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We investigate the challenge of classical sim-
ulation of unitary quantum dynamics with
variational Monte Carlo approaches, address-
ing the instabilities and high computational
demands of existing methods. By systemati-
cally analyzing the convergence of stochastic
infidelity optimizations, examining the vari-
ance properties of key stochastic estimators,
and evaluating the error scaling of multi-
ple dynamical discretization schemes, we pro-
vide a thorough formalization and signifi-
cant improvements to the projected time-
dependent Variational Monte Carlo (p-tVMC)
method. We benchmark our approach on a
two-dimensional Ising quench, achieving state-
of-the-art performance. This work estab-
lishes p-tVMC as a powerful framework for
simulating the dynamics of large-scale two-
dimensional quantum systems, surpassing al-
ternative VMC strategies on the investigated
benchmark problems.
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1 Introduction

Simulating the dynamics of a quantum system is es-
sential for addressing various problems in material sci-
ence, quantum chemistry, quantum optimal control,
and for answering fundamental questions in quantum
information [1, 2, 3]. However, the exponential growth
of the Hilbert space makes this one of the most signif-
icant challenges in computational quantum physics,
with only few tools available to accurately simulate
the dynamics of large, complex systems.
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To manage the exponential growth of the Hilbert
space, quantum states can be encoded using efficient
compression schemes [4]. While tensor network meth-
ods [5, 6, 7, 8, 9, 10], particularly Matrix Product
States [11, 12, 13, 14], excel in simulating large one-
dimensional models with short-range interactions, ex-
tending them to higher dimensions is problematic.
Such extensions, either rely on uncontrolled approx-
imations [15, 16], or incur in an exponential costs
when encoding area-law entangled states [17], mak-
ing them poorly suited for investigating strongly cor-
related, higher-dimensional systems or unstructured
lattices, such as those encountered in chemistry or
quantum algorithms [18, 19, 20, 21, 22].

Recently, Neural Quantum States (NQS) have gar-
nered increasing attention as a non-linear variational
encoding of the wave-function capable, in principle,
of describing arbitrarily entangled states, both pure
[23, 24, 25, 26, 27] and mixed [28, 29, 30, 31, 32, 33].
This approach compresses the exponentially large
wave-function into a polynomial set of parameters,
with no restrictions on the geometry of the under-
lying system. The added flexibility, however, comes
at a cost: unlike matrix product states whose bond
dimension can be adaptively tuned via deterministic
algorithms, neural network optimizations are inher-
ently stochastic, making it hard to establish precise
error bounds.

Despite the limitations of neural networks not being
fully understood [34, 35], recent studies have demon-
strated that NQS can be reliably optimized to rep-
resent the ground state of computationally challeng-
ing, non-stoquastic, fermionic, or frustrated Hamil-
tonians, arising across various domains of quantum
physics [36, 37, 38, 39, 40, 41, 42, 43, 44, 45]. However,
for the more complex task of simulating quantum dy-
namics, NQS have yet to show significant advantages
over existing methods.

Neural Quantum Dynamics. There are two fam-
ilies of variational algorithms for approximating the
direct integration of the Schrddinger equation us-
ing variational ansatze: time-dependent Variational
Monte Carlo (tVMC) [46] and projected tVMC (p-
tVMCQC), formalized in Ref. [47]. The former, tVMC,
linearizes both the unitary evolution and the varia-
tional ansatz, casting the Schrodinger equation into
an explicit algebraic-differential equation for the vari-
ational parameters [46, 48]. The latter, p-tVMC, re-
lies on an implicit optimization problem to compute
the parameters of the wave function at each timestep,
using low-order truncations of the unitary evolution
such as Taylor or Trotter expansions.

Of the two methods, tVMC is regarded as the least
computationally expensive, as it avoids the need to
solve a nonlinear optimization problem at every step.
It has been successfully applied to simulate sudden
quenches in large spin [49, 50, 23, 51, 52] and Ryd-

berg [53] lattices, quantum dots [54], as well as finite
temperature [55, 56] and out of equilibrium [32, 57, 58]
systems. However, while stable for (log-)linear vari-
ational ansatze such as Jastrow [53] or Tensor Net-
works, the stiffness of the tVMC equation [59] appears
to increase with the nonlinearity of the ansatz, making
integration particularly hard for deep networks. Con-
tributing to this stiffness is the presence of a system-
atic statistical bias in the evaluation of the dynamical
equation itself, which would be exponentially costly
to correct [47]. Although the effect of this noise can
be partially regularised away [49], this regularization
procedure introduces additional bias that is difficult
to quantify. As of today, the numerous numerical is-
sues inherent to tVMC make its practical application
to non-trivial problems difficult, with the estimation
of the actual error committed by the method being
unreliable at best.

Projected Neural Quantum Dynamics and
open challenges. The projected time-dependent
Variational Monte Carlo method offers a viable, albeit
more computationally intensive, alternative by decou-
pling the discretization of the physical dynamics from
the nonlinear optimization of the variational ansatz,
thereby simplifying the analysis of each component.
So far, the discretization problem has been tackled us-
ing established schemes such as Runge-Kutta [60] or
Trotter [47, 61, 62, 63]. These methods do not fully
leverage the specific properties of VMC approaches
and, as a result, the existing body of work [60, 47, 64]
has been limited to second-order accuracy in time,
struggling to provide general, scalable solutions. Sim-
ilarly, the nonlinear optimization problem has mainly
been addressed using first-order gradient descent tech-
niques, neglecting the benefits offered by second-order
optimization strategies.

In this manuscript, we investigate both aspects of p-
tVMC — discretization and optimization — indepen-
dently, addressing the shortcomings detailed above
with the goal of enhancing accuracy, reducing compu-
tational costs, and improving stability and usability.

Specifically, in Section 2 we introduce a new fam-
ily of discretization schemes tailored for p-tVMC,
achieving higher accuracy for equivalent computa-
tional costs. In Section 3 we conduct an in-depth anal-
ysis of the nonlinear optimization problem of infidelity
minimization, identifying the most effective stochastic
estimator and introducing a new adaptive optimiza-
tion scheme that performs as well as manually tuned
hyperparameters, eliminating the need for manual ad-
justment. Finally, in Section 4 we benchmark several
of our methods against a challenging computational
problem: a quench across the critical point of the two-
dimensional transverse field Ising model.
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2 Integration schemes

Consider the generic evolution equation

e rar) = €A Ja) | (1)

where A = —iH for some K-local time-independent
Hamiltonian H constant in the the system size N.
The fundamental challenge for the numerical integra-
tion of Eq. (1) lies in the dimensionality of the Hilbert
space H scaling exponentially with system size, that
is, dim(#) ~ exp(N). This makes it impossible to
merely store in memory the state-vector |}, let alone
numerically evaluate or apply the propagator.

Variational methods address the first problem by
encoding an approximate representation of the state
at time t into the time-dependent parameter vec-
tor §; € RM of a variational ansatz, while rely-
ing on Monte Carlo integration for computing expec-
tation values [23, 65, 66]. Within this framework,
the McLachlan variational principle is used to recast
Eq. (1) as the optimization problem [4]

0t +4; = argmin £(|¢6> 7€Adt W(%))a (2)
)

where L is a suitable loss function quantifying the
discrepancy between two quantum states. Various
choices for £ are possible, the one adopted throughout
this work is presented and discussed in Section 3.

TVMC and p-tVMC confront Eq. (2) differently.
The former, tVMC, linearizes both the unitary evolu-
tion operator and the ansatz, reducing Eq. (2) to an
explicit first-order non-linear differential equation in
the parameters [23, 48]. In contrast, p-tVMC, relies
on higher-order discretizations of the evolution oper-
ator to efficiently solve the optimization problem in
Eq. (2) at each timestep.

In Section 2.1, we present a general formulation of
p-tVMC and identify a set of fundamental require-
ments that discretization schemes for p-tVMC should
satisfy. From this perspective, we revisit the well-
established Trotter and Runge-Kutta methods in Sec-
tions 2.2 and 2.3. In Sections 2.4 to 2.6, we introduce
a new family of discretization schemes tailored to the
specific structure of p-tVMC, achieving higher-order
accuracy in dt with reduced computational complex-

ity.

2.1 Generic formulation of p-tVMC schemes

The minimization problem in Eq. (2) aims at find-
ing the parameters transformation that best approx-
imates the infinitesimal evolution under A, i.e.

|0,1a0) = €A 1, . (3)

The most generic problem of this form is that of find-
ing the evolved parameters 6;4; such that

V 6,0 ) = U 06,), (4)

with arbitrary U and \7, not necessarily unitary.
Equation (4) reduces to Eq. (3) for V = 1 and
U = exp(Adt). Note that while the parameters 6y4q;
satisfying Eq. (4) also satisfy

‘¢9t+dt> =

the associated optimization problems

V_1U|’l/)0t> ) (5)

Orrar = arg;nin E(V [Vo) U |1/’9¢>>
= arg;rlin £(|w9> ,Vﬁlﬁ Wgt})

share the same minimum but have different opti-
mization landscapes. It is natural, therefore, to con-
sider expansions of the infinitesimal time-independent
propagator in the form of a product series

GAdt _ f[ ‘7];101C I O(dt0(8)+1)7 (7)
k=1

where the number of elements s in the series is re-
lated to the order of the expansion o = o(s). This
decomposition is convenient because:

e There are no summations. Therefore, the terms
Vk_lﬁk in the series can be applied sequentially
to a state, without the need to store intermediate
states and recombine them.

e The single step of p-tVMC can efficiently embed
an operator inverse at every sub-step.

By utilizing this discretization, the parameters after
a single timestep dt are found by solving a sequence
of s subsequent optimization problems, with the out-
put of each substep serving as the input for the next.
Specifically, setting 6; = 0, and 6,4, = 00), we
can decompose Eq. (2) as

0) = argmin £(Vi o) . Ui ogs0)). ()

with 0 < k < s. This optimization does not directly
compress the variational state [i¢y) onto the target
state |¢). Instead, it matches two versions of these
states transformed by the linear operators Vi and Uj,.
A careful tuning of Vk and Uk can be seen as a form of
preconditioning, initializing the optimization closer to
the solution and potentially accelerating convergence.

Equation (8) can be solved efficiently with varia-
tional Monte Carlo methods provided all operators
{Vi, Ui} are log-sparse (or K-local). In what follows
we explore proficient choices for the set {Vk, U, k}. Two
conditions guide our search for an optimal expansion
scheme:

(i) Equation (7) should match Eq. (2) to a specified
order in dt, denoted as o, ensuring accurate time
evolution up to this order.
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Name Sec. substeps N, unitary
Trotter 22 53 'O(2N)  O(2) v
Taylor 2.3 O(N°) X
LPEo 2.4 0 O(N) X
PPE-o 25 $ O(2N) v
SLPEo 26 t O(N) X
S-PPE-0 2.6 i O(2N) o0=2

Table 1: Discretization schemes compatible with p-tVMC.
We denote by s the number of substeps (optimizations), o
the order of the integration scheme, and N, the connected
elements (complexity) of the operators entering the optimiza-
tion problem. We remark that the PPE-o scheme has only
even orders o and is the only scheme that is exactly uni-
tary for any choice of the truncation order o. The S-PPE
scheme is exactly unitary only for o = 2. {: We were not
able to derive an analytic expression connecting the order
of the diagonally-exact split schemes. Semi-analytically we
could determine that for S-LPE-o the first few substeps and
orders are (s,0) = (1,1),(2,2),(4,3) and for S-PPE-o they
are (s,0) = (1,2),(2,3),(3,4).

(ii) The computational complexity of solving Eq. (8),
which is proportional to sN,. with N, the number
of connected elements of {Vj, Uy}, must scale at
most polynomially in the number of particles N
and in the order o of the method.

Table 1 summarizes our analysis, including both es-
tablished discretization schemes, and the four new
ones introduced in this manuscript.

2.2 Trotter decomposition

A prototypical product series decomposition of a uni-
tary operator is the Suzuki-Trotter decomposition
[67]. In this approach, A is expressed as a sum of
local terms, and the exponential of the sum is approx-
imated as a product of the exponentials of the indi-
vidual terms. The decomposition of A is not unique
and can be tailored to the specifics of the problem to
maximize computational efficiency [68].

