). The
fourth column lists the maximum ratio, RN?[{pm}], be-
tween the NHCRB and the HCRB, taking into account
all possible subsets {\j}j rxs

G Summary of Relevant Results from
Ref. [46]

In this appendix, we summarize the approach and
results from Ref. [46] that are relevant for prov-
ing the upper bound to the NHCRB in main-text
Eq. (21),
1

Cnrcralpe]l = min  Tr(Ze[X])
1 1
+ Cod[ X, Xi] LD

J.kOnl
(133)

Ref. [46] analyses the concept of gap persistence
between the NHCRB and the HCRB with in-
creasing number of copies in multi-parameter
quantum estimation. In doing so, the au-
thors upper-bound and lower-bound the NHCRB
(Secs. 3.2 & 3.3, pg. 58 in [46]).

Say the d-dimensional Hilbert space of the
qudit, Hq is combined with the n-dimensional
(complex) parameter space to define an extended
Hilbert space H = C" [H{. Ref. [46] then defines
the NHCRB as

CNHCRB = m)!n Fnr(X) (134)

subject to X being LUB operators, and with the

Nagaoka-Hayashi (NH) function Fypy(X) given by

Fnr(X) = min |;Ir[SL] |L [ sym(H),
L M~ (135)
L=XX—

where L+ sym(H) denotes the set of all positive

semidefinite operators L < 0 on H that are also

symmetric under the partial transpose with re-

spect to the first Hilbert space, i.e., Ljkx = Lgj
for all j, k C]d].

Ref. [46] then proves that the NH function can
be rewritten as

Fnr(X) = Tr{Re Zg[X]} + Fn,2(X),
FNH,Z(X) = m\jn TF[V] |V Eﬂq_,sym(H)>

1 l I
V=sym_( SgXX—Sy) ,
(136)

where Ze[X]jk = Tr(per Xy) as in Eq. (6), Sg =
1n Cpgl and sym_(A) = 3(A—ADwith “dbnot-
ing partial transpose with respect to parameter
space. This rearrangement makes

Cnhcre = min {Tr{Re Zo[X]} + Fin2(X)}
(137)
in which the first term is equal to the Holevo ob-
jective function in Eq. (6).

Finally, the authors prove as one of their results
(Theorem 1, Sec. 3.2 in Ref. [46]) that the second
term of the NH function is bounded from above
as

Funo(X) = %/Te[Xj,Xk]\/%@, (138)

J.k

so that the NHCRB can be upper-bounded as
1
CNHCRB = m)!n Tr{Re Zg[X]}

g O
+ [ Xj, Xk] pe L]
J.k
(139)
from which main-text Eq. (21) follows. Phys-

ically, this argument reveals the difference be-
tween the HCRB and the NHCRB to originate
from the second term, Fnp 2(X); this term cap-
tures the non-commutativity inherent in quan-
tum measurements for multi-parameter estima-
tion. This result from Ref. [46] forms a basis of
our proof of Theorem 1 showing that the ratio

CnHerslpsl/Cherelpe] is upper-bounded by n.
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For further details, readers are encouraged to
consult Ref. [46], which presents an in-depth ex-
ploration of the relationship between these two
bounds.

H Extension to Arbitrary Weight Ma-
trices

In this section, we extend the ratio bound
of d + 1 for the linear GMM model to ar-
bitrary, parameter-independent, positive weight
matrices W. For fair comparison with the un-
weighted case, corresponding to W = 1,, we
trace-normalise Tr(W) = n. Additionally, W
must be real, symmetric and positive (W [0).
Below, we shall refer to estimating from pg un-
der weight matrix W as estimating from (pg, W)
and denote the corresponding precision bounds
by C\}QVCRB[/JS] and CKJVHCRB[PG]-

This weighted model corresponds to reparame-
terisations of the linear GMM model [13, 21, 61],
i.e., estimating any mmax parameters that are
not necessarily coefficients of the GMMs. Sim-
ilar to the other cases where all nmax parame-
ters are estimated, the unbiased operators are
uniquely fixed to be Xj = Aj. We first bound
the weighted HCRB and the weighted NHCRB
to prove that the collective enhancement is at
most d+1 for estimating from (pm, W) for any W.
Then, to extend to arbitrary states pg B pm, we
numerically demonstrate that the collective en-
hancement for estimating from (pg, W) is always
smaller than the collective enhancement for esti-
mating from (pm, W). However, we do not prove
this.

