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We consider the extent to which a Trotter-
ized time evolution implemented on a quantum
computer is altered by the presence of deco-
herence. Given a specific set of assumptions
regarding the manner in which noise processes
acting on such a device can be modeled at the
circuit level, we show how the effects of noise
can be reinterpreted as a shift to the dynamics
of the original system being simulated. In par-
ticular, we find that this shift can be described
through the use of static Lindblad noise terms,
which act in addition to the original unitary
dynamics. The form of these noise terms de-
pends not only on the underlying noise pro-
cesses occurring on the device, but also on the
original unitary dynamics, as well as the man-
ner in which these dynamics are simulated on
the device, i.e., the choice of quantum algo-
rithm. We call this effectively simulated open
quantum system the noisy algorithm model.
Our results are confirmed through numerical
analysis.

1 Introduction
Simulating the time evolution of quantum systems is
widely discussed as one of the prime applications of
quantum computers due to the exponential speedup
these devices promise over conventional computers [1–
3]. Current error rates on present-day universal de-
vices, however, prohibit solving more than small-scale
example systems [4–7], while quantum error correc-
tion remains out of reach for the foreseeable future [8–
10]. As a result, research regarding early utilization of
quantum computers often focuses on algorithms with
low circuit depth [11], and on mitigating errors rather
than trying to remove them completely [12, 13]. In
this endeavor of enabling useful, near-term quantum
computing, it is crucial to understand the effects that
noise can have on the results of a simulation per-
formed on such a device. While we have investigated
this question already in earlier work for specific noise
types and quantum systems [14], we present here a
more extensive approach to this problem.

We focus in this work on the time evolution of quan-
tum spin systems – systems described by a Hamil-

tonian in which a number of spin degrees of free-
dom experience few-body interactions among each
other. A wide variety of physical systems are well-
approximated by such a description, but solving quan-
tum spin systems is in general hard, either analyti-
cally or using conventional computers [15, 16]. Since
there exists a direct mapping between spin degrees
of freedom and qubits on a quantum device, such a
time-evolution can be implemented in a natural fash-
ion on such a device using the Suzuki-Trotter decom-
position and the natively available gate set [2, 17].
However, the presence of noise will result in gate op-
erations which are not faithful representations of their
intended unitary operations, and thus in turn will al-
ter the true time evolution of the quantum register.

Our aim in the present work is to understand how
the effects of noise on such a time evolution can be in-
terpreted as a shift to the dynamics driving this time
evolution. In a separate work [18], we have argued for
the validity of a particular model for how the effects of
noise in a quantum device manifest at the circuit level.
Given such a model, we demonstrate that the shift to
the dynamics can be well-approximated through the
use of static Lindblad noise terms, which act in addi-
tion to the existing unitary dynamics. The nature of
these Lindblad terms depends on the noise present on
the device, but also on the particular choice of Hamil-
tonian dynamics, as well as the manner in which these
Hamiltonian dynamics are implemented on the device
as a sequence of gate operations, i.e., the quantum
algorithm. For this reason, we call the resulting effec-
tive Lindbladian the noisy algorithm model.

The outline of this paper is as follows: In Section 2
we discuss the types of spin systems and quantum
algorithms considered in our analysis, and in Section 3
we outline our assumptions regarding the nature of
the noise on the devices we consider. The main results
of our analysis, presented in Section 4, constitute a
method for deriving the noisy algorithm model for a
given quantum circuit, along with some of its general
properties, while a numerical analysis of its accuracy
is given in Section 5. We conclude in Section 6. In
Appendix A we describe our software implementation
of the presented method, while in Appendix B we give
an extensive error analysis of our methods.
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2 Digital Simulation of Spin Systems
We will restrict ourselves to quantum circuits which
involve the digital simulation of the time evolution of
a quantum system comprised of a set of spin- 1

2 degrees
of freedom (or simply “spins”), with the Hamiltonian

H =
∑
X

hX . (1)

Each subset X is limited to a non-extensive number
of spins (in practice two spins at most), and hX de-
scribes the interactions among these spins. For a sys-
tem with k spins, the Hilbert space H has dimen-
sion D = 2k. For simplicity, we will assume that
the Hamiltonian is time-independent, although the
generalization of our results to the time-dependent
case is straightforward. A common example of such
a Hamiltonian would be the Transverse-Field Ising
Model with nearest-neighbor interactions,

H = J
∑
⟨ij⟩

σz
i σ

z
j + g

∑
i

σx
i , (2)

the physics of which depends strongly on the geom-
etry of the underlying lattice. Since the degrees of
freedom in the Hamiltonian are spin- 1

2 observables, it
is possible to associate each degree of freedom with
a qubit on a quantum device, without the need for
additional transformations (for example, the Jordan-
Wigner transformation in the case of fermionic de-
grees of freedom).
To perform such a digital simulation, the unitary

time evolution is approximated using the usual Trot-
ter expansion [19–21],

U (t) = exp (−iHt) =
N∏

n=1
exp (−iHτ)

≈
N∏

n=1

∏
X

exp (−ihXτ) ≡
N∏

n=1

∏
X

UX (τ)

(3)

where τ = t/N . Since the individual terms hX in the
Hamiltonian each involve only a small number of sites,
the unitary operators appearing in the product on the
right can be efficiently simulated using gates natively
available on a quantum device [2, 17]. Such a Trotter
expansion of course involves some degree of approxi-
mation. The effective Hamiltonian which is actually
being evolved in such a simulation can be found by
using the Baker-Campbell-Hausdorff (BCH) formula
to recombine the product into a single exponential,
which to first order in the Trotter step size yields

H → Heff = H + δH =
∑
X

hX − i

2τ
∑

X<Y

[hX , hY ] ,

(4)
where X < Y when the term hX appears to the left of
hY in the Trotter product. Our analysis will generally
neglect this first-order correction to the Hamiltonian,
though we will study the accuracy of this choice later.

3 Noise in Quantum Circuits
Throughout the implementation of a Trotter step, de-
coherence will lead to the accumulation of errors in
our simulation. Unlike the errors introduced through
Trotterization, however, these errors lead to non-
unitary evolution of the qubit register. In order to an-
alyze the effects of this noise, we must assume a model
for how noise manifests itself at the circuit level.