While Suzuki-Trotter decompositions can be ex-
tended to arbitrary order, in practice, their use in
NQS is typically limited to second order in dt, as seen
in Refs. [47] and [61]. The key advantage of this ap-
proach is that it approximates the operator’s action
in a manner where state changes are highly localized,
which simplifies the individual optimization problems
in Eq. (8) and tends to improve their convergence.

For all their benefits, Suzuki—Trotter decomposi-
tions face two main limitations: the truncation to sec-
ond order in dt and the scaling of the number of opti-
mizations with the system size, both of which hinder
computational efficiency in large-scale applications.

2.3 Taylor decomposition

Another relevant decomposition to consider is the
order-o Taylor approximation of the propagator. Its
expression

; °L (Adt)*
6Adt:Z( )

0T O(dt°th), (9)

k=0

can be viewed within the framework of Eq. (7) as a
single optimization problem (s = 1) of the form in
Eq. (8) with Vi = 1 and U; = Y0_,(Adt)*/k!. This
approach satisfies condition (i) by matching the de-
sired order of accuracy in dt, but it fails to meet con-
dition (ii) related to computational efficiency. Indeed,
computing Uy |1)g) requires summing over all N, con-
nected elements of U 1- As the order o increases, higher
powers of A introduce a growing number of such con-
nected elements, with N. ~ O(N°). This approach
incurs a computational cost that scales exponentially
in o, making it unviable at higher orders. Further-
more, this approach cannot reasonably be used in
continuous space simulations, where the square of the
Laplacian cannot be efficiently estimated.

2.4 Linear Product Expansion (LPE)

We now introduce a new scheme circumventing the
limitations of the previous approaches. We consider
the linear operator T, =1+ aAdt with a € C and
expand the evolution operator as a series of products
of such terms,

W =T] 7. +0(dat™). (10)
i=1
The expansion is accurate to order o(s) = s. The

complex-valued coefficients a; are determined semi-
analitically by matching both sides of Eq. (10) order
by order up to o(s). For the second-order scheme
(s = 2), for example, we find a; = (1 —¢)/2 and
as = (14 i)/2. Further details on the scheme and
on the computation of the coefficients are provided in
Appendix A. Tabulated values for a; can be found in
Table 4. We call this method LPE-o for Linear prod-
uct expansion, where o is the order of the method, re-
lated to the number of sub-steps s by o(s) = s. Each
substep corresponds to an optimization problem with
Vi = 1, and Uy = Aak The advantage of LPE over
Taylor schemes (Section 2.3) is that the former defines
an s-substep scheme of order s with a step-complexity
that is linear in N. This greatly outperforms Runge-
Kutta style expansions for this particular application,
enabling scaling to arbitrary order in dt, simultane-
ously satisfying conditions (i) and (ii).

It was noted in Ref. [54] that the coefficients a;
of this expansion are the complex roots of the or-
der s Taylor polynomial. While this is a handy trick
to compute them numerically, this approach is not
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Figure 1: Global truncation error accumulated at time ¢t = 1 for LPE and PPE integrators, and their split counterparts, of
orders 0 = 2 (a), o = 3 (b), and 0o = 4 (c). The evolution is carried out under the Hamiltonian in Eq. (38) simulating on a
4 X 4 lattice the same quench dynamics investigated in Section 4.2. The accumulated error for an integrator of order o scales

as dt°, with the local error scaling as dt°**

splitting in reducing the prefactor of the error.

general enough to represent the multi-operator ex-
pansions that we will analyze below in Sections 2.5
and 2.6.

2.5 Padé Product Expansion (PPE)

We now present schemes reaching order 2s with only
s sub-steps of marginally-increased complexity. We
consider the operator IE’b,a = Tb_lf’a and expand the
evolution operator as a series of products of such
terms,

=1 ..o + O(@>*). (11)

i=1

The expansion is accurate to order o(s) = 2s. We
call this method PPE-s for Padé product expansion,
because the single term ]5;,@ corresponds to a (1,1)
Padé approximation [69]. The scheme is explicitly
constructed to take advantage of the structure of the
optimization problems in Eq. (8), exploiting the pres-
ence of a matrix inverse in the expansion (7). While
atypical for standard ODE integrators, as it would in-
troduce an unjustified overhead, in our case this sim-
ply translates into optimizations where Vi =1, b, and
U, = T . The coefficients a; and b; are again obtained
by matchlng both sides of Eq. (11) up to order o (see
Appendix A). A remarkable property of PPE schemes
is that they preserve the unitarity of the evolution
map making them ideal candidates for the simula-
tion of quantum circuits (proof in Appendix A.2.1).
A comparison of PPE and LPE schemes of different
orders is provided in Fig. 1 where we show the Lo-
distance between the exact solution and the solution
obtained from state-vector simulations of Eq. (7).

2.6 Diagonally-exact split schemes

Learning the parameter change connecting two states
via state compression is challenging. Restricting the
problem to scenarios where state changes are highly

. Both split and non-split integrators are shown, demonstrating the power of the

localized has proven effective in mitigating this is-
sue, easing optimization and generally improving con-
vergence [47]. This simplification, however, usually
comes at the cost of an unfavourable scaling of the
number of optimizations, typically scaling with N
(c.f. Section 2.2).

We propose to reduce the complexity of the nonlin-
ear optimizations by splitting AasA=X+ Z, where
7 acts diagonally in the computational basis’ while
X is an off-diagonal matrix. The rationale will be to
extract the diagonal operators which can be applied
exactly to any variational parametrization.

We consider the decomposition

d — H SO, +o(ar™), (1)

=1

where

SéTCZ = (]1 + ath) e with a,a€C. (13)
The expansion is accurate to order o(s) but the ana-
lytical dependence on s is not straightforward to de-
rive. For the lowest orders we find o(1) = 1, 0(2) = 2,
and o(4) = 3. Each term in the product consists in
principle of two optimizations: the first compressing
the off-diagonal transformation, the second the diago-
nal one. The advantage of this decomposition is that
the latter optimization can be performed exactly with
negligible computational effort (see Appendix G).
The same approach can be extended to Padé-like
schemes by substituting in Eq. (12) the term
s, = (]1 +bX dt) ' (]1 +aX dt) et %t (14)
with b,a,a € C. All coefficients are again obtained
semi-analytically (see Appendix A). Though we do

{Acting diagonally in the computational basis means that
(al Z [b) o 8.
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not have an explicit expression for the order o(s) re-
sulting from an s-substep expansion of this form, we
find for the shallower schemes o(1) = 2, 0(2) = 3, and
o(3) = 4.

We will refer to these schemes as split LPE (S-LPE)
and split PPE (S-PPE), respectively. They have the
two advantages. First, they reduce the complexity
of the optimizations in Eq. (8), and second, in many
cases they reduce the prefactor of the error of their
reciprocal non-split counterpart of the same order, as
evidenced in Fig. 1.

3 State compression Optimizations

In Section 2, we introduced various schemes for effi-
ciently decomposing unitary dynamics into a sequence
of minimization problems, intentionally omitting the
specific form of the loss function. The sole require-
ment was that the loss function quantify the dissimi-
larity between quantum states, reaching its minimum
when the states perfectly match.

This section is organized as follows: In Section 3.1,
we discuss a specific choice for the loss function —
the infidelity — and explore some of its general prop-
erties. In Section 3.2, we examine the properties of
different stochastic estimators for the fidelity and its
gradient, identifying those that are most stable and
perform best in practice. Finally, in Section 3.3 we
review results on natural gradient optimization and
introduce, in Section 3.3.1, an automatic regulariza-
tion strategy that simplifies hyperparameter tuning
for these simulations.

3.1 The generic fidelity optimization problem

A common measure of similarity between two pure
quantum states is the fidelity, defined as [47, 70, 62]

(VI |8) (6 UV )
@ VIV [9) (¢ UTT |)’

F(V 1), 01e) = (15)

where the operators U and V are included as in
Eq. (8). In this work, we adopt the infidelity £ =
7T = 1 — F as the loss function for each substep of
Eq. (8), though alternative, less physically motivated
metrics are also possible [64, 71].

The choice of operators U and V in Eq. (8) signifi-
cantly influences the numerical complexity of the op-
timization. In Trotter-like decompositions, U and V
act locally on a few particles, inducing minor changes
to the wavefunctions. These localized transformations
yield smoother optimization landscapes, which are ef-
fectively navigated using standard stochastic gradient
methods, such as Adam [72]. This likely explains the
findings of Sinibaldi et al. [47], where natural gradient
optimization provided no significant improvements in
performance.

In contrast, Taylor, LPE, and PPE schemes encode
global transformations in U and V, causing the tar-
get and variational wavefunctions to diverge substan-
tially. These global transformations result in more
complex optimization landscapes, where we find stan-
dard stochastic gradient descent methods inadequate
(not shown). This issue is further exacerbated when
training deep neural network architectures. To ad-
dress these challenges, we employ parameterization-
invariant optimization strategies, specifically natural
gradient descent (NGD) which we discuss in Sec-
tion 3.3. NGD adjusts the optimization path based on
the geometry of the output space, enabling more effi-
cient convergence in complex, high-dimensional prob-
lems. We find that NGD plays a critical role in im-
proving both convergence and the overall efficiency of
our proposed schemes (c.f. Appendix F).

3.2 Stochastic estimators

Estimators of the fidelity [Eq. (15)] take the general
form

]:(W}> ) |¢>) = E(m,y)NX[f(xay)]a (16)

for a suitable choice of random variable o, sampling
distribution x (o), and local estimator f(o). While
this expression is exact, its direct evaluation incurs
exponential scaling with system size N, rendering it
computationally infeasible. Equation (16) is thus gen-
erally approximated by its sample mean

s

N.
_ 1 '
In, = A Z;f(ﬂﬂi,yi) with (x4, y:) ~x,  (17)

evaluated over a number of samples N; scaling poly-
nomially in system size.

Importantly, different stochastic estimators, while
sharing identical expectation values in the limit of in-
finite samples, can exhibit significantly different be-
havior over finite sample sizes. Though some atten-
tion has been given to characterizing the properties of
different fidelity estimators [47], a systematic study of
the variance properties of the estimators of the gradi-
ent is still lacking. As an accurate estimation of the
gradient is crucial for driving fidelity optimization to
convergence, this represents a central issue for quan-
tum many-body dynamics.

In Section 3.2.1 we extend the analysis of Sinibaldi
et al. [47], further improving on the variance proper-
ties of the fidelity estimator. In Section 3.2.2 we ex-
amine the properties of various gradient estimators,
decoupling their analysis from that of the fidelity it-
self. Our findings are summarized in Tables 2 and 3,
respectively.

3.2.1 Fidelity

As explained in Ref. [70], the natural choice for the fi-
delity estimator in Eq. (16) is the simple Monte Carlo
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Name Ref. Eq. +CV +RW Name Ref. Eq. +RW NTK Stability
smc [47], 321  (18) (20) (85) Veme  [61, 62, 63], 3.2.2 (25) (87) v  High
cme [61, 62, 63],3.2.1 (21) (22) (87) Vsme 3.2.2 (24) (85) v Medium

Vev-sme [47, 54] (26) (8) X Low

Table 2: List of stochastic fidelity estimators, their def-
inition, and their expression with control variables (CV)
and reweighting (RW). +CV links to the expressions of
the estimators with control variables. +RW links to the
expressions allowing sampling from the Born distribution
of |¢) rather than U |¢) when linear transformations are
applied to the target or variational state. Figure 2 shows
that both estimators perform similarly, and need CV to
give accurate values.

