
Lindblad engineering for quantum Gibbs state preparation
under the eigenstate thermalization hypothesis
Eric Brunner1, Luuk Coopmans1, Gabriel Matos1,2, Matthias Rosenkranz1, Frederic Sauvage1, and
Yuta Kikuchi3,4

1Quantinuum, Partnership House, Carlisle Place, London SW1P 1BX, United Kingdom
2Quantinuum, 17 Beaumont St., Oxford OX1 2NA, United Kingdom
3Quantinuum K.K., Otemachi Financial City Grand Cube 3F, 1-9-2 Otemachi, Chiyoda-ku, Tokyo, Japan
4Interdisciplinary Theoretical and Mathematical Sciences Program (iTHEMS), RIKEN, Wako, Saitama 351-0198, Japan

Building upon recent progress in Lindblad
engineering for quantum Gibbs state prepara-
tion algorithms, we propose a simplified pro-
tocol that is shown to be efficient under the
eigenstate thermalization hypothesis (ETH).
The ETH reduces circuit overheads of the
Lindblad simulation algorithm and ensures
a fast convergence toward the target Gibbs
state. Moreover, we show that the realized
Lindblad dynamics exhibits an inherent re-
silience against stochastic noise, opening up
the path to a first demonstration on quan-
tum computers. We complement our claims
with numerical studies of the algorithm’s con-
vergence in various regimes of the mixed-field
Ising model. In line with our predictions,
we observe a mixing time scaling polynomi-
ally with system size when the ETH is satis-
fied. In addition, we assess the impact of al-
gorithmic and hardware-induced errors on the
algorithm’s performance by carrying out quan-
tum circuit simulations of our Lindblad simu-
lation protocol with a local depolarizing noise
model. This work bridges the gap between re-
cent theoretical advances in dissipative Gibbs
state preparation algorithms and their even-
tual quantum hardware implementation.

1 Introduction
The simulation of quantum systems is poised to be
one of the most promising applications of quantum
computing. This task typically requires the accurate
preparation of relevant initial quantum states. In par-
ticular, Gibbs states at an inverse temperature β and
for a quantum (non-commuting) Hamiltonian H,

σβ = e−βH

Tr[e−βH ] , (1)
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play an essential role in understanding the thermal
properties of quantum many-body systems. Further-
more, Gibbs states serve as key resources in a vari-
ety of quantum algorithms for optimization problems,
machine learning tasks, and more (see [1, 2] and ref-
erences therein). Such demands have led to signifi-
cant research efforts to develop quantum algorithms
for Gibbs state preparation [3–19].

Inspired by the successful application of Markov
chain Monte Carlo algorithms to a wide range of
practical computational problems, including classical
Gibbs sampling [20, 21], the authors in [5, 7, 22, 23] in-
vestigated their quantum analogue for sampling from
Gibbs states of quantum Hamiltonians. Inspired by
thermalization phenomena occurring in nature [24],
there has also been a broad interest in utilizing
dissipative quantum dynamics, described under the
Markov assumption by the Lindblad equation [25], to
prepare quantum thermal states on a quantum com-
puter [3, 26–38]. The underlying mechanism is the ex-
istence of an (often unique) steady state, which can be
made close to a target state through a specific design
of the underlying Lindbladian [39–41]. Recently, the
authors of [32, 33] have resolved several outstanding
obstacles in the engineering of such specific Lindbla-
dians, which are both efficiently simulatable and have
the desired Gibbs state as their unique steady state.

From a complexity theoretical perspective, low-
temperature Gibbs states are hard to prepare even
with a quantum computer in the worst case [42]. Still,
it is anticipated that quantum algorithms simulat-
ing Lindblad dynamics can efficiently prepare certain
Gibbs states of interest [43–45] that would otherwise
be hard to sample from. The efficiency of these algo-
rithms is assessed in terms of the resources required to
implement the Lindblad evolution as a quantum cir-
cuit and the mixing time of the dynamics. The latter
characterizes the time for any initial state to converge
close to the steady state of the Lindbladian.

Despite remarkable advances in the design and sim-
ulation of adequate Lindbladians, a gap remains be-
tween theoretical results in idealized scenarios and
their practical application. Such practical consider-
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ations include the noise resilience of the proposed al-
gorithms or numerical studies of their convergence.
We address this gap by proposing a version of the
Gibbs state preparation algorithms [32–35, 38] with
reduced quantum resource requirements, potentially
facilitating a near-term hardware demonstration. We
provide a comprehensive numerical investigation of
convergence characteristics of the Lindblad dynam-
ics in various settings, establishing the crucial roles
played by both the jump operators and the dynami-
cal properties of the system Hamiltonian. In addition,
we analyze algorithmic errors and the noise suscepti-
bility of our proposal—both analytically and based on
simulations of the corresponding quantum circuits.

In Sec. 2 we recall necessary background about
Lindbladians, their mixing time and steady states,
and give a detailed summary of our contributions
and their relation to prior works. In Sec. 3 and 4
we introduce our variant of the dissipative quantum
Gibbs state preparation algorithm. Crucial to our al-
gorithm is the compliance of the system Hamiltonian
H and the selected jump operators with the eigen-
state thermalization hypothesis (ETH) [46–49]. We
show in Sec. 3 that the ETH guarantees fast and ac-
curate convergence of the Lindblad evolution towards
the desired Gibbs state. The circuit implementation
of our algorithm, together with a detailed analysis of
the algorithmic errors incurred, is given in Sec. 4. To
complement our theoretical investigations, in Sec. 5
we perform extensive numerical simulations of the
noiseless Lindblad dynamics for a 1D mixed-field Ising
model. In Sec. 6, we analyze the impact of stochas-
tic noise on the convergence accuracy of our proto-
col, neglecting algorithmic errors such as discretiza-
tion and Trotter errors. Based on this, in Sec. 7, we
numerically study the influence of local depolarizing
noise by simulating quantum circuits of the full pro-
tocol. In this section, we also study the effect of our
algorithm’s main parameters on the convergence ac-
curacy and analyze the trade-off between algorithmic
and noise-induced errors.

2 Preliminaries

We briefly summarize the concepts of Lindblad dy-
namics, steady states, detailed balance, and mixing
time. These form the basis for the discussions in the
subsequent sections. The Lindblad equation,

dρ
dt (t) = L[ρ(t)], (2)

describes the dissipative dynamics of an open quan-
tum system, which is formally solved as ρ(t) =
etL[ρ(0)] for an initial state ρ(0). The Lindbladian
L is the generator of the dynamics and can be writ-

ten as follows:

L[ρ] = −i[G, ρ] +
∑
a∈A

γa

(
LaρLa† − 1

2{La†La, ρ}
)
.

(3)

The first term in Eq. (3), −i[G, ρ], captures the co-
herent (unitary) part of the dynamics. G is Her-
mitian and in the present work we set G = H,
where H is the system Hamiltonian of the Gibbs
state σβ in Eq. (1). The remaining terms are re-
sponsible for the dissipation along the evolution: the
transition term

∑
a∈A γaL

aρLa† and the decay term

− 1
2
∑

a∈A γa{La†La, ρ}. The set of indices A selects
suitable Lindblad operators La that drive the dissipa-
tion, and γa are transition weights.
Quantum detailed balance—a generalization of

the classical notion of detailed balance of Markov
chains—controls the steady state of the Lindblad dy-
namics. A steady state σ of L is defined by etL[σ] = σ
for all t ≥ 0, or, equivalently, L[σ] = 0. Throughout
this work, we assume that the Lindblad dynamics has
a full-rank and unique steady state, denoted as ρ∞.
The latter can be ensured by choosing the coherent
term and Lindblad operators such that only multiples
of the identity commute with them [50, Theorem 3].

We adopt the Kubo-Martin-Schwinger (KMS) inner
product to define quantum detailed balance.1 For a
full-rank density matrix σ, the KMS inner product is
defined as the weighted scalar product [52, 54–56],

⟨X,Y ⟩σ := Tr[X†σ1/2Y σ1/2], (4)

for bounded operators X,Y . We denote by L† the
adjoint of L with respect to the Hilbert Schmidt in-
ner product, i.e. ⟨X,L†[Y ]⟩HS = ⟨L[X], Y ⟩HS with
⟨X,Y ⟩HS := Tr[X†Y ]. Then, we say that the Lind-
bladian L obeys the σ-detailed balance (σ-DB) con-
dition if L† is self-adjoint with respect to the KMS
inner product (4),

⟨X,L†[Y ]⟩σ = ⟨L†[X], Y ⟩σ (5)

for all bounded operators X,Y . For a Lindbladian L
that obeys the σ-DB condition, we have for all X

⟨L[σ], X⟩HS = ⟨I,L†[X]⟩σ = ⟨L†[I], X⟩σ = 0, (6)

where I is the identity operator. We used the σ-DB
condition (5) in the second equality and L†[I] = 0 in
the last equality. When a Lindbladian obeys the σ-
DB condition, the corresponding Lindblad dynamics
converges to the steady state σ in the infinite time
limit [57, Proposition 7.5].

To prepare the quantum Gibbs state σβ , Eq. (1),
we wish to engineer a Lindbladian L that satisfies the
σβ-DB condition. When this is only approximately

1Several other notions exist in the literature [51–53].
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satisfied, the steady state ρ∞ of L inevitably devi-
ates from the target σβ . In such case, it is impor-
tant to control the convergence accuracy ∥ρ∞ − σβ∥1
of the steady state compared to the Gibbs state, as
quantified here via the trace distance. Furthermore,
to use this construction algorithmically, the speed of
convergence and the efficient implementability of the
Lindblad dynamics are crucial (see Sec. 3). We quan-
tify the convergence speed via the mixing time tmix,
i.e. the time it takes to approach the steady state un-
der the Lindblad dynamics from any initial state ρ in
trace distance:

tmix(ϵ) := inf
{
t ≥ 0 | ∀ρ :

∥∥eLt[ρ] − ρ∞
∥∥

1 ≤ ϵ
}
. (7)

Contribution and relation to prior works
Our protocol builds upon recent advances in Lind-
blad engineering for quantum Gibbs state prepara-
tion, with the aim to reduce circuit complexity and
facilitate a potential near-term hardware demonstra-
tion. We follow [32], who propose an efficient quan-
tum algorithm for Gibbs state preparation via simu-
lation of the Lindblad equation (2) with a carefully
designed (approximately σβ-DB) L. Key to their al-
gorithm is the use of Lindblad operators in the form of
filtered operator Fourier transforms (8), which allow
to control the trade-off between convergence accuracy
and required resources. In subsequent work, [33] pro-
pose to use G = GCKG, Eq. (47), as the coherent
part of the Lindbladian to satisfy the σβ-DB condi-
tion exactly. Despite being efficiently implementable,
its overheads likely remain prohibitive on near-term
quantum hardware.
In our protocol, we simplify the construction of [32]

by using a discrete set of Lindblad operators (similar
to [35]), instead of the continuous set used in [33]
(see App. A.2). In addition, we avoid the implemen-
tation of GCKG by resorting to the ETH (assuming
the underlying system Hamiltonian behaves quantum
chaotic), which ensures σβ-DB on average. The evo-
lution under the Lindbladian (3) is simplified by em-
ploying the single-ancilla protocol of [36, 58] (similarly
used in [34] for tasks of ground state preparations),
combined with the random selection of a single Lind-
blad operator (8) at each time step. Such a random-
ized method is also used in [38] with jump operators
constructed from n-qubit unitary 2-designs. In com-
parison, assuming the ETH allows us to use simple,
local Pauli products as jump operators, which can be
implemented with shallower circuits than 2-designs in
practice. Finally, [59] proves a bound on the mix-
ing time similar to ours for random sparse Hamiltoni-
ans and unitary 1-design jump operators. While their
choice of jump operators is similar to ours, they use
the quantum Gibbs sampling algorithm of [33] with-
out the simplifications we propose here. We also point
out that the ETH was employed to efficiently prepare
the quantum Gibbs state in [30], where, instead of

evolving the system under dissipative dynamics, they
simulate the unitary dynamics of the system and an-
cilla and trace the latter out only at the end.

We verify the correctness of our protocol and prove
that under the ETH the Lindbladian L, Eq. (3), is σβ-
DB (on average), and derive an upper bound on the
convergence accuracy ∥ρ∞ − σβ∥1 for a concrete re-
alization of L. Moreover, we show that, in this case,
the mixing time of the Lindblad dynamics is poly-
nomially bounded in the number of qubits n. For
this, we tailor the spectral gap analysis of [60] to our
case. Note that very recently and employing a dif-
ferent technique, [61] derived a log(n) mixing time
bound for non-commuting local lattice Hamiltonians
above a constant critical temperature, improving over
bounds based on the spectral gap of the Lindbladian.

Beyond those theoretical results, our main contri-
butions are a comprehensive numerical study of mix-
ing time and convergence accuracy of the Lindblad
dynamics, and a thorough analysis of the influence of
algorithmic errors and noise on our protocol.

Prior numerical works mainly focus on the spec-
tral gap of the Lindbladian [60, 62, 63]. Convergence
towards the target Gibbs state via long-time simula-
tions is studied in [64] for harmonic oscillators and
hydrogen chains. In [65], considering a similar pro-
tocol as ours for the purpose of ground state prepa-
ration, the Hartree-Fock method is used to analyze
the convergence of energy expectation values. In gen-
eral, simulation of dissipative system dynamics is a
well-developed field [66–72]. However, the numerical
methods developed there often exploit structure of the
Lindblad operators, such as sparsity, low-rank approx-
imations or tensor network decompositions, which we
do not expect to apply, in general, for Lindblad op-
erators in form of the operator Fourier transforms we
consider here (see App. D.3.4 for a brief discussion of
recently proposed tensor network approaches).

In our numerics we focus on the mixed-field Ising
model. We identify quantum chaotic (where ETH and
σβ-DB holds) and non-chaotic regimes of the model
based on an eigenstate delocalization analysis [73–76].
To efficiently explore mixing time and convergence ac-
curacy across the different dynamical regimes, we de-
velop an adaptive numerical solver that determines
for each setting an optimal temporal discretization.
In the chaotic regime and using local jump operators
(ETH holds), we numerically observe polynomial (in
some cases linear) mixing time scaling. For non-local
jump operators (ETH does not hold), convergence to
the Gibbs state is significantly slower. Interestingly,
in the non-chaotic regimes of our model we observe
vastly different convergence properties.

To our knowledge, the interplay between algorith-
mic and noise-induced errors on Gibbs state prepara-
tion with the recent Lindblad simulation algorithms
has not been studied in detail before. In order to as-
sess noise-induced errors we bound the distance to the
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target Gibbs state under the influence of a stochastic
mixture of unitary noise channels. In certain regimes
the effect of noise can be significantly smaller than
expected: noise-induced errors at earlier times are
damped through the contractive nature of the Lind-
blad dynamics showcasing inherent robustness of the
protocol to typical sources of hardware noise on near-
term quantum computers. Similar effects have been
observed, e.g., in [77–82]. To assess errors from key
algorithmic parameters (e.g. Trotter step size) we
perform full circuit simulations. We also analyze the
trade-offs between algorithmic and noise-induced er-
rors, whereby smaller algorithmic errors tend to in-
crease circuit depth which, in turn, increases noise-
induced errors. Quantifying such trade-offs is crucial
for identifying optimal algorithmic parameter config-
urations for given hardware specifications.

3 Lindblad engineering with ETH
In this section we introduce our protocol in more de-
tail and discuss basic aspects of the ETH. The ETH
will allow us to derive analytical bounds on the accu-
racy and the speed of convergence towards the target
Gibbs state for our Lindbladian (3), which is only ap-
proximately detailed balanced.

3.1 Lindblad operators
We consider Lindblad operators {La}a∈A given in
the form of a filtered operator Fourier transform
(OFT) [35],

La =
∫ ∞
−∞

dt g(t)Aa(t) =
∑

ν∈BH

ηνA
a
ν , (8)

with Aa(t) := eiHtAae−iHt, ην :=
∫∞
−∞ dt eiνtg(t)

and Aa
ν :=

∑
Ei−Ej=ν ΠiA

aΠj , where Πi is the
projector onto the eigenstate of H correspond-
ing to the energy Ei. We denote with BH :=
{Ei − Ej | Ei, Ej ∈ spec[H]} the set of Bohr frequen-
cies. The set of jump operators {Aa}a∈A can be cho-
sen arbitrarily as long as it satisfies {√

γaA
a}a∈A =

{√
γaA

a†}a∈A. In our case, we will always consider
Hermitian jump operators, such that this condition is
fulfilled by construction. In addition, we assume the
jump operators to be local, in the sense that they act
non-trivially only on a small part of the system. This
is a requirements of the ETH, discussed in more detail
in Sec. 3.2. The concrete jump operator model used
in our numerics is described in Sec. 5.1. Furthermore,
to guarantee uniqueness of the steady state we require
that only multiples of the identity commute with the
jump operators and Hamiltonian [50, Theorem 3]. We
choose a filter function

g(t) =
(

∆2
E

2π3

)1/4

e−∆2
Et2+iβ∆2

Et/2, (9)

which satisfies the normalization condition∫∞
−∞ dt|g(t)|2 = 1. This choice selects energy
transitions in Eq. (8) that decrease the energy by
roughly β∆2

E/2. For our analytical and numerical
studies, we choose ∆E =

√
2/β, as discussed in

App. C.1. This choice ensures that the energy
transitions induced by the jump operators are well
within the energy window defined by the Fourier
transform of g. Noting ην = e−βν/2η−ν , Eq. (44), and
using {√

γaA
a}a∈A = {√

γaA
a†}a∈A, one can readily

show that
∑

a γaσ
−1/2
β Laσ

1/2
β [·]σ1/2

β La†σ
−1/2
β =∑

a γaL
a†[·]La. It then follows that the transition

term in Eq. (3) satisfies the σβ-DB condition (5) as∑
a∈A

γa⟨X,La†Y La⟩σβ

=
∑
a∈A

γa⟨σ−1/2
β Laσ

1/2
β Xσ

1/2
β La†σ

−1/2
β , Y ⟩σβ

=
∑
a∈A

γa⟨La†XLa, Y ⟩σβ
.

(10)

It remains to assess under which conditions the decay
term in Eq. (3) obeys the σβ-DB condition.

3.2 Convergence under the ETH
The ETH [48, 49] states that, for a given Hamiltonian
H with eigenbasis {|Ei⟩}, the matrix elements of a
local observable A are expressed as

⟨Ei|A |Ej⟩ = A(Ei)δij + f(Eij , νij)√
D(Eij)

Rij , (11)

with Eij := (Ei + Ej)/2 and νij := Ei − Ej .
A(E) and f(E, ν) are smooth functions of E and ν.
The density of states D(E) is defined by D(E) =∑

Ei∈spec[H] δ̃(E −Ei), where δ̃(E −Ei) is a smeared

delta function so that D(E) becomes a smooth func-
tion of E. R is a Hermitian matrix with entries Rij

whose real and imaginary parts are independent ran-
dom variables and which satisfy ER[Rij ] = 0 and
ER[|Rij |2] = 1, where ER denotes the average over
R. We assume that the diagonal vanishes, Rii = 0,
for all i. See App. C for details.

In the following, we assume that for given jump
operators the Lindbladian L, Eq. (3), is well-
approximated by a random realization of L with jump
operators modeled according to Eq. (11). The strat-
egy is to show that the ETH-averaged Lindbladian
ERL respects the σβ-DB condition and that the dis-
tance between the average ERL and a single realiza-
tion of L is bounded by a sufficiently small quantity
with high probability. Via this bound we obtain up-
per bounds on the mixing time and the convergence
accuracy for our Lindbladian L.

Detailed balance — The decay term in Eq. (3)
obeys the σβ-DB condition under the ETH average.
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To see this, we convert the decay term to,∑
a∈A

γa⟨X, {La†La, Y }⟩σβ

=
∑
a∈A

γa⟨σ−1/2
β La†Laσ

1/2
β X +Xσ

1/2
β La†Laσ

−1/2
β , Y ⟩σβ

(12)

for all bounded operators X, Y . According to the
ETH, the matrix elements of the jump operators Aa

are given by Eq. (11), which leads to,

ER[σ−1/2
β La†Laσ

1/2
β ]

=
∑
ν,ν′

ηνην′eβ ν′−ν
2 ER[(Aa

ν)†Aa
ν′ ] ETH= ER[La†La],

(13)

where the last equality follows from ER[(Aa
ν)†Aa

ν′ ] ∝
δν,ν′ . Combining Eqs. (12) and (13), we find

ER

[∑
a∈A

γa⟨X, {La†La, Y }⟩σβ

]
= ER

[∑
a∈A

γa⟨{La†La, X}, Y ⟩σβ

]
.

(14)

From Eqs. (10) and (14) we conclude that the Gibbs
state σβ is the steady state of the averaged dissipa-
tive Lindbladian, i.e. neglecting the coherent term
−i[G, ρ] in Eq. (3)—which in our case is generated by
the system Hamiltonian, G = H. Note that H com-
mutes with σβ , which implies that the coherent term
−i[H, ρ] does not affect the steady state. Thus, we
find that the Gibbs state σβ is the steady state of the
averaged Lindbladian ERL,

ERL[σβ ] = 0. (15)

Mixing time — For a Lindbladian L with steady
state ρ∞ and gap ∆L, the mixing time is bounded via
(see e.g. [83, Eq. (104)])

tmix(ϵ) ≤ 1
∆L

log
(

2∥ρ−1/2
∞ ∥∞
ϵ

)
. (16)

The spectral norm ∥ρ−1/2
∞ ∥∞ typically scales expo-

nentially in the number of qubits n. Thus, we obtain
a polynomial dependence of the mixing time on the
number of qubits n if the spectral gap of L is lower-
bounded by 1/poly(n).

In App. C.3, we show that ERL effectively re-
duces to a classical Markov chain on the spectrum of
H [60]. This allows us to employ the well-developed
framework of Markov chain conductance to derive an
inverse-polynomial lower bound ∆ERL ≥ Ω(β3/n).
According to Eq. (16), this implies a bound on the
mixing time of ERL polynomial in n and β. To ob-
tain a similar bound for L, we show in App. C.4 that
the distance between the Lindbladians L and ERL is
bounded by O(β/

√
|A|).

As proven in App. C.5, it follows that

tmix(ϵ) ≤ O
(
nβ2(β∥H∥∞ + log(1/ϵ))

)
, (17)

with high probability, provided a sufficiently large
number of jump operators, |A| = Ω(n2β8). See
Thm. 2 for a precise statement of the result and
the assumptions. Typically considered Hamiltoni-
ans have polynomially bounded norm ∥H∥∞, for ex-
ample ∥H∥∞ = O(nk) for k-local Hamiltonians, or
∥H∥∞ = O(n) for geometrically local Hamiltonians.

Convergence accuracy of the steady state —
We again invoke the result on the distance between
L and ERL. As proven in App. C.5, see Thm. 2, the
trace distance between the Gibbs state σβ and the
steady state of L, ρ∞, is bounded by

∥ρ∞ − σβ∥1 ≤ O

(
ϵ+ nβ2√

|A|
(β∥H∥∞ + log(1/ϵ))

)
,

(18)

with high probability. Thus, a sufficiently large num-
ber of jump operators |A| = Ω

(
n2β6∥H∥2

∞/ϵ
)
leads

to a steady state that is ϵ-close to the Gibbs state, i.e.,
∥ρ∞ − σβ∥1 ≤ ϵ. In the next section we will see that
|A| does not enter the complexity scaling of our quan-
tum protocol for the Lindblad simulation. Therefore,
in principle, we can choose |A| as large as allowed by
the considered jump operator model.

4 Randomized single-ancilla protocol
So far we have studied the convergence properties of
the Lindblad dynamics. In this section we describe
how this evolution can be implemented as a quantum
circuit. In Sec. 7 we perform full circuit simulations
and investigate the algorithmic errors of our proto-
col. We adopt a single-ancilla protocol as in [34, 36]
and combine it with a randomized scheme [38, 84]
to simulate the dynamics under the Lindbladian (3)
with G = H and γa = γpa. The parameter γ ≥ 0
controls the strength of the dissipation and ensures
that the probabilities pa satisfy 0 ≤ pa ≤ 1 together
with

∑
a pa = 1. Instead of applying the full Lind-

bladian (3), at each evolution time step we apply a
single Lindblad operator La sampled with probability
pa. We further factorize the coherent and the dissi-
pative parts of the time evolution. Hence, starting
from an initial state ρ(0), the state prepared after M
evolution steps of length δt each, is given by(

M∏
i=1

eδtγDai ◦ Uδt

)
[ρ(0)], (19)

where we have defined

Da[ρ] := LaρLa† − 1
2{La†La, ρ}, (20)

Uδt[ρ] := e−iδtHρeiδtH , (21)
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...
...

|0⟩anc

V ai(δt)
ρ(0) e−iHδt ≈ ρ(Mδt)

Repeat for i = 1, . . . ,M

Figure 1: The quantum circuit for simulating Lindblad evo-
lution (19). The ancilla qubit on the top is traced out by
discarding the measurement results.

and {a1, . . . , aM } is the set of labels of the randomly
sampled Lindblad operators. The total evolution time
is t = Mδt. By taking the average over the random
sampling of Lindblad operators we find,∑

a

paeδtγDa

◦ Uδt[ρ] = ρ+ δtL[ρ] + O(δt2)

= eδtL[ρ] + O(δt2).
(22)

It has further been shown that the individual trajec-
tory defined by Eq. (19) approximates the target dy-
namics with an error measured in the trace distance
inversely proportional to M (Theorem 7 in [38])2.
Hence, for large M , a single trajectory describes the
average evolution in Eq. (22) sufficiently well.

To implement each dissipative Lindblad evolution
eδtγDa [ρ], we note that, for the dilation [28]

Ka := |1⟩ ⟨0|anc ⊗ La + |0⟩ ⟨1|anc ⊗ La†, (23)

the following identity holds,

Tranc[e−i
√

δtγKa

(|0⟩ ⟨0|anc ⊗ ρ)ei
√

δtγKa

]
= eδtγDa

[ρ] + O((δtγ)2).
(24)

Implementation of the left-hand side of the identity
only requires introducing a single ancilla qubit and
Hamiltonian simulation.
To retain the algorithmic error of O(δt2) in

Eq. (22), we apply the second-order product for-
mula to implement the evolution under the unitary

e−i
√

δtγKa

[34]. To do so, we first discretize the
OFT (8) over a restricted domain [−T, T ]. Taking
discretized time steps ∆t := T/S, we get

L̄a :=
S∑

s=−S

∆tsg(s∆t)Aa(s∆t), (25)

with ∆ts := ∆t for −S + 1 ≤ s ≤ S − 1 and ∆ts :=
∆t/2 for s = ±S. We call ∆t the OFT discretiza-
tion step. Accordingly, the dilation Ka, Eq. (23), is
discretized as K̄a := |1⟩ ⟨0|anc ⊗ L̄a + |0⟩ ⟨1|anc ⊗ L̄a†.

2Results of Ref. [38] are given in terms of a weighted l2-
metric that upper bounds the trace distance, see Lemma 5 of
Ref. [56].

Now, one can implement e−i
√

δtγK̄a

by applying the
second-order product formula, which we denote by
V a(δt), such that

V a(δt) = e−i
√

δtγK̄a

+ O(δt2γ2). (26)

The same ancilla qubit can be reused after resetting
it to |0⟩. The resulting quantum circuit implementing
the Lindblad dynamics is sketched in Fig. 1.

