arXiv:2412.12067v2 [quant-ph] 23 May 2025

The State Preparation of Multivariate Normal
Distributions using Tree Tensor Network

Hidetaka Manabe! and Yuichi Sano?

!Graduate School of Engineering Science, Osaka University

2Department of Nuclear Engineering, Kyoto University

The quantum state preparation of probability distributions is an important
subroutine for many quantum algorithms. When embedding D-dimensional
multivariate probability distributions by discretizing each dimension into 2"
points, we need a state preparation circuit comprising a total of nD qubits,
which is often difficult to compile. In this study, we propose a scalable method
to generate state preparation circuits for D-dimensional multivariate normal
distributions, utilizing tree tensor networks (TTN). We establish theoretical
guarantees that multivariate normal distributions with 1D correlation struc-
tures can be efficiently represented using TTN. Based on these analyses, we
propose a compilation method that uses automatic structural optimization to
find the most efficient network structure and compact circuit. We apply our
method to state preparation circuits for various high-dimensional random mul-
tivariate normal distributions. The numerical results suggest that our method
can dramatically reduce the circuit depth and CNOT count while maintaining
fidelity compared to existing approaches.

1 Introduction

Amplitude embedding of classical data is a key subroutine in various quantum algorithms
such as quantum-linear-solver algorithms [17]|, Monte-Carlo methods [34], and quantum
machine learning [3, 32|. In quantum state preparation, we encode 2" classical data f(x)
into an n-qubit quantum state | f(z)) = U(z)|0). Generally, achieving this requires O(2")
quantum operations [37, 42|, which can become a critical bottleneck in the execution
of algorithms. Thus, proposing efficient state preparation methods is essential for the
practical implementation of quantum computer algorithms.

There are many studies on methods of quantum state preparation [1, 8, 27, 29, 30,
35, 38, 44, 45, 61, 62]. For the Fault-Tolerant Quantum Computer (FTQC), it is possible
to utilize Quantum Signal Processing-based [30] or oracle-based algorithms, where error
bounds and the scaling of the gate counts can be rigorously proven. However, in the case
of NISQ (Noisy Intermediate-Scale Quantum devices) and early-FTQC, there are strict
limitations on executable circuit depth, connectivity, and the number of qubits. Therefore,
it becomes essential to use classical optimizations to drastically reduce the circuit costs.

One of the efficient compilation methods for state preparation circuits is the Fourier
series loader (FSL) method [35]. Suppose we want to encode a D-dimensional function
f(x), discretizing each dimension into 2™ points. Implementing this would require a state
preparation circuit with a nD-qubit circuits and a depth of O(2"P). The FSL method
utilizes the exponential decay of the Fourier coefficients of smooth functions, allowing for
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state preparation in a depth of O(2™P) with m < n using Fourier series approximation.
Nevertheless, as D increases, the circuit depth increases exponentially, making this method
unsuitable for high-dimensional functions.

In this study, we propose a new method to compile the state preparation circuit for
multivariate functions, particularly for multivariate normal distributions, which are widely
used for many practical quantum algorithms in various settings [9, 10, 24, 25, 28, 36,
53, 58|. We utilize a tensor network-based method [2, 11, 12, 15, 19-21, 23, 26, 31, 43,
48, 49, 60|, especially the Tree Tensor Network (TTN) ansatz [52], which is often used
to represent quantum states with a 1D structure. We prove that a multivariate normal
distribution can be efficiently represented as a TTN when there is a 1D structure in the
correlations between variables. We demonstrate that by combining the FSL method and
Tensor Cross Interpolation (TCI) [41, 50|, it is possible to scalably prepare quantum states
for multivariate normal distributions with 1D structures, independent of the dimension D
and discretization parameter n.

Additionally, we propose a new approach that combines circuit compilation with au-
tomatic structural optimization [18|. Automatic structural optimization is a method to
optimize network structure in TTN to represent the state more efficiently by reconnecting
the legs of the local tensor throughout the process. This allows for the appropriate detec-
tion of structures in multivariate normal distributions and finding more compact circuits,
even when the correlations between variables are unknown beforehand or when there is no
1D structure.

We have demonstrated our method to compile state preparation circuits for several
high-dimensional multivariate normal distributions. Our method can scalably generate
state preparation circuits for multivariate normal distributions with 1D structures. We
also numerically calculate the relationship between the fidelity of the circuit generated and
the bond dimension, confirming the theoretical results. Furthermore, we investigated the
impact of the automatic structural optimization algorithms on the performance of circuit
compilation. Our numerical results show that the algorithm appropriately detects the 1D
structure of a multivariate normal distribution and reconfigures the network with high
success probability, even for large D. Finally, we show that we can reduce the circuit
depth and CNOT count by factors of 10 to 1000 compared to existing methods for random
multivariate normal distributions.

This paper is organized as follows. We describe tensor network techniques used in this
study in Sec. 2. We explain the proposed state preparation method in Sec. 3. In Sec. 4, we
present the numerical results of our methods and discuss their performance. We conclude
the paper by summarizing our contribution in Sec. 5.

2 Tensor network methods

In this section, we briefly explain the tensor network methods used in this study. For a
more detailed discussion on tensor networks, please refer to the reference |7].