(smc) estimator defined by

X(z,y) = mp(2)my(y) = m(z,y),

o) Y(y) _ (18)
[z, y) @) o) Az, y),
where the samples o = (z,y) are drawn from the joint
Born distribution 7(x,y) of the two states. The esti-
mator of the infidelity is 1 — f(x,y). Since w(z,y) is
separable, sampling can be carried out independently
over the Born distributions my(z) = [¢(z)?/ (¥|¢)
and 7y(y) = |p(y)?/ (¢]¢). While Ref. [70] demon-
strated that the variance of this estimator vanishes
as Z — 0, this does not guarantee we will be able to
resolve arbitrarily small values of Z from MC noise.
Our ability to do so is measured by the signal to noise
ratio (SNR) of the infidelity estimator, defined as

SNR 11— fn.|
VN;

(19)

1 & .
N.—1 Z’f(ai) — I,
s i=1

2

Reference [47] shows that the SNR of the smc estima-
tor vanishes for Z — 0 making it an unreliable indi-
cator of progress in state compression problems [47].
In Fig. 2(a), we provide evidence of this by display-
ing the infidelity estimator’s SNR as a function of the
exact infidelity recorded along the best optimization
amongst those presented in Fig. 3(a).

To address this issue, Sinibaldi et al. [47] lever-
aged the identity E.[|A(z,y)|?] = 1 to construct the
control-variate-enhanced smc (cv-smc) estimator

X(-T7 y) = W(x’y)

f(@.y) = Re{Aw,p)} + c(|A(z )" = 1) = Fla,y).

(20)
As shown in Fig. 2(a), the analytical control variable
|A(z,y)|? allows for drastic variance reduction upon

appropriate tuning of the control parameter 2.

2As 1) — |#), the optimal choice for ¢ has been shown to
converge to ¢ = —1/2.

Table 3: List of estimators for the gradient of the infidelity. The
NTK column lists the equation to implement the natural gradient
estimator in the limit of large number of parameters. Not all esti-
mators can be expressed that way. +RW links to the expressions
allowing sampling from the Born distribution of |¢) rather than
1% |1y when linear transformations are applied to the target or vari-
ational state. The stability score is determined by the empirical
results discussed in Fig. 3.

An alternative variance reduction technique, read-
ily applicable to Eq. (18), is Rao-Blackwellization. In
its simplest form, Rao-Blackwellization reduces the
variance of an estimator by replacing it with the con-
ditional expectation with respect to a subset of its
variables [73, 74]. For the particular case of a factoriz-
able distribution such as x(z,y) = my(2)74(y), Rao-
Blackwellization amounts to marginalizing over the
target state’s distribution. In the following, we will
refer to the Rao-Blackwellized smc estimator as the
conditional Monte Carlo (cmc) estimator, expressed
as (details in Appendix D)

X(:L‘,y) = X(aj) = 7%(93)7

f(z) = EB[A(z, y)|2] = Az(2) Eyr, [Ay(y)] = Hioe(2),
(21)

where A(z,y) = Au(2)4,(y), A:(@) = o(a)/v(x),
and Ay(y) = ¥(y)/o(y).

We remark that the computational cost of Eqgs. (18)
and (21) is equivalent. Indeed, they use the same set
of samples {(z;, )}, and evaluate ¢ and ¢ over
all of them. The difference is that while Eq. (18)
sums over the diagonal pairs (z;, y;) alone, the sample
average in Eq. (21) includes all cross terms (z;,y;).

Though the connection to conditional Monte Carlo
was not drawn, the cmc estimator was used in
Refs. [61, 62, 63]. We demonstrate in Fig. 2(a) that
just like the smc estimator, the cmc estimator also
suffers from a vanishing SNR in the limit of Z — 0.

In the following, we combine the two variance re-
duction techniques detailed above, control variates
and Rao-Blackwellization, to produce the control-
variate-enhanced cme (cv-cme) estimator (derivation
in Appendix B)

x(@) = my(2)

f(z) = E[F(z,y)|z]
= Re{ Hioe(2)} + (|40 (@) Eyor, [| 4, (0)*] = 1).
(22)
As a direct consequence of the Rao-Blackwell theo-
rem, the cv-cmc estimator displays an SNR, perfor-
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Figure 2: (a) Signal-to-noise ratio [Eq. (19)] of the infidelity
as a function of its exact value for the estimators given in
Egs. (18) (smc), (21) (cmc), (20) (cv-smc), and (22) (cv-
cmc). For all control-variate-enhanced estimators, the con-
trol coefficient is set to the asymptotically optimal value
¢ = —1/2. (b) Component-averaged signal-to-noise ratio
of the infidelity gradient estimators in Egs. (25) (Vcmc),
(24) (Vsmc), and (26) (Vcv-smc). The inset shows the
distribution of the component-wise signal-to-noise ratio at
the 300-th iterate. All estimators are evaluated on the same
states, specifically those visited along the curve with lowest
final infidelity among those reported in Fig. 3(a). Parame-
terss N =16, J = 1, h = h./10, Ny = 2'2, njper = 105,
=027, A=3.17x 107, and ®cny = (10, 10, 10, 10; 3).

mance superior to all others, as illustrated in Fig. 2(a).
We adopt this estimator in all simulations presented
below.

We finally remark that p-tVMC might require eval-
uating F(V |1),U |¢)) thereby implicating the ne-
cessity of sampling from the Born distributions of
the transformed states V [¢) and U |¢). This intro-
duces an additional overhead which can however be
sidestepped by means of importance sampling. We
show this in Appendix E.

3.2.2 Gradient

While the preceding section provides compelling evi-
dence that control variates are essential for accurate
fidelity estimation, it does not address how this im-
pacts the estimation of the gradient. In gradient-
based optimization problems, such as Eq. (8), man-
aging the variance of gradient estimates is crucial for
achieving stable and efficient convergence. Histori-
cally, however, infidelity-optimization strategies have
overlooked this aspect, simply adopting the gradient
estimator obtained from automatic differentiation of

the chosen fidelity estimator according to:
VF = VE[f(0)] = Ex[g(0)],
9(0) = 2Re{AJ ()} (o) + V F(0).

While for an infinite number of samples, this expres-
sion is of course valid, when approximating the aver-
age with the sample mean gy, there is no guarantee
that the selected gradient estimator will perform well.
Indeed, as we show below, good variance properties
of the fidelity estimator do not necessarily translate,
under Eq. (23), into good variance properties of the
gradient estimator. As a result, stable low-variance
estimators for both fidelity and gradient have, until
now, never been simultaneously employed. Specifi-
cally, while Refs. [47, 54] employ a control-variate-
enhanced estimator for the fidelity, their choice of
gradient estimator suffers from a vanishing SNR, ren-
dering it ineffective for optimization. Conversely, the
gradient estimator adopted in Refs. [62, 63, 61] has
good variance properties, while the fidelity estimator
exhibits a vanishing SNR. In the latter case, we ob-
serve this often leads to an underestimation of the
quality of the results.

In support to this point, we explicitly evaluate the
gradient estimators obtained from the smc, cme, and
cv-smc fidelity estimators, and compare their perfor-
mance. We refer to such estimators as Vsmec, Veme,
and Vcv-sme, respectively. For the smc estimator
[Eq. (18)], automatic differentiation of Eq. (16) yields:

(23)

x(@,y) = n(z,y), (24)

g9(z,y) = 2Re{AJ(2) Az, )"},
with AJ(z) defined in Eq. (28). Applying the same
procedure to the cmc estimator [Eq. (21)] results in:

x(z,y) = x(z) = my (),

g(z,y) = 2Re{AJ(x)Hioc(z)*}. (25)

This choice underlies the investigations in Refs. [61,
62, 63]. Notably, the expression in Eq. (25) can be
derived directly via Rao-Blackwellization of Eq. (24),
guaranteeing a reduction in variance. Finally, the gra-
dient obtained by differentiation of the cv-smc estima-
tor [Eq. (20)] reads:

X(x7 y) = W(x’y)a
g(z,y) = Re {2AF($, y)J(z) +

+ (A, ) + 20 A, y)P ) U (9) - T @)1}
(26)
with F(z,y) as defined in Eq. (20). This expression
underlies the studies in Refs. [47, 54].

To evaluate the performance of these gradient esti-
mators, we first compare their SNRs. Since V.F €
RY?», we compute the SNR of each component of
the gradient vector. In Fig. 2(b), we present the
component-averaged SNR as a function of the true
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Figure 3: Stability diagram for the (a) Vemce [Eq. (25)], (b) Vsmc [Eq. (24)], and (c) Vev-smc [Eq. (26)] gradient estimators
as a function of the regularization coefficient A and learning rate a. Stability is quantified by the lowest infidelity (color scale)
achieved across an ensemble of 10 optimizations with identical hyperparameters, identical initial parameters, but different
random seeds for the Monte Carlo sampling. Comparisons are made for a fixed computational cost as all optimizations consist
of niter = 10° iterations. Analogous conclusions can be drawn from the stability diagrams where niter /¢ = const. (not shown).
Regions in black correspond to (a, A) combinations where all simulations diverged, indicating instability. Dashed black lines
outline areas where more than 50% of simulations diverged, providing a second visual stability threshold supporting the stability
summary in Table 3. The inset in each panel shows the minimal infidelity Zmin achieved within the stable region (fewer than
50% of simulations diverged). For reliability and consistency, regardless of the chosen gradient estimator, we display the exact
fidelity evaluated in full-summation. While the reference state wave function is exactly encoded into the parameters of a
log-state-vector ansatz, the variational state is approximated with a complex CNN architecture. Parameters: N =16, J =1,

h = h./10, Ny = 2'2, njser = 10, and ®cnn = (10,10, 10, 10; 3).

infidelity recorded during the best optimization run
of Fig. 3(a). The inset shows a distribution of per-
component SNR values. Interestingly, while the cv-
smc estimator achieves superior SNR for fidelity es-
timation, this advantage is reversed when estimating
the gradient. Specifically, the SNR of the cv-smc gra-
dient estimator declines rapidly as the simulation pro-
gresses toward convergence. In contrast, gradient es-
timators derived from the bare smc and cmc fidelity
estimators maintain an SNR of O(1) as convergence
is approached. We attribute this disparity to the co-
variance structure present in Eqs. (24) and (25), but
absent in Eq. (26). This covariance structure intro-
duces sample-specific control variates that dynami-
cally adapt to the non-stationary nature of the vari-
ables, significantly reducing variance and enhancing
estimator stability (c.f. Appendix D).

To further characterize the performance of the gra-
dient estimators, we examine their ability to drive in-
fidelity optimizations to convergence. As a bench-
mark, we consider a state-matching problem in which
we optimize the variational state to match a given
reference state. As a physical reference we take
[i(t)) = exp(—iHt) |— ... —) with H the transverse
field Ising Hamiltonian in Eq. (38). In general, we ob-
serve that states at shorter times are easier to learn,
with smaller differences in the results produced by
the various gradient estimators. Conversely, states at
longer times are significantly more challenging to ac-
curately match. It is important to emphasize that this
state-matching setup is inherently more demanding
than the dynamics itself. In the simulation of dynam-
ics, the state at each timestep is initialized from the
preceding timestep, offering a more informed starting

point closer to the target state. By contrast, the state-
matching problem begins in general from a random
state, making the optimization considerably more dif-
ficult.

In Fig. 3 we present the accuracies with which we
were able to recover the state at Jt = 0.5, a time
point that we consider relatively challenging and rep-
resentative of the general trends observed. Conver-
gence is quantified by the final optimization infidelity
(colormap) which we display as a function of the
NGD regularization parameter A (see Section 3.3) and
learning rate « for the different gradient estimators
detailed above. For each pair (o, A) we consider 10 dif-
ferent replicas with different sampling histories. Black
regions in the figure represent instability zones, where
all replicas diverged, indicating poor stability of the
method for the selected hyperparameter combination.

Overall, our results indicate that the Veme gradient
estimator consistently delivers the best convergence
and exhibits the highest stability among all the gra-
dient estimators examined in this study and reported
in the available literature. We rely on this estimator
for all optimizations presented in Section 4.

3.3 Natural Gradient Descent

Throughout this work we use NGD to solve the opti-
mizations in Eq. (8). In its simplest implementation,
given the current iterate §; € R™», NGD proposes a
new iterate 641 = 6 —ay, dg , where ay; is a schedule
of learning rates, and Jp the natural gradient at the
current iterate. dg is determined by minimizing a local
quadratic model M () of the objective, formed using
gradient and curvature information at 6y, [75, 76, 77].
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Formally,

1
M(6) = L(0x) + VL(Ox) "6+ 50" B,

(27)
8o = argmin M(§) = B~'VL,
s

where B is a symmetric positive definite curvature
matriz. This matrix is taken to be the Fisher informa-
tion matrix when modeling probability distributions,
or the Fubini-Study (FS) metric tensor for quantum
states [48, 78, 79]. The latter is a Gram matrix esti-
mated as?

