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We present a theoretical proposal for prepar-
ing and manipulating a state of a single
continuous-variable degree of freedom con-
fined to a nonharmonic potential. By utiliz-
ing optimally controlled modulation of the po-
tential’s position and depth, we demonstrate
the generation of non-Gaussian states, includ-
ing Fock, Gottesman-Kitaev-Preskill, multi-
legged-cat, and cubic-phase states, as well
as the implementation of arbitrary unitaries
within a selected two-level subspace. Addi-
tionally, we propose protocols for single-shot
orthogonal state discrimination, algorithmic
cooling, and correcting for nonlinear evolu-
tion. We analyze the robustness of this con-
trol scheme against noise. Since all the pre-
sented protocols rely solely on the precise mod-
ulation of the effective nonharmonic potential
landscape, they are relevant to several exper-
iments with continuous-variable systems, in-
cluding the motion of a single particle in an
optical tweezer or lattice, or current in circuit
quantum electrodynamics.

1 Introduction

The preparation of a continuous-variable system in
a non-Gaussian quantum state is of paramount im-
portance in various aspects of quantum science. This
ranges from fundamental tests of quantum mechan-
ics [1-5], through the design of quantum sensors [6—
9], to quantum information processing [10-18]. The
generation of non-Gaussian states requires a nonlin-
ear resource, often introduced through coupling to
an auxiliary degree of freedom, e.g., a two-level sys-
tem [5, 12, 15, 19-22]. On the other hand, some
continuous-variable systems already possess intrinsic
nonharmonicity in the potential of a canonical vari-
able (see Fig. 1). Notable examples include the mo-

Piotr T. Grochowski: piotr.grochowski@upol.cz

W21 — W10 x[u(r)]
— ~ 3%
A V'Y

>
v(z —u(r))
(b) 0.2 0.2 02 04 06 -0.2 0.2
W(z,p) mm wm P(
2373 10%u(r)

L RUCYRS
| i

z,T)
_5 72\i 19N zi
2 A

0w, ©
——u(r)
54y 2 L
5 ()
o "
= 0 . : \ v:::l
5 1/)0 déKP
-5 0 5 1 2 3 4 5 -5 0 5
p /21 p
(C)S 2
< lea?0
0 —— e
125 250 1 2 3 4 5
/27 /27w

Figure 1: (a) Examples of continuous-variable nonlinear sys-
tems that can be optimally controlled without the need for
auxiliary systems—single atoms in optical tweezers and flux-
tunable transmons. (b) Time-evolved probability density
P(x,7) = |¢(x,7)|, during the state preparation protocol
with the snapshots of Wigner functions W (z, p) at the begin-
ning and the end of the protocol. The potential is Gaussian
and its optimally controlled position u(7) is depicted via a
solid black line. The top panel shows a comparison between
a weak and long sinusoidal drive resonant with the ground-
first excited state transition and an optimized, much faster
control. The bottom panel presents an optimal control lead-
ing to the GKP state. (c) Excited states occupation numbers
len (1) = [ (¢n(2) |9 (2, 7)) [* for to(z) — 1(x) Fock ex-
citation protocols of (b)top. The left panel corresponds to
the slow Rabi flop, while the right one shows the fast opti-
mal control. Utilizing more states within the nonharmonic
potential accelerates and makes the control more versatile.

tion of a particle in a trap of finite depth [23, 24]
and the current in an electric circuit with a Josephson
junction [25]. These nonharmonicities in the potential
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are typically used to define a qubit within continuous-
variable systems [26-30]. In contrast, we investigate
whether this intrinsic nonlinearity suffices to imple-
ment quantum protocols beyond the two-dimensional
subspace. Since it is weaker than the nonlinearity pro-
vided by auxiliary two-level systems, we aim to assess
how far optimal control can compensate for this lim-
itation.

More specifically, we develop protocols to gener-
ate a plethora of states, including Fock, Gottesman-
Kitaev-Preskill (GKP) [10], multi-legged-cat [1, 31],
and cubic-phase [10, 32|, using optimal control [33-35]
of the potential’s position and depth. Furthermore,
we employ this control mechanism to design protocols
that implement arbitrary unitaries in selected sub-
spaces, enable single-shot orthogonal state discrimi-
nation [36, 37], spatial state transfer, correct for non-
Gaussian evolution, and perform algorithmic cool-
ing [38, 39]. These protocols could be implemented
with single atoms in optical tweezers [40-44] and lat-
tices [23, 45] to extend the motional states available
in protocols with itinerant particles, e.g., fermionic
quantum processors [18]; or with flux-tunable trans-
mons [25, 28, 46] for minimally invasive state manip-
ulation [cf. Fig. 1(a)]. Previous works, including con-
trol of Bose-Einstein condensates [47-56], fast atom
transport [45, 57, 58], ion shuttling [59], cat state cre-
ation through two-photon driving [60], and lattice in-
terferometry [61] have demonstrated similar concepts.
However, the role of nonharmonic potentials in quan-
tum information processing remains underexplored,
despite their natural relevance—particularly for ex-
ploiting, for example, the motion of single atoms in
scalable optical tweezer arrays [39].

The preparation of continuous-variable modes in
quantum non-Gaussian states and their subsequent
manipulation have been an object of increasing in-
terest across several platforms, including single neu-
tral atoms [44], trapped ions [62-65], superconduct-
ing circuits [66—68], propagating light at the telecom-
munication wavelength [69, 70|, etc. The control
scheme we present offers a realization of a large vari-
ety of relevant tasks and can be applied to a generic
continuous-variable platform that involves nonhar-
monicity. Our protocols take advantage of the con-
trollability of the external potential landscape, natu-
rally offered by, e.g., optical [39, 44, 45], electric [24],
and magnetic [71-73] potentials, and their hybrid
combinations [62-65, 74]. With such schemes, a high
information capacity of bosonic degree of freedom is
activated via preparation and control of high-energy
and high-quality quantum non-Gaussian states. Our
protocols are particularly interesting and useful for
systems without well-controlled access to nonlinear
resources, e.g., internal degrees of freedom or aux-
iliary superconducting circuits. However, they can
also be combined with such couplings for simultane-
ous control of both bosonic and spin degrees of free-

dom, opening new possibilities for, e.g., the use of
hyperentanglement [75].