As apparent from the previous discussion, several
approximations are required for the circuit implemen-
tation. In App. B, we provide a comprehensive study
of the resulting errors. When accounting for all these,
the preparation of the steady state of L incurs the
following algorithmic error:

tmix × O
(
δt+ ∆t√

β
e−2(T/β)2

+
√
β|BH |e−

1
8

(
2π β

∆t−2β∥H∥∞−1
)2

+ T∆t2

δt

)
.

(27)

The precise statement is given in Prop. 1 in App. B.
The contribution of the individual error sources are
discussed further in App. B.4, and analyzed in detail
in Sec. 7, by means of simulations of the corresponding
quantum circuits. For the algorithmic error (27) to be
less than ϵ, the algorithm uses Hamiltonian simulation
(i.e. evolution under the system Hamiltonian H) for
a time scaling as

Θ
(
βt2mix
ϵ

√
logβtmix

ϵ

)
. (28)

See Thm. 1 for the precise statement. Combined with
Eq. (17) and also accounting for the convergence ac-
curacy of Eq. (18), this shows that under the ETH,
preparation of the Gibbs state, with ϵ-error, can be
implemented efficiently as a circuit with a single ad-
ditional ancilla. We note that the currently known
best Lindblad simulation algorithm achieves the run-
time [28, 33]

Õ (βtmix polylog(1/ϵ)) , (29)

where Õ hides the polylogarithmic dependence on β
and tmix. However, this requires an additional over-
head circuit for a complex block encoding of the Lind-
bladian. The protocol presented in this work is based
on the Trotterization and dilation (weak measure-
ment), which avoid such overhead circuit at the cost
of sacrificing the near-optimal scaling in Eq. (29).

5 Noiseless numerical study
This section studies the dynamical properties of our
randomized Lindbladian protocol. To this end, we nu-
merically estimate mixing time, spectral gap and con-
vergence accuracy for the Lindbladian (3), taking into
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Figure 2: Identification of chaotic (point CH) and non-chaotic
regimes (TFIM, REG) of the mixed-field Ising model (30) as
a function of transverse and longitudinal fields via eigen-
state delocalization. ETH is expected to hold in the chaotic
regime. Mean E[D1] (left) and variance Var[D1] (right) of
the fractal dimension D1 are evaluated in the n-qubit Z-basis
for n = 8. Large mean E[D1] combined with small Var[D1]
signal quantum chaos. Other parameter points and eigen-
state delocalization in other bases are discussed in App. D.1
(cf. Tab. 1).

account the random application of a single jump oper-
ator at each time step, as in the quantum algorithm in
Sec. 4. Here we ignore the Trotterization (19), OFT
discretization (25), as well as the influence of noise as
they will be the focus of Secs. 6–7.
We consider the 1D mixed-field Ising model with

open boundary conditions

H = −J
n−2∑
i=0

ZiZi+1 − h

n−1∑
i=0

Xi −m

n−1∑
i=0

Zi. (30)

The parameters h and m control the strength of the
transverse and longitudinal fields, respectively. We
set the inverse temperature to β = (2J)−1 throughout
our numerical studies.
We analyze various settings defined via: (i) the

number of jump operators, (ii) the locality of the jump
operators, and (iii) the degree to which the system
satisfies the ETH, parametrized by h and m (keep-
ing J fixed), as detailed in Secs. 5.1–5.3. We ob-
serve a polynomial scaling of the mixing time with n
when the ETH holds, confirming our analytical bound
in Eq. (17). Moreover, we observe a polynomially
decreasing distance between the steady state of the
Lindblad dynamics and the target Gibbs state with
increasing number of jump operators |A| as indicated
by the bound in Eq. (18). In settings where the ETH
does not hold, we observe vastly different convergence
properties.

ETH and quantum chaos — The ETH is ex-
pected to hold with high accuracy in quantum chaotic
systems [48]. For our model (30), we identify sets
of parameter points (h,m) with distinct quantum
chaotic properties by analyzing the delocalization

properties of the energy eigenstates, as used e.g. in
[75, 76]. This approach directly assesses the under-
lying properties of ETH, while simultaneously being
independent of a specific choice of observables (jump
operators). Quantum chaos is signaled by a large av-
erage E[D1] over the fractal dimension D1, in com-
bination with a drop in variance Var[D1]. This be-
havior signals a strong and uniform delocalization
of energy eigenstate. Definitions and more details
are given in App. D.1. Figure 2 shows E[D1] (left)
and Var[D1] (right) in the parameter range m/J ∈
{0}∪[10−1, 101], h/J ∈ [10−1, 101]. The parameter re-
gion 0.7 ≲ h/J ≲ 2, 0.2 ≲ m/J ≲ 0.9 shows the clear-
est signature of quantum chaos (see also Fig. 12 for an
extended analysis). Within this chaotic lake, the ETH
ansatz is expected to be valid with with high accu-
racy. In turn, the limits m → ∞ or h → ∞ are dom-
inated by either the transverse or longitudinal field,
whereas in the limit h,m → 0 the interaction term
dominates the dynamics. In all three cases, eigen-
states become more localized and we expect that the
ETH is not applicable. We call these limits the regu-
lar limits of our model. Another important case is the
limit m → 0 of the transverse field Ising model, which
is an integrable (i.e., non-chaotic) model. Based on
the phase diagram in Fig. 2 we select three relevant
parameter points, shown as white crosses, for our nu-
merical studies in this section—TFIM (the transverse
field Ising model), REG (dominated by the longitudi-
nal field), and the point CH deeply within the chaotic
lake. Additional parameter points, exploring the re-
maining regular limits and the chaos transition, are
considered in App. D. In Tab. 1 we summarize all con-
sidered parameter points. Furthermore, in App. D.1.3
we compare eigenstate delocalization properties to the
distribution of level spacing ratios, another frequently
used signature of quantum chaos [85, 86].

5.1 Simulation of the Lindblad equation

In this subsection we study numerically the mixing
time and the convergence accuracy ∥ρ∞ − σβ∥1 of the
Lindblad dynamics (2). The Lindblad operators (8)
are constructed from a set of random k-local Pauli
jump operators Aa with a ∈ A. The random jump
operator model is detailed in App. D.3.1. For our
studies, we vary both k and the number |A| of con-
sidered jump operators. For computational efficiency,
we ues a randomized simulation strategy. We com-
pute individual trajectories of the dynamics by sam-
pling at each time step a single jump operator Aa,
a ∈ A, with probability pa = 1/|A|, and evolve the
current state under this single jump operator. This
is similar to our quantum protocol in Sec. 4. We use
the fourth-order Runge-Kutta method, instead of the
Trotterization (19) used in the quantum algorithm,
and evaluate the integral in Eq. (8) exactly, instead
of using the discretization (25). For each parame-
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Figure 3: Trace distance between the target Gibbs state σβ and the state ρ(t) evolved under Lindblad dynamics of the
mixed-field Ising model (30) with single random jump operators at each time step for n = 3, . . . , 8 qubits and β = (2J)−1.
We consider a set of size |A| = 20 of random 2-local Pauli jump operators and the Hamiltonian parameter points REG (left,
dominated by the longitudinal field) and CH (right, quantum chaotic regime), cf. Fig. 2. Thin lines are individual trajectories
of the randomized Lindblad simulation protocol (details in App. D.3), thick lines are trace distances between the Gibbs state
and the time-evolved state averaged over trajectories. Vertical lines indicate the mixing time estimate in Eq. (31). The results
confirm much faster mixing in the quantum chaotic regime (CH) than in the non-chaotic regime (REG). On the other hand, the
system in parameter regime REG converges to a state closer to the Gibbs state as explained in App. D.2.

ter point, we simulate the Lindblad evolution up to
a maximal number of time steps Nmax

steps = 3 · 105.
The step size is determined by an adaptive scheme
for each setting and system size individually. Details
on the numerical scheme are provided in App. D.3,
with step sizes reported in Tab. 1. The results shown
in the main text are computed for a fixed number of
random trajectories. A detailed analysis of the influ-
ence of the number of trajectories on the dynamics,
and a comparison to the Monte Carlo wave function
method, is given in App. D.3.3. We highlight that the
numerical simulations performed are exact, thus lim-
iting the system sizes that are probed. In App. D.3.4
we briefly discuss the potential and challenges of re-
cently proposed tensor network simulation techniques
for similar systems.

Figure 3 exemplifies the evolution of the trace dis-
tance ∥ρ(t) − σβ∥1 for the two parameter points REG
and CH (cf. Tab. 1) and increasing number of qubits
n = 3, . . . , 8. As initial state we fix the maximally
mixed state, ρ(0) = I/2n with I the 2n × 2n identity,
and we fix for each n a set of random (k = 2)-local
jump operators of size |A| = 20. A single trajectory of
the dynamics for a given n is generated by sampling a
random jump operator from this set in each time step.
The trace distances for several of these trajectories are
plotted as thin lines (varying n is indicated by color).
The time-evolved state is computed as an average of
the trajectory states at each time point (see App. D.3
for details). The trace distances of this state to the
Gibbs state are shown as bold lines. In all cases, the
averaged time-evolved state is significantly closer to
the Gibbs state than the individual trajectories.

Because of the randomization, the Lindblad dy-
namics does not exactly converge to ρ∞ but plateaus
at a value between 10−4 and 10−2. Moreover, the

exact steady state of Eq. (2) only approximates the
Gibbs state σβ . However, as we will see in Fig. 5,
the convergence accuracy ∥ρ∞ − σβ∥1 is well below
the observed plateau in Fig. 3 in all cases. Hence,
with our limited number of trajectories in Fig. 3, we
cannot dynamically resolve the difference between the
two states. Further note that for the point REG and
n = 8, the time evolution already stops at Jt ≈ 104.
This is because this setting requires a much smaller
step size for the simulation, cf. Tab. 1, such that we
only reach a time of Jt ≈ 104 within the maximal
number of steps Nmax

steps.

5.2 Mixing time estimate and spectral gap
We set ϵ = 10−2 and estimate the mixing time (7) by

t̂mix := inf{t > 0 : ∥ρ(t) − σβ∥1 < 10−2} , (31)

starting from the maximally mixed state, ρ(0) =
I/2n, instead of maximizing over all initial states. In a
slight abuse of notation, ρ(t) denotes the evolved state
under the numerical scheme, and not the state under
the exact dynamics (2). The mixing time estimate
t̂mix is highlighted in Fig. 3 by vertical dashed lines.
We generally observe that the early time dynamics
(t ≤ t̂mix) coincides for all trajectories (thin lines).
Hence, a very small number of trajectories (even only
a single one) suffices to accurately compute the esti-
mate t̂mix. As expected, t̂mix increases with n. The
quantum chaotic parameter point CH exhibits a much
smaller mixing time than the regular limit REG. In-
terestingly, the trace distance ∥ρ(t) − σβ∥1 converges
to a smaller value for REG than for CH, which we will
discuss in more detail in Fig. 5.

From the bound in Eq. (17) we expect the mixing
time to scale as O(poly(n)). Here we study numeri-
cally the scaling of t̂mix and the spectral gap ∆L with
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Figure 4: Scaling of mixing time (top) and spectral gap of Lindbladian L (bottom) with n. We consider sets of random 2-local
Pauli jump operators of size |A| = 5, 20, 50 and the mixed-field Ising model (30) at parameter points TFIM (left, transverse
field Ising model), CH (middle, quantum chaotic regime) and REG (right, dominated by the longitudinal field), cf. Fig. 2. We
use β = (2J)−1. The mixing time and spectral gap data fit well a polynomial ∝ nκ (lines). The transverse-field (TFIM) and
chaotic (CH) regimes show much faster mixing and correspondingly larger spectral gap than the longitudinal-field-dominated
regime (REG). The number of jump operators |A| has a negligible effect except for REG, |A| = 5. In this case the dynamics
does not converge within the maximal simulation time and the spectral gap is significantly smaller than in other cases.

the number of qubits n for different numbers of (k =
2)-local jump operators, |A| = 5, 20, 50, at the param-
eter points TFIM, CH and REG (cf. Fig. 2). As before,
the initial state is maximally mixed. Other parameter
points, other values of k, as well as simulations with
initial state |0⟩⊗n

are discussed in App. D.2.

Figure 4 shows the mixing time t̂mix (top row) and
the spectral gap ∆L (bottom row) as a function of
n for different |A|. We compute ∆L from the full
Lindbladian (3), containing all Lindblad operators
La, a ∈ A (details in App. D.3.5). For each |A| and
each parameter point the legend shows the leading
exponent κ of the polynomial dependence of t̂mix,∆L
on n, obtained by fitting the data to ∼ nκ. In almost
all cases, this assumption is justified based on our nu-
merical findings. We note that the number of jump
operators |A| does not have a significant effect on t̂mix
and ∆L.
We observe small mixing times for the chaotic point

CH with a polynomial scaling exponent of approxi-
mately κ ≈ 1.4. Other chaotic parameter points show
a similarly fast convergence (see App. D.2). In con-
trast, the regular limit REG shows over an order of
magnitude larger mixing times with slightly smaller
scaling exponent κ ≈ 1.3. Note, however, that in
this case and for n = 8 or |A| = 5, the time-evolved
state does not converge to a distance ∥ρ(t) − σβ∥1
below ϵ = 10−2 within the maximum time horizon
considered. Even larger mixing time estimates are ob-

tained in the limit of large transverse field, h ≫ m,J ,
as discussed in App. D.3. Interestingly, the inte-
grable point TFIM, corresponding to the transverse-
field Ising model, shows the fastest convergence with
exponent κ ≈ 1.2. Moreover, for REG we observe a
non-monotonic dependency of mixing time on n (al-
though showing an overall increasing trend with n).
The mechanism behind this is a complex interplay
of Bohr frequencies of the model, the filter functions
used in Eq. (8), and the energy distribution of the
initial state. In App. D.2.2 we discuss this effect in
more detail and show that, as a consequence, the scal-
ing for the regular point REG is strongly susceptible to
the initial state, while the chaotic point CH is relatively
robust against the choice of initial state.

The situation is mirrored for the spectral gap ∆L.
As expected, we obtain large gaps with a decay expo-
nent between −2 ≤ κ ≤ −1 for the chaotic parameter
point CH, and comparably smaller gaps for REG. Inter-
estingly, in this case and for |A| = 5, the spectral gap
drops roughly two orders of magnitude in comparison
|A| = 20, 50. This is in line with the above observed
extremely long convergence time in this case. The in-
tegrable limit TFIM exhibits the largest spectral gap,
accompanied by the smallest (in modulus) decay ex-
ponents between −1 ≤ κ ≤ −0.5.
In App. D.2.1 we further explore the influence of

initial state and locality k of the jump operators (see
App. D.3.1 for a detailed description of the jump oper-
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ator model we use). We generally observe an increase
of mixing time for larger k. Moreover, the zero state
|0⟩⊗n

typically converges faster to the steady state
than the maximally mixed state. In App. D.2.3 we
study the influence of the coherent term −i[H, ρ] in
the Lindbladian (3). In the derivations of our ana-
lytical results in Eqs. (17) and (18), it turns out the
coherent term does not play a role. Nevertheless, we
find numerically that the coherent term significantly
improves the convergence towards the steady state of
L.

5.3 Distance between steady state and Gibbs
state
According to the bound (18), the trace distance be-
tween the steady state and Gibbs state, ∥ρ∞−σβ∥1 ≤
O(poly(n)/

√
|A|), depends inversely on the number of

jump operators |A| when |A| is not sufficiently large.

Here we study numerically the scaling of ∥ρ∞−σβ∥1
with |A| ∈ [5, 200] for n = 5, 6, 7 at the parame-
ter points TFIM, CH and REG. The results are shown
in Fig. 5. As expected, the distance between both
states decreases in all cases for increasing |A|. For
the points TFIM and CH we observe a clear linear de-
crease on the double-logarithmic scale. The leading
order exponent κ is obtained from a fit of the data
to ∼ |A|κ (solid lines) and given in the legend. The
data shows a smaller (in modulus) exponent, around
κ ≈ −0.2, compared to the scaling κ = −1/2 sug-
gested by the analytical upper bound (18). Note that
the dynamics is approximated with a randomized pro-
tocol with fixed number of trajectories, as described
in App. D.3.1. A detailed analysis of the decay of
convergence accuracy with increasing number of tra-
jectories is provided in App. D.3.3.

The data for the parameter point REG shows strong
variation. However, we still discern a clear decrease
with |A|. In this case, the leading order exponent is
approximately κ ≈ −1/2. Overall, we observe a much
smaller trace distance between steady state and Gibbs
state in the regular limit REG (m/J ≫ 1, h/J ≪ 1),
compared to the other two points. This is in line
with Fig. 3, where we also observed a convergence
to a lower value of ∥ρ(t) − σβ∥1 for REG. The same
effect is present for the complementary regular limit
h/J ≫ 1,m/J ≪ 1 (cf. Fig. 17, App. D.2). The likely
cause is that, effectively, only one energy transition
contributes to the Lindblad operator which leads to
an effective Lindbladian with the Gibbs state as its
steady state with a high accuracy. For details, see
App. D.2.2.

Interestingly, we do not observe an increase of
∥ρ∞ − σβ∥1 for an increasing number of qubits n,
suggesting that this empirical distance has milder de-
pendence on n than our analytical upper bound (18).
This is a promising observation for the practical im-
plementability of our approach since it potentially al-

lows us to choose a number of jump operators |A| in-
dependently of n and still retain ∥ρ∞ − σβ∥1 = O(ϵ),
as discussed below Eq. (18).

6 Resilience against hardware noise
In addition to errors incurred by the approximations
necessary for circuit implementation, any hardware
implementation will inevitably encounter imperfec-
tions due to noise. As much as for the algorithmic
errors in Sec. 4, it is crucial to quantify and under-
stand these errors, which is the purpose of this section.

To facilitate the exposition we focus on the effect
of noise, considering a stochastic noise model (i.e. a
stochastic mixture of unitary channels including the
identity), and ignore other algorithmic errors. The
noise model contains typical noise channels such as
local and global depolarization and arbitrary Pauli
noise channels representative of noise obtained after
application of randomized compiling [87] techniques,
that are commonly used to mitigate coherent errors.
Under this assumption, we derive two independent
bounds on the noise-induced Gibbs state preparation
error. The first one is restricted to stochastic noise,
Eq. (32), and explicitly takes into account the damp-
ing of early-time errors through the contractive nature
of the Lindblad channel. The second bound is adapted
from [32] and is applicable to more generic noise chan-
nels, as discussed in more depth in App. E.5. In
certain regimes, the former can result in a signifi-
cantly tighter bound. To make this study concrete,
we will evaluate deviations incurred by noise resorting
to protocol characteristics extracted from the numer-
ical studies presented in Sec. 5 and extrapolated to
larger system sizes.

6.1 Setup
A noisy realization of the protocol consists of noise-
less short-time Lindblad evolution interleaved with
the noise channel. In the noiseless case, the dynamics
corresponding to M steps of evolution, each of dura-
tion δt, is given by ΓM := (eδtL)M . In contrast, we

model the noisy dynamics as Γ̃M := (Λλ ◦ eδtL)M ,
with noise channel

Λλ[X] := (1 − λ)X +
∑

l

λlUlXU
†
l . (32)

Each Ul is unitary, λl ∈ [0, 1], and λ =
∑

l λl ∈ [0, 1]
is the overall error probability.

Let us define ρM := ΓM [ρ(0)] and ρ̃M := Γ̃M [ρ(0)],
the states obtained after M steps of noiseless and
noisy evolution, respectively, both starting from the
same initial state ρ(0). Under the noiseless dynamics,
ρM converges to the target Gibbs state σβ up to a
convergence accuracy (18), which is neglected for the
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Figure 5: Scaling of trace distance between the exact steady state of the Lindblad dynamics ρ∞ and target Gibbs state σβ with
the number of jump operators |A|. We consider random 2-local Pauli jump operators, n = 5, 6, 7 qubits, β = (2J)−1, and
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Gibbs state. Appendix D.2 explains this observation and presents further results.

purpose of this section. In trace distance this conver-
gence is captured by

∥ρM − σβ∥1 ≤ Be−αM , (33)

We note that for this bound to hold for an arbitrary
input state ρ(0), B can be exponentially large in the
system size. Below we will fit B and α to numerical
data obtained from our simulations and, when limit-
ing ourselves to a single input state, show that B can
be significantly smaller in practice.

6.2 Bounds on the convergence accuracy
As detailed in App. E.2–E.3, through Eq. (33) and
the use of triangle inequalities, we can upper bound
the distance ∥ρ̃M − σβ∥1 between the state prepared
by M steps of noisy dynamics and the Gibbs state by

B̃M := B

[
uM

0

(
1 − λ

1 − u0

)
+ λ

1 − u0

]
with u0 := (1 − λ)e−α ∈ [0, 1).

(34)

Given that 0 ≤ u0 < 1, B̃M decreases monotonically
with M towards the asymptotic bound B̃∞, limiting
the distance between the noisy steady state ρ̃∞ and
the Gibbs state,

∥ρ̃∞ − σβ∥1 ≤ B̃∞ := B
λ

1 − u0
. (35)

The precise statement is given in Thm. 3. This bound
depends both on the error probability λ and the con-
vergence rate α. As expected, the smaller the error
per step of evolution, the closer ρ̃∞ is to the Gibbs
state. Similarly, the bound decreases as the con-
vergence rate increases, and simply becomes Bλ for
α → ∞. Note that for given B,α and sufficiently

small λ (i.e. Bλ/(1 − u0) ≤ ∥ρnoise − σβ∥1/2) the
noisy steady state ρ̃∞ is closer to the Gibbs state than
to the steady state ρnoise of the noise channel. This
is in contrast to unitary evolution, which always con-
verges to the fixed point of the noise channel for any
finite level of noise λ.

In App. E.5, we derive a second bound on the noise-
induced Gibbs state preparation error, Eq. (219),
which holds for more generic noise models. This
bound is based on the operator distance between the
Lindblad evolution quantum channels of the ideal and
noisy dynamics. For the derivation we adapt [32]
(Lemma II.1), which is stated for continuous time,
to our discrete setting and the considered noise chan-
nel (32).

6.3 Results
In order to quantify noise-induced errors and, ulti-
mately, to assess the viability of our dissipative Gibbs
state preparation protocol, one wishes to evaluate the
bound (35) at varied system sizes, noise levels, and al-
gorithmic parameters (for instance, the discretization
of the Lindblad operators (25) that affects the gate
count of the circuit and thus the strength of the noise
per step of evolution). To illustrate applications of
these bounds, we resort to values of B and α, extrap-
olated to large n from the numerical data discussed
in Sec. 5. We use the data from the chaotic setting
CH in Fig. 3, for n = 3, . . . , 8, and starting from a
fixed initial state ρ(0) = I/2n. In Fig. 6 (left panel)
we fit the right-hand side of Eq. (33) (dashed lines)
to the numerical data (solid lines). From these, a de-
pendency on n is extracted. Results are displayed for
α in the inset of Fig. 6 (left panel), showing that a
geometric fit closely matches the data, and for B in
Fig. 21 (right panel) of App. E. Using these fitted α,B
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Figure 6: Noise study for the mixed-field Ising model (30). (Left panel) Fitting of the convergence dynamics in the chaotic
regime (CH data from Fig. 3). We report the trace distance between the state prepared by noiseless evolution and the target
Gibbs state, for different system sizes (n = 3 to 8 qubits, colors in legend) and set β = (2J)−1 as before. A fit of the form
of the right hand side of Eq. (33) (dashed lines) matches closely the convergence dynamics. (Inset) the convergence rates α
are found to scale as O(n−1.39). (Right panel) Extrapolating the convergence rates α and prefactors B to larger system sizes
(up to n = 100), and assuming a number of 2-qubit gates Ng(n) = 50n per evolution step (Jδt = 1), we can evaluate the
bounds (35) on the distance between the steady state of the noisy dynamics and the Gibbs state. These are normalized by B
and plotted (solid lines) for different values of the error probabilities λg per noisy gate. For comparison, we show bounds based
on the operator distance between noisy and noiseless Lindblad channels, Eq. (219), with the same strength (dotted lines),
and for corresponding unitary circuits (dashed lines). These are further detailed in the main text and appendices (App. E.5
and E.6).

in our bound (35) is justified only if we additionally
assume that Eq. (33) holds with these parameters for
all ρ(0) that can be generated from I/2n by applica-
tion of Γ. For a more detailed discussion we refer to
App. E.3.
For the noise channel (32) the error probability λ

for one step of evolution can be related to the num-
ber Ng of noisy operations (e.g., 2-qubit gates) re-
quired for the circuit implementation of eδtL and the
error λg per operation: 1 − λ = (1 − λg)Ng . We fix
the error per noisy gate λg and assume a number of
gates Ng = 50n per unit of time (Jδt = 1). This
linear dependency is taken to reflect that the num-
ber of terms in the Hamiltonian (30) grows linearly
with the system size. In turn, the number of gates
required to perform unitary evolution (see Eq. (68)
in Appendix B) would also increase linearly. The co-
efficient 50 is taken as a representative example—in
concrete implementations it will depend on the cir-
cuit details and their compilations. Other choices,
grounded in algorithmic and system details or scal-
ings of α and B, can be made. Further full circuit
simulations under a local depolarizing 2-qubit gate
noise model are presented in Sec. 7.2, where we re-
port actual gate counts resulting from compilation.
The bound (35) is reported in units of B in

Fig. 6 (right panel, solid lines), and evaluated for
different values of the 2-qubit gate error, λg =
10−4, 10−6 and 10−8. Such values span error rates
representative of the transition from quantum plat-
forms with high-fidelity 2-qubit operations on physical
qubits expected in the near term, to platforms with a
limited number of quantum-error-corrected qubits in
the medium term. As can be seen, for a noise strength

λg = 10−4 (blue line), except for the smaller system
sizes, the prepared steady state quickly becomes indis-
tinguishable from the maximally mixed state, which
corresponds to a value B̃∞/B = 1 for the chosen ini-
tial state ρ(0) = I/2n. As the 2–qubit gate errors
decrease to λg = 10−6, the range of sizes for which
the prepared state remains sufficiently close to the
target Gibbs states increases to a few tens of qubits.
Finally, for λg = 10−8 it would become possible to
prepare Gibbs states of up to n = 100 qubits with
relatively low error found to be ∥ρ̃∞ − σβ∥1 ≈ 0.2.
We stress that the previous evaluation of the

bounds relies on extrapolation of the convergence
rates from fixed input state and relatively small sys-
tem sizes, up to n = 8, to much larger values of n.
Still, through bounds on the spectral gap derived in
App. C.3 and C.5, and corresponding assumptions, we
expect the convergence rate to scale geometrically as
O(n−c), as used here, albeit with potentially different
values of the exponent c.
To put these results into perspective, we include

our second bound, Eq. (219), which in principle can
be adapted to more generic noise models than the
stochastic model given in Eq. (32). The second bound
is distinct from Eq. (35) and is tighter for large enough
values of B. However, for relatively small values of B,
in regimes where noise effects are comparatively small,
it can significantly overestimate the impact of noise.
This is observed in our numerics. As can be seen in
Fig. 6 (right panel), the bounds for generic noise (dot-
ted lines) are substantially looser than the ones from
Eq. (35): 3 to 70 times larger for the regime of small
errors B̃∞ ≤ 0.2. Notably, the latter accounts for
the fact that errors (especially the ones occurring at
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early times in the dynamics) are tempered by the sub-
sequent steps of evolutions that always tend towards
the steady state of L. This feature is not captured by
the more generic bounds.
Finally, we also incorporate deviations that would

be entailed for a unitary Gibbs state preparation
protocol with comparable circuit complexity (dashed
lines and detailed further in App. E.6). As can
be seen, these are also significantly larger than the
bounds of Eq. (35) obtained for Lindblad evolution
and stochastic noise: 2 to 50 times larger for the
regime of small errors B̃∞ ≤ 0.2. While such a study
has its limitations—some amount of non-unitarity
would be required when preparing Gibbs states—it
exemplifies the enhanced resilience of the dissipative
protocol compared to the unitary case, and adds to
the body of work identifying this effect [77–81]. Con-
ceptually, the existence of a non-trivial steady state,
distinct from the steady state of the noise channel,
ensures that the long-time evolution does not accu-
mulate errors and still retains information about the
Gibbs state σβ .
Overall, the bounds in Eqs. (35) and (219) allow

us to assess the viability of the here considered dis-
sipative Gibbs state preparation protocols on near-
term quantum hardware. We saw that errors in-
duced by noise can be significantly less detrimental
than expected, especially when the dominant contri-
bution from the noise is stochastic. Going forward,
combining such noise estimations with the algorith-
mic errors analysis of Sec. 4 will be key in determin-
ing the optimal algorithmic parameters for our proto-
col. Finally, we note, that the noise considered here
was adversarial, in that our Lindbladian was not de-
signed to account for it. Engineering Lindbladians
for Gibbs state preparation taking into account pre-
characterized noise (even if approximately) may open
up the path to even more resilient protocols.