S =Re{E. [AJ (2)AJ(z)"]} = X X e RN No,

(28)
where J(z) = Vlog(x) € CM» is the quantum score
function, AJ(x) = J(z) — Ex,[J(z)], and

Re{O} 2N x N
X = RN XNy 2
(mio}) © @
with
1 AJ(QSl)T
O=— : e CN>No (30)

AJ(LCNS)T

Here, the samples {x1, ..., zy, } are taken from 7. In
essence, NGD is a way of implementing steepest de-
scent in state space rather than parameter space. In
practice, however, NGD still operates in parameter
space, computing directions in the space of distribu-
tions and translating them back to parameter space
before implementing the step [75, 76]. As Eq. (27)
stems from a Taylor approximation of the loss, it is
important that the step in parameter space be small,
for the expansion (and the update direction) to be
reliable. As the FS tensor is often ill-conditioned or
rank-deficient, this requirement is enforced by hand
by adding to the objective a damping term with a
regularization coefficient A that penalizes large moves
in parameter space. This yields the update

A
8 = argmin M (8) + 5||5||2 = (XX +My,) 1 X e,
S

(31)
where we used that B = 8 = XX € CNo*Np and
VL = XTe with e € R?Ns4. Alternative ways of

3The expression of the FS tensor in Eq. (28) applies to a
generic variational state |¢) and is used to precondition the
gradient of the objective as S™IVL(|y), |¢)), where |¢) is an
arbitrary target state. This formulation remains valid if the
state |v) is transformed by an operator V7 with the correspond-
ing replacement 1 — 1[)

4Note that the identity V£ = X Te does not hold univer-
sally for all loss functions, although it is verified for many pro-
totypical choices, such as the mean squared error or the varia-
tional energy. In Appendix C, we demonstrate that the fidelity
can exhibit this structure, although this is not guaranteed for
all gradient estimators.

formulating this constraint exist, such as trust-region
methods [77], proximal optimization, or Tikhonov
damping [76], all eventually leading to Eq. (31).

It is important to note that evaluating the curva-
ture matrix over a subset of configurations stochasti-
cally sampled from the full Hilbert space ensures at
most a decrease of the loss over the sampled config-
urations. This does not guarantee a reduction in the
overall loss or in the loss evaluated on a different set of
configurations. A desirable property of any stochastic
optimization method is its ability to approach optimal
(or near-optimal) behavior in the limit of infinite sam-
ples. The expectation is that, with a sufficiently large
sample size, a reduction in the loss on the sampled
data will correspond to a global decrease in the loss.

The main challenge with NGD is the high compu-
tational cost of inverting (X "X + A1y, ) in large-scale
models with many parameters (N, > N;). Various
approximate approaches have been proposed to ad-
dress this, such as layer-wise block diagonal approxi-
mations [80, 81], Kronecker-factored approximate cur-
vature [82, 83], and unit-wise approximations [84, 85].
At the moment, the only method enabling the use
of NGD in deep architectures without approximating
the curvature matrix is the tangent kernel method
[86, 87], recently rediscovered in the NQS community
as minSR [88]. This approach leverages a simple lin-
ear algebra identity [86, 89, 90] to rewrite Eq. (31)
as

6 =XT(XXT + Mapy,) e, (32)

where the matrix T' = XX T € R2N+*2Ns is known
as the neural tangent kernel (NTK) [91, 92]. In the
limit where N, > N, inverting the NTK becomes
much more tractable than inverting the FS tensor,
shifting the computational bottleneck on the number
of parameters to the number of samples. Importantly,
the NTK formulation relies on the gradient of the ob-
jective being of the form VF = X Te. As shown in
Appendix C, this is not a prerogative of all estima-
tors investigated in Section 3.2.2. Specifically, while
the Vsmc and Veme estimators admit such decompo-
sition with

€= \/LNT(RQ{A(xhyI)}’ oo Im{A(zy,91) ), - .)T7
€= L(Re{Hbc(xl)}, oo Im{Hpee (1)} - .)T,

VN,
(33)

respectively, the Vev-smc estimator does not. This
restriction prevents these estimators from being ef-
ficiently computed in the NTK framework, making
them a poor choice for scaling to the deep network
limit.

In addition to not supporting an NTK formulation,
the absence of a form like VF = X Te also precludes
the use of L-curve and generalized cross-validation
methods for adaptively selecting the regularization co-
efficient A. While these automatic damping strategies
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have been used in the literature [93], they are less
suited to the NGD problem compared to those dis-
cussed in Section 3.3.1.

3.3.1 Autonomous damping

Choosing an appropriate value for A is crucial for
successful optimization. If A\ is too large, the up-
date resembles standard gradient descent with a very
small learning rate. Conversely, if A is too small,
updates can become excessively large, particularly in
low-curvature directions, possibly leading to increas-
ing the loss rather than decreasing it [75]. Identifying
an optimal value for A is nontrivial, and it is rare
for a single value of A to be suitable across all opti-
mization iterations. This challenge is exacerbated in
p-tVMC calculations, where numerous successive in-
fidelity optimizations, with very different target and
initial states, must be performed. Performing an hy-
perparameter search analogous to that in Fig. 3 for
every state compression is of course impractical, and
an automated approach is required. Hereunder, we
introduce a custom adaptive control strategy inspired
by heuristics commonly employed in the numerical
optimization literature [75, 76, 77, 82, 94].

Let 6, be the parameters at the k-th iterate. The
parameters at the following iterate are 01 = 05 +06%
with 06, = —aydy,. Here, dy, is the natural gradi-
ent update, and « is the learning rate. Under ideal
conditions (accurate curvature matrix, infinite sample
size, and proper regularization), the optimal learning
rate ap = 1 maximizes the decrease of the quadratic
model. However, these conditions are rarely satis-
fied in practice and mitigating the overfitting caused
by finite-sample effects typically requires lowering oy
[75]. We find that ay, > 5x 1072 is a reasonable choice
in most cases.

To dynamically adapt Mg, we build on the
Levenberg-Marquardt heuristic [94], which relies on
the reduction ratio

L(O + 60y) — L(Ok)
M(30y) — L(0x)

pr = (34)

This ratio measures the accuracy of the quadratic
model M(66y) [c.f. Eq. (27)] in predicting £(0)+0k).
Small pr (pr < 1) suggests poor agreement between
the model and the actual loss, indicating the need
to increase Ag. Larger pr (pr = 1) indicates good
agreement, allowing \; to be reduced °. The stan-

dard Levenberg-Marquardt algorithm aims at keeping

5In a trust-region approach to second-order optimization
problems, an increase in A\g corresponds to tightening the trust
region. Conversely, a reduction in Ag corresponds to a relax-
ation of the trust region [77].
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Figure 4: Performance of the autonomous damping algo-
rithm described in Eq. (36). (a) Comparison of the infidelity
across the optimization. The infidelity is computed exactly
and averaged over 10 Monte Carlo runs, with parameter up-
dates derived from noisy estimates of the Vcmce gradient and
curvature matrix. Results are compared to the best configu-
ration (o = 0.27, A = 3 x 107") from Fig. 3(a). The first
inset highlights an initial increase in the loss due to a sub-
optimal initial choice of A\. The second inset characterizes
the behavior of the error function E(p) in Eq. (37). Hatch-
ing is used to highlight the region p < pmin Where updates
are discarded and recomputed. (b) Evolution of the diagonal
shift. The data corresponds to the replica achieving the low-
est infidelity. The inset displays the value of reduction ratio
p at each substep. Parameters: ¢ = 1, 81 = 0.9, 82 = 0.1,
a = 0.05, pmax = 3, pmin = 0.1, p* = 0.35, 75 = 0.9,
emax = 2, and emin = 0.05.

1/4 < pr, < 3/4 by taking A1 = mgAg with

3/2 if Pk
mp =4 2/3 if Pr >
1 if g <pe <

IA

LSRN [VE RN [

(35)

Steps where pi, < 0 would actually lead to an increase
of the loss are thus discarded and recomputed with the
adjusted .

While effective in many cases, the standard heuris-
tic can result in rapid and uncontrolled variations in
pr and A\, leading to suboptimal performance. Draw-
ing inspiration from step-size control in differential
equations, we enhance this heuristic by incorporat-
ing proportional-integral controllers, which enhance
stability by combining proportional responses to cur-
rent errors with integral corrections from accumulated
past errors [95]. As a measure of the error we take the
deviation of pj from a desired target value p*. The
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multiplier my, for adjusting A is then taken to be

my, = min [mmax , max |:mmin ,EP(py) BT (pkfl)” :

(36)
where e, and em.x constrain the scaling factor
within a safe range, and $; and fs control the in-
fluence of current and past errors, respectively. Con-
trary to standard controllers where the magnitude of
the (positive) error alone modulates my, here the sign
of the error plays an important role as well. Specif-
ically, the error functional E(p) is chosen to ensure
that my, > 1 for pr < p* and my < 1 for pp > p*.
While various choices are possible, we choose

E(p) =sgn(p” —p)lp" — p|* + 1, (37)

whose functional form we display as an inset to
Fig. 4(a). To further enhance robustness, we reject
steps where pr > pmax OF pr < pPmin and recompute
the update with the newly adjusted .

We find the proposed approach to work well in prac-
tice and to be insensitive to minor changes in the se-
lected thresholds. In general, we find ¢ = 1, 81 = 0.9,
B2 = 0.1, a = 0.05, pmax = 3, Pmin = 0.1, p* = 0.35,
emax = 2, and enin = 0.05 to be good choices.

4 Numerical Experiments

In the following sections, we benchmark our methods
on the paradigmatic example of the two-dimensional
transverse-field Ising model (TFIM), a widely used
testbed for NQS dynamics [23, 47, 49, 50, 52, 60, 64].
The Hamiltonian is given by

H=-J> &io;—hY o, (38)
(i,5) i

where J is the nearest-neighbor coupling strength and
h represents the transverse field strength. Through-
out this work, we set J = 1, we adopt periodic bound-
ary conditions, and we fix the z-axis as the quantiza-
tion axis.

At zero temperature, this model undergoes a quan-
tum phase transition at the critical point h, = 3.044.
This separates the ferromagnetic phase (h < h.), from
the paramagnetic phase (h > h.). Deep in the ferro-
magnetic phase (h — 0) the ground state is degener-
ate and lies in the subspace spanned by |1 ... 1) and
[4...]). In the opposite limit (h — o0), the ground
state is |[— ... —), with spins aligned along the trans-
verse field direction.

We demonstrate that the far-from-equilibrium dy-
namics characteristic of the quantum quenches of this
model can be efficiently captured using p-tVMC. Our
results are consistent across architectures, integration
schemes, and quench parameters.

4.1 Small-scale experiments

Before presenting results for large system sizes, we val-
idate our method against exact diagonalization results
on a 4 x 4 lattice: small enough to allow simulating
the exact dynamics but large enough for MC sampling
to be non-trivial. We consider the quench dynamics
in which the system is initialized in the paramagnetic
ground state at h = oo, and evolved under a finite
transverse field of strength h = 2h.. For these sim-
ulations we adopt the Convolutional Neural Network
(CNN) ansatz described in Appendix H.1.

We compare several integration schemes: S-LPE-3,
S-PPE-3 (third-order in dt), and S-LPE-2, S-PPE-
2 (second-order in dt). We intentionally choose a
fixed step size of hdt = 3 x 1072, too big for prod-
uct schemes of second order to accurately approxi-
mate the dynamics at hand, to underscore the advan-
tages of our higher-order schemes. Optimizations are
performed using NGD and the autonomous damping
strategies detailed in Section 3.3.1.