2.1 Matrix product states and tree tensor networks

Tensor networks are a framework for representing a large tensor in the form of a network
of smaller tensors. Specifically in quantum information theory, they are used to represent
the wave function of quantum many-body systems. Matrix Product States (MPS), one
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type of tensor network ansatz, can be described as follows:

[mps) = > S [Allr Az Al [s1sy s, (1)
{si} {ei}

where {s;} and {a;} are referred to as physical and virtual indices, respectively. The
dimension of the virtual indices is referred to as bond dimension.

The ability to represent a multi-dimensional array as an MPS can be evaluated using
its singular values. Suppose ¥ (s1,..., Si; Si+1,---,5n) be the unfolding matrix between
site (1,...,7) and (i + 1,...,n). Consider the singular value decomposition (SVD) of the
matrix in the form

@ZJ(Sl,...,Si;SiJrl,...,Sn) :UZZJ/Z (2)

and its singular values {a](-l)} sorted in descending order. Note that the summation of
the square of the singular values is 1 for a wave function |¢)). Then, there exists an
MPS approximation z/; with bond dimension r whose truncation error, in the sense of the
Frobenius norm, is upper bounded by its singular values [39, 41]:

[vs) = ds)||, < e (3)
=1
eo1-% o (@

In other words, a multi-dimensional array is well-represented by an MPS if it has a small
number of dominant singular values for each unfolding matrix.

The discussion above can be generalized to Tree Tensor Networks (TTN) [52]. A TTN
is a type of tensor network ansatz that does not have closed loops in the diagrammatic
representation. The inner edge divides the sites into two disjoint sets, which we call the
bipartition of the system. Similarly to the case with MPS, the error upper bound in the
best TTN approximation, in terms of the Frobenius norm, depends on the distribution of
the singular values of the unfolding matrix across each bipartition induced by the edges in
the network.

2.2 Functional matrix product states and tree tensor network

For the discussion later, we introduce the functional version of MPS, known as functional
MPS (functional Tensor-Train decomposition) [4, 13, 40, 47]. For 1 € L?(R™), we consider
the following decomposition:

w(l‘la s 75En) = Z "}’1(0[0,.’13'1, Oél)’}/Q(Oél,l'Q, OéQ) o ~')/n(oan,1,1:n, Oén). (5)
{ei}

To consider the error introduced by this approximation, we use an analogue of the singular
value decomposition: the Schmidt decomposition. The Schmidt decomposition of the
function ¥ has the form

G(T1, o Ty Tig1, - ) = Y Aﬁ)wg)(xl, e 7$i)¢;(€2)($z’+1, oy ), (6)
k

where 1/),(:) and @ZJ,(f) form orthogonal basis for each subsystem, and { \/)\g)} are called
Schmidt coefficients and sorted in descending order. Then, as in the discrete version, there
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exists a functional MPS approximation ¢ with bond dimension r whose truncation error,
in the sense of the L? norm, is upper bounded by its Schmidt coefficients:

19 — Pl p2mn) <

These formulations for the functional MPS can similarly be extended to the functional
TTN.

Consider tensorizing a function evaluated at points on a grid. When discretized on a
sufficiently dense and large grid, the Schmidt decomposition (5) can be interpreted as the
singular value decomposition (2), and the truncation error of the functional MPS (6) as
that of discrete MPS (3). Therefore, if a function can be accurately approximated by a
functional MPS, we can expect that its discretized multi-index tensor can similarly be ap-
proximated by a discrete MPS with the same bond dimension. In the following discussion,
we consider functional MPS and functional TTN when evaluating approximation error.

2.3 Tensor cross interpolation

We can construct MPS or TTN from the original multi-index array by sequentially applying
SVD. However, this method requires loading the unfolding matrix of the original tensor
into memory, which becomes impractical when the tensor to be approximated itself is very
large.

Instead, we can use the tensor cross interpolation (TCI) algorithm [41], a method for
directly constructing MPS and TTN from the elements of the multi-dimensional tensor.
Let s; € K; ={1,...,d}. We define the following multi-indices:

Sgizslsgu-siGKlXKQX---XKZ', S>i=8i+1-~-3n€Ki+1><-~-><Kn. (8)
We interpolate the multi-index tensor as:

$(s1,- -5 80) ~P(s1, To1)[W(T<1, To1)]| T 0(T<1, 82, To2) [(T<2, T>2)] " 9)
"'w(jﬁn—hsn)ﬂ (10)

where J<; and J~; are sets of multi-indices satisfying the following condition:
J<it1 C J<i X Kip1,  T>i CKip1 X Tt (11)

If the size of each J<;, J~; is limited by x, the original tensor is interpolated as an MPS with
bond dimension . The choice of multi-indices defines the accuracy of the approximation.
In this study, we use the ALS maxvol algorithm to find indices to use. For the details of
the algorithm, please refer to the reference [41].

2.4 Canonical form of tree tensor network

For tree tensor networks, an efficient truncation method using the canonical form is well-
known [51]. The diagram notation of the canonical form is illustrated in Fig. 1(a). We
impose the isometric constraint on each tensor, except for the order-2 tensor known as
the top tensor. We can efficiently transform any TTN into canonical form by repeatedly
applying SVD to each tensor. When sweeping the position of the top tensor in canonical
form, we can truncate small singular values and reduce bond dimension, which achieves a
near-optimal approximation in terms of the Frobenius norm.
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Figure 1: (a) The canonical form of the TTN. The top tensor is illustrated as the circle node and
isometries as the triangle nodes. (b) The corresponding quantum circuit.