7 Quantum circuit simulation
In Sec. 5 we investigated the dynamical properties of
our Lindbladian (3), neglecting realistic error sourced
incurred by the circuit implementation. In this sec-
tion we focus on circuit simulations of our protocol
(Sec. 4). These allow us to study the influence of the
main algorithmic hyperparameters and analyze the
algorithm’s performance under realistic noise mod-
els. In Sec. 7.1 we compare our analytical bounds
derived in Sec. 4 to the error obtained from noise-
less circuit simulation. Furthermore, in Sec. 7.2, we
support our theoretical treatment of hardware noise
(Sec. 6) by noisy circuit simulations, assuming a lo-
cal depolarizing two-qubit-gate noise model. The cir-
cuit simulations are performed with qujax [88], a
Python circuit simulation package based on JAX [89],
which allows efficient parallelization and batching of
circuit runs for different hyperparameter configura-

tions. As in the previous section, we focus on the
parameter point CH of the Ising model (30). For the
jump operators Aa in the discretized Lindblad oper-
ators (25) we use the same model of k-local Pauli op-
erators as in Sec. 5 (see also App. D.3.1 for a precise
definition). The compiled circuits used in this sec-
tion are accessible via https://github.com/CQCL/
lindblad_engineering_circuits. There, we also
provide a circuit visualization of a single step of trot-
terized Lindblad evolution for n = 2.

7.1 Algorithmic errors
We explore the interplay of different sources of algo-
rithmic errors and quantitatively investigate how each
source impacts the accuracy of our Gibbs state prepa-
ration protocol presented in Sec. 4.

Error sources — We recall the upper bound on
the Lindblad simulation error (27),

tmix × O
(
δt+ T∆t2

δt
+ ∆t√

β
e−2(T/β)2

+
√
β|BH |e−

1
8

(
2π β

∆t−2β∥H∥∞−1
)2
)
,

(36)

with evolution step δt and OFT discretization step
∆t appearing in Eqs. (19) and (25), and the number
of Bohr frequencies |BH | for a Hamiltonian H. See
also Prop. 1 for a detailed discussion. The first term
is due to Trotterization, random sampling of Lind-
blad operators (19), and dilation (24). The approxi-

mation of e−i
√

δtγKa

in Eq. (24) induces the second,
third and fourth terms, each of which arises as fol-
lows (see Prop. 1 for more details): Approximating
the Lindblad operators (8) via Eq. (25) by restricting
the integration domain to [−T, T ], and discretizing it
into 2S time steps of size ∆t = T/S induces a trun-
cation (third term) and discretization error (fourth
term). The implementation of the operator Aa(s∆t)
appearing in Eq. (25) requires coherent evolution un-
der e−iHs∆t, that is approximated by a second-order
product formula, and thus, induces the second term
in Eq. (36).

Numerical setup — The Gibbs state prepara-
tion error of our circuit is quantified by the distance
∥ρcirc
∞ − σβ∥1 between the approximate steady state

ρcirc
∞ of the noiseless quantum circuit, Eq. (19), after

Trotterization and OFT discretization and the Gibbs
state σβ . For the following noiseless circuit simula-
tions we use the mixed-field Ising Hamiltonian (30)
with n = 5 qubits and choose β = (2J)−1 as before.
We set the cutoff time of the discretized OFT (25)
to JT = 1.6. This value ensures that the bulk of
the Gaussian filter g(t), Eq. (9), is captured (i.e.( ∫∞
−∞ dt g(t)−

∫ T

−T
dt g(t)

)
/
∫∞
−∞ dt g(t) ≈ 10−7). Fur-

thermore, we fix the maximum simulation time to
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Figure 7: Algorithmic errors of the randomized single-ancilla Lindblad simulation protocol for the mixed-field Ising model (30)
with n = 5 qubits and β = (2J)−1. Trace distance between the steady state ρcirc

∞ simulated by the noiseless circuit (simulation
time Jt = 500) and the target Gibbs state σβ as a function of Trotter evolution step δt (left panel) and OFT discretization
step ∆t (right panel). The fit (solid lines) obtained with the ansatz in Eq. (37) captures the algorithmic error data (dots)
reasonably well. The black vertical line in the right panel indicates the maximum ∆t for the fit ansatz to be valid. Fitted
parameters and further details are in App. F.

Jt = 500, which is sufficiently large for the dynam-
ics to converge to its steady state ρcirc

∞ for the chosen
Hamiltonian parameter point (cf. Fig. 3). Thus, the
number M of evolution steps, Eq. (19), is given by
M = 500/Jδt for fixed step size δt. Moreover, we
choose |A| = 10 random jump operators and average
all simulations over 10 repetitions.
To investigate the applicability of our theoretical

bound (36), we compute the distances ∥ρcirc
∞ −σβ∥1 on

a two-dimensional discretized grid of (δt,∆t)-values in
the range 10−2 ≤ Jδt ≤ 101 and 0.06 ≤ J∆t ≤ 1. We
fit this data with the function

fα1,α2,α3,α4(δt,∆t) =

α1 + α2δt+ α3T
∆t2

δt
+ α4

√
β|BH |e−

1
8

(
2π β

∆t−2β∥H∥−1
)2

,

(37)

which captures the error scaling of Eq. (36) for fixed
evolution time. Details are given in App. F.1. Since
we use a large integration window with JT = 1.6,
the truncation error term ∝ e−2(T/β)2

in Eq. (36) is
negligible relative to the other error sources, and we
drop its contribution in Eq. (37). The parameter α1
has been introduced to account for the convergence
accuracy, Eq. (18), of the ideal Lindblad evolution.

Results — In Fig. 7 (left panel) we report the dis-
tances ∥ρcirc

∞ −σβ∥1 (indicated as dots) as a function of
the evolution step size δt for several values of the OFT
discretization step size ∆t (colors in the legend). We
observe that the fitted function f [Eq. (37), solid lines]
captures the approximately polynomial error increase
for large δt (Jδt ≳ 1), although with larger slope than
the data. For small δt (Jδt ≲ 0.1) there are two dis-
tinct behaviors. If ∆t is sufficiently large, the third
term of Eq. (37) (proportional to α3) is large and its
1/δt dependence counteracts the δt dependence of the

second term. In this regime, the error can increase
with decreasing evolution step size δt, which is visible
in the fit corresponding to J∆t = 0.26 (left end of the
light blue line). The circuit simulations data (dots)
partially reflects this behavior: for J∆t ≥ 0.16 the
error decreases only mildly with decreasing δt. The
contribution from the third term of Eq. (37) can be
suppressed for sufficiently small J∆t ≲ 0.1, which re-
sults in an overall error decay with δt according to the
second term. Note that the observed error (dots) de-
creases faster than predicted by the fit in this regime,
which is expected since the function we fit is an upper
bound.

In Fig. 7 (right panel) we show the error dependence
on the OFT discretization step ∆t for four values of
the evolution step δt (given in the legend). Several
characteristic regimes can be identified. For small
Jδt = 0.01 (dark blue dots) and J∆t ≲ 0.25, the
third term of Eq. (37) controls the weak decrease of
∥ρcirc
∞ − σβ∥1 as ∆t decreases. For larger OFT dis-

cretization step, the fourth term of Eq. (37) dom-
inates, leading to a rapid increase of the error for
0.25 ≲ J∆t ≲ 0.4. A qualitatively different behavior
is observed for larger Jδt ≥ 1. In this case, the second
term of Eq. (37) exceeds the third term (dependent on
∆t), and the error plateaus and becomes independent
of ∆t for J∆t ≲ 0.25. A more detailed discussion of
the individual error contributions is given in App. F.2.

Overall, our circuit simulations show that our ana-
lytical bounds capture the different algorithmic error
sources reasonably well and allow us to understand
the individual contributions. In the noiseless case, we
can control the algorithmic errors by reducing evolu-
tion step δt and OFT discretization step ∆t, at the ex-
pense of increased circuit depth scaling polynomially
in the inverse error, cf. Eq. (28). However, when exe-
cuting on noisy quantum computers the increased cir-
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cuit depth generally will lead to larger errors induced
by noise. These two trends, namely the reduction of
algorithmic errors and the increase of noise-induced
errors, counteract each other and need to be balanced
for an optimal overall accuracy of the prepared state.
We study this interplay in the next subsection.

7.2 Local depolarizing noise
To complete our error analysis of the randomized
single-ancilla Gibbs state preparation protocol, we
perform circuit simulations with local depolarizing
noise. To reflect the realistic implementation on hard-
ware, the circuits are first compiled to the native gate
set of the Quantinuum’s H1 architecture using the
TKET compiler [90] with optimization level 2. Fur-
thermore, after each 2-qubit gate in the compiled cir-
cuit, we apply a noise channel

Λ2Q[X] := (1 − λg)X + λgTr2Q[X] ⊗ I2Q

4 , (38)

controlled by the error probability λg ∈ [0, 1] and
where Tr2Q indicates tracing out the 2-qubit Hilbert
space the gate acts on, while I2Q is the identity op-
erator on such space. While here we consider a lo-
cal depolarization noise channel (38), we note that
the bounds of Eq. (34) would evaluate to the same
value for other stochastic noise channels with the same
probability of no-error 1−λg. We choose an OFT dis-
cretization step size J∆t = 0.2. As in Section 7.1, all
simulations are performed for the mixed-field Ising
model (30) with n = 5 qubits, β = (2J)−1, cutoff
time JT = 1.6, |A| = 10, maximum simulation time
Jt = 500, and we average all simulations over 10 rep-
etitions.
Results of the circuit simulations with noise are

displayed in Fig. 8. Denoting as ρ̃circ∞ the output of
the noisy quantum circuit simulation, we evaluate the
trace distance ∥ρ̃circ∞ − σβ∥1 to the Gibbs state as a
function of the noise parameter λg ∈ [10−6, 10−4].
This distance quantifies the overall error, includ-
ing both algorithmic and noise contributions, in the
preparation of the target Gibbs state. Results (indi-
cated as circles) for different values of the evolution
steps Jδt = 1, 3 and 5 are reported (colors in leg-
end). As can be seen in the figure, for noise strengths
λg < 10−5, lower values of δt systematically yield
smaller trace distances. As the noise increases, how-
ever, larger evolution steps result in smaller distances.
This highlights trade-offs between algorithmic and
noise errors: while the algorithmic error scales with
the size of the evolution steps, the effect of the noise
decreases with it, such that in certain noise regimes
adopting larger evolution steps becomes beneficial.
To validate the noise analysis of Sec. 6, we evaluate

the bounds B̃∞(Ng) derived in Eq. (35) for stochas-
tic noise. These bounds are computed using an error
rate λ = 1 − (1 − λg)Ng for Ng the number of 2-
qubit gates per evolution step. For Jδt = {1, 3, 5},

the gate counts per step of the compiled circuits are
Ng = {308, 484, 644}, respectively. To be comparable
to the trace distance, the bounds B̃∞(Ng) are shifted
by the algorithmic error d0 that is obtained in the
noiseless scenario (i.e. by setting the noise strength
λg = 0) for each of the values of δt probed. As seen
in Fig. 8, B̃∞(Ng) + d0 (dotted lines) always upper
bounds the overall errors. Furthermore, the trade-off
between algorithmic and noise errors, whereby larger
evolution steps can incur smaller overall errors, is also
captured by these bounds, albeit at slightly shifted
values of λg.
Finally, we perform a fit of the errors obtained with

the bounds B̃∞(Neff) from Eq. (35) for an effective 2-
qubit gate count Neff , rather than the true number
of 2-qubit gates Ng. For Jδt = {1, 3, 5}, we obtain
fitted Neff = {135, 193, 247} respectively. The result-
ing bounds, again shifted by the algorithmic errors d0,
are reported as solid lines. This shows that, for the
noise model simulated, the functional dependence of
the bounds B̃∞ captures the actual errors remarkably
well.

Overall, these simulations allow us to validate the
noise analysis of Sec. 6. We show that, while overesti-
mating the actual noise, the bound B̃∞ already cap-
tures important trade-offs between algorithmic and
noise-induced errors. Considering these trade-offs will
be crucial when aiming to run specific circuits on
quantum hardware. Furthermore, we see that the
bound captures the actual errors remarkably well us-
ing an effective number of gates smaller than the real
number of gates. Understanding this reduction in re-
lation to the prior works on noise-resilience of quan-
tum simulation [82, 91–97] is left to future work.

8 Conclusion
Our contribution bridges the gap between the pre-
dominantly theory-driven literature on dissipative
quantum Gibbs state preparation algorithms, and the
engineering of concrete Lindbladians and protocols
that exhibit good convergence in practice, with cir-
cuits implementable on foreseeable quantum hard-
ware. To this end, we combine several recent develop-
ments in the literature [32–35, 38, 60] and propose a
variant of this class of algorithms with reduced imple-
mentation cost (Secs. 3 and 4). Through a numerical
analysis (Sec. 5), we establish the crucial influence
of the dynamical properties of the underlying system
Hamiltonian and the Lindblad operators on mixing
time and convergence accuracy. In line with our the-
oretical analysis, we observe a weak, almost linear,
polynomial system-size scaling of the mixing time for
systems obeying the ETH. In contrast, the Lindblad
dynamics exhibits vastly different convergence char-
acteristics in the non-chaotic limits of our model.

In realistic scenarios, the overall Gibbs state prepa-
ration error is controlled by an interplay of algo-
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Figure 8: Circuit simulations with depolarizing noise applied
to the 2-qubit gates for n = 5 qubits and β = (2J)−1. The
distance ∥ρ̃circ

∞ −σβ∥1 between the target Gibbs state and the
output of the noisy circuits (circles) is reported as a function
of the noise strength λg in Eq. (38) for different values of the
evolution step δt (colors in legend). Further details regarding
the parameters used for the circuit construction are provided
in the main text. These distances account for both algorith-
mic and noise errors in the preparation of the Gibbs state.
In addition, we report the bounds B̃∞ on the noise errors
from Eq. (35), shifted by the algorithmic error d0, which is
evaluated for λg = 0. We report these shifted bounds both
for the actual number of gates Ng used in the compiled cir-
cuits (dashed lines) and for an effective number of gates Neff
(solid lines), which is obtained by fitting the bound B̃∞ + d0
to the data. Both Ng and the fitted values Neff are provided
in the main text for all the δt studied.

rithmic and hardware-induced errors—for example
smaller evolution steps in Eq. (19) reduce the Trotter-
ization error but, at the same time, increase the gate
count of the full circuit. To obtain a good under-
standing of those error sources, we investigate their
impact both on a theoretical level and based on cir-
cuit simulations (Secs. 4, 6 and 7). We numerically
demonstrate that our theoretical error bounds provide
a good description of the actual errors in noiseless cir-
cuit simulations. Further, we show that the Lindblad

dynamics can exhibit an inherent resilience against
incoherent stochastic noise, due to the presence of a
nontrivial steady state of the noisy dissipative dynam-
ics. Unlike in the unitary case, noise-induced errors
at earlier times can be damped significantly through
the dissipative character of the dynamics, which is
a promising observation for the successful demonstra-
tion of this class of algorithms on near-term hardware.
We support our theoretical noise analysis with cir-
cuit simulations considering a local depolarizing noise
model.
The successful demonstration of dissipative quan-

tum Gibbs state preparation algorithms on foresee-
able hardware requires a deep understanding of many
contributing factors—dynamical and algorithmic de-
sign properties (Hamiltonian, Lindblad operators, ini-
tial state, algorithmic parameters), and of the ex-
pected hardware errors. This work lays an important
foundation to achieve this goal. Future work needs
to address the design of suitable initial states im-
plementable with shallow circuits, and a detailed ac-
count of the trade-offs between algorithmic and noise-
induced errors for realistic hardware-specific noise
models. To further mitigate the influence of noise, one
may design the Lindbladian to take into account and
counteract pre-characterized stochastic noise chan-
nels. Furthermore, the influence of coherent errors,
and potential routes to convert those into stochastic
noise similar to randomized compiling [87, 98], need
to be explored. Finally, to assess the performance of
the algorithm, efficient ways to certify the prepared
Gibbs state, e.g. based on recent Hamiltonian learn-
ing results [45, 99], are required.

Acknowledgments
We thank Daniel Stilck França, Tomoya Hayata, and
Maria Tudorovskaya for insightful discussions. We
thank Marcello Benedetti and Henrik Dreyer for their
feedback on this manuscript.

Accepted in Quantum 2025-08-20, click title to verify. Published under CC-BY 4.0. 16



A Protocol details and relation to the CKG algorithm
After briefly reviewing the quantum Gibbs sampling algorithm proposed in [32, 33], we clarify its relation to
our protocol.

A.1 CKG Quantum Gibbs sampling algorithm
The CKG algorithm [33] uses the Lindbladian

LCKG[ρ] = −i[G, ρ] +
∑
a∈A

∫ ∞
−∞

dω γ(ω)
(
La(ω)ρLa(ω)† − 1

2{La(ω)†La(ω), ρ}
)

= −i[G, ρ] +
∑
a∈A

∑
ν1,ν2

αν1,ν2

(
Aa

ν1
ρ(Aa

ν2
)† − 1

2{(Aa
ν1

)†Aa
ν2
, ρ}
)
,

La(ω) =
∑

ν∈BH

ĝCKG(ν − ω)Aν ,

(39)

where αν1,ν2 :=
∫

dωγ(ω)ĝCKG(ν1 − ω)ĝCKG(ν2 − ω) and BH is the set of Bohr frequencies of the Hamiltonian

H of the target Gibbs state σβ . With the choice of transition weight γ(ω) = e
− (ω+ωγ )2

2∆2
γ and frequency-domain

filter function ĝCKG(ω) = 1
(2π∆2

E)1/4 e
− ω2

4∆2
E for parametrization satisfying β = 2ωγ

∆2
E+∆2

γ
, one can readily confirm

the identity,

αν1,ν2 = e−β(ν1+ν2)/2α−ν1,−ν2 . (40)

This identity ensures that the transition term
∑

a∈A
∑

ν1,ν2
αν1,ν2A

a
ν1

[·](Aa
ν2

)† obeys the σβ-DB condition (5),
while the decay term − 1

2
∑

a∈A
∑

ν1,ν2
{La(ω)†La(ω), ·} does not. To enforce the σβ-DB condition for the full

Lindbladian LCKG[·], the authors in [33] designed the coherent term as

G = GCKG := i
2
∑
a∈A

∑
ν1,ν2

αν1,ν2 tanh
(β(ν1 − ν2)

4

)
(Aa

ν1
)†Aa

ν2
, (41)

which, combined with the decay term, obeys the σβ-DB condition, and thus, so does the Lindbladian LCKG,

⟨X,L†CKG[Y ]⟩σβ
= ⟨L†CKG[X], Y ⟩σβ

(42)

for any bounded operators X,Y .

A.2 Relation to the present protocol
In the present work, we choose a δ-function for the transition weight

γ(ω) = δ(ω + ωγ) with ωγ = β∆2
E/2. (43)

With such a choice, the coefficients αν1,ν2 factorize as

αν1,ν2 = ην1ην2 with ην := ĝCKG(ν + ωγ) = 1
(2π∆2

E)1/4 e
−

(ν+β∆2
E/2)2

4∆2
E , (44)

and satisfy the identity (40). Furthermore, the Lindbladian (39) is reduced to

LCKG[ρ] = −i[G, ρ] + γ
∑
a∈A

(
LaρLa† − 1

2{La†La, ρ}
)
, (45)

La =
∫ ∞
−∞

dt g(t)Aa(t) =
∑

ν∈BH

ηνA
a
ν , (46)

G = GCKG = i
2
∑
a∈A

∑
ν1,ν2∈BH

ην1ην2 tanh
(
β(ν1 − ν2)

4

)
(Aa

ν1
)†Aa

ν2
, (47)
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with Aa(t) := eiHtAae−iHt, ην :=
∫∞
−∞ dt eiνtg(t), Aa

ν :=
∑

Ei−Ej=ν ΠiA
aΠj and g(t) as defined in Eq. (9).

Equation (45) is identical to our Lindbladian (3) except for the coherent term involving GCKG and the fact
that transition rates γa in Eq. (3) formally depend on a because subsequently we write γa = γpa and sample
individual Lindblad operators according to the discrete distribution pa.

Next, we show that the coherent part (47) vanishes under the ETH average, i.e. ER[GCKG] = 0. To this end,
we assume that the jump operators Aa satisfy the ETH (11),

⟨Ei|Aa |Ej⟩ = Aa(Ei)δij + fa(Eij , νij)√
D(Eij)

Ra
ij , (48)

where the random variables Ra
ij are independent and satisfy ER[Ra

ij ] = 0 together with ER[|Ra
ij |2] = 1, and

D(E) is the density of states. Hence, the ETH average of a product of jump operators is given by

ER[(Aa
ν2

)†Aa
ν1

] =
∑

Ek−Ei=ν2
Ek−Ej=ν1

δkiδkjAa(Ei)Aa(Ek) |Ei⟩ ⟨Ej | +
fa

kif
a
kj√

D(Eki)D(Ekj)
ER[Ra∗

kiR
a
kj ] |Ei⟩ ⟨Ej |

=
∑

Ek−Ei=ν2
Ek−Ej=ν1

|Ei⟩ ⟨Ei|
(
δν1,0δν2,0(Aa(Ei))2 + δν1,ν2

|fa
ki|2

D(Eki)

)
.

(49)

In the first line, we use the fact that the cross terms involving Aa and Ra are first-order in the random matrix
elements Ra

ij and, hence, vanish in the ETH average. For the second line note that the δkiδkj in the first term
enforces Ek = Ei = Ej , such that ν1 = ν2 = 0. Moreover, ER[Ra∗

kiR
a
kj ] = δij , which enforces Ei = Ej and,

thus, ν1 = ν2. Importantly, both of these contributions are zero whenever ν1 ̸= ν2. From this, and the fact that
tanh(0) = 0, it directly follows that the coherent term (47) vanishes under the ETH:

ER[G] ∝ i
2
∑

ν∈BH

tanh
(
βν

4

) ∑
ν1−ν2=ν

ην1ην2δν1,ν2 = 0. (50)

The above argument confirms that the average dissipative Lindbladian ERD, with

D[ρ] =
∑
a∈A

γa

(
LaρLa† − 1

2{La†La, ρ}
)
. (51)

[cf. Eq. (3)], is σβ-DB without introducing the coherent term −i[GCKG, ·], as we saw this in Sec. 3.2. Since the
Gibbs state σβ commutes with H, a coherent term −i[G, ·] generated by the system Hamiltonian G = H does
not change the steady state, and ERL = −i[H, ·]+ERD remains σβ-DB under the ETH average under a slightly

generalized definition of detailed balance. To see this, note that, in general, (L†)†KMS = σ
−1/2
β L[σ1/2

β · σ1/2
β ]σ−1/2

β

is the adjoint of L† (the Hilbert-Schmidt adjoint of L) with respect to the KMS inner product ⟨·, ·⟩σβ
. In our

case both generators are not equal, as required by our KMS detailed balance condition (5). Their difference
(under the ETH average) is given by ERL† − (ERL†)†KMS = 2i[H, ·], as can be readily confirmed. This is a
special case of the more general version of quantum detailed balance introduced in [54] (Def. 27). In fact, it is
easy to see [similar as in Eq. (6)], that under this condition

⟨ERL[σβ ], X⟩HS = ⟨I,ERL†[X]⟩σβ
= ⟨(ERL†)†KMS [I], X⟩σβ

= ⟨ERL†[I] − 2i[H, I], X⟩σβ
= 0 (52)

for all X, which confirms that σβ is the steady state of ERL.
Thus, by replacing GCKG in Eq. (45) with the system Hamiltonian H, we end up with our Lindbladian (3).

For our protocol, we set ∆E =
√

2/β (see App. C.1 where we elaborate on this choice of parameter), which
results in the filter function [cf. Eq. (9)]

g(t) = 1
π3/4β1/2 eit/βe−2t2/β2

. (53)

With this, our Lindblad operators take the form [cf. Eq. (8)]

La =
∫ ∞
−∞

dt g(t)Aa(t) =
(
β2

4π

)1/4 ∑
ν∈BH

e−
(βν+1)2

8 Aa
ν =

∑
ηνA

a
ν , (54)

with the frequency-domain filter function

ην =
(
β2

4π

)1/4

e−
(βν+1)2

8 . (55)
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B Details of single-ancilla Gibbs state preparation protocol
We provide details on the implementation of the steps of Lindblad evolution that are core to our Gibbs-state
preparation protocol by closely following [34], where the authors employed a single-ancilla protocol to prepare
ground states. A thorough error analysis of each approximation necessary for a quantum circuit implementation
is provided (Sec. B.1 to Sec. B.3). A summary of these contributions is reported in Sec. B.4 together with the
overall circuit complexity, which we state here as a main result:

Theorem 1. Let L be the Lindbladian given by Eq. (56) with the Lindblad operators (75). For simulation time
t and inverse temperature β, there exists a quantum algorithm that simulates a Lindblad dynamics eLt[·] with
an error ϵ in trace distance, whose cost in terms of the Hamiltonian simulation time is given by Θ

(
βt2

ϵ

√
log βt

ϵ

)
.

The theorem is proven in the remainder of this App. B. See Eq. (99) for the final result. A decomposition
of the algorithmic error into individual contributions is given in Prop. 1 at the end of this appendix. In the
following, we aim at implementing the evolution etL for a Lindbladian L over a simulation time t = Mδt. The
Lindbladian (3) with G = H can be recast as

L[ρ] =
∑
a∈A

pa

(
−i[H, ρ] + γ

(
LaρLa† − 1

2{La†La, ρ}
))

, (56)

in terms of a discrete probability distribution over the jump operator indices {pa}a∈A and where the strength γ
of the dissipative terms has been renormalized accordingly. For the purpose of implementation, we approximate
the evolution under such Lindbladian through

eMδtL ≈

(
M∏

i=1
eδtγDai ◦ Uδt

)
where Da[ρ] := LaρLa† − 1

2{La†La, ρ}, and Uδt[ρ] := e−iδtHρeiδtH , (57)

At each evolution step we randomly sample a Lindblad operator yielding a set {Lai}i=1,...,M where each of the
indices ai has been drawn with probability pai

. The approximation in Eq. (57) holds upon taking this average.
Using the Taylor expansion, one can see that, on average, such sampling incurs errors that scale with δt2 as we
have ∑

a

paeδtγDa

◦ Uδt[ρ] = ρ+ δtL[ρ] + O(δt2) = eδtL[ρ] + O(δt2). (58)

While the second approximation holds upon taking the average over trajectories with randomly sampled jump
operators, it is expected to hold even with a single trajectory if the number of steps M , at fixed evolution time
t, is sufficiently large. The authors in [38] have shown that the individual trajectory approximates the target
dynamics with an error measured in weighted l2-distance inversely proportional to M (Theorem 7 in [38]).