The variational evolution closely follows the dy-
namics predicted by the integration scheme, achieving
infidelities with respect to the exact solution below
107% for the best-performing S-PPE-3 scheme. The
ideal behavior of each integrator is estimated by ap-
plying the product expansion directly to the full state
vector [equivalent to solving exactly the optimization
problem in Eq. (8) on a log-state vector ansatz]. This
analysis reveals that the variational dynamics is influ-
enced by two primary sources of error: optimization
error and integration error. In the absence of opti-
mization error, the variational dynamics would follow
the approximate integrator’s dynamics which, in the
absence of integration error, would in turn match the
exact evolution. For most schemes shown in Fig. 5,
the dynamics is limited by integration error. An ex-
ception is the S-PPE-3 scheme, where the discretiza-
tion is sufficiently accurate that optimization error
becomes the dominant source at ht 2 0.6. This
crossover between integration and optimization errors
is more clearly illustrated in Fig. 6, where we ana-
lyze the error contributions for S-LPE-3 and S-PPE-
2, the two best-performing schemes. While S-LPE-3
remains dominated by integration error throughout,
S-PPE-3 exhibits a crossover point where optimiza-
tion error overtakes, as indicated by the intersection
of the dashed and dotted lines.

4.2 Large-scale experiments

We now demonstrate the effectiveness of our meth-
ods for simulating large-scale quantum dynamics. We
again focus on the quench dynamics of the TFIM, this
time on a 10 x 10 lattice and for the more challenging
quench from h = oo to h = h./10. While no exact so-
lution is available at this scale, this problem is widely
used as a benchmark in quantum dynamics, allowing
for comparison with established methods.
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Figure 5: Quench dynamics (h = oo — 2h.) of the

transverse-field Ising model on a 4 x 4 lattice obtained using
different integration schemes: S-LPE-2, S-LPE-3, S-PPE-2,
S-PPE-3. We show the evolution of the average magnetiza-
tion M, (a), and of the infidelity between the exact solution
|tbe) and its variational approximation |¢g) (b). Full dots
are used to mark variational data, obtained by solving the
optimization problems in Eq. (8). Solid lines detail the ideal
behavior of each integrator scheme, estimated from a state-
vector simulation of the dynamics resulting from the prod-
uct expansion of the evolution operator. The dashed black
line in (a) corresponds to the exact evolution. Parameters:
N =16, J =1, h = 2h,, N, = 2", @cnn = (5,4,3;3),
and dt = 0.025.

In Fig. 7, we present results obtained using the S-
LPE-3 integration scheme (c.f. Section 2.6) for times
up to Jt = 2 where comparison with existing re-
sults is meaningful. To rigorously evaluate our ap-
proach, we utilize two architectures: a CNN with con-
figuration @cnn = (5,4, 3;6) to explore the regime
Ny > N, and a Vision Transformer (ViT) with
Ovitr = (2,12,6,4;6) for the opposite case where
Ny < Np. In the latter regime, direct inversion of
the FS tensor becomes prohibitively expensive and
the gradient estimator introduced in Eq. (25) proves
essential for the evaluation of the natural gradient.
As shown in Fig. 7(a), both models provide consistent
predictions, underscoring the effectiveness of p-tVMC
in yielding consistent results across different architec-
tures, provided they are sufficiently expressive. These
findings establish the ViT as a promising ansatz not
only for ground-state simulations, as previously shown
in Refs. [96, 39], but also for large-scale simulations
of quantum dynamics.

While the p-tVMC results, the iPEPS data from
Ref. [97], and the largest tVMC simulations from
Ref. [49], generally show strong agreement, subtle
differences emerge around the more challenging re-
gion Jt 2 1.4. Here, the tVMC curves deviate

; 7 g
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Figure 6: Evolution of the total infidelity (Ziot), integra-
tion infidelity (Zint), and optimization infidelity (Zopt) as
a function of time. The exact dynamics |¢.(t)), the dy-
namics obtained from state-vector simulations of product
schemes |, (t)), and the variational dynamics |¢s(t)) are
compared. The infidelities are defined as follows: Ziot =
Z(|¥e(t)) s 1o (1)), Tint = Z(|¢pe(t)) , [¥a(t))), and Top: =
Z(|tpa(t)), |10e(t))). The final step infidelities obtained at
the end of the optimization problems in Eq. (8) are reported
in the top panels. The different substeps of the S-PPE-3
scheme are indexed by i. Parameters: same as in Fig. 5.

from the iPEPS predictions, while p-tVMC main-
tains closer alignment, suggesting superior stability at
longer times. This is further quantified in Fig. 7(b),
where we report the absolute deviation from the
iPEPS baseline. Notably, p-tVMC captures long-time
dynamics more accurately, highlighting its potential
for enhanced long-term stability. We further observe,
at the early stages of the simulation (0.1 < Jt < 0.4),
the existence of a small region where tVMC data are
marginally better aligned with the iPEPS baseline
compared to p-tVMC. This region coincides with the
high-activity region of the adaptive timestepping al-
gorithm used in the tVMC simulations suggesting the
origin of this discrepancy to be found in the larger,
fixed, timestep employed in our calculations. While
our current results are competitive with state-of-the-
art methods, implementing adaptive timestepping in
future iterations will further enhance the overall accu-
racy of the results. Finally, in Fig. 7(c) we display the
final step-infidelities at each time step. We attribute
the degradation of the quality of the fidelity opti-
mizations to finite-sample effects that become more
pronounced at later times. To validate this hypothe-
sis we ran the same optimizations in a smaller 4 x 4
lattice evaluating expectation values exactly by sum-
ming over the entire Hilbert space. In the absence of
MC noise, we observe convergence to numerical pre-
cision (see Appendix F). We remark that to stabilize
our simulations, we employed the autonomous damp-
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Figure 7: Quench dynamics across the critical point of the
TFIM (h = co — h./10) on a 10 x 10 lattice. (a) Aver-
age magnetization as a function of time. Results are com-
pared with existing methods: tVMC [49] and iPEPS [97].
P-tVMC simulations are obtained using the S-LPE-3 scheme
on two architectures: CNN and ViT. (b) Absolute differ-
ence in average magnetization between the iPEPS baseline
and the variational simulations. P-tVMC results obtained
using the SLPE2 and SLPE3 schemes are displayed. (c) Fi-
nal optimization infidelity (step infidelity) achieved at each
substep i = 1,...,4 of the S-LPE-3 scheme. For clarity, in
panels (b) and (c) only the results for the ViT architecture
are displayed. Similar curves were observed with the CNN
(not shown). Parameters: N = 100, J = 1, h = h./10,
N = 2'7 (CNN), @cnn = (5,4,3;6), N, = 2'5 (ViT),
Ovir = (2,12,6,4;6), and dt = 0.025.

ing strategy outlined in Section 3.3.1. All systems
were initialized using a two-step process where we
first use traditional VMC to approximate the ground
state of Hz = >, 67, and then perform infidelity
minimization to align the variational state with the
constant-amplitude target state ¢q(y) = const for all
ye[-1,+1N. .

5 Conclusions and outlooks

In this work, we provide a rigorous formalization of
the p-tVMC method, decoupling the discretization of
time evolution from the state compression task, per-
formed by infidelity minimization.

In our analysis of the discretization scheme, we
identify key criteria for constructing schemes that
are simultaneously accurate and computationally ef-
ficient. Building on these principles, we address the
limitations in prior approaches to p-tVMC through
two novel families of integration schemes capable of
achieving arbitrary-order accuracy in time while scal-
ing favorably with the number of degrees of freedom in
the system. This is made possible by making efficient
use of the specific structure of the p-tVMC problem.

In the study of the fidelity optimization, we demon-
strate the critical role of natural gradient descent in
compressing non-local transformations of the wave-
function into parameter updates. Additionally, we in-
troduce an automatic damping mechanism for NGD
which provides robust performance without the need
for extensive hyperparameter tuning at each timestep
of the dynamics.

We further clarify which among the available
stochastic estimators are most reliable for computing
both the infidelity and its gradient, addressing open
questions regarding the role of control variates in the
estimation of infidelity and their necessity in gradient-
based optimization.

By integrating these advances into the p-tVMC
framework, we demonstrate the potential to achieve
machine precision in small-scale state compression
and time evolution tasks. Applying these methods to
larger systems, we show that p-tVMC not only repro-
duces state-of-the-art tVMC results with higher accu-
racy and improved control, but also surpasses previ-
ous methods in terms of generality and stability.

While fully numerically exact simulations on large
systems remain beyond reach — likely due to limita-
tions in Monte Carlo sampling — this work establishes
p-tVMC as a highly promising approach, capable of
overcoming several intrinsic challenges faced by other
methods, and bringing us closer to achieving precise,
large-scale classical quantum simulations.

Software

Simulations were performed with NetKet [98, 99],
and at times parallelized with mpi4JAX [100]. This
software is built on top of JAX [101], equinox [102]
and Flax [103]. We used QuTiP [104, 105] for ex-
act benchmarks. The accompanying code and Math-
ematica scripts for the manuscript are available at
github.com/NeuralQXLab /ptvmec-systematic-study.
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A Details on LPE and PPE schemes

The two tables below report the coefficients for the first few orders of the LPE and PPE schemes. The details
on the derivation can be found in the subsections following the tables.

0 1 2 3 4 o 2 4 6
ay 1 (1-14)/2 0.6265 0.0426 — 0.3946: ay 1/2 (3-— \/gi)/12 0.2153
as (14+14)/2 0.1867 — 0.4808; 0.0426 + 0.3946¢ ao 3+ \/gi)/12 0.1423 — 0.1358:
as 0.1867 + 0.4808: 0.4573 — 0.23511¢ as 0.1423 + 0.1358:
0.4573 + 0.2351¢
“ + ! by —1/2 (=3 —+/3i)/12 —0.2153
b (-3+ \/32')/12 —0.1423 — 0.1358¢
b3 —0.1423 + 0.1358:
Table 4: Coefficients for the LPE schemes of lowest order. The Table 5: Coefficients for the PPE schemes of lowest
sets of coefficients presented for each order are not unique: all s! order. The sets of coefficients presented for each or-
permutations are also solutions. lrrational numbers are reported der are not unique. All the permutations of the aj s
with a precision of four decimal points. We remark that the first and of b;s are also solutions leading to a total of
order scheme with a single timestep is equivalent to a standard [(s/2)!]> combinations. We remark that the second
Euler scheme. order scheme with a single substep corresponds to a

simple midpoint scheme.

The two tables below report the coefficients for the first few orders of the S-LPE and S-PPE schemes.

0 1 2 3 o) 2 3 4
ay 1 (1-1)/2 0.1057 — 0.3943¢ ay 1/2 3+ \/gi)/12 (3—+/15i)/24
as (1+14)/2 0.3943 + 0.1057¢ as (3 —/3i)/12 1/4
as 0.3943 — 0.1057: as (3 +V/15i) /24
a 0.1057 4+ 0.3943¢
! . , by —1/2  (=3-+/3i)/12 (=3 +iV15)/24
o opooe omroews 7 S
a2 T 0945 + U.10072 b —3—iy/15)/24
a3 0.3943 — 0.10573 ’ , ( . !
s 0.1057 + 0.3943i a /2 (3++V3i)/12 (3 15i)/24
as 1/2 1/2 (9 — \/15i) /24
o3 (3-V3i)/12 (94 /15i)/24
oy (3+ V154)/24
Table 6: Coefficients for the S-LPE schemes of lowest order. Table 7: Coefficients for the S-PPE schemes of lowest order.
We remark that a; = ;. The sets of coefficients presented The sets of coefficients presented for each order are unique
for each order are unique up to conjugation. The first order up to conjugation. We note that o = 0 is always followed
scheme with a single timestep is equivalent to the first order by as+1 # 0. This corresponds to a final diagonal operation
Baker—Campbell-Hausdorff expansion. For S-LPE schemes after the sequence of optimizations.

the coefficient 8 in Eq. (12) is always vanishing.