The weighted HCRB is defined via [45]

Chicralpel = min {TWV]|V <Zo[X]},
v=y
(140)
where, by explicit computation for the
maximally-mixed case, Zg[X]jx = Tr[pmXjXk] =
djk/d or Zg[X] = 1/d1n. Then, it follows from
the positivity of W that V < 1/d 1, implies

n

WV<%W’=EIMWW2TMWM:d
(

141)
This proves CY{crglom] = n/d.

The weighted NHCRB is defined via [21]
1

CRicraloe] = min TrWV] |V = Tr(SeL]
Se = 1n Lpd Ljk = Lg;j Hermitian ,

1
L < XX

(142)

Notably, the feasibility constraints on L are un-
changed from the unweighted case, i.e., the op-

timal L™rom Lemma 4 still satisfies LJ-'E'I |_k|JZ|

Hermitian and L™% XX S-dlespite not being op-
timal for the minimisation in Eq. (142). This
sub-optimal L™thus yields an upper bound to
the minimum in Eq. (142),

1 1T
Cllucrelpml = Tr W Tr ElndLD
d+1 @+ )
n
=  TWl= —F-—2
d r[ ] d M

which proves C¥l,crglom] < n(d + 1)/d. Com-
bining with C\,QVCRB[pm] = n/d then proves the
claim,

W
Chibcralom] _ g (144)
CHCRB[Pm]
2.5
2.0
1.5 o
1.0
1.2 1.4 1.6 1.8
Figure 6: Comparison of the weighted ra-

tio Clcre/Clicrg for estimating from (pg, W)
to that from (pm, W), for the full-parameter linear
GMM model (5000 samples). The points are colour-
coded by the purity of pg and the gray line corresponds
toy =x.

So far, in this weighted tomography setting,
which is equivalent to full tomography in arbi-
trary basis, we have established the ratio to be at
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most d + 1 only for the maximally-mixed state.
We do not prove the bound for arbitrary states
but numerically demonstrate its validity in Fig. 6.
By generating random full-rank, real, symmet-
ric and positive W, such that Tr(W) = n, and
random full-rank states pg, we compare the ratio
for (pe, W), Cllicrelrel/Clicrslpel. to the ratio
for (pm, W), Cliucrelrm]/Clicrelrom]. Repeat-
ing this over 5000 random samples of W and pg,
we find the ratio for (pg, W) to always be smaller
than the ratio for (pm, W). This means

Clicralre] < Clicralom]

< <d+1,
CWCRB[PG] CVHVCRB[Pm]

(145)

thus establishing the upper bound of d+1 for ar-
bitrary full-parameter estimation (or tomography
in arbitrary basis) from any state,

RNH < g+1.

Nmax

(146)

|  True Maximum Collective Enhance-
ment in GMM Model

The tight bound for individual precision called
the MICRB Cp was reformulated in Ref. [39]
using the following conic optimisation problem
(Eq. (39) in Ref. [39]),

S(P) :=Xrtrg|gnEP Tr[(W LplX]'€q, Cohold. |

(147)
where W is the (n + 1) X (n + 1) weight ma-
trix defined with Wiz = Wy = Wjp1 = 0 for
all j Cf1,...,n + 1}, and Cq,Cy refer to two
equality constraints on the (n + 1)d % (n + 1)d-
sized operator X,

Cio Trx [0 CIHX]=1q, (148)
and
EDT_O-IDEI . | I |
+
Co: Tr ﬁ Cadp X = djk
(foralll < j,k<n+1),
(149)

which ensure the POVM constraint and the local
unbiasedness constraint, respectively. The con-
straint Cy involves partial tracing over space X,
which denotes an (n + 1)-dimensional real vector
space spanned by {|0C]...,|n[}l Lastly, the op-
timisation domain in Eq. (147) is the separable

cone Ssgp, denoting the convex hull of (n + 1)d-
dimensional operators that are tensor products of
real, symmetric, positive-semidefinite operators
on the space X (denoted Mys +(X) in Ref. [39]),
and complex, Hermitian, positive-semi-definite
operators on the d-dimensional Hilbert space Hy
(denoted Bsa +(Hg) in Ref. [39]). In the nota-
tion of Ref. [39], this cone is denoted Sggp =
convV(Mys,+(X) [Bda+(Ha)).

