
Riemannian quantum circuit optimization based on matrix
product operators
Isabel Nha Minh Le1,2, Shuo Sun1,2, and Christian B. Mendl1,2,3

1Technical University of Munich, School of Computation, Information and Technology, Boltzmannstr. 3, 85748 Garching, Germany
2Munich Center for Quantum Science and Technology (MCQST), Schellingstr. 4, 80799 Munich, Germany
3Technical University of Munich, Institute for Advanced Study, Lichtenbergstr. 2a, 85748 Garching, Germany

We significantly enhance the simulation
accuracy of initial Trotter circuits for Hamil-
tonian simulation of quantum systems by in-
tegrating first-order Riemannian optimiza-
tion with tensor network methods. Un-
like previous approaches, our method im-
poses no symmetry assumptions, such as
translational invariance, on the quantum
systems. This technique is scalable to
large systems through the use of a ma-
trix product operator representation of the
reference time evolution propagator. Our
optimization routine is applied to various
spin chains and fermionic systems described
by the transverse-field Ising Hamiltonian,
the Heisenberg Hamiltonian, and the spin-
ful Fermi-Hubbard Hamiltonian. In these
cases, our approach achieves a relative error
improvement of up to four orders of magni-
tude for systems of 50 qubits, although our
method is also applicable to larger systems.
Furthermore, we demonstrate the versatil-
ity of our method by applying it to molec-
ular systems, specifically lithium hydride,
achieving an error improvement of up to
eight orders of magnitude. This proof of
concept highlights the potential of our ap-
proach for broader applications in quantum
simulations.
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1 Introduction
Simulating the time evolution of a quantum sys-
tem was the original motivation behind quantum
computers and remains one of their most natural
applications [1–3], particularly in quantum chem-
istry and quantum many-body physics [4–6]. A
widely used method for this purpose is Trotter-
ization [7, 8], where the time propagator Ut =
e−iHt is approximated using lower-body operators.
This approach is straightforward to implement and
comes in various orders, each with different circuit
depths and error scalings [8, 9]. However, achiev-
ing high accuracy for long-time simulations neces-
sitates deep quantum circuits. This raises some
interesting questions:

◦ Can the same quantum circuit layout provided
by Trotterization achieve better accuracy?

◦ And is it possible to optimize the quantum
gates using only classical computation so that
expensive quantum resources are only needed
for the (optimized) Hamiltonian simulation?

These questions have been previously explored by
(i) considering specific parameterizations of the
quantum gates [10–16], and (ii) directly interpret-
ing the quantum gates as unitary matrices in a
brickwall circuit [17–20]. In this work, we focus on
the latter approach and thereby circumvent possi-
ble dependencies of the optimization on the chosen
parameterization.

In Ref. [17], Riemannian optimization and tensor
network methods are combined to simultaneously
optimize all quantum gates under the constraint of
unitarity for small translationally-invariant quan-
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tum systems using an explicit full-rank matrix ref-
erence of Ut. Due to the translational invariance,
the same optimized quantum gates can simulate
the quantum dynamics of corresponding larger sys-
tems. In contrast, Refs. [18, 19] employ a local
quantum gate update inspired by tensor network
methods to directly optimize larger quantum sys-
tems. To this end, they approximate Ut using a fine
Trotterization for a suitable time step t, allowing it
to be expressed efficiently as a matrix product op-
erator (MPO). The classically optimized quantum
circuit can then repeatedly be executed on quan-
tum hardware to enable the simulation of quantum
dynamics for longer times t′ ≫ t.

This work introduces a novel alternative quan-
tum circuit optimization approach by integrating
the ideas and methods of Refs. [17–19]. Specifi-
cally, we focus on quantum systems where a Trot-
ter step can be represented as a brickwall circuit
and introduce a simultaneous-update optimization
method to enhance quantum gates under the uni-
tarity constraint. To achieve this, we adapt the
gradient-based ADAM optimizer [21] to the frame-
work of Riemannian optimization on the complex
Stiefel manifold, i.e., the manifold of unitary ma-
trices. We approximate the time evolution ref-
erence operator Ut to target larger quantum sys-
tems by employing a higher-order Trotterization
MPO and evaluate the cost function and corre-
sponding gradient utilizing tensor network meth-
ods. Our Riemannian optimization approach up-
dates the quantum gates of the quantum circuit si-
multaneously in contrast to the local gate updates
used in Refs. [18, 19]. This also leads to a potential
promotion to second-order Riemannian optimiza-
tion – something that is not possible in the context
of local gate updates. Furthermore, the presented
approach does not assume any symmetry invari-
ance of the quantum system to be simulated as in
Ref. [17].

While numerous scalable methods for quantum
circuit compression have been proposed [10–20],
our approach distinguishes itself by framing the
problem within the context of differential geome-
try. This geometric perspective not only facilitates
efficient optimization but also potentially enables
access to intrinsic, hardware-independent measures
of circuit complexity [22, 23]. Notably, the shortest

path between unitaries under a Riemannian metric
can be defined via the geodesic equation, offering a
principled benchmark for circuit optimality. Such
geometric tools can also be used in potential alter-
native optimization strategies [24]. Importantly,
two circuits may yield comparable fidelity yet differ
substantially in their geometric complexity – a dis-
tinction our Riemannian framework could, in prin-
ciple, capture, unlike methods that do not account
for the manifold structure of the unitary group.

We apply the presented method to exemplary
spin chains and fermionic systems. Specifically, we
conduct numerical experiments on systems of 50
qubits for a non-integrable case of the Ising Hamil-
tonian and a Heisenberg model, explicitly consid-
ering non-translationally invariant systems.

For fermionic systems, we utilize the fermionic
swap network [25] and optimize a one-dimensional
spinful Fermi-Hubbard model of 50 spin orbitals, as
well as a paradigmatic example of lithium hydride
(LiH) for the molecular Hamiltonian.

Related research. Concurrently with our
research, two independent studies have been
published that combine the Riemannian ADAM
optimizer, automatic differentiation, and tensor
network methods to optimize a brickwall cir-
cuit [26, 27]. The first study optimizes a quantum
state represented as a matrix product state, while
we directly optimize the time evolution operator,
allowing for an arbitrary choice of initial quantum
state. The second work explicitly compiles the
brickwall circuit into single-qubit and CNOT
gates. In contrast, we view the compilation as an
excluded step and do not specify a fixed native
gate set. Furthermore, we analytically implement
the required gradient without relying on additional
software packages for automatic differentiation.

The remaining paper is structured as follows:
We first introduce the optimization problem in Sec-
tion 2, by presenting the quantum circuit layout,
defining the cost function and its gradient, formu-
lating the underlying optimization problem, and
introducing the utilized initialization methods. We
then give a brief recap on Riemannian optimization
and adapt the ADAM optimizer to the relevant
case of the complex Stiefel manifold in Section 3.
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Furthermore, we present the tensor network meth-
ods utilized to efficiently represent the unitary ref-
erence and to evaluate the cost function and its
gradient in Section 4. We additionally point out
how these methods can be used within an alter-
native parameterization-based approach. In Sec-
tion 5, we show the results of the conducted nu-
merical simulations for various (i) spin chains, and
(ii) fermionic systems. Finally, we give a conclu-
sion and outlook.

2 Optimization problem

Quantum circuit layout. We consider a so-
called brickwall circuit layout built from L layers of
two-qubit gates, where the ℓ-th layer of the quan-
tum circuit W ℓ has nℓ gates. We denote the i-th
gate in layer W ℓ as Gℓi and the concatenation of
layers i to j as W i:j , i.e.,

W ℓ =
nℓ⊗
i=1

Gℓi and W i:j =
j∏
ℓ=i

W ℓ.

Finally, we call the overall brickwall circuit W =
W 1:L.