3.1 The Lindblad Equation
To begin accounting for the effects of noise in our sim-
ulation in concrete terms, we must adopt the notation
of the density matrix, rather than the pure wave func-
tion, which cannot describe the evolution of mixed
quantum states. In the strictly unitary case in which
the density matrix remains pure, this replacement can
be made according to

|ψ (t)⟩ → ρ (t) = |ψ (t)⟩⟨ψ (t) |, (5)

so that the dynamics of the density matrix are given
according to

ρ (t) = exp (−iHt) |ψ (0)⟩⟨ψ (0) | exp (+iHt)
= exp (−iHt) ρ (0) exp (+iHt)

(6)

Using the identity,

eadXY = eXY e−X ; adX ≡ [X, ·] , (7)

the expression for the time-evolution of the density
matrix can be further rewritten as,

ρ (t) = eLH tρ0, (8)

where the Liouvillian super-operator for the time-
evolution of the density matrix is a linear operator
acting on the space of density matrices, given as

LH ≡ −i adH = −i [H, ·] (9)

Moving beyond the unitary case, the density matrix
will, in general, no longer remain pure,

Tr
[
ρ2 (t)

]
< 1. (10)

However, in order to respect the basic statistical in-
terpretation of quantum mechanics, the density ma-
trix must remain a positive semi-definite matrix with
unit trace. In other words, the time-evolution of the
density matrix must be a completely positive, trace-
preserving (CPTP) map. If, in addition to this ba-
sic requirement, we also require the dynamics to be
linear, Markovian, and time-homogeneous, then the
most general map on the space of density matrices
which meets our requirements is generated by the so-
called Lindblad equation [22, 23],

L [ρ] = LH [ρ] + LD [ρ] =

−i [H, ρ] +
∑
n,m

Γnm

(
AnρA

†
m − 1

2
{
A†

mAn, ρ
}) (11)
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The first term in this equation is recognizable as the
original unitary evolution, while the second piece, of-
ten referred to as the Lindblad term, accounts for de-
coherence through noise. The operators {An} repre-
sent a basis for the space of all traceless operators on
H, while the time-independent rate matrix Γ must
be Hermitian and positive semi-definite in order to
preserve the statistical properties of the density ma-
trix. If we relax the assumption that the rate matrix
is time-independent, such that the dynamics are no
longer time-homogeneous, then the necessary condi-
tions for preserving the statistical interpretation of
the density matrix are still not fully understood [24].
We will not concern ourselves with this case here.
The set of operators {An} is not unique - any ba-

sis of traceless operators is valid. For our purposes,
however, we will restrict ourselves to a basis which is
orthonormal with respect to the usual Frobenius inner
product on matrices,

1
D
Tr
[
A†

mAn

]
= δmn. (12)

We find such a basis to be ideal for stating our re-
sults cleanly, though other choices of normalization
are possible (it is however important to remain con-
sistent in this choice, since the value of the rate ma-
trix will depend on it). Common choices for such a
basis {An} include the (properly normalized) general-
ized Gell-Mann matrices [25], or, since we are working
with collections of qubits, the set of all possible prod-
ucts of Pauli operators on k qubits,

Pα ≡
k⊗

i=1
σαi

i ; αi ∈ {0, x, y, z} (13)

For a given Lindblad term, changing the basis of trace-
less operators will result in a corresponding change in
the form of the rate matrix, according to a transfor-
mation law which can be found in [18].
One particularly relevant choice of (orthonormal)

basis is given by

Li =
∑

v
(n)
i An. (14)

where the vectors {v⃗i} are the (normalized) eigen-
vectors of the rate matrix (as expressed in the basis
{An}). Because the rate matrix is Hermitian, these
eigenvectors will always constitute a complete basis
with real eigenvalues {γi}, and since the rate matrix
is positive semi-definite, these eigenvalues will be non-
negative. This choice of basis leads to the more com-
mon diagonal form of the Lindblad term,

LD [ρ] =
∑

i

γi

[
LiρL

†
i − 1

2

{
L†

iLi, ρ
}]

, (15)

The eigenvalues {γi} correspond to the physical decay
rates of the system under the effects of decoherence.

Many common examples of Lindblad noise which
are often encountered in the literature involve un-
correlated decoherence acting on individual qubits.
These include damping noise,

Ldamp [ρ] =
∑

j

γdamp
j

[
σ+

j ρσ
−
j − 1

2
{
σ−

j σ
+
j , ρ

}]
,

(16)
dephasing noise,

Ldeph [ρ] = 1
2
∑

j

γdephj

[
σz

j ρσ
z
j − ρ

]
, (17)

and depolarizing noise,

Ldepo [ρ] = 1
4
∑

j

γdepoj

∑
α∈{x,y,z}

[
σα

j ρσ
α
j − ρ

]
. (18)

The rates
{
γdamp

j

}
,
{
γdephj

}
, and

{
γdepoj

}
indicate

the characteristic noise strength at each site in the
system, and aside from some conventional numerical
factors, coincide with the eigenvalues of the rate ma-
trix (which is of course simply diagonal in these cases).
For example, for an observable OX which is a prod-
uct of Pauli operators living on the sites in the set
X, evolving under purely uncorrelated depolarizing
dynamics, we have

d

dt
⟨OX⟩ = −

∑
j∈X

γdepoj

 ⟨OX⟩. (19)

One should note, however, that the conventional
choice of basis for damping noise satisfies

1
D
Tr
[
σ+

i σ
−
j

]
= 1

2δij , (20)

and so care must be taken when properly defining
the rate matrix in this case. More discussion of the
Lindblad equation can be found in [26, 27].

3.2 Modeling Noise at the Circuit Level
With this understanding of the Lindblad equation in
mind, we now outline our model for how the effects of
noise manifest themselves at the circuit level. Our as-
sumptions throughout this work regarding noise will
be based upon a separate work [18] which concludes
that the effects of noise can be accounted for at the
level of individual gates. To be more precise, the con-
clusion of this work is that a circuit can be modeled
as a sequence of noise-free quantum gates, {G}, with
each gate followed by an individual, discrete deco-
herence event NG. These decoherence events can be
adequately described as Lindblad noise accumulating
during a small but finite time duration, namely the
gate application time,

NG → exp
(
tGLG

N

)
, (21)
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where LG
N represents a pure Lindblad noise term (i.e.,

there is no Hamiltonian component). Further insight
into how LG

N can be calculated in specific situations
can be found in [18].

We emphasize that the form of LG
N may differ signif-

icantly from the form of the underlying environmental
processes acting directly on the quantum register, and
the relationship between the two will depend upon the
precise manner in which the quantum gate is imple-
mented as a sequence of operations on the register.
For example, LG

N may involve multi-qubit correlated
noise, even if the underlying noise processes are un-
correlated. However, under the set of assumptions
outlined in [18] regarding how these operations act,
LG

N can always be written in Lindblad form, at least
to first order in the noise strength. While these as-
sumptions will not be valid for all sources of error
on all forms of quantum hardware [28–34], they are
nevertheless well established in the community and
proven to be reasonably accurate in practice [26].

While the form of the discrete noise following a gate
will generally depend on the particular choice of gate,
and the particular choice of hardware, we will assume
that the form of this noise is known (perhaps as a
result of tomography performed on the relevant de-
vice [35–37]), and that it remains constant through-
out at least a single run. We will also assume that
the noise event which occurs after a gate affects only
those qubits which are involved in the gate - in other
words, the noise following a gate operation on a set of
qubits does not lead to any entanglement with any of
the other qubits on the device. Note that this frame-
work includes the noise accumulated on qubits as they
idle, when accounting for the action of the “trivial”
gate (in other words, the action of doing nothing to a
qubit).

Having chosen a model for how the effects of noise
manifest themselves at the level of a quantum circuit,
we now proceed to analyze how this noise alters the
effective model simulated by the circuit.

