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We consider introducing the Dirac sea
in a quantum cellular automata model of
fermions in discrete spacetime which ap-
proximates the Dirac equation in the con-
tinuum limit. However, if we attempt to
fill up the ‘negative’ energy states, we run
into a problem. A new boundary is cre-
ated between positive and negative energy
states, at which pair creation seems ener-
getically favourable. This happens because
of the modular nature of energy in discrete
time models. We then suggest a possible
remedy by amending the model, in order
to pull states away from the new bound-
ary.

As early as 1981, Richard Feynman suggested
that a quantised version of cellular automata can
be used to simulate physics [1]. Discrete space-
time models such as quantum walks (QW) and
quantum cellular automata (QCA) have been
shown to simulate some quantum field theories
in the continuum limit [2]. The evolution of the
underlying quantum system in both the models
is unitary and local. This raises the interesting
question of whether spacetime itself may be fun-
damentally discrete rather than continuous. Even
if this is not the case, such models may also prove
useful for simulating quantum field theories on a
quantum computer. This is because one can im-
plement a QCA as a quantum circuit consisting
of local unitaries [3].

While many QCA models that simulate quan-
tum field theories have been developed|4-7|, in-
teresting questions remain regarding how to in-
troduce antiparticles in these models. The sim-
plest models would be the Dirac QW and the
Dirac QCA that simulate free Dirac particles with
the former being the one-particle sector of the
latter [8-13]. A natural way to introduce the an-
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tiparticles in these models would be to have some
sort of a Dirac sea [14-16]. While the notion of
the Dirac sea in continuum QFT is considered
antiquated, it still exists in the background of
the theory in the form of a simple mathemati-
cal transformation that associates the lack of a
negative energy particle with an antiparticle.

However, in this paper we argue that introduc-
ing a Dirac sea in the Dirac QCA comes with a
serious problem. In particular, the modular na-
ture of energy in discrete time leads to a new
boundary between positive and negative energy
states, at which pair creation could occur whilst
releasing positive energy. This seems like it would
cause the vacuum state to be unstable in an inter-
acting model. To address this issue, we propose
an alternative model of a Dirac QCA which pulls
the energy eigenstates away from the new bound-
ary.

We begin by presenting the Dirac QW in sec-
tion 1. We then define a notion of energy for
the QW. This allows us to introduce the Dirac
sea in section 2 and present the problem we face
in introducing the Dirac vacuum for modular en-
ergy. Then, we introduce an alternative model in
section 3, as a possible solution to the problem.
Finally, in section 4, we discuss possible future
directions.

1 A quantum walk simulating the
Dirac equation

We introduce a quantum walk that has been
shown to mimic the Dirac equation [10]. Con-
sider a quantum particle on a 1-D lattice with
a two-dimensional internal degree of freedom.
The state of the particle is in the Hilbert space
H = Hy2 ® Hg where Hy, = span{|n) |n € Z} and
Hg = C2. Let Hg be spanned by the orthonormal
states |r) and |l). Let the lattice spacing be dz.
We can define the momentum eigenstates and
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the operator as

w/6x
dp p [p)pl,
—m/éx
(1)
where here and throughout this paper, we take
h=1.

We have chosen to restrict momentum from
—m/éx to w/dx where £7/dz are identified with
each other. In a single time-step dt, the evolution
of the particle is given by the unitary,

S .
Ip) = ;rzn:e”m‘sx |n) and P=

UDlmc = Exp[—imc?o,dt]
x(Ir) (r| ™70 4 1) (1] €70%)
= Exp[—imc?o,0t|Exp[—iPo,dz](2)
where we have defined o, = |r) (r| — |I) (I

and o, = |r) (l| + |I) (r|. (We also define o, =
—i|ry (l] + i |l) (r| which we shall use later.)

Note that e~*% ig a shift operator, such that
e~ |n) = |n + 1), hence this unitary is local,
in the sense that the particle can only move a
finite distance in each timestep, and hence repre-
sents a quantum walk [2].

In order to connect to the standard continuous
time picture, it is helpful to define a notion of
energy for this system. As we are not dealing
directly with Hamiltonians, we instead define the
energy in terms of the eigenvalues of the unitary.
Consider the state |¢p) = |p) |s) where |s) is any
state in Hg. Then, consider

Upvec [tp) = Uhe [p) |s) = [p) Up) |s) . (3)

where U(p) = Exp[—imc?o,6t|Exp[—ipo.dz].
Let ‘sg[> be eigenvectors of U(p). Then, we define

E]:JIE via
Ul(p) ’s;t> = ¢~iB> ot ‘5;t> : (4)

Now, we identify E;,t as the energy of the par-
ticle. It is clear that energy is modular 2w /dt.
We choose to restrict the energy from —m/dt to
7 /0t where +7 /4t are identified with each other.
We have plotted the dispersion relation in Figure
1. It can easily be seen from the figure that for
every p, we have two energy eigenvalues with op-
posite signs. Hence, we make the labelling choice:
E;‘EOandEp_<O.

We have chosen the conventions (n|m) = &, and

(plg) =d(p — q)-
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Figure 1: The dispersion relation for the 1+1-D Dirac
walk. While the energy is modular 27 /dt, we have re-
stricted it to the range —7 /8t to m/6t. For mc?6t < 1,
the quantum walks simulates a Dirac particle in the
regime when momentum is very small (near 0) and also
in the regime when momentum is very high (near 7/0x).

