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We propose a quantum state distance
and develop a family of geometrical quan-
tum speed limits (QSLs) for open and
closed systems. The family of the QSL
time includes an adjustable scalar func-
tion, by which we derive three QSL times
with the functions that are particularly
chosen in this paper. Two of the derived
QSL times are exactly the ones presented
in Ref. [1] and [2], respectively, and the
third one can provide a unified QSL time
for both open and closed systems. The
three QSL times are attainable for any
given initial state in the sense that dy-
namics exist, driving the initial state to
evolve along the geodesic. We numerically
compare the tightness of the three QSL
times, which typically promises a tighter
QSL time if optimizing the function.

1 Introduction

Quantum speed limit (QSL) is a crucial feature
of the quantum system; it presents a lower bound
of required time for a dynamics process, which
drives a given initial quantum state to the given
target state. The QSL is an essential topic of in-
terest in application scenarios, such as quantum
optimal control [3, 4, 5, 6, 7, 8, 9, 10], quantum
information processing [11, 12], computational
gates [13], thermometry [14], quantum metrology
[15, 16, 17], quantum thermodynamics [18] and
so on.

The most typical QSL is the Mandelstam-
Tamm (MT) bound [19] τ⊥

MT = π/(2∆E) for a
closed system with energy variance of ∆E, which,
established by Mandelstam and Tamm, provides
lower bound of the required time to drive a pure
state to its orthogonal state by time-independent
Hamiltonian. Margolus and Levitin (ML) then
give a different version of QSL τ⊥

ML = π/(2E) [20]
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for unitary evolution between orthogonal states
in terms of average energy E. The combina-
tion of the above two bounds, i.e., the MT-ML
bound τ⊥

MT −ML = π/(2 min {E, ∆E}), is sug-
gested for a tight bound [21]. It is shown that
the MT-ML bound is attainable for the states
superposed by two eigenstates of the Hamilto-
nian with the average energy equal to the en-
ergy variance [22]. Many studies have been car-
ried out to generalize the concept of QSL bound
to various cases, including the QSLs with in-
completely distinguishable state pair [23, 24, 25],
time-dependent Hamiltonian [26, 27], and tight
bound [28, 1, 29, 30]. Due to the interaction with
environments, QSL has also been generalized to
open systems [31, 32, 33, 34, 35, 36, 37, 38, 39,
29, 40, 41, 42, 43, 44, 45, 46, 47]. In addition, the
bound on QSL has demonstrated some physical
meanings by linking to some physical quantities
or resources such as entanglement [48, 49, 50],
coherence [32, 37, 51, 52, 53, 54], purity [55] and
entropy [56, 57], etc.. Even though explicit phys-
ical meanings are expected for the QSLTs, these
QSLTs are often limited in quite particular sys-
tems or very loose, and most of their attainabil-
ity in general cases hasn’t been proved or at least
is challenging to establish. How to present an
attainable or tight QSLT for general systems re-
mains a challenging question.

The essence of QSL is an optimization problem
subject to some constraints, which has different
understandings corresponding to various scenar-
ios [58]. For example, if a particular evolution
trajectory is considered, the QSL time (QSLT)
describes the deviation degree of evolution tra-
jectory driven by the dynamics from the geodesic
connecting its initial and final state (or the given
initial state and final states if the initial state is
fixed). Additionally, as is shown in Figure 1 (a),
if an evolution distance from a given initial state
and some ‘energy scale’ (usually the denominator
of the QSLT) are fixed, the QSLT characterizes
the minimum time to travel this distance from the
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given initial state. Based on Figure 1 (a), if the
initial state is not emphasized, the QSLT means
the minimum time to travel the claimed distance
from any initial state, which is sketched in Figure
1 (b). If the initial and final states are fixed, the
QSLT characterizes the minimal evolution time
required for dynamics to connect the two states,
as is shown in Figure 1 (c). The optimization
implies infinitely many dynamics need to be con-
sidered, so the evolution time is larger than the
QSLT if the dynamics are not optimal. In addi-
tion, infinitely many QSLTs can also be induced
based on the different state distances. From these
perspectives, needless to cover the physical mean-
ing, the tightness and the attainability of a QSL
from a mathematical perspective are also chal-
lenging to deal with. In this sense, it is naturally
expected to establish a QSLT as tight as possible
or even an attainable QSLT.