4 The Noisy Algorithm Model
Over the course of a single Trotter step, the state of
the quantum register will have evolved from some ini-
tial ρ, to some final ρ′. In the ideal case in which
there is no Trotter error or decoherence, this evolu-
tion would correspond to unitary dynamics under the
originally desired Hamiltonian,

ρ′ = eLH τρ (22)

However, the discrete noise terms occurring in the
quantum circuit (as well as the errors resulting from
Trotterization) will result in a time-evolution which
deviates from this ideal case. Our aim in this work
is to describe these effects through an effective time-

evolution operator

ρ′ = eLeffτρ ; Leff [ρ] ≡

−i
[
Heff, ρ

]
+
∑
n,m

Γeff
nm

(
AnρA

†
m − 1

2
{
A†

mAn, ρ
})

,

(23)

and thereby interpret the quantum circuit as now per-
forming a simulation of this effective model, the noisy
algorithm model, rather than the original coherent
model. We now proceed to characterize Leff , the prin-
cipal component of the noisy algorithm model.

4.1 Circuits with Native Gates
To begin our analysis, we will assume that all of the
exponential products in the Trotter expansion corre-
spond to natively available gates on the given hard-
ware. In other words, we will assume that the unitary
operators

UX (τ) ≡ exp (−ihXτ) (24)
are natively available on the hardware as quantum
logic gates (we will relax this assumption shortly).
Written as a super-operator acting on the space of
operators,

UX (τ) ≡ eLX τ ; LX ≡ −i adhX
= −i [hX , ·] (25)

The Hamiltonian term hX will generally consist of
a term proportional to a product of Pauli operators,
for example,

hX = JXσ
z
i σ

z
j , (26)

where sites i and j live on the domain X. For the
Trotter decomposition to be well-behaved, we must
generally assume that the quantity

ϕX = 2JXτ (27)

is sufficiently small. Thus, UX corresponds to the ex-
ponentiation of an argument which is parametrically
small in the quantity ϕ. We will refer to such an op-
eration as a small angle gate (SAG).

All of these gate operations will of course have non-
unitary dissipation terms interspersed among them.
These terms also correspond to the exponentiation of
an argument which is parametrically small in some
quantity. In this case, however, the small quantity is
the product of the gate time with the characteristic
noise strength,

µX = γXtX . (28)
For example, for independent dephasing noise on each
of the two qubits onX following the application of the
above gate, the argument of the exponential term will
be

tXLX
N [ρ]

= 1
2γ

deph
i tX (σz

i ρσ
z
i − ρ) + 1

2γ
deph
j tX

(
σz

j ρσ
z
j − ρ

)
≡ 1

2µ
deph
i (σz

i ρσ
z
i − ρ) + 1

2µ
deph
j

(
σz

j ρσ
z
j − ρ

)
(29)
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In general, we will assume that there are some char-
acteristic ϕ and µ which describe the coherent and
incoherent terms throughout the circuit, respectively,
and that they satisfy

µ ≪ ϕ (30)

Without this assumption, the effects of noise on the
device would be too great to perform any sort of useful
computation.

Despite not being unitary, the noise terms are still
generated through exponentiation of some linear (su-
per) operator, and hence it is still possible to combine
a noise term and a coherent gate term into a single
exponential,

etGLG
N eτLX → eτL, (31)

where τL is given according to the BCH formula.
Since all of the noise and gate terms appearing in the
circuit correspond to the exponentiation of “small”
quantities, to lowest order in the BCH expansion we
can combine all of these terms into a single exponen-
tial, by merely summing up all of their arguments,

exp (τLeff) ≈ exp
(
τ
∑
X

LX +
∑

g

tgLg
N

)
, (32)

where the first summation is over all SAGs in the cir-
cuit, and the second summation is over all noise terms
in the circuit (in this case where we only consider
SAGs, these summations are in direct correspondence
with each other). Dividing through by the Trotter
step size τ , we find

Leff ≈
∑
X

LX +
∑

g

(tg/τ) Lg
N . (33)

The first term in this expression naturally corre-
sponds to the originally desired time evolution. Since
we have only recombined the exponential terms to
lowest order, we do not see any corrections to the
Hamiltonian which come from Trotter error. While
we will generally neglect such corrections due to Trot-
terization in the remainder of our analysis, as our pri-
mary interest here concerns corrections due to noise,
we will nevertheless return to these corrections in Sec-
tion 4.4, where we consider the scaling of terms which
have been neglected in our analysis. The second term
above represents the cumulative effects of all of the
discrete noise terms occurring in the circuit. Thus, we
find that we can interpret the effects of decoherence
on the device as introducing an additional dissipative
term to our simulated model,

LH = −i [H, ·] → Leff ≈ −i [H, ·] + LN (34)

where

LN =
∑

g

(tg/τ) Lg
N . (35)

ZZ(φ) =
RZ(φ)

Figure 1: Demonstrating the idea of a block decomposition:
A ZZ Ising gate can be decomposed into CNOT gates and a
single qubit rotation around the Z axis.

The most prominent feature of this result is that
the contribution to the effective noise from each dis-
crete noise term depends on the ratio of gate time to
simulated Trotter step size. This is of course reason-
able, since the longer it takes to implement a single
Trotter step, the more decoherence will accumulate
on the qubit register. When interpreting the evolu-
tion of the qubit register in the context of a simulated
model with a fixed simulation time, a larger total de-
coherence will correspond to an effective model with
a larger decoherence rate.

4.2 Complications from “Large” Gates
So far, we have assumed that all gate operations oc-
curring in our circuit correspond directly to a term
appearing in the Trotter expansion, UX (τ), parame-
terized by some small quantity. However, in reality,
many of these terms UX are not natively available as
quantum gates on the hardware level, and must be
decomposed into a set of available gates.

An example would be an Ising interaction term
Jσz

i σ
z
j from the Hamiltonian (2), where the expo-

nential in the Trotter expansion can be implemented
through a ZZ Ising gate via

e−iJσz
i σz

j τ = e−i ϕ
2 σz

i σz
j = ZZ(ϕ), (36)

with the angle ϕ = 2Jτ . The ZZ gate can be decom-
posed using CNOTs and a rotation gate around the Z
axis:

ZZ(ϕ) = CNOTij · RZj (ϕ) · CNOTij , (37)

where i is the control qubit, and j is the target qubit of
CNOTij and the rotation is acting on the target qubit.
Such a decomposition is illustrated in Figure 1. An-
other example is the use of Hadamard gates to modify
a rotational axis,

RZ(ϕ) = H · RX(ϕ) · H, (38)

illustrated in Figure 2. The key feature of these
decompositions is that they involve gate operations
(here, for example, CNOT or Hadamard gates) which
cannot be written as the exponentiation of some small
term. We will therefore refer to such a sequence of
gates as a large gate decomposition block (LGDB).
Since LGDBs contain terms which do not corre-

spond to the exponentiation of some small parame-
ter, simply summing together the exponential terms
to first order in the BCH expansion is no longer a
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RZ(φ) = H RX(φ) H

Figure 2: Another example of a gate decomposition: Using
Hadamard gates to effectively change the axis of a rotation
gate.