Cost function. A common way [17, 18] to quan-
tify how well a quantum circuit W of N qubits ap-
proximates a reference unitary Uref is given by the
normalized Frobenius norm:

CF (Uref,W ) = 1
2d ||Uref −W ||2F

= 1
2d Tr

(
[Uref −W ]†[Uref −W ]

)
= 1− 1

d
Re Tr

(
U †
refW

)
,

where d = 2N . The trace Tr
(
U †
refW

)
is the over-

lap between the reference unitary and a brickwall
circuit and plays a crucial role in the presented
method. Using the tensor networks notation, this

overlap can be diagrammatically expressed as

T (W ) = Tr
(
U †
refW

)

=

U†
ref

W
(1)

The Frobenius norm is sensitive to global phases,
rendering it more restrictive than necessary for
many practical applications. In scenarios where
the focus lies on the time evolution of a specific
observable, global phases have no physical con-
sequence. In case the global phase is of impor-
tance, its value can easily be extracted and cor-
rected within a postprocessing step. Consequently,
relaxing the requirement for the quantum circuit to
determine a fixed global phase can simplify the op-
timization landscape. Within our study, we make
use of a less stringent cost function allowing for dif-
ferent global phases, namely the Hilbert-Schmidt
test [28] given by

CHS(Uref,W ) = 1− 1
d2 |T (W )|2 . (2)

CHS is directly related to the fidelity between two
states Uref|ψ⟩ and W |ψ⟩ averaged over the Haar
distribution [28], and hence quantifies how close
the unitaries Uref andW are (up to a global phase).
The two cost functions CF and CHS are related via
the following inequality:

CHS(Uref,W ) = 1− 1
d2

(
[Re T (W )]2 − [Im T (W )]2

)
≤ 1− [1− CF (Uref,W )]2

≤ 2 CF (Uref,W ).

For simplicity, we denote C = CHS , and its varia-
tional part is given by

L(Uref,W ) = − |T (W )|2 (3)
= − [Re T (W )]2 − [Im T (W )]2 .
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Formulation of optimization problem. The
objective is to optimize a set of unitary two-qubit
gates G = {Gi}i∈ind(W ) such that the resulting op-
timized brickwall circuit W minimizes its distance
to the reference Uref. The underlying optimization
problem can hence be expressed as

Gopt = arg min
G∈U(4)×N

C(Uref,W ). (4)

In the latter, U(4) denotes the set of unitary 4×4-
matrices:

U(4) = {Gg ∈ C4×4|G†
gGg = 14}, (5)

which can be viewed as a particular case of the
complex Stiefel manifold.

Euclidean gradient of the cost function.
The presented optimization problem shall be
solved by means of gradient-based optimization
and therefore, computing derivatives of the cost
function is essential. While we will later see that
the Euclidean gradient alone is not suitable for our
Riemannian optimization method, in this part of
the paper, we first present the relevant Euclidean
gradient. A detailed calculation is given in Ap-
pendix A.

The gradient of C and L are equal up to a con-
stant factor, and hence the quantity of interest
is given by ∇L. By using the Wirtinger formal-
ism [29], the partial derivatives with respect to an
entry of W are given by

∂Wjk
Re T (W ) =

U∗
jk

2 and ∂Wjk
Im T (W ) =

U∗
jk

2i .

The partial derivative of L with respect toWjk can
then be computed as

∂Wjk
L = − [T (W )Ujk]∗ .

By applying the chain rule of the Wirtinger formal-
ism, the partial derivatives of L with respect to a
specific gate are given by

∂Gℓ
i
L = −T (W )∗ · ∂Gℓ

i
T (W ),

where we denote the number of layers in the brick-
wall circuit with L and the number of gates in layer

ℓ with nℓ. Finally, the overall gradient can be ob-
tained as

∇L = −2 T (W ) · ∂Gℓ
i
[T (W )]∗ℓ=1,...,L

i=1,...,nℓ

. (6)

In order to compute ∇L, it is necessary to evaluate
both T (W ) and ∂Gℓ

i
T (W ). Conveniently, by com-

puting T (W ), the cost function C given in Eq. (2)
can be directly extracted.

Quantum circuit initialization. Previous
analyses have shown that a good initialization
can significantly enhance quantum circuit opti-
mization [17–19]. If the brickwall circuit to be
optimized has L layers, the initialization is chosen
as follows:

◦ We first determine if and, if yes, which orders
of (repeated) Trotterization match the number
of layers L. If several Trotter circuits of dif-
ferent orders match L, we choose the one that
yields the best approximation error. We con-
sider Trotterizations of orders two and four.

◦ If the brickwall circuit does not match any (re-
peated) Trotterization, we test whether it can
be initialized as the concatenation of a second-
order and a fourth-order Trotter circuit. To
this end, the Trotter time steps of both Trot-
terizations, t1 and t2, have to be chosen, such
that t = t1+t2 for the target simulation time t.
We choose t1 and t2 such that they minimize
the approximation error.

◦ Lastly, we also allow for extending the above
initialization circuits by layers consisting of
identity gates to be able to initialize any brick-
wall circuit of arbitrary L.

3 Riemannian optimization on the com-
plex Stiefel manifold
As described above, the goal is to optimize a set of
two-qubit gates under the constraint of unitarity,
which means working on the complex Stiefel mani-
fold. One effective method for such optimization
is the gradient-based Riemannian optimization,
which does not necessitate any specific parameteri-
zation of the unitary gates. Recently, this approach
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v⃗

η⃗

ξ⃗

Ry(v⃗)

M

∇f(x)

∇Rief(x) = Px∇f(x)x

TxM τη⃗(ξ⃗)

Figure 1: Visualization of concepts on the Riemannian
manifold M. A point y ∈M is “moved” in the direction
of the vector v⃗ ∈ TyM via the retraction R. A vector ξ⃗
is moved in the direction of a vector η⃗ ∈ TyM to the
tangent space TxM in point x ∈M using the vector
transport τ . Lastly, the Riemannian gradient ∇Rief(x)
can be obtained as the projected Euclidean gradient
∇f(x) through the projector P .

has been explicitly utilized for various optimization
tasks in quantum technologies [17, 26, 27, 30–37].
In the following, we will provide a brief overview
of the basic concepts required for Riemannian opti-
mization of brickwall circuits. For a more detailed
introduction to these concepts, we refer interested
readers to Refs. [38–40]. Furthermore, we adapt
the well-known ADAM optimizer [21] to the set-
ting of Riemannian optimization.

3.1 Concepts of Riemannian geometry

Intuitively, a manifold M can be thought of as a
curved space that, at any point, x ∈ M, can be
locally described by a Euclidean space, which is
isomorphic to a vector space called the tangent
space TxM. The collection of all points in the
manifold and the corresponding tangent spaces,
(x, TxM), is called the tangent bundle TM. If each
tangent space is equipped with an inner product
⟨·, ·⟩x : TxM → TxM, M and ⟨·, ·⟩ form a Rie-
mannian manifold. When naively moving a point
x ∈ M along the direction of a vector v⃗x ∈ TxM,
the resulting point will, in general, lie in TxM and
not be an element ofM anymore. A retraction

R : TM→M, Rx(v⃗x) = y

is a smooth map from the tangent bundle into the
manifold, and hence Rx(vx) corresponds to moving

a point x in the direction of vx within the manifold.
Moreover, a so-called vector transport

τη⃗x : TxM→ TyM, τη⃗x(v⃗x) = v⃗y

is a smooth map that moves a vector v⃗x ∈ TxM
to another tangent space TyM in point y ∈ M,
where η⃗x ∈ TxM is the direction of transport.
Consider a Riemannian manifold M and a func-
tion f :M×n → R with inputs x = {xi}ni=1 from a
product manifold. The so-called Riemannian gra-
dient can be obtained from the Euclidean gradi-
ent ∇f(x) by projecting the latter entry-wise onto
TxM×n via some suitable projection P :

∇Rief(x) = Px∇f(x) ∈ TxM×n.

An overview of these concepts is visualized in
Fig. 1.

3.2 Example of the complex Stiefel manifold

As already mentioned, U defined in Eq. (5) is a
manifold, and the tangent space in a point G ∈
U can be parameterized by a set of complex anti-
Hermitian matrices

TG U = {GA : A ∈ Cm×m, A† = −A}.

Furthermore, a Riemannian metric can be defined
on each tangent space TGU by

⟨·, ·⟩ : TG U × TG U → R, ⟨X,Y ⟩G = Tr(X†Y ),
(7)

with which U can be identified as a Riemannian
manifold and – more specifically – a particular
case of the complex Stiefel manifold. Note that
the cost function defined in Section 2 involves
T (W ) = ⟨Uref,W ⟩. A proper retraction of U is
induced by the polar decomposition A = UM with
U being a unitary matrix and M being a positive
semi-definite Hermitian matrix. When denoting
the corresponding unitary part as π(A) = U , a
vector ξ⃗ ∈ TG U can be retracted into the unitary
manifold via

Rpolar : TU → U , Rpolar
G (ξ⃗) = π(G+ ξ⃗). (8)

A general vector η⃗ ∈ Cm×m can be projected onto
the tangent space TG U by means of the linear pro-
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jector

PG(η⃗) = η⃗ − 1
2G(η⃗†G+G†η⃗)

= G skew(G†η⃗). (9)

Utilizing Eq. (9), the map

τη⃗(ξ⃗) = P
Rpolar

G (η⃗)(ξ⃗) (10)

is a valid vector transport on U . In other words, a
vector ξ⃗ ∈ TGM in the tangent space correspond-
ing to G ∈ M is transported in the direction of
η⃗ ∈ TGM by projecting it onto the tangent space
corresponding to the retracted directional vector
Rpolar
G (η⃗) ∈ U using Eq. (9).