In this paper, we establish a family of attain-
able geometrical QSLTs for open systems based
on our developed distance measure of quantum
states, which, as a vital ingredient of the QSLT, is
constructed by redefining the geometry of quan-
tum states. A prominent feature of the quantum
state geometry is the dependence on a function,
which can induce a large family of QSLTs. Max-
imizing the function f typically gives a QSLT,
which can reduce to the bound given in Ref. [29]
for unitary dynamics. In addition, we mainly con-
sider three particular choices of the function f
and obtain the corresponding QSLTs, which in-
dicates that two QSLTs can reduce to the previ-
ous QSLTs and the third one provides a unified
QSLT of a two-level system for unitary and non-
unitary evolution. Namely, it can be saturated
by both the unitary and nonunitary dynamics. It
reveals that the unitary and nonunitary dynamics
can drive the two-level system to evolve along the
geodesics. This can be seen as the optimal evolu-
tion trajectory connecting two points. All three
QSLTs are attainable for open systems because
any initial state can evolve along the geodesic, as
shown in Fig. 1 (a); in particular, the third QSLT
is saturated by pure depolarizing dynamics. This
paper is organized as follows. We first present the
state map, define the distance of density matrices,
and then establish a family of function-dependent
QSLTs. Then, we explicitly study three QSLTs by
choosing a particular function and demonstrating
attainability through specific dynamics. Finally,

( ) ( ) ( )

Figure 1: Geometrical diagram of optimization problem
of QSLs. (a) Evolving a given distance from the given
initial state ρ0. (b) Evolving a given distance within
some constraints. (c) Different dynamics connecting a
given pair of ρ0 and ρτ .

we take numerical examples of dynamics to dis-
cuss the QSLT’s tightness.

2 The distance and the geometric QSL
The distance.-To begin with, we first construct
a N -dimensional metric space for the quantum
state similar to the classical Bloch representa-
tion. Let f(x) be a function of scalar x ∈
[ 1
N , 1] such that f(x) ≥ x, d

dxf(x) ≤ 1 and∑2
i=1 |f(xi) − xi| ̸= 0 for x1 ̸= x2. For conve-

nience, we denote the set consisting of all the
functions f satisfying the above constraints as
F . Let M denote the set of all the Hermitian
matrices and D denote the set of all the positive
density matrices. Given a density matrix ρ ∈ D,
define a map F : D → M as

F (ρ) =


I√
N

, if ρ = I
N

ρ+(
√

N
√

f(Trρ2)−Trρ2−1)I/N√
f(Trρ2)−1/N

, otherwise,

(1)
where I is the identity operator. It is evident
that for a particular function f(x) ∈ F , F (ρ)
is uniquely determined for a given ρ. Verifying
that F (ρ) is continuous is not difficult. Consider
the Hilbert-Schmidt inner product, i.e., ⟨A, B⟩ =
TrA†B = TrAB for any pair of Hermitian matri-
ces A, B. One can find that −1 ≤ ⟨F (ρ), F (σ)⟩ ≤
1 for any pair of density matrices ρ and σ and
⟨F (ρ), F (σ)⟩ = 1 ⇔ ρ = σ. Thus, we can define
the distance of two density matrices as follows.

Definition 1.- Given any two density matrices
ρ and σ, their distance is defined as

D(ρ, σ) = arccos⟨F (ρ), F (σ)⟩ (2)

with D(ρ, σ) = 0 iff ρ = σ.
The above map indicates that each density ma-

trix is mapped to a unit sphere in the Hermite
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Figure 2: The Bloch sphere (left) and the (partly) met-
ric space F (D) (right) for a qubit state. In the Bloch
sphere, the red and yellow vectors indicate the initial and
final states for a physical process, respectively, and the
outermost blue outline indicates the outer surface of the
Bloch sphere, i.e., the set of pure states. The metric
space (right) is equipped with a distance function (2).
Here we take f(x) = Trρ2

0 for example. In this case, all
the states with the purity Trρ2

0 are located at the equa-
tor. In fact, the right spherical cap only corresponds to
the states located in the cross-section determined by ρ0
and I

N in the left Bloch ball. The total state space of
F (D) is the spherical caps collection. Here we only take
a qubit system as an example, which can be generalized
to high-dimensional system in principle, but cannot be
given in such an intuitive way.

matrix space M equipped with a Hilbert Schmidt
norm. We have proved that this mapping F is
injective in Appendix B, so F essentially identi-
fies each density operator using a unique point on
the unit sphere. Then, the distance between the
two density operators can be defined as the dis-
tance between the corresponding points on the
sphere, which happens to be Eq. (2). There-
fore, Eq. (2) is a well-defined distance metric.
Figure. 2 can provide an intuitive understand-
ing of the metric space. It can be seen that

⟨F (I/N) , F (ρ)⟩ =
√

f(Trρ2)−Trρ2

f(Trρ2)− 1
N

, the intersec-

tion angle of F (I/N) and F (ρ) is entirely de-

termined by the purity of ρ. Considering the
function f(x) ∈ F , which leads to a fact that
⟨F (I/N) , F (ρ)⟩ is monotonically decreasing with
respective to the purity of the density matrix due
to d

dxf(x) ≤ 1 and f(x) ≥ x. It can be shown
that

d
dTrρ2

〈
F
(

I
N

)
, F (ρ)

〉
=
[

d
dx

√
f(x)−x

f(x)− 1
N

]
x=Trρ2

(3)

=
[

d
dx

f(x)(x− 1
N

)−(f(x)− 1
N

)

2
√

f(x)−x(f(x)− 1
N )