valid approximation. If we wish to analyze the ef-
fects of noise in circuits containing LGDBs using the
techniques of the previous section, we must map our
circuit to an equivalent one in which only small-angle
Hamiltonian terms or noise terms exist. By equiva-
lent circuit, we mean any circuit which results (within
the Trotter approximation) in precisely the same evo-
lution of the qubit register as the circuit which is
actually being implemented on the quantum device,
whether or not such a circuit could actually be im-
plemented in practice. In the case at hand, such
an equivalent circuit can be found by identifying any
noise terms occurring within a LGDB, and then shift-
ing them to the outside of the block, while accounting
for the effects of commuting these noise terms past
any coherent gates within the block (we emphasize
that since noise is something which an experimenter
generally has very little control over, this process of
shifting noise terms is simply a mathematical trick for
the purposes of analyzing the circuit, and does not
correspond to any actual change to the original cir-
cuit). Since the original LGDB, by definition, can be
recombined back into a small angle term UX (τ), we
can then proceed with the original analysis using this
equivalent circuit. The goal, then, is to determine how
the noise terms appearing within one of these LGDBs
are modified by the process of commuting them to the
outside of the block.
In concrete terms, we would like to solve the equa-

tion

eLGeLN = eLP eLG , (39)

where LG describes the action of a noise-free gate, LN

describes the original noise term, and LP describes
the modified noise term we wish to find. This corre-
sponds to moving a noise term in the circuit diagram
from the left to the right of a gate, and is represented
schematically in Figure 3. In [18] we derive a trans-
formation which allows us to find the underlying rate
matrix ΓP of LP in terms of the rate matrix ΓN of
LN . This transformation is given according to

ΓP = MΓNM†, (40)

with the matrix M defined as

Mmn = 1
D
Tr
[
A†

mUGAnU
†
G

]
. (41)

Here the matrix UG is the unitary matrix correspond-
ing to the gate G, and the {An} are again the com-
plete basis of traceless operators in the definition of
the Lindblad equation. So long as the basis {An} is

N G = G P

Figure 3: Demonstrating the idea of commuting noise past
a gate G: The original noise term N that acted prior to G is
replaced by a noise term P acting after G, where both gate
sequences are equivalent. How to find P, given G and N, is
explained in the main text. Note that these operations may
act on one or multiple qubits, depicted through the dash in
the horizontal qubit lines, indicating a register.

orthonormal, the matrix M will be unitary. As a re-
sult, the decay spectrum of a given noise term will be
preserved when it is commuted past a unitary gate.
In the case that a noise term must be commuted past
several gates, the transformation involves the matrix
U which is the product of all of the corresponding
unitary gate matrices,

U ≡
∏

g

Ug, (42)

which is of course simply the claim that multiple uni-
tary gates in succession correspond to one single uni-
tary gate.

In addition to finding the modified noise term
through a transformation which alters the rate matrix
but leaves the basis {An} unchanged, it is also possi-
ble to find the modified noise term through a transfor-
mation which leaves the rate matrix unchanged, and
instead alters the basis of tracless operators. Such a
change of basis takes the form

An → Bn = UAnU
†. (43)

Since the matrix U is unitary, this new basis is again
orthnormal. This alternative picture may be useful
in some computational contexts. For example, we use
this formula in our software implementation to cal-
culate the effective Lindblad terms, as mentioned in
Appendix A.

With this information, we can now pass all noise
terms to the outside of their corresponding LGDBs,
and are left with a circuit containing only small angle
gate terms and noise terms, allowing us to proceed
with the original analysis, yielding

LH = −i [H, ·] → Leff ≈ −i [H, ·] + LP (44)

where now

LP =
∑

g

(tg/τ) Lg
P . (45)

A noise term Lg
P appearing in the summation above

may in fact correspond to one of the original Lg
N when

such a noise term need not be commuted past any
large gates.
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SWAP block

Figure 4: An example of a basic SWAP block, where be-
tween the swapping operations the qubit indices are effec-
tively scrambled. This is to illustrate that treating SWAP
blocks similarly to the decomposition blocks in Section 4.2
would easily lead to very large blocks, potentially causing
a substantial computational overhead commuting all noise
terms out of the block.

4.3 Some Additional Complications
So far, we have analyzed circuits with either small
angle gate operations, or LGDBs which could be re-
duced to such small angle gate operations. Yet, there
is a variety of circuits which cannot be reduced to
such a paradigm. While a full treatment of all such
cases is beyond the scope of this work, we focus here
on two particularly prominent cases - the use of SWAP
gates to accommodate limited connectivity, and the
cancellation of gates during circuit optimization.

4.3.1 Handling SWAP Gates

An example of a circuit which uses SWAP gates to ac-
commodate limited connectivity is shown in Figure 4.
Here, we imagine that the four spins possess some pair
interactions amongst themselves (the exact nature of
this interaction is unimportant). If we assume only
linear connectivity among the qubits on our chosen
architecture, then the use of SWAP gates will be neces-
sary to implement the pair interaction between spins
which are not represented by adjacent qubits. This
is indicated in the circuit diagram. We also imag-
ine that some other gate operations occur which are
designed to implement additional single-qubit Hamil-
tonian terms. Although not explicitly indicated on
the diagram, the pair interaction terms may need to
be decomposed into LGDBs. As usual, this case can
be handled by commuting the noise terms within the
block to the outside, as described previously. How-
ever, the SWAP gates themselves still pose a problem.
If we follow the philosophy of the previous analysis,
we must somehow manipulate our circuit so that only
small angle gate operations and noise terms exist.

Of course, since the purpose of the SWAP gates is
to account for pair interactions between non-adjacent
spins, we know that, at least in the noise-free case,
the circuit is equivalent to one in which the SWAPs are
removed, and there exist pair interaction terms be-
tween the non-adjacent spins. It is clear then that
this case can, at least in principle, be handled in a
fashion similar to the previous case - one must sim-
ply commute out all of the noise terms which occur
amid the various SWAP gates, so that the operations

between the first and last SWAP gates can then be com-
bined back into a sequence of operations which only
contain small angle operations. In some sense, we
can imagine the sequence of gates in between and in-
cluding these SWAP gates as one combined decompo-
sition block. In general, we will refer to such a se-
quence of gates as a SWAP block. In practice, however,
computing one large transformation matrix M for all
of the gate operations occurring within a SWAP block
may become computationally demanding, especially
for larger circuits. Even for the case of four spins, the
dimensionality of the rate matrix implies that such
transformations can generally be quite computation-
ally demanding.

Fortunately, handling SWAP blocks in such a way is
not necessary – it is in fact possible to account for the
effects of commuting a noise term outside of a SWAP
block, without naively computing one giant transfor-
mation matrix, by splitting the block into LGDBs and
SWAPs.
To see why, we first note that commuting a noise

term past a small angle gate, to lowest (zero) order in
the gate angle ϕ, does not modify the noise (we will
address this point in more detail shortly). Second, we
note that the effect of commuting a noise term past a
SWAP gate is to simply exchange the qubits participat-
ing in the noise term according to the SWAP operation.
For this reason, the effects of commuting noise out-
side of (or past) a SWAP block can be accounted for
in a two-step process. First, all noise terms occurring
within an LGDB are commuted out of the LGDB,
resulting in a circuit which now contains only noise,
SWAP gates, and small angle gate operations. Second,
all noise terms are commuted past the SWAP gates. In
this second step, the only modifications to the noise
terms we must account for are the qubit permutations
which arise due to the SWAP gates, which does not re-
quire the computation of a transformation matrix M .
Such a two-step process is indicated schematically in
Figure 5.