The paper is structured as follows. Section 2 in-
troduces details about the physical model and op-
timization techniques, while Section 3 presents sev-
eral protocols that can be achieved through potential
modulation, including state preparation, correcting
for non-Gaussian evolution, implementation of uni-
taries, single-shot measurements, cooling, and spatial
state transfer. Further, Section 4 analyzes the feasi-
bility of our proposal, addressing the speed limits of
the protocols, their robustness against decoherence,
and how couplings to other modes can be incorporated
into optimization. Section 5 concludes the paper with
a finishing discussion and an outlook.

2 Control of potential landscape

In the following Section, we present two exemplary re-
alizations of one-dimensional continuous-variable sys-
tems for which our proposal can be applied—a single
neutral atom trapped via optical forces, either in a
tweezer or in a lattice, and a flux-tunable transmon.
In the Subsection 2.1, we provide details of the in-
volved Hamiltonians in these platforms, introduce a
universal description of our control scheme, and ad-
dress how much nonharmonicity is needed for the pre-
sented protocols. The Subsection 2.2 is dedicated to
details on the control optimization of our scheme.

2.1 Hamiltonians for different systems

As a starting point, we focus on a one-dimensional
continuous-variable system described by two conju-
gate quadrature operators, which may correspond to
an arbitrary realization of a single mode, e.g., the mo-
tion of a single atom in an optical tweezer [44, 76, 77|
or a lattice [45, 78], or phase and charge operators in
a flux-tunable transmon [25, 79, 80]. In the former
case, coherent dynamics is driven by a Hamiltonian,
P2

_ ;im ++amv | £-vm]. W)

T

where m is the mass of an atom, X is the position
operator, P is the momentum operator, t is time, and
functions a(t) and U (t) control the depth and position
of the potential. Here, the trapping potential V(X )
is Gaussian for the tweezer,

. e
V(X)=W (1 —e "0 ) ) (2)
and a squared sine for the lattice,
~ 2T A
V(X) = Vpsin? (;X> , (3)

where wyq is the tweezer waist, A\ is the optical wave-
length, and V; is either the tweezer or the lattice

Accepted in {Yuantum 2025-08-04, click title to verify. Published under CC-BY 4.0. 2



depth. For the transmon case, the Hamiltonian reads

0 0

[ (o am™O)].

0

Here, the phase difference operator is

. P11+ P2
p=t11%2 )
where ¢; = Qg‘f’i denotes the phase difference across

the i*" Josephson junction, and ®, = h/2e is the mag-
netic flux quantum. The charge number operator is
defined as

. Q
== 6
=2 (©)
and the charge energy is
EC 62
“h 2hC’ ()

where C is the total capacitance. The total Josephson
energy is
Ey = Ej + Ey2, (8)

with Ej; representing the Josephson energy of the ith
junction. The asymmetry between the two junctions
is characterized by

_ Ep—Ejp

=2 - 9
Ejo+ En ©)

Finally, ¢«(t) denotes the time-dependent external
magnetic flux threading the SQUID loop.

In the leading order, each of these setups is har-
monic with frequency w, yielding natural time 7 = wt,
canonical length and momentum scales,

. X A Lt ta
rI=—=—=—(a a),

Xo no V2

P 5 1
= =" = —ial —a), 10
=B \/5( ) (10)

where af creates a single excitation and [, p] = 4. For
an atom trapped in a tweezer, we have

Xo = (ﬁ2w8/4mV0)1/4,
Py = h/XQ,

w = /4Vy/mw3, (11)

while for the optical lattice,

Xo = (RN /8*mVp)'/4,
Py = h/Xo,

w = +/8m2Vy/mA2. (12)

For the flux-tunable transmon, the canonical length
and momentum scales read

ng = (8E¢/Ey)Y4,
Yo = 1/7’l0,

w=/8ECE;/h. (13)

In the canonical variables Z, p, each of the Hamil-
tonians (1), (4) can be rewritten as
LR aef ), (1)
where v = V/hw is the dimensionless potential. The
control of the system is performed through optimal
modulation of position, u(7), and depth, a(7), of the
potential. While for an atom in an optical tweezer,
they are independent controls realized through, e.g.,
acousto-optic modulator [77], for flux-tunable trans-
mons, they are constrained through a single control
function, the intensity of the external flux [79],

a(r) = L+4y/Ec/2En(r) |
N 14+ 4Ec2Eu2(r)d—2
d Ty (T)

u(r) = o tan B,

(15)

Such modulations have been realized in various other
experimental platforms [45, 54, 55, 61, 81], where the
choice of either position or depth control depends
on feasibility within a specific setup. For example,
Paul traps allow for both position and depth control
via varying current through electrodes generating the
electric field [54], while in optical lattices, phase con-
trol allows very precise position control [45]. As for
optical tweezers, the use of multiple radiofrequency
tones makes a powerful knob for the time-dependent
control of both position and depth [44].

In general, we consider the shape of the potential
to be symmetric in x, and we find it useful to express
it as

v(x) = #Uo(nx) R~ %xQ - %n2x4 (16)
when expanded up to the second order in the small
parameter 7. Note that, as the potential v(z) is be-
yond quadratic in x, the ensuing dynamics is nonlin-
ear, i.e., it does not preserve the Gaussianity of the
states. For the examples considered in this work, the
tweezer potential then reads as

vo(x) = g {1 — exp <—§x2>} , (17)

while for the lattice it is
vo(z) = sin? z, (18)

and for the flux-tunable transmon,

vo() = % 1 — cos (22)] (19)
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Note that we have defined the units so that the func-
tional forms of these potentials match up to the sec-
ond leading order, allowing for a unified discussion of
nonharmonicity. Here, 7 is the measure of the non-
harmonicity of the potential, comparing the canonical
length to the characteristic length scale of the poten-
tial, and translates directly into an energy level split-
ting,

= -5, (20)

where w;; is a transition frequency between " and

4*0 levels. For instance, for an atom in a tweezer, it
is

X,
n=v3=2, (21)
wWo

for an optical lattice, it is a Lamb-Dicke parameter

o 27TXO.
= P

(22)

for the flux-tunable transmon, it is a monotonic func-
tion of transmon anharmonicity «,

(0% Ec 1 2
— =4/ —= = =n% 23
" \/SEJ 5 (23)

and for Kerr oscillators, it can be associated with Kerr
nonlinearity k ~ wn?/24 [82]. The typical values of
physical parameters for the examples introduced in
this section lead to nonharmonicities no larger than
n ~ 0.5 (see Tab. 1) and can be tuned down at
least an order of magnitude depending on the specific
setup. Hence, here we will analyze such a parameter
regime. Nevertheless, many other experimental plat-
forms are characterized by much lower values, such
as trapped ions [24, 83] or levitated mechanical os-
cillators [84, 85]. There, lower nonharmonicity is as-
sociated with either larger potential length scales or
larger masses of trapped objects. In such cases, the
additional enhancement of nonharmonicity is needed,
e.g., through state excitation [85-87], to generate non-
Gaussian states.