3
2

]
x=Trρ2

≤ 0, (4)

where the final inequality is obtained by using
d

dxf(x) ≤ 1 ≤ (f(x) − 1/N)/(x − 1/N). That
is, the density matrix with less mixedness shows
a larger intersection angle with the maximally
mixed state. In this sense, the metric space F (D)
is a unit spherical cap whose north pole is the
maximally mixed state and whose latitudes con-
sist of the density matrices with the same purity.
It also indicates that ⟨F (I/N), F (ρ)⟩ labels the
latitude related to the purity Trρ2, and Eq. (3)
indicates that density matrices with less purity
occupy the latitude which is closer to the north
pole, which is a natural result because one can
decrease the purity of the system by mixing the
maximally mixed state. The function f ∈ F ad-
justs the distribution of the latitudes with dif-
ferent purities. For an example of the unitary
dynamics, let f(x) = Trρ2

0 as a constant for a
fixed ρ0. In Figure 2, the latitude with the purity
of Trρ2

0 coincides with the equator of the semi-
sphere.

The QSLT.- Now let’s consider a density ma-
trix ρt at the moment t evolves an infinitesi-
mal duration dt, the final state can be given as
σ = ρt + dρt with dρt = dtρ̇t determined by
its dynamics. The distance between the initial
state ρt and the final state ρt+dt can be written
as ds = D(ρt, ρt + dρt), or equivalently,

cos D(ρt, ρt + dρt) = 1 − 1
2ds2 =

Trρt(ρt + dρt) − 1/N +
√

ft − Trρ2
t

√
ft+dt − Trρ2

t+dt√
ft − 1/N

√
ft+dt − 1/N

, (5)

where ft = f(Trρ2
t ). One can always expand the

function ft+dt = f(Tr(ρt + dρt)2) to the second
order as

ft+dt =ft + 2(f ′)tTrρtdρt + (f ′)tTr(dρt)2

+ 2(f ′′)t(Trρtdρt)2,
(6)

where (f ′)t and (f ′′)t denotes the first-order
derivative df(x)

dx

∣∣∣
x=Trρ2

t

and the second-order

derivative d2f(x)
dx2

∣∣∣
x=Trρ2

t

, respectively. Similarly,
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one can find that

1√
ft+dt − 1/N

=
1 − ∆

2(ft−1/N) + 3∆2

8(ft−1/N)2√
ft − 1/N

(7)

and√
ft+dt − Tr(ρt + dρt)2 =

√
ft − Trρ2

t ×(
1 + δ

2(ft − Trρ2
t )

− δ2

8(ft − Trρt)2

)
,

(8)

where

∆ = 2(f ′)tTrρtdρt + (f ′)tTr(dρt)2 + 2(f ′′)t(Trρtdρt)2 (9)

δ = 2
[
(f ′)t − 1

]
Trρtdρt +

[
(f ′)t − 1

]
Tr(dρt)2 + 2(f ′′)t(Trρtdρt)2 (10)

are both determined by Eq. (5), where Eq.
(8) is obtained by using the Taylor expansion√

X + dx =
√

X
(
1 + dx

2X − dx2

8X2

)
. Substituting

Eqs. (6,7,8) into Eq. (5), one will immediately
obtain the metric as

ds =

√√√√√√Tr(dρ2
t ) +

(
(f ′)t(2−3(f ′)t)

ft− 1
N

+ ((f ′)t−1)2

ft−Trρ2
t

)
(Trρtdρt)2

ft − 1
N

. (11)

Consider a dynamic evolution of a density ma-
trix ρ̇t from an initial state ρ0 to the final state ρτ ,
based on the triangle inequality of the distance,
we have D(ρ0, ρτ ) ≤

∫ τ
0 ds. Define the average

evolution speed as v̄ = 1
τ

∫ τ
0 ds, then the QSLT

can be given as

τ f
qsl = D(ρ0,ρτ )

v̄ = D(ρ0,ρτ )
1
τ

∫ τ

0
ds
dt

dt
, (12)

where

ds

dt
=

√√√√√√V2
t +

(
(f ′)t(2−3(f ′)t)

ft− 1
N

+ ((f ′)t−1)2

ft−Pt

)
(1

2 Ṗt)2

ft − 1
N

(13)
with Vt =

√
Tr(ρ̇2

t ) and Pt = Trρ2
t , and the su-

perscript f ∈ F denotes the dependence of f . In
fact, under the perspective of Figure 1. (a), the
QSL in Eq. (12) is significant with ∀f ∈ F be-
cause they are all tight. That is, for any fixed ini-
tial state with the diagonal form, one can always
construct the quantum channel with the form of
E(ρ0) = ptρ0+(1−pt)I/N to drive the initial state
to evolve along the geodesics, where pt ∈ [0, 1] is
monotone function satisfying p0 = 1. The de-
tailed proof is shown in Appendix A.