Lastly, we comment on the need to account for
swapping operations which occur without the use of
explicit SWAP gates. Such a case is displayed in Fig-
ure 6. In the noise-free case, such a sequence of gates
is equivalent to a pair-Z interaction, followed by a
SWAP gate. Therefore, in order to treat this case, we
must commute any noise terms to the outside of this
gate sequence, replace the relevant gates with an ef-
fective small angle pair interaction followed by a SWAP
gate, and then proceed with the previous analysis for
handling SWAP blocks.

The issue of implicit swapping operations, as well as
the fact that on quantum devices usually SWAP gates
need to be decomposed into native hardware gates
(e.g., three alternating CNOTs as in Figure 6), needs
to be accounted for when analyzing circuits through
software. Our software implementation circumvents
these complications by adding an optional property
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RZ(φ) N
ZZ(φ)

ZZ(φ)

=
ZZ(φ) P

ZZ(φ)

ZZ(φ)

=
ZZ(φ)

ZZ(φ)

ZZ(φ)
P

Figure 5: The two-step noise procedure for SWAP gates. First,
noise terms appearing within a LGDB within the circuit need
to be commuted out of the block. Here, this is indicated
by the orange arrow in the first line: The noise N within the
decomposition block between the dashed lines representing
a ZZ Ising gate (see Figure 1) is shifted out of the block.
After commuting N past the CNOT gate we are left with the
(in general two-qubit) noise term P (similar to Figure 3).
Now, the circuit consists only of LGDBs equivalent to small
angle gates without noise, separate noise terms, and SWAPs.
The second step is to commute P past all SWAPs. When
doing this, moving past a LGDB (dashed orange arrows in
the second line) does not modify P, moving past a SWAP gate
(solid orange arrow in the second line) will change the qubits
P is acting on.

RZ(φ)

=
RZ(φ)

= ZZ(φ)

Figure 6: By adding an identity operation in the form of
two CNOT gates into the gate sequence depicted at the top,
one can find that this sequence is in fact equal to a ZZ Ising
interaction as shown in Figure 1, followed by a SWAP gate
(which can be decomposed into three alternating CNOTs).

H

H
XX(φ)

H

H H

H
XX(φ)

H

H

LGDB LGDB

=

H

H
XX(φ)

H

H
XX(φ)

H

H

LGDB

Figure 7: Two ZZ Ising interactions between overlapping pairs
of qubits, where the interactions are each decomposed into
XX interactions and surrounding Hadamard gates that trans-
form between the X and Z basis. Since Hadamard gates are
self-inverse, two of the Hadamard gates could be canceled.
However, this would cause two LGDBs to be merged into
one. For larger circuits one could in a similar fashion create
potentially huge decomposition blocks.

to LGDBs that represent parametrically small gates
within a Trotter step: A permutation, that accounts
for implicit swapping within the LGDB. Commuting
noise terms past a LGDB does not alter the noise type
(which is valid within the Trotter approximation); it
only alters the qubit indices the noise acts on, ac-
cording to the given permutation. More details on
the software implementation of the paradigm laid out
in this chapter are given in Appendix A.

4.3.2 Handling Gate Cancellation

During the process of preparing a quantum circuit to
run on a quantum device, one typically wishes to op-
timize the specific choice of gate operations, usually
in the interest of decreasing the overall circuit length.
While a full discussion of all possible optimizations is
beyond the scope of this work, we mention one con-
crete case here as an example indicating how to apply
our methods in the context of such optimizations.

In particular, we imagine a circuit like the one
shown in Figure 7, which is designed to implement
some ZZ pair interactions between overlapping pairs
of qubits. We take the ZZ gates to be realized by XX in-
teractions with surrounding Hadamard gates, in order
to implement the appropriate basis change. In this ex-
ample, two of the Hadamard gates would cancel each
other. This is often the case in such decompositions,
where the action of two or more gates counteract each
other; hence, they need not be included in the final
circuit which is implemented on the actual quantum
device. One consequence of canceling these two gates,
however, is that two separate LGDBs have now been
effectively fused into one single LGDB, which involves
all three qubits. Such a fusion of LGDBs has the
potential to become computationally expensive, es-
pecially for larger circuits, for the reasons mentioned
when discussing the case of SWAP blocks.

Fortunately, the solution to this problem is fairly
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H

H

NH

NH

XX(φ) NXX
H

H

NH

NI

NH

XX(φ) NXX
H

H

NH

NH

LGDB

=

H

H

NH

NH

XX(φ) NXX
H

NI

NH

H H

H NH

XX(φ) NXX
H

H

NH

NH

LGDB LGDB

Figure 8: The circuit of Figure 7 without the unneeded H
gates, but with noise terms for each gate, including a noise
term for the middle qubit idling, while the outer qubits per-
form a Hadamard each. One can reintroduce two noise-free
(fictitious) Hadamard gates to recover the original LGDBs.

simple. After gate cancellations and noise terms have
been accounted for, one must simply reintroduce the
original gates into the circuit as fictitious gates, as
shown in Figure 8. In the circuit of the previous Fig-
ure 7 with the canceled Hadamard gates, we intro-
duce noise terms after each gate. We also account
for a potential noise term that accumulates while the
middle qubit idles during the time in which the other
two execute the H gates. This is a representation of
what would happen on the actual hardware when the
circuit is executed without the additional Hadamard
gates (which is of course different from an execution
including the additional gates).
This representation is equal to a circuit with two

additional noise-free (fictitious) H gates, as indicated
in Figure 8 in gray. Reintroducing these imaginary
gates allows, however, to recover the original LGDBs.
We can now proceed with the usual analysis of this
circuit, without the need to consider a LGDB which
spans the entire system. It is important to emphasize,
however, that these fictitious gates must be placed
directly next to each other, without any noise terms
in between, so that their product is indeed still equal
to the identity gate.
We see from the example above that we can handle

this case of gate optimization by effectively reverting
the circuit back to its original form, through the use of
fictitious gates which of course do not posses their own
noise terms. For larger circuits with more involved
gate optimizations, it is therefore useful to save the
information regarding the original form of the circuit
before gate optimization, since it may in general be
difficult (or infeasible) to recover the original circuit
from the optimized one. We emphasize, however, that
it is not strictly necessary to revert the circuit back to
exactly its original form - any form of the circuit which
helps avoid computational difficulties due to LGDBs
which span the whole system would be satisfactory,
which may or may not be simpler than the original
circuit before optimization.

4.4 Scaling of Errors
We have thus far ignored the scaling of errors in our
analysis. Here we briefly comment on this, while leav-
ing a more detailed discussion to Appendix B.

There are two main sources of error to consider.
Again, we will assume that there are some charac-
teristic ϕ and µ which describe the coherent and in-
coherent terms throughout the circuit, respectively.
The first source of error results from only summing to
zero order in the BCH expansion. For the coherent
dynamics, we find that this introduces an error of or-
der ϕ, while for the noisy portion of the dynamics, we
find an error of order µ. We note that each of these
corrections is of order ϕ smaller than their dominant
zero order contributions.