B.1 Regularization of the integral in the operator Fourier transforms
Recall from Eq. (8), that the individual Lindblad operator La can be expressed as an operator Fourier transform
via the integral

La =
∫ ∞
−∞

dt g(t)Aa(t), where Aa(t) := eiHtAae−iHt. (59)

To realize such an integral as a quantum circuit, we need to regularize it. This is achieved by restricting its
domain to [−T, T ] and discretizing it using the trapezoidal rule. For a step size ∆t := T/S, we obtain

L̄a := ∆t
2 g−Se−iHS∆tAaeiHS∆t +

S−1∑
s=−S+1

∆tgseiHs∆tAae−iHs∆t + ∆t
2 gSeiHS∆tAae−iHS∆t

=
S∑

s=−S

∆tsgseiHs∆tAae−iHs∆t,

(60)

where we have defined gs := g(s∆t) and ∆ts := ∆t for −S + 1 ≤ s ≤ S − 1 or ∆ts := ∆t/2 for s = ±S.
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Accordingly, the Hermitian dilation operator Ka (23) corresponding to La becomes

K̄a := |1⟩ ⟨0|anc ⊗ L̄a + |0⟩ ⟨1|anc ⊗ L̄a† = Xanc ⊗ L̄a + L̄a†

2 − iYanc ⊗ L̄a − L̄a†

2

=
S∑

s=−S

∆ts(Re[gs]Xanc + Im[gs]Yanc) ⊗ eiHs∆tAae−iHs∆t

=:
S∑

s=−S

K̄a
s ,

(61)

where Aa is assumed to be Hermitian. Errors entailed by the discretization of the jump operators will be
quantified in Sec. B.3, but for now we proceed with the implementation of the Lindblad evolution.

B.2 Second-order product formula for Lindblad evolution
Having defined the discretized Lindblad L̄a and dilation operators K̄a, we aim at implementing a step of
dissipative evolution eδtγDa

appearing in Eq. (57). Recall from Eq. (24) that this can be achieved, up to an

error scaling as (δtγ)2, through the unitary evolution e−i
√

δtγKa

acting on the system together with a single
additional qubit:

Tranc[e−i
√

δtγKa

(|0⟩ ⟨0|anc ⊗ ρ)ei
√

δtγKa

] = eδtγDa

[ρ] + O((δtγ)2). (62)

This evolution is implemented for the discretized K̄a, as a second-order product formula yielding

e−i
√

δtγK̄a

= e−i
√

δtγ
∑S

s=−S
K̄a

s ≈
→∏
s

e−i
√

δtγ

2 K̄a
s

←∏
s

e−i
√

δtγ

2 K̄a
s , (63)

where we defined the ordered products
∏←

s O(s) = O(S) · · ·O(−S+1)O(−S) and
∏→

s O(s) = O(−S) · · ·O(S−
1)O(S). The resulting Trotter error is given by

→∏
s

e−i
√

δtγ

2 K̄a
s

←∏
s

e−i
√

δtγ

2 K̄a
s − e−i

√
δtγK̄a

= (δtγ)3/2
∑

s1,s2,s3

cs1s2s3K̄
a
s1
K̄a

s2
K̄a

s3
+ O((δtγ)2), (64)

with some coefficients cs1s2s3 . Furthermore, noting that (⟨0|anc ⊗ I)K̄a
s1
K̄a

s2
K̄a

s3
(|0⟩anc ⊗ I) = 0, we find

Tranc

[ →∏
s

e−i
√

δtγ

2 K̄a
s

←∏
s

e−i
√

δtγ

2 K̄a
s (|0⟩ ⟨0|anc ⊗ ρ)

→∏
s

ei
√

δtγ

2 K̄a
s

←∏
s

ei
√

δtγ

2 K̄a
s

]
= Tranc[e−i

√
δtγK̄a

(|0⟩ ⟨0|anc ⊗ ρ)ei
√

δtγK̄a

] + O((δtγ)2).

(65)

We simplify the evolution operator and estimate the evolution time required for each step of Lindblad evolu-
tion. Recalling that the evolution under a single K̄a

s (out of a total of S) takes the form,

e−i
√

δtγ

2 K̄a
s = exp

[
−i

√
δtγ

2 ∆ts(Re[gs]Xanc + Im[gs]Yanc) ⊗ eiHs∆tAae−iHs∆t

]
= (Ianc ⊗ eiHs∆t) e−i

√
δtγ

2 ∆ts(Re[gs]Xanc+Im[gs]Yanc)⊗Aa︸ ︷︷ ︸
=:Ba

s

(Ianc ⊗ e−iHs∆t),
(66)

we can rewrite Eq. (63) as

→∏
s

e−i
√

δtγ

2 K̄a
s

←∏
s

e−i
√

δtγ

2 K̄a
s = (Ianc ⊗ e−iHS∆t)

( →∏
s

Ba
s (Ianc ⊗ eiH∆t)

)( ←∏
s

(Ianc ⊗ e−iH∆t)Ba
s

)
︸ ︷︷ ︸

=: V a(δt)

(Ianc ⊗ eiHS∆t).

(67)

Therefore, a single step of Lindblad evolution (57), which consists in a unitary part Uδt[·] = e−iHδt[·]eiHδt and
a dissipative part (65), is given by the superoperator

Wa(δt)[ρ]
:= Tranc[(Ianc ⊗ e−iHS∆t)V a(δt)(Ianc ⊗ eiHS∆t)(|0⟩ ⟨0| ⊗ Uδt[ρ])(Ianc ⊗ e−iHS∆t)V a(δt)†(Ianc ⊗ eiHS∆t)]
= e−iHS∆tTranc[V a(δt)(|0⟩ ⟨0| ⊗ eiHS∆te−iHδtρeiHδte−iHS∆t)V a(δt)†]eiHS∆t. (68)
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Since we sequentially applyM steps of evolution Wa(δt), the operators e−iHS∆t and eiHS∆t cancel out, except at
the first and last steps. Still, we can show that these two steps can also be discarded. For that, suppose we evolve
an initial state ρ(0) for evolution time Mδt that is larger than the mixing time tmix. By definition of the mixing
time, any initial state ρ evolved for a time larger than tmix approximates the Gibbs state σβ = e−βH/Tr[e−βH ].
That is, (

M∏
i=1

eδtDai ◦ Uδt

)
[ρ] Trotterization

≈

(
M∏

i=1
Wai(δt)

)
[ρ] ≈ σβ . (69)

Taking ρ = US∆t[ρ(0)], and using the fact that σβ = U−S∆t[σβ ] as H and σβ commute, this implies

U−S∆t ◦

(
M∏

i=1
Wai(δt)

)
◦ US∆t[ρ(0)] =

(
M∏

i=1
W̃ai(δt)

)
[ρ(0)] ≈ σβ , (70)

where we have defined

W̃a(δt)[ρ] := U−S∆t ◦ Wa(δt) ◦ US∆t[ρ] = Tranc[V a(δt)(|0⟩ ⟨0| ⊗ e−iHδtρeiHδt)V a(δt)†]. (71)

Therefore, the evolution by W̃a[ρ], Eq. (71), induces the same Lindblad evolution as the one by Wa[ρ], Eq. (68),
but does not require any of the unitary e±iHS∆t evolution. The resulting quantum circuit is sketched as follows:

...
...

|0⟩anc

V ai(δt)
ρ(0) e−iHδt ≈ ρ(Mδt)

Repeat for i = 1, . . . ,M

(72)

where V ai(δt) is given by

V ai(δt) =

. . . . . .

. . . . . .

. . . . . .

...
...

. . . . . .

anc

Bai

−S Bai

−S+1 Bai

S Bai

S Bai

−S

e−iH∆t eiH∆t

(73)

In the circuit depiction of Eq. (73), the jump operator Aai , used in the definition of any of the Bai
s as per

Eq. (66), has been taken to be a one-local operator acting on the second system qubit from the top. More
generally, these jump operators could act on more than one qubit, but in the present work, we restrict them to
be local, i.e. acting on O(1) qubits to be aligned with the ETH. Hence, the cost of implementing any of the
V ai(δt) is dominated by the 2S steps of Hamiltonian simulation U∆t = eiH∆t.The Hamiltonian simulation of
U∆t and Uδt in Eq. (70), e.g. again via Trotterization, induces an error which can be controlled by choosing
an appropriately fine evolution step. We discuss this in more detail below Eq. (97), where we summarize all
algorithmic errors. In the following, we attempt to identify the choice of S.

B.3 Truncation and discretization of integral
So far, the circuit implementation presented was general to the evolution under the Lindbladian of Eq. (56)
together with the Lindblad operators obtained through the generic operator Fourier transform of Eq. (59). We
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now specialize to our protocol and specify the Lindblad operator (59). Let us recall our definition of the filter
function [Eq. (53)],

g(t) = 1
π3/4β1/2 eit/βe−2t2/β2

, (74)

resulting in Lindblad operators of the form

La =
∫ ∞
−∞

dt g(t)Aa(t) =
(
β2

4π

)1/4 ∑
ν∈BH

e−
(βν+1)2

8 Aa
ν . (75)

We prove the following lemma, which plays a key role in determining the complexity of the protocol.

Lemma 1. Let g(t) be the filter function defined in Eq. (74). Then, provided that

S = Ω
(
β∥H∥∞logβ

ϵ′

)
, ∆t = Θ

 β

β∥H∥∞ +
√
n+ log β

ϵ′

 (76)

in (60), we have the regularization error

∥L− L̄∥∞ = O(ϵ′). (77)

Proof. Introducing L̄∞ :=
∑∞

s=−∞∆tsgseiHs∆tAe−iHs∆t, we separate the discretization and truncation errors,

∥L− L̄∥∞ ≤ ∥L− L̄∞∥∞ + ∥L̄∞ − L̄∥∞. (78)

We start with bounding the truncation error ∥L̄∞ − L̄∥∞ as follows:

∥L̄∞ − L̄∥∞ ≤ ∥A∥∞
π3/4β1/2 ∆t

∑
|s|>S

e−2(s∆t/β)2
<

2∆t
π3/4β1/2

∞∑
s=S

e−2S(∆t/β)2s = 2∆t
π3/4β1/2

e−2(S∆t/β)2

1 − e−2S(∆t/β)2 = ϵ′,

(79)

for

S = Ω
(
β

∆t

√
log
( ∆t√

βϵ′

))
, (80)

where we used ∥A∥∞ = O(1) assuming A is O(1)-local.
Next, we bound the discretization error,

∥L− L̄∞∥∞ ≤
∥∥∥∫ ∞
−∞

dt g(t)A(t) − ∆t
∞∑

s=−∞
g(s∆t)A(s∆t)

∥∥∥
∞
. (81)

Using the Poisson summation formula,3 we have,

∆t
∞∑

s=−∞
g(s∆t)A(s∆t) =

∫ ∞
−∞

dt g(t)A(t) +
∑

k=Z\{0}

∫ ∞
−∞

dt e−i2πkt/∆tg(t)A(t)

=
∫ ∞
−∞

dt g(t)A(t) +
∑

ν∈BH

∑
k=Z\{0}

∫ ∞
−∞

dt e−i2πkt/∆tg(t)eiνtAν ,

(83)

3For a function h(τ), the Poisson summation formula is given by,
∞∑

s=−∞

h(s) =
∞∑

k=−∞

∫ ∞

−∞
dτ e−i2πkτ h(τ). (82)

Setting h(s) = ∆t g(s∆t)A(s∆t) in Eq. (82), we arrive at Eq. (83).
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leading to

∥L− L̄∞∥∞ ≤ 1
π3/4β1/2

∥∥∥ ∑
ν∈BH

Aν

∑
|k|>0

∫ ∞
−∞

dt e−i2πkt/∆teit/βe−2t2/β2
eiνt
∥∥∥
∞

= β1/2

21/2π1/4

∥∥∥ ∑
ν∈BH

Aν

∑
|k|>0

e−
1
8

(
2π β

∆t k−βν−1
)2∥∥∥
∞

ν≤2∥H∥∞
≤ β1/2|BH |∥A∥∞

21/2π1/4

∑
|k|>0

e−
1
8

(
2π β

∆t k−2β∥H∥∞−1
)2

≤ (2β)1/2|BH |∥A∥∞
π1/4

∞∑
k=1

e−
1
8

(
2π β

∆t−2β∥H∥∞−1
)(

2π β
∆t k−2β∥H∥∞−1

)

≤ (2β)1/2|BH |∥A∥∞
π1/4

e−
1
8

(
2π β

∆t−2β∥H∥∞−1
)2

1 − e−
1
8

(
2π β

∆t−2β∥H∥∞−1
)(

2π β
∆t

) .

(84)

As the number of Bohr frequencies satisfies |BH | ≤ 4n, it suffices to choose

∆t = 2πβ√
8log

( (2β)1/2|BH |∥A∥∞
π1/4ϵ′

)
+ 2β∥H∥∞ + 1

= Θ

 β

β∥H∥∞ +
√
n+ log β

ϵ′

 , (85)

to ensure ∥L− L̄∞∥∞ ≤ ϵ′. Combining Eqs. (80) and (85) we obtain Eq. (76).

Denoting as ρi := ρ(iδt) the state after i steps of ideal evolution, with ρ0 = ρ(0), and by ρ̄i := |0⟩ ⟨0|anc ⊗ ρi

and using Lemma 1, we bound the effect of the regularization error on the dissipative evolution (62),∥∥Tranc[e−i
√

δtγKa

ρ̄iei
√

δtγKa

] − Tranc[e−i
√

δtγK̄a

ρ̄iei
√

δtγK̄a

]
∥∥

1

=
∥∥∥Tranc

[
e−i

√
δtγKa(

ρ̄i − ei
√

δtγKa

e−i
√

δtγK̄a

ρ̄iei
√

δtγK̄a

e−i
√

δtγKa)
ei

√
δtγKa]∥∥∥

1

(87)=
∥∥∥∫ √

δtγ

0
dτ Tranc

[
ei(τ−

√
δtγ)Ka

[K̄a −Ka, e−iτK̄a

ρ̄ieiτK̄a

]e−i(τ−
√

δtγ)Ka]∥∥∥
1

≤
∥∥∥∫ √

δtγ

0
dτ Tranc

[
ei(τ−

√
δtγ)Ka

[K̄a −Ka, e−iτK̄a

ρ̄ieiτK̄a

− ρ̄i]e−i(τ−
√

δtγ)Ka]∥∥∥
1

+
∥∥∥ ∫ √

δtγ

0
dτ Tranc

[
ei(τ−

√
δtγ)Ka

[K̄a −Ka, ρ̄i]e−i(τ−
√

δtγ)Ka]∥∥∥
1

(88)= O(∥K̄a −Ka∥∞δtγ).

(86)

In the third line, we used the identity,

eitBe−itCAeitCe−itB −A = i
∫ t

0
dτ eiτB [B − C, e−iτCAeiτC ]e−iτB , (87)

for non-commuting operators A, B, and C. In the last inequality, we used∥∥∥Tranc
[
ei(τ−

√
δtγ)Ka

[K̄a −Ka, e−iτK̄a

ρ̄ieiτK̄a

− ρ̄i]e−i(τ−
√

δtγ)Ka]∥∥∥
1

= O(∥K̄a −Ka∥∞ · τ∥K̄a∥∞),∥∥∥Tranc
[
ei(τ−

√
δtγ)Ka

[K̄a −Ka, ρ̄i]e−i(τ−
√

δtγ)Ka]∥∥∥
1

= O(∥K̄a −Ka∥∞ · (τ −
√
δtγ)∥Ka∥∞),

(88)

and ∥K̄a∥ = ∥Ka∥ = ∥Aa∥ = O(1). Finally, combining Eq. (61) and Lemma 1 together with Eq. (86), we find∥∥Tranc[e−i
√

δtγKa

ρ̄iei
√

δtγKa

] − Tranc[e−i
√

δtγK̄a

ρ̄iei
√

δtγK̄a

]
∥∥

1

= O(∥K̄a −Ka∥∞δtγ) = O(∥L̄a − La∥∞δtγ) = O(ϵ′δtγ).
(89)
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B.4 Algorithmic errors
Combining all the previous results, we assess the resources needed for the Gibbs-state preparation protocol.
We start by relating the overall error ϵ in the approximate Lindblad evolution algorithm to the total evolution
time t, the number of performed steps M (or equivalently the size δt of these steps) and the error ϵ′ resulting
from the regularization of the integral appearing in App. B.3. We then provide bounds on the runtime of the
Gibbs state preparation algorithm in terms of total Hamiltonian simulation time, and also the required number
of steps of Hamiltonian simulation eiH∆t, as seen in Eq. (73).

B.4.1 Lindblad simulation

The approximate Lindblad evolution incurs an error in the evolved state that is now quantified.
The trace distance between the ideal ρ(Mδt) := eMδtL[ρ(0)] and the approximately evolved state

E{ai}
[∏M

i=1 Wai(δt)[ρ(0)]
]

(68), with the average E{ai}[·] taken over trajectories associated with the randomly
sampled jump operators {Aa1 , . . . , AaM }, is

∥∥∥ρ(Mδt) − E{ai}

[ M∏
i=1

Wai(δt)[ρ0]
]∥∥∥

1
. (90)

Let us now start by recalling all the sources of errors contributing to Eq. (90) using ρi := ρ(iδt), ρ0 = ρ(0), and
ρ̄i := |0⟩ ⟨0|anc ⊗ ρi as before. We need to account for the following:

• Randomized applications of the jump operators.

∥eδtL[ρi] − Ea[eδtγDa

◦ Uδt[ρi]]∥1 = O(δt2), (91)

according to Eq. (58).

• Dilation of the dissipative evolution.∥∥eδtγDa

− Tranc[e−i
√

δtγKa

ρ̄iei
√

δtγKa

]
∥∥

1 = O((δtγ)2), (92)

according to Eq. (62), and noting that the unitary evolution Uδt does not affect the errors.

• Truncation and discretization of the operator Fourier transform.∥∥Tranc[e−i
√

δtγKa

ρ̄iei
√

δtγKa

] − Tranc[e−i
√

δtγK̄a

ρ̄iei
√

δtγK̄a

]
∥∥

1 = O(ϵ′δtγ) (93)

according to Eq. (89).

• Trotterization.∥∥∥Tranc

[( →∏
s

e−i
√

δtγ

2 K̄a
s

←∏
s

e−i
√

δtγ

2 K̄a
s

)
ρ̄i

( →∏
s

ei
√

δtγ

2 K̄a
s

←∏
s

ei
√

δtγ

2 K̄a
s

)]
− Tranc[e−i

√
δtγK̄a

ρ̄iei
√

δtγK̄a

]
∥∥∥

1

= O((δtγ)2),
(94)

according to Eq. (65).

We are now ready to combine all these errors. First, notice that at any step i = 1, . . . ,M we have

∥∥∥ρi − E{aj}

[ i∏
j=1

Waj (δt)[ρ0]
]∥∥∥

1

=
∥∥∥ρi − Eai

[
Wai(δt)[ρi−1]

]
+ Eai

[
Wai(δt)

[
ρi−1 − E{aj}

[ i−1∏
j=1

Waj (δt)[ρ0]
]]∥∥∥

1

≤
∥∥∥ρi − Eai

[
Wai(δt)[ρi−1]

]∥∥∥
1

+
∥∥∥ρi−1 − E{aj}

[ i−1∏
j=1

Waj (δt)[ρ0]
]∥∥∥

1
.

(95)
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The last line is obtained through the triangle inequality and the fact that Eai [Wai(δt)] is a quantum channel
together with the contractivity of the trace distance under quantum channels. After recursive use of this
inequality, we can bound the total error through∥∥∥ρ(Mδt) − E{ai}

[ M∏
i=1

Wai(δt)[ρ0]
]∥∥∥

1

≤
M∑

i=1

∥∥ρi − Eai

[
Wai(δt)[ρi−1]

]∥∥
1

≤
M∑

i=1

(∥∥ρi − Eai

[
eδtγDa

◦ Uδt[ρi−1]
]∥∥

1

+ Eai

∥∥eδtγDai ◦ Uδt[ρi−1] − Tranc[e−i
√

δtγKa

ρ̄i−1ei
√

δtγKa

]
∥∥

1

+ Eai

∥∥Tranc[e−i
√

δtγKa

ρ̄iei
√

δtγKa

] − Tranc[e−i
√

δtγK̄a

ρ̄iei
√

δtγK̄a

]
∥∥

1

+ Eai

∥∥∥Tranc[e−i
√

δtγK̄a

ρ̄iei
√

δtγK̄a

] − Tranc

[( →∏
s

e−i
√

δtγ

2 K̄a
s

←∏
s

e−i
√

δtγ

2 K̄a
s

)
ρ̄i

( →∏
s

ei
√

δtγ

2 K̄a
s

←∏
s

ei
√

δtγ

2 K̄a
s

)]∥∥∥
1

)
≤ O(Mδt2 + ϵ′Mδt). (96)

Hence, we can guarantee an error O(ϵ) in the prepared state, after a total Lindblad evolution time t = Mδt,
provided that

ϵ′ = O
(ϵ
t

)
, M = O

(
t2

ϵ

)
. (97)

So far, we have not specified how to implement the coherent evolutions Uδt and U∆t in Eqs (21) and (70).
If we employ the second-order product formula with rδ steps to approximately implement Uδt, the error is
O((∥H∥∞δt)3/r2

δ). Similarly, applying the second-order product formula to U∆t with r∆ steps induces the error
O((∥H∥∞∆t)3/r2

∆). Note that for each of the M steps of size δt, U∆t has to be applied 4S times in Eq. (70).
Thus, the error accumulated during M steps of the Lindblad evolution is

O
(
M

(∥H∥∞δt)3

r2
δ

+MS
(∥H∥∞∆t)3

r2
∆

)
. (98)

Choosing rδ = O(
√
M(∥H∥∞δt)3/ϵ) and r∆ = O(

√
MS(∥H∥∞∆t)3/ϵ) suffices to bound the error by ϵ.

B.4.2 Gibbs state preparation

Provided a quantum system described by H and jump operators {Aa} obey the ETH (48), one can prepare the
Gibbs state σβ by simulating the approximate Lindblad dynamics (57) for a mixing time tmix = Mmixδt of the
Lindbladian L (56). Here, we provide the runtime of the quantum operation (57) to simulate the corresponding
Lindblad equation in terms of the total Hamiltonian simulation time

Mmix × (δt+ Θ(S∆t)) = Θ
(
βt2mix
ϵ

√
logβtmix

ϵ

)
, (99)

to prepare an ϵ-precise Gibbs state in trace distance. For the simulation time corresponding to the dissipative
part, we used S and ∆t satisfying Lemma 1 with ϵ′ given by Eq. (97). The resulting circuit, from Eqs. (72) and
(73), uses a total of

Mmix × Θ(S) = Θ
(
βt2mix∥H∥∞

ϵ
logβtmix

ϵ

)
(100)

applications of Bs(Ianc ⊗ eiH∆t) and (Ianc ⊗ e−iH∆t)Bs.

For the purpose of the error analysis conducted in Sec. 7, we collect all the sources of algorithmic error along
the Lindblad simulation for time tmix = Mmixδt. While we stated the runtime without specifying a Hamiltonian
simulation algorithm in Eq. (99), we here adopt the second-order Trotter formula as discussed around Eq. (98)
to be aligned with the numerical simulations presented in the main text. Adding Eqs. (91), (92), (93),(94), and
(98), we obtain the total algorithmic error, summarized below.
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Proposition 1. Let L be the Lindbladian given by Eq. (56) with the Lindblad operators (75), mixing time tmix
and inverse temperature β. Let |BH | be the number of Bohr frequencies for the Hamiltonian H. Moreover, let δt
be the evolution step size in Eq. (19), ∆t and T be the OFT discretization step and integral range limit appearing
in Eq (25), and rδ and r∆ as given in Eq. (98). The total algorithmic error of the algorithm in Thm. 1 is given
by

tmix × O
(
δt+ ∆t√

β
e−2(T/β)2

+
√
β|BH |e−

1
8

(
2π β

∆t−2β∥H∥∞−1
)2

+ δt2

r2
δ

+ T∆t2

δt r2
∆

)
. (101)

For ϵ′ in the truncation and discretization error (93), we used Eqs. (79) and (84), resulting in the second and
third terms in Eq (101). In Eq. (27) of the main text, we drop the second last term ∝ δt2 as this is subleading
to the first term ∝ δt, and set r∆ = 1 to align with the setup adopted in the main text.

C Convergence of Lindblad dynamics under the ETH
This appendix details the convergence analysis of the Lindblad dynamics towards the Gibbs state, assuming that
the eigenstate thermalization hypothesis (ETH) holds. For this, we follow the strategy of [60] and compute the
spectral gap of the ETH-averaged Lindbladian ERL and relate it, via a bound on the channel distance between
ERL and the actual Lindbladian L, to the mixing time of L. Throughout this appendix we set γa = 1/|A| in
Eqs. (3) and (51).
In Sec. C.1 we restate the ETH, and discuss the energy scales at play together with the assumptions made. In

Sec. C.2 we introduce the density of states and summarize the properties relevant for our subsequent derivations.
Following this, we compute the spectral gap of the averaged Lindbladian ERL and the distance between ERL
and L in Secs. C.3 and C.4. Based on these derivations, we then prove in Sec. C.5 our final mixing time bound
for the actual Lindbladian L [Eq. (17)], and the closeness of the steady state of L to the target Gibbs state
[Eq. (18)], which stated in the following theorem.

Theorem 2. Suppose a Hamiltonian H and a set of Hermitian operators {Aa}a=1,...,|A| obey the ETH,
⟨Ei|Aa |Ej⟩ = A(Ei)δij + D(Eij)− 1

2 f(Eij , νij)Rij, with Eij := (Ei + Ej)/2, such that Ei = Eii, and
νij := Ei − Ej. Furthermore suppose the function f(E, ν) satisfies Assumption 1 and the density of states
D(Eij) satisfies Assumptions 2 and 3. Then, for an n-qubit Gibbs state σβ and ϵ > 0, there is a Lindbladian L
admitting ρ∞ as a steady state such that,

∥ρ∞ − σβ∥1 ≤ O

(
ϵ+ nβ2√

|A|
(β∥H∥∞ + log(1/ϵ))

)
(102)

with high probability. Moreover, the dynamics etL prepares a state ϵ-close to ρ∞ in trace distance for any
t ≥ tmix with

tmix ≤ O
(
nβ2(β∥H∥∞ + log(1/ϵ)

))
. (103)

We prove this theorem in the remainder of App. C. See Eqs. (183) and (193) for the final results.

C.1 Eigenstate thermalization hypothesis
The ETH, originally proposed by Srednicki [48], hypothesizes that, for a Hamiltonian H, the matrix elements
of a local operator A in the eigenbasis {|Ei⟩} of H is expressed as [Eq. (11)]

Aij := ⟨Ei|A |Ej⟩ = A(Ei)δij + f(Eij , νij)√
D(Eij)

Rij , (104)

with Eij := (Ei + Ej)/2, such that Ei = Eii, and νij := Ei − Ej . We will also sometimes use Dij := D(Eij)
and fij := f(Eij , νij). Both A(E) and f(E, ν) are smooth functions of E and ν. We defer the discussion of the
properties of the density of states D(E) to Sec. C.2. R is a Hermitian matrix with entries Rij whose real and
imaginary parts are independent random variables that satisfy ER[Rij ] = 0 and ER[|Rij |2] = 1. Furthermore,
its diagonal entries are set to Rii = 0 for all i.