For the problem of GMM tomography of arbi-
trary qudit states, the derivatives appearing in
constraint Cp, dkp = Ak, are parameter inde-
pendent. Thus, feasibility for the MICRB min-
imisation (comprising inclusion in the separable
cone X [Skgp, and constraints C; & Cy) does
not depend on the state p being estimated, i.e.,
the true values of the parameters 6. Let us de-
fine a candidate solution Xgo to the MICRB in a
block-wise manner,

L1

1 j=k=1

X i>k=1
XeoDijk = 2 ,
( soI)Jk \., k>j=l

= @AY +0jkla) G k> 1

(150)
where block indices j, k run from 1 to n + 1. In
fact, this candidate solution can be rewritten as

SR
1; X
Xol = v L0 (151)
where X = {\1,..., A\n}(from Eq. (25)) and L™

(from Eq. (37)) are the NHCRB-optimal solu-
tions (see Lemma 4). The NHCRB optimisation
constraint was the positivity of Xgo above [39],
which was proven through L™ XXX 0 in
Lemma 4 (Appendix E). Thus, Lemma 4 solved
the NHCRB for the maximally-mixed state.

It can be easily checked that Xgg satisfies both
constraints Cq, through the j = k = 1 term,
and Cp, through the j > k=1and the k> j =1
terms. The proof that Xso belongs to the separa-
ble cone Sggp (deferred to Lemma 10 below) fol-
lows b&i)ressing Xsol as the sum over d? opera-
tors, gy =1 L] where each = is an estimator
matrix in Mys +(X) and Iy is the " element of
a SIC POVM, therefore belonging to Bsa +(Hg).
Thus, Xy is feasible for the MICRB minimisa-
tion for GMM tomography of arbitrary qudits.

In fact, while Xgq is feasible (not necessarily
optimal) for all true states, it is the MICRB-
optimal solution for the maximally-mixed state.
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Tomography in the GMM basis corresponds to
the identity-weighted full GMM model, so the ap-
propriate matrix W is

L1 1
00 ...0
_ 1 ...0
00 1 (n+1)x(n+1)
In this case, the objective in Eq. (147)

equals Tr[(1n CalX2] where X5, denotes the
block of X starting from row and column in-
dices d + 1 up to indices (n + 1)d. For the
candidate solution, X», is L= so the objective
equals Tr(SgLY'where Sy = 1, [Cahs previously
defined. This objective value is identical to the
NHCRB objective (see Eq. (4)) that was com-
puted in Lemma 3 (and proved in Appendix E.4).
For the maximally-mixed state pm = 14/d, the
objective value attained by Xgo therefore equals

Tr(Wia L) Xeol] = Trz@ a5
= w = CNHcRre[pm] -

As Xgo is feasible, this upper-bounds the min-
imum in Eq. (147) as Cmilpm] < Cnncrelpml,
whereas, by definition, CnHerelpm] = Cwmiloml],
thus proving Cmi[pm] = CnHerelpm] and the op-
timality of Xgo. Further, since Xgq is feasible
for any p, the objective Tr[(Wig [CplXsq] also
upper-bounds the minimisation in Eq. (147) for
any other qudit state p. By direct computation
(see Eq. (47)) we have

n(d+1)

Tr[(Wig Cp)lXsol] = d )

so that, taking into account the correc-
tion for non-zero true param values, this
proves Cmi[ps] < % - similar to
Eq. (48) for the NHCRB.

Then, the same argument used to prove Theo-
rem 3 for the NHCRB can be used to prove the
analogue theorem below for the MICRB.