After obtaining the canonical form for the 1D tensor network states, we can easily con-
struct the state preparation circuit as illustrated in Fig. 1(b). The quantum circuit repre-
sentation of the top tensor is achieved through the brute-force state preparation method.
The other tensors are isometries and can be converted into circuits using unitary synthe-
sis [22]. Even if the bond dimension is not a power of two, it can be represented as a
quantum circuit by suitably padding tensors to become a power of two.

3 Methods

Our goal is to compile a quantum circuit to generate a quantized D-dimensional multivari-
ate normal distribution by discretizing each dimension into 2" points. In this study, we
consider the following probability density function with mean zero for simplicity:

x :;ex —lmTZ_lx 12
pie) (2m)D det(%) p< 2 ) (12

where x is D-dimensional vector and ¥ is the covariance matrix. Then we specify the
parameter a such that [—a/2,a/2]” contains effectively all of the probability density. We
use the binary encoding to discretize each dimension, such that

a a
xi:_§+275i, 0<b <2"—1, (13)

then our target state is expressed as follows:
o \D/2
b) = — b) . 14
Sh=X(5) Ve (14)

3.1 Fourier series approximation

To scale for n, we adopt the technique of using discrete Fourier transform as proposed in
[35]. The discrete Fourier transform over Z%), is expressed as follows:

P 1 2 2! biki +---+bpkp
fr = SN frexp <—2m' — > (15)
C v 2
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Then we approximate fp by truncating Fourier coefficients as follows:

M/2-1 M/2—1
- 1 N b1k1+---+bpkp
/o~ NCID Z e Z frexp (271'2 on ) .

ki=—M/2  kp=—M/2

(16)

Here, M := 2™ represents the number of Fourier coefficients to be kept for each dimension.
It is shown that, if f() is a sufficiently smooth function, the required number of m is
smaller than n and, moreover, does not depend on n [35]. In practice, f is calculated as
follows:

+ k:D> a7

R k- -- k ki 4.
fr Zfb exp <—2m’x1 1+ +%p D) exp (—27ri1+
5 a 2

o (—1)lktthp] /_ga : /_ga \/%exp (—27Timak> dx (18)

for a sufficiently fine discretization. Moreover, if a is taken to be sufficiently large, the
following approximation also holds:

fre oc (—1)MFrtthol oy (—(27r/l)2k:TZk> (19)

with an appropriate normalization term. Equation (19) shows that the value of fk decreases
exponentially as the wavenumber k increases, indicating that retaining only a very small
number of Fourier coefficients is sufficient to represent fp.

We first prepare the state that encodes the Fourier coefficients:

M/2-1 M/2-1

> X el (20)

ki=—M/2  kp=—M/2

then we apply Inverse Quantum Fourier Transformation (QFT) to obtain the target state
S fo|b). The circuit cost for preparing (20) is much smaller than that for Y, fs |b),
and Inverse QFT can be implemented efficiently in quantum computers with circuit depth
n. Therefore, we can generate the desired state with a small cost that does not scale
exponentially with the discretization size n.

3.2 Representing Fourier coefficients using tree tensor network

We now want to encode the truncated Fourier coefficients fk into the quantum circuit.
In the case of D-dimensional probability distributions, however, the number of truncated
Fourier coefficients is 2™, which can be a very large number.

Therefore, we consider representing the Fourier coefficients with an MPS:

Sty =30 37 (AR AR AR ik ko). (21)
k {ki} {ai}
or a TTN. The memory footprint required grows only polynomially with D.

3.2.1 Schmidt coefficients of multivariate normal distribution

As discussed above, the accuracy achievable in the MPS or TTN representation depends
on its singular values or Schmidt coefficients. The Schmidt coefficients for a multivariate
normal distribution are analytically known [6].
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First, we discuss the Schmidt decomposition of the two-dimensional normal distribu-
tion. The Schmidt decomposition of the wave function ¢ (x1, x2) has the form

Y(1,22) Z\ﬁlb (z1) w(Q) 2). (22)

Suppose the quantum state 1(x1, z2) is given by the square root of the density function of
the normal distribution with correlation coefficient p:

P(w1,72) = \/p(T1,T2), (23)

(x1,m2) = L exp | — L (21 = mi)
PR = ooy T— 2 P\ 201 4?) o}
gplm )@ mma) | (r2 - m2)2>> , (24)

0102 O‘%

where my, ma are the mean values and 07, o5 are the variance of each variable. The Schmidt
decomposition of this wave function [5] is given by:

w,il)(xl) _ C]gl)Hk (Wﬁ) exp (—KW) ) (25)
w}?)(:m) _ C]E,Q)Hk ((:CQ;QWLQ)\/E) exp <—K(x2;‘_%n2)2> ) (26)

where Clil), 015‘2) are the normalization factors and K is calculated by

K=t (27)

V1—p?

The squares of Schmidt coefficients {\;} form a geometric series with an initial value

2

A= ——— 28
*T K1 (28)
and common ratio: o1
17K+ (29)
An approximation error of an MPS of bond dimension r is calculated as
oo
1% — Ymps | F2mey < D A (30)
k=r
oo
=X d" (31)
k=r
q'/'
0T q (32)

Then, if we want to suppress the truncation error to €, we need the bond dimension r that
satisfies:

¢ <é (33)
1
T log —. (34)

==r>
loga €
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In other words, the required bond dimension scales as O(log(1/¢)), which is an efficient
approximation.