Eq. (12) is one of our main results. It can be
seen that the evolution speed Eq. (13) depends

on the quantities Vt and the derivative of purity
Ṗt. Ṗt is the changing rate of the purity of the
quantum state, which is relevant to the strength
of decoherence [55, 59]. Vt is the speed or the
strength of the generator of ρ̇t [1], which is also
widely studied in QSL bounds [1, 44, 43, 60]. Sup-
pose the dynamics of the system are described by
some master equation ρ̇t = Lρt, one can always
convert this equation into the Liouville space as
Vec(ρ̇t) = Vec(Lρt) = LVec(ρ) with Vec(M) de-
noting the vectorization of the matrix M . Thus
one can easy obtain

Vt = |Vec(ρ̇t)| ≤ |L| · |Vec(ρt)| ≤ |L| , (14)

where |·| is the Fubinius norm of the matrix or
the vector norm. So Vt is bounded by the char-
acteristics of the system dynamics.

We want to emphasize that even though the
QSLT depends on the function f(·) ∈ F , any
given valid function f(x) induces a valid QSLT.
Next, we will demonstrate different QSLTs based
on different functions.

QSLT for unitary cases.- The optimization in
Eq. (23) is a challenging task due to multiple
potential evolution trajectories. To gain a first
insight into the QSLT, we’d like to consider the
particular case of unitary evolution, in which case
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the bound Eq. (12) can be rewritten as

τ f
uni =

arccos Trρ0ρτ − 1
N

+f−Trρ2
0

f− 1
N

1
τ

∫ τ
0 dt

√
Trρ̇2

t

/
(f − 1

N )
, (15)

where we take f = const ≥ Trρ2
0, for the unitary

trajectory, it only includes the states sharing the
same purity, hence for this case, f = const ≥
Trρ2

0 satisfy our constraints. Maximizing τ f
uni

over f ∈ F , one can immediately find that the
maximum is achieved for f = Trρ2

0 as

τp0
uni = arccos

Trρ0ρτ − 1
N

Trρ2
0 − 1

N

/1
τ

∫ τ

0

√√√√ Trρ̇2
t

Trρ2
0 − 1

N

.

(16)
This is due to ∂τ f

uni/∂f < 0 for f = const ≥
Trρ2

0, hence τ f
uni < τp0

uni for the given H and initial
state ρ0. Eq. (16) is exactly the saturable bound
presented in Refs. [29, 55, 61]. Actually the above
fact also implies that f = const > Trρ2

0 is not
attainable for the unitary dynamics, because a
particular f̃ > Trρ2

0 allowing a saturable bound
will contradict with the monotonically decreasing
τ f

uni.
QSLT for general cases.-Next, we will in-

troduce several particular QSLTs with certain
choices of the function f(x).

Case 1.-Let f = const ≡ α2 ≥ 1, one will find
that the QSLT in Eq. (12) becomes

τ c
qsl =

√
α2 − 1

N arccos Trρ0ρτ − 1
N

+
√

α2−Trρ2
0
√

α2−Trρ2
τ

α2− 1
N

1
τ

∫ τ
0 dt

√
Trρ̇2

t + 1
α2−Trρ2

t
(Trρtρ̇t)2

.

(17)
We further let α → ∞, we have

τ f1
qsl =

√
Tr(ρ0 − ρτ )2

1
τ

∫ τ
0 dt

√
Trρ̇2

t

, (18)

This is the QSLT bound in Ref. [1].
Cases 2a.- Let f(x) = (1−α̃)2

N + x with α̃ ∈ R
and α̃ ̸= 1/N , then Eq. (12) becomes

τα
qsl =

arccos Trρ0ρτ −α√
Trρ2

0−α
√

Trρ2
τ −α

1
τ

∫ τ
0 dt

√
Tr(ρ̇t)2(Trρ2

t −α)−(Trρtρ̇t)2

Trρ2
t −α

(19)

with α = 2α̃ − α̃2N ∈ (−∞, 1/N). It should be
noticed that the QSL (18) can also be induced
by Eq. (19) by letting α → ∞ as well, and Eq.
(16) can also be obtained for unitary evolution

with α = 1/N . Besides, the QSL (19) can be
saturated by the dynamics with the form of ρ̇t =
β̇tC, where C is time-independent, and βt is a
monotone function of t. The proof is shown in
Appendix D. Additionally, one will find that Eq.
(19) with α = 0 can also induce the QSL in our
previous work [62], which will be explicitly given
in the following Eq. (20).

Cases 2b.- Let f = f2(x) = x+1/N , i.e., α = 0
for Eq. (19), then Eq. (19) becomes

τ f2
qsl =

arccos Trρ0ρτ√
Trρ2

0
√

Trρ2
τ

1
τ

∫ τ
0 dt

√
Trρ̇2

t Trρ2
t −(Trρtρ̇t)2

Trρ2
t

, (20)

which is our attainable QSLT in [62] again.
Case 3.- Let f = f3 = maxt∈[0,τ ] Trρ2

t ≡ Trρ̃2,
then the bound in Eq. (12) can be given as

τ f3
qsl =

arccos Trρ0ρτ − 1
N

+
√

Trρ̃2−Trρ2
0
√

Trρ̃2−Trρ2
τ

Trρ̃2− 1
N

1
τ

∫ τ
0 dt

√
Tr(ρ̇2

t )+ 1
Trρ̃2−Trρ2

t

Tr(ρtρ̇t)2

Trρ̃2− 1
N

.