7

Theorem 5. For tomography on arbitrary d-
dimensional qudit states pg, the maximum
true collective enhancement RMI[{pg}] =

maxg raiCmilre]l/CHeralpe] = d + 2.

Proof. Combining the lower bound for the HCRB
in Eq. (46) with the upper bound for the MICRB

given by Cmi[pe] = % - éj} we get

Cmilpel
Chcralpe] —

2 —1 —
- dc+d—1 P(pe)'

= P(0) 0

Then, using 1/d < P(pg) < 1, we find the max-
imum of the right hand side of Eq. (154) to
be d + 2, attained when P(pg) = 1, i.e., when pg
is pure. O

We now prove that Xso belongs to the separa-
ble cone Sgep. The proof proceeds utilising the
fact that X and LShppearing in X originate
from the optimal solution to the NHCRB for the
maximally-mixed state, where SIC POVMs (if
they exist) are the optimal measurements (proved
in Lemma 9, Appendix E.5). This fact connects
the SIC POVM elements, denoted I'IFf‘or l=si<
d?, to the optimal unbiased operators, Xj =\,
and the optimal operator L through a real, linear
transform. This transformation can then be used
to construct classi@atrices = My +(X)

that prove Xgq = I [[a?] =1 I:I:IFI

Lemma 10. The candidate solution Xy, defined
in Eq. (150) belongs to the separable cone Ssep .

Proof. Let {M{;.., N5} denote an optimal SIC
POVM (if one exists) attaining the NHCRB
for the identity-weighed full GMM model on
maximally-mixed state. Then, from the NHCRB
definition [21], there exists an n > d? real matrix &
(given by Al 6;, where 6, is the classical esti-
mator function that assigns a value to ¢; based
on outcome [) that simultaneously satisfies the
relations (Egs. (12) & (13) in Ref. [21])

11
&1l
I ITh H1 1
L= i & ... & COf
| [d#]
gnl

(155)
and (Eq. (17) in Ref. [21])

1
&N (for all j CHA]), (156)
| Cla#]

Xj=A=

thus connecting the optimal solution L%the op-
timal unbiased operators X and the optimal SIC
P%/I {N3. Finally, we can decompose 14 =

| @z M- Using the POVM. This lets us rewrite
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the candidate solution as

1 1
I_||I:' §1I|_||I:I ‘fnl|_|||:I

_ C%“P &n- fllﬁnlﬂtg
| . .

[[d#] : o :
I:fnlrhl:l gllfnll—hl:I o I:%%nrhl:l

1 & ... &n
_ I:? €.f| §1|-§n| jllj_':hl:]l]
| ) — :

. 2 Bsa,+(Hd)
l_énl fllfnll_l_h-- &l -
EIDylrs,+(X)

(157)
thus proving Xqo CSkep. O

J  Gill-Massar Cramér-Rao Bound
In fact, the Gill-Massar CRB (GMCRB) [23],

1
—1/2
Tr[Jg 57

_— 158
S, s9)

Comcrelpe] =

which is obtained by inserting the classical
CRB, Tr(Vg) = Tr(J 1), into Eq. (43), is iden-
tical to the NHCRB for the full-parameter linear
GMM model. This follows from the inequality
in Eq. (43) being saturated in this case (Sec. VC
below Eq. (54) in [23]). We further numerically
verify this equivalence in Fig. 7, where we plot
the two bounds for estimating all 8 GMM coef-
ficients from 2000 random qutrit states. Both
bounds agree for this model, as evidenced by the
points all lying on the y = x line. However, this
equivalence raises the question of why we choose
the NHCRB over the GMCRB as our main tool
to quantify finite-copy precision, which we now
answer.