Now, consider a low-momentum state of the
particle [1,) where pdz < 1 and |s) is any state
in Hg. We also suppose that mc?dt < 1. Then,
consider

D1rac|¢}p> |p U( )| )
p)(1 — imcto,0t + O(5t?))

)
)
(1 —ipa.dz + O(5x?))]|s)
p)(1 —i(mc*o,6t + poyox)

+ O(622, 6t%))|s)
=(1 — i(mc®0.6t + Po,dx)

T 0622, 6t) 1)
~Exp[~i(mc*o,0t+ Po,0x)]vp), (5)

where the last line is true to first order in dx and
ot.

Now, we define the effective Hamiltonian via
UDlraC e~iH5t  Comparing with (5), we
get the effective Hamiltonian for low momentum
H ~ mc?0, + Po,dx /5t where we have implic-
itly chosen a branch cut (to ensure the eigenvalues
lie within —7/dt to 7/dt). Now, we fix

ot =dx/c (6)
for this QW to get
HY ~ mc®0, + Pcoy. (7)

This is the single-particle Dirac Hamiltonian in
14-1-D. The eigenvalues and corresponding eigen-
vectors of the Dirac Hamiltonian are (E,|tp))
and (—Ej, |0p)) where

) = ﬁ%p(, [E, + pelr)+1/E, — pell)
wp>=ﬂ%p(\/Ep—pcrw—\/Ewpcm) (8)
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and E, = \/p*c? + m?c*. Moreover, for pdxr < 1
and mc?dt < 1, we can also check from Eq. (4)
with our choice of §t that Ef ~ Ej, and E, =~

s;;> ~ |ip) and

—FE,. Also, in the same limit,

‘s;> ~ |0p). Hence, for low momentum, the
quantum walk mimics Dirac particles. The low
momentum limit of the 141-D Dirac walk has
been shown to mimic a free Dirac particle more
rigorously in Ref. [10, 11, 13].

We shall now look at the high momentum limit,
which typically isn’t considered. Consider the
state ‘wiw/5x+p> = |+7/dx + p) |s) where pdz <
1. Again, we also suppose that mc?6t < 1.

U§1\1~Zc = Exp [—ichJx(St]

sz):tw/§w+p>
x Exp[—i(£m/dx+p)o.dx]

‘w:l:ﬂ/éx+p>
= (—1) Exp[—imc®a,6t]

XExp[=ip0202] [tosr /o4
= (=D[En/dz +p)U(p)]s)-(9)

Moreover, we have

m s

+ ~ — - —
Eiw/é:v+p~ St EP7 E Ep 5t

0 /6atp (10)

‘SIW/(SSE+p> ~ |Up) and ‘siﬂ/5x+p> A |p).

Comparing Eq. (9) with Eq. (3), we can see
that this is the same evolution that we had be-
fore but with an additional phase factor. Physi-
cally, the particle therefore behaves like a stan-
dard Dirac particle. However, the eigenstates
for ‘negative’ and ‘positive’ energy are switched.
(Another work has also pointed out these extra
solutions and proposed a way to reinterpret them
as different flavours|17].)

While we have introduced the Dirac walk in
1+1-D, it can also be extended to 2-+1-D and
3+1-D [10, 11, 13]. We have presented the 3+ 1-
D walk in Appendix E. The walk with m = 0 has
also been modified to mimic the massless 1-+1-D
Dirac equation in curved spacetime [18].

2 The Dirac Sea

In the continuum case, the energy spectrum of a
Dirac particle runs from negative infinity to pos-
itive infinity. This means that a particle can eas-
ily ‘fall’ to negative infinity releasing an infinite

amount of energy! Dirac came up with an ele-
gant solution —redefine the vacuum state (Dirac
vacuum) as one where all negative energy states
are filled with a ‘sea of particles’ [19]. Then, the
Pauli exclusion principle stops a positive energy
particle from falling to negative energies. How-
ever, now, a negative energy particle can excite
to a positive energy state creating a positive en-
ergy ‘hole’ and a positive energy particle. The
hole, or the absence of a negative energy parti-
cle in the ‘sea of particles’, can be interpreted as
an antiparticle. Moreover, the Dirac vacuum de-
fined this way is indeed the state with the lowest
energy.

Mathematically, we consider b, and a, as the
annihilation operators for positive and negative
energy particles with some momentum p € R re-
spectively. Then, we have the bare vacuum |0) de-
fined as b, |0) = a, |0) = 0 for all p. To introduce
the Dirac vacuum, we introduce the annihilation
operator for antiparticles ¢, = aT_p. Then, we de-
fine the Dirac vacuum [Q) as b, |Q) = ¢, |Q2) =0
for all p. As ¢, = aT_p, one can easily interpret
the condition ¢, |2) = 0 for all p as having no
antiparticles or having all negative energy states
filled.

Can we follow the same procedure to introduce
antiparticles in discrete spacetime? But what en-
ergy eigenstates do we fill up? While we have a
notion of positive and negative energies in con-
tinuum QFT, it doesn’t arise naturally in the
Dirac QW as the dynamics are fundamentally de-
fined by a unitary rather than a Hamiltonian. On
translating the eigenvalues of the unitary into en-
ergies, we now find they lie on a circle, i.e., energy
is now modular (Figure 2a). As in the previous
section, we can choose a particular range of ener-
gies [—m/0t, m/dt) and fill up the negative energy
states, as has been suggested by Ref. |15, 16].