The distribution of the Schmidt coefficients of the multivariate normal distribution is
also known and calculated only from the covariance matrix [6]. For simplicity, we consider
the multivariate normal distribution with zero mean. The Schmidt decomposition of the
multivariate function for subsystems z1,...,x, and x,11,...,2p, assuming that 2p < D,
is defined as follows:

Y(T1,.. . Tp, Tpy1,. .., TD) = Z \/)\kwél)(xl, e ,:cp)i/),(f)(xpﬂ, ...y TD). (35)
k

According to the canonical-correlation analysis [46], linear transformations can be found
for variables &1,...&,,&p+1, .-, €D:

p
&= Ly, 1<i<p (36)
D
Z mi; x5, p+1<i<D (37)
Jj=p+1

that satisfy the following properties: (1) All £ have unit variance and zero mean and (2)
the correlation between any ¢ is zero except for the pairs (&1, &p+1), (€2, &p+2)s -+ -5 (&pr E2p)-
The coefficients I, m and the canonical correlation coefficients {p;} between these pairs are
the solutions to the following generalized eigenvalue problem:

0 1) (1 Suo0) (1
(2 ) ) =5 ) () o0

where Y11, 212, X1, 292 are the submatrices of the covariance matrix:

Y Y2
Y= . 39

lzm Y99 (39)
D —2p solutions are zero and the others arise in pairs as £p1, £p2, ..., £pp. We choose the
positive ones. Then, the target function is decomposed as the tensor product of the prob-
ability density function of the two-dimensional normal distribution (&1,&p+1), - -, (§p, €2p)
with correlation p1, ..., pp, and one-dimensional normal distribution {2p41,...,&p:

: /4,
1
¢($1, cee sy Tpy Tplye - - )'TD) = H Z )‘kz 1/1191 (52 gp-ﬂ \/p £2p+1 \/p fD
i=1 \ k;

(40)
where {A\()} is the Schmidt coefficients for the pair (&;,&y+;). The Schmidt decomposition
of the multivariate normal distribution is given by defining mode k = (k1, ..., k,) and the
corresponding orthogonal basis as

) T o)
¢ ($1,...,$p) = Hd’kl (gz)v (41)
i=1

p
O (@pi, .. <H (&p+e) ) \/p (§2p+1) - \/p (€p), (42)
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and the Schmidt coefficients are the product of each Schmidt coefficient of the pairs:

=T AW, 43
Vre=T1y (43)

Each {A®} can be calculated from p; and equation (27)-(29). Therefore, by solving the
generalized eigenvalue problem (38), we can enumerate all the Schmidt coefficients of the
multivariate normal distribution between any bipartition of the system and calculate the
required bond dimensions for the tensor network approximation. The computational cost
of calculating the above values only depends polynomially on the dimension D, not on the
discretization size n.

3.2.2 Schmidt coefficients of a multivariate normal distribution with 1D covariance structure

The discussion above can be applied to multivariate normal distributions with any covari-
ance matrix and bipartition. However, if we restrict to the 1D covariance structure, we
can guarantee the existence of efficient MPS or TTN representations of the target state.
Note that a priori rank bounds for approximations in the MPS representation for the mul-
tivariate normal distribution with weak correlations are studied in [47], This work differs
in that we directly use the information of the Schmidt coefficients for proof.

Theorem 3.1. Let p(x) be a probability density function of a D-dimensional multivari-
ate normal distribution with zero mean and covariance matrix 3. Assume that, for any
bipartition of variables induced by an inner edge of the tree tensor network, rank 315 < [
where | is constant and the canonical correlations are less than 1. For every € there exists

a TTN approzimation 1 of (x) = \/p(x) with
(@) — (@)l 2 mry < € (44)

whose bond dimension x is upper bounded by

l
“/5) (45)

€

xS(C-log

for some constant C.

This theorem shows that the required bond dimension scales only poly-logarithmically
in 1/e, which indicates this kind of multivariate normal distribution can be efficiently
represented as a TTN.

Proof. From (7), if the sum of the squares of the Schmidt coefficients for all bipartitions
is less than €2/D, then an MPS approximation that satisfies (44) exists.

Let ¢ = max; g;, where g; is the common ratio of the squared Schmidt coefficients for
the pair (&, &p+i). Consider keeping the rl-th largest Schmidt coefficients and truncating
all other small values. The truncation error is upper-bounded as follows:

S h<i-(1—q) (16)

k=rt

<1-(1-1-¢")=1-q", (47)

where we use the Weierstrass product inequality and ¢" < 1. If we want to suppress the
error by €2/D, we have to satisfy the following inequality:

l-q" <é/D. (48)
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Figure 2: An example of a multivariate normal distribution with a tree-like structure. The covariance
decays exponentially with the distance on the tree between variables.

By solving this we get

(49)

O]

Example 3.1. The multivariate normal distribution with uniform correlation coefficients.
Consider the following covariance matrix:

L pop p
p 1 p “ e p
ppp -1

with —1 < p < 1. Then any bipartition of the system gives rank-one submatrix 3is.
Therefore, this probability distribution can be efficiently represented as an MPS with any
index ordering.