(21)
If ρ̃ = ρ0, Eq. (21) will own the same numera-

tor as τp0
uni. We denote the QSLT in this case by

τ
f0

3
qsl. Note that only when the dynamics is uni-

tary, τ
f0

3
qsl is completely equivalent to the bound

τp0
uni. In the non-unitary process, τ

f0
3

qsl and τp0
uni

have the same form of distance function, but they
are different due to the existing term of (Trρtρ̇t)2,
which relates to the rate of change of purity re-
spective to time t.

In the unitary evolution scenario, one can get
τ f3

qsl = τp0
uni in terms of the derivation of Eq. (16).

Ref. [29, 55] have shown that τp0
uni is attainable for

the unitary evolution subject to the initial state
ρ0 = λ |0⟩ ⟨0|+(1−λ) |1⟩ ⟨1| and the Hamiltonian
H = eiϕ |0⟩ ⟨1|+e−iϕ |1⟩ ⟨0|. Let |k⟩ , k = 0, 1 rep-
resent the eigenvectors of the initial state ρ0, then
for any given ρ0, the dynamics governed by the
above Hamiltonian H drives the initial state ρ0 to
evolve along the geodesics. However, the attain-
ability is only verified in the subspace spanned by
two eigenstates of H.

In the nonunitary scenario, for any given ini-
tial state ρ0, one can always find that the QSLT
Eq. (21) can be saturated by the corresponding
dynamics satisfying

ρ̇t = ṗt

(
ρ0 − I

N

)
, ρt = ptρ0 + (1 − pt)

I
N

, (22)
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where pt ∈ [0, 1] can be any monotone function
satisfying p0 = 1. Thus, the geodesics is a con-
vex combination of any given ρ0 and the maxi-
mally mixed state, namely, the evolution trajec-
tory passes through the maximally mixed state.
In Appendix A, we give the details of the proof.
In the following, we will give an explicit exam-
ple to show the existence of these dynamics for
any initial state. In this sense, the bound τ f3

qsl

is attainable in any dimensional for non-unitary
evolution.

Based on the bound (21), at least in the
two-dimensional case, for any given initial state,
bound (21) can be saturated by both unitary and
non-unitary dynamics. Thus, our QSLT τ f3

qsl pro-
vides a unified attainable bound for both unitary
and non-unitary dynamics. We emphasize the
two-dimensional case in that for any given ini-
tial state in higher-dimensional cases (N>2), the
bound (21) can only be saturated by non-unitary
dynamics. Still, unitary dynamics are disabled
to saturate it. Therefore, when an initial state
of any dimension is given, whether an attainable
QSL bound exists for the unitary dynamics in
higher dimensions remains an exciting and unre-
solved problem. In the next section, we’ll pro-
vide explicit examples for any given initial state
to construct the optimal dynamics to drive the
initial state to evolve along the geodesic and pro-
vide numerical examples to test the tightness.

3 Attainablity and tightness

Dynamical example for attainability.-We first em-
phasize that the attainability of τ f3

qsl means for
any given initial state, one can always find a cor-
responding dynamics to drive the state to evolve
along its geodesic, which corresponds to the case
shown in Figure 1 (a). τ f1

qsl and τ f2
qsl have been ana-

lytically and numerically studied in Ref. [1, 2]. It
is obvious that the saturation dynamics for τ f3

qsl

is given by Eq. (22), which happens to be the
purely depolarizing dynamics. It describes that
at the moment t, the state ρt remains unchanged
with a probability of pt, and with a probability of
1 − pt, it is depolarized to the maximally mixed
state.

Tightness.-As mentioned above, our proposed
three QSLTs are all attainable for any given initial
state in the sense of evolution along the geodesic,
as shown in Figure. 1 (a). Thus, the tightness is

meaningless. For our main results, we have given
a complete story. However, in the literature, one
could always consider the concept of tightness,
which actually points to a different scenario.

We have said that QSL has different under-
standings. Once a particular trajectory or a fixed
quantum system is considered, one always ex-
pects to find out which QSLT can be closer to
the minimal evolution time, which is a different
understanding of QSLT from the frame of Figure.
1 (a). In this sense, our QSLTs can usually serve
as the lower bound of the QSLT for the case of
fixed trajectories or fixed initial and final states,
etc., unless the considered dynamics are the satu-
ration dynamics mentioned above. However, it is
challenging to evaluate the tightness of a QSLT
accurately. A typical example is that given ini-
tial and final states in open systems, as shown in
Figure. 1 (c), the QSLT depends on the infinitely
many evolution trajectories for a given pair of ini-
tial and final states. It is impossible to exhaust all
the potential dynamics if there is no other limit.