Before we attempt to do so, it is imperative
to have a second-quantised model. It is well
known that a QW can be considered as one-
particle sector of a Quantum Cellular Automata
(QCA) |2, 3, 20]. Particularly, we can consider
a fermionic QCA which is the ‘second quantised’
version of the Dirac QW. The details of this QCA
have been presented in Appendix B. In the QCA
model, one can again define b, and a,, as the anni-
hilation operators for positive energy (0 to m/dt)
and negative energy (—m/dt to 0) particles with
some momentum p € [—x/éx,m/dx). Similarly,
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E = +r/dt E=0

(a)

6 E=m/0t—¢€/2

E=0

E=—m/0t+¢/2

(c)

Figure 2: (a) In the Dirac QW and the Dirac QCA model, the possible energies of a particle lie on a circle as it has a
modularity of 27 /4t with &t being the the size of each time-step. We have also supposed that the mass is very small
mc?6t < 1. One way to introduce the Dirac sea is to fill up the bottom half of the energy circle (blue) while leaving
the upper half of the circle empty (orange). We have two boundaries between the unfilled positive energy states and
the Dirac sea —F = 0 and E = =7 /dt. (b) In this model, a particle with energy —e/2 might jump to a state with
energy €/2 creating a hole or an antiparticle at its original position. This process will require € amount of energy. (c)
Similarly, near the E' = 7/dt, a particle in the Dirac sea with energy —m/dt + ¢/2 might jump to a positive energy
state 7/t — €/2 leading to pair creation. However, this process would release e of energy.

we would define the annihilation operator for an-
tiparticles ¢, = aip. Then, we have the bare and
the Dirac vacuum defined as by, [0) = apket0 = 0
and b, Q) = ¢,|Q?) = 0 for all p respectively.
Thus, the Dirac vacuum can then be obtained
from the bare vacuum by filling up the states with
energy lying between —m/§t and 0.

While we are dealing the free Dirac field, we
are not faced with any problems due to this defi-
nition of the Dirac vacuum in discrete spacetime.
Now, suppose we want to simulate some interac-
tion between particles (say, electromagnetic) us-
ing our Dirac QCA model. The corresponding
scattering processes should conserve modular en-
ergy (We provide an argument for why modu-
lar energy should be conserved, supposing weak
interactions, in Appendix A). Near £ = 0, we
would expect to have some scattering amplitude
for low momentum particle-antiparticle pair cre-
ation (Figure 2b). Suppose the particle and the
antiparticle created have small positive energies
€1 and e respectively where mc? < €1, €2 < 1/4t.
Then, the process would require the absorption
of positive energy (€1 + €2). Note that we are in-
terested in the case when mass and energy are ex-
tremely small relative to the characteristic scales
of the lattice, so that the low-momentum parti-
cles of the QCA behave like conventional contin-
uum Dirac particles. For example, if we imag-
ine electrons evolving on a lattice at the Planck
scale then we would have mc®> ~ 0.5MeV <
1/6t ~ 10GeV. However we plot functions with

larger masses in the figures so that their form is
visible.

However, note that unlike the continuum Dirac
QFT, we have two boundaries between the sea
of negative energy particles and the positive en-
ergy states (F = 0 and E = +x/dt). Hence,
we would again expect to have some amplitude
for pair creation pair but with the particles hav-
ing high momenta (Figure 2c). Suppose both the
particle and the antiparticle created have posi-
tive energies m/dt — €1 and 7/t — €3 respectively
where me? < €1, e < 1/t again. The total en-
ergy change would then be 27/t — (¢ +€2). Due
to the modular nature of energy, this corresponds
to a change of —(e; + €2) < 0 if we map the en-
ergy to the desired range of (—7/dt, w/dt]. Hence,
this process involves release of (€1 4 €2) amount of
energy. This raises a potential phenomenological
problem —the creation of a particle-antiparticle
pair with high momenta that is energetically
favourable.

We can get further insight on what is happen-
ing by looking at the internal state of the energy
eigenstates near the two boundaries. For Dirac
particles, the internal state for positive energy
particles is expected to be |u,) and for the nega-
tive energy particles is expected to be |0,). This
is indeed the case for the £ = 0 boundary. How-
ever, around E = +7/dt, we have actually filled
up the eigenstates of the form |@,) —the state
that we would expect for positive energy Dirac
particles in continuum QFT (as we can see from
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Figure 3: (a) Plot of the dispersion relation for the modified quantum walk where § = /8. Not that there are four
momentum eigenstates for each possible energy (except at the turning points). (b) The dispersion relation for the
modified quantum walk compared with the continuum QFT dispersion relation when 6 = 37/8 and mc?6t = 0.2.

We can see that the energy never exceeds 7/24t.

the previous section). Now, in an interacting con-
tinuum theory, we do expect a Dirac particle with
the internal state |a,) to ‘fall down’ to become a
Dirac particle with internal state |7,) as argued
by Dirac himself. Thus, we should also expect
this to happen at the E' = +x/dt boundary in
the discrete theory if we were to introduce some
interactions.

Because the eigenstates are switched and pair
creation is energetically favourable, we would ex-
pect particles in the Dirac sea close to the high
energy boundary to ‘fall up’ to fill the empty posi-
tive energy states. Moreover, we might expect the
amplitude for this to be the same as the magni-
tude for particles to ‘fall down’ close to the orig-
inal boundary without the Dirac sea because of
the symmetry of the structure of internal states
near both boundaries. Ironically, we have en-
countered a problem very similar to the original
problem (in continuum QFT) which the Dirac sea
was introduced to resolve.