Example 3.2. The multivariate normal distribution with 1D correlations. Consider the
following covariance matrix:

1 p P pP
D—1
p 1 p o oe e p
pD D=1 D=2 1
with —1 < p < 1. Then, a bipartition of subsystems z1,...,x; and z;y1,...,zp gives a

rank-one submatrix Y15. Therefore, this probability distribution can be efficiently repre-
sented as an MPS with the same ordering.

Example 3.3. The multivariate normal distribution with tree-like correlations. Consider
the elements of the covariance matrix are given by its distance:

_ distance(é, j) >

g

Zij = exp ( (52)
where the distance between site ¢ and j is given as the length of the path on the tree as
shown in Fig 2. Then, the bipartition of the system induced by each edge of the tree gives
rank-one submatrix 1o and this probability distribution can be efficiently represented as
a TTN. This generalizes the above two examples.
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In addition to the case where the rank of the submatrix is upper-bounded, we can
consider the following situation where correlation coefficients decay exponentially. In this
case, however, the required bond dimension for approximation scales polynomially in 1/e
instead of log(1/e).

Theorem 3.2. Let p(x) be a probability density function of a D-dimensional multivari-
ate normal distribution with zero mean and covariance matriz . Suppose the canonical
correlations are less than 1 and decay exponentially:

p; <ae % a,0>0 53
j

for any bipartition of variables induced by an inner edge of the tree tensor network. For
every € there exists a TTN approximation ¥ of ¥(x) = /p(x) with

1 (@) = P(@)| 2@p) < € (54)

whose bond dimension is upper-bounded by

CovVD
2C1 log( WD
Cilog| C3log| —————
VN G )
ve () (59
€

for some constants C1,Cs, Cs.

This theorem indicates that the necessary bond dimension scales as x = O(poly(@%@))
if we ignore the log term in the exponent. The efficiency of the approximation is worse
compared to the case where the rank of the covariance submatrix is strictly upper-bounded.

Proof. By (29),

K;j—1 _ (1_\/1_”§)2

TKi+1 P2

qj <pj (0<p;<1). (56)
Therefore, when p; decays exponentially, the common ratio g; also decays exponentially
to J.

Consider the two-step approximation: First, we retain only the largest singular value
for pairs (&, &p+i) with @ > [. Then the approximation error by introducing this is calcu-
lated as

[ (x) — E(@HQL?(RD) =1-(1—q)d —aq42) - (1 —qp) (57)
<1—(1—ae D)1 — e B2y (1 — e %) (58)

P , o0l
< Z ae % < o —5- (59)

i=l+1 1—e

By solving the following inequality:

6791 €2

<
e = 4D’

we get [ = C}log(Cav/ D/e) for constant numbers Cy, Cs.
Next, we consider approximating () with finite Schmidt coefficients. Now the covari-
ance matrix for the multivariate normal distribution () only have [ non-zero correlation
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Figure 3: The process of automatic structural optimization of the TTN. When sweeping the top
tensor, there are three patterns for choosing indices. By selecting the pattern that results in the lowest
entanglement entropy, calculated from the singular values contained in the top tensor, the structure of
TTN can be automatically optimized to the most suitable configuration.

coefficients. According to theorem 3.1, we can approximate it with error ¢/(2v/D) by using
7! Schmidt coefficients and r = C3log(21v/D/e) for constant number Cs. Then we get

() = d(@) ]| 2oy < [9(®) = P(@)l| 20y + [[$(2) = D(@)]| 2 @p) (61)
<¢/VD (62)

Therefore, the necessary bond dimension to approximate the entire quantum state as
TTN within precision € scales as

!
2iv'D

Tl:Cglog< () (63)

Cilo G2vD

204 1og (€242) v\ ()
= (C3log - (64)

CoVD
CQ\/E Cﬂog(Cglog(W))
= (65)
€

O

3.3 Automatic structural optimization of the TTN

As discussed above, the required bond dimension for achieving enough accuracy can be
estimated by the distribution of Schmidt coefficients among variables that are bipartitioned
by the network. Therefore, whether a TTN can efficiently represent a multivariate normal
distribution depends strongly on the tensor network structure. Even if a multivariate
normal distribution has a one-dimensional correlation structure as in Th. 3.1 and 3.2, an
efficient approximation is no longer guaranteed if an appropriate TTN corresponding to
that structure is not used. In the case of a normal distribution, the optimal network
structure can be determined by enumerating all network configurations and estimating
their fidelity from the correlation coefficients. However, for large D, it becomes increasingly
impractical, as there are O(D!) ways to arrange variables, even when restricted to MPS.
Instead, in this study, we employ automatic structural optimization [18] to optimize
network configuration. Fig. 3 shows the outline of the algorithm. Initially, we execute
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TCI using an initial network structure (e.g., MPS) to represent the multivariate normal
distribution. Then, we sweep the top tensor in the network using the canonical form.
During this process, we contract the three tensors in Fig. 3 and obtain T, p.y. We consider
three ways of singular value decomposition:

Tabcd = Uabese‘/:icd (66)
Tubed = UaceSeVebd (67)
Tubed = UadeSh Veve (68)

and compute the entanglement entropy as follows:

plabled) — Z s2log 52 (69)
ac|bd) 2812 log 8/2 (70)
EE(adlbe) — _ Z 5% log s (71)

where we assumed that TTN is normalized. Among them, we choose the structure with
the smallest entanglement entropy. By repeating this process, the entire TTN network is
automatically optimized to reflect the entanglement structure of the system.