In short, the NHCRB is generally tighter than
the GMCRB across a range of qudit estimation
models (e.g., models comprising a few parame-
ters, n < mmax, see Figs. 2, 9) and thus is better-
suited for the exploration of model-free quanti-
ties like RnM' and RM!. In Fig. 2, we compare
the GMCRB-to-HCRB ratio REM (dark gray
bars, blue line) and the NHCRB-to-HCRB ra-
tio RNH (light gray bars, red line) by combining
ratios from known analytic models and from 1300
randomly-sampled numerical models for each n

10k Purity

r0.9
r0.8

ro.7

NHCRB
©
T
)
@

1
6 7 8 9 10
GMCRB

Figure 7: Comparison of the NHCRB and the GMCRB
for tomography in the GMM basis (n =8, d = 3). The
two bounds are equal for the 2000 randomly-generated
states and are color-coded by purity of the state.

from 1 to nmax = 8 and d = 3. The NHCRB ra-
tio satisfies RN™ < n, whereas the GMCRB ratio
satisfies RCM < n/(d — 1), proved in Sec. 3.2.2.

Similarly, the NHCRB shows a sub-additive
scaling with number of copies similar to Cpy,
whereas the standard GMCRB is additive with
number of copies. This means that NHCRB ra-
tios can be directly used to compare multi-copy
collective precision to separably-attainable pre-
cision, whereas the GMCRB requires a modifica-
tion for the two-copy setting [56]. The multi-copy
GMCRB [23] is defined via

WO
Comcralpg 1= min -~ Tr(Vg™)
Ve( )<0

K 1
Tr(JS RV ™) <d -1 |

(159)

where &) represents k-copy quantities. Rephras-
ing the minimisation in Eq. (159) in terms
of k:Ve(k) directly leads to

1
Cemcralpg I'= %CGMCRB[PB] ; (160)

meaning the GMCRB is additive for measur-
ing k copies of pg simultaneously. This comple-
ments the well-known additivity of the SLD QFI
(Egs. (72) & (73) in [72]), on which the GM-
CRB is based. We note that the minimisation
in Eq. (159) has the closed-form solution:

1
—-1/2
TrlJg o ]

Comcralpg <I'= e (161)
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Figure 8: Comparison of the two-copy to one-copy ratio
for the NHCRB and the GMCRB. Bounds correspond
to tomography in the GMM basis (n = 8, d = 3) for
5000 random states. The GMCRB is additive and un-
derestimates the two-copy enhancement except for pure
states, where the two bounds agree and there is no two-
copy enhancement.
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Figure 9: Comparison of the NHCRB and the GMCRB,
normalised by the HCRB, for estimating fewer than nmax
independent (but non-orthogonal) parameters via indi-
vidual measurements. The bounds are calculated for
2000 random qutrit states with number of parameters n
ranging from two to eight. The NHCRB is tighter than
the GMCRB in this case, even for full-parameter models
(black points).

For k = 2, Eq. (160) implies that the ratio
of the two-copy bound to the one-copy bound is
exactly half for the GMCRB, as can be seen in
Fig. 8. In Fig. 8, we compare the ratio of two-
copy to one-copy bounds for the NHCRB and
the GMCRB over 5000 randomly generated qutrit
states. It is clear that the NHCRB is not addi-
tive with respect to number of copies; instead,
the two-copy NHCRB is always smaller than the
two-copy GMCRB, except for pure states where
the two bounds agree. This subadditivity of the
NHCRB and additivity of the GMCRB can be at-
tributed to the fact that the k-copy GMCRB con-
siders individually measuring each of the k copies,
whereas the k-copy NHCRB considers measur-
ing the k-copies simultaneously or collectively.
As a result, the gap between two-copy NHCRB
and GMCRB represents the increase in precision
from two-copy measurements compared to one-
copy measurements. Notably the optimal Fisher
information is also not additive under tensoring.

Moreover, for estimating fewer than nmax pa-
rameters, the NHCRB is strictly higher than the
GMCRB even in the one-copy case, i.e., the for-
mer is a tighter bound. Figure 9 depicts this
by considering the estimation of 2 to 8 arbi-
trary parameters from 2000 randomly generated
qutrit states (following the same methodology as
used in Fig. 4 to generate the states and param-
eters). The GMCRB and NHCRB are computed
for this model and are both normalised by the
HCRB. It is clear that all the plotted points lie
above the y = x line, numerically demonstrat-
ing that the NHCRB is tighter than the GM-
CRB in this case. Nonetheless, Fig. 9 also re-
veals an increasing trend of the ratio between the
individual-optimal and collective-optimal preci-
sions with number of parameters, irrespective of
the particular choice of the individual-precision
bound.