The second source of error results from naively com-
muting noise terms past small angle gates in SWAP
blocks. We find that the error in this case is a contri-
bution to the noisy dynamics, which is again a factor
of ϕ smaller than the dominant dynamics.
We note that when higher-order Suzuki-Trotter de-

compositions are utilized, additional care is required
when considering the dominant sources of error. For
the case of a second-order Suzuki-Trotter decomposi-
tion, we find that the errors introduced through our
approximate noise model will be small compared with
the errors introduced through Trotterization so long
as

µ ≪ ϕ2. (46)

5 Numerical Verification
In order to verify the accuracy of the formulas we have
derived in the previous section, we have tested the
time evolution of our noisy algorithm model against
the exact time evolution of the quantum circuit from
which it was derived, for a variety of example circuits.
We have found good agreement in all of the cases we
have tested. We display the results of one such test
here. We will focus on the example circuit displayed
in Figure 9, intended as a toy model for a circuit which
could be analyzed with our methods. Such a circuit
may correspond to the digital simulation of the time
evolution of the transverse field Ising model,

H = J
∑
⟨ij⟩

σz
i σ

z
j + g

∑
i

σx
i , (47)

defined on a chain of four spins. We assume that
small angle Ising terms and small angle single qubit
rotations along the X-axis are natively available on
the device hardware. However, in contrast, we assume
that only special large angles (for example, multiples
of π/2) are available for rotations and interactions
along the Y and Z directions. Therefore, the use of
Hadamard gates is necessary in order to implement
rotations and interactions along more than one axis,
which could be placed around either the Ising terms,
or the single qubit terms. In this example, they are
placed around the Ising terms, in order to accomplish
an Ising interaction along the Z axis.

We further assume a toy model for the discrete
noise term which follows a Hadamard gate, given
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NI
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XX(φ)
H

H
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NH
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RX(φ)

RX(φ)

RX(φ)

Figure 9: An example circuit that implements a Trotter step
of the time evolution under the example Ising Hamiltonian 47.
We defined ϕ = 2Jτ = 2gτ , with the parameters J and g
from the Hamiltonian and the Trotter step size τ . We as-
sumed noise events happening when applying the large angle
rotations for the Hadamard gate on a qubit (NH), and when
a qubit is idling during the time Hadamard gates are applied
elsewhere (NI).

in [18]. This discrete noise term is derived for a
Hadamard gate which is composed of several elemen-
tary rotations, under the assumption that these rota-
tions are being applied to a qubit affected by indepen-
dent damping noise which is not altered by the intro-
duction of coherent dynamics (we will in fact adopt
this assumption of constant damping noise for our ex-
ample circuit as a whole). If the time required to
implement a gate is roughly proportional to its gate
angle, we can assume that the noise accumulated dur-
ing the implementation of the small angle gates (sin-
gle qubit rotations and Ising interactions) is negligi-
ble compared with the noise following a Hadamard
gate. However, we do account for the damping noise
which accumulates on idling qubits while other qubits
have Hadamard gates applied to them (we assume
that gates which appear in the same vertical block
are implemented in parallel on the hardware).

In Figure 10 we display the results of such a time
evolution comparison. Here we take Jτ = gτ = 0.1,
with a (uniform) noise strength given according to
γdamptH = 10−3, where tH is the time required to
implement a Hadamard gate (for such a parameter
choice, the single qubit rotations and Ising interac-
tions possess gate times roughly 25 times smaller than
the gate time of the Hadamard gate given in [18],
justifying our decision to neglect the noise follow-
ing these small angle gates). Shown is the “exact”
time evolution according to the operations and noise
terms precisely as they appear in the circuit, as well
as a time evolution according to the noisy algorithm
model. The strong agreement validates the results of
our analysis. Here we choose to display the time evo-
lution of σx on either of the two outer sites, starting
from an initial state in which all spins are polarized
along the positive Z axis, although all observables in
the system display a similar level of agreement, for
any initial state. We note that our choice of param-
eters for this example circuit does indeed obey the
relationship

µ ≪ ϕ2 ≪ ϕ. (48)

In addition to displaying the time evolution under
the noisy algorithm model, in Figure 11 we see a com-
parison with several other models which one might as-

Figure 10: The comparison between the exact circuit evolu-
tion (green) and the time evolution under the noisy algorithm
model (black).

sume for the effective noise occurring during the sim-
ulation. In particular, we compare our results against
models in which we assume that the effective noise is
equivalent to uniform, uncorrelated damping, dephas-
ing, or depolarizing noise. We also display the time
evolution under a model in which we assume that the
effects of noise can be accounted for by simply ap-
plying a depolarization channel to the global density
matrix after each Trotter step,

ρ → (1 − λ)ρ+ λ

D
I, (49)

which is equivalent to time evolving the system with
the Lindblad noise

L [ρ] = γDC

D2

∑
α

[AαρAα − ρ] (50)

where the sum is over any complete orthonormal set
of traceless operators {Aα}, and

λ = 1 − e−γDCτ . (51)

Since this global depolarizing channel commutes with
any coherent dynamics [18], a discrete depolarizing
channel being applied at the end of a Trotter step
is equivalent to the Lindblad term above being ap-
plied concurrently with the Hamiltonian dynamics.
Lastly, we show a comparison to the noisy algorithm
model one would find when failing to properly ac-
count for the effects of commuting noise terms past
large gates. In order to determine the appropriate
noise strengths for the various alternate choices of ef-
fective noise model, we demand that the trace of the
rate matrix (which is equal to the sum of its eigenval-
ues, and independent of basis [18]) should remain the
same as the noisy algorithm model.

In all such cases, we see very poor agreement with
the actual circuit dynamics. Not only are the ampli-
tudes of the curves noticeably different, but the steady
states are clearly not in agreement. This motivates
the need for the careful noise analysis we have per-
formed in the previous section. Note that for several
of the alternative noise models, it would appear as
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Figure 11: The time evolution, compared against several
other potential noise models. The effective noise models
which assume independent damping (light blue), dephasing
(purple), and depolarizing (dark blue) all show poor agree-
ment with the actual circuit dynamics. The same can be said
for the global depolarizing channel (gold), and the effective
model in which we attempt to compute the noisy algorithm
model, but neglect to account for the effects of commuting
noise terms past large angle gates (red). Only the noisy algo-
rithm model (black) shows good agreement with the actual
circuit dynamics (green).

though the qualitative features of the plots are similar,
with only deviations in the amplitude being present,
and so perhaps the curves could be brought into agree-
ment by adjusting the overall noise strength of the
models (rather than simply matching the trace of the
rate matrix to that of the noisy algorithm model).
However, this in fact does not work - manually ad-
justing the noise rates in such a way will also lead to
a qualitative change in the dynamics, such that when
the two curves are made to overlap, the qualitative
features no longer agree. Additionally, even if we were
to attempt to adjust the overall noise strength in this
way, this is not able to account for the difference in
the steady states.