When optimizing a brickwall circuit W con-
sisting of |W | two-qubit gates {Gi}i∈ind(W ), the
cost function f is defined on the product manifold
U×|W |

f : U×|W | → R.

The corresponding tangent space is given by the
direct sum of the individual tangent spaces

TWU×|W | =
⊕

i∈ind(W )
TGi(U).

Using the same projector as given in Eq. (9) the
corresponding Riemannian gradient can be com-
puted via

∇Rief(W ) = PW∇f(W ). (11)

Lastly, the overall retraction corresponds to apply-
ing the retraction in Eq. (8) to the individual quan-
tum gates and tangent vectors.

3.3 Adapting the ADAM optimizer to the Rie-
mannian setting of the complex Stiefel manifold

In the following, we make use of the previ-
ously introduced concepts to adapt the first-order
gradient-based ADAM optimizer [21] to the Rie-
mannian optimization setting on the manifold of
unitary operations [41]. ADAM aims to minimize
an objective function f via the component-wise up-
date rule

xt+1 ← xt − αmt/
√
vt,

where α ∈ R is the learning rate, and mt and vt
are the first and second momenta in each iteration
t, which can be obtained from the gradient ∇f as

mt = β1mt−1 + (1− β1)∇f,

vt = β2vt−1 + (1− β2)(∇f)2,

where usually β1 = 0.9 and β2 = 0.99 are chosen.

Using the Riemannian gradient. To con-
strain ADAM to the unitary manifold, firstly, ∇f
has to be replaced by ∇Rief , from which fol-
lows that vt is computed from the inner product
⟨∇Rief,∇Rief⟩xt . Additionally, some further mod-
ifications need to be made.

Vector transport of momentum. mt is com-
puted by adding the scaled Riemannian gradient
∇Rief ∈ TxtM to the scaled previous momentum
mt−1 ∈ Txt−1U , i.e., two quantities from different
tangent spaces. Therefore, it is necessary to trans-
portmt−1 to the tangent space of the current point.
The modified Riemannian momenta updates are
then given by

m̃t = β1τm̃t(m̃t−1) + (1− β1)∇Rief,

ṽt = β2ṽt−1 + (1− β2)⟨∇Rief,∇Rief⟩xt .

Retraction of updated step. Since the Rie-
mannian momenta determine the update direction,
the updated point xt+1 will lie in the tangent space
of the former point xt. Therefore, the retraction
given in Eq. (8) must be applied to obtain valid
new parameters within M. The modified update
rule is hence given by

x̃t+1 ← Rpolar
x̃t

(
x̃t − αm̃t/

√
ṽt

)
∈M.

Note that the ADAM optimizer and its Rieman-
nian adaption are invariant under gradient rescal-
ing.

4 Tensor networks methods for quan-
tum circuit optimization
4.1 Merging a brickwall layer of two-qubit gates
into a matrix product operator
A fundamental computational step in previous and
the presented methods involves merging a brick-
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from previous
gate merge

merge
first gate

merge gate
after gate

=

via exact
contraction

=

via exact
contraction

(a) A brickwall layer can be merged into a right-canonicalized MPO via a left-to-right-sweep The canonical center of
the MPO is shifted accordingly during the left-to-right-sweep. The final MPO is right canonicalized.

=

Truncated
SVD

U SV †

Left-
canonicalize

via QR

Q R

(b) How to merge a two-qubit gate into the corresponding local MPO tensors.

Figure 2: Illustration of how to merge a brickwall layer into an MPO in a left-to-right-sweep using the tensor network
framework. Similarly, a right-to-left-sweep can be used, which is not explicitly illustrated here.

wall layer of two-qubit gates into an MPO. This
operation arises in key contexts such as approxi-
mating the time-evolution operator Ut as an MPO
and computing both the cost function and its gra-
dient. Given its central role, we now describe this
procedure in more detail.
Recall that any MPO can be brought into left-

or right-canonical form via a sweep of QR or RQ
decompositions, respectively – performed from left
to right or right to left across the MPO tensors,
i.e.,

QR-sweep

=

RQ-sweep

=
,

where denotes a left-isometry and denotes
a right-isometry.
The objective is to merge a brickwall layer of

two-qubit gates into an MPO while simultaneously
truncating the bond dimension to a maximum of
χmax. The procedure either begins with a right- or
left-canonicalized MPO, where the canonical cen-

ter is located at the leftmost or rightmost tensor,
respectively. For simplicity, we will only describe
the method for an initial right-canonicalized MPO.
The two-qubit gates are then sequentially merged
from left to right as outlined by the following steps:

• The considered two-qubit gate is exactly con-
tracted with the corresponding pair of local
MPO tensors and some residual tensor R ob-
tained from the previous quantum gate merge.
If the considered quantum gate corresponds to
the leftmost gate, R is ignored. This yields an
intermediate higher-rank tensor K.

• The tensor K is then decomposed via a singu-
lar value decomposition (SVD), K = USV †.
To optimally truncate the bond dimension,
only the largest χmax singular values are re-
tained. The updated left tensor is set to
K1 = U , which is left-isometric by construc-
tion, while the updated right tensor is given
by K2 = S̃V †, where S̃ denotes the truncated
diagonal matrix of singular values.

• To restore a mixed-canonical form, the left-
isometric component of K2 is extracted via a
QR decomposition, K2 = QR, where Q is the
new left-canonical tensor.
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• The residual tensor R is then contracted with
the next two-qubit gate and the subsequent
pair of local MPO tensors. This effectively
shifts the canonical center to the next site pair
to be merged.

This procedure is applied sequentially to each
two-qubit gate in the brickwall layer. After com-
pleting a full left-to-right sweep, all gates have been
incorporated into the MPO, resulting in an up-
dated MPO in left-canonical form. The subsequent
brickwall layer can then be merged analogously via
a right-to-left sweep. An illustration of the left-to-
right merging process is provided in Fig. 2.

4.2 Matrix product operator representation of
the reference time evolution operator

To solve the optimization problem formulated in
Eq. (4), a reference operator representing the time
evolution propagator Ut = e−iHt is required. While
Ut can be computed for small systems via numeri-
cally exact diagonalization, this approach is infea-
sible for larger systems of interest due to the curse
of dimensionality. Therefore, we choose to approx-
imate Ut to a reasonable accuracy and efficiently
express it as an MPO with a maximum bond di-
mension χmax [18, 19].

Computing the reference matrix product
operator. For the optimization, it is essential to
have an efficient and accurate representation of the
time evolution operator Ut = e−iHt as a reference,
which we will denote as Uref. Depending on the
number of qubits N , the references are generated
in two different ways:

◦ For system sizes of N ≤ 12, we can compute
Ut numerically exactly as a full-rank matrix
and decompose and truncate it to an MPO.

◦ For larger systems, we obtain an accurate ap-
proximation of Ut using n repetitions of a
fourth-order Trotterization U IV,n

Trotter. For this

purpose, n is chosen such that U IV,n
Trotter has a

negligible approximation error for the systems
considered in this work. We then treat the re-
sulting deep quantum circuit as a tensor net-
work and contract it into an MPO [18, 19]. To

Merge brickwall layers
sequentially into MPO

Identity
MPO

fine and higher-
order Trotterization

Figure 3: How to obtain the reference MPO via a
suitable fine higher-order Trotterization for system sizes
of N ≥ 12. The corresponding deep Trotter circuit is
interpreted as a tensor network, and its brickwall layers
are sequentially merged into an initial identity MPO.

this end, we start with an initial identity MPO
and sequentially merge the layers of U IV,n

Trotter

into it as explained in Fig. 3. The procedure of
merging a brickwall layer into an MPO follows
the same strategy discussed in Section 4.1.