Optically trapped atom | Superconducting circuit
m 101-102 u Ec/h MHz-GHz

wo, A 10%-10% nm | Ej 10-10*E¢
Vo/ks pK-mK d 0-1

Table 1: Typical physical parameters for atoms held in optical
tweezers or optical lattices and flux-tunable transmons.

2.2 Control optimization

Before presenting specific protocols, let us discuss pos-
sible methods of designing controls w(r) and a(7).
Within each of the subsequent protocols, we aim to

achieve some specific goal—be it state preparation,
unitary implementation, or others—that can be quan-
tified through a reward function that ought to be
maximized. A set of methods for designing time-
varying controls for the maximization of such a re-
ward function is collectively called quantum optimal
control (QOC) [33, 34, 88]. Introduced in the eight-
ies and since then broadly developed, QOC has be-
come one of the main quantum control tools, among
other optimization approaches, such as adiabatic pas-
sages [89], shortcuts to adiabaticity [90], and com-
posite pulses [91]. Various techniques have been es-
tablished to design the control pulses, relying on both
gradient-free and gradient-based approaches. The lat-
ter assume the ability to differentiate the reward func-
tion and include, among others, GRAPE (gradient as-
cent pulse engineering)- [92] and Krotov-like [93, 94|
techniques for optimizing controls that are piecewise
constant in time. On the other hand, the former
rely only on the evaluation of the reward function
itself. The examples are numerous, including Nelder-
Mead [95], evolution strategies [96], simulated anneal-
ing [97], and many others. Notably, recent years have
brought a rapid surge in the use of machine learn-
ing approaches for quantum control problems [98].
The choice of approach relies on constraints given
by a specific experimental setup, including how accu-
rately and fast we can solve the dynamics and what
the limitations of control pulses are, such as max-
imal Fourier bandwidth and intensity. We choose
to utilize the dressed chopped random-basis tech-
nique (ACRAB) [99] that is based on the Nelder-Mead
gradient-free method. Here, the control function is
expanded into a Fourier basis with randomized fre-
quencies and a high-frequency cutoff corresponding
to approximations of experimentally accessible band-
widths, i.e.,

Np

U(T) = Z Qj COS VT + bk sin VT, (24)
k=1

where ar and b, are parameters to be optimized, v
are frequencies that are probabilistically drawn from
the uniform distribution in the range [0, Vmax] [100],
Umax 1S the frequency cutoff, and IV, is the number
of frequency components. We have chosen this par-
ticular gradient-free method as we consider several
different reward functions, it naturally implements a
frequency cutoff for the control function, and there
are available well-developed open-source packages, in-
cluding the Quantum Optimal Control Suite [35],
which we utilize for the optimization. However, de-
pending on the specifics of the experimental imple-
mentation, our results can be achieved with an alter-
native approach, such as, e.g., GRAPE.

Generally speaking, controllability of the system
described by Eq. (1) depends sensitively on the shape
and depth of the potential. For shallow potentials,
the finite number of bound states can limit the set
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of achievable state transformations. However, in the
case of sufficiently deep or unbounded potentials—
such as the quartic potential—full controllability can
be established under certain control schemes [101].
The chosen potential landscape is then crucial in de-
termining the accessible Hilbert space and, conse-
quently, the effectiveness of optimal control protocols.

For all the simulations, the split-step method [102]
was used to simulate the dynamics on a spatial grid.
In the case of one-dimensional calculations, through-
out optimization runs, the numerical parameters read:
number of spatial grid points N, = 28, where the grid
spanned x € [—13,13], and number of time grid points
N, = 500. After optimizing the pulses, the dynam-
ics was run and further optimized with increased ac-
curacy to make sure the results are converged. The
optimization has been performed with QuoCS library
version 0.0.44 [35]. The number of Fourier compo-
nents used for dCRAB varied from 20 to 50, de-
pending on a particular protocol, and was random-
ized from a uniform distribution on a bandwidth that
also varied between different protocols. The choice
of these optimization parameters was fine-tuned for
each of the protocols, however, it was not exclusive—
different choices usually yielded similar values of spe-
cific reward functions, but with different total opti-
mization iterations. Note that further optimization of
all the protocols towards lower infidelities is possible
and would involve further fine-tuning of optimization
parameters.

3 Protocols

In the following section, we discuss several proto-
cols that can be implemented via a nonharmonic po-
tential modulation. It includes a versatile Gaussian
(Sec. 3.2) and non-Gaussian state preparation, both in
a single- (Sec. 3.1) and double-well (Sec. 3.5) potential
landscape, as well as the implementation of unitaries
(Sec. 3.4), single-shot measurements (Sec. 3.6), cool-
ing (Sec. 3.7), and correcting state evolution for non-
linear evolution due to nonharmonicities (Sec. 3.3).

3.1 State preparation

As the first type of protocol, we consider state prepa-
ration. The initial state of the system is assumed to
be the ground state ¥(x) of the nonharmonic poten-
tial v(x), well approximated by the wave function

1 .-
vo(n) % —pem ", (25)
which is the ground state of the leading harmonic ap-
proximation, x2/2. For this protocol, we choose to
control only the position of the potential u(7), to max-
imize the fidelity

F = (2,7 = Tnax) [0 (2)) ] (26)
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Figure 2: Examples of a state preparation protocol involv-
ing Gaussian [(a), (c), (e), (g)] and cosine [(b), (d), (f),
(h)] single-well potentials, with = 0.25 and Tmax/27 = 6,
using only optimized position of the potential u(7) in the
case of the Gaussian potential. The protocols include sec-
ond excited Fock [(a-b)], cat [(c-d), s = 9], cubic-phase
[(ef), « = 2, r = 0.7], and GKP [(g-h), » = 0.6,
(dl,dg,dg) = (—\/ZG, 0, \/ZG), (h1,h2,h3) = (1,2, 1)] state
preparation. Protocol fidelities F are: (a) 99.8% (b) 99.8%
(c) 92.7% (d) 93.4% (e) 97.2% (f) 94.9% (g) 99.8% (h)
99.8%. See the caption of Fig. 1 for subplot and curve leg-
end details.