3 The 1+1-D modified Dirac QW

One way to solve the problem of energetically
favourable high momentum pair creation could be
to pull the available energy eigenstates away from
the problematic boundary between the Dirac sea
and the positive energy states. In this section, we
present a modified quantum walk that does so.

3.1 The model

Consider the following quantum walk defined on a
one-dimensional lattice with spacing §z and time-

step dt,
USh

mod

= Exp[—imc?o,0t]Exp[—iPo_pdz]

x Exp[—iPogdz], (11)

where g9 = RQ@JZR}; ; With Rgpn = ei0N0/2
Note that Ry ; is simply a rotation in the internal
spin and hence completely local.

Equivalently, we have

U

mod —

Exp [—imc2ax6t]
x Exp[—iP(cos(f)o, + sin(0)oy)dz]
x Exp[—iP(cos(f)o, — sin(0)oy)dz].
(12)
It is easy to check that this QW is indeed local
—an application of the unitary results into the
particle moving a finite distance. This walk is
similar to the twisted quantum walk defined in
Ref. [21].

Again, we can define the energy of such a par-
ticle by considering the state [¢,) = |p)|s). We
have,

U 1) = UL ) |5) = ) Umoa(p) |s), (13)
where

Umod (p) = Exp[—imc?o,6t]
x Exp[—ip(cos(0)o, + sin(0)oy)dx]

x Exp|[—ip(cos(0)o, — sin(f)oy)dx].
(14)

Let ‘§;t> € Hg be eigenvectors of Upoq(p). Then,

we define E;f as

Unod (P) ]8;t> — iy ot ‘s§> (15)
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Again, we restrict the energy to the range
(—m/ot,m/dt] where +7/dt are identified with
each other and make the labelling choice: E’; >0
and E’p_ < 0. Now, from Figure 3a, we can see
that we have four momentum eigenstates with the
same energy —twice as many as we want. This
is an example of the fermion doubling problem
which is well-known in lattice field theories.

Again, consider a low-momentum state of the
particle |¢,) where pdz < 1 and |s) is any state
in Hs. We also suppose that mc?dt < 1. Then,
consider

Unna 1) = [0) Unnoa () |)
= |p) (1 — i(mc2o,0t + 2po. cos(8) o)
+ O(52%,6t%)) |s)
= (1 — i(mca,0t + 2P0, cos(6) )
+ O(62°,6t%)) [1p)
~Exp[—i(mcio,ot
+ 2P0 cos(0)ox)||vp), (16)

where the last line is true to first order in dz and
ot

With Ug(\jg = e~ H0adt and fixing
ot = 2cos(0) dz/c, (17)

we obtain H&ff)d ~ Pco, + mc*o, where we have
implicitly chosen a branch cut. This is the Dirac
Hamiltonian, and we find EE &~ ++/p2c2 + m2c2.
This is again the dispersion relation for a Dirac
particle. We have presented a fermionic QCA
that is the ‘second quantised’ version of this

model in Appendix B.

3.2 The Energy Spectrum and the Dirac Sea

We can again define the Dirac sea by filling up
all the negative energy states. Again, a negative
energy particle might excite to a positive energy
state leading to pair creation. However, the pa-
rameter 6 allows us to pull energies away from the
problematic boundary (E = +m/dt) and create a
gap. The high-energy particles are no longer in
the same region where we would expect them to
have the dynamics of a Dirac particle. Due to the
energy gap, we might expect the amplitude for
high-momentum particle creation to be damped.
Moreover, we have the following theorem which
we prove in Appendix D.

Figure 4: While energies still lie on a circle for the mod-
ified QCA, not all energy states on the circle are valid.
One can again fill up all the ‘negative’ energy states
(blue) and let the ‘positive’ energy states (orange) be
unfilled. By pushing the possible energy states far back
enough, we can make the gap at the E = +x/dt larger
than half of the circle. If pair creation happens at the
states closest to the £ = 4/t boundary, it will still
involve absorption of ‘positive’ energy.

Theorem 1 For any 0 < mc2dt < /2, there ea-
ists a 0 such that ‘Epi’& < m/2.

In other words, we can choose an appropriate
value of 6 such that the gap between the posi-
tive and negative energy states at the problem-
atic boundary is larger than 7 /dt as in Figure 3b.
Then, pair creation never leads to release of ‘pos-
itive’ energy. In particular in order for a particle
to ’jump’ from anywhere in the Dirac sea to a pos-
itive energy state would require the absorption of
energy in the range 2mc?> < E < 5; from some
other field, rather than emitting positive energy
into that other field.

Finally, it is also interesting to note that we do
not get an energy gap at the problematic bound-
ary for all possible values of 8. In particular, when
20 = mc?6t, the mass gap at the E = £m/5t
boundary vanishes.

4 Discussion

Although we have focussed on a 1+1-D model in
the main body of the paper for simplicity, the
modular nature of energy remains in higher di-
mensional models. The models we have consid-
ered can be naturally extended to such cases and
similar issues regarding the Dirac sea occur. One
important difference in higher dimensions is that
even the simplest Dirac quantum walks involve
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fermion doubling. We have discussed the 3+1-D
case in Appendix E.