A.1 Linear Product Expansion (LPE)

Consider the ordinary differential equation of the form in Eq. (1), where the solution |¢(t)) is discretized over a
set of times {¢,, }5=1,2._, such that [¢,,) = |¥(t,)) and t,, 41 —t, = dt. The LPE scheme introduced in Section 2.4
provides the following prescription for approximately updating |y, ):

oer) = (TTTo,) i) = f) -+t 3y Is) (39)

where .
|kj) = A(Wu) +dt Y a |f€e>>- (40)

=1

This expression is in direct correspondence with the evolution equations of an explicit Runge-Kutta method
with update function f(]10)) = Aly). Although the LPE scheme can be cast as an explicit Runge-Kutta
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approximation, its scalability relies on avoiding this direct interpretation. Instead, Eq. (39) is treated as a
recursive process defined by

6k) st |ék) = Top lok)  (k=1,....5) (41)
where [p41) = |¢s), and |¢,) = |¢po). This is analogous to the formulation given in Eq. (8) in terms of

transformations of the variational parameters of the wave function. As explained in the main text, each sub-
problem in Eq. (41) involves at most linear powers of A making its application to NQS far more practical
than a direct implementation of the Taylor expansion. The numerical values of the coefficients (aq,...,as) are
obtained by Taylor expanding both sides of Eq. (10) and matching the terms order by order. This leads to to
the following linear system of equations for the coefficients:

1
k!
for 1 <k < s. Here, eg(aq,...,as) is the elementary symmetric polynomial of degree k in s variables, defined for
k < s as the sum of the products of all possible combinations of k distinct elements chosen from the set {a;}7_;
[106]. We solve these equations in Mathematica for s < 4 and report the solutions in Table 4. Interestingly, all
coefficients a; for which Im{a;} # 0 appear in complex conjugate pairs and Re{a;} > 0 Vj.

ex(al,...,as) = (42)

A.2 Padé Product Expansion (PPE)
The PPE scheme introduced in Section 2.5 provides the following prescription for approximately updating |y, ):

W}nJrl (H Pb a]) |wn - (ﬁ szlTaj> |¢n> . (43)
j=1

While a correspondence with explicit Runge-Kutta methods could be established via the Neumann series ex-
pansion of each T ! term, the scalability of the method relies on avoiding this expansion. Instead, Eq. (43) is
treated as a recursive problem defined by

lor) st Ty, |on) = Ty l0n1) (E=1,...,5), (44)

and where [¢,11) = |ds), and [¢,) = |po). This recursion relation can be alternatively stated as

|61) = [1bn) +dth A) o) +dtZaJA|¢j ) (k=1,...,9), (45)

j=1 Jj=1

which puts the method in direct correspondence with the evolution equations of an implicit-explicit (IMEX)
Runge Kutta method with implicit and explicit update function g(|1)) = —A |¢) and f(|1)) = A |¢) respectively
[107, 108].

As for the LPE scheme, the superiority in scalability of the method relies on avoiding this expansion and
casting instead the expression onto the nested series of optimizations in Eq. (8). The numerical values of the
coefficients (aq,...,as,b1,...,bs) are obtained by Taylor expanding both sides of Eq. (11) and matching the
terms order by order. This leads to to the following linear system of equations for the coefficients:

k
> (=1 ej(ar, .. as)hi—j(by, ... bs) = 1/k! (46)

j=0

for 1 <k < 2s. Here, hj—j(b1,...,bs) is the complete homogeneous symmetric polynomial of degree k in s vari-
ables, defined as the sum of all monomials of degree k that can be formed from the set {b;}3_, allowing repetition
of variables [106]. We adopt the convention that eg(a1,...,as) = ho(b1,...,bs) =1, and e;j>s(a1,...,as) = 0.
The values of {a;,b;}3_; for s < 3 satisfying Eq. (46) are provided in Table 5. Interestingly, we note that
aj = —b; and that Re{a;} > 0, Re{b;} < 0 Vj. As before, if a; or b; have nonvanishing imaginary part they
appear in conjugate pairs.

A.2.1 Unitarity of Padé Product Expansions

We here show that PPE schemes are exactly (to all orders in dt) unitary. The fundamental building blocks of
PPEs are of the form

A A

Ui = Pro =15, = (1404) " (1 +ad), (47)
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where the timestep dt has been absorbed into A = —iHdt. Since H is Hermitian, A = —A' is anti-Hermtian.

It follows that ) )
Ulvi= (1-a;A) (1 -07A)  (14+6:4)  (1+aid)

(1
- (]1 - a;A) (]1 + biA> ' (]1 - b;-*f\)_l (11 + aif\),

where in the last equality we used that [(1 +aA)~1, 14 A] = 0: a trivial consequence of the fact that [A, f(A)] =
for any A € H and f : H — H. From Table 5 we observe that the expansion coefficients are related by a; = —b*
Substituting this in Eq. (48) leads to

(48)

UiU; = (11 + bi[\) (11 + bz-[\)_l (11 + ai[\)_l (]1 + ai[\) ~ 1. (49)

PPE expansions of arbitrary order o = 2s obtained as U= Hle U; are therefore unitary, that is UtU = 1.
To be precise, the relation a; = —b} holds only for a subset of all possible solutions to Eq. (46). In general,
however, the relation a; = — Re{b; } = Im{b;} holds. Moreover, the b;s always present in conjugate pairs so that
the proof can be carried out analogously.

Analogous calculations can be applied to the S-PPE-2 scheme. Here, since all coefficients are real, the diagonal
terms in UTU cancel out, making the algorithm exactly unitary. This does not hold for S-PPE schemes of higher
order for which the ays are in general complex.

B Control variates for the conditional Monte-Carlo estimator [Eq. (21)]

10—3 L
=
—~
2 107
= CV-CINC
107° F cv-smce
E 1 | ] ] ] ]

-10 -08 -06 —-04 -0.2 0.0

Figure 8: Variance comparison of controlled estimators Eq. (20) (cv-smc) and Eq. (22) (cv-cmc) as a function of the control
coefficient c.

Control variates are particularly effective when both the control variable and the ideal control coefficient
can be derived analytically. For the simple Monte Carlo estimator of the fidelity in Eq. (18), this is done in
Ref. [47], where the identity E(, ,)-[|A(z,y)[?] = 1 is employed to reduce the variance of the estimator leading
to Eq. (20). To identify an analogous control variable for the cmc estimator we can proceed in one of two
ways. The first approach recognizes that the cmc estimator arises from conditioning the smc estimator, and
therefore the control-variate-enhanced cmc estimator naturally follows from conditioning the cv-smc estimator.
Specifically,

F([9) 1)) = By [F (2, )] = Bz, [Bynr, [F(z,y)|x], (50)
corresponds exactly to Eq. (22). The second approach observes that |A(z)|? is correlated with Hi..(z) and
thus remains a valid control variable for the cmc estimator. By leveraging the separability of both 7 (z,y) =
Ty ()7 (y), and A(z,y) = Az(z)Ay(y), we can use |A(x,y)|? as control variate for the cmc estimator as well:

F(9)116)) = B, [Re{Hioe} + ¢(Epyyr 1A ) 2] 1) ],
= o, [Re(Hioc) + (| 4c (@) Eyer, [14, )] = 1)].

which again corresponds to Eq. (22). Here, A,(z) = ¢(z)/¢(x), and A,(y) = ¥(y)/o(y). With a derivation
similar to that in Ref. [47], we find that the optimal control coefficient ¢, which minimizes the variance of the
cv-cme estimator, converges to ¢ = —1/2 as [¢) — |¢).

(51)
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In Fig. 8 we illustrate the variance reduction achieved by applying control variates to the smc and cmc
estimators. The data clearly highlight the efficiency of control variates in reducing the variance for both
estimators. These calculations were performed far from ideal convergence, resulting in slight deviations from
the expected optimal value of ¢ = —1/2. In accordance with the Rao-Blackwell theorem, the variance of the
cv-cmc estimator is consistently lower than that of the cv-smc estimator for any choice of c.

Note that in both control-variate-enhanced estimators, we retain only the real part of the original estimator,
as the fidelity is known to be real. This ensures that E[Im{f}] = 0 for f = A, Hjoc. Including the imaginary part
would amount to introducing an additional control variate with zero mean. However, any variability explained
by the correlation between Im{f} and Re{f} is already captured through the variate |A(z,y)|?. As a result,
this additional control variate does not contribute to further variance reduction and is therefore omitted.

C Derivation of the gradient estimators

In this section we derive and discuss the properties of different possible Monte Carlo estimators for the gradient
of the fidelity. To do in an efficient manner we introduce the notation

= (z s x:|¢(x)|2 m(z) = my(x)m Z:MM
=), ml@) = e W) = m@n), AR) = ST (52

In the following we consider a complex ansatz [t)g(z) € C] and real parameters (§ € RV»). As we have done
throughout the paper, we identify the variational state as v = 1)y, making implicit the dependence of the
variational state |¢)) on the variational parameters.

C.1 Derivation of the Vecmce gradient estimator [Eq. (25)]

We derive the Veme estimator of the gradient in Eq. (25) by differentiating the cmc fidelity estimator
F =Eqr, [Hioc(x)] in Eq. (21). We show that this gradient estimator can be written in the form VF = X Te.

Applying the chain rule to F yields two contributions to the gradient

V‘FZVZWw( Hloc ZHIOC Vﬂw —‘r wa VHloc ) . (53)

@ ®

First off, we have that

o W) 1) _ (V9le) (aly) + (1) (1VY) _ (@la) (o) (V01D + WIVW) _y e

Vo) =V "y (Ol ) Dl o
where we denote A™ = Re{A} and A™ = Im{A}. It follows that
@ = 3 Hioc(@) V(@) = B, AT (&) i)} (55)
We next compute
oo ) @l V) Ve el JYY)

VA =V 0hy T ey O gy T gy @@ 69

and note that
vy A1V (ol B (S, o)) 1V9) . tolayal Aly)
Ero |ty ] = Lm0 ‘§”W> (al0) “L Ty WYY

Wl (X, =)l ) B W Wlitl) *
=2 o = 2 ml@) Sy T ) = L) Hise (@) (@)

y x

= B, [Hioe(2)J (2)]-

(57)
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so that,

(e H| V)

=) = Er, [Hioe(x)J (2)] = Ex, [J(2) (Hloe(2) — Hioe())]

(2) = Er,[VHoc(2)] = Eq, [

:—QZEﬂ—w[J( )Hloc( )]

(58)

Since H is Hermitian, we know that (¢|H|) = Er,[Hioc(x)] € R and therefore that B, [H% (z)] = 0. We can
thus use that H = AH{™ to obtain

loc — loc

@) = ~20Eq, [J(@) AHR ()] = —2E,, [AJ(2) H(2)). (59)

Finally,
VF = @ + @ Er, [2A0°(2)Hioc(x) — 2iAT (z)Hi5 (2))]
71'1/; [2 Re{AJ(x)Hloc(z)*}] = 2]E7T [AJre loc( ) + AJlmHIOC( )}
)

(60)
_E AJ™(x 2Re{Hoc(x)}
S AJ™(z) 2Im{Hoc(x)} '
We can now explicit the Monte-Carlo sampling of the expectation value which is in practice evaluated as
9 N N,
VF x5 ) AT @) Hig (v) + AT (@) Hige (1) = Z AT (i) A™ (i, y7) + AT (@) A™ (i, ),
=1 7,7=1
(61)

with N the number of samples. Note that the second expression follows from the fact that the local estimator
itself is evaluated with MC sampling as

_ o) 1 Y(yy)
Hioo(#) = LY, 2= alyy)” (62

S j=1

We now want to express the above in a form compatible with NTK and automatic damping strategies. To
do so, we define
AJ(.%l)T

(Re{0}> 2N, x N, 1 NyxN,
= € R*Ns*Np, O = : € CVs>*p, (63)
Im{O VN, ’

m{0} AJ(zn)T

In this way, the Monte Carlo estimate of the Fubini-Study metric tensor reads § = X "X, and the neural
tangent kernel T = X X 7. We then define the complex-valued local energy vector as

f: \/LN—S(HIOC(Il)a'"7H10C(st)> G(CNS’ (64)
and (£}
_ (Re{r 2N,
= (i) <™ v

It is easy to see that we can express Eq. (61) as VF = X Te.