In both cases, the bond dimensions of the MPO
are truncated to some maximum value χmax [42],
and we denote the resulting MPO by Uχmax to in-
dicate this property. In practice, the accuracy of
Uref does not have to be arbitrarily high. Suppose
the final error between the optimized quantum cir-
cuit and the reference is Cfinal. In that case, it is
sufficient to have a reference operator Uref that ap-
proximates the exact time evolution Ut by

C(Ut, Uref) ≈
Cfinal
10 = ϵthres.

To further relax computational demands, a reason-
able target error Cfinal is evaluated, and Uχmax is
compressed to the smallest bond dimension χ ≤
χmax [19] for which it still holds that

C(Uχmax , Uχ) ≤ ϵthres.

The compression is achieved by applying a singu-
lar value decomposition (SVD) sweep on Uχmax in
mixed-canonical form, where the canonical center
is always moved to the local tensor that is currently
truncated [42].
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Quantifying the reference approximation er-
ror. Several error sources lead to a deviation of
Uref from Ut.

◦ Trotterization error εTrot when approximating
Ut by U

IV,n
Trotter for systems with N > 12 qubits.

◦ Truncation error εtrunc when computing
Uχmax .

◦ Compression error εcomp when compressing
Uχmax to Uχ, which is given by the chosen
ϵthres.

To estimate the approximation error εTrot, we note
that for local Hamiltonians, the error is expected
to scale linearly in system size. Hence, εTrot for
large system sizes can be estimated from extrapo-
lating the approximation errors of a Trotterization
for a considered simulation time t for small enough
systems, for which the exact full-rank matrix Ut
can still be computed. In order to quantify the
truncation error εtrunc of Uχmax , a series of MPOs
{Uχ}χ>χmax is computed as described before. First,
it is verified that increasing the bond dimension
does not change the MPO significantly:

C(Uχ, Uχ+1) < 10−10.

The εtrunc of Uχmax is then given by
C(Uχmax , Uχmax+1). Lastly, the compression
error εcomp is determined by the choice of ϵthres.
This study compares the optimization results
with Trotterizations up to the fourth order.
Hence, εcomp is chosen such that the reference
MPO is accurate enough to reproduce the error
scaling behavior of these Trotter circuits. We will
accordingly document the error estimations of the
Uref used in the numerical simulations.

4.3 Tensor network methods for cost function
and gradient evaluation

In the following, we present the tensor network
methods used to evaluate both the gradient and
the cost function presented in Section 2.

Computing the cost function in the con-
text of tensor networks. When interpreting

the brickwall circuit as a tensor network, the par-
tial derivatives ∂Gℓ

i
T (W ) can be obtained by “cut-

ting out” the respective quantum gate Gℓi from
Eq. (1). This is visualized in Fig. 4. The cost func-
tion is given by Eq. (2) with the overlap T (W )
being representable by a tensor network contrac-
tion as given in Eq. (1). Given any partial deriva-
tive ∂Gℓ

i
T (W ), T (W ) can quickly be evaluated by

contracting ∂Gℓ
i
T (W ) with the corresponding “cut-

out-gate” Gℓi .

Computing the partial derivatives: Identify-
ing tensor networks environments. To com-
pute ∂Gℓ

i
T (W ), we follow an approach similar to

Ref. [19]. For the partial derivative ∂Gℓ
i
T (W ) with

respect to the i-th quantum gate in layer ℓ, we
first compute a top environment MPO Eℓtop, which
is obtained by merging all layers ℓ′ = ℓ + 1, . . . , L
lying above the considered layer ℓ into the adjoint
reference MPO U †

ref. Similarly, a bottom environ-
ment MPO Eℓbottom is computed by merging all lay-
ers ℓ′ = 1, . . . , ℓ − 1 below the considered layer ℓ.
This leads to our layer ℓ being “sandwiched” by
the two MPOs Eltop and Eℓbottom as visualized in
Fig. 4. To contract this resulting tensor network,
two further environments are computed. The first
results from contracting all tensors to the left of
the considered gate Gℓi , which we call the left en-

vironment Eℓ,ileft. Similarly, the right environment

Eℓ,iright is obtained by contracting all tensors to the

right of Gℓi .

Computing the partial derivatives: Environ-
ment caching. For the efficient evaluation of all
∂Gℓ

i
T (W ), it is helpful to cache some of the en-

vironments. Note that for a fixed layer ℓ, all left
environments Eℓ,ileft (right environments Eℓ,iright) can
be recursively obtained by a left-to-right (right-to-
left) sweep, since

Eℓ,i
left

= Eℓ,i−1
left Gℓ

i−1
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U†
ref

W
=

W
1
:L

Gℓ
i Gℓ

i

Eℓ
top = W ℓ+1:LU †

ref

Eℓ
bottom

= W1:ℓ−1

Eℓ,i
left

Eℓ,i
right

= = ∂Gℓ
i
Tr

(
U†
refW

)

Figure 4: Diagrammatic sketch of ∂Gℓ
i

Tr
(
U†

refW
)

, where Gℓ
i is the i-th gate in the ℓ-th layer of the brickwall circuit.

The partial derivative can be obtained by “cutting out” the considered gate Gℓ
i . For the efficient evaluation, a top

environment MPO Eℓ
top and a bottom environment MPO Eℓ

bottom are computed. From there, the left and right
environment, Eℓ,i

left and Eℓ,i
right, are evaluated. Finally, contracting the resulting tensor network can compute the partial

derivative.

and

Eℓ,i
right

= Eℓ,i−1
right

Gℓ
i−1

.

Using efficient tensor contractions, each evaluation
of Eℓ,ileft (E

ℓ,i
right) has a cost that scales the most with

O
(
D3χ3)

, where in our case it is always D = 2.
Since each two-qubit gate has to be merged once
in order to compute all Eℓ,ileft (Eℓ,iright), the overall
cost per gradient computation scales linearly in the
number of gates |W |, i.e., O

(
|W |d3χ3)

.
Furthermore, Eℓtop (Eℓbottom) for all layers ℓ =

1, . . . , L in the brickwall circuit can be recur-
sively computed by a top-to-bottom (bottom-to-
top) sweep, since

Eℓ−1
top = EℓtopW

ℓ

⇔
=

,

and

Eℓ+1
bottom = EℓbottomW

ℓ

⇔
=

,

with the initial environments ELtop = U †
ref and

E1
bottom = idMPO. To this end, a brickwall layer

has to be merged into the previous environment
MPO, which is achieved by the strategy discussed
in Section 4.1. The contraction cost to merge a
two-qubit gate with the corresponding local MPO
tensors scales at most with O

(
D5χ3)

. The result-
ing merged tensor needs to be split using a trun-
cated SVD in order to retain the MPO form and
a restricted bond dimension. Such an SVD con-
tributes a cost of O

(
[D2χ]3

)
. Since each gate has

to be merged and split once into an MPO in or-
der to compute all Eℓbottom (Eℓtop), the overall cost
within each gradient evaluation scales linearly in
the number of gates |W |, i.e., O

(
|W |D6χ3)

.

Full computation of the gradient ∇L. In
practice, the computation of ∇L consists of

(i) Compute all partial derivatives ∂Gℓ
i
T (W ).

(ii) Compute the overlap T (W ) from one of the
partial derivatives.

(iii) Compute ∇L via Eq. (6).

Computing all ∂Gℓ
i
T (W ) in step (i) can be

achieved by the following strategy:

1. Perform a top-to-bottom sweep to compute
and store all Eℓtop.

2. Perform a bottom-to-top sweep and consecu-
tively compute all partial derivatives with re-
spect to the gates in the layers ℓ = 1, . . . , L.
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(a) At each layer ℓ, first compute Eℓbottom
from the previous Eℓ−1

bottom. Only the cur-
rent and previous bottom environments
must be stored during this sweep.

(b) Perform a right-to-left sweep to compute

and cache Eℓ,iright for all i = nℓ, . . . , 1.
(c) Perform a left-to-right-sweep to compute

each ∂Gℓ
i
T (W ) by first computing Eℓ,ileft

from the previous Eℓ,i−1
left and then con-

tracting the resulting tensor network.
Only the previous and current left envi-
ronments have to be stored in this sweep.

The last contraction in step (c) has a cost that
scales at most with O

(
D3χ3)

. Since this contrac-
tion has to be done for each two-qubit gate, the
overall cost to evaluate the full gradient coming
from this step scales with O

(
|W |D3χ3)

. Taking
into account the intermediate contractions to eval-
uate all environments, the cost to compute the
gradient scales at most with O

(
|W |D6χ3)

. An
overview of the contraction costs per gradient eval-
uation is given in Table 1.