A very interesting paper Ref. [14] recently pre-
sented a quantum cellular model of quantum elec-
trodynamics in 2+1-D and 3+1-D. In a section
of this paper on pair creation, the authors intro-
duce a construction of the Dirac sea in which all
the antiparticle degrees of freedom are populated.
This is associated with a product state in which
exactly half of the fermionic modes at each site
are occupied. However, we would expect that, al-
though the Dirac sea has a simple structure in
momentum and energy space, it would have a
highly entangled structure in position and not be
represented by a separable state (as shown by the
vacuum correlation functions in continuum QFT
[22]). Another limitation of this construction is
that the unitary in the QCA for the mass term
seems to be causing pair production (even when
we set the electromagnetic interaction off by set-
ting the coupling constant to zero in the model).
It would be very interesting to consider alterna-
tive constructions of the Dirac sea in this QCA
model, which are closer to those we consider here,
to simulate QED.

We argued earlier that we would expect pair
creation at the high energy boundary of the Dirac
sea in a discrete time model, based on energy con-
servation arguments, in a similar spirit to Dirac’s
original argument [19]. Additionally, we also
show that we should have modular energy con-
servation if we were to deal with an interacting
QCA perturbatively (Appendix A). In this paper,
we have provided arguments on why the afore-
mentioned problem is likely to exist; it would be
very interesting to calculate such effects from an
explicit interacting model, which could be devel-
oped either by adding an additional unitary in-
teraction to the quantum cellular automata, or
by adding additional physically motivated fields.
One approach would be to look at free photon
QCA models[5, 7, 23]. However, in such mod-
els, we do not yet have a way to couple fermions
with photons using a local unitary that gives the
correct interaction term in the continuum limit.
Alternatively, we can look at QCAs simulating
Quantum Electrodynamics in 14-1-D and 3+1-D
[14, 15, 24]. While these models do simulate in-
teractions between a gauge field and Dirac par-
ticles, we do not have an idea on how to write
the free vacuum state or photon states in such

models. When introducing the Dirac sea in these
models, we would also have to be careful to distin-
guish the free Dirac vacuum from the interacting
vacuum —a distinction that also exists for con-
tinuum QFT and is not unique to QCA models?.

In order for the quantum cellular automata
models to simulate the physics we observe, it is
important that a relatively stable total energy can
be defined. Due to the modular nature of energy,
this means that interaction terms which would
generate 27 /dt of energy (with respect to the free
particle model) should be suppressed. This is a
key problem for discrete time approaches to re-
solve.

While our new model offers a possible approach
to eliminating pair creation at the high energy
boundary of the Dirac sea, it comes at the cost
of fermion doubling. This is something that has
been dealt with in lattice field theories (LFTs)
[25-29]. It would be interesting to investigate
whether similar approaches would work in our
model, or perhaps if any doublers could be in-
terpreted as different particle flavours.

Alternatively, perhaps a better approach that
does not lead to fermion doubling might be possi-
ble. Fundamentally, the problem with finding the
ground state or the Dirac vacuum in discrete time
models lies with the modular nature of energy in
these models. In continuum QFT, a true vacuum
state is defined with respect to a Hamiltonian as
being the eigenstate with the lowest energy. How-
ever, due to the modular nature of energy, it is
somewhat arbitrary to have a notion of a low-
est energy state in discrete time models. Should
we abandon the idea of introducing a Dirac sea
and attempt to introduce antiparticles in another
way?

In conclusion, our exploration of the Dirac sea
in discrete spacetime raises a number of potential
issues. Although we have proposed a possible res-
olution, there remain many interesting avenues
for further investigation.

“Suppose we have a Hamiltonian H = Hy + V where
Hy determines the free evolution and V' the interaction.
Then, the free vacuum (for instance, the Dirac vacuum) is
the lowest energy eigenstate of Hy and the true interacting
vacuum is the lowest energy eigenstate of H.
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A Modular Energy Conservation: Dis-
crete Fermi's Golden Rule

We wish to show that, in a perturbative treat-
ment of an interacting QCA, modular energy, the
way we have defined it, is conserved. We shall
derive a discrete version of Fermi’s golden rule
in this section. Consider a QCA described by
U = TV where T is the free evolution, and V
dictates the interactions. Let V' = Exp|[—idtaH]
where « is the coupling constant and H is the
effective interaction Hamiltonian.

Suppose [1f) and [1);) are two distinct eigen-
states of T with eigenvalues e ~*Fi% and e~ Frot,

Assuming that the interaction is weak, for time
7 = Nét, we have

(Wl (TV)Nabi) = (| TN [by)
N-1
—idtay (Y| TN"HT"|¢)
n=0
+ O(a?). (18)

Now, we wish to calculate the transition rate
defined as

Tim (] (V) M|

Considering only the first order term, we can
write the transition rate as

Ling= (19)

N-1 2

1 . 1 n m
Y = lim o —zétaz (W | TN HT™ 1)

2

— o262 (Ej—E
NlinooN(s o Ze

x (s H 3] (20)

Now, we shall use the following identity;

N
lim — Z 12””/T Z(S x—kT) (21)
N—oo NT n—0 kel

where the expression on the right hand side is
known as the Dirac comb. Thus, we get

") = 2ma® (g H )2 S 8By — E; — Z2k).

keZ
(22)
Hence, we have obtained a discrete version of
Fermi’s golden rule which has modular energy
conservation. We expect the higher order terms
to also similarly give modular energy conserva-
tion.