From a different perspective, if one could find
one QSLT is always more significant than the
other for any allowed dynamics, the larger QSLT
is tighter than the smaller one, even though nei-
ther is attainable. Therefore, evaluating a QSLT
for given dynamics can at least reveal how the
evolution is close (tight) to the optimal (attain-
able) trajectory. So, combining different QSLT
bounds can provide a tighter one if they present
inconsistent forms for the same dynamics. In this
sense, our QSLT family offers a very significant
result. Since our QSLT family depends on an
adjustable function, one can obtain a tight and
optimal QSLT τ opt

qsl by maximizing all potential
functions f(·), i.e.,

τ opt
qsl = max

f∈F
τ f

qsl. (23)

Note that if one restricts f is constant, then Eq.
(23) is minimised for f = Trρ2

0.
As mentioned, the tightness of QSLTs depends

on the evolution trajectories. They’re compara-
ble only when the trajectory is given, except that
they share the same form of the speed, i.e., the
denominator of QSLTs. This point of view is also
supported by Kavan Modi et al. [1]. Hence, it’s
impossible to conclude which QSLT derived from
the family Eq. (12) is generally tighter. Still, for
the unitary dynamics, τ fi

qsl, i = 1, 2, 3 are compa-
rable. It’s reported that τ f3

qsl > τ f1
qsl for the unitary
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trajectory [1], and τ f2
qsl > τ f1

qsl holds for the pure
state under purity unchanging dynamical process
[2], the continuity of QSLTs guarantees these in-
equalities hold for some trajectories closing to the
unitary trajectories.

To evaluate the tightness of the proposed three
QSLTs, we would like to mention τ f3

qsl > τ f1
qsl for

unitary evolution [1], and τ f2
qsl > τ f1

qsl for unitary
evolution of pure states [2]. To consider general
cases, we focus on a unitary evolution of a 2 ⊗ 2-
dimensional composite system, including the sys-
tem S and its environment E with the initial state
given by ρS ⊗ ρE . Thus, we can obtain a nonuni-
tary dynamics of the system S by partially trac-
ing out the environment E. We randomly gen-
erate 1000 diagonal 4 × 4 Hamiltonians and ini-
tial states, by which we calculate the correspond-
ing time evolution operators and let the evolution
time be a unit, i.e., τ = 1. These randomly gen-
erated qubit systems are sampled for comparing
the bounds given by Eqs. (18,19,21). The re-
sult is shown in Figure. 3, where each scatter
point in Figure. 3 corresponds to the largest one
of
{

τ f1
qsl, τ f2

qsl, τ f3
qsl

}
in single sample. We plot the

scatters red for the cases when τ f1
qsl is the largest

one; the blue and yellow scatters are plotted for
the cases similarly for τ f3

qsl and τ f2
qsl, respectively.

It can be seen that in Figure 3, τ f3
qsl shows the

strongest tightness for many of the considered
samples, and the ratio of the number of scatters
of red: yellow: blue is about 0.034 : 0.298 : 0.668.
These random samples show that the tightness
of QSLTs depends on the evolution trajectory,
and the tightness of the QSLT bound can be en-
hanced by optimizing over the function f ∈ F
in Eq. (1). To get QSLT with stronger tight-
ness, we suggest the combination of QSLT as
τ comb

qsl = maxi=1,2,3 τ fi
qsl, which is just a very weak

case of Eq. (23).

4 Discussion and conclusion

This paper established a family of QSLs with an
adjustable function. Different choices of the func-
tion can induce different QSLTs. We considered
three functions and obtained three QSLTs. We
reveal that two of these QSLTs align precisely
with those previously presented in the works, and
the third one emerges as a unified measure appli-
cable to both open and closed quantum systems.
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Figure 3: Scatter plots of τfi

qsl, i = 1, 2, 3 for randomly
generated dynamics and initial state. We randomly gen-
erate 1000 dissipative dynamics to drive an initial state
randomly generated as well, to evolve for a fixed dura-
tion τ = 1. We plot the largest value of τ

f1,2,3
qsl for each

randomly dynamical process in the left figure with the
red, green and blue scatters representing τf1

qsl, τf2
qsl and

τf3
qsl. In the right figure, we list the numbers of each

color, which shows that τf3
qsl predominates.
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All three QSLTs are practically achievable for any
given initial quantum state in the sense that a
dynamical process can drive the initial state to
evolve along the corresponding geodesic path in
the quantum state space. According to the at-
tainability of τ f3

qsl, there are always the optimal
unitary and non-unitary dynamics saturating the
QSL bound for the two-dimensional case. How-
ever, we have only found the optimal non-unitary
dynamics for higher dimensional cases for any ini-
tial state. Whether a so-called optimal unitary
dynamics exists to saturate the QSLT bound re-
mains an open problem.