Entanglement entropy takes small values when the singular values decay rapidly. As
discussed previously, the faster the correlation coefficients decay, the more rapidly the
Schmidt coefficients decrease. Thus, in this context, entanglement entropy indicates the
strength of correlation when dividing variables into two groups. The process of automatic
structural optimization can be interpreted as assuming a tree-like correlation structure in
the probability distribution and searching the most suitable network configuration where
the correlation between variables is minimized.

We first execute TCI using an initial tree tensor network with a sufficiently large bond
dimension enough to accurately represent the multivariate normal distribution. Then, we
employ structural optimization to refine the network structure and reduce the bond dimen-
sion through truncation using the canonical form. If the accuracy of the state obtained
is insufficient, we can rerun TCI using the optimized network structure to achieve higher
accuracy.

3.4 Optimizing the quantum circuit by tree tensor network

Up to this point, we have discussed how to represent Fourier coefficients using tensor
networks efficiently. After encoding the Fourier coefficients as a quantum circuit, we can
get the discretized probability distribution by applying inverse QFT with a depth of n.

We can further compile the entire state preparation circuit. When expressing Fourier
coefficients with an MPS or T'TN, a bond dimension 2™ is inevitably required for a physical
index. This bond dimension can be reduced by utilizing the fact that the inverse QFT
circuit for each dimension can be represented as a T'TN, as illustrated in Fig 4. Here, the
black node in TTN represents a copy tensor d;;, with bond dimension 2" and A; is a 2k %2
tensor whose elements are given as

(Aj)f = PR (72)

We then apply bond truncation algorithms using the canonical form. While this approach
loses the advantage of executing inverse QFT with a circuit depth of n, it allows for the
potential creation of a more compact circuit. Additionally, as the size of each tensor de-
creases, the classical resources required for the circuit synthesis of each tensor are reduced.
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Figure 4: The tree tensor network representing inverse QFT. The black node represents a copy tensor.
The definition of tensors {A4;}"_ is given in the main text. The number of qubits for each dimension
is set as n = 8 in this figure.

4 Results

Here we present our simulation results for the compilation method of the state preparation
circuit of multivariate normal distribution described in Sec. 3. We set the parameters
as a = 20 (z € [~a/2,a/2]P), n = 8 (discretizing each dimension into 2" points) and
m = 5 (keep 2™ Fourier coefficients for each dimension) to discretize the probability density
function with sufficient accuracy. We first use TCI to express the Fourier coefficients (21)
as an MPS with bond dimension x’, where X’ is set sufficiently large to represent the target
Fourier coefficients. In this study, we set ¥’ = 64.

The fidelity between the original and approximated states of the i-th step of truncation
can be calculated using the singular values as follows:

. X! (1)2
fO=3"a"" (73)
=0

Note that we normalize the quantum state after each truncation step so that the summation
of the squares of singular values is always one. After completing the truncation process,
the fidelity of the final state is predicted as the product of the fidelity at each step:

F=11 (74)

This approach serves as a good estimate. Subsequently, the Frobenius norm is restored

using the following equation:
1) = |) I = \/2(1 = VF) (75)

The tensor-network algorithms are implemented using the Python library Quimb [14].
Each data point on the plots is obtained by averaging 100 random instances.
4.1 Multivariate normal distribution with low-rank structure

To numerically test the theorem 3.1, we represented a multivariate normal distribution with
a low-rank covariance matrix using MPS. We utilized a simple covariance matrix with a
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Figure 5: The bond dimension of the MPS is plotted as a function of the accuracy log(1/¢) (Left) for
various dimensions of the multivariate normal distribution and (right) for various ranks of the submatrix
of the covariance matrix. "est" represents the estimation value from the distribution of the Schmidt
coefficients and "experiment" represents the actual value from the numerical experiment. The dotted
lines represent the predicted polynomial growth rate in log(1/e).

low-rank structure similar to the Example 3.2, with o uniformly sampled from [0, opax]
and opax = 0.5. We consider a set of [ multivariate normal distributions. We partition the
variables into non-overlapping subgroups {xl(j )} as follows: for 1 < j <1, let

x(lj) [ {xl,l‘g,...,xl}, l’gj) S {$l+17-~-7$21}7 . <76)

Each subgroup follows a multivariate normal distribution with a 1D structure. For the
probability density function constructed in this manner, the condition on the rank of the
covariance matrix rank(312) <[ in Theorem 3.1 is satisfied.

In Fig. 5, we illustrate the relationship between the accuracy obtained from MPS
approximation and the corresponding bond dimension. In the left figure, the rank [ is
fixed at 1 and the dimension D is varied. As can be seen from the figure, the required
bond dimension increases linearly with log(1/e). Moreover, the required bond dimension
grows only gradually as D increases, suggesting that this approach scales effectively with
dimension.

In the right plot, the dimension D is fixed, and the rank [ is varied. The dash-dot line
uses the distribution of Schmidt coefficients to directly estimate the achievable accuracy
from the bond dimension, while the solid line calculates accuracy by obtaining the actual
MPS. The results confirm the Theorem 3.1 that the required bond dimension increases
with log(1/e)!. Furthermore, the accuracy obtained from the actual MPS is found to be
very close to that predicted from the Schmidt coefficients, confirming the effectiveness of
this bound in estimating the necessary bond dimension given the target accuracy.