6 Conclusion
In this work we have presented a method for analyz-
ing the effects of noise in quantum circuits, specifically
those which are designed to simulate the time evolu-
tion of quantum spin systems through Trotterization.
Our method describes the effects of noise through the
use of an effective noise model, the noisy algorithm
model, the time evolution of which provides a good
approximation to the actual dynamics of the noisy
quantum circuit. While the results presented here
have considered the case of time-independent Hamil-
tonians, the generalization to the time-dependent case
is straight-forward.

An obvious generalization of our work would be the
extension to Hamiltonians with degrees of freedom
other than spins - for example, fermionic degrees of
freedom, implemented on a quantum device through
the Jordan-Wigner transformation. The philosophy
of our analysis, according to which noise terms are

shuffled around in a circuit until only small-angle
gates and noise terms remain, should still be valid
in such a case. The primary consideration, however,
would be whether the resulting noise model would
have any physical interpretation, after the spin de-
grees of freedom are transformed back to fermionic
degrees of freedom [14]. Similarly, it would be inter-
esting to consider how our work could be extended be-
yond the scope of standard Trotterization, for exam-
ple for investigating optimized circuits for quantum
simulation [38, 39]. We leave further investigation of
these matters as an open question.

The noisy algorithm model may not only help to
understand the extent to which the result of a digi-
tal quantum simulation may differ from the intended
calculation: Potentially, one could use this framework
to find open quantum systems of interest that may be
faithfully simulated on a noisy quantum device. That
would be the case, if one tailors the circuit, as well as
the noise of the device [40, 41], such that the noisy
algorithm model coincides with that open quantum
system [42]. Simulating open quantum systems is an
active field of research [43–45], hence, offering a new
computational tool could be highly beneficial [46–48].
However, studying this question is out of the scope of
this manuscript.

We hope the results presented in this work will al-
low for further progress in the field of digital quantum
simulation.
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A Software Implementation Details

In this appendix, we explain in more detail how we
implemented the software to calculate the effective
Lindbladian of a noisy quantum algorithm. The tool
is built upon two open-source software packages from
HQS Quantum Simulations: Firstly, struqture [49],
which is used to represent Hamiltonians and Lindblad
operators in our code. Furthermore, qoqo [50], the
package for representing quantum circuits and pro-
grams, with backend options for running them on
quantum devices, but also a simulator backend for
conventional hardware relying on QuEST [51].

In qoqo, we have the particular freedom to define
on the circuit level any kind of Lindblad noise act-
ing during the application of the quantum program.
Hence, we can produce generic noisy quantum algo-
rithms that conform with our noise assumption of Sec-
tion 3. Furthermore, the notion of LGDBs from the
main text is also included in qoqo, where they are
called decomposition blocks. Hence, we have all the
ingredients to build a tool to calculate the noisy algo-
rithm model:

As an input, the code takes the noisy quantum cir-
cuit (i.e., including noise gates) implementing a Trot-
ter step of the time evolution of a Spin system for
which we want to find the noisy algorithm model
would effectively be simulated on noisy hardware.
Also as an input, the tool will receive the Trotter step
size which is important for the correct rescaling of the
Lindblad terms at the end.

In the noisy quantum circuit, every portion needs
to be wrapped in decomposition blocks to signal that
the respective gate sequences within the blocks cor-
respond to the application of a exponential that is
parametrically small (i.e., comparable or smaller than
the Trotter step size). This is important information
for the code to be able to commute noise through the
circuit while staying within the error bars of the Trot-
ter approximation. Furthermore, the decomposition
blocks contain all the information about swapping op-
erations, and whether the qubit indices the noise acts
on need to be remapped when commuting noise past
the block, to deal with the issue highlighted in 4.3.1.

We now go through the circuit starting with the
first decomposition block. For this block, we get the
list of the qubits that are involved in this block, as
well as the list of operations, in order of execution.
The code then goes through the list of operations, and
finds the noise operations. For each noise operation,
we build the Lindblad operator in a matrix form, and
we convert the following gate operation to a physical
operator. We can then commute the noise term past
the gate operation, and we get a transformed noise
term, where the unitary transformation is defined by
the unitary matrix that represents the gate, as shown
in Eq. 43. We perform this every time we get to a
gate operation, and need to commute the noise term

past it, until we reach the end of the decomposition
block.
Afterwards, the transformed noise terms will be

commuted past the following decomposition blocks,
where the qubit indices of the noise terms are re-
mapped according to the remapping information of
the blocks (stating if there are swapping operations
contained in the block).
Finally, the noise terms are rescaled by the Trotter

step size, as in the sum in Eq. 35 or Eq. 45.
This procedure is repeated for the second, third,

etc., decomposition block in the noisy quantum circuit
until we have treated every decomposition block in
the circuit. Finally, the noise terms are added up
following Eq. 35 and Eq. 45.
The output of our tool is then the sum of all the

commuted though, and rescaled, noise terms. This
corresponds to the Lindblad noise operator of the
noisy algorithm model.
A software implementation of this procedure can be

found within the HQS cloud offering [52]. Specifically,
the core functionalities exist in the HQS Quantum
Libraries module, which are furthermore utilized in
the HQS Noise App.

B Error Analysis
When deriving the effective model being simulated
by a given circuit, it is important to also consider the
dominant sources of error in the approximations being
made. Before doing so, however, we must first clarify
some notation. We assume that the Hamiltonian we
wish to simulate possesses terms with some charac-
teristic (coupling) scale J . We define the product of
this coupling with the Trotter step size as

ϕ = 2Jτ. (52)

For a super-operator corresponding to a coherent gate
term, we define the scaled super-operator as

LG = 2JLG (53)

Thus, the quantity appearing in the exponential cor-
responding to a coherent gate is

τLG = ϕLG (54)

Likewise, we assume a characteristic noise scale γ and
characteristic gate time tG, and define

µ = γtG. (55)

The scaled noise operator for a given gate is defined
according to

tGLG
N = µLG

N (56)

We also define a scaled version of the effective super-
operator according to,

τLeff = ϕLeff (57)
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In our analysis, we will be interested in understanding
corrections to Leff, thus allowing us to more easily
analyze the scaling of various errors. We note that
with these definitions, our zero order result can be
written

Leff ≈
∑
X

LX + µ

ϕ

∑
g

Lg

N . (58)

B.1 Higher Order Corrections in the BCH For-
mula
Thus far, when adding together all of the small pa-
rameter terms in a circuit, we have only carried out
the BCH expansion to zero order. Now we would like
to discuss the error which has been introduced by this
approximation. When converting a product of expo-
nentials into a single exponential,∏

i

eAi = eZ , (59)

the BCH formula gives, to first order,

Z =
∑

i

Ai + 1
2
∑
i<j

[Ai, Aj ] , (60)

where i < j when Ai appears to the left of Aj in the
product. The first term is of course the zero order con-
tribution we have already considered, while the sec-
ond term represents a first order correction. Since the
circuits we consider will consist of small angle gates
and noise terms, there are three types of commutators
which will appear: gate terms with gate terms, gate
terms with noise terms, and noise terms with noise
terms. We consider each of these cases in turn.
First, it is clear that the commutator of two gate

terms will produce another gate term. In particular,[
LX ,LY

]
= LW , (61)

where
LQ ≡ −i

[
hQ, ·

]
(62)

and
hW ≡ −i

[
hX , hY

]
. (63)