The tightness relevant topic is an interesting
and challenging problem on QSL. In this sense,
the QSL family provides an attractive aspect for
finding tighter QSL by optimizing the adjustable
function. For example, other optimization func-
tions f could induce the tightest bound on time
for different dynamics. However, finding the opti-
mal function f is a complex functional optimiza-
tion problem, and it is generally difficult to ob-
tain an analytical solution. Interestingly, for the
unitary evolution case, the optimization on f is
analytically solved, which shows the optimal one
is precisely the QSLT presented in Ref. [29]. Of
course, developing a tight bound in other scenar-
ios like Figure 1 (c) is quite difficult but very sig-
nificant, especially in quantum control [63], quan-
tum computation, and so on. Some numerical
methods [64] are raised to find the optimal evo-
lution path, which may work for some particu-
lar cases but is not straightforward to the general
cases of unpredictable physical processes. To sum
up, we believe that our work deepens our under-
standing of the QSL and opens up a new route to
study QSL.
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A A saturation case of QSL τ f
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Now we show that dynamics Eq. (22) can saturate the bound (12). If ρt takes the form of Eq.
(22), F (ρt) will be a linear combination of F (ρ0) and F (I/N) due to the fact that F (ρ) is a linear
combination of ρ and I/N for any given ρ. Then, one can always obtain

F (ρt) = xtF (ρ0) + ytF ( I
N

), (24)

where
yt = −cxt ±

√
1 − (1 − c2)x2

t (25)
with c = ⟨F (ρ0), F (I/N)⟩. Eq. (25) is obtained by using the condition |F (ρt)| = 1. Because the
distance defined as Eq. (2) is actually the Euclidean angle of the unit vectors F (ρ0) and F (σ), the
metric can also be expressed as

ds2 =
∣∣∣Ḟ (ρt)

∣∣∣2 = ẋ2
t + ẏ2

t + 2cẋtẏt (26)

= ẋ2
t

1−c2

1−(1−c2)x2
t
, (27)

where we assume that xt is monotone. An immediate result led by the monotone pt shows

xt =

√√√√1 −
〈
F (ρt), F ( I

N )
〉2

1 − c2 , (28)

d

dt
xt = dxt

dTrρ2
t

d

dt
Trρ2

t = dxt

dTrρ2
t

2ptṗt(Trρ2
0 − 1

N
). (29)

It is obvious that dxt/dTrρ2
t ≥ 0. Hence, the sign of dxt/dt is identical to ṗt. Integrating the square

root of Eq. (26), one can obtain∫ τ

0
ds =

∣∣∣arccos
√

1 − c2xτ − arccos
√

1 − c2x0
∣∣∣ . (30)

Finally, we have that

D(ρ0, ρτ ) = arccos
[
(1 − c2)x0xτ +

√
1 − (1 − c2)x2

0

√
1 − (1 − c2)x2

τ

]
, (31)

is identical to Eq. (30), which means τ f
qsl = τ . The proof is finished.

It is worth noting that this result is independent of the choice of function f ∈ F , which means that
the QSL family presented as Eq. (12) is always attainable.

B The mapping F is injective
This section will show that the mapping F in Eq. (1) is injective. We first emphasize that function
f ∈ F under the following restrictions

d
dxf(x) ≤ 1, (32)

f(x) ≥ x ≥ 1/N, (33)∑2
i=1 |f(xi) − xi| ≠ 0. (34)
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Then, it’s easy to calculate that these restrictions lead to

d

dx

〈
F

( I
N

)
, F (ρ)

〉
= d

dx

〈 I√
N

, F (ρ)
〉

= d

dx

√
f(x) − x

f(x) − 1
N

≤ 0, (35)

where
d

dx

√
f(x) − x

f(x) − 1
N

=
( d

dxf(x) − 1)(f(x) − 1
N ) − d

dxf(x)(f(x) − x)

2(f(x) − 1
N )
√

f(x) − x
√

f(x) − 1
N

. (36)

The final inequality in Eq. (35) is obtained as follows. From f(x)− 1
N

x− 1
N

− d
dxf(x) ≥ 1 − d

dxf(x) ≥ 0, we
have (

d

dx
f(x) − 1

)(
f(x) − 1

N

)
≥ d

dx
f(x) (f(x) − x) , (37)

which can immediately yield that Eq. (36) is non-positive.
Additionally, it’s worth noting that, to avoid ⟨ I

N , F (ρ)⟩ = const for any input ρ, we must artificially
impose further restriction f(x) ̸= x formally, which is restricted by Eq. (34) .

Now, we are ready to show that f ∈ F leads to the injective of F . Assuming there exists ρ, σ ∈ D
satisfying F (ρ) = F (σ), without losing generality, let Trρ2 ≥ Trσ2. One can easily notice that
⟨F (ρ), F ( I

N )⟩ ≥ ⟨F (σ), F ( I
N )⟩ due to Trρ2 ≥ Trσ2, where ′ =′ holds only for Trρ2 = Trσ2. It means

that F (ρ) = F (σ) always leads to Trρ2 = Trσ2. According to the definition of F in Eq. (1), we have
ρ = σ, hence F is injective.