C.2 Derivation of the Vcv-smc gradient estimator [Eq. (26)]

We derive the Vcv-sme estimator of the gradient in Eq. (26) by differentiating the cv-sme fidelity estimator
F = E.or[F(2)] = Eor[Re A(2) + ¢(JA(2)]* — 1)] in Eq. (20). We show that this gradient estimator does not
admit the form VF = X "e and is therefore unsuited for NTK calculations.

Once again

VF=VY n(2)F(z)= Y F(2)Va(z) + Y 7(z)VF(2) . (66)
® ®
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Since Vr = 7y Vmy, Eq. (54) gets us @ = E,z[2AF(z)J™(z)]. Differentiating A(z) yields VA(z) =
A(2)[J(y) — J(z)], so that

VF() = YA ZVA*(Z) +e( AR VA () + 4 ()VAR)) = Re{ (4() +24()F) (1) - 7)) }. (67

Inserting this into the expression for @ leads to

@) = Eon | (4(2) + 20| A()F ) (1) = T (@) ) + A™(2) (7™ (@) = T () |- (68)

The gradient is then found to be

T(2) 2AF(2) — A™(2) — 2¢|A(=)|?
_ _ Jim<.’1?) . Aim(z)
VoF = Or Q= Fer J(y) A (2) + 2¢|A(2)]? ' o)
J™(y) —A"™(2)

We remark that this estimator evaluates the Jacobian of ¥ not only on the samples of ¥ as we would normally
expect, but on those of ¢ as well. Equation (69) makes it manifest that this estimator cannot be expressed in
the form VF = X Te.

C.3 Derivation of the Vsmc gradient estimator [Eq. (24)]

We derive the Vsmc estimator of the gradient 7 = E(, )~ [A(2,)] in Eq. (24) and show that it admits the
form VF = X Te.

One straightforward approach is to reverse the marginalization yielding the Vemec gradient estimator [Eq. (25)]

VoF =E., [2Re{AJ(x)*Hioc(z)}] = 2Re { Zﬂ'w(ﬂﬁ)AJ* (x)Hloc(x)}

9(@) Y .
~ 2Re { Do mwas e Z mo(1) gy } = Benel2Re{AT(2) A)") (70)

e [( A (2]

In practice, the expectation value above is evaluated using MC sampling as

VFr S A Rel Alrs, )} + AJ™ () I Alr ). (71)
i=1
which makes manifest the possibility of expressing the gradient as VJF = Xe with
£ == (Ao Ay, o)) € € (72)
and
€= (iﬁﬁ) e R*N.. (73)

Although this derivation would suffice, it is still insightful to explore how the same expression can be obtained
by manipulating the Vev-sme estimator [Eq. (26), or equivalently Eq. (69)]. The value in this alternative
derivation stems from the properties of A(z) that this approach reveals. We believe these properties could be
useful in the future to derive control variables tailored to the gradient. For starters, we find that

Eenr [|A(2) ] (2)] = By, [F )] (74)
Using this identity, one can easily show that

Ezwﬂ'[A*(Z)f(x” = EZNﬂ[A(Z)f(y)]v (75)

Eonn[A%(2)f ()] = Eznr[A(2) f ()], (76)

Ezwﬂ'[A(Z)f<x)] = EzNTr[A*<Z)f(y)]7 (77)
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Again, these equations can be combined to show that

Eznrlf(2) Re{A(2)}] = Eonn[f(y) Re{A(2)}], (79)
Eennlf(2) In{A(2)}] = —Eznr[f(y) Im{A(2)}]. (80)

Substitution into Eq. (69) yields Eq. (70).

D Covariance structure, Rao-Blackwellization, and variance reduction

We use this appendix to expand on the differences in variance exhibited by the gradient estimators presented
in the main text. First off, we note that while both the Veme and Vsmec estimators take the form of a
covariance estimator [c.f. Egs. (60) and (70)], the Vcv-sme estimator does not. Generally, estimators structured
as covariances tend to exhibit lower variance largely due to the inherent variance reduction from centering each
component. Specifically, the sample covariance used to estimate the covariance between two random variables
X and Y is given by

N, N, N,
) & LN LA
Cov(X,Y) = E[(X ~ E[X])(Y ~E[V])] = 3~ (% ;Xj Yim o ;Yj : (81)

where v = Ng/(N; — 1) is the Bessel correction factor used to remove the bias introduced by centering. The
centering process effectively provides sample-specific control variates that automatically adjust to the non-
stationarity of the variables, enhancing estimator stability, and justifying the results presented in the main text
and further corroborated by Fig. 9.

107!
3L ® o,
RS 10 o
JS (]
= 1075+ ® Var(vcme)

Var(vsmc)

10~7 F Var(veme)
@ Var(vcv-smce)
paal

N M N Lol N L
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iteration

Figure 9: Comparison of the variance of the different estimators of the fidelity gradient. As the gradient is a vector in R™?,
for each estimator we consider the a single direction in parameter space. The results are independent of the chosen directions.
Statistics are computed on the same data of Fig. 3.

While the poor performance of the Vcev-sme estimator is attributed to its lack of a covariance structure,
the smaller performance difference between the Veme and Vsmc estimators can be understood through the
Rao-Blackwell theorem. Identical arguments apply for the cmc and smc estimators of the fidelity itself. In
the simplest setting, Rao-Blackwellization replaces a function of two random variables with its conditional
expectation resulting in a new estimator whose variance is no greater than that of the original function (Rao-
Blackwell theorem). Consider two random variables, X and Y, and a function J(X,Y’). Our goal is to compute
its expectation E[J(X,Y)] with respect to the joint distribution of X and Y. To do so, we define [74]

E[J(X,Y) | X] = Zny Y=y|X=zx)=J(X) (82)
and note that E[J(X)] = E[J(X,Y)]. This implies that J(X) can be used in place of J(X,Y) in a Monte Carlo
approximation of E[J(X,Y)]. The variance of J(X) can be easily computed to be

Var(J(X)) = Var(J(X,Y)) — E[(J(X,Y) — J(X))?], (83)

from which it follows that Var(.J(X)) < Var(J(X,Y)). To compute Rao-Blackwellized estimators, we generally
need to calculate conditional expectations. In many cases, this cannot be done exactly; however, under a
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mean-field assumption, the conditional expectation simplifies due to factorization:

J(X) =E[J(X,Y) | X] = Zny Y=y|X=2)=) Jy) PY=y)=Ey[J(X,Y), (84)

where we used that P(X,Y) = P(X)P(Y) and thus P(Y | X) = P(Y). Therefore, to construct a lower variance
estimator when the joint distribution factorizes, all we need to do is integrate out some variables and use this
marginal as the estimator.

E Lowering sampling cost by reweighting

Direct evaluation of the fidelity (and of its gradient) between two transformed states 1)) = V |1) and |¢) = U |$)
requires, in principle, sampling from their Born distributions le;(x) and q;(y), respectively. This process intro-
duces a computational overhead that scales with N., the number of connected elements in the transformations.
For local spin Hamiltonians, this introduces a sampling overhead proportional to the system size N, which
often becomes the dominant cost (in the simulations presented in Section 4, for instance, around 90% of the
computational time is spent sampling). The computational burden grows substantially for other Hamiltonians,
such as for those arising in natural-orbital chemistry or for the kinetic term in first-quantisation formulations
[109].

To address this overhead, one can resort to self-normalized importance sampling [73], adapting the estimators
discussed in Section 3 to sample directly from the bare distributions. In line with the procedure outlined in
Ref. [47], we avoid direct sampling from the target state. While previous works were concerned with unitary
transformations applied to the target state alone, here we extend the approach to arbitrary transformations
that act on both the target and variational states.

As all estimators discussed in Section 3 are of this form, it is convenient to write down the reweighting
procedure just once for the generic estimator E,~,[f(c)]. In this case, we have [73]

Egrnlw(a)f(0)]

Epplw(@)] (85)

E0~x[f(0)] =

where w = n/x. Specializing to the case where we sample from a joint distribution, e.g. in Egs. (18), (20), (24)
and (26), yields

>y T ) TEL f(2,y)
Sy (@ y) Y

where 7(z,y) = m;(z)7;(y). Applying Rao-Blackwellization to this estimator is still possible and results in

]E(m,y)wﬁ'[f(xa y)] = ) (86)

S () B £ (0) 5, o) 22
Ezp)~orlf (2, = Exwfrw fx(@ EyN‘TT¢ fy = wfr x =
(@y)~rlf (@, y)] [fa(2)] [fy ()] Zﬂw(x)wfﬁﬁzﬁ >, ()2

where we made use of the separability of the Born distributions, and of the integrator f(z,y) = fz(x)f,(v)
which we have observed in Section 3.

B 1)

y

: (87)

:\x@

=

F Machine precision on small systems, the limitation of Monte Carlo sampling,
and the importance of curvature

We now demonstrate the theoretical possibility of solving infidelity-based optimizations to machine precision.
Specifically, we revisit the quench dynamics studied in Section 4.2, involving a quench from h = oo to h = h./10,
but now on a smaller 4 x 4 lattice—small enough to allow exact summation over the entire Hilbert space.

In Fig. 10(a-b), we show the variational p-tVMC dynamics computed by evaluating all statistical averages
relevant to the optimization exactly. These results exhibit perfect agreement with the exact solution, with
optimizations converging to the target state within machine precision.

By contrast, performing the same simulations using Monte Carlo sampling—i.e., evaluating statistical averages
over a finite number of samples—yields results similar to those shown in Section 4.1. While convergence remains
qualitatively good, it no longer reaches machine precision. As discussed in Section 3.3.1, this discrepancy is
likely due to poor estimation of the gradient and curvature matrix when using limited sample sizes, which leads
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to unreliable updates. Indeed, increasing the number of samples steadily improves the results, bringing them
closer to the exact, noiseless solution. Achieving results comparable to full-summation, however, appears to
require a number of samples on the order of the Hilbert space dimension itself. This is illustrated in Fig. 10(c),
where we display optimization trajectories for the following infidelity minimization problem:

0" = srgmin Z() . [v9)) (88)

The initial parameter configuration corresponds to the state at time Jt = 1.25, obtained from the noiseless
p-tVMC simulation shown in Fig. 10(a-b). The target state |¢;) at time Jt = 1.3, by contrast, is taken from
the exact evolution of the TFIM dynamics and encoded exactly, using one complex-valued parameter per entry
of the state vector.

1.0
0 CbO O Exact
© p-tVMC
©
8 (€] N
E 0.5 [0) oo I I
° ® 212 213 214 215 216 217 218
&)
o _
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Figure 10: Quenched dynamics (h = oo — h./10) on a 4 x 4 lattice. (a,b) Average magnetization and optimization infidelity as
a function of time. The variational results (full dots) are obtained in full summation using the S-LPE-2 scheme with d¢ = 0.05.
We compare this to the exact calculation (open circles). (c) Optimization profiles for the update J¢t = 1.25 — 1.30 for different
sample sizes Ns. The convergence is negatively impacted by the lack a number of samples sufficient to properly reconstruct
the curvature matrix and resolve the ideal descent direction. Stochastic optimization achieves performance compatible with
full summation (black line) only for very large sample sizes, comparable or superior to the size of the Hilbert space. The
regularization coefficient ) is fixed to A = 1078 for N, = 0o, 218,217, 2!6_ Smaller sample sizes require stronger regularization.
We use A = 1077 for Ny = 2'%,2'* and A = 107° for Ny = 2'3 2'2. Parameters: a = 0.05, ®cn~ = (10, 10, 10, 10; 3).