with the target state 1r(x). We consider the prepa-
ration of several states, including Fock, finite GKP,
cubic-phase, and cat states with high fidelity in a
one-dimensional geometry. As these states are non-
Gaussian, the role of nonharmonicity of the potential
is evident—if it was quadratic, and dynamics linear,
the Gaussianity of the state would be preserved dur-
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ing the evolution. In Fig. 1(b), we present an exam-
ple of the excitation protocol, where we specialize to
a Gaussian potential with n = 0.25. The target state
is a finite GKP state,

Z hie" 2 pole” (x — dy)] (27)

Yaxp (T

with (hl,hg,hg) = (1,2,1), (dl,dz,dg) =
(—m, 0, \/EL the squeezing parameter r = 0.6, the
normalization constant A, and the whole protocol
is set to take Tax/2m = 6. The presented protocol
yields fidelity F ~ 99.8%. The further examples of
the state preparation are presented in Fig. 2, both
for the Gaussian potential and for cosine potential
with the constraint (15), n = 0.25 and d = 0.8.
Specifically, we additionally show the second excited
Fock state,

wQ(Qf) = %# (2$2 _ 1) 67m2/2’ (28)

the squeezed cubic-phase state,

’(/qub(x) = ' 67./2’@[]0 (67.1.) ) (29)

and the cat state,

%wx +5/2) + (e — 5/2)], (30)

where « is the cubicity, r is the squeezing parameter,
and s is the separation between the coherent states.
The specific values of the state parameters and fideli-
ties are shown in the caption.

¢cat (l‘) =

3.2 Gaussian operations

As we consider nonlinear dynamics, a relevant ques-
tion is whether it is still possible to implement Gaus-
sian operations within this framework. In our setting,
this typically involves protocols that transiently gen-
erate non-Gaussian states during the evolution, but
yield a final state that is Gaussian. A relevant exam-
ple is the preparation of squeezed vacuum states, for
which we demonstrate two distinct realizations. The
first protocol employs only displacement modulation,
while the second relies solely on depth modulation.
Both cases are shown in Fig. 3 and achieve high final
fidelities. The second example represents a general-
ized version of the frequency-jump protocol, in which
a sudden change in potential depth excites breath-
ing in the wave function, resulting in squeezing. In
our case [Fig. 3(b)], the achieved squeezing surpasses
what would be expected from a single-frequency-jump
protocol, which is fundamentally limited by the ratio
of initial and final frequencies.

W(rp) 0202 pr o 02 04 06 W(r,p) 0202
[ | .
(a)_g ‘
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Figure 3: Gaussian squeezing of the initial ground state via
(a) displacement and (b) modulation. The potential is taken
to be Gaussian with 77 = 0.15. Protocols fidelities read: (a)
99.8% (b) 99.6%. See the caption of Fig. 1 for subplot and
curve legend details.
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Figure 4: (a) Temporal evolution of a cat state in a perfectly
harmonic potential. It rotates in the phase space and fully
revives every trap period. (b) Evolution of a cat state in a
tweezer characterized by n = 0.25. (c) Evolution of a cat
state in a tweezer characterized by = 0.25, however, with
optimally controlled potential position and depth. (d) Fi-
delities between a cat state rotating in a perfectly harmonic
potential and in Gaussian potentials with different nonhar-
monicities without (shades of green) and with (red) optimal
control. See the caption of Fig. 1 for subplot and curve leg-
end details.

3.3 State stabilization

Note that undriven evolution is nonlinear and, hence,
the prepared state gets distorted during the evolu-
tion. In contrast, when evolved in the perfectly har-
monic potential, the state undergoes rotation in the
phase space with the trap period. In a realistic setup,
such a state preservation in the rotating frame is de-
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stroyed by the nonharmonicity of the potential. The
remedy lies in either decreasing the nonharmonicity
or, alternatively, mimicking perfect phase space rota-
tion through optimal control [60]. We present the lat-
ter method, which consists of two optimization steps.
The first one involves using the average fidelity with
respect to the perfectly rotating state during a mul-
tiple of the trap period Tynax = n27 as a reward func-
tion,

1

Fot = / dr (@, Dlror (@ N, (31)

Tm ax

where

ot (7)) = €797 [1(0)) (32)

is the initial state undergoing a phase-space rotation
in a perfectly harmonic trap. After optimizing Fot,
the next step involves maximizing the final fidelity
with the initial state after a single trap period,

F = {0, Tanae) [, 0))]?. (33)

The second step guarantees high fidelity, should the
protocol be applied consecutively many times, while
the first one ensures that the state is not distorted at
any time. In Fig. 4, we present an example of an opti-
mally controlled cat state stabilization. The optimiza-
tion is conducted for a single trap period, Tyax = 27,
with both position and depth control of a Gaussian
potential. Subsequently, the optimized control is ap-
plied six times consecutively over six trap periods and
compared with the bare evolution in a Gaussian po-
tential. The results showcase that the presented opti-
mal stabilization of the state surpasses that of a Gaus-
sian potential with a relatively low nonharmonicity
7 = 0.05, within this particular time scale.

3.4 Unitaries

The next type of protocol involves the implementa-
tion of a specific unitary within a selected subspace.
For simplicity and relevance to several proposals and
realizations of bosonic qubits [13-17, 62, 103, 104], we
analyze an example of a two-level subspace. This sub-
space can be spanned by any two orthogonal states
¢* (), including two lowest-lying vibrational states
o(x) and 9 (x) (Fock basis), two mutually displaced
GKP states (GKP basis), four-, and two-legged-cat
bases. For the protocol considered, the reward func-
tion is the subspace average gate fidelity [105]

1 - .
Fy=glTr (MMT) +|Tr M2, (34)

where
M = PULUP, (35)
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Figure 5: (a,b) Two orthogonal four-legged-cat states span-
ning a two-level subspace evolved in a position- and depth-
controlled single Gaussian well, realizing a o, operation.
(c) Cat state preparation using a double-well optimal con-
trol. The superscript L(R) signifies the state centered in the
left(right) potential well. (d,e) State transfer between the
wells—each of the vibrational states, o(z) and ¥1(z), is
transferred to the other well, without altering the relative
phase. See the caption of Fig. 1 for subplot and curve leg-
end details.