Table 1: Overview of contributing contraction costs per
gradient evaluation with respect to the number of
two-qubit gates |W |, the maximum bond dimension χ
and the qubit dimension D = 2.

Etop/Ebottom O
(
|W |D6χ3)

Eleft/Eright O
(
|W |D3χ3)

Final contraction O
(
|W |D3χ3)

The procedure of computing one partial deriva-
tive is visualized for a specific gate Gℓi in Fig. 4.
The Riemannian gradient ∇RieL is then obtained
through the projection given in Eq. (9) as discussed
in Section 3.

4.4 Enabling gradient-based parameter opti-
mization
As discussed in the introduction, an alternative
strategy for quantum circuit optimization involves
parameterizing quantum gates [10–15]. While
a geometric-aware Riemannian optimization ap-
proach is expected to perform better especially on
difficult loss landscapes. parameterization-based

techniques are particularly effective when adapting
to native hardware gate sets. For instance, certain
quantum hardware platforms natively support two-
qubit gates of the form

V (a, b, c) = ei(aXX+bY Y+cZZ).

In such cases, it is advantageous to directly opti-
mize the Weyl decomposition [43]:

G = (K1 ⊗K2) · V (a, b, c) · (K3 ⊗K4),

where each Ki ∈ SU(2) and can be expressed as a
sequence of single-qubit rotations, e.g.,

Ki = RZ(θi)RY (ψi)RZ(ϕi).

This yields a 15-parameter representation of each
two-qubit gate:

{αi}15
i=1 = {a, b, c} ∪ {θi, ψi, ϕi}4i=1.

Our scalable tensor network-based method for
the evaluation of Eq. (6) presented in Section 4.3
can readily be used in the parameterized context as
well. For a gradient-based Euclidean optimization,
the gradient with respect to the parameters {αi} is
required. The latter can be obtained by a simple
chain rule:

∂L
∂αi

=
〈
∂L

∂G
,
∂G

∂αi

〉
, (12)

which intuitively corresponds to replacing the “cut-
out-gate” in the tensor network picture with the
corresponding inner derivative ∂G

∂αi
. For complete-

ness, we have listed ∂G
∂αi

for the case of the Weyl
decomposition in Appendix B.

5 Numerical simulations
In the following, we consider Hamiltonians of (i)
spin chains, and (ii) fermionic systems. We use
the common notation of (σ1

i , σ
2
i , σ

3
i ) = (Xi, Yi, Zi)

for the vector of Pauli operators acting on the i-th
qubit. Moreover, we denote in the context of sec-
ond quantization the creation (annihilation) oper-
ator acting on orbital p as a†

p (ap) and the corre-

sponding number operator as np = a†
pap.

While our method can generally be applied to
non-translationally invariant systems, we mainly
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consider systems with translational invariance for
simplicity. However, we explicitly demonstrate this
aspect for 10 disordered transverse-field Ising mod-
els on a one-dimensional chain with 20 sites. Fur-
thermore, we show the optimization results for
non-disordered transverse-field Ising and Heisen-
berg models on a one-dimensional chain with 50
sites although our method is also applicable to
larger systems. Regarding the fermionic systems,
we first show the optimization results for a non-
disordered spinful Fermi-Hubbard model on a one-
dimensional chain for 50 spin orbitals. As a proof
of concept, we then demonstrate that our method
can be applied to molecular Hamiltonians using the
exemplary system of LiH. The utilized error mea-
sure C is given by Eq. (2).

5.1 Spin systems

5.1.1 Transverse-field Ising model (non-disordered).

As a first example, we consider the transverse-field
Ising model Hamiltonian on a chain with N = 50
sites and open boundary conditions:

HIsing =
N−1∑
i=1

JZiZi+1 +
N∑
i=1

(gXi + hZi) ,

with J, g, h ∈ R. In this study, we set without
loss of generality J = 1 and g = 0.75, specifically
considering the non-integrable case h = 0.6. We
compute Uref as 20 repetitions of a fourth-order
Trotterization, U IV,20

Trotter, for a simulation time of
t = 2, which is further compressed to a thresh-
old of ϵthres. An overview of the reference error
estimation is given in Appendix C Table 2.

The two-qubit Trotterization gates are given by

GIsing = e−i∆t
(
JZZ+ g1

2 XI+ g2
2 IX+ h1

2 ZI+ h2
2 IZ

)
,

where

◦ g = g1 = g2 and h = h1 = h2 for gates in the
middle of the circuit,

◦ g2 = g = g1
2 and h2 = h = h1

2 for gates that
act on the first qubit, and

◦ g1 = g = g2
2 and h1 = h = h2

2 for gates that
act on the last qubit

due to the open boundary conditions.

5 10 50

10−6

10−5

10−4

10−3

10−2

10−1

100

(a)

Number of layers

C

Trotter I Trotter II
Trotter IV Optimized circuit

0.5 1 2

10−3

10−2

10−1

100

(b)

Trotter time step ∆t

C1
/
2

Trotter I O(∆t1)

Trotter II O(∆t2)

Trotter IV O(∆t4)

Optimized circuit O(∆t5.13)

Figure 5: Results for the Ising model on a chain with
N = 50 sites, J = 1, g = 0.75, h = 0.6, and t = 2.
(a) The error of the Riemannian optimized brickwall
circuit compared to that of different Trotter circuits.
(b) The error scaling in Trotter time step ∆t for the
Riemannian optimized brickwall circuit compared to that
of various Trotter circuits.

The quantum circuits that are optimized are ini-
tialized as Trotterizations of order two. The opti-
mization results and their comparison to Trotteri-
zations of various orders are shown in Fig. 5.

The Riemannian optimization method can in-
crease the accuracy of each optimized quantum
circuit with a relative error improvement, Crel =
Cinit/Copt, of up to four orders of magnitude as
shown in Fig. 5(a). For example, the brickwall
circuit with 12 layers could be optimized to an ac-
curacy of five repetitions of a fourth-order Trot-
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terization, which would initially require 51 layers.
Furthermore, since all considered initial quantum
circuits correspond to a Trotterization of order two,
we can investigate the error scaling behavior with
respect to the discretized Trotter time step ∆t. For
naive Trotterization of k-th order, the Trotter er-
ror scales like O(∆tk). For the optimized brickwall
circuit, we observe a scaling behavior of O

(
∆t5.13)

,
i.e., a better scaling behavior for ∆t ≪ 1 than a
fourth-order Trotterization. This analysis is shown
in Fig. 5(b).

5.1.2 Transverse-field Ising model (disordered).

Unlike previous Riemannian quantum circuit opti-
mization methods [17], our new method can also
be applied to systems without translational invari-
ance. To demonstrate this aspect, we consider a
disordered modification of the prior Ising model:

HIsing,dis =
N−1∑
i=1

JiZiZi+1 +
N∑
i=1

(giXi + hiZi)

with Ji, gi, hi ∈ R, where we uniformly sample
Ji ∈ [J2 ,

3J
2 ], gi ∈ [ g2 ,

3g
2 ], hi ∈ [h2 ,

3h
2 ] and with-

out loss of generality J, g, h are chosen as in the
translationally invariant case. We generate 10 dif-
ferent disordered Ising models of N = 20 sites and
optimize each. The results for this setting are vi-
sualized in Fig. 6, where the optimization result
for the corresponding non-disordered system is ad-
ditionally displayed for comparison. Our method
can handle disordered systems and achieves opti-
mization results similar to those in the previous
non-disordered case.