‘We now use this simple toy problem to provide a clear illustration of the importance of incorporating curvature
information into the optimization strategy to ensure reliable convergence. To isolate the effect of the optimization
method from other sources of error—such as Monte Carlo noise and model expressivity—we consider an idealized
setting in which all statistical averages required to compute the objective’s gradient and curvature matrix are
evaluated exactly by summing over the entire Hilbert space at each optimization step. Moreover, as shown in
Fig. 10, the chosen CNN model with ®cxy = (10,10, 10,10; 3) is able to represent the target state at time
Jt = 1.3 with machine precision accuracy. In Fig. 11, we compare the performance of NGD and Adam on the
same state-compression task studied in Fig. 10(c). The results show that Adam converges significantly more
slowly and often becomes trapped in local minima, failing to accurately compress the target state. By contrast,
NGD achieves rapid and reliable convergence. To further explore the role of curvature information, we modulate
the damping parameter A\, which interpolates between NGD and standard gradient descent. For large values
of A, the curvature information is heavily suppressed by regularization, and the behavior approaches that of
vanilla gradient descent or Adam. As A is decreased, curvature plays a more prominent role in shaping the
optimization path, culminating in exponential convergence for A = 10~%. Overall, this toy problem highlights
the critical role of NGD in learning large, global transformations of the quantum state, especially in regimes
where precise convergence is required.
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Figure 11: Performance of NGD with varying damping parameters A, and of Adam on the same state-compression problem
investigate in Fig. 10(c). All gradients and curvature matrices are computed exactly. Parameters: anga = 0.05, O@cnn =
(10,10, 10, 10; 3), Qadam = 10~*. Note that larger values of the learning rate for Adam are unstable and result in divergences in
the objective. Different warm up strategies progressively raising and then lowering the learning rate yield no visible improvement
over the presented results.

G Exact application of diagonal operators

Let [1pg) = 3, ta(z) |z) be a variational state and A = > zy Azy TNyl a generic operator acting on it. We
want to find a way to reduce the application of A on |1)y) to a change of parameters § — 6’. In other words, we
want to find 6’ such that

o) = Alghg) - (89)
If successful, this procedure would allow us to apply A on |tg) exactly and at no computational expense.

Unfortunately, for a generic parametrization of the state, or a generic operator, this is not possible. The problem
greatly simplifies if we restrict to diagonal operators of the form A = " A, |z)(z|, whose application on a generic

variational state reads A [¢pg) = 3 A,16(x) |z). Even in this simple case, the transformation 6 — ¢’ satisfying
[1bg:) = A |1bg) is not guaranteed to exist. Consider, however, the improved ansatz |1y, 4) = > Vo,6(x) |x) where

Po,6(z) = (Az)?¢Pp(x) with ¢ € C. (90)
The application of A on this state reads
Alpog) = Astbp o) |2) =D (A)*T g (@) |2) = |tho.p41) (91)

The action of A on [ty 4) can thus be ezactly reduced to the parameter transformation (6, ¢) — (6, ¢+ 1) which
can be computed at virtually no computational expense. Note that while the additional multiplicative layer has
a structure determined by A, the network g () to which this layer is added is completely arbitrary.

This procedure can be easily generalized to multiple diagonal operations which, of course, commute with each
other. Given A = > Az |z)x| and B= > . Bz |z)x|, we define the improved ansatz as

V0.64.0 () = (Ba)?? (Az)? 1) (). (92)

The application of A without B is equivalent to (0, ¢4, ¢5) — (0,64 + 1,¢5). The application of B without
A is equivalent to (0,¢4,05) — (0,04,65 + 1). The simultaneous application of A and B is equivalent to
the transformation (0, ¢4, ¢5) — (6,04 + 1,05 + 1). Note that we never act on the network itself (0 is never
changed).

G.1 ZZ-operations
Let |tpg) be an arbitrary ansatz for the state of a system of N spin-1/2 particles, and

A= exp{ad; 67} = Zeaw“z” |xXz| = ZAZ |z)Xz| with w,vell,...,N]. (93)

the ZZ-operation acting on spins p and v. To encode the action of Aasa change of parameters we define the
improved ansatz

o,6(2) = (Ax) tg(x) = e "+ 1y () = € *+T 1y (x), (94)
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where, in the last equality, we absorb « in the parameter ¢ without loss of generality. As expected, |19 4) —
A [o,6) = (8,0) — (0,¢ + 1). This ansatz accounts for the application of ZZ-operations on a fixed pair of
spins, namely spin p and v. For this reason the additional parameter ¢ is a scalar. In general, however, we want
to reserve the right to apply the operation between any pair of spins and/or on multiple pairs simultaneously.

Consider now the application of ZZ-rotations on two pairs of spins: (u,v) and (¢/,v'). Said differently, we
want to find an ansatz to incorporate the action of A = exp{a,, 67,07}, of B= exp{ay, 67,67}, and of their
product AB, as a simple change of parameters °. To do so we can incorporate the single-operator ansatz from

Eq. (94) into the two-operator structure in Eq. (92) as

7/]0,4’)(55) = (Bm)¢”/”, (Ax)¢“”1/)e($) = eXP{Iuﬁblwxu} eXP{%/d’,uu/Iw}W(I) = eXp{xu¢uu$u + I;L’¢u’u’xv’}¢9(x)-

(95)
Note that now ¢ = (¢, ¢urp) is a two-dimensional vector. This can be further generalized to account for
Z Z-operations between any two spins via the ansatz

g,¢(x) = exp { Z xiqbijxj}wg(x) = exp{wcl)mT}z/Jg(m). (96)

Note that the multiplicative layer added to the network is exactly a two-body Jastrow ansatz where ¢ = [¢,., ]
is an N x N matrix. Application of the operator A;w = exp{awc}z&j} is equivalent to the parame-
ter transformation ¢,, — ¢, + . In general we parameterize the log-amplitude of the wave function
log ¥g,¢(z) = xpx " +log (), so that the multiplicative layer actually becomes an additive one.

H Neural network architectures

In this section we review the two architectures used in this work.

H.1 Convolutional neural networks

Convolutional Neural Networks (CNNs) are particularly well-suited for processing and analyzing grid-like data,
such as images or quantum systems on a lattice. The architecture of a CNN consists of multiple layers indexed
by ¢ € [1, Nyp], typically structured as alternating non-linear and affine transformations. For a system defined
on a square lattice of linear length L and number of particles N = L2, the input layer (£ = 1) receives the
configuration vector z = (sq,...,sy), which is reshaped into an L x L matrix as X = vec™!(z), where vec
represents the vectorization operation [110].

The building block of CNNs is the convolutional layer, where filters (or kernels) are applied to local regions
of the input, learning spatial hierarchies of features. This is analogous to performing convolution operations
over a lattice, capturing local correlations across the system. Let the output of the ¢-th layer be

i S [07 Hf - 1]7
X0 =[x ecoChWr with { j e[0,W; —1], (97)
o€ [0, Cy — 1]

where (Hy, W;) are the height and width of the processed data at layer step ¢, and Cy is the number of channels.
The convolution operation yielding the data structure of the (¢ + 1)-th layer is

1 €[0,hy — 1],
B a a . .
(X(Hl))m =0 ([X(e) ® F(Z)]im) =0y Z Z [F(e)]if [X(E)]m+i,n+j with Jj €10,w, — 1],
7 @ bj B €[0,c0 — 1]

(98)
where o, is the activation function, (hg,w,) is the size of the convolutional kernel F¥), and ¢, is its output
dimension.

For the activation functions, we follow the approach in Ref. [49]. The activation function in the first layer
conists of the first three non-vanishing terms of the series expansion of logcosh(z), ensuring the incorporation
of the system’s Zs symmetry in the absence of bias in the first layer. It is defined as

22 24 28

OHere oy, € C is the phase of the gate operation acting on the pair (u,v).
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In subsequent layers, its derivative is used

z 23 2
0'@>1(Z) = 5 — ? —|— T525. (100)

We use circular padding to respect periodic boundary conditions, ensuring moreover that the spatial dimensions
remain constant across layers, Hy = W, = L. Both dilation and stride are set to one across all layers, and a
fixed kernel size hy = wy = k is used. A final dense layer is used to pool the output of the CNN into a scalar
output. After the convolutional layers, a fully connected layer reduces the output of the convolutional sequence
to a scalar.

The CNN structure can is summarized by a tuple ®@cnnx = (c1, - .., cn, ; k), where ¢, represents the number
of channels in each layer, and k denotes the kernel size. A sketch of the architecture is shown in Fig. 12.
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Figure 12: lllustrative representation of the CNN architecture Figure 13: Illustrative representation of the ViT architecture
described in Appendix H.1. described in Appendix H.2. We refer to Refs. [96, 39] for

further details.

H.2 Vision Transformer

The Vision Transformer (ViT) is a state-of-the-art architecture in machine learning. While originally developed
for image classification and segmentation, it has recently been adopted as a powerful ansatz for quantum
many-body wavefunctions [39, 96]. Below, we describe the key components and parameters of this architecture
as applied to NQS. For a spin-1/2 system defined on a square lattice of linear length L, the input consists
of a configuration vector = (s1,...,sny) with s; € {£1}. This vector is reshaped into an L x L matrix
X = vec™!(x), with vec representing the vectorization operation [110]. This matrix corresponds to a specific
configuration of spins on the lattice.

Patch Extraction and Embedding. The matrix is divided into n € N non-overlapping patches of size b x b,
namely X1, ..., X, with X; € {1}**b. Of course, for this to be possible, the total number of sites must be
an integer multiple of b. Each patch is flattened, and linearly projected into a high-dimensional embedding
space of dimension d. This transforms the spin values into a vector representation that is processed by the
encoder blocks:

(X, e (110" = {vee(Xy) e {21} = {z e R} . (101)
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Encoder Blocks. The core of the ViT architecture consists of N, encoder blocks. The input to each block
is a set of n vectors {:vl(-z) S Rd}?zl with £ =1,..., Ny and xgl) = x;. Each encoder block correlates the
input vectors thereby capturing long-range correlations and intricate interactions in the quantum system.
Each block consists of the following components:

Multi-Head Factored Attention Mechanism. The generic self-attention mechanism is defined by
three rectangular matrices of parameters @, K,V known as Query, Key, and Value. For each of
the n input vectors x;, three new vectors are computed: q; = Qx;, k; = Kx;, v; = Vax;. These
vectors are then combined with one another to create n attention vectors A; = Z;;l a(qi, kj) v;
where the attention weights a(g;, k;) modulate the contribution of each value vector v; to the glob-
ally mixed vector A;. To improve the performance of the model, a multi-head attention mechanism is
often preferred to this self-attention. In this case, a set of h € N matrices {Q*, K*, V*‘}Z=1 are used
to compute in parallel a set of h sets of n self-attention vectors {AY,..., Ag}zzl with A2 € R™ and
r = d/h. While in general we would have

n
Al = Za(Qwﬁ‘,Kw?) Va;, (102)

j=1

the simplification proposed in [96, 39] takes
Al = Z ol Vi, (103)
=1

where V# is an r x d matrix and aé‘j is a tensor of parameters depending on the positions of groups
of spins (patches %, j) and independent instead of the actual spin configuration at those positions (no
dependence on x; or x;). To summarize:

{:L'i = Rd}i:l L {AY eR"} i, n- (104)

1
pn=1,...,h

Feed-Forward Neural Network. The h sets of vectors from the attention layer A" are first concatenated
into a set of n d-dimensional vectors {y;}"_; with

y; = Concat(A},..., A" e R (105)

A feed-forward network (FFN) is finally used to process these vectors independently. The hidden layer
in this FFN has a dimensionality of n,,d with n,, the upscaling factor. A GeLU (Gaussian Error
Linear Unit) activation function is used between the layers of the FFN, introducing a non-linearity
that helps the model capture more complex features. The output of the encoder block is a set of n
vectors

oY = FFN(y;) € R <. (106)

This output is then used as the input to the subsequent block.

Skip Connections and Layer Normalization. Skip connections are applied across the attention and
FFN layers. These connections help alleviate the vanishing gradient problem, allowing the model to
train deeper architectures. Layer normalization is applied before both the attention and FFN layers
to stabilize the training process and improve convergence.

Output and Wave Function Representation. After the spin configurations pass through the encoder
blocks, the output vectors corresponding to each patch are summed to create a final hidden representation

vector .
2= &Mt (107)
i=1

This vector represents the configuration in a high-dimensional space and is passed through a final complex-
valued fully connected neural network yielding the log-amplitude of our variational wave function:

K
log g (x) = Z logcosh(by, + wy, - 2), (108)

a=1
where W = {b,, w, }X_, are complex-valued parameters so that {Re(W),Im(W)} C 0.

We summarize the ViT configuration with the tuple ©vir = (b, h,7,nup; N1). A schematic representation is
shown in Fig. 13.
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