4.2 Multivariate normal distribution with exponentially decaying correlation coefficients

Next, we represent a multivariate normal distribution in which canonical correlations decay
exponentially. To construct such a distribution, we consider the following setup: the sites
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Figure 6: (left) The distribution of the canonical correlation coefficients when the system with D = 16
is divided in half. (right) The bond dimension of the MPS is plotted as a function of the accuracy 1/e.
Different maximum values of covariance o,.x are plotted in different colors.

are aligned in 1D and the covariance between site ¢ and j is defined as

covij = (aia;) 7, (77)

where o; is uniformly sampled from [0, omax]. We numerically verified that the correlations
decay exponentially with the distance between sites. Fig. 6 (left) shows the distribution
of canonical correlations between sites 1 to 8 and 9 to 16 for the multivariate normal
distribution with dimension D = 16. As can be seen from the figure, the canonical corre-
lations decay exponentially with the index number, satisfying the condition p; < e % in
Theorem 3.2.

Fig. 6 (right) shows the relationship between accuracy and the required bond dimension
for approximating the above multivariate normal distribution with MPS. Note that the x-
axis represents 1/¢, not log(1/€). As can be seen, polynomial growth in 1/€ is confirmed,
which is consistent with Theorem 3.2. These numerical results demonstrate that when
correlations decay exponentially in 1D, it is possible to efficiently represent them using MPS
regardless of the dimension D, although the efficiency significantly decreases compared to
cases when the rank is strictly bounded.

4.3 Structual optimization with 1D tree structure

We also evaluated the performance of the structural optimization introduced in Sec. 3.3.
We consider a multivariate normal distribution with a tree-like structure as presented in
the Example 3.3. The initial structure of a tree is generated randomly. We approximate the
distribution using a standard MPS using TCI without considering the covariance structure.
Then, we employed automatic structural optimization to modify the tensor network, as
depicted in Fig. 7 (a), and verify whether it could restore the original tree structure.

Fig. 7 (b) displays the relationship between the dimension D of the multivariate normal
distribution and the success rate of structural optimization, i.e. the probability of com-
pletely restoring the original structure. Here, x represents the maximum bond dimension of
the tensor network during the process. We see that even for high-dimensional distributions
like D = 16, automatic structural optimization can replicate the original structure with
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Figure 7: (a) Initially, the distribution is represented as an MPS, and after automatic structural opti-

mization, the tree-like structure is recovered. (b) The success probability of the structural optimization

is plotted as a function of the dimension D. Different bond dimensions in the tensor network are
represented in different colors.

high probability. Additionally, increasing the bond dimension provides more accurate infor-
mation about the bipartite entanglement entropy of the system, allowing a higher success
rate. These numerical results indicate that despite being a heuristic algorithm, structural
optimization is extremely powerful in capturing the 1D structure of distributions.

4.4 State preparation of random normal distribution

Now we move on to the compilation of the state preparation circuits for the multidimen-
sional normal distribution without any 1D or tree-like structure.

Before discussing the results, we outline how the generated circuits are evaluated. We
assume all-to-all connectivity. The main metrics adopted here are the number of CNOT
gates and the depth of the circuit, both of which are very important, especially for NISQ
computers. Regarding the number of CNOT gates, it is known that an isometry with a p-
qubit input and a q-qubit output in the tensor network can be implemented using O(2°+9)
CNOT gates [22]. For simplicity and comparison purposes, we treat this number as 219,
essentially equating it to the memory size required by the tensor network. Circuit depth is
the necessary depth for implementing all two-qubit gates and is calculated by identifying
the longest path from the root to the leaf within the TTN. If there is an isometry of size
2P+4 along a path, then 2P19 is added to the circuit depth. Using these metrics, we estimate

the cost of the circuits. Actual circuit synthesis on quantum hardware is beyond the scope
of this work and is left for future investigation.

We consider preparing the quantum state of a 4-dimensional multivariate normal dis-
tribution with a randomly generated covariance matrix. Each element of the covariance
matrix is generated from the uniform random distribution [—omax, Omax], €xcept for the
diagonal elements, which are all 1.0 for regularization.

In Fig. 8, we present the circuit depth, CNOT count, and infidelity of the encoding
circuit generated by our method. For comparison, we also plot the costs using the FSL
method without tensor network approximations, which serves as a baseline [35]. As shown

in the figure, our approach compiles circuits that achieve high accuracy while using 10
to 1000 times fewer resources than the baseline. Additionally, by using a lower bond
dimension, it is possible to perform state preparation at a lower cost, albeit at the expense
of accuracy. This is particularly useful for NISQ algorithms, where the required precision is

lower, allowing the use of circuits that require very few resources. Notably, at opmax = 0.2,
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Figure 8: The circuit depth and CNOT count of the encoding circuit, and the infidelity of the quantum
state generated by the encoding circuit. The parameters are set as oyax = 0.2,0.5. The circle points
show the result by representing inverse QFT as a TTN, discussed in Sec. 3.4, and triangle points
show the result by using standard inverse QFT circuit. The red line implies the result without MPS
approximation.

we can further reduce the circuit depth and CNOT count that optimize the entire circuit
through a TTN representation, as discussed in Sec. 3.4.