Pisa projector onto a subspace, UT is a target uni-
tary, and U is a unitary generated through Eq. (14).
Taking advantage of the optimized position of the po-
tential u(7) and additional slight, optimized modu-
lation of the depth a(7) (to increase the fidelity of
the protocol), we present examples of unitaries, e.g.,
o, or Hadamard operations, for the above-mentioned
subspaces. In Fig. 5(a,b), we show an exemplary case
of four-legged-cat basis and o, operation performed
with a Gaussian potential, where the basis states are
given by

Pine(@) = Nx [pp(x) + o-p(x) £ pip(z) £ sﬂ—iﬁ(ﬂé)é)v

respectively [106, 107]. Here, the coherent state reads

03(2) = 17z exp[~(z — V2Re§)’/2 +iv/2x Im ],

Tl/4
(37)

N4 are the normalization constants, and we use 3 =
2. Again, the protocol is performed with high fidelity,
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Fy ~ 99%. In Fig. 6, we show additional examples
for the Gaussian potential, including, among others,
the GKP basis, where the basis is spanned by two
mutually displaced GKP states,

F = ke (z £ ds/4), (38)

where d3 is defined as in (27) and the squeezing and
displacement need to be enough for the states not
to overlap. Further unitary implementations, but for
the cosine potential with the constraint (15), are pre-
sented in the Appendix A.

3.5 Double-well potential landscape

Up to now, we have analyzed quantum dynamics tak-
ing place in a single well of a potential landscape.
Here, we bring our attention to the nonharmonic po-
tential landscape case that involves two independently
controlled potential wells. Such a realization is avail-
able for optical lattices, optical tweezers [42, 77, 108
110], or various circuit quantum electrodynamics se-
tups [111]. First, we address the state preparation
and single-particle unitary implementation with two
potential wells. We assume that we have two inde-
pendently controlled wells at our disposal, such that
the total potential reads

@) = Y Q—;vo[nwui(r))] (39)
i={1,2}

with two independent position control functions,
u; (7). Here, we assume that vy contains only a single
well with some characteristic width. Controlling the
relative distance between the wells amounts to chang-
ing the barrier height, which affects the coupling be-
tween the bound states in each of the wells. It can be
understood as mode multiplexing [112], accelerated
through the optimal control. In Fig. 5(c), we show a
balanced cat state preparation utilizing two Gaussian
potential wells,

olz + 5/2) = %[wou + 5/2) + oz F 5/2)],
(40)

where s is the separation between the wells. Note that
the presented control is symmetric, uy(7) = —ua(7) =
u(T), and the instantaneous separation between the
wells is constrained in the optimization. The fidelity
of the presented protocol yields F =~ 99%. The cat
states produced in such a manner are pertinent to
the fundamental tests of quantum mechanics, espe-
cially for massive objects. This protocol, along with
a fast optimized transport [45], should allow for a
fast macroscopic cat state creation and interferomet-
ric protocols.

The double-well potential has also been shown to
provide a platform for fault-tolerant quantum com-
puting with so-called Kerr-cats [15]. There, the com-
putational subspace is spanned by superpositions of

Figure 6: Evolution of selected orthogonal states in a Gaus-
sian potential characterized by n = 0.25 and with optimally
controlled displacement u(7) and intensity a(7). The solid
line shows u(7) and the protocol lasts Tmax/2m = 9. (a-b)
o unitary within a subspace spanned by 1o and i Fock

states. The fidelity reads Fy; ~ 99.8%. (c-d) Hadamard
unitary within a subspace spanned by GKP states with
r = 0.7, (d1,dz2,d3) = (—v67,0,v/67). The fidelity reads
Fyr = 96.4%. (e-f) oy unitary within a subspace spanned by
four legged-cat states states with 8 = 2. The fidelity reads
Fyr =~ 96.2%. See the caption of Fig. 1 for subplot and curve
legend details.

the ground states of the respective wells, correspond-
ing to the (almost) degenerate ground-state manifold
of a full double-well potential,

V(@) = %wo@ +s/2) £ ao(z — 5/2)]. (41)

With optimal control, one can again realize arbitrary
unitaries within this subspace, utilizing the subspace
average gate fidelity (34). Examples of o, oy, and
Hadamard unitaries are presented in detail in Ap-
pendix B. Furthermore, independent control of two
wells can also be used to perform a state-preserving
transport between the wells [113]. Here, the initial
state is prepared within a two-dimensional subspace
spanned by two orthogonal states localized in the left
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(L) well,
P () = ™ (z + 5/2).

The aim of the protocol is to transfer such a state to
a subspace localized in the right (R) well,

(@) = y*(x — 5/2).

Then, if we introduce the following matrix,

i = ({5 T RN (Uo7

wE (33‘, Tmax) w-li(x) ¢L (l‘ 7-max

(42)

(43)

V(@)
vi(@))
(44)

where % (z,7) is evolved according to the poten-
tial (39), we can define the state transfer fidelity,
1
fst == E[TT
as the reward function. In Fig. 5(d,e), we show the
example of a state of the two lowest vibrational levels
of the left well transferred to the right one with Fy ~
99%.

(M'M'Y) + [Te M'P), (45)

3.6 Single-shot discrimination

After presenting state preparation and unitary im-
plementation in various nonharmonic potential land-
scapes, we move on to two protocols that perform
single-shot discrimination between two orthogonal
states YT (x) (see Fig. 7), providing an alternative
to already existing methods involving auxiliary sys-
tems in, e.g., superconducting circuits [36]. The first
one involves a single nonharmonic well and is per-
formed through imprinting opposite momentum kicks
onto each of the states via a potential displacement,

OE (@) = P (x) = = (2)e™F, (46)

where k is chosen such that two phase-imprinted
states are nonoverlapping in phase space. After
the phase imprinting, a selective measurement takes
place, which can be realized in, e.g., an optical tweezer
setup through the subsequent release of the trap, in
which time-of-flight evolution reveals spatially sepa-
rated detection clicks for each of the states [44, 114].
The reward function for such a momentum-kick pro-
tocol involves a sum of equally weighted fidelities,

Fui= Z]( (2 s 92}

Note that in contrast to the unitary implementation,
here the final relative phase between the states does
not matter, as we aim only to distinguish the initial
states. As an example, in Fig. 7 ¢ ¥ (z) are taken to be
the two lowest eigenstates of the well, and the protocol
is shown in a schematic way. In Fig. 8, we show in de-
tail specific realizations of this and other momentum-
kick protocols, utilizing a double-well Gaussian po-
tential. They also involve other choices of orthogonal

(47)

. M I
T 2 &7
=0 —
) ii) (i) .' uy(T) '
5 (i) . uyT) i
-5 0 5

Figure 7: Two proposed discrimination protocols, based on
a phase-space separation. (i) The opposite momentum kicks
are imprinted onto each of the states. (ii) States are sepa-
rated spatially via a second potential well.
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Figure 8: Examples of the implementation of momen-

tum kick protocols via an optimally controlled single-well
Gaussian potential with n = 0.25, 7max/27 = 6, and
ko= 2 (ab) ¥7(x) = vo(z) and ¥~ (z) = ti(a),
(c-d) ¥ () = [Yo(z) + ¢1(2)]/V2, and (ef) v*(z) =
[to(z) % 11 (x)]/v/2. Momentum-kick fidelities read (a-b)
Fmk = 98.5%, (c-d) Fmk = 99.4%, and (e-f) Fmk = 99.5%.
See the caption of Fig. 1 for subplot and curve legend details.

states for the discrimination, namely eigenstates of
both o, and o, Pauli matrices. Such discrimination
procedures then correspond to o, and o, measure-
ments within a given two-level subspace.