5.1.3 Heisenberg model.

As a second spin system, we consider the Heisen-
berg Hamiltonian on a chain of N = 50 sites:

HHeis =
N−1∑
i=1

3∑
α=1

Jασαi σ
α
i+1 +

N∑
i=1

3∑
α=1

hασαi ,

with J⃗ , h⃗ ∈ R3. In the numerical simulations,
we consider the parameters J⃗ = (1, 1,−1

2) and

h⃗ = (3
4 , 0, 0). We compute Uref as 10 repetitions

of a fourth-order Trotterization, U IV,10
Trotter, for a sim-

ulation time of t = 0.5, which is further compressed

5 10 50

10−6

10−5

10−4

10−3

10−2

10−1

100

Number of layers

C

Trotter I Trotter II
Trotter IV Optimized circuit
Disordered Non-disordered

Figure 6: Results for the disordered Ising model on a
one-dimensional chain of N = 20 sites. The
corresponding non-disordered Ising model is plotted for
reference for parameters J = 1, g = 0.75, g = 0.6, and
t = 2. The parameters for the disordered models are
uniformly sampled as Ji ∈ [ 1

2J,
3
2J ], gi ∈ [ 1

2g,
3
2g], and

hi ∈ [ 1
2h,

3
2h].

to a threshold of ϵthres. An overview of the refer-
ence error estimation is given in Appendix C Ta-
ble 2. The two-qubit Trotterization gates in the
considered case are given by

GHeis = e−i∆t
(

h1
2 XI+ h2

2 IX+
∑3

α=1 J
ασα

i σ
α
i+1

)
,

where

◦ h1 = 3
4 = h2 for quantum gates that do not

act on any edge qubits,

◦ h2 = 3
4 = h1

2 for quantum gates that act on
the first qubit, and

◦ h1 = h = h2
2 for quantum gates that act on

the last qubit

due to the open boundary conditions.
We optimize various quantum circuits that are

initialized as the most accurate Trotterization for
the considered number of layers. In our case, these
are Trotter circuits of orders two and four as well as
concatenations of both. The numerical results are
presented in Fig. 7. While the error improvement
is not as significant as for the previous transverse-
field Ising model, the Riemannian optimization in-
creases the accuracy of all optimized quantum cir-
cuits to up to one order of magnitude.
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Figure 7: Results for the Heisenberg model on a chain
with N = 50 sites, J⃗ = (1, 1,− 1

2 ), h⃗ = ( 3
4 , 0, 0), and

t = 0.25.

5.2 Fermionic systems
When considering fermionic systems, their anti-
symmetrical nature needs to be taken into ac-
count, e.g., utilizing second quantization. This
study examines two types of fermionic Hamilto-
nians formulated in second quantization. A suit-
able fermion-to-qubit mapping such as the Jordan-
Wigner transformation [44, 45] must be applied to
map the corresponding operators. Furthermore,
fermionic swaps must be considered when simu-
lating longer-range interactions using only nearest-
neighbor two-qubit gates. Ref. [25] has introduced
the fermionic swap network to simulate a Trotter
step of a fermionic system using a brickwall cir-
cuit layout. In the following, we introduce the
fermionic systems we considered for our numeri-
cal simulations and provide further details on the
Trotter implementation in Appendix D.

5.2.1 Spinful Fermi-Hubbard model.

As a first fermionic system, we consider the one-
dimensional spinful Fermi-Hubbard model given by

HFH = −
∑

⟨pq⟩,s
T

(
a†
psaqs + a†

qsaps
)
+1

2
∑
p

V np↑np↓,

where ⟨pq⟩ denotes the pairs of adjacent spatial
orbitals on a chain, and s ∈ {↑, ↓} denotes the
spin. Within the numerical simulations, we con-
sider T = 1 and V = 4. We compute Uref as 10 rep-
etitions of a fourth-order Trotterization, U IV,10

Trotter,

5 10 20
10−9

10−7

10−5

10−3

10−1

Number of layers

C

Trotter I Trotter II
Trotter IV Optimized circuit

Figure 8: Results for the one-dimensional spinful
Fermi-Hubbard model with N = 50 spin orbitals, T = 1,
V = 4, and t = 0.3.

for a simulation time of t = 0.3, which is further
compressed to a threshold of ϵthres as listed in Ap-
pendix C Table 2. To implement a Trotter step, a
fermionic swap network is required, for which we
provide more details in Appendix D. We start from
quantum circuits initialized in Trotter steps of the
second or fourth order as well as their concatena-
tions, where the best Trotterization is chosen for a
given number of layers. The optimization results
are visualized in Fig. 8.

Again, the Riemannian optimization method can
improve the simulation accuracy for each optimized
quantum circuit. The presented results show a rel-
ative error improvement of up to a factor of 6.

5.2.2 Molecular Hamiltonian

Finally, we showcase a proof of concept on how the
presented method could be applied to a chemical
system. The general molecular Hamiltonian in sec-
ond quantization is given by

Hmol =
N∑

p,q=1
tpq a

†
paq︸ ︷︷ ︸

T

+
N∑

p,q,r,s=1
vpqrs a

†
pa

†
qaras︸ ︷︷ ︸

V

,

where the scalar coefficients hpq and hpqrs are the
one- and two-electron integrals. Various techniques
can be employed to “diagonalize” the Coulomb in-
teraction term V [46–49]. For the presented nu-
merical experiment, we utilize the so-called double
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Figure 9: Riemannian optimization results for LiH. The
optimization was performed on 21 diagonal molecular
Hamiltonian terms. For each term, a brickwall circuit
initialized as one repetition (left panel) or two repetitions
(right panel) of a second-order Trotter step is optimized.

factorization [49], within which the two-body in-
teraction term can be decomposed into diagonal
terms via

V =
∑
p,q

Spqa
†
paq +

Nrot∑
ℓ=1

ρℓ∑
i,j

λ
(ℓ)
i λ

(ℓ)
j

2 n
(ℓ)
i n

(ℓ)
j ,

where

n
(ℓ)
i =

N∑
p,s=1

U
(ℓ)
si a

†
pasU

(ℓ)
si = a†

ψ
(ℓ)
i

a
ψ

(ℓ)
i

corresponds to the number operator in a rotated

basis, ψ
(ℓ)
i =

∑N
p=1 U

(ℓ)
pi ϕp. By doing so, Hmol

can be decomposed into Givens rotations and Nrot

Hamiltonian terms

H
mol,(ℓ)
diag =

∑
i,j

T
(ℓ)
ij a

†
ψ

(ℓ)
i

a
ψ

(ℓ)
j

+ V
(ℓ)
ij n

(ℓ)
i n

(ℓ)
j ,

where the two-body interaction V (ℓ) is diagonal.

A Trotter step for each H
mol,(ℓ)
diag can be imple-

mented following the fermionic swap network in-
troduced in Ref. [25]. Again, we leave further de-
tails on the fermionic swap network in Appendix D.
As a proof of concept, we consider the molecule
LiH with six orbitals and a simulation time t =
1. We decompose its molecular Hamiltonian into
Nrot = 21 sets of rotations and diagonal Hamiltoni-

ans
{
H

mol,(ℓ)
diag

}Nrot

ℓ=1 , of which we optimize each. We
start from an initial quantum circuit correspond-
ing to one and two Trotter steps of order 2. The
optimization results are visualized in Fig. 9.

We observe that the simulation accuracy could
be increased for each considered quantum circuit.

In the best cases, the optimized errors become
negligible on the order of numerical precision (≈
10−16). However, we do not claim any general-
ization of these results to larger systems, as the
considered molecule is a simple example intended
to serve as a proof of concept. In each optimiza-
tion case, a relative error improvement of at least
one order of magnitude could be achieved, with the
best relative error improvement being eight orders
of magnitude. The median relative error improve-
ment is about two orders of magnitude.

6 Conclusion

In this work, we present a novel approach that
combines Riemannian optimization and tensor net-
work methods to significantly enhance the simula-
tion accuracy of initial Trotter circuits for the time
evolution of various quantum systems. Our tech-
nique is purely classical, eliminating the need for
costly quantum resources. To address the challenge
of dimensionality in larger systems, we employ an
MPO approximation for the reference time evolu-
tion operator. This requires careful selection of the
maximum bond dimension and simulation time to
ensure computational feasibility while maintaining
accurate MPO representation of the actual time
evolution. Our method is versatile and does not
impose any symmetry constraints on the quantum
systems. We demonstrate its effectiveness by opti-
mizing ten disordered transverse-field Ising model
instances. Additionally, we achieve error improve-
ments of up to four orders of magnitude for one-
dimensional systems such as the non-disordered
transverse-field Ising model, the Heisenberg model,
and the spinful Fermi-Hubbard model. We further
showcase the applicability of our method to molec-
ular Hamiltonians, using LiH as a proof of concept,
where we achieve error improvements of up to eight
orders of magnitude.