B Fermionic Quantum Cellular Au-
tomata

We shall introduce the 1+1-D Dirac QCA in this
section [8, 30, 31]. We present the fermionic ren-
dition of this QCA and discuss the mapping to
qubits in the next section. Again, consider a 1-
D lattice with spacing dx. At each lattice point
n € Z, we introduce the operators ! and v,
defined at each lattice point n € Z such that

{2 hTY = 6,80, (23)

where a,b € {r,1} and n,m € Z?. We shall write

v, — (i@ . (24)

To look at the momentum space, we define the
Fourier transform of the two-component field as

follows
,/ Z\Il e or, (25)
nGZ

where we again restrict p from —n/dx to w/dz.
Consider the unitary T such that

=11 (26)
Also, we define the unitary W such that

TypTh =4y, and Ty,

Wyl Wt = cos (m025t) Yy, +isin (m025t) YL
Wil W = isin (m025t) 1y, + cos <m025t> YL
(27)

where 0t = dx/c again. We can write the uni-
taries as,

W = Exp[—imc?st Z Tl X,
nez
w/8x

T = Exp[—idx / dpp W) Zw,].  (28)

—7/dx
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where X and Z are Pauli-X and Pauli-Z matrices
respectively. Now, consider the following unitary
that evolves the system in one time-step 6t and
defines the Dirac QCA:

USCA — W (29)

Dirac

Let us consider its single particle limit. First,
we define the bare vacuum such that ¢ [0) = 0
for all a € {r,l}. Consider the state |p,a) =
¢gT |0). Then, one can check how Ugiii acts on
|p, ) and |p,1) using Eq. (26) and Eq. (27). Also,
we identify |p, a) in the QCA model with |p) |a) in
the QW model. Then, comparing with Eq. (2),
one can easily see that the action of Ugiraﬁ on
|p, a) is the same as the action of Ugi\zc on |p)|a).
Hence, the 14+1-D Dirac QW is the single particle
sector of the 1+1-D Dirac QCA.

Furthermore, looking at the Dirac Hamiltonian
we see that the Dirac QCA unitary is the Trot-
terisation of the Hamiltonian for free Dirac par-
ticles in 1+1-D QFT. Hence, one would expect
convergence to this Hamiltonian under the con-
tinuum limit (dx,0t — 0). The 141-D Dirac
QCA has been extended to higher dimensions and
rigorously shown to simulate free Dirac particles
[16, 32-35].

We now define a, and b, that we used in Sec-
tion 2. By comparing the single particle sector of
the QCA with the QW model, we find

(D= )6 e

=

such that
v, = 1 (a*(p)b +0o (—p)a ) . (32)
p V2E, p P
To shift from the bare vacuum to the Dirac vac-
uum, we must interpret the lack of a negative en-
ergy particle as an antiparticle. Hence, we make
the substitution c;f) = a_p. And after taking the
Fourier transform, we get the equation

T/éx g
U, — / P

—n/sz \/2Ep

(O’+ (p) bpeipn 6x+

o~ (p) c;')e_ip”‘sm). (33)

Let us look at the mode expansion for 1+1-D
continuum Dirac QFT. Defining

atr) = 28 (1)) ana
<”Up>
v(-p) = 25, (g{;”’; ) e

we can write the mode expansion as

oo

\Il(x):/_oodp\/zlﬁp (U(p) bye™* + v(p) c;:e*’pm) .
(35)
This looks very similar to the mode expansion
in the QCA from Eq. (33) . Moreover, for small p,
we have already shown that o (p) ~ u(p), and
o~ (p) =~ v(p), hence for small momentum the
models align. For states with momentum close
to +m/dz, we have ¥ (£m/dx + p) ~ v(p) and

o~ (£n/dz +p) =~ u(p).
Now, we can also ‘second quantise’ the mod-

ified quantum walk. We present the modified
Dirac QCA. Consider

w/8x
Ty = Exp[—iéx/ dp ¥ p (cos(0)Z

—7/éx

— sin(0)Y)W,), (36)

where Y is the Pauli-Y matrix and, as before, we
have

W = Exp[—imc®5t > ¥l X®,]. (37)
neZ
Then, we introduce the modified Dirac QCA,
USSS — WT T, (38)

Again, the annihilation and creation operators
for positive and negative energy particles can be
similarly defined as in Eq. (30). This allows us to
define the Dirac sea more formally being in the
‘second quantisation’ picture.

So far, we have not been dealing with standard
QCAs, but rather fermionic QCAs. To simulate
our QCAs on a quantum computer, we must look
at its circuit representation where the fermionic
degrees of freedom are mapped to qubits.

C Quantum Circuits for 1+1-D

Fermionic QCAs

In 1+1-D, we can map fermions to qubits through
a Jordan-Wigner transformation while maintain-
ing locality [32, 36]. Suppose there are two qubits
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at each lattice site to represent the occupation
number of right and left moving fermions. Let
the qubits be labelled by (n,a) where n is the
lattice site and a € {r,l} is the chirality. De-
fine A% = [1) (0|% where a € {r,l}. Then, the
Jordan-Wigner transformation can be written as

ot =AZ 7
Wo—Altzr 7zl 7, (39)

where Z2 = |0) (0| —|1) (1| are just Pauli-Z opera-
tors acting on the respective qubits. This ensures
that anti-commutativity is preserved.

C.1 Dirac QCA

S
B

S
3

Figure 5: The Dirac QCA can be decomposed into local
unitaries acting on qubits. The circuit is equivalent to

UDQi(r:aé under Jordan-Wigner transformation as defined in

Eq. (39).

The circuit representation of the Dirac QCA
has been developed in Ref. [15, 32]. We present
an equivalent circuit. Suppose s, = sin(mc?dt)
and ¢, = cos(mc?dt).