The second discrimination protocol involves a
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double-well potential landscape and utilizes spatial
separation instead of the momentum one (see Fig. 7).
Initially, the states are fully confined to the left well
and their discrimination is realized through a selec-
tive stealing protocol—if the state is ¢ ¥ (), then it
ends up in the second well after the optimal shaking,
while ¥~ (z) stays in the initial one. Then, a large
spatial separation between the wells enables selective
measurement. The reward function for this protocol,
the selective-stealing fidelity, reads

Fss :% [ [V (2, Tmax) | (2)) }2
+ (W@ )[R @) ], @8)

where the definitions (42) and (43) are used. We show
the exemplary case of distinguishing two lowest vi-
brational states in the two top panels of Fig. 7, while
further examples, including discrimination of o, and
o, eigenstates, are presented in Appendix C.

3.7 Cooling

These methods performed on low-lying eigenstates of
a nonharmonic well can be straightforwardly extended
into cooling protocols, similar to algorithmic [38, 39|
or evaporative cooling. These protocols involve bring-
ing not only the first excited state 11 (z) but also
higher excited states 1, (x) into a second potential
well or kicking them out of the well, followed by
the destructive measurement of the separated excited
fraction. In the former case, the reward function reads

P =i [ [ rma) P @)
-3 |t B a0
where
U @) = e +5/2),
UR(E) = il 5/2). (50

Here, N characterizes the number of excited states
that are brought to the other well. The higher N,
the more thermal state can be brought to the ground
state. However, higher temperature also means a
lower chance of success, as the presence of the ground
state in the left well is conditioned on the subsequent
destructive measurement in the right well. Hence, on
average, the success rate of the protocol is propor-
tional to the initial occupation of the ground state.
Fig. 9 demonstrates this process for the four low-
est states of the well, with the higher three states
becoming spatially separated from the ground state.
The method involving the momentum-kick protocol is
analogous, but with the excited fraction being kicked

-0.2 0.2 0.2 0.4 0.6 -0.2 0.2
W(z,p) mm wm P(z,7) = RN C§
_5 *
* - °

I e al LTS ©)

5 0 5 1 2 3 4 5 -5 0 5
P T/27r P

Figure 9: The accelerated algorithmic cooling method by
spatial separation of the ground and excited fractions realized
through optimal control of two wells. The selective-stealing
cooling fidelity reads F&' &~ 97%. See the caption of Fig. 1
for subplot and curve legend details.

out of the well. The reward function is thus

5 = [ 1002, ) i (@)
&1|<wn<x,fmax>|wﬁ<x>>f} o1
where -
vh(e) = Min(o). 62)
4 Feasibility

After presenting several protocols, let us now address
aspects relevant to their experimental implementa-
tion. From now on, we will focus on the Fock state
preparation protocol with a single-well Gaussian po-
tential as an exemplary case. In subsection 4.1, we
analyze how fast the optimized protocol can be and
how excited the system is during its evolution. Then,
in subsection 4.2, we check the robustness of the state
preparation in the presence of noise and decoherence
modeled by the stochastic fluctuations of the poten-
tial. Finally, subsection 4.3 addresses the issue of sat-
isfying one-dimensional approximation in the specific
case of an atom in an optical tweezer.

4.1 Quantum speed limit

Concerning the protocol’s speed, a fundamental re-
striction exists, the quantum speed limit [115], which
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gives the minimal time that is needed to perform a
specific state transfer with a given fidelity threshold.
Well-understood for two-level systems driven by static
Hamiltonians [115-117], quantum speed limits have
also been analyzed for time-dependent multilevel sys-
tems [118, 119], and, specifically, for the ground to
the first excited state transfer in a Bose-Einstein con-
densate [51]. We analyze a Gaussian potential case
to find a minimum time 7qg;, needed to perform the
excitation from the ground to the first excited state,
Yo(x) — ¥1(x), with some infidelity threshold for dif-
ferent values of nonharmonicity n . In the regime of
interest, 7 ~ 0.1 — 0.5, there is no strong scaling of
Tqst, with the nonharmonicity and achievable fidelity
scales exponentially with the protocol time. For the
example of an optical tweezer, it implies that, without
noise, the deeper the tweezer, the more bound states
accessed and the faster the protocol (and hence requir-
ing more control bandwidth), as w ~ %1/ ?. We then
analyze the number of excitations averaged through-
out the protocol,

= /dTchn(T)F, (53)

as this quantity is relevant for analytical quantum
speed limits [117, 120, 121] and sensitivity to deco-
herence. Fig. 10(b) shows that the average excitation
number increases as the nonharmonicity decreases.
This indicates that protocols involving deeper, more
harmonic potential wells tend to populate higher ex-
cited states. Interestingly, n appears to depend only
weakly on Tya. A plausible explanation is that the
maximum excitation is ultimately constrained by the
finite depth of the potential and is saturated in opti-
mally controlled scenarios. Consequently, highly non-
harmonic potentials are preferred when minimizing
excitation (and thus enhancing robustness) is impor-
tant.