On the other hand, increasing o.x leads to a significant reduction in accuracy. omax
represents the strength of the correlations between variables. Stronger correlations result
in larger Schmidt coefficients, making tensor network approximations more challenging.

Finally, we discuss the effect of network structure and automatic structural optimiza-
tion. Fig. 9 shows the infidelity of the state preparation circuit by varying the strategy for
determining network structure. We get the optimal network structure by enumerating all
possible candidates and estimating the fidelity. It is found that using tensor network struc-
tural optimization achieves accuracy close to that of optimal network structure, compared
to when optimization is not employed. This highlights the significant influence of network
structure on the performance of tensor network-based quantum circuit compilation and
underscores the potential of structural optimization techniques in finding the near-optimal
ordering, even when there are no 1D or tree-like structures.

5 Discussion

In this study, we proposed a scalable circuit compilation method for multivariate normal
distributions using TTN. We first considered multivariate normal distributions with 1D
correlation structures. We examined two cases: the rank of the covariance matrix is
bounded, and the correlation coefficients decay exponentially with the distance between
variables. We theoretically guaranteed that these probability distributions can be efficiently
represented using TTN.
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Figure 9: The infidelity of the encoding circuit with different strategies for determining network struc-
ture. The parameters are set as 0. = 0.2,0.5. The lower triangle points show the result without any
optimization of the ordering. The upper triangle points show the result with optimal network structure.
The diamond points show the result with the automatic structural optimization method discussed in
Sec. 3.3.

Additionally, we introduced automatic structural optimization into our circuit compi-
lation method. This optimization rearranges the structure of tensor networks based on the
bipartite entanglement entropy of the system. By applying it to multivariate probability
distributions, we found that it searches for structures that appropriately reflect the 1D
correlation structure of the distribution.

We combined these techniques with the FSL method, TCI, and truncation method
using the canonical form. We numerically demonstrated that we can scalably compile
the state preparation circuit for normal multivariate distributions with 1D structures.
Moreover, even for random normal distributions without a specific structure, we confirmed
numerically that our approach could significantly reduce the circuit depth and the number
of CNOT gates compared to existing methods.

Multivariate normal distributions play an important role in various practical quantum
algorithms. An important example is quantum algorithms for quantum field theory [24,
25]. In lattice ¢* theory, the vacuum state |vac) is represented as a multivariate normal
distribution in the field variables ¢(x), with the covariance matrix defined as

G(z —y) = (vac|p(z)d(y)|vac) . (78)

In the free theory, the covariance matrix G(x — y) decays exponentially with the distance
|& — y|. Therefore, when the lattice is defined in one spatial dimension, the vacuum
state can be well approximated using MPS, allowing efficient compilation via our proposed
methods.

Another important application lies in quantum algorithms for finance. In finance, the
relationship between the risks and returns of multiple assets is modeled with a multi-
variate normal distribution; therefore, preparing a multivariate normal quantum state is
essential for quantum Monte Carlo integration applied to derivative pricing [54, 55| and
risk analysis [33, 58, 59]. These financial datasets are not guaranteed to exhibit exact
tree-like correlation structures. However, as demonstrated in our numerical experiments,
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our heuristic optimization algorithm may help reduce the cost of preparing such quantum
states.

One of the advantages of our method is the ability to calculate achievable fidelity in
advance. There are a lot of methods for circuit compiling for NISQ algorithms [2, 11, 12, 15,
19-21, 23, 26, 31, 38, 43, 48, 49, 60, 61|, which also produce low-cost circuits at the expense
of fidelity. However, many algorithms are based on variational optimization and there are
often no theoretical guarantees or estimates regarding the accuracy of their approximations.
Our method does not depend on variational optimization and can estimate the achievable
fidelity from the covariance matrix and bond dimension in the network. Although this
study was limited to multivariate normal distributions with theoretical guarantees, it can
be extended to other multivariate probability distributions and multivariable functions [56].

Another advantage of our method is its hardware compatibility. While our numerical
simulations assume all-to-all connectivity, the hierarchical structure of the TTN allows
each local tensor to be encoded into a local quantum circuit and connected using SWAP
gates in a layered manner. If the bond dimension is sufficiently small, the cost of isometry
synthesis can also be kept low. Therefore, the proposed method is expected to be practical
even on quantum hardware with limited qubit connectivity. We left fully synthesizing
circuits and testing them on real hardware for future work.

From the perspective of tensor network algorithms, this research can also be considered
a new application of automatic structural optimization. Automatic structural optimiza-
tion, developed in the field of many-body physics, has been used to detect the entanglement
structure of systems. In [16], the techniques were applied to the field of machine learn-
ing, utilizing mutual information to efficiently represent datasets. This work demonstrates
that these techniques can also be applied to the field of quantum circuit optimization,
underscoring the potential applicability across various fields.

Future directions could involve the use of other tensor network algorithms, especially
those designed for two-dimensional systems, for the compilation of state preparation cir-
cuits. Moreover, since automatic structural optimization remains a heuristic algorithm,
there is a potential to develop theoretically guaranteed or more sophisticated structural
optimization algorithms.

An open-source implementation of the method for detecting the correlation structure
of multivariate normal distributions is available and has been described in a subsequent
paper [57].
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