This is of course the usual correction to the coherent
dynamics which results from the Trotterization of the
circuit, and would be present even in the absence of
noise. Since each coherent term comes with a factor
of ϕ in the exponential, this leads to a correction to
Leff which scales as

∆
(
ϕLeff

)
∼ ϕ · ϕ ⇒ ∆Leff ∼ ϕ (64)

Next, we consider commutators between gate terms
and noise terms, which take the form of another noise
term [18]. Since each gate term carries a factor of ϕ,
and each noise term carries a factor of µ, such a term
leads to a correction of order

∆
(
ϕLeff

)
∼ ϕ · µ ⇒ ∆Leff ∼ µ (65)

Since we assume µ ≪ ϕ, in absolute terms, this repre-
sents a correction to the dynamics which is small com-
pared with the previous correction we have found. If
we instead focus only on the noisy part of the dynam-
ics, such a term represents a correction to the noisy
dynamics which is a factor ϕ smaller than the order
zero noisy dynamics. This relative scale is the same
as for the correction to the coherent dynamics.

Lastly, we consider noise terms with noise terms.
Such commutators have a mixed form - they do not
necessarily take the form of a coherent correction or
a noisy correction. Since each of these terms carries
a factor of µ, we find a correction which scales as

∆
(
ϕLeff

)
∼ µ · µ ⇒ ∆Leff ∼ µ2/ϕ (66)

Again, since we assume µ ≪ ϕ, we have in this case

∆Leff ∼ µ2/ϕ ≪ (µϕ) /ϕ = µ ≪ ϕ, (67)

and thus we find a correction which is significantly
smaller than either of the two previous corrections.

Thus, we find the two most important corrections
to the dynamics to be a coherent correction of order
ϕ, and a noisy correction of order µ, each of which is
a factor of ϕ smaller than their respective zero order
contributions.

B.2 Corrections appearing in SWAP Blocks
When handling SWAP blocks, we have not thus far
accounted for the effects of commuting a noise term
past a small angle gate. Here, we wish to analyze the
error introduced through this approximation.

We know that the modification of a noise term re-
sulting from commuting it past a gate involves a cor-
rection to its underlying rate matrix which is given
according to

ΓN → ΓP ≡ MΓNM† (68)

where

Mmn = 1
D
Tr
[
A†

mUAnU
†] . (69)

When the gate in question is a small angle gate, we
can approximate

U (2Jτ) = exp
(
−2iJhτ

)
≈ I − iϕh+ O

(
ϕ2) (70)

Our transformation therefore becomes

Mmn = δmn + iϕΩmn, (71)

where

Ωmn ≡ 1
D
Tr
[
A†

mAnh
]

− 1
D
Tr
[
A†

mhAn

]
(72)

Thus, we find in this case

ΓN → ΓP ≈ (I + iϕΩ) ΓN (I − iϕΩ)
≈ ΓN + iϕ

[
Ω,ΓN

] (73)
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A NA B NB A NA

Figure 12: A very rough schematic of a second-order decom-
position, with noise.

We have thus introduced an error of order ϕ when
neglecting the effects of commuting a noise term past
a small angle gate, which is the same order as ne-
glecting higher order terms in the BCH expansion.
As a concrete example, if we consider a single qubit,
with the basis of traceless operators equal to the usual
Pauli operators, and the scaled Hamiltonian equal to

h = −1
2σ

x (74)

then we have
Ω = λ7, (75)

where λ7 is the seventh Gell-Mann matrix.

B.3 Higher-Order Trotter Decompositions
In many situations, it is desirable to reduce the errors
introduced through Trotterization by introducing a
second order Trotter decomposition,

U (τ) ≈
Q∏

X=1
UX (τ/2)

1∏
X=Q

UX (τ/2) (76)

where Q is the number of Hamiltonian terms. In other
words, a trotter step of time τ is implemented through
a forwards sequence of gates, followed by the same
sequence of gates in reverse. An example of such a
circuit is shown in Figure 12. In such a case, each
product UX may need to be decomposed into a se-
quence of gates, each of which possessing its own noise
term. Again, with a suitable set of manipulations, this
circuit can be brought into the form of a sequence
of SAGs, with noise terms interspersed among them.
Our previously found formula for the effective model
being simulated is still valid in this case. However,
we must now think more carefully about the domi-
nant sources of error.

By design, a second order Trotter decomposition is
constructed such that any correction to the Hamilto-
nian will scale as O

(
ϕ2). The symmetric arrangement

of terms implies that every commutator appearing in
the expression for the first order correction is paired
with another commutator in reverse order. Examin-
ing Figure 12, it is also clear that the same should hold
true for the noise terms. If we assume that a given
gate is always followed by the same noise term, and if
we assume that a given term UX is always decomposed

...
...

A NA
√
PB B

√
NB PA A

√·

Figure 13: The idea of trying to symmetrize noise. The noise
after gate B is split in half, with one half being commuted
over. The noise after the second A gate is also commuted
over. While this appears superficially symmetric, and as if
the noise terms should now cancel, there are in fact order θ
corrections to the noise when commuting them, and so the
cancellation is not perfect. This results in the same amount
of error as if we had simply added them up in the original
arrangement.

using the same set of available gates, then after ma-
nipulating our circuit into one which possesses only
SAGs and noise terms, the noise terms themselves
should also be arranged symmetrically, and thus any
first order contribution from commutators of noise
terms with noise terms should also vanish (if these as-
sumptions are not valid, then any asymmetry in the
arrangement of noise terms will result in first order
corrections which again scale as O

(
µ2/ϕ

)
).

However, no such symmetry exists between gate
terms and noise terms. In general, since we model
noise terms as following gate terms, there will be im-
perfect cancellation among the commutators of gate
terms with noise terms, leading again to a correction
of order µ. One might imagine that this could be
remedied by modeling the noise differently in the sec-
ond half of the circuit. If one models the noise terms
as appearing before their corresponding gates in the
second half of the circuit, the arrangement of gate
terms and noise terms would again appear to be sym-
metric. However, when modeling the effects of noise,
the actual evolution of the qubit register must remain
the same (since we are only describing the effects of
noise, and not changing anything about the actual cir-
cuit or hardware), and so if we alter the nature of our
noise model to place the noise terms before, rather
than after, a given gate, then the nature of the noise
term itself must also change, in order to compensate.
In particular, we know that commuting a noise term
past a SAG results in corrections of order ϕ which,
when combined with the overall effective noise scale
µ/ϕ, will again lead to corrections of order µ. Thus,
even though noise and gate commutators appear in
symmetric pairs, there is still an asymmetry of order
µ. This idea is demonstrated in Figure 13.
In such a second order circuit, we thus now have

corrections to the noisy dynamics which scale as µ,
and corrections to the coherent dynamics which scale
as ϕ2. We note that so long as µ ≪ ϕ2, the error in
the noisy dynamics will still be small compared with
the error introduced through Trotterization.
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