Given the ETH ansatz (104) and properties of the random variables Rij , one can verify several identities that
will be useful later on when performing averages over entries of R. First, we have

ER[AijA
∗
kl] = δijδklA(Ei)A(Ek) + δikδjl

f(Eij , νij)√
D(Eij)

. (105)
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ν

|f(ν)|2

∆E = Θ(∆RMT)

η2
ν

− ∆E√
2 = Θ(∆RMT)

∆RMT = Θ(1/β)

Figure 9: Squared Gaussian filter function η2
ν (55) from the operator Fourier transform and the function |f(ν)|2 in the off-

diagonal ETH (11). The relationship between their supports ∆E =
√

2/β = Θ(∆RMT) guarantees significant overlap between
the two functions.

Furthermore, recalling that Aν =
∑

Ei−Ej=ν ΠjAΠi, with Πi the projector onto the Hamiltonian’s eigenspace
with energy Ei, one can verify that

ER[Aν1ρA
†
ν2

] = δν1,ν2ER[Aν1ρA
†
ν1

], and ER

[
{A†ν1

A†ν1
, ρ}
]

= δν1,ν2ER

[
{A†ν1

A†ν1
, ρ}
]
. (106)

To proceed with the concrete calculation of the mixing time, we make a couple of simplifying assumptions on
the non-universal function f(E, ν).
Assumption 1. The function f(E, ν) in Eq. (104) satisfies the following properties.
(a) f(E, ν) = f(ν) is independent of E, and supported on ν ∈ [−∆RMT,∆RMT], where it is flat.

(b) The width of the support scales with β as ∆RMT = Θ(1/β), and the function takes an (n, β)-independent
constant value f0 on the support.

To motivate the assumptions we note that an operator A, such that ∥A2∥∞ = O(1), obeys Tr[σβA
2] ≤

∥A2∥∞ = O(1). With the ETH, one can express the trace in the integral form,

Tr[σβA
2] =

∫ ∞
−∞

dν eβν/2|f(ν)|2 = O(1). (107)

To ensure that the integral converges to a finite value, we need |f(ν)| ν→∞−−−−→ o(e−βν/4) [48, 100]. Assumption 1(b)
provides a simple restriction on f(ν) so that this constraint is met. While we made specific choices of ∆RMT
and |f(ν)|, any polynomial dependence of them on n also leads to a polynomial upper bound on the mixing
time. In the following, we shall provide computational resources with and without Assumption 1(b).
We illustrate the relevant scales under Assumption 1(b) in Fig. 9. Given the above condition on |f(ν)|, we

choose the width of our filter function ην (55) to be ∆E = Θ(∆RMT) = Θ(1/β). This, in turn, leads to the
filter being peaked at ν = −β∆2

E/2 = −∆E/
√

2. Figure 9 illustrates that there is a significant overlap between
the supports of η2

ν and |f(ν)|2, which guarantees efficient transition of states upon applications of the jump
operators. Quantitatively, we can derive upper and lower bounds on the overlap integrals,

Γ :=
∫ ∆RMT

0
dν η2

−ν |f(ν)|2 and Γ∞ :=
∫ ∞
−∞

dν η2
ν |f(ν)|2, (108)

which will show up frequently in this appendix. First, we can relate these two integrals through

Γ ≤ Γ∞ ≤ 2Γ, (109)

where we used the fact that f is only supported on ν ∈ [−∆RMT,∆RMT], from Assumption 1(a), and the profile
of ην (55) that has most of its mass on the range [−∆RMT, 0]. Hence it is sufficient to derive bounds for Γ. For
its upper bound, we insert Eq. (55) and obtain

Γ ≤ β√
4π

∫ ∆RMT

−∆RMT

dν e−((βν)2+1)/4eβν/2|f(ν)|2 ≤ β√
4π

∫ ∆RMT

−∆RMT

dν eβν/2|f(ν)|2 (107)= O(β), (110)

On the other hand, Assumption 1(b) allows one to lower bound the overlap,

Γ ≥ βe−(β∆RMT)2/4e−1/4
√

4π

∫ ∆RMT

0
dν |f(ν)|2 = e−(β∆RMT)2/4βe−1/4

√
4π

∆RMT|f0|2 = Θ(1), (111)

using ∆RMT = Θ(1/β) in the last equality.
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C.2 Density of states

We introduce the density of states

D(E) =
∑

Ei∈spec[H]

δ̃(E − Ei). (112)

Here δ̃(E − Ei) is a smeared delta function ensuring that D(E) is a smooth function of E. The following
assumption on the density of states guarantees that the ratios appearing in the conductance calculations in
Sec. C.3 are of order 1.

Assumption 2 (Bounded ratio of density of states). The ratio of densities of states is uniformly bounded such
that for all |E − E′| ≤ ∆RMT

D(E)
D(E′) ≤ RD = Θ(1). (113)

We note that in [60], the spectrum of the Hamiltonian is truncated to exclude pathological cases that would
invalidate this bound on the ratio close to the extremal values of the spectrum.

The normalized density of Gibbs states is defined by

Dβ(E) ∝ e−βED(E) (114)

with the normalization taken to satisfy
∫∞
−∞ dEDβ(E) = 1. We require that the bulk of the density of Gibbs

states is lower-bounded by a characteristic scale 1/∆spec and that the tails decay sufficiently fast. This is
captured by the following assumption.

Assumption 3 (Density of Gibbs states). The (normalized) density of Gibbs states Dβ(E), defined in Eq. (114),
satisfies the following properties.

(a) There exists an interval [EL, ER] that contains more than half the weight, such that
∫ ER

EL
dEDβ(E) ≥ 1/2,

and for all E ∈ [EL, ER] we have
Dβ(E) ≥ Dmin

β = Ω(∆−1
spec). (115)

(b) The right tail [ER,∞) and left tail (−∞, EL] decay such that for all E ∈ [ER,∞) we have∫ ∞
E

dE′Dβ(E′) = O (∆specDβ(E)) (116)

and for all E ∈ (−∞, EL] we have

∫ E

−∞
dE′Dβ(E′) = O (∆specDβ(E)) . (117)

To gain intuition about these assumptions, it is instructive to think of the density of states as a Gaussian

D(E) ∝ e
− (E−E∞)2

2∆2
spec , (118)

where E∞ := Tr[H]/2n is the energy at infinite temperature. Then the density of Gibbs states is a Gaussian
shifted by −β∆2

spec

Dβ(E) = 1√
2π∆2

spec

e
−

(E−E∞+β∆2
spec)2

2∆2
spec . (119)

Figure 10 illustrates those densities. It can be shown that those Gaussian densities fulfill Assumptions 2
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E
E∞E∞ − β∆2

spec

D(E)Dβ(E)

∆spec

Figure 10: Example of the density of states D(E) and density of the Gibbs state Dβ(E) that we consider.

and 3 [60]. For instance, the density (119) indeed obeys Assumption 3(b),∫ ∞
E

dE′Dβ(E′) = 1√
2π∆2

spec

∫ ∞
E

dE′e−
(E′−E∞+β∆2

spec)2

2∆spec = 1√
π

∫ ∞
|E−E∞+β∆2

spec|/
√

2∆2
spec

du e−u2

≤ 1
2
√
πw

∫ ∞
w

du 2ue−u2
(
w = |E − E∞ + β∆2

spec|/
√

2∆2
spec

)
= 1

2
√
πw

∫ ∞
w2

du e−u

=
∆2

spec

|E − E∞ + β∆2
spec|

Dβ(E)

≤ ∆specDβ(E).

(120)

The last line follows from ∆spec ≤ |E − E∞ + β∆2
spec| in the tail E ≥ ER.

C.3 Spectral gap of ERL
In this section, we derive a lower bound on the spectral gap of the Lindbladian ERL under the ETH average.
After working out the action of the average Lindbladian onto eigenstates projectors, in Sec. C.3.1, we proceed
in two steps: First, in Sec. C.3.2, we show that the average Lindbladian ERL can be mapped to a classical
Markov chain admitting the Gibbs state as its exact steady state. In the second step, in Sec. C.3.3 we work out
bounds on the conductance of the Markov chain, which allows us to bounds its spectral gap through Cheeger’s
inequality. Subsequently, in Sec. C.4, we derive an upper bound on the distance between the Lindbladian L
and the averaged one ERL, which implies that the steady state ρ∞ of L is close to the Gibbs state σβ .

C.3.1 Action of the averaged Lindbladian

We wish to evaluate the action of the averaged Lindbladian ERL, with L given in Eq. (56), onto any of the
operators |Ei⟩ ⟨Ej |. Setting γa = 1/|A| in Eq. (51), or equivalently pa = 1/|A| and γ = 1 in Eq. (56), together
with our choice of jump operators in Eq. (54), we can write the dissipative part of our Lindbladian as

D[ρ] = 1
|A|

∑
a

(
LaρLa† − 1

2{La†La, ρ}
)

= 1
|A|

∑
a

∑
ν1,ν2

ην1ην2

(
Aa

ν1
ρAa†

ν2
− 1

2{Aa†
ν1
Aa

ν2
, ρ}
)
. (121)

Taking an average over the random matrices elements appearing in Eq. (104), and using Eq. (106), leads to

ERD[ρ] = 1
|A|

∑
a

∑
ν

η2
νER

[
Aa

νρA
a†
ν − 1

2{Aa†
ν A

a
ν , ρ}

]
, (122)

that has the form of the Davies generator [101, 102]. Let us define Dij := D(Eij) together with ηij := ηνij and
fa

ij := fa(νij). Recall that νij = Ei − Ej . Using Eq. (104), we can see that

∑
ν

η2
νER[Aa

ν |Ei⟩ ⟨Ej |Aa†
ν ] = η2

0Aa(Ei)Aa(Ej) |Ei⟩ ⟨Ej | + δij

∑
k ̸=i

η2
ki|fa

ki|2

Dki
|Ek⟩ ⟨Ek| . (123)
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Similarly, for the second term appearing in Eq. (122), we obtain

∑
ν

η2
νER[{Aa†

ν A
a
ν , |Ei⟩ ⟨Ej |}] =

η2
0
(
Aa(Ei)2 + Aa(Ej)2)+

∑
ν ̸=0

η2
ν

(
|fa

i(i+ν)|
2

Di(i+ν)
+

|fa
j(j+ν)|

2

Dj(j+ν)

) |Ei⟩ ⟨Ej | .

(124)

Finally, we note that [H, |Ei⟩ ⟨Ej |] = (Ei − Ej) |Ei⟩ ⟨Ej |.
Putting everything together we can evaluate the action of ERL onto any of the |Ei⟩ ⟨Ej | operators. For the

case where i = j we get:

ERL[|Ei⟩ ⟨Ei|] = 1
|A|

∑
a

∑
j ̸=i

η2
ji|fa

ji|2

Dji
(|Ej⟩ ⟨Ej | − |Ei⟩ ⟨Ei|). (125)

On the other hand for i ̸= j, after some reordering, we obtain:

ERL[|Ei⟩ ⟨Ej |] =

−i(Ei − Ej) − 1
2|A|

∑
a

η2
0 (Aa(Ei) − Aa(Ej))2 +

∑
m ̸=i

η2
mi

|fa
im|2

Dim
+
∑
l ̸=j

η2
lj

|fa
jl|2

Djl

 |Ei⟩ ⟨Ej | .

(126)

In the following, we will often need to bound the terms
∑

k ̸=i
η2

ki|fki|2
Dki

, for a fixed i, appearing in Eqs. (125)
and (126). To do so, we first approximate the sums as follows:∑

k ̸=i

η2
ki|fki|2

Dki
=
∫ ∞
−∞

dEk D(Ek)η2
ki

|fki|2

D (Eki)
=
∫ Ei+∆RMT

Ei−∆RMT

dEk D(Ek)η2
ki

|fki|2

D (Eki)
. (127)

We first replaced the sum by an integral that holds for a smooth function g(E). Then, given that f(ν) is
supported on the interval [−∆RMT,∆RMT], we restricted the integral’s interval. Finally, using the fact that the
ratio of densities is bounded through Assumption (2) and the definition of Γ in Eq. (108), we get

Γ
RD

≤
∑
k ̸=i

η2
ki|fki|2

Dki
≤ RDΓ. (128)

C.3.2 Mapping to a classical Markov chain

Here, we show that the average Lindbladian ERL defines the generator of a classical Markov chain on the
spectrum of H. The transition rates qi→j between eigenstate projectors |Ei⟩ ⟨Ei| are readily obtained from
Eq. (125) as

qi→j := Tr [|Ej⟩ ⟨Ej |ERL[|Ei⟩ ⟨Ei|]] =
η2

ji|fji|2

Dji
− δij

∑
k ̸=i

η2
ki|fki|2

Dki
, (129)

where for the sake of simplicity we assumed that fa = f for any a ∈ A. Moving to the off-diagonal elements
|Ei⟩ ⟨Ej |, we saw from Eq. (126) that these were eigenvectors of ERL. From Eq. (128), the minimum (in
magnitude) of the real part of these eigenvalues is lower bounded through

∆off := min
ij

1
2|A|

∑
a

η2
0 (Aa(Ei) − Aa(Ej))2 +

∑
m̸=i

η2
mi

|fa
im|2

Dim
+
∑
l ̸=j

η2
lj

|fa
jl|2

Djl

 ≥ Γ
RD

. (130)

Under the time evolution with etERL, the imaginary part of the eigenvalues results in a phase, while the real
part leads to a decay of the amplitude on the off-diagonal operators |Ei⟩ ⟨Ej |. Later on, we will discuss the
timescales of such decay, but for now focus on the classical Markov chain defined by Eq. (129), which is just
the restriction of ERL to eigenstate projectors. This converges to the Gibbs state σβ , since ERL is σβ-DB, as
discussed in Sec. 3.2, and the mixing time of the chain is controlled by the transition rates (129).

We shift and rescale the transition rates qi→j to obtain a stochastic transition matrix of the classical Markov
chain:

Pi→j := qi→j + rδij

r
, with r := max

i

∑
k ̸=i

η2
ki|fki|2

Dki
. (131)
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Figure 11: Sketch of energy intervals, transitions, and density of states that contribute to the conductance from S to S̄.

To see that with such choice Pi→j is indeed stochastic4 we first note that the transition rates (129) satisfy∑
j qi→j = 0. Hence,

∑
j Pi→j = 1 for any choice of r > 0. It remains to show that the chosen r ensures that

any Pi→j ≥ 0. This can be seen by noting that r is equal to − maxi qi→i and that the qi→i are the only negative
transition rates. Finally, according to Eq. (128), we readily see that r is bounded through

Γ
RD

≤ r ≤ RDΓ, (132)

Given the spectral gap ∆P of the Markov chain with transition matrix P , the gap of the diagonal part of
ERL is ∆diag = r∆P , and we now wish to bound ∆P . To this end, we relate the gap of the Markov chain with
its conductance Φ defined as

Φ(S) := Q(S, S̄)
πS

, Q(S1, S2) :=
∑

i∈S1,j∈S2

πiPi→j . (133)

Here, S ⊂ spec(H) refers to a subset of the spectrum of H and S̄ to its complement. We further defined the
probability πS :=

∑
i∈S πi for the stationary distribution πi of the Markov chain. This stationary distribution πi

satisfies the detailed balance condition given by πiPi→j = πjPj→i for any i, j ∈ spec(H). Defining the minimum
conductance (also called bottleneck ratio) as

ϕ := min
πS≤1/2

Q(S, S̄)
πS

, (134)

the spectral gap ∆P is bounded via Cheeger’s inequality as

ϕ2

2 ≤ ∆P ≤ 2ϕ. (135)

C.3.3 Conductance calculation

In the following we aim at bounding the conductance (134). For that, we introduce a set of non-overlapping
energy intervals {Si}i, each of which has size ∆RMT as sketched in Fig. 11. The intervals Si are labeled in
increasing order of energies, i.e., Ei < Ei+1 for any Ei ∈ Si and Ei+1 ∈ Si+1. Furthermore, we assume for now
that the subset S appearing in the definition of the conductance has the form Sℓ∪Sℓ+1∪· · ·∪Sr supported on the
energy interval [Eℓ, Er], such that πS ≤ 1/2. That is, we assume that S is contiguous over the energy spectrum.
When S is not contiguous, we can decompose it into contiguous subsets and combine their conductance bounds,
as discussed later. We divide the analysis of the conductance into four cases [60] that cover all the possible
locations of El and Er with respect to the interval [EL, ER] that was defined in Assumption 3.

4We say Pi→j is stochastic if it satisfies
∑

j
Pi→j = 1 for all i and any Pi→j ≥ 0.
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Case Er ∈ [EL + ∆RMT, ER − ∆RMT]. The conductance is lower-bounded with Assumptions 2 and 3 as

Φ(S) ≥ 2Q(S, S̄) ≥ 2(πSr
Pr→r+1 + πSℓ

Pℓ→ℓ−1) ≥ 2πSr
Pr→r+1

= 2
r

∑
Er∈Sr,Er+1∈Sr+1

πEr
η2

r,r+1
|fr,r+1|2

Dr,r+1

= 2
r

∫ Er

Er−1

dEDβ(E)
∫ Er+1

Er

dE′D(E′)η2
E′−E

|f(E − E′)|2

D
(

E+E′

2
)

Ass. 2
≥ 2

rRD

∫ Er

Er−1

dEDβ(E)
∫ Er+1

Er

dE′ η2
E′−E |f(E − E′)|2

Ass. 3(a)

≥
2Dmin

β

rRD

∫ Er

Er−1

dE
∫ Er+1

Er

dE′ η2
E′−E |f(E − E′)|2

ν=E′−E=
2Dmin

β

rRD

∫ Er

Er−1

dE
∫ Er+1−E

Er−E

dν η2
ν |fν |2

µ=Er−E=
2Dmin

β

rRD

∫ ∆RMT

0
dµ
∫ ∆RMT+µ

µ

dν η2
ν |fν |2

≥
2Dmin

β

rRD

∫ ∆RMT

0
dµ
∫ ∆RMT

0
dν η2

ν |fν |2

≥
2Dmin

β e−β∆RMT∆RMT

rRD

∫ ∆RMT

0
dν η2

−ν |fν |2

(132)= Ω
(

e−β∆RMT∆RMT

∆spec

)
. (136)

The derivations of such bounds only account for energy-increasing transitions, as seen in the first line of the
derivations.

Case Eℓ ∈ [EL + ∆RMT, ER − ∆RMT]. Following similar steps, the conductance is lower-bounded as

Φ(S) ≥ 2πSℓ
Pℓ→ℓ−1 = 2

r

∑
Eℓ∈Sℓ,Eℓ−1∈Sℓ−1

πEℓ
η2

ℓ−1,ℓ

|fℓ,ℓ−1|2

D
(Eℓ+Eℓ−1

2
) ≥ Ω

(
∆RMT

∆spec

)
. (137)

Note that the energy-increasing conductance bound (136) is smaller than the energy-decreasing one (137).

Case Er ∈ (−∞, EL]. Under Assumption 3, Q(S, S̄) is lower-bounded as,

Q(S, S̄) ≥ πSrPr→r+1 ≥ 1
r

min
Er∈Sr

∆RMTDβ(Er)e−β∆RMT

∫ ∆RMT

0
dνη2

−ν |f(ν)|2. (138)

and

πS ≤
∫ Er

−∞
dE′Dβ(E′) = O

(
∆specDβ(Er)

)
. (139)

Thus, the conductance is bounded as

Φ(S) = Q(S, S̄)
πS

≥ Ω
(

e−β∆RMT∆RMT

∆spec

)
. (140)

Case Eℓ ∈ [ER,∞). Following similar steps as for the previous case leads to the same lower bound (137).

To deal with unions of contiguous energy sets, let us first consider the case with two such sets, S1 and S2, that
are not contiguous to each other (and thus do not overlap). We wish to relate the conductance Φ(S12 := S1 ∪S2)
to the individual conductances Φ(S1) and Φ(S2). To do so, we note that given Assumption 1(a), transitions
Pi→j between any i ∈ S1 to any j ∈ S2 are suppressed such that Q(S12, S̄12) = Q(S1, S̄1) +Q(S2, S̄2). Hence

Φ(S12) = Q(S1, S̄1) +Q(S2, S̄2)
πS1 + πS2

≥ min{Φ(S1),Φ(S2)}. (141)
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This can extended to unions of more than two non-contiguous sets, and shows that taking such a union cannot
decrease the conductance. Overall, accounting for all the cases studied, we get that the conductance is lower-
bounded as

Φ(S) ≥ Ω
(

e−β∆RMT∆RMT

∆spec

)
, (142)

which thus gives the minimum conductance, i.e.,

ϕ ≥ Ω
(

e−β∆RMT∆RMT

∆spec

)
. (143)

Therefore, using Cheeger’s inequality (135) together with the relationship between the classical Markov chain
and the diagonal part of the averaged Lindbladian (131), we obtain the lower-bound for the spectral gap

∆diag ≥ rϕ2

2 = Ω
(

e−2β∆RMT∆2
RMTΓ

∆2
spec

)
. (144)

Using ∆RMT = Θ(1/β) (Assumption 1(b)) and the lower-bound on the overlap integrals (111), we get

∆diag = Ω
(

1
nβ2

)
, (145)

Here, we further used a standard scaling of the spectral width of a local Hamiltonian, ∆spec = O(
√
n) [103–

105]. Finally, comparing the scaling of Eq. (145) to one of the eigenvalues of the off-diagonal part of the
averaged Lindbladian (130), we conclude that ∆diag provides the lower bound of the spectral gap of the average
Lindbladian,

∆ERL = Ω
(

e−2β∆RMT∆2
RMTΓ

∆2
spec

)
Ass.1(b)= Ω

(
1
nβ2

)
. (146)

Recall that this spectral gap bound is derived under the assumption of ETH (104) and Assumptions 1, 2, and
3.

C.4 Concentration: upper bound of ∥L − ERL∥σ−1
β

,2→2

We derive an upper bound on the operator distance between the Lindbladian L and its ETH average ERL. A
convenient distance measure for our purposes is the weighted induced quantum channel norm ∥ · ∥σ−1

β
,2→2 [56],

which is defined by

∥C∥σ−1
β

,2→2 := max
X

∥C[X]∥σ−1
β

,2

∥X∥σ−1
β

,2
, with ∥X∥σ−1

β
,2 :=

√
⟨X,X⟩σ−1

β

(4)=
√

Tr[X†σ−1/2
β Xσ

−1/2
β ], (147)

for a quantum channel C and the maximization is performed over Hermitian operators X. Later, this norm will
allow us to bound the trace distance between the steady states ρ∞ and σβ .
Note that the ETH average does not affect the system Hamiltonian, such that we can simplify

∥L − ERL∥σ−1
β

,2→2 = ∥D − ERD∥σ−1
β

,2→2. (148)

where D is the dissipative part of L, which form we recall here:

D[ρ] = 1
|A|

∑
a

(
LaρLa† − 1

2{La†La, ρ}
)

= 1
|A|

∑
a

∑
ν1,ν2

ην1ην2

(
Aa

ν1
ρAa†

ν2
− 1

2{Aa†
ν1
Aa

ν2
, ρ}
)
. (149)

Defining K[·] := σ
−1/4
β D[σ1/4

β · σ1/4
β ]σ−1/4

β , and K its vectorization, we can verify that5

∥D − ERD∥σ−1
β

,2→2 = ∥K − ERK∥2→2 = ∥K − ERK∥∞. (151)

5Let δD := D − ERD and δK := K − ERK. The first equality in (151) follows from

∥δK∥2→2 = max
X

∥δK[X]∥2

∥X∥2
= max

X

∥σ
−1/4
β

δD[σ1/4
β

Xσ
1/4
β

]σ−1/4
β

∥2

∥X∥2
= max

X̃

∥σ
−1/4
β

δD[X̃]σ−1/4
β

∥2

∥σ
−1/4
β

X̃σ
−1/4
β

∥2
= max

X̃

∥δD[X̃]∥
σ−1

β
,2

∥X̃∥
σ−1

β
,2

(150)

with X̃ := σ
1/4
β

Xσ
1/4
β

. In the present work, the maximization of X (X̃) to define the induced norm is restricted to Hermitian
operators.
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We note that, for any σβ-DB dissipative channel D, the channel K is self-adjoint with respect to the Hilbert-
Schmidt inner product for all bounded operators. Furthermore K, the vectorization of K, is given by6

K = 1
|A|

∑
a

∑
µ,ν

ηµην

(
e

β
4 (µ+ν)(Aa

ν)∗ ⊗Aa
µ − e−

β
4 (µ−ν)

2 I ⊗ (Aa
µ)†Aa

ν − e
β
4 (µ−ν)

2 (Aa
ν)⊺(Aa

µ)∗ ⊗ I
)
, (153)

where A⊺ is the transpose of A.

Our strategy to bound Eq. (151) is to partition the energy spectrum into a set of non-overlapping energy
intervals {Si}i (Fig. 11) using the projectors

ΠSi
:=

∑
Ei∈[i∆RMT,(i+1)∆RMT]

|Ei⟩ ⟨Ei| . (154)

We start with the terms involving A∗⊗A. For ∆KA⊗A :=
∑

a

∑
µ,ν ηµηνe

β
4 (µ+ν)((Aa

ν)∗⊗Aa
µ −ER[(Aa

ν)∗⊗Aa
µ])

and an even integer p,(
ER

∥∥(ΠSk
⊗ ΠSl

)∆KA⊗A(ΠSi ⊗ ΠSj )
∥∥
∞

)p

≤ ER

∥∥(ΠSk
⊗ ΠSl

)∆KA⊗A(ΠSi
⊗ ΠSj

)
∥∥p

∞ ≤ ER

∥∥(ΠSk
⊗ ΠSl

)∆KA⊗A(ΠĒ1
⊗ ΠSj

)
∥∥p

p

(156)
≤ ER

∥∥∥∥∥(ΠSk
⊗ ΠSl

) 1
|A|

∑
a

∑
µ,ν

e
β
4 (µ+ν)ηµην((Aa

ν)∗ ⊗Aa
µ − (A′aν )∗ ⊗A′aµ )(ΠSi

⊗ ΠSj
)

∥∥∥∥∥
p

p

(157)= ER

∥∥∥∥∥(ΠSk
⊗ ΠSl

) 2
|A|

∑
a

∑
µ,ν

e
β
4 (µ+ν)ηµην(Ba

ν )∗ ⊗B′aµ (ΠSi
⊗ ΠSj

)

∥∥∥∥∥
p

p

(158)
≤ ER

∥∥∥∥∥ 2
|A|

∑
a

Ga
Sk,Si

⊗G′aSl,Sj

∥∥∥∥∥
p

p

(159)
≤

(
2√
|A|

)p

ER∥GSk,Si∥p
p ER∥GSl,Sj ∥p

p

(161)
≤

(
2√
|A|

)p (
max{Tr[ΠSk

],Tr[ΠSi
]}ER[|GSk,Si

|2] max{Tr[ΠSl
],Tr[ΠSj

]}ER[|GSl,Sj
|2]
)p/2

. (155)

In the third line, we used that, for the zero-mean random matrix X := (Aa
ν)∗ ⊗Aa

µ − E[(Aa
ν)∗ ⊗Aa

µ]

ER∥X∥p
p ≤ ER∥X −X ′∥p

p, (156)

where X and X ′ are i.i.d. random matrices (all the diagonal entries are zero). In the fourth line, we wrote
A = (B +B′)/

√
2 and A′ = (B −B′)/

√
2 with zero-mean random matrices B and B′. Then, it follows

A∗ ⊗A−A′∗ ⊗A′ = B∗ ⊗B′ +B′∗ ⊗B. (157)

In the fifth line, we defined the zero-mean random matrices GF̄ ,Ē whose entries all have the same variance,

ER[|(Ga
S′,S)ij |2] = max

F∈S′,E∈S
(e

β
4 (F−E)ηF−E)2ER[|(Ba

F−E)ij |2] = max
F∈S′,E∈S

(e
β
4 (F−E)ηF−E)2 |f(F − E)|2

D
(

F +E
2
) . (158)

6The vectorization of D is

D =
1

|A|

∑
a

∑
µ,ν

ηµην

(
(Aa

ν)∗ ⊗ Aa
µ −

1
2

I ⊗ (Aa
µ)†Aa

ν −
1
2

(Aa
ν)⊺(Aa

µ)∗ ⊗ I

)
. (152)

Then, the vectorization of K is K = ((σ−1/4
β

)⊺ ⊗ σ
−1/4
β

)D((σ1/4
β

)⊺ ⊗ σ
1/4
β

).
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In the sixth line, the Gaussian matrices are decoupled as

ER

∥∥∥∑
a

caG
a ⊗G′a

∥∥∥p

p

=
∑

a1,...,ap

ca1c
∗
a2
. . . cap−1c

∗
ap
ERTr[Ga1Ga2† . . . Gap−1Gap†]ERTr[G′a1G′a2† . . . G′ap−1G′ap†]

≤
(∑

a

|ca|2
)p/2

pairs∑
a1,...,ap

ERTr[Ga1Ga2† . . . Gap−1Gap†]ERTr[G′a1G′a2† . . . G′ap−1G′ap†]

≤
(∑

a

|ca|2
)p/2

pairs∑
a1,...,ap

ERTr[Ga1Ga2† . . . Gap−1Gap†]
pairs∑

b1,...,bp

ERTr[G′b1G′b2† . . . G′bp−1G′bp†]

≤
(∑

a

|ca|2
)p/2ER∥G∥p

p ER∥G′∥p
p.