4.2 Noise and decoherence

Let us now address the noise robustness of the state
preparation protocols. In general, for different exper-
imental realizations, typical sources of error include
stochastic vibrations of the potential, low-frequency
drifts between experimental runs, imperfections of the
control, etc. To model potential vibrations and con-
trol imperfections in a single potential well, we em-
ploy stochastic fluctuations of the depth and position
of the potential,

a(t) = a(7) + &(7),
u(r) = u(r) + &(7), (54)

where &;(7) for j = 1,2 are dimensionless stochastic
Gaussian variables of zero mean and assumed delta-
correlated in the relevant time scales, namely

(§(T)& () = 6(r = 7). (55)
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Figure 10: (a) Infidelity of the ground to the first excited
state transfer, ¥o(x) — ¥1(x), for a Gaussian potential as a
function of the length of protocol 7max and nonharmonicity
7. The scaling of the curve is as expected from the previous
studies [51] and reveals that a quantum speed limit Tqs. does
not scale strongly with 7. (b) Average excitation number
as a function of Tmax and 1. (c,d) The minimal achievable
infidelity for given values of position (y1) and depth (72)
noises for a Gaussian potential. (e,f) The minimal achievable
infidelity for given values of displacement Ums and intensity
Ayms noises for a rubidium-87 atom in an optical tweezer with
the waist wo = 710 nm. The value of nonharmonicity 7 is
tuned via the tweezer's depth V4.

We solve noisy dynamics by averaging over differ-
ent noise realizations and constructing a Monte Carlo
density matrix [122]. In Figs. 10(c,d), we plot the
minimal achievable infidelity at a given level of noise
for the ground to the first excited state excitation
protocol for a single Gaussian potential. While the
positional noise affects the protocol comparably for
each 7, the depth noise influences the strongest the
least nonharmonic case. For the specific mapping
onto pointing and intensity noise in an optical tweezer
setup, we have

Uersw
M= —~3
X3
72 = A?msw> (56)

where U, is a pointing root mean square (RMS)
noise, and A;ys is an intensity RMS noise. In
Figs. 10(e,f), we plot the fidelity loss as a function
of Upms and Apns, and we find that shallower (more
nonharmonic) tweezers outperform the deeper ones.
Let us compare this observation with the charge
noise in superconducting transmon qubits. In the
transmon regime, the dephasing rate due to charge
noise is exponentially suppressed with decreasing
nonharmonicity, following v « exp(—+/8Ej/E¢) =
exp(—2/n?) [28]. This trend is opposite to what we
observe in Figs. 10(c,d). There, the fidelity increases
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with increasing 7, but the dependence is at most poly-
nomial. This suggests that, unlike optically trapped
atoms, transmons benefit from less nonharmonic po-
tentials.

4.3 Coherent couplings

Coherent coupling to other degrees of freedom might
cause an additional experimental challenge. The ex-
emplary case of such a noisy channel occurs in one
of the setups we consider and is due to the dimen-
sionality of the realistic optical potential. The three-
dimensional tweezer potential is necessarily nonsep-
arable and, depending on the axis of control, axial
or radial, a one-dimensional approximation may be
less strictly satisfied [123]. Restricting control to only
one direction unavoidably leads to excitation in other
ones. However, the fidelity loss due to these excita-
tions can be alleviated through additional optimiza-
tion in a fully three-dimensional potential and addi-
tional optimized position and depth controls. The ad-
ditional control then effectively deexcites the coupled
degrees of freedom. This optimization can be done
via a staged procedure, where the initial guess for
a higher-dimensional system comes from a reduced-
dimensional control optimization. Such an optimiza-
tion procedure can be utilized in setups in which co-
herent dynamics beyond one-dimensional approxima-
tion can be solved.

Here we present the analysis of the Fock ) (z)
state preparation protocol in the two- and three-
dimensional geometry. The dynamics is driven by
either two-dimensional,

3 2 9,2, 2
=52 [1 —eXP<—377 (@® +y7)
1
~ —x? + ¢, (57)
or three-dimensional Gaussian potential,

2 2 2
3 L+ 32222 — exp| - 3L |

vsp(,Y,2) = 472 1+ %772)\232 )
1 2 1 2 1 2.2

~ = — = 58

57 + 5Y + 5N % (58)

where ) is the aspect ratio between the radial and ax-
ial trapping frequencies, A = w/wayx, and the leading
harmonic approximations are given. The initial states
are taken to be the ground states of the harmonic ap-
proximations,

Yo (z,y) = Yo(x)o(y),
bo(x,y,2) = o()vo (YA *Po(X2).  (59)

The control u(7) is taken to be only z-displacement,

vop (@, Y, 7) = vaplr — u(7), ¥,

v3p (2, Y, 2,7) = vsp |z — u(T),y, 2], (60)
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Figure 11: Fock 1 (z) state preparation protocol with the
optimally controlled Gaussian potential characterized with
n = 0.25 and A = 0.167 for (a) one-, (b) two-, and (c)
three-dimensional geometries. Achieved fidelities F read (a)
99.7%, (b) 99.4%, and (c) 99.0%. See the caption of Fig. 1
for subplot and curve legend details.

and optimized through a staged procedure: the op-
timized control in the one-dimensional problem is a
starting guess for the two-dimensional control; analo-
gously for the three-dimensional case. In Fig. 11, we
plot the results of such an optimization with the snap-
shots of Wigner functions associated with reduced
density matrices,

ﬁQD = Try ﬁv
p3p = Try . p, (61)

for two- and three-dimensional cases, respectively.
Here, p is the full motional density matrix. As for the
low-frequency drifts, one can further optimize the con-
trol functions in the presence of varying experimental
parameters, a commonly utilized technique [35]. Go-
ing beyond the single-well case, note that arbitrary
control of double-well systems can lead to additional
sources of noise, including, e.g., relative bias fluctua-
tions.

5 Conclusions & outlook

In conclusion, we have presented an approach that al-
lows the preparation and manipulation of a state of a
single continuous-variable degree of freedom and re-
lies only on self-contained nonlinear dynamics without
any additional nonlinear couplings. Specifically, the
presented method utilizes optimal control of the in-
trinsic nonharmonicity present in the effective confin-
ing potential, a common scenario in many continuous-
variable systems, including neutral atoms in opti-
cal tweezers and lattices or flux-tunable transmons.
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We have presented quantum state preparation, im-
plementation of arbitrary unitaries within a selected
subspace, quantum discrimination protocols based on
phase-space separation, algorithmic cooling, spatial
logical state transfer, and protection from state de-
formation during nonlinear dynamics that can be re-
alized in such systems. We have shown that these pro-
tocols can be performed via both single- and double-
well potential landscapes. The protocols that we have
proposed are particularly well-suited for systems in
which coherent couplings to two-level degrees of free-
dom have not been realized. Beyond such systems,
they can be implemented in setups with already well-
developed quantum control, such as superconducting
circuits, either as a proof of principle, as an addition
to an already existing experimental toolbox, or as a
way to unify the utilization of different types of quan-
tum non-Gaussian states.