C D is the distance in the Euclidean space
In this section, we will see that the distance D in Eq. (2) satisfies the triangular inequality. In fact,
for any Hermitian matrix A = A† ̸= 0 and B = B† ̸= 0, d(A, B) = arccos TrAB√

TrA2
√

TrB2 is the Euclidean
distance. Denote

A =
∑
j,k

ajk |j⟩ ⟨k| (38)

with ajk = xA
jk + iyA

jk, where xA
jk, yA

jk ∈ R. It is not difficult to calculate that ⟨A, B⟩ =∑
j, k

(
xA

jkxB
jk + yA

jkyB
jk

)
= ⟨A|B⟩, where

|A⟩ =
(

|xA⟩
|yA⟩

)
(39)

and

|xA⟩ =


xA

11
xA

12
...

xA
NN

 , |yA⟩ =


yA

11
yA

12
...

yA
NN

 . (40)

Hence, ⟨A, B⟩ is the inner product of two vectors |A⟩ and |B⟩, that is, d(A, B) is the angle of two
points onto the unit sphere within the Euclidean space, which satisfies the triangle inequality as well.
It is obvious that D(ρ, σ) = d (F (ρ), F (σ)), and F (ρ) ̸= 0 for ∀ρ ∈ D, which can be proved as follows.
Assume F (ρ) = 0, then we have

ρ = (1 −
√

f(Trρ2) − Trρ2
√

N) I
N

. (41)

Tracing over both sides of Eq. (41), then the unit trace of density matrix requires

0 =
√

f(Trρ2) − Trρ2
√

N > 0, (42)

where the final inequality is obtained by the property of f that f(x) > x. It is obvious that Eq. (42)
is impossible, which means that the assumption we made is invalid, that is, F (ρ) ̸= 0. Hence D always
satisfy the triangular inequality.
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D A saturation case of τα
qsl

In this section, we will show that the dynamics in the form of

ρ̇t = β̇tC (43)

can saturate the α-family QSL bound (19), where βt is the monotone function, and C is the Hermitian
matrix with zero-trace. The solution of Eq. (43) is

ρt = βtC + ρ0 (44)

with β0 = 0. To obtain the denominator of the bound (19), one may calculate the following items as

Trρ̇2
t = β̇2

t TrC2, (45)
Trρ2

t = β2
t TrC2 + Trρ2

0 + 2βtTrρ0C, (46)
Trρtρ̇t = β̇tβtTrC2 + β̇tTrρ0C. (47)

Substituting Eqs. (45,46,47) into the denominator of the bound (19), one can obtain
√

Tr(ρ̇t)2(Trρ2
t −α)−(Trρtρ̇t)2

Trρ2
t −α

=
∣∣∣β̇t

∣∣∣ √TrC2Trρ2
0−αTrC2−(Trρ0C)2

β2
t TrC2+Trρ2

0+2βtTrρ0C−α
(48)

=
∣∣∣β̇t

∣∣∣ √
TrC2Trρ2

0−αTrC2−(Trρ0C)2

β2
t TrC2+Trρ2

0+2βtTrρ0C−α− (Trρ0C)2

TrC2 + (Trρ0C)2

TrC2

=
∣∣∣β̇t

∣∣∣ √
TrC2Trρ2

0−αTrC2−(Trρ0C)2

Trρ2
0−α− (Trρ0C)2

TrC2 +
[

β2
t TrC2+2βtTrρ0C+ (Trρ0C)2

TrC2

](49)

=
∣∣∣β̇t

∣∣∣ √
TrC2Trρ2

0−αTrC2−(Trρ0C)2(
Trρ2

0−α− (Trρ0C)2

TrC2

)
+
(

βt

√
TrC2+ Trρ0C√

TrC2

)2 =
∣∣∣β̇t

∣∣∣ √
TrC2Trρ2

0−αTrC2−(Trρ0C)2

[TrC2Trρ2
0−αTrC2−(Trρ0C)2]+(βtTrC2+Trρ0C)2

TrC2

(50)

=
∣∣∣β̇t

∣∣∣ TrC2√
TrC2Trρ2

0−αTrC2−(Trρ0C)2

1+
(

βtTrC2+Trρ0C√
TrC2Trρ2

0−αTrC2−(Trρ0C)2

)2 =

∣∣∣∣ d
dt

βtTrC2+Trρ0C√
TrC2Trρ2

0−αTrC2−(Trρ0C)2

∣∣∣∣
1+
(

βtTrC2+Trρ0C√
TrC2Trρ2

0−αTrC2−(Trρ0C)2

)2 . (51)

Since βt is monotone, by integrating Eq. (48), one can obtain

τα
qsl

τ
=

arccos Trρ0(βτ C+ρ0)−α
√

Trρ0−α
√

Tr(βτ C+ρ0)2−α∣∣∣∣∣
[
arctan βτ TrC2+Trρ0C√

TrC2Trρ2
0−αTrC2−(Trρ0C)2

]τ

0

∣∣∣∣∣
, (52)

where [xt]τ0 = xτ − x0 is defined for the t-dependent function xt. After a simple calculation, one can
easily obtain that τα

qsl = τ for Eq. (52), that is, the dynamics (43) saturates the bound (19).
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