Consider the gates S and W' defined as

1 00 O
001 0
“=lo 10 o™
00 0 -1
1 0 0 0
;|0 em —ism O
W= 0 —iSy Cm 0|’ (40)
0 0 0 -1
where S acts on qubits (n,r) and (n +

1,1) and is written in the computational ba-
sis {]00),]01),[10),[11)} where [ab),,.,,
[ |b>f1+17 and W' is also written in the compu-
tational basis {|00),[01),[10),|11)} but |ab), =

l . ..
la),, |b),,. (Here, S can be described as fermionic
swap.)

Then, the unitary Ugca for the Dirac QCA can
be represented as shown in Figure 5. Using the

transformation described in Eq. (39), one can eas-
ily check the circuit is indeed equivalent to Uqca .-
Finally, for simulation on a quantum computer,
one needs to consider a finite lattice with N lat-
tice sites and periodic boundary conditions such
that site N is identified with site 0.

C.2 Modified Dirac QCA

s |

wn
w
w

220 R0 R26 R0 Ry

S

1} 1 1 1 H 1 I

s || s |i| s

Rt R Ry R
| o

1
n+1

RS
)

1
1
n—1 n

Figure 6: The circuit representation for the fundamen-
tal unitary of our modified Dirac QCA. Here, we have
mapped fermionic degrees of freedom to qubits using
transformations defined in Eq. (39).

Now, we wish to have a circuit representation
for the modified QCA. Consider the following
gate acting on qubits (n,r) and (n,l),

1 0 0 0
B 0 ¢ —1s9 O

Ro = 0 —isy cg O] (41)
0 0 0 1

where cg = cos(0/2), sy = sin(0/2). We also
define the gate W = W’RJ;.

Then, we can represent the unitary for our
modified Dirac QCA as a circuit consisting of lo-
cal unitaries as shown in Figure 6. The equiv-
alence can easily be checked by using the trans-
formations defined in Eq. (39). Again, one needs
to restrict to a finite number of lattice sites with
periodic boundary conditions for simulation on a
quantum computer.

D Proof of the Theorem 1

Using Exp|ia - 30] = Lcos(6) +ia - 7 sin(f) where
@ is any unit vector, we can write Upoq(p) from
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Eq. (11) as

U™ (p) = (cos (mc2(5t) — {0y sin (mc25t))

X (cos(pdx) —io_gsin(pdz))
X (cos(pdx) —iogsin(pdz)). (42)

By expanding Eq. (42), we can rewrite USC\)X in
the form rlI+iA where A is a Hermitian operator
and 7 is a real number. Then, the real part of the
eigenvalues of Upq(p) is simply r, which is given
by

T = COS <m025t> cos?(p dx)
—sin?(pdz) cos <m025t—29). (43)

Then, defining ¢ = 7/2 — 0, we can rewrite this
as

T = COs (m025t) cos®(pdx)
+ sin?(p 6z) cos (m025t+ 2¢) . (44)

Writing the eigenvalues as e *#»% and consid-

ering the real part, we get
cos (Ep&) = cos (mc25t) cos?(p o)
+ sin®(p dz) cos (m025t—|—2¢> . (45)

Now, we can choose € such that —7/2 <
me?dt+2¢ < /2. Moreover, 0 < mc?t < 7/2.
Hence, cos(mc?dt+2¢) > 0 and cos(mc?t) > 0.

Then, it follows from Eq. (45) that cos (Ep&) >

0. As E, is restricted to [—m/8t, 7/dt), the theo-
rem follows.

E The 3+1-D Case

E.1 The Dirac QW in 3+1-D

Consider a quantum particle on a 3-D lattice
with a four-dimensional internal degree of free-
dom. We suppose that the lattice is cubic with
the lattice spacing being dx. The state of the par-
ticle is in the Hilbert space H = Hys ® Hint where
Hys = span{|ii) |7l € Z3} and Hiye = HG> = CL.

Similar to the 14+1-D case, we can define the
momentum eigenstates and the momentum oper-
ators as

3
ox\ 2 iD-ROT | = D >
,@:(%> 5 e ) and B d*p |1,
i
(46)

where

O = [—n/dx, 7 /dx)>. (47)

For j € {x,y, z}, we define the shift operators
as
K; = Exp[—iPjojdx] (48)

which act on Hzs ® Hs. Then, we define the
following operator acting on Hzz ® Hint,

K, 0
Ty = < o KT> : (49)
J

with j € {z,y, z}.
We define V' and rewrite 7} as

V = Exp[—imc®Bdt] and Tj = Exp[—iPja;6z]
(50)
where

; I
aj = (%J _(i'j> and = (51) 0> . (51)

Then, the evolution of the particle in a single
time-step dt, is given by the unitary

UV = VT,T,T,. (52)

This is the 3+1-D Dirac walk from [32]. Consider
the state [¢7) = |p) |s) where |s) is any state in
Hg. Then, consider

UshY [wg) = UshY 1) s) = [ UB) |s),  (53)
where

U(p) =Exp[—imc?3 6t|Exp[—iP,a,dx]
x Exp|[—iPyaydx]Exp[—iPyagdx].
(54)
Writing  the eigenvalues of U(p) as
Exp[—iEz0t], we define the energy of the
particle as Ejy. Again, defined this way, energy
has a modularity of 27 /dt. Restricting the
energy from —m /0t to +m/dt, we obtain a notion
of positive and negative energies. Then, we
again have two boundaries between the negative
and the positive energy states (E = 0 and
E = £n/§t). The dispersion relation for fixed
m, py and p. has been plotted in Figure 7. Here,
we can see that in general we have four energy
eigenvalues for each momentum eigenstate.
However, in the appropriate limits where we
would expect the quantum walk to behave like a
free Dirac particle, the four values converge to
just two values.
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"I p, 6x=p,6x=0.02
mc26t=0.2