To tackle larger molecular systems, efficient
methods to approximate the time evolution op-
erator as an MPO are crucial [50, 51]. We leave
a more detailed analysis of this aspect for fu-
ture work. Our current method employs first-
order Riemannian optimization. However, recent
results [52] have shown a tremendous advantage of
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using second-order Riemannian optimization over
first-order methods in the context of quantum cir-
cuit compression. Therefore, in future research, we
plan to explore second-order optimization methods
for brickwall circuits, such as the trust-region al-
gorithm [17, 52].
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Supplementary Material for
“Riemannian quantum circuit optimization based on matrix product operators”

A Gradient computation using the Wirtinger formalism
Within this work, we compute the gradient using the Wirtinger formalism [29] that can also be applied to
non-holomorphic functions. In the following, we give a short summary of the latter and provide further
details on the gradient calculation.
Consider complex-valued smooth functions f, g : C→ C and a complex number z = x+iy with x, y ∈ R.

The Wirtinger derivatives are defined as follows:

∂zf(z) = 1
2 (∂xf − i∂yf) , (13a)

∂z∗f(z) = 1
2 (∂xf + i∂yf) , (13b)

where ∂xf and ∂yf are the conventional partial derivatives when interpreting f as function f : R2 → C,
f(x, y) = f(x+ iy). Furthermore, the following chain rule holds:

∂z(f ◦ g) =
(
∂wf ◦ g

)
∂zg +

(
∂w∗f ◦ g

)
∂zg

∗, (14)

where “◦” denotes function composition and w = g(z). By definition, we can express the gradient ∇f as

∇f(z) = 2
(
∂zf(z)

)∗
, (15)

where (∗) denotes the complex conjugate.
In the following, we will give a more detailed computation of the Euclidean gradient ∇L. By using the

presented Wirtinger formalism, the partial derivatives with respect to an entry of W are given by

∂Wjk
Re T (W ) = 1

2∂Wjk
Tr

(
U †W +W †U

)
=
U∗
jk

2 ,

and

∂Wjk
Im T (W ) = 1

2i∂Wjk
Tr

(
U †W −W †U

)
=
U∗
jk

2i ,

where we have used that

∂Bγτ Tr
(
A†B

)
=

∑
α,β

A∗
βαBβαδβγδατ = A∗

γ,τ ,

and

∂Bγτ Tr
(
B†A

)
= ∂Bγτ

∑
α,β

B∗
βαAβα = 0.

For convenience, we repeat the loss function given in the main text in Eq. (3):

L = − [Re T (W )]2 − [Im T (W )]2

Using the chain rule given by Eq. (14) and the previous results, the partial derivative of L with respect
to a matrix element Wjk can be computed as

∂Wjk
L = −2 Re T (W ) · ∂Wjk

Re T (W )
− 2 Im T (W ) · ∂Wjk

Im T (W )
= −Re T (W ) · U∗

jk + Im T (W ) · iU∗
jk

= − [T (W )Ujk]∗ .
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By again applying the chain rule given in Eq. (14), the partial derivatives of L with respect to a specific
gate are given by

∂Gℓ
i
L = ∂WL ∂Gℓ

i
W =

∑
jk

∂Wjk
L · ∂Gℓ

i
Wjk

= −
∑
jk

T (W )∗U †
kj ∂Gℓ

i
Wjk

= −T (W )∗ ∂Gℓ
i

∑
jk

U †
kjWjk

= −T (W )∗ · ∂Gℓ
i
T (W ),

where we denote the number of layers in the brickwall circuit with L and the number of gates in layer ℓ
with nℓ. Finally, the overall gradient can be obtained via Eq. (15) as

∇L = −2 T (W ) · ∂Gℓ
i
[T (W )]∗ℓ=1,...,L

i=1,...,nℓ

. (16)

B Jacobians of the Weyl decomposition

For convenience, we state the Weyl decomposition [43] again:

G = (K1 ⊗K2) · V (a, b, c) · (K3 ⊗K4),

with

Ki = RZ(θi)RY (ψi)RZ(ϕi),

and

V (a, b, c) = ei(aXX+bY Y+cZZ)

The Jacobian with respect to a, b, c ∈ R is given by:

∂G

∂a
= iK1 ⊗K2 ·XX · V (a, b, c) ·K3 ⊗K3

∂G

∂b
= iK1 ⊗K2 · Y Y · V (a, b, c) ·K3 ⊗K4

∂G

∂c
= iK1 ⊗K2 · ZZ · V (a, b, c) ·K3 ⊗K4.

The Jacobian of Kj with respect to the corresponding angles θj , ψj , ϕj ∈ R is given by:

∂Kj

∂θi
= − i2ZKj

∂Kj

∂ψj
= − i2RZ(θj)Y RY (ψj)RZ(ψj)

∂Kj

∂ϕj
= − i2RZ(θj)RY (ψj)ZRZ(ϕj).

The Jacobian ∂G
∂α for α = θj , ψj , ϕj can directly be obtained from the latter equations.
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Table 2: Overview of reference approximation for the different Hamiltonians.

Reference approximation Trotter error Trunc. error Compr. error
Ising (20 qubits) U IV,20

Trotter (t = 2.0) 1 · 10−11 5 · 10−15 9 · 10−8

Ising (50 qubits) U IV,20
Trotter (t = 2.0) 4 · 10−11 2 · 10−14 2 · 10−9

Heisenberg (50 qubits) U IV,10
Trotter (t = 0.25) 4 · 10−11 3 · 10−14 3 · 10−11

Fermi-Hubbard (20 qubits) U IV,10
Trotter (t = 0.3) 5 · 10−11 2 · 10−11 5 · 10−11

Fermi-Hubbard (50 qubits) U IV,10
Trotter (t = 0.3) 2 · 10−10 5 · 10−11 5 · 10−11

C Overview of reference approximation for the different Hamiltonians
Several error sources lead to a deviation of the reference MPO and the exact time evolution operator
as described in Section 4.2. For the numerical simulations conducted in this work, we summarize these
contributions in Table 2.

D Fermionic swap network
In this work, Trotter circuits of first-, second-, and fourth-order are considered. Given a Hamiltonian of
the form H =

∑k
i=1Hi, these Trotterizations are given by [7]

U1(t) =
k∏
i=1

e−iHit,

U2(t) =
k∏
i=1

e−iHit/2
1∏
i=k

e−iHit/2,

U4(t) = [U2(s2t)]2 [U2((1− 4s2)t)] [U2(s2t)]2 ,

where in the latter s2 = (4− 41/3)−1.
To implement a Trotter circuit for fermionic Hamiltonians, each orbital p is represented by a qubit

ip and the fermionic operators a†, a, n need to be mapped to corresponding qubit operators [25]. Using
the Jordan-Wigner transformation [44, 45] for this purpose results in possibly long-range Pauli-Z strings.
However, if the qubits representing the involved orbitals p, q are adjacent, i.e., iq = ip + 1, the time-
evolution of a single summand in V can be implemented by two-qubit gates. To this end, a fermionic
swap network architecture can be employed [25], where fermionic swaps

fswap =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1


are utilized suitably.

D.1 Spinful Fermi-Hubbard model
For simplicity, we state the considered one-dimensional spinful Fermi-Hubbard Hamiltonian again:

HFH = −
∑

⟨pq⟩,s
Tpq

(
a†
psaqs + a†

qsaps
)

+ 1
2

∑
p

Vpnp↑np↓.

Accepted in Quantum 2025-08-06, click title to verify. Published under CC-BY 4.0. 3



As can be seen, interactions of spin orbitals (ps) and (qs) for p = q + 1 as well as interactions between
spin orbitals (p ↑) and (p ↓) need to be considered. To simulate a Trotter step, we order the spin orbitals
as follows (example of 5 spatial orbitals):

1 ↑ 1 ↓ 2 ↓ 2 ↑ 3 ↑ 3 ↓ 4 ↓ 4 ↑ 5 ↑ 5 ↓

We then construct the swap network as follows: The first and third layer simulate the kinetic hopping
terms, for which the two-qubit gates Vkin after Jordan-Wigner transformation are given by

GFH
kin(ip, iq) =


1 0 0 0
0 cos(Tpq∆t) i sin(Tpq∆t) 0
0 i sin(Tpq∆t) cos(Tpq∆t) 0
0 0 0 1

 .

The second layer simulates the on-site interactions while simultaneously swapping the corresponding
orbitals, for which the two-qubit gates Vint after applying Jordan-Wigner transformation are given by

GFH
int (ip, iq) =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −e−iVpq∆t

 .