(159)

The quantity ERTr[G′b1 . . . G′bp†] is non-vanishing upon averaging over independent random matrices R or

equivalently Ga only when all the indices make pairs. Accordingly, the sum
∑pairs

a1,...,ap
only runs over such indices.

The last inequality holds because ERTr[Ga1Ga2† . . . Gap−1Gap†] ≥ 0 holds when the indices are contracted. The
seventh line follows from Fact D.1 in [60]. For a d1 × d2 matrix G of the maximum variance VarG,

ER∥G∥p
p ≤ min{d1, d2} Varp/2

G

((
c1
√

max{d1, d2}
)p + (c2

√
p)p
)
, (160)

for constants c1, c2. Setting p such that min{d1, d2}1/p ≤ 1/c1, we have

(ER∥G∥p
p)1/p ≤

√
VarG · max{d1, d2}. (161)

Therefore, we can upper-bound the fluctuation in each eigensector,

ER

∥∥(ΠSk
⊗ ΠSl

)∆KA⊗A(ΠSi
⊗ ΠSj

)
∥∥
∞

≤ ∆RMTRD√
|A|

√
max

E∈Sk∪Si

D(E) max
F∈Sl∪Sj

D(F )

× max
Ek∈Sk,Ei∈Si

e
β
4 (Ek−Ei)ηEk−Ei

|f(Ek − Ei)|√
D
(

Ek+Ei

2
) max

El∈Sl,Ej∈Sj

e
β
4 (El−Ej)ηEl−Ej

|f(El − Ej)|√
D
(El+Ej

2
)

≤ ∆RMTR
2
D√

|A|
e

β
4 (Êk−Êi)ηÊk−Êi

|f(Êk − Êi)| · e
β
4 (Êl−Êj)ηÊl−Êj

|f(Êl − Êj)|, (162)

where Êk, Êi is the pair of energies solving the first maximization of the third line, and Êl, Êj solves the second
maximization of the third line. Recalling Assumption 2, for the second line we used that the number of states
in each energy interval can be expressed as

Tr[ΠSi
] ≤ D(Ei)RD∆RMT, for all Ei ∈ Si. (163)

The last line in Eq. (162) holds only if Êi ∈ Si and Êk ∈ Sk are close, which is true because f(Êk − Êi) vanishes
for |Êk − Êi| > ∆RMT (Assumption 1(a)). Same for Êj and Êl.
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Now, we add all the energy eigensectors.

ER∥∆KA⊗A∥∞

= ER

∥∥∥∥∥∥
∑

i,j,k,l

(ΠSk
⊗ ΠSl

)∆KA⊗A(ΠSi
⊗ ΠSj

)

∥∥∥∥∥∥
∞

≤
∑
m,n

ER

∥∥∥∥∥∥
∑
i,j

(ΠSi+m
⊗ ΠSj+n

)∆KA⊗A(ΠSi
⊗ ΠSj

)

∥∥∥∥∥∥
∞

≤
∑
m,n

max
i,j

ER

∥∥(ΠSi+m ⊗ ΠSj+n)∆KA⊗A(ΠSi ⊗ ΠSj )
∥∥
∞

(162)
≤ ∆RMTR

2
D√

|A|

(∑
m

max
i

e
β
4 (Êi+m−Êi)ηÊi+m−Êi

|f(Êi+m − Êi)|
)2

≤ ∆RMTR
2
D√

|A|

(∑
m

e
β
4 (Êı̂+m−Êı̂)ηÊı̂+m−Êı̂

|f(Êı̂+m − Êı̂)|
)2

(164)

≤ ∆RMTR
2
D√

|A|

(∑
m

eβν̂m/4ην̂m |f(ν̂m)|
)2

(165)

Ass.2= O

(
1

∆RMT
√

|A|

(∫ ∞
−∞

dν eβν/4ην |f(ν)|
)2
)

where we used ∆RMT
∑
m

≈
∫

dν

(167)= O

(
1

∆RMT
√

|A|

)
. (166)

In the inequality (164), we defined ı̂(m) := argmax
i

e
β
4 (Êi+m−Êi)ηÊi+m−Êi

|f(Êi+m − Êi)|, and suppressed its

m-dependence for the notational simplicity. In the inequality (165), ν̂m is given by νm ∈
⋃

i{Ei+m − Ei|Ei ∈
Si, Ei+m ∈ Si+m} that maximizes eβνm/4ηνm

|f(νm)|. The last equality follows from the Cauchy-Schwarz in-
equality,

(∫ ∞
−∞

dν eβν/4ην |f(ν)|
)2

≤
∫ ∞
−∞

dν η2
ν︸ ︷︷ ︸

=1

∫ ∞
−∞

dν′ eβν′/2|f(ν′)|2 (107)= O(1). (167)

Next, we bound the norm of ∆KI⊗AA :=
∑

a

∑
µ,ν ηµηνI ⊗

(
(Aa

µ)†Aa
ν − ER[(Aa

µ)†Aa
ν ]
)
.

(
ER

∥∥(ΠSk
⊗ ΠSl

)∆KI⊗AA(ΠSi
⊗ ΠSj

)
∥∥
∞

)p

≤ ER

∥∥(ΠSk
⊗ ΠSl

)∆KI⊗AA(ΠSi
⊗ ΠSj

)
∥∥p

p

≤ ER

∥∥∥∥∥ΠSl

1
|A|

∑
a

∑
µ,ν

e−
β
4 (µ−ν)ηµην

(
(Aa

µ)†Aa
ν − (A′aµ )†A′aν

)
ΠSj

∥∥∥∥∥
p

p

= ER

∥∥∥∥∥ 2
|A|

∑
a

∑
µ,ν

e−
β
4 (µ−ν)ηµηνΠSl

(Ba
µ)†B′aν ΠSj

∥∥∥∥∥
p

p

≤ ER

∥∥∥∥∥ 2
|A|

∑
a

∑
h

GSl,Sh
GSh,Sj

∥∥∥∥∥
p

p

(169)
≤

(
2√
|A|

)p

ER

∥∥∥∥∥∑
h

GSl,Sh
GSh,Sj

∥∥∥∥∥
p

p

(170)
≤

(
2√
|A|

)p (∑
h

max{Tr[ΠSl
],Tr[ΠSh

]}ER[|GSl,Sh
|2] max{Tr[ΠSh

],Tr[ΠSj
]}ER[|GSh,Sj

|2]
)p/2

. (168)
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In the second last inequality, the Gaussian matrices are decoupled as

ER

∥∥∥∑
a

caG
aG′a

∥∥∥p

p

=
∑

a1,...,ap

ca1c
∗
a2
. . . cap−1c

∗
ap
ERTr[Ga1G′a1Ga2†G′a2† . . . Gap−1G′ap−1Gap†G′ap†]

≤
(∑

a

|ca|2
)p/2

pairs∑
a1,...,ap

ERTr[Ga1G′a1Ga2†G′a2† . . . Gap−1G′ap−1Gap†G′ap†]

=
(∑

a

|ca|2
)p/2(ER∥G1G′1∥p

p

)2
.

(169)

The sum
∑pairs

a1,...,ap
only runs over the indices that consist only of pairs. The last inequality holds because

ERTr[Ga1Ga2† . . . Gap−1Gap†] ≥ 0 holds when all the indices are paired. The last inequality follows from,

ER

∥∥GG′∥p
p ≤ d2ER

∥∥G∥p
∞ · ER

∥∥G′∥p
∞

(161)
≤
√

VarG VarG′ · max{d1, d2} max{d2, d3}, (170)

for a d1 × d2 matrix G and a d2 × d3 matrix G′. The even integer p is chosen so that d
1/p
2 ≤ 1.

Therefore, we can upper-bound the fluctuation in each eigensector,

ER

∥∥(ΠF̄1
⊗ ΠSl

)∆KI⊗AA(ΠĒ1
⊗ ΠSj

)
∥∥
∞

≤ ∆RMTRD√
|A|

∑
Sh

√
max

E∈Sl∪Sh

D(E) max
F∈Sh∪Sj

D(F )

× max
El∈Sl,Eh∈Sh

e
β
4 (El−Eh)ηEl−Eh

∣∣f(El+Eh

2 , El − Eh

)∣∣√
D
(

El+Eh

2
) max

Eh∈Sh,Ej∈Sj

e
β
4 (Eh−Ej)ηEh−Ej

∣∣f(Eh+Ej

2 , Eh − Ej

)∣∣√
D
(Eh+Ej

2
)

= ∆RMTR
2
D√

|A|

∑
h

e
β
4 (Êl−Êh)ηÊl−Êh

|f(Êl − Êh)| e
β
4 (Êh−Êj)ηÊh−Êj

|f(Êh − Êj)|, (171)

where Êh, Êj , Êl are the energies solving the maximization of the third line.
Summing the contributions from all the energy eigenspaces, we find

ER∥∆KI⊗AA∥∞

= ER

∥∥∥∥∥∥
∑
j,l

(I ⊗ ΠSl
)∆KI⊗AA(I ⊗ ΠSj

)

∥∥∥∥∥∥
∞

≤
∑
m

ER

∥∥∥∥∥∥
∑

j

(I ⊗ ΠSj+m)∆KI⊗AA(I ⊗ ΠSj )

∥∥∥∥∥∥
∞

≤
∑
m

max
j

ER

∥∥(I ⊗ ΠSj+m
)∆KI⊗AA(I ⊗ ΠSj

)
∥∥
∞

(171)
≤ ∆RMTR

2
D√

|A|

∑
m,h

e
β
4 (Êȷ̂+m−Êh)ηÊȷ̂+m−Êh

|f(Êȷ̂+m − Êh)|e
β
4 (Êh−Êȷ̂)ηÊh−Êȷ̂

|f(Êh − Êȷ̂)| (172)

= ∆RMTR
2
D√

|A|

∑
m,h

e
β
4 (Êȷ̂+h+m−Êȷ̂+h)ηÊȷ̂+h+m−Êȷ̂+h

|f(Êȷ̂+h+m − Êȷ̂+h)|e
β
4 (Êȷ̂+h−Êȷ̂)ηÊȷ̂+h−Êȷ̂

|f(Êȷ̂+h − Êȷ̂)|

≤ ∆RMTR
2
D√

|A|

∑
h

eβν̂m/4ην̂m
|f(ν̂m)|

∑
m

eβν̂h/4ην̂h
|f(ν̂h)| (173)

Ass.2= O

(
1

∆RMT
√

|A|

(∫ ∞
−∞

dν eβν/4ην |f(ν)|
)2
)

where we used ∆RMT
∑

h

≈
∫

dν

(167)= O

(
1

∆RMT
√

|A|

)
. (174)
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In the inequality (172), ȷ̂(m) solves the maximization, ȷ̂(m) := argmax
j

∑
h e

β
4 (Êj+m−Êh)ηÊj+m−Êh

|f(Êj+m −

Êh)|e
β
4 (Êh−Êj)ηÊh−Êj

|f(Êh − Êj)|, and its m-dependence is suppressed for the notational simplicity. In the

inequality (173), ν̂x for an integer x is given by νx ∈
⋃

i{Ei+x − Ei|Ei ∈ Si, Ei+x ∈ Si+x} that maximizes
eβνx/4ηνx

|f(νx)|.
Similarly, one can obtain the bound

ER∥∆KAA⊗I∥∞ ≤ O

(
1

∆RMT
√

|A|

)
. (175)

Overall, we have

ER∥D − ERD∥σ−1
β

,2→2 = ER∥∆KA⊗A + ∆KI⊗AA + ∆KAA⊗I∥∞ ≤ O

(
1

∆RMT
√

|A|

)
(176)

Furthermore, a careful concentration analysis in [60] together with Eq. (148) shows that

∥L − ERL∥σ−1
β

,2→2 = ∥D − ERD∥σ−1
β

,2→2 ≤ O

(
1

∆RMT
√

|A|

)
(177)

holds with the probability exponentially close to 1 with respect to n. Using ∆RMT = Θ(1/β), we can simplify
Eq. (177) to

∥L − ERL∥σ−1
β

,2→2 = O

(
β√
|A|

)
. (178)

C.5 Bounding the convergence to the Gibbs state
In the previous sections C.3 and C.4 we showed that the gap of the average Lindbladian ERL is lower-bounded
by a polynomial in β and the system size n, whereas the channel distance between the actual Lindbladian L
and its average ERL is upper-bounded by the inverse square root of the number of jump operators |A|. In this
section we will use both results to polynomially bound the spectral gap of the true Lindbladian L and to show
a high convergence accuracy of the Lindblad evolution, in the sense that its exact steady state ρ∞ is close to
the target Gibbs state σβ , which is the steady state of ERL.

Let us start with the spectral gap. From the gap ∆ERL of the ETH-averaged Lindbladian (146) and the
channel distance (178), we obtain a lower bound on the gap ∆L of the Lindbladian L = ERL + (L − ERL) via

∆L = Ω
(

e−2β∆RMT∆2
RMTΓ

∆2
spec

)
− O

(
1

∆RMT
√

|A|

)
. (179)

Hence, there exists a number of jump operators,

|A| = Ω
(

e4β∆RMT∆4
spec

∆6
RMTΓ2

)
, (180)

for which the spectral gap (179) is lower bounded by

∆L = Ω
(

e−2β∆RMT∆2
RMTΓ

∆2
spec

)
, (181)

with high probability. Finally, using Eq. (16) and log(∥σ−1
β ∥∞) ≈ β∥H∥∞, the lower bound of the spectral gap

is turned into an upper bound of the mixing time,

tmix ≤ O

((
β∥H∥∞ + log1

ϵ

)e2β∆RMT∆2
spec

∆2
RMTΓ

)
. (182)

With Assumption 1(b), ∆spec ∝ 1/
√
n, spectral gap (181), the sufficient number of jump operators (180), the

mixing time (182), and the bounds on the overlap integral Γ (111) and (110), we find

∆L = Ω
(

1
nβ2

)
, |A| = Ω(n2β6), tmix = O

(
nβ2(β∥H∥∞ + log(1/ϵ)

))
. (183)
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As a reminder, we used the assumption of ETH (104) and Assumptions 1, 2, and 3 to derive the spectral gap.
This proves Eq. (103) of Thm. 2.

Let us now come to the distance between Gibbs state and steady state of L. The inequality (177) allows us
to bound the χ2 divergence, ∥σβ − ρ∞∥σ−1

β
,2, between Gibbs state and the steady state ρ∞ of L, which in turn,

bounds the trace distance, ∥σβ − ρ∞∥1 ≤ ∥σβ − ρ∞∥σ−1
β

,2 [56]. Let us simplify notation, L′ = ERL, and let σ

and σ′ be states such that L[σ] = L′[σ′] = 0. Then

∥σ − σ′∥σ−1,2 = ∥etL[σ] − etL′
[σ′]∥σ−1,2 ≤ ∥etL[σ − σ′]∥σ−1,2 + ∥(etL − etL′

)[σ′]∥σ−1,2. (184)

To bound the second term, we note

∥etL − etL′
∥σ−1,2→2 ≤ t

∫ 1

0
ds∥estL(L − L′)e(1−s)tL′

∥σ−1,2→2

≤ t

∫ 1

0
ds∥estL∥σ−1,2→2 · ∥L − L′∥σ−1,2→2 · ∥e(1−s)tL∥σ−1,2→2

≤ t∥L − L′∥σ−1,2→2,

(185)

where in the last inequality we used

∥exL[ρ]∥σ−1,2 = ∥exL[ρ− σ]∥σ−1,2 + 1 ≤ ∥ρ− σ∥σ−1,2 + 1 = ∥ρ∥σ−1,2 (186)

for x ≥ 0, leading to

∥exL[ρ]∥σ−1,2→2 = max
ρ

∥exL[ρ]∥σ−1,2

∥ρ∥σ−1,2
≤ 1. (187)

The same inequality holds for L′. Thus, the second term in Eq. (184) is bounded by

∥(etL − etL′
)[σ′]∥σ−1,2 ≤ t∥L − L′∥σ−1,2→2 · ∥σ′∥σ−1,2. (188)

Note that ∥σ′∥σ−1,2 can be evaluated as follows:

∥σ′∥σ−1,2 ≤ ∥σ∥σ−1,2 + ∥σ′ − σ∥σ−1,2 = 1 + ∥σ′ − σ∥σ−1,2. (189)

To bound the first term in (184), we set t = ∆−1
L log(∥σ−1∥∞/ϵ) for the spectral gap ∆L of L (181) so that the

following inequality holds,

∥etL[σ′ − σ]∥σ−1,2 ≤ e−t∆L∥σ′ − σ∥σ−1,2 ≤ ϵ (190)

Putting these together, we have the bound on (184),

∥σ − σ′∥σ−1,2 ≤ ϵ+ t∥L − L′∥σ−1,2→2(1 + ∥σ − σ′∥σ−1,2)

≤
ϵ+ ∆−1

L log(∥σ−1∥∞/ϵ)∥L − L′∥σ−1,2→2

1 − ∆−1
L log(∥σ−1∥∞/ϵ)∥L − L′∥σ−1,2→2

,
(191)

which also upper bounds the trace distance due to ∥σ − σ′∥1 ≤ ∥σ − σ′∥σ−1,2.
Setting σ′ = ρ∞, σ = σβ , and using Eqs. (178) and (183), we can bound

∆−1
L log(∥σ−1∥∞/ϵ)∥L − L′∥σ−1,2→2 = O

(
nβ3√

|A|
(β∥H∥∞ + log(1/ϵ))

)
, (192)

where we used log(∥σ−1
β ∥∞) ≈ β∥H∥∞. With this, we obtain the following upper bound on the trace distance,

∥ρ∞ − σβ∥1 ≤ ∥ρ∞ − σβ∥σ−1
β

,2
w.h.p

≤ ϵ+
(
∆−1
L log(∥σ−1

β ∥∞/ϵ)∥L − L′∥σ−1,2→2

= ϵ+ O

(
nβ3√

|A|
(β∥H∥∞ + log(1/ϵ))

)
= 2ϵ.

(193)

This proves Eq. (102) in Thm. 2. The second inequality holds with a high probability. In the last equality, we
set the number of jump operators as

|A| = Ω
(
n2β8∥H∥2

∞
ϵ

)
, (194)

so that ρ∞ is 2ϵ-close to σβ in trace distance. Choosing the number of jump operators as Eq. (194) automatically
guarantees the second equation in Eq. (183).
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Figure 12: Fractal dimension analysis of the mixed-field Ising model (30) for n = 8 qubits. The upper and lower rows show,
respectively, mean E[D1] and variance Var[D1] of the first fractal dimension, Eq. (195), evaluated over the inner 80% of the
spectrum, as a function of transverse and longitudinal field strengths. The four columns correspond to four different Pauli
strings (given in each column’s title) which define the basis in which the fractal dimension is evaluated. Large mean values
E[D1] in conjunction with small Var[D1] are a signature of quantum chaos. We identify a clear region of uniform eigenstate
delocalization below the center (m = h = 1) of the phase diagrams, which is present for all considered Pauli bases. Within the
phase diagram, we identify eight parameter choices (white crosses), with broadly varying eigenstate characteristics, of interest,
which we will consider in more depth in the following convergence analysis. They are summarized in Tab. 1.

D Details on numerical experiments and further results

We discuss further numerical results for the mixing time and convergence accuracy of the Lindblad dynamics (2).
We expand the analysis of Sec. 5 by investigating the impact of the locality k of the jump operators, and of
the initial state in App. D.2. Furthermore, we extend our analysis to more parameter points, exploring further
regular limits and the edge of chaos of the model (30). We start this section by giving a more detailed overview
of fractal dimensions and eigenstate delocalization, from which we identify the various dynamical regimes of
our mixed-field Ising model (30). In App. D.3, we give further details on our Lindbladian simulation scheme.
Throughout this section we fix β = (2J)−1, as in the main text.

D.1 Eigenstate delocalization

Eigenstate thermalization is expected to accurately describe the behavior of quantum chaotic systems [48].
Typical signatures of quantum chaos comprise, for example, spectral statistics [85, 86] or the delocalization
behavior of energy eigenstates [73–76, 106–108]. We identify sets of parameters (h,m) of the mixed-field Ising
model (30) with distinct quantum chaotic properties by following the approach advocated in [75, 76], based
on delocalization of energy eigenstates. This approach directly assesses the crucial properties underlying the
ETH, while simultaneously being independent of a specific choice of observables, i.e. of the Lindbladian jump
operators in our case.

D.1.1 Eigenstate delocalization and fractal dimension

Quantum chaos is signaled by a strong and uniform delocalization of a substantial part of the energy eigenstates
in almost any basis of the Hilbert space (excluding pathological cases such as the eigenbasis itself) [73–76, 106–
108]. A way to quantify eigenstate delocalization in a given Hilbert space basis |ζ⟩ is via so-called fractal

dimensions. For an eigenstate |Ei⟩ =
∑dimH

ζ=1 ψi
ζ |ζ⟩ of (30) the finite-size generalized fractal dimensions are
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Key Hamiltonian parameters Step size n = 3 n = 4 n = 5 n = 6 n = 7 n = 8
TFIM h/J = 1.0, m/J = 0.0 0.25 0.25 0.125 0.125 0.125 0.125
CH2 h/J = 1.0, m/J = 0.2 0.25 0.25 0.125 0.125 0.125 0.125
CH h/J = 1.0, m/J = 0.4 0.25 0.25 0.125 0.125 0.125 0.125
KIH h/J = 0.9045, m/J = 0.8090 J∆t = 0.25 0.125 0.125 0.125 0.125 0.0625
REG h/J = 0.1585, m/J = 3.062 0.125 0.0625 0.0625 0.0625 0.0625 0.03125

INTER h/J = 0.5623, m/J = 1.230 0.25 0.125 0.125 0.125 0.0625 0.0625
CH3 h/J = 1.698, m/J = 0.5551 0.125 0.125 0.125 0.0625 0.0625 0.0625
REG2 h/J = 6.310, m/J = 0.2158 0.0625 0.03125 0.03125 0.03125 0.03125 0.015625

Table 1: Summary of the Hamiltonian parameter configurations considered in our numerical experiments. For each configura-
tion, we give the label, the corresponding coordinates h/J and m/J , and the time step sizes for the considered values of n.
The step sizes are determined by our numerical scheme as described in App. D.3.

defined by

D(i)
q = 1

1 − q
logdimHR

(i)
q , R(i)

q =
dimH∑
ζ=1

|ψi
ζ |2q , q ∈ R , (195)

where dim H is the dimension of the Hilbert space. In the following we will omit the superscript (i) of Dq if it is
not necessary. For q = 1 the definition is given by taking the limit, D1 = limq→1 Dq, which coincides with the
normalized Shannon entropy of the probability distribution {|ψζ |2}ζ . In the large-system limit one can identify
three different regimes: localized (the eigenstate is supported only on a vanishingly small portion of basis
states, with limdimH→∞Dq = 0 for all q ≥ 1), multifractal or extended non-ergodic (0 ≤ limdimH→∞Dq ≤ 1
dependent on q) and ergodic (limdimH→∞Dq = 1 for all q, which holds for the limit of the uniform distribution
|ψi

ζ |2 = 1/ dim H for all ζ).
For uniform eigenstate delocalization in a given expansion basis, two statistical signatures are crucial: Firstly,

a large average fractal dimension E[Dq], where the average E is taken over the eigenstates {|Ei⟩}i, indicates that
almost all eigenstates are strongly delocalized. Secondly, a small variance Var[Dq] over the spectrum signals
that this delocalization happens uniformly over all eigenstates. In the following we will focus on the first fractal
dimension, q = 1, which is sufficient for our purposes.

To gain a comprehensive picture of the dynamical landscape of the mixed-field Ising model (30), we analyze
D1 in the full parameter space of our Hamiltonian. To filter out potentially untypical eigenstates at the spectral
edges, we focus on the bulk of the spectrum, and compute mean E[D1] and variance Var[D1] over the inner
80% (in terms of energy) of the eigenstates. To consolidate our analysis in Fig. 2, where we consider the fractal
dimension in the n-qubit Z-basis, we evaluate D1 in four additional random n-qubit Pauli bases. The results
are shown in Fig. 12 for n = 8. The four columns correspond to the four chosen Pauli bases, given in the column
titles. For each column, we show the mean value E[D1] (top row) and variance Var[D1] (bottom row), for the
Ising Hamiltonian (30) in the parameter range m ∈ {0} ∪ [10−1, 101], h ∈ [10−1, 101]. As before, we also include
the value m = 0, which corresponding to the (integrable) transverse-field Ising model.

As in Fig. 2, the parameter domain 0.7 ≲ h/J ≲ 2, 0.2 ≲ m/J ≲ 0.9 shows strong uniform eigenstate
delocalization for all considered Pauli bases. In this regime we observe a consistent maximization of E[D1],
which is accompanied by a drop of variance Var[D1], signaling uniform properties of the eigenstates over the
bulk of the spectrum. The fact that this happens independently of the chosen basis, confirms that this region
is indeed characterized by strong quantum chaotic behavior. Consequently, we expect our model to align
well with the ETH predictions in this parameter regime. Note that the remaining parameter regions show
different signatures for each chosen basis. This is expected. The fractal dimensions are, by construction, basis-
dependent and we expect traces of this basis-dependence to be visible within the non-chaotic regimes of the
model. Physically, we can identify three regular limits of the Ising model (30); m/J → ∞, h/J → ∞ or
m,h → 0. In these limits the Hamiltonian is effectively given by only a single term. In general, we expect ETH
to be not applicable in the regular limits. In the limit m/J → 0, the mixed-field Ising model approaches the
transverse field Ising model, which can be mapped to free fermions via the Jordan-Wigner transformation. This
is an integrable (i.e. non-chaotic) model—however, it can exhibit critical behavior.