K Optimal IC POVMs for Arbitrary
States

In this section we numerically investigate the op-
timal POV Ms saturating the NHCRB for the full-
parameter linear GMM model and for arbitrary
states ,oé;' As the purity of panreases from 1/d
to 1, the optimal individual measurements evolve
from SIC POVMs to distorted IC POVMs. This
transition is depicted in Fig. 10, where the inner
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Figure 10: Evolution of the qutrit individual-optimal
measurements from SIC POVM (red) to IC POVMs (all
other colours) as purity of pg increases from 1/3 for the
maximally-mixed state to 1 for pure states.

products between the POVM vectors are equal at
minimum purity but spread out with increasing
purity. For Fig. 10, we first generate 500 random
mixed qutrit states by uniformly-randomly choos-
ing the parameters {fj} and rejection-sampling
to ensure the positivity of pg. For each state, we
numerically solve for the optimal one-copy, d?-
element, rank-one POVM and ensure that it sat-
urates the NHCRB. Then we compute the inner-
product between every pair of elements of this
optimal POVM. We then bin the states into 57
purity intervals and average the sorted list of in-
ner products over each interval. Finally, we plot
these sorted inner-products for each purity inter-
val, colour-coded by the average purity of that
interval.

L Random-Sampling of States and Pa-
rameters

For the random-sampling experiments in Fig. 3,
we generate random mixed qudit states by
first generating an entry-wise random d X d
complexmatgizy S, and then assigning pg =
SS'/Tr SS' . This procedure ensures py = pg,

po < 0 and Tr(pg) = 1. The true GMM coef-
ficients (#™¥or the GMM model) can be found
via Tr(peAj). Unfortunately, this procedure gen-
erates low-purity states with a much higher prob-
ability than high-purity states, which becomes
a problem for d = 3 and 4. We circumvent
this issue by generating additional samples of the
form (1—p)pe +pla/d and (1 —p)pe +p|+[H4,
where p []0,1]. This sampling method is non-
uniform but our aim here is not to sample uni-

formly according to some measure, but rather to
find models with extremal properties. We com-
pute the ratio for the full-parameter linear GMM
model for all these states, the random samples
and their convex combinations, to produce the
yellow points in Fig. 3. The ratio-maximising
(red) and ratio-minimising (blue) states at fixed
purity are found by numerically maximising and
minimising the ratio over the state space.

For the random-sampling experiments in
Figs. 4 and 11, we generate random mixed
qudit states by the following technique.
For each d and n, we uniformly-randomly

choose Nipax coefficients I_{_@j_}j [MAhnagh] from the
(d—1)/d, (d—1)/d. These
define a random state pg = 1d +  j apa] Pidi
which is guaranteed to be trace-one and Hermi-
tian, but not positive. We ensure the positive
semi-definiteness of pg by rejection sampling
(discarding if it is not positive). This process
generates a valid random qudit state. Next we
generate the n arbitrary parameters {0;};j rm by
generating at random the parameter derivatives
Jj pe, which must be Hermitian and traceless. We
do this by writing each 0jpg in the GMM basis
and randomly generating the coefficients in this
basis. Then we rejection-sample to ensure the n
parameter derivatives are linearly-independent,
and lead to a valid model.

Figure 11 indicates that the 10* number of sam-
ples is relatively small for higher d and n—the
minimum ratio observed, which should be close
to one, is much larger for large d and n. This
is because our sampling method generates states
with low purity with higher probability and states
with high purity with lower probability. As a re-
sult, the increasing or decreasing trends of the
maximum observed ratio with n or d are not per-
fect for large d and n in Fig. 4.

interval —
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Figure 11: Bubble plot of random sampling data for the ratio between the NHCRB and the HCRB for estimating
arbitrary parameters from arbitrary qudit states. Bubbles are plotted on a grid over qudit dimension d and number
of parameters n. The size (diameter) of the bubbles indicate the minimum, the average and the maximum ratios
sampled for each d and n, and the numerical labels are the maximum ratio up to three significant figures.
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