Eot

5
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mc?6t=0.2
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-7 3 TT " 7T " 3 s
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Figure 7: Plots of the dispersion relation for the 3+1-D quantum walk. Now, instead of two energy eigenvalues for
each momentum, we have four energy eigenvalues. In Figure (a), while it seems that there are only two eigenvalues, we
do have four distinct eigenvalues. The four eigenvalues approach two degenerate eigenvalues as any two components

of momentum approach zero.

Particularly, supposing mc?§t < 1 and pjor K
1, we get

Ush' [¢5) =15) U (D) |s)
~|p) Exp[~i(mc?B 6t + - d dx)]|s)

~Exp[-i(mc?3 ot + P - ddx)] |Vg) -
(55)

Now, we define the effective Hamiltonian as
U:,%W = —iH ot Comparing with (55), we get
the effective Hamiltonian for low momentum

- 0
HE ~ mc23 + P &5%’. (56)
where we have implicitly chosen a branch cut.

Now, we fix dt = dx/c for this QW to get
H ~ mc?8 + cP - @, (57)

which is the 3+1-D Dirac Hamiltonian. The
energy eigenvalues of this Hamiltonian are +Ez
where Ej = \/|p°c2 + m2ct.

While it is well-established that this walk be-
haves like Dirac particles in the low momentum
limit, we shall now show that this is also the case
around some other points in momentum space.
Suppose p;oxr < 1 and mc2it < 1.

Consider the state with momentum ¢ =
(pay £7/02 + py, £ /0 + p,)T. Tt is easy to see
that

Ubivuc[¥q) =10 U@ |s) =@ UB) |s). (58

Hence, we expect the behaviour to be of a Dirac
particle of momentum p. We find the energy

eigenvalues to be approximately £FEj; This is
true if any two of the components of momen-
tum are near +7/dx and the other one is near
0. Hence, we have some sort of fermion doubling.

Now, consider the case when any two compo-
nents are near 0 and the other one is near +7/dx
or all three components are near +7/dx. For par-
ticles with momentum either ¢ = (ps, py, £7/dx+
p:)T or ¢ = (£7/6x + ps, £7/5x + py, £7/5x +
p-)T, we get

Ubvacq) =10 U@ |s) =(=1) @) U(D) |s) -
(59)

Thus, around these points, the quantum walk
again behave like a free Dirac particle but with
a global phase factor and energies approximately
—m/dt 4+ Ey and /6t — Ep.

If we look at the massless case (m = 0),
we find another additional point in momentum
space with interesting behaviour. Consider a
particle with momentum p’ such that p;dz < 1
again. Then, the quantum walk simulates a right-
moving and a left-moving Weyl particle with en-
ergies approximately +|p’|. Apart from the same
points as discussed for the massive case, there
is another point in the momentum space around
which the quantum walk behaves like two free
Weyl particles with opposite chiralities. This is
the case if all of the components of the momen-
tum vector are of the form +m/(2dz) + p; where
pjoxr < 1. Then, the energy eigenvalues are ap-
proximately +|p'lc, —7/dt+|p'|c and 7 /5t — | P'le.
Thus particles near these points are present near
the boundaries between the negative and posi-
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Figure 8: Plots of the dispersion relation for the 34+1-D modified quantum walk. We can see that the energy
eigenstates are pushed far enough from the problematic boundary such that the absolute energy is never greater than

w/(26t).

tive energy particles. Note that, for the massive
case (m > 0), while we do not expect the quan-
tum walk around these point to simulate a free
Dirac particle, we do expect a particle near these
points to be near one of the two boundaries. How-
ever, the exact behaviour around this point for
the massive case is yet to be studied.

Finally, one can upgrade this model to a QCA.
Again, there are high energy particles that be-
have like Dirac particles and live near the second
boundary between the positive and negative en-
ergy states (E = +m/dt). Hence, similar to the
14-1-D case, we would expect pair creation at the
second boundary if we were to fill up all the ‘neg-
ative’ energy states. Again, one way to solve this
problem is to modify the walk such that the avail-
able energy eigenstates are pulled away from the
problematic boundary.

E.2 Modified 3+1-D Dirac QW

Now, consider the following unitaries

f{/zﬂ = Rx,GKleyga (60)
Ky = R.oK,R! ,, (61)
Ko = Ry oK. R ,. (62)
Consider
~ Ko 0
T'79 = G ) (63)
7 ( 0 K,
and, as before,
V = Exp[—imc®Bdt]. (64)

Then, we introduce the quantum walk given by

U?%Wmod :VT27*9f279
X Ty’,gTy’gT 7,9Tx79. (65)

Setting 6t = 2cos(f)dx/c, we can check that
this quantum walk simulates a Dirac particle
for p;jdr < 1 and mc?§t < 1. Defining en-
ergy in a similar way as before, we have plotted
the dispersion relation in Figure 8. Similarly to
the one-dimensional case, we expect that for any
0 < me?it < 7/2, we can choose an appropriate
value of 6 such that the gap between the positive
and negative energy states is larger than 7 /dt.
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