D.1.2 Hamiltonian parameter points for the numerical investigation

To investigate the dynamical regimes of the mixed-field Ising model, we consider several parameter configura-
tions, covering different dynamical regimes of the Hamiltonian (30), for our simulations. These configurations
are shown in Fig. 12 as white crosses with corresponding labels. We consider points along an anti-diagonal
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Figure 13: Mean level spacing ratio of the even-parity symmetry sector of the mixed-field Ising model (30) for n = 8 qubits. The
level spacing ratio distriution is computed in the even parity symmetry sector of the model. In the quantum chaotic parameter
region, its mean value ⟨r⟩ approaches the prediction from the Gaussian orthogonal ensemble (GOE), given by ⟨r⟩GOE = 0.5307
[75, 86]. We observe that the region identified as quantum chaotic by the mean level spacing ratio is well-aligned with the
regime identified from the eigenstate delocalization analysis shown in Fig. 12. The considered parameter points used for our
numerical investigation (white crosses) are shown again for comparison. They are summarized in Tab. 1.

through the center of the phase diagram (m = h = 1) (REG, INTER, CH3, REG2). The points REG and REG2 are
exemplary for the two regular model limits, where either the longitudinal or the transverse field dominates the
dynamics, cf. Eq. (30). The point CH3 is located within the chaotic domain of the model. Additionally, we
investigate the point KIH, considered in [109] as a “robustly non-integrable” parameter point based on the dis-
tribution of level spacing ratios. From the standpoint of eigenstate delocalization, this parameter point seems to
be located close to the edge of chaos. We further explore the transition towards the transverse-field Ising model
(m → 0) with the three points TFIM, CH2 and CH, located on the vertical line h = 1 for three different values
of m. All eight parameter points are summarized in Tab. 1. According to our fractal dimension analysis, we
expect that the configurations CH, CH2 and CH3, show the clearest signatures of quantum chaos and, therefore,
that ETH is applicable at these points.

D.1.3 Distribution of level spacing ratios

For comparison, we provide numerical data for another frequently employed signature of quantum chaos, the
level spacing ratio distribution r [85, 86]. Let Ei denote the ordered energies (in ascending order) of the
Hamiltonian, in our case the mixed-field Ising model (30), and si = Ei+1 − Ei the i-th level spacing. The
level spacing ratios are defined by ri = min(si+1/si, si/si+1). In quantum chaotic systems, the distribution of
level spacing ratios follows the corresponding distribution of an appropriate ensemble of random matrices. In
our case of the mixed-field Ising model (30), which is time-reversal symmetric, the appropriate ensemble is the
Gaussian orthogonal ensemble (GOE). Typically, one simply considers the mean value of level spacing ratios
⟨r⟩ as quantum chaos signature, which is predicted to be ⟨r⟩GOE = 0.5307 by GOE.
Figure 13 shows ⟨r⟩ for the mixed-field Ising model in the parameter range m ∈ {0} ∪ [10−1, 101], h ∈

[10−1, 101], as considered in Fig. 12. Note that symmetries of the model will strongly alter the distribution of
energy levels, hence one first has to remove those symmetries, respectively work in the individual symmetry
sectors. Our considered mixed-field Ising model with open boundary conditions (30) is symmetric with respect
to reflection at the center of the chain. We remove this symmetry by projecting the Hamiltonian to the even
parity symmetry sector. The observed region of quantum chaos, ⟨r⟩ ≈ ⟨r⟩GOE, aligns well with the parameter
region identified in Fig. 12 by the transition to uniformly delocalized energy eigenstate.

D.2 Mixing time and convergence accuracy
We extend our analysis of mixing time and convergence accuracy in Secs. 5.2 and 5.3. Especially, we take a
closer look at the influence of the locality k of our jump operators and of the initial state on the Lindblad
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Figure 14: Scaling of mixing time (top row) and spectral gap (bottom row) for varying k = 2, 3, n, indicated by color, and two
different initial states, the maximally mixed state I/2n and the zero state |0⟩⊗n. We observe a general increase of the mixing
time, and a corresponding decrease of ∆L, with the locality k of the jump operators. Especially non-local jump operators,
k = n, show a significantly faster increase (decrease) of the mixing time (spectral gap), as compared to local operators. In
most cases, the zero state converges faster to the steady state. This effect is most prominent for the chaotic Hamiltonian
parameter point CH3, see Tab. 1.

evolution in App. D.2.1. In App. D.2.2 we discuss the influence of the Bohr frequencies and the initial state’s
energy distribution on convergence accuracy and mixing time. We also investigate the influence of the coherent
term −i[H, ρ] in the Lindbladian on the mixing dynamics in App. D.2.3.

D.2.1 Non-local jump operators and initial state

The upper row of Fig. 14 shows the scaling of the mixing time estimate t̂mix (7) with n, for two initial states and
three values of k = 2, 3, n. As Hamiltonian parameter points we consider CH2, KIH, INTER and CH3, cf. Tab. 1,
i.e. the parameter sets that are not considered in Sec. 5. Note that the point REG2, which is dominated by the
transverse field, fails to converge below convergence accuracy ∥σβ − ρ(t)∥1 = 10−2 within the maximal time
horizon considered in our simulations for all cases, see App. D.3 for details. Therefore, we do not have mixing
time estimates for this point. We fix |A| = 50 random k-local Pauli jump operators, cf. Sec. 5, in Fig. 14. As
an initial state, we compare the maximally mixed state I/2n (solid lines), with I the 2n × 2n identity, to the
zero state |0⟩⊗n

(dotted lines). The different values of k are indicated by color. Firstly, we observe that the
chaotic parameter points CH2 and CH3 show faster convergence than the other two points, i.e. shorter mixing
time t̂mix. The point KIH, according to our analysis in Fig. 12 located at the edge of chaos, still shows a faster
mixing than the non-chaotic point INTER. These observations are in line with the results discussed in Fig. 4.
The locality of the jump operators has a huge influence on the mixing time. Note that the ETH ansatz (11)
assumes local operators with k ≪ n. Indeed, for local jump operators, k = 2, 3, t̂mix scales polynomially in n
with approximately the same small exponent for both initial states and both values of k. This confirms our
observations Fig. 4, showing that our analytical bounds are applicable in this case. In turn, non-local jump
operators, k = n, show a a much faster growth of the mixing time with n (for both initial states), potentially
even with a super-polynomial dependency on n. To validate this observation, simulations of larger system sizes
would be necessary. Regarding the influence of the initial state, for the chaotic point CH3, we observe that
choosing the zero state as the initial state gives consistently shorter mixing times as compared to starting from
the maximally mixed state. For the remaining parameter points, this effect is less pronounced, but we still
observe a weak increase in mixing time for the maximally mixed state in most cases.
In the lower row of Fig. 14 we show the spectral gap ∆L as a function of n for the same Hamiltonian parameter

points. For k = 2, 3 we observe, similar to Fig. 4, a polynomial decrease of the gap with n, in line with our
theoretically predicted bound (181). For non-local jump operators, k = n, we observe a much faster decay of
∆L with n. Whether this decay is polynomially or super-polynomially, we cannot reliably assess based on the
limited number of data points. As expected, the gap mirrors the behavior of the mixing time; larger mixing
times correspond to smaller gaps, and vice verse. This supports the theoretical bound (16), stating that the
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Figure 15: Convergence of the Lindblad dynamics for two random pure initial states (rows). We plot trace distance versus
evolution time (in units of 1/J) for Hamiltonian parameters REG (left) and CH (right), as in Fig. 3. For CH, the mixing time
is comparable for both states (as also for the maximally mixed initial state considered in Fig. 3), and increases monotonically
with system size n. For the point REG, the mixing time strongly fluctuates with varying n. The mechanism behind this is
explained in more depth in App. D.2.2.

mixing time is mainly controlled by the spectral gap of the Lindbladian generator.
Figure 14 shows that for the considered Hamiltonian parameters, the initial state does not have a strong

influence on the mixing time. Moreover, mixing time increases, as expected, monotonically with system size.
Note, however, that the four parameter combinations are all sufficiently far away from the regular limits of our
model, and the above described behavior can strongly change in these limits. For example, the left panel of
Fig. 3 shows that for the regular point REG, mixing time does not monotonically increase with system size, e.g.
for n = 5 the dynamics converges faster to the steady state than for n = 3.

To underline this effect, we compare in Fig. 15 the convergence dynamics for parameter points REG, CH and for
two pure initial states sampled from the Haar distribution. While for the chaotic point CH, the mixing time of all
initial states shows roughly the same dependence on system size n, for REG the mixing time strongly fluctuates
as n is varied. For example, n = 8 for random state 1 shows comparably fast mixing, while n = 5 for random
state 2 mixes extremely slowly. We observed similar effects for various other random initial states. The reason
behind this is a strong sensitivity of the dynamics to the initial state’s energy distribution in the regular limits.
We describe this phenomenon in more detail in App. D.2.2 by connecting the initial states’ energy distribution
with the Bohr frequency spectrum of the Hamiltonian.

D.2.2 Bohr frequencies and convergence

Mixing time The left and middle column of Fig. 16 show the distribution of Bohr frequencies for Hamiltonian
parameters REG and CH and n = 5, 7. A schematic representation of the filter function ην , see Eqs. (9) and (55),
in the frequency domain is added as pink curve. For REG there are many energy levels, and correspondingly Bohr
frequencies, that are almost degenerate, resulting in a strongly discretized and broadly spaced distribution, with
large regions that are not covered by Bohr frequencies of the model. In comparison, for the chaotic point CH
there are no degeneracies and the Bohr frequency distribution follows an almost continuous and densely packed
Gaussian-like shape.
The mixing time of the system, i.e., the ability of the system to transform an initial energy distribution to

the Gibbs distribution, is controlled by those Bohr frequencies that are selected by the filter function ην . For
REG, due to the discreteness of the distribution, there are only a few selected Bohr frequencies that participate
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Figure 16: Bohr frequencies and initial state energy distribution. The left and middle column show the distribution of Bohr
frequencies (as normalized histograms) of the mixed-field Ising model (30) for parameter points REG and CH and n = 5, 7
(rows). The pink curves schematically depict the Gaussian filter function (55) of our Lindblad operators (8) in the frequency
domain. The regular limit REG shows a discontinuous distribution due to many energy levels that are almost degenerate. In
comparison, the Bohr frequency distribution of the chaotic point CH is smooth with a Gaussian-like shape. The right column
shows the energy distribution (as normalized histograms) of two exemplary random pure initial states (state 1 and state 2 in
Fig. 15) for the two parameter points. The interplay between initial energy distribution, Bohr frequencies and filter function
determines the mixing properties of the dynamics. In the regular point REG the initial state has a much stronger effect on the
dynamics due to the discreteness of the Bohr frequencies, as can be seen in Fig. 15.

effectively in the dynamics. Thus, the mixing time strongly depends on how these few Bohr frequencies can
transform the initial states’ energy distribution to the Gibbs distribution. On the other hand, the broadband
of Bohr frequencies that are active in the chaotic point CH ensures that the mixing time is to relatively robust
to the energy distribution of the initial state. To exemplify this, we show in the right column of Fig. 16 the
energy distribution of random initial state 1 (r1) and random initial state 2 (r2) used in Fig. 15 (identified
in the legend), for REG and CH. To compare different system sizes and parameter points, we rescale energy
to the interval [0, 1] and sample 104 energies from the energy distribution of each initial state. The resulting
distributions are shown as histograms with 10 bins on the rescaled energy axis. We observe that in the regular
point REG, the state r2 (yellow bars) shows a relatively strong concentration of the distribution for n = 5 in
the sixth and eighth bin, while the corresponding distribution for n = 7 is broader. This statistical feature is
accompanied by a larger mixing time for n = 5 than for n = 7, as visible from the red and pink curves in the
left column of Fig. 15. In general, the precise in interplay of energy distribution, Bohr frequencies and the filter
function is complex, so concrete mixing time predictions will be difficult to make for points such as REG, with
many almost degenerate levels.

Convergence accuracy Let us turn to the convergence accuracy of the Lindblad evolution, i.e. the trace
distance ∥σβ − ρ∞∥1 between Gibbs state σβ , Eq. (1), and the steady state ρ∞ of L, Eq. (3). In Fig. 17 we
plot this distance as a function of |A| for varying n = 5, 6, 7, indicated by color. We show results for the five
Hamiltonian parameter points not discussed in the main text in Sec. 5. We set the locality to k = 2. Other
values of k exhibit a similar behavior. In all cases we observe a polynomial decrease of ∥σβ − ρ∞∥1 with the
number of jump operators |A|, which is qualitatively in line with our analytical prediction in Eq. (18). The
approximate leading order exponent κ of the decay is obtained from a linear fit in the double-logarithmic scale
and is given for each curve in the legend. We generally observe, as in Fig. 5, slightly smaller exponents (in
absolute value) between κ ≈ −0.2 and κ ≈ −0.4 for all parameter points except the point REG2. In comparison,
our upper bound (18) predicts an exponent of κ = −1/2. The parameter point REG2 shows the predicted scaling
with good accuracy. However, this point resides in a regular limit of our model (30), where the Hamiltonian is
mainly controlled by the transverse field only, and we cannot expect ETH to be a faithful description for the
system at this point.
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Figure 17: Scaling of the convergence accuracy ∥ρ∞ − σβ∥1 with the number of jump operators |A|, for the parameter
configurations not considered in Fig. 5, and n = 5, 6, 7 (denoted by color). We consider (k = 2)-local jump operators. As in
Fig. 5, we observe a polynomial decay with |A|. The leading order polynomial exponents κ (obtained from a fit) are given
in the legend. We observe −0.3 < κ for the close-to-chaotic configurations CH2 and KIH, and slightly larger (in modulus) κ
for the less chaotic points INTER and REG2. In turn, these points, generally, show lower distances ∥ρ∞ − σβ∥1, i.e. a higher
accuracy. For REG2, the distance is around two orders of magnitude smaller than in the chaotic regime. The same effect was
observed for the other regular limit REG of our model (30), cf. Fig. 5. We give an explanation of this effect in App. D.2.
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Similar to Fig. 5, we observe a trace distance ∥σβ − ρ∞∥1 of order 10−4. Only the regular limit REG2,
similar to the other regular limit REG in Fig. 5, shows a significantly lower trace distance of order 10−6. First,
let us consider REG by setting (h/J,m/J) = (0, 3) to understand its qualitative convergence behavior. The
corresponding Hamiltonian has the Bohr frequencies, BH = {±2ℓJJ ± 2ℓmm}ℓJ ,ℓm∈{0,±1,±2,... }. The Lindblad
operators are given by Eq. (53),

La =
∑

ν∈BH

ηνA
a
ν ≈ η−2JA

a
−2J . (196)

We used that the jump operator with ν = −2J dominantly contributes because the others are suppressed
by ην ∝ e−(βν+1)2/8 [Eq. (55)] for β = (2J)−1. With this Lindblad operator, the dissipative part of the
Lindbladian (51) approximately takes the Davies form,

D[ρ] ≈
∑
a∈A

γaη
2
−2J

(
Aa
−2JρA

a†
−2J − 1

2{Aa†
−2JA

a
−2J , ρ}

)
. (197)

One can readily show that the approximated generator (right-hand side) is exactly σβ-DB (i.e. σβ being the
exact steady state). Thus, the steady state of L is comparably close to the Gibbs state. Similarly, we can
qualitatively understand the convergence at REG2 by considering (h/J,m/J) = (6, 0). At the leading order in
h/J , where the energy eigenstates are those of h

∑
i Xi, the Bohr frequencies are BH = {±2ℓhh}ℓh∈Z. The

Lindblad operators are given by Eq. (53), La ≈ η−2hA
a
−2h with η−2h ∝ e−(−6βJ+1)2/8. This again explains why

the convergence accuracy is high at REG2. Moreover, since even the most dominant transition rate is strongly
suppressed by η−2h, the applications of the jump process rarely happen, and hence, the mixing time is large.

D.2.3 Influence of the coherent term

Note that the coherent term −i[H, ρ] of the Lindbladian L does not enter explicitly our derivation of the spectral
gap bound and the fluctuations around the ETH average in Secs. C.3 and C.4. This is because the coherent
term only contributes a complex phase in the calculations and, thus, does not influence the decay behavior
of the classical Markov chain, cf. Sec. C.3.2, capturing the action of the ETH-averaged Lindbladian ERL.
Moreover, in Sec. C.4, the influence of the coherent term directly drops out in the difference between L and
the ETH-averaged Lindbladian ERL. Nevertheless, the coherent term can have a significant influence on the
convergence speed of the Lindblad dynamics in practice, see for example [34, 110].
In the following we numerically study the influence of the coherent term on the evolution. Figure 18 compares

the dynamics for two exemplary parameter configurations, REG and CH, with and without the coherent term
for the Lindbladian (3). In the four rows we plot the time evolution of the trace distance ∥ρ(t) − σβ∥1 for

two initial states (the maximally mixed state ρ(0) = I/2n and the zero state |0⟩⊗n
) and, each case, with and

without the coherent term in L. In each row we show the two parameter configurations REG and CH and consider
n = 3, . . . , 8. The first row replicates Fig. 3.

We observe that, in all cases, the coherent term leads to a more accurate convergence towards the Gibbs
state σβ in the long time limit. Without the coherent term, the simulation does not converge to accuracies
below 10−2. In terms of convergence speed, which can be estimated from the slope of the curves for early and
intermediate times, the influence of the coherent term is less clear. One can potentially discern a slightly faster
convergence for CH, n ≥ 5 and using |0⟩⊗n

as initial state, if the coherent term is present. For the other cases,
there is no significant difference in convergence speed with and without coherent term.

D.3 Details of the numerical scheme
In this section we describe our adaptive numerical scheme for simulating the Lindblad dynamics. Key to
the procedure is a Hermitianity test during the time evolution, which allows us to monitor the stability of
the numerics and to stop the simulation in case the temporal step size is chosen too large. As can be seen
from Tab. 1, the optimal step size for simulation can vary substantially for different Hamiltonian parameter
configurations, such that this ability is crucial for our numerical studies. In Sec. D.3.1 we introduce our adaptive
scheme based on a fourth-order Runge-Kutta step. Our method, which we denote by dmRK4 for brevity, is
based on simulating the dynamics of the full density matrix, in combination with randomization over jump
operators, similar to our quantum algorithm described in Sec. 4. In Sec. D.3.2 we provide numerical support for
our proposed step size update criterion. Note that, for large systems, the processing of the full density matrix
of size 2n × 2n becomes a limiting factor, such that so-called Monte Carlo wave function (MCWF) techniques
(also called quantum jump approach) [66, 111–113] need to be considered. Therefore, in Sec. D.3.3, we compare
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Figure 18: Influence of the coherent term on the convergence of the Lindblad dynamics. We plot trace distance versus evolution
time (in units of 1/J) with parameters as in Fig. 3. The four rows show results for: (i) ρ(0) = I/2n, with coherent term;
(ii) ρ(0) = I/2n, without coherent term; (iii) ρ(0) = |0⟩⟨0|⊗n, with coherent term; (iv) ρ(0) = |0⟩⟨0|⊗n, without coherent
term (with I being the 2n × 2n identity operator). For both initial states and both parameter configurations, inclusion of
the coherent term significantly improves the convergence towards the target Gibbs state σβ . The speed of convergence, as
discernible from the early time behavior of the curves, appears to be less influenced by the coherent term.
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the accuracy and runtime of our method and a standard MCWF solver. Our numerical evidence shows that, for
intermediate-sized systems, the proposed dmRK4 exhibits for our setting a substantial performance advantage
over the MCWV method, which typically requires a much larger number of trajectories to obtain accurate
results. Independently from the dmRK4 solver, Sec. D.3.5 gives a brief discussion on how the spectral gap of
the Lindbladian L is computed in our work.

D.3.1 Adaptive Runge-Kutta scheme

Our adaptive dmRK4 scheme proceeds in two steps. Firstly, the density matrix of the next time step is computed
based on a Runge Kutta 4 update step. Secondly, we test whether the predicted density matrix is still Hermitian.
If this is not the case, this indicates that the simulation is unstable and that the time step size δtRK needs to
be reduced. The simulation is started again from the beginning, or from the previous time step, with a reduced
step size. In Sec. D.3.2 we show numerical evidence that in case of a too large step size, the simulation stops
early and this procedure yields an efficient way to determine a suitable step size δtRK.

As jump operators, we consider a set of random k-local Pauli jump operators Aa = P1 ⊗ · · · ⊗ Pn with
Pi ∈ {I1Q, X, Y, Z} and |{i : Pi ̸= I1Q}| = k, indexed by a ∈ A. Here, I1Q is the 2 × 2 identity matrix. A
random k-local Pauli is specified by: 1) k-tuple (i1, . . . , ik) of distinct positions (in the 1D spin chain) from the
set {1, . . . , n} picked uniformly at random from the set of all such k-tuples; 2) a k-tuple picked uniformly at
random from the set {I1Q, X, Y, Z}k. For our numerical studies, we vary the size of A and the locality k of the
jump operators, cf. Secs. 5 and D.2. To advance the system state for a single time step, we use a randomized
approach similar to our quantum algorithm described in Sec. 4. Let ρ(i)(jδtRK) describe the time-evolved state
of a single trajectory i = 1, . . . , Ntra at time step j. To advance each trajectory in time, we do not apply the
full Lindbladian (3), but, instead, choose Ntra random jump operators Aai with ai ∈ A, i = 1, . . . , Ntra with
probability pai = 1/|A|, and perform a fourth-order Runge-Kutta step with the Lindbladian generated by this
single jump, Lai = −i[H, ·] + Dai [with Dai as defined in Eq. (20)] for each i. This procedure approximates the
dynamics generated by (3) for γa = γpa with overall dissipation strength parameter γ = 1. In contrast to our
quantum protocol, we do not factorize the coherent and dissipative parts of the one-step time evolution as in
Eq. (19), but instead apply the Lindbladian Lai for each i according to the scheme

ρ(i)((j + 1)δtRK) = ρ(i)(jδtRK) + δtRK

6 (kai
1 + 2kai

2 + 2kai
3 + kai

4 )

kai
1 = Lai [ρ(i)(jδtRK)]
kai

2 = Lai [ρ(i)(jδtRK) + δtRKk
ai
1 /2]

kai
3 = Lai [ρ(i)(jδtRK) + δtRKk

ai
2 /2]

kai
4 = Lai [ρ(i)(jδtRK) + δtRKk

ai
3 ].

(198)

This advances each trajectory i one step forward in time. The average state at time point (j + 1) is given

by ρ((j + 1)δtRK) =
∑Ntra

i=1 ρ(i)((j + 1)δtRK)/Ntra. To obtain an approximate solution to Eq. (2), we have to
average over a suitable large number of trajectories. In practice, we observe that only a very small number
of trajectories, of the order of ten, suffices for our purposes, as can be seen for example from the mixing time
estimates (vertical dashed lines) in Fig. 3. For all our simulations, we each use Ntra = 10 trajectories for system
sizes n = 3, . . . , 7, and Ntra = 3 trajectories for n = 8.
To obtain a suitable step size δtRK, we start with a fixed starting step size δt0RK and evolve the system

as described above under Eq. (198) until the average state ρ(jδtRK) becomes non-Hermitian. More precisely,
at step j we first check if ρ(jδtRK) is Hermitian (up to a given accuracy) and, if so, normalize the state,
tr[ρ(jδtRK)] = 1, and project it to the Hermitian subspace via ρ(jδtRK) = (ρ(jδtRK) + ρ(jδtRK)†)/2 to remove
a potential small overlap with the non-Hermitian sector. If ρ(jδtRK) is non-Hermitian, the simulation is stopped
and we start again, either from the previous step or from the initial state ρ0 (resetting the simulation completely)
with reduced step size δt1RK = δt0RK/2. This procedure is repeated until ρ(jδtRK) stays Hermitian for all time
steps j. We numerically observe that, if δtRK is too large, a small number of steps (198) evolves ρ(jδtRK) into
a state ρ((j + 1)δtRK) which is far away from the Hermitian subspace, cf. Sec. D.3.2. On the other hand, if the
step size is sufficiently small, the state stays Hermitian for all times.
Note that we can make the scheme exact by performing Eq. (198) with the full Lindbladian L, instead of the

randomly selected Lai . More precisely, for the exact scheme we apply Eq. (198) with the full L = −i[H, ·]+D =
−i[H, ·] +

∑
a∈A Da/|A|. The full dissipator D is given in (51) with γa = 1/|A| (see also Eq. (121) and the

discussion before Eq. (19), with γa = γpa, γ = 1 and pa = 1/|A|). In this case we do not have to average
over trajectories, and ρ((j + 1)δtRK) denotes the state obtained by this procedure at iteration step j + 1. In
Secs. D.3.2, D.3.3 we verify that this scheme is consistent, i.e. that the exact scheme converges up to machine
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Figure 19: Convergence in trace distance of the dmRK4 and MCWF methods towards the exact steady state of L. The left
plot shows the trace distance to the exact steady state (solid) and the target Gibbs state (dashed) as a function of time Jt
for the exact dmRK4 solver (cf. Sec. D.3.1, for varied step size δtRK and n = 5. For δtRK ≥ 0.3, the simulation stops after a
small number of time steps, due to the violation of our proposed Hermitianity check. For δtRK ≤ 0.2 the state stays Hermitian
for all times and the simulation converges up to machine precision to the exact steady state of L. The distance towards the
Gibbs state plateaus at a fixed value around 10−3 which is approximately the distance between exact steady state and the
Gibbs state. The right plot compares the time dependence of the trace distance for the MCWF and our randomized dmRK4
scheme (cf. Sec. D.3.1 for n = 7. We simulate the dynamics for varied number of trajectories Ntra (indicated by color). The
dmRK4 scheme converges already for a single trajectory to precision 10−2. The accuracy of the MCWF method is orders
of magnitude worse, even for a larger number Ntra = 30 of trajectories. For a more complete analysis of the convergence
dependence on Ntra see Fig. 20.

precision to the exact steady state of L, and that the randomized scheme converges to the exact result for
increasing number Ntra of trajectories.

D.3.2 Step size dependence and Hermitianity check

To justify the proposed Hermitianity criterion and step size update, we analyze in Fig. 19 (left panel) the
convergence of the exact scheme for varied step sizes δtRK = 0.1, 0.2, . . . , 0.5. We consider the parameter point
CH. We plot the trace distance between time-evolved state and the exact steady state (solid lines) versus the
evolution time (in units of 1/J). We observe a clear transition in the convergence behavior for δtRK between 0.2
and 0.3. For δtRK ≥ 0.3, the trace distance grows quickly for a couple of time steps after which the simulation
stops because our Hermitianity criterion is violated. For δtRK ≤ 0.2, the simulation continues and converges up
to machine precision to the exact steady state of the model. We also show the distance between time-evovled
state and the Gibbs state (which is not identical to the exact steady state, since L is not exacty DB) as dashed
lines, which plateau at a value of order 10−3.

The optimal step size δtRK for each simulation needs to be chosen to be below, but close, to the transition
between divergence and convergence. We approximate this value by initializing the step size with a given value,
and halving this value when the simulation fails and restarts, cf Sec. D.3.1. Table 1 shows the in this way
obtained step sizes δtRK for the considered Hamiltonian parameter configurations and system sizes.