Note that for first-order Trotterization, an additional layer that reverses the previous fermionic swaps
given by needs to applied, which is not necessary for even-order Trotterizations. The fermionic swap
network for a first-order Trotter step of a system with 10 spin orbitals is then given by:

1 ↑ 1 ↓ 2 ↓ 2 ↑ 3 ↑ 3 ↓ 4 ↓ 4 ↑ 5 ↑ 5 ↓

1 ↑ 1 ↓ 2 ↓ 2 ↑ 3 ↑ 3 ↓ 4 ↓ 4 ↑ 5 ↑ 5 ↓

1 ↓ 1 ↑ 2 ↑ 2 ↓ 3 ↓ 3 ↑ 4 ↑ 4 ↓ 5 ↓ 5 ↑

1 ↓ 1 ↑ 2 ↑ 2 ↓ 3 ↓ 3 ↑ 4 ↑ 4 ↓ 5 ↓ 5 ↑

GFH
kin GFH

int
fswap

D.2 Molecular Hamiltonian

Ref. [25] presented a fermionic swap network to implement a Trotter step of a molecular Hamiltonian
with diagonal interaction term given by

H =
∑
pq

Tpqa
†
paq + 1

2
∑
p ̸=q

Vpqnpnq,
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where p, q denote the orbitals. In this case, the interaction and kinetics between two neighboring orbitals,
as well as their fermionic swapping, can be jointly simulated by the following two-qubit gate:

fsim(ip, iq) =


1 0 0 0
0 −i sin(Tpq∆t) cos(Tpq∆t) 0
0 cos(Tpq∆t) −i sin(Tpq∆t) 0
0 0 0 −e−iVpq∆t


The following fermionic swap network implements a Trotter step of first-order for 6 orbitals, where the
layers for reversing the orbital ordering are neglected for simplicity:

1 2 3 4 5 6

2 1 4 3 6 5

2 4 1 6 3 5

4 2 6 1 5 3

4 6 2 5 1 3

6 4 5 2 3 1

fsim

E Comparison of local and simultaneous gate updates
Instead of updating all quantum gates simultaneously within a single optimization step, alterna-
tive “sweeping” approaches update one gate at a time while keeping the remaining quantum circuit
fixed [18, 19]. In both methods, ∂Gℓ

i
T (W ) must be evaluated, as illustrated in Fig. 4. These partial

derivatives contribute to the full gradient in Riemannian optimization. In the sweeping method, however,
a specific gate Gℓi is updated as

G̃ℓi = qpolar
[
∂Gℓ

i
T (W )†

]
,

where qpolar(A) denotes the unitary matrix Q ∈ U obtained from the polar decomposition A = QP , with
P ∈ C4×4 being a Hermitian positive semi-definite matrix. There are additional aspects in which the
two optimization methods differ. In the local update method, there is flexibility in the order of sweeping
through the quantum gates. It has been observed that different sweeping orders impact the optimiza-
tion [18]; however, depending on the chosen local optimization method, not all sweeping orders can be
implemented efficiently [19]. Riemannian optimization updates all quantum gates simultaneously, thereby
avoiding potential issues arising from a non-optimal sweeping order. However, Riemannian optimization
requires an appropriate selection of the learning rate, which is not necessary for local updates. While the
ADAM optimizer adjusts the learning rate during the optimization process, an appropriate initial choice
can influence the quality of the optimization.
To compare both optimization methods, we define one optimization step of the local sweep method as

a top-to-bottom or bottom-to-top sweep, where each layer’s quantum gates are updated in a back-and-
forth manner, i.e., left-to-right-to-left. The corresponding sweeping order is illustrated in Fig. E1. This
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Figure E1: The chosen top-to-bottom sweeping order that defines one optimization step within the local update
method. Similarly, a bottom-to-top sweep defines another optimization step. After one optimization step, each
quantum gate was updated twice.

results in each quantum gate being updated twice per step, in contrast to the single update within the
Riemannian approach. From a computational perspective, the bottleneck for Riemannian optimization
is the computation of the gradient, whereas for the sweeping method, it is the local updates. Since
both computations utilize a similar environment caching, the asymptotic computational scaling is the
same. In the following, we consider two stopping criteria for the optimization: (i) maximum number
of iterations and (ii) early stopping. In the first case, the optimization is terminated after a maximum
number of iterations niter, and the optimized error for both methods is compared. In the second case, the
optimization is halted if the relative deviation of the optimization cost between two steps i and i − n is
smaller than the tolerance given by

2 ·
∣∣∣∣Ci−n − CiCi−n + Ci

∣∣∣∣ ≤ 10−5,

where the distance between the two compared optimization steps is adjusted with the number of iterations,
n = ⌈0.01i⌉. For example, if the optimizer has proceeded for fewer than 100 iterations, the last two points
are compared; if it has proceeded for 1000 steps, the last and the tenth last points are compared. If
one method does not converge within niter steps, we determine the number of iterations at which the
convergence error of the other method is found. This is indicated with (∗). We compare the sweeping
method with the Riemannian method following the described procedure for two systems of a spinful

0 1000 2000

6 · 10−7

10−6

2 · 10−6 T = 1

V = 1.5

niter

C

Local sweeping Riemannian

0 1000 2000

4 · 10−6

6 · 10−6

10−5

2 · 10−5

T = 1

V = 4

niter

C

Figure E2: Loss curve comparison for a brickwall circuit with 17 layers. The considered systems are spinful
Fermi-Hubbard models on 20 qubits with different interaction strengths.
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Table 3: Convergence comparison between local sweeping method and Riemannian optimization for a spinful
Fermi-Hubbard system on a chain of 20 qubits. (‡) indicates that the convergence criteria was not met within niter,max.
In these cases, niter was identified as the number of steps required to obtain the convergence error of the other method.

T = 1 and V = 1.5

nlayers
Local

(early stopping)
Riemannian

(early stopping)
Local

(max. iteration)
Riemannian

(max. iteration)
niter Error niter Error niter,max Error Error

5 25 4.73 · 10−4 62 4.73 · 10−4 100 4.73 · 10−4 4.73 · 10−4
9 1872‡ 1.09 · 10−5 1091 1.09 · 10−5 2000 1.09 · 10−5 1.81 · 10−5

14 1308‡ 1.87 · 10−6 799 1.87 · 10−6 2000 1.85 · 10−6 1.81 · 10−6

17 – – 914 5.54 · 10−7 2000 5.56 · 10−7 3.43 · 10−7

21 886 9.53 · 10−9 544 9.53 · 10−9 2000 9.13 · 10−9 8.85 · 10−9

41 310 7.04 · 10−11 817 7.04 · 10−11 2000 5.62 · 10−11 6.97 · 10−11

T = 1 and V = 4

nlayers
Local

(early stopping)
Riemannian

(early stopping)
Local

(max. iteration)
Riemannian

(max. iteration)
niter Error niter Error niter,max Error Error

5 11 4.37 · 10−3 50 4.37 · 10−3 100 4.37 · 10−3 4.37 · 10−3
9 560‡ 7.74 · 10−5 373 7.74 · 10−5 2000 7.73 · 10−5 7.73 · 10−5

14 1111‡ 1.28 · 10−5 577 1.28 · 10−5 2000 1.26 · 10−5 1.23 · 10−5

17 593‡ 3.96 · 10−6 541 3.96 · 10−6 2000 3.86 · 10−6 3.78 · 10−6

21 686‡ 3.13 · 10−7 518 3.13 · 10−7 2000 2.77 · 10−7 2.69 · 10−7

41 578 1.43 · 10−9 225 1.43 · 10−9 2000 1.29 · 10−9 1.33 · 10−9

Fermi-Hubbard chain on 20 qubits with interaction strengths V = 1.5 and V = 4 and T = 1. Our findings
are documented in Table 3.
We observe a generally similar convergence behavior with nearly identical final errors after niter,max

update steps and only a small variance in the required update steps when considering early stopping. An
exemplary loss curve comparison for both Fermi-Hubbard models and a quantum circuit with 17 layers
is depicted in Fig. E2.
Note that a one-to-one comparison of both methods is challenging since the local sweeping method

generally does not have a natural global update step. Here, we chose a generous definition that allows
the local sweeping method to update each gate twice per global update step, whereas one Riemannian
optimization step updates each quantum gate only once. While both methods exhibit comparable op-
timization behavior, it is noteworthy that our method can, in principle, be extended to second-order
Riemannian optimization [17, 52], which requires a more computationally expensive evaluation of the
Hessian but likely necessitates fewer optimization steps and is more robust against local minima.
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