Moreover, we have analyzed the performance of the
state preparation protocols, from the perspective of
the speed of the protocols, under the effect of posi-
tion and depth noises, and with additional coherent
couplings. These aspects have been checked for a spe-
cific example of an atom in an optical tweezer. Our
proposal is compatible with state-of-the-art technol-
ogy, such as neutral atoms, circuit quantum electro-
dynamics, or Bose-Einstein condensates, and might
be explored in systems with smaller nonharmonici-
ties, e.g., levitated nanoparticles (n ~ 107°) [84, 85]
or ions in Paul traps (typically n ~ 1072—10~1, which
allows a crossover between weak and strong nonhar-
monicity) [24, 83]. More specifically, for the tasks we
consider, controllability decreases with decreasing no-
harmonicity, confirming notorious difficulty in prepar-
ing non-Gaussian states in weakly nonharmonic sys-
tems. The strategies to circumvent this problem in-
volve large excitation of involved states through, e.g.,
phase-displacement in cavities for Fock state prepa-
ration [86, 87] or motional squeezing in mechani-
cal oscillators for cubic- [85, 124, 125] and quartic-
phase state preparation [126]. Combining optimal
control of the potential landscape with such a nonhar-
monicity enhancement may bring these weakly non-
harmonic systems closer to universal quantum control
in a resource-optimal way.

Data and materials availability

The Fourier transforms of all presented controls are
presented in Appendix D, while the depth modula-
tions not shown in the main text are plotted in Ap-
pendix E. Data analysis and simulation codes are
available on Zenodo [127].
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A Single-well two-level unitary imple-
mentations

In this section, we present examples of the imple-
mentation of selected unitaries within a two-level sub-
space spanned by either Fock, GKP, or four-legged-cat
states. Fig. 6 shows results for a single-well Gaussian
potential, while Fig. A1 concerns a cosine one.
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Figure Al: Evolution of selected orthogonal states in a co-
sine potential characterized by n = 0.2 and with optimally
controlled displacement u(7) and intensity a(7) that are con-
strained through the flux control of a flux-tunable transmon
with d = 0.8. The solid line shows u(7) and the pro-
tocol lasts Tmax/2m = 9. (a-b) Hadamard unitary within
a subspace spanned by |0) and |1) Fock states. The fi-
delity reads Fy; ~ 99.99%. (c-d) oy unitary within a sub-
space spanned by GKP states, 9/* = tpkp(x & d3/4) with
r = 0.7, (di,ds2,d3) = (—/67,0,v/67). The fidelity reads
Fp ~ 89.5%. (e-f) o unitary within a subspace spanned by
four-legged-cat states states with § = 2. The fidelity reads
Fi =~ 94.0%. See the caption of Fig. 1 for subplot and curve
legend details.

B Double-well two-level unitary imple-
mentations

In Fig. B1, we present examples of the implementa-
tion of selected unitaries within a two-level subspace
spanned by Kerr-cat states, 1% (2) = [o(x + 5/2) +
iho(x — 5/2)]/v/2 with s = 9 via a double-well Gaus-
sian potential with 7 = 0.25.
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Figure B1: Evolution of selected orthogonal Kerr-cat states
in a double-well Gaussian potential with optimally controlled
position displacements w1 (7) and uz(7). The solid lines show
u1(7) and u2(7) and the protocol lasts Tmax/27m = 6. (a-b)
oz unitary. The fidelity reads Fy; &~ 99.2%. (c-d) o, unitary.
The fidelity reads F;; ~ 90.9%. (e-f) Hadamard unitary.
The fidelity reads Fy; = 95.9%. See the caption of Fig. 1 for
subplot and curve legend details.
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C Selective stealing protocols

In Fig. C1, we present examples of the implementation
of selective stealing protocols via an optimally con-
trolled double-well Gaussian potential with = 0.25
and Tyax/2m = 6.
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Figure C1: Spatial separation of orthogonal states wi(z +
5/2) — *(x F s/2) with s = 9 for (a-b) T (z) = to(x)
and ¥~ (2) = v (x), (c-d) ¥* (@) = [o(e) + ¥ (2)]/V2,
and (e-f) Y& (x) = [tho(z) & i1 (x)]/v/2. Fidelities read (a-
b) F¢r &~ 98.9%, (c-d) Fy =~ 98.9%, and (e-f) Fp = 97.4%.
See the caption of Fig. 1 for subplot and curve legend details.

D Fourier transforms of control func-
tions

In this section, we present Fourier transforms of dis-
placement control functions,

Su = ‘/u(r) exp (_igT>

for all the presented protocols. Specifically, Figs. D-
1, D-5, and D-9 pertain to the figures from the main
text, while Figs. D-2, D-6, D-A1, D-B1, D-8, D-CI,
and D-11 are associated to the Supplemental Materi-
als.
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Figure D-1: Fourier transforms of displacement control func-
tions u(7) from Fig. 1 in the main text. The vertical axis is
in arbitrary units, normalized to the highest frequency con-
tribution.
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Figure D-2: Fourier transforms of displacement control func-
tions u(7) from Fig. 2. The vertical axis is in arbitrary units,
normalized to the highest frequency contribution.

Figure D-6: Fourier transforms of displacement control func-
normalized to the highest frequency contribution.

T .'. o o tions u(7) from Fig. 6. The vertical axis is in arbitrary units,
il W

Figure D-3: Fourier transform of displacement control func-
tion u(7) from Fig. 3(a). The vertical axis is in arbitrary
units, normalized to the highest frequency contribution.
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Figure D-8: Fourier transforms of displacement control func-
tions u(7) from Fig. 8. The vertical axis is in arbitrary units,
normalized to the highest frequency contribution.

Figure D-Al: Fourier transforms of displacement control
functions u(7) from Fig. Al. The vertical axis is in arbitrary
units, normalized to the highest frequency contribution.
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Figure D-11: Fourier transforms of displacement control
functions u(7) from Fig. 11. The vertical axis is in arbitrary
units, normalized to the highest frequency contribution.
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Figure D-C1: Fourier transforms of displacement control
functions u(7) from Fig. C1. The vertical axis is in arbitrary
units, normalized to the highest frequency contribution.

E Depth modulations

Some of the protocols, presented in both the main
text and the supplementary materials, utilized addi-
tional optimal control of the potential’s depth, a(7).
In Figs. E-5, E-6, and E-8, these control functions are
shown.
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Figure E-5: Depth control functions a(7) from Fig. 5.
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Figure E-6: Depth control functions a(7) from Fig. 6.
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Figure E-8: Depth control functions a(7) from Fig. 8.
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