D.3.3 Comparison to the Monte Carlo wave function method

The MCWF method is based on simulating the time evolution of state vectors (i.e. wave functions) using an
effective Hamiltonian and applying the jump operators (quantum jumps) in a similar randomized fashion as
in our dmRK4 scheme. The full (mixed-state) Lindblad time evolution is then realized by taking appropriate
averages over many realizations of these pure state trajectories. A review of the method and applications is
given for example in [66]. The advantage of the method lies in the fact that only pure states are evolved
and need to be stored, i.e. state vectors of size 2n. In comparison, our dmRK4 scheme requires storing and
manipulating the full density matrix of size 2n × 2n, which becomes the computational bottleneck for large n.
While our ansatz has this limitation, below we discuss numerical evidence showing that for intermediate system
sizes the dmRK4 scheme can be significantly more performant than MCWF. For our simulations we use the
QuTiP implementation of MCWF [114, 115].
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Figure 20: Comparison of convergence accuracy and fluctuations versus simulation runtime comparison between dmRK4 and
MCWF. The left plot shows the convergence accuracy, i.e. the average trace distance within the plateau in the right plot of
Fig. 19 for Jt ≥ 700. The left plot shows the corresponding variance around the mean value. Solid (dashed) lines show the
results for dmRK4 (MCWF). The points along the lines correspond to different values of Ntra, ordered from small (upper left)
to large (lower right), and indicated as small numbers for the dark blue lines. Colors indicate the system size. For all n, our
dmRK4 method achieves higher accuracies and smaller fluctuations than MCWF by orders of magnitude, even if much larger
Ntra are used for MCWF. A straight-forward extrapolation of the dashed lines suggests that much larger simulation runtimes
(around > 106 seconds) would be required to achieve comparable accuracies to our dmRK4 method.

The right panel of Fig. 19 shows the trace distance between the steady state and the time-evolved state for
the randomized dmRK4 solver (solid), cf. Sec. D.3.1, and the MCWF simulation (dashed). As before, we
consider the parameter point CH. We show exemplary results for varied numbers of trajectories Ntra between
1 and 30, and consider a system of n = 7 qubits. The dmRK4 method shows significantly better convergence
than MCWF. Already a single trajectory, Ntra = 1, suffices for dmRK4 to converge below accuracy 10−2, while
larger numbers of trajectories lead to accuracies below 10−3. On the other hand, for all shown Ntra, MCWF
does not converge below 0.4.
A more complete picture is given in Fig. 20, where we compare convergence and runtime of both methods for

varied n and Ntra (again for CH). To quantify the convergence accuracy and fluctuations we compute the mean
and variance of the time signals, shown in the right panel of Fig. 19, in the region of large evolution times Jt > 700
(where the signals are all converged to their respective long-time value). We compute these quantifiers for
n = 4, 5, 6, 7 and Ntraj = 1, 5, 10, 15, 20, 25, 30 for dmRK4 and for Ntraj = 1, 5, 10, 15, 20, 25, 30, 100, 200, 300, 400
for MCWF. For each case we also measure the runtime of the simulation (on a standard laptop). Figure 20 shows
average (left panel) and variance (right panel) of the trace distance versus the runtime. For each n (indicated by
color), the points along the lines correspond to increasing values of Ntra, ordered from small (upper left) to large
(lower right). For the dark blue lines we indicate the Ntra values as small numbers next to the points. Note that
we are using a larger Ntra-range for MCWF (dashed lines). The data shows a clear separation between dmRK4
and MCWF, both, in terms of average trace distance and variance. Generally, the average trace distances are
around two orders of magnitude smaller for the dmRK4 solver, and this even though much larger Ntra are used
for MCWF. A rough extrapolation of the dashed lines shows that, to obtain similar accuracies as dmRK4, the
MCWF method will likely require runtimes of around > 106 seconds. A similar picture is given for the variance
around the average trace distance in the right plot.

D.3.4 Comments and improved classical simulation techniques

Let us add a few comments. Interestingly, in the left panel of Fig. 20 we see that the accuracy of the simulation
does not degrade for larger n for dmRK4, while there is a weak degradation effect for MCWF. At the same
time, for dmRK4 the variance is slightly reduced for increasing n (for fixed Ntra), which hints at a concentration
effect that would be interesting to explore further in the future. In addition, note that the Hermitianity check
cannot be applied to MCWF methods, which only evolve and store the state vector. Hence, the corresponding
density matrix estimate, given by averaging pure states over trajectories, is Hermitian by construction.

An interesting future avenue is to explore the combination of tensor network methods with our dmRK4
scheme, similar as proposed by [71, 72]. The requirements for such a scheme are similar to [71], namely the
ability to encode Hamiltonian and Lindblad operators as low-bond-order tensor network operators, and a limited
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bond order increase during time evolution for the tensor network representation of ρ(jδtRK). This poses unique
challenges for tensor network methods. Specifically, for quantum chaotic Hamiltonians we expect the Lindblad
operators, given in form of operator Fourier transforms (8), to be strongly entangling. In this case, one would
require large bond orders to represent the Lindblad operators as tensor network operators. For example [72]
develop a tensor network protocol for simulating dissipative dynamics under the OFT Lindblad operators (8).
One step of discretized Lindblad dynamics entails a computational cost of O(D5

B) (cf. Sec. V in [72]), where
DB is the bond order of the matrix product operator representation of the Lindblad operators. Even if DB

stays sub-exponentially during the evolution—a questionable assumption in the case of chaotic Hamiltonians
as discussed above—this constitutes a large polynomial overhead cost in terms of bond order, and further
improvements of such schemes would be desirable for future applications.

D.3.5 Spectral gap of the Lindbladian

To determine the spectral gap of the Lindbladian L, Eq. (3), we construct the vectorization L of L, cf. Eqs. (152)
and (153), as

L = −i (I ⊗H −H⊺ ⊗ I) +
∑

a

∑
µ,ν

ηµην

(
(Aa

ν)∗ ⊗Aa
µ − 1

2I ⊗ (Aa
µ)†Aa

ν − 1
2(Aa

ν)⊺(Aa
µ)∗ ⊗ I

)
. (199)

In general, L is not Hermitian and, thus, has complex eigenvalues ℓi ∈ C, i = 1, . . . , 22n. If L has a unique
steady state (as we always assume here), there is a single eigenvalue which is zero, and all other eigenvalues
have negative real parts. This is, indeed, the case for all settings considered here. Without loss of generality,
let ℓ1 = 0. Then we compute the spectral gap of L as the distance between zero and the second largest real
part of the spectrum,

∆L = min{|Re[ℓi]| | i = 2, . . . , 22n}. (200)

E Noise study
In this appendix, we provide additional details and data supporting the noise study presented in Sec. 6. After
recalling the setup of interest (App. E.1), we derive and discuss bounds for the convergence accuracy of a state
prepared through Lindbladian evolution subject to global depolarization noise (App. E.2). These bounds are
generalized to stochastic noise (App. E.3). We summarize the main result here as a theorem:

Theorem 3. For a Hamiltonian H and inverse temperature β, let ΓM := eMδtL be a Lindblad dynamics that
admits the Gibbs state σβ as a steady state. Assume the state converges to the Gibbs state as ∥ΓM [ρ0] −σβ∥1 ≤
Be−αM for an arbitrary initial state ρ0 and n-dependent variables α and B. Then the modified dynamics
(Λλ ◦ Γ)M subject to a stochastic noise channel Λλ (209), with probability of no error incurring λ, admits the
steady state ρ̃∞ that satisfies ∥ρ̃∞ − σβ∥1 ≤ Bλ

1−(1−λ)e−α .

We then provide details of the scaling study (App. E.4). We present bounds obtained through a more generic
noise analysis and based on what would be obtained for unitary circuits (App. E.5 and E.6, respectively). These
are used for the Fig. 6 of the main text.

E.1 Setup
The noiseless dynamics corresponding to M steps of Lindblad evolution, each of duration δt, is given by
ΓM = (eδtL)M , with L the Lindbladian admitting the target Gibbs state σβ as a steady state. We also denote

Γ := Γ1 = eδtL. The noisy dynamics is defined as Γ̃M = (Λλ ◦ Γ)M , and accordingly Γ̃ = Λλ ◦ Γ, where each
step of ideal evolution is followed by a noise channel Λ. We start by considering a global depolarization channel

Λλ[X] := (1 − λ)X + λTr[X] I2n
, (201)

although the following derivations apply (with minor adjustments) to generic stochastic noise, as detailed in
App. E.3. Under this simplified noise model, the probability λ ∈ [0, 1] appearing in Eq. (201) can be related
to the probability of a random error happening per step of evolution. With Ng the number of noisy quantum
operations (typically 2-qubit gates) involved in the circuit simulating such evolution, and denoting as λg the
probability of error per gate, the probability λ satisfies

(1 − λ) = (1 − λg)Ng . (202)

Accepted in Quantum 2025-08-20, click title to verify. Published under CC-BY 4.0. 52



Let ρM := ΓM [ρ(0)] be the state obtained under noiseless evolution starting with the maximally mixed state
ρ(0) = I/2n. As M increases, ρM converges towards σβ , and we assume such convergence to be captured in
trace distance by:

∥ρM − σβ∥1 ≤ Be−αM , (203)

where both the convergence rate α and prefactor B can depend on the system size n. We highlight that the
convergence rate α depends implicitly on the choice of evolution step δt, through the definition of ρM . Denoting
this dependence explicitly, we have α(aδt) = aα(δt) for any a > 0. For now, we assume that δt is fixed and
drop it in our notations. Let us denote M∗(ε) the smallest number of steps such that ∥ρM∗ − σβ∥1 ≤ ϵ. From
Eq. (203) it is obtained as:

M∗(ϵ) = ln(B/ϵ)
α

. (204)

Finally, let ρ̃M = Γ̃M [ρ(0)] be the state obtained after M steps of noisy evolution starting again from ρ(0)
and let us define ρ̃∞ to be the steady state of the noisy evolution such that Γ̃M [ρ̃∞] = ρ̃∞.

E.2 Convergence of the noisy states towards the target Gibbs state
Our aim is to understand how the noise affects the convergence of the noisy dynamics. In particular, we want
to bound the distance ∥ρ̃M − σβ∥1 between the noisy state and the target Gibbs state. To do so, we can relate
the states prepared through noisy and noiseless evolutions. For instance, after one step of noisy evolution, we
get:

ρ0
Γ:=eδtL

−−−−−→ ρ1
Λλ−−→ ρ̃1 = λρ0 + (1 − λ)ρ1.

Iterating such step, we get that after M steps of noisy evolution, the resulting state has the form

ρ̃M = (1 − λ)MρM + λ(1 − λ)M−1ρM−1 + · · · + λ(1 − λ)ρ1 + λρ0

= (1 − λ)MρM + λ

M−1∑
m=0

(1 − λ)mρm.
(205)

Making use of Eq. (203) and the triangle inequality, we obtain an upper bound for ∥ρ̃M − σβ∥1 at arbitrary M :

∥ρ̃M − σβ∥1 ≤ B̃M := (1 − λ)M ∥ρM − σβ∥1 + λ

M−1∑
m=0

(1 − λ)m∥ρm − σβ∥1

= B

[
(1 − λ)M e−αM + λ

M−1∑
m=0

(1 − λ)me−αm

]

= B

[
uM

0 + λ
1 − uM

0
1 − u0

]
with u0 := (1 − λ)e−α ∈ [0, 1)

= B

[
uM

0

(
1 − λ

1 − u0

)
+ λ

1 − u0

]
where

λ

1 − u0
∈ [0, 1).

(206)

Let us now comment on the convergence displayed in Eq. (206). Given that 0 ≤ u0 < 1, the bound on the
distance decreases monotonically towards the value

B̃∞ := B
λ

1 − u0
, (207)

that corresponds to a bound on the distance ∥ρ̃∞ − σβ∥1 between noiseless and noisy steady states. Note that
this bound also holds for the case of general stochastic noise channels, as shown in App. E.3. Such distance
depends both on the error rate λ and the convergence rate α. As would be expected the smaller the errors are,
the closer the fixed state of the noisy dynamics is compared to the Gibbs state. For λ = 0, they coincide.

Additionally, we see in Eq. (206) that at fixed noise level p, the term B̃∞ decreases as the decay rate α
increases. Further inspection reveals features of the mixing time of the noisy dynamics. In particular, we see
that the distance between ρ̃M and ρ̃∞ decays as uM

0 , that adopts a scaling e−α̃ analogous to Eq. (203) but now
with a convergence rate

α̃ = α+NgC where C = − ln(1 − λg) > 0. (208)

Notably, this convergence rate is always larger than the noiseless one. That is, while the noise is detrimental in
that it perturbs the steady state of the dynamical evolution, reaching the noisy steady state is never slowed.
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E.3 Generalization of the convergence analysis to probabilistic noise models
While presented for a global depolarization noise model, the convergence analysis of App. E.2 can readily be
ported to more general models. Let us consider the setup of App. E.1, but now with stochastic noise of the
form

Λλ[X] := (1 − λ)X +
∑

l

λlUlXU
†
l (209)

where each of the Ui is unitary and with λl ∈ [0, 1] together with λ =
∑

l λl ≤ 1. Such a model can be
understood as the probabilistic application of a unitary Ul (or the identity) occurring with a probability λl (or
1 − λ). This encompasses global or local depolarization, any Pauli noise model and many more.

As before, let us denote as ρ(0) the initial state, as ρM = ΓM [ρ(0)] the state obtained after M steps of
ideal evolution, and as ρ̃M = Γ̃M [ρ(0)] the state obtained after M steps of noisy evolution. We define χm,0 :=
(1/λ)

∑
l λlUlΓ[ρ̃m−1]U†l , which is a valid state ensuring that one step one noisy evolution yields

(Λλ ◦ Γ)[ρ̃m−1] := (1 − λ)Γ[ρ̃m−1] + λχm,0, (210)

and further define χm,K := ΓK [χm,0], which is also a state. With these notations, the state obtained after M
steps of noisy evolution, akin to Eq. (205) for the global depolarization case, can now be written as

ρ̃M = (1 − λ)MρM + λ(1 − λ)M−1χ1,M−1 + · · · + λ(1 − λ)χM−1,1 + λχM,0

= (1 − λ)MρM + λ

M−1∑
K=0

(1 − λ)KχM−K,K .
(211)

Assuming that the convergence dynamics of Eq. (203) holds for any initial state χm,0 (rather than the single
ρ(0) = I/2n that was needed in the previous case), such that

∥χm,K − σβ∥1 ≤ Be−αK , (212)

we recover exactly the same results as before in terms of bounds for the trace distance between the target Gibbs
state compared to the state prepared along noisy evolution, as per Eq. (206), or compared to the steady state
of the noisy dynamics, as per Eq. (207).

E.4 Scaling study
Our aim is to study the impact of the errors due to noise as the system sizes increase. For that, we wish to
evaluate the bounds of Eq. (207) for different n. This requires specifying values for the convergence rates α,
the prefactors B, and the probabilities of error λ. For the two first quantities, we will resort to data obtained
through the numerical simulations for fixed initial states and small system sizes that are then extrapolated to
larger ones.

In Fig. 21 (left panel), we show the fits of α and B for the numerical simulations performed for n = 3, . . . , 8
qubits for the Hamiltonian’s configuration CH given in Tab. 1, for the initial state ρ(0) = I/2n, and for β =
(2J)−1. We recall that this configuration corresponds to the chaotic regime. As can be seen the dynamics of
Eq. (203) closely matches the numerical data. Then in Fig. 21 (right panel) we report geometric fits for these
two quantities as a function of n. In both cases, albeit performed on a small number of data points, we see
reasonably good fits, in particular for α. For the probability of error λ, we resort to Eq. (202) and take a number
of gates per unit of time (δt = 1) scaling linearly in n, namely Ng = 50n. With these, and fixing the value of
the probability of error pg per noisy gate, we can evaluate Eq. (207) for arbitrary n. These are the data points
used for Fig. 6 in the main text (solid lines).

E.5 Comparison to generic noise bounds
We wish to compare Eq. (34) to bounds obtained for generic noise models. In the following, we first port the
bounds of Ref. [32] (Lemma II.1) to the discrete settings considered here and then evaluate those for the here
considered noise models.

Let us denote as A and as Ã = Λλ ◦ A a step of noiseless and noisy dissipative evolution, respectively.
Accordingly, let ρ∞ and ρ̃∞ be their steady states that satisfy A[ρ∞] = ρ∞ and Ã[ρ̃∞] = ρ̃∞. The mixing time
of the noiseless dynamics in the discrete case is characterized by the number of steps Mmix(ϵ) ensuring that for
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any state ρ we have ∥AMmix(ϵ)[ρ] − ρ∞∥1 ≤ ϵ. For now let us drop the dependency in ϵ. To bound ∥ρ̃∞ − ρ∞∥1
we proceed as follow

∥ρ̃∞ − ρ∞∥1 =
∥∥ÃMmix [ρ̃∞] − ρ∞

∥∥
1

≤
∥∥ÃMmix [ρ̃∞] − AMmix [ρ̃∞]

∥∥
1 +

∥∥AMmix [ρ̃∞] − ρ∞
∥∥

1

≤
∥∥(ÃMmix − AMmix)[ρ̃∞]

∥∥
1 + ϵ,

(213)

where we made use of the triangle inequality and of the definition of Mmix. We further bound∥∥ÃMmix − AMmix
∥∥

1→1 ≤
∥∥A ◦ (ÃMmix−1 − AMmix−1)

∥∥
1→1 +

∥∥(Ã − A) ◦ ÃMmix−1∥∥
1→1

≤
∥∥ÃMmix−1 − AMmix−1∥∥

1→1 +
∥∥Ã − A

∥∥
1→1

≤ Mmix
∥∥Ã − A

∥∥
1→1.

(214)

To get the second line, we used the triangle inequality first, and then sub-multiplicativity of the induced norm
∥·∥1→1 together with ∥A∥1→1 ≤ 1 and ∥Ã∥1→1 ≤ 1 as both A and Ã are quantum channels. The third line
follows through recursion. Overall we get:

∥ρ̃∞ − ρ∞∥1 ≤ Mmix(ϵ)
∥∥Ã − A

∥∥
1→1 + ϵ. (215)

Due to the repeated use of the triangle inequality in Eq. (214), each evolution step incurs a contribution

∥Ã−A∥1→1 to the resulting bound. This may significantly over-estimate the effect of the noise, as it corresponds
to a worst-case scenario where each step incurs the maximum deviation possible and noise contributions between
the steps never average out. However, it allows us to deal with arbitrary discrepancies between A and Ã. This
is in contrast to the bounds obtained in Eq. (206), where part of the deviations induced by the noise, especially
the ones occurring early on, are mitigated during the evolution.

Let us assume a bounded channel distance ∥Ã − A∥1→1 ≤ C. The constant C has to be computed for a given
noise model. With this we obtain the following bound on the distance between noisy and noiseless state:

∥ρ̃∞ − σβ∥1 ≤ CMmix(ϵ) + ϵ. (216)

Substituting the expression M∗(ϵ) for Mmix(ϵ) from Eq. (204), and minimizing the bound over the choice of ϵ
we obtain

B̃
′

∞ := min
{
B,

C

α

(
ln
(Bα
C

)
+ 1
)}

(217)

as a bound for ∥ρ̃∞ − σβ∥1, with the minimum achieved for ε′ = min{C/α,B}.
Let us specialize to the stochastic noise channel (209). From the definition we see that∥∥(Ã − A)[X]

∥∥
1 =

∥∥λY −
∑

l

λlUlY U
†
l

∥∥
1 ≤ λ∥Y ∥1 +

∑
l

λl∥Y ∥1 ≤ 2λ∥X∥1, (218)

where we have introduced Y = A[X], used Tr[Y ] ≤ ∥Y ∥1 ≤ ∥X∥1 together with the unitary invariance of the

trace norm. Overall, we get that ∥Ã − A∥1→1 ≤ 2λ. Thus, for this model can set C = 2λ, which yields

B̃
′

∞ := min
{
B,

2λ
α

(
ln
(Bα

2λ

)
+ 1
)}

(219)

for the distance ∥ρ̃∞ − σβ∥1.

Let us compare the bound (207), explicitly taking into account damping of early time errors through the
dissipative Lindblad channel, to Eq. (219). In particular, the latter will always be tighter for values of B large
enough (at fixed λ and α). However for small enough B, where the bounds are informative, the former may be
significantly tighter. This is what is seen in our numerics: The bounds (207) and (219) (both for the case of a
global depolarizing channel) are reported as solid and dotted lines, respectively, in Fig. 6 (right panel) in the
main text. Values used for their evaluations were discussed in Sec. E.4. As can be seen, for this setting, the
bound (219) significantly overestimate the impact of the noise.
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Figure 21: (Left panel) From the numerical data of App. (D) for the setup CH (see details in Tab. 1), we plot the trace distance
of the prepared state along the Lindblad evolution, compared to the target Gibbs state (solid lines). For each of the system
sizes probed (colors in legend), we fit the parameters α and B from Eq. (203) and display the resulting fit (dashed lines).
(Right panel) Values of the parameters obtained for α (upper panel) and B (lower panel) are plotted and fitted as a function
of n.

E.6 Comparison to unitary circuits
We wish to compare deviations induced by noise for the Lindbladian protocols to deviations that would occur
in a unitary circuit. We note the limits of such a comparison, as preparation of Gibbs states would require
some amount of non-unitarity in the dynamics in the first place. Nonetheless, for the sake of comparison, we
will consider unitary circuits that are assumed to have the same complexity (i.e., the same number of noisy
gates) and to produce the same outputs as our protocols. Recall that in the noiseless case, the number of steps
Mmix(ϵ) required to prepare a state σϵ that differs by ϵ in trace distance from σβ was provided in Eq. (204).
Given that each evolution step requires Ng noisy gates, this incurs a total of Ntot = Mmix(ϵ)Ng noisy gates.
Upon the global depolarization model (201), and for a unitary circuit having Ntot gates, the state σϵ prepared
by the noiseless circuit would become σ̃ϵ = λtotI/2n + (1 − λtot)σϵ with

(1 − λtot) = (1 − λg)Mmix(ϵ)Ng . (220)

Compared to the Gibbs state σβ , this state would deviate in trace distance by

∥σ̃ϵ − σβ∥1 =
∥∥∥∥λtot

( I
2n

− σβ

)
+ (1 − λtot)(σϵ − σβ)

∥∥∥∥
1

≤ λtotB + (1 − λtot)ϵ. (221)

In contrast to the noisy Lindblad dynamics. 206, as we increase the number of stepsMmix(ϵ) we see competitive
effects between a decrease of the convergence accuracy ϵ and an increase of the errors due to the noise. To be
conservative in our study, we minimize the right-hand side of Eq. (221) over ϵ, or equivalently Mmix(ϵ), to make
this bound as tight as possible. Results of the bounds obtained through this minimization for different system
sizes are reported as dashed lines in Fig. 6 (right panel) in the main text. When compared to Eq. (207), we see
a noticeable increase in the distances of the prepared state towards the targeted one for the unitary case. That
is, we probed the added resilience of the Lindblad dynamics compared to unitary circuits.

F Details on algorithmic errors in the quantum circuit simulation
We analyze the circuit error dependence on the main algorithmic parameters, evolution step δt, and OFT
discretization step ∆t for our randomized single-ancilla Lindblad simulation protocol discussed in the main
text. As discussed in Sec. 7.1, we use the mixed-field Ising model (30), set β = (2J)−1, fix the integration
domain of the OFT to JT = 1.6, and simulate the circuit evolution up to a time point Jt = 500. The
circuit error is quantified by the distance ∥ρcirc

∞ − σβ∥1 between the target Gibbs state σβ and the steady
state of the circuit ρcirc

∞ . We compute ϵij := ∥ρcirc
∞ (δti,∆tj) − σβ∥1 for various evolution steps δti and OFT

discretization steps ∆tj in the range 10−2 ≤ Jδt ≤ 101 and 0.06 ≤ J∆t ≤ 2. More precisely, we consider

Jδti = 10ℓ
(δ)
i and J∆tj = 10ℓ

(∆)
j with {ℓ(δ)

i }i=1,...10 and {ℓ(∆)
j }j=1,...,30 evenly discretizing the intervals [−2, 1]

and [log100.06, log102], respectively.
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Figure 22: Operator Fourier transform discretization error dependence of the randomized single-ancilla protocol for n = 5
qubits. The left plot shows the same data as Fig. 7, on a limited domain J∆t ≤ 0.37. The right plot decomposes the total
error (37) (solid curve), for two values Jδt = 0.01 and Jδt = 1, into individual terms as described below Eq. (223) (shown as
dotted, dashed and dashed-dotted curves, respectively).

F.1 Error fit
To test the applicability of our theoretical bound (36), we fit the function (37) to the data. As we are mainly
interested in the logarithmic dependency of the error on δt and ∆t, we minimize the following loss function

(αopt
1 , αopt

2 , αopt
3 , αopt

4 ) = argmin
α1,α2,α3,α4

√∑
i,j

∣∣log10fα1,α2,α3,α4(δti,∆tj) − log10ϵij
∣∣2. (222)

Note that, since the logarithm is strictly monotonically increasing, closeness of log10fα1,α2,α3,α4(δti,∆tj) and
log10ϵij also implies that fα1,α2,α3,α4(δti,∆tj) and ϵij are close. Introducing the logarithm gives a stronger
relative weight to the regime where δt and ∆t are small, in which the values of fα1,α2,α3,α4(δti,∆tj) and ϵij are
orders of magnitude smaller than for large δt and ∆t. An alternative would be to consider a relative error loss
function, which results in a very similar fit. Note that the bound on the discretization error (the fourth term in
Eq. (37)) is only valid for small ∆t, satisfying 2π β

∆t − 2β∥H∥ − 1 > 0, which corresponds to J∆t ≲ 0.37 for our
parameter choice. When approaching this limit, the error bound diverges. Hence, we limit the domain of the
fit and take into account only δti and ∆tj with Jδti ≤ 0.3 and J∆tj ≤ 0.37 for this. With these restrictions,
we obtain optimal parameters αopt

1 = 2.6 × 10−3, αopt
2 = 1.8 × 10−2, αopt

3 = 4.1 × 10−4, αopt
4 = 1.5 × 10−4 from

Eq. (222).

F.2 OFT discretization error decomposition
In Fig. 22 we take a closer look at the individual error terms in Eq. (37). We focus on the error dependence on
the OFT discretization step ∆t. The left plot shows the same data as in the right plot of Fig. 7, where we limit
the domain to J∆t ≤ 0.37. The right plot decomposes the fit (solid lines in the left plot) into its individual
terms

fα1,α2,α3,α4(δt,∆t) = A1 +A2 +A3 +A4,

A1 = α1, A2 = α2δt, A3 = α3T
∆t2

δt
, A4 = α4

√
β|BH |e−

1
8

(
2π β

∆t−2β∥H∥−1
)2

.
(223)

We consider the cases Jδt = 0.01 and 1 (blue and red lines) as examples and plot A1 + A2 (dotted), A1 + A3
(dashed) and A1 + A4 (dashed-dotted line) in the right panel. For each curve we include the shift due to the
constant term A1 to make the individual curves comparable to the total error shown as solid curves. For small
Jδt = 0.01, the error due to the Trotterization, randomization and dilation, quantified by A2 (blue dotted),
is negligibly small. Therefore, the shape of the blue curve is controlled by the discretization error A4 (blue
dotted-dashed) and the polynomial ∆t dependence of A3 (blue dashed), which is the dominant contribution
for J∆t ≲ 0.25. The term A3 comes from the coherent evolution under the system Hamiltonian for time step
∆t to compute the discretized OFT (25) [cf. discussion below Eq. (36)]. This weak polynomial decrease of the
error for J∆t ≲ 0.25 is clearly visible in the dark blue data points in the left plot (although with a slightly
larger slope as predicted by the fit). The other exemplary case is for larger Jδt = 1, shown in red. In this case,
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the Trotter error A2 (red dotted) is larger than A3 (red dashed), such that for J∆t ≲ 0.25 the error becomes
independent from ∆t. This behavior is clearly shown by the red data points in the left plot. For larger ∆t, the
discretization error A4 becomes the dominant contribution.
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