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Quantum networks are of high interest
nowadays and a quantum internet has been
long envisioned. Network-entanglement
adapts the notion of entanglement to
the network scenario and network-
entangled states are considered to be a

resource to overcome the limitations
of a given network structure. In
this work, we introduce measures of

quantum  network-entanglement  that
are well-defined within the general
framework of quantum resource theories,
which at the same time have a clear
operational interpretation characterizing
the extra resources necessary to prepare
a targeted quantum state within a given
network. In particular, we define the
network communication cost and the
network round complexity, which turn
out to be intimately related to graph-
theoretic parameters. We also provide
methods to estimate these measures by
introducing novel witnesses of network-
entanglement.

1 Introduction

In recent years, quantum networks have emerged
as a highly promising platform for implementing
quantum communication and computation tasks.
Quantum networks generalize basic primitives
of quantum technologies such as quantum
repeaters [1, 2] and they rely on the ability
to generate and store entanglement at remote

interconnected locations.  Hence, there is a
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considerable experimental effort addressed at
combining entanglement sources and quantum
memories so as to meet the above demands
(see e.g. [3, 4]). The applications of quantum
networks include quantum key distribution [5,
6, 7], quantum sensing [8], distributed quantum
computation and even a quantum internet [9,
10, 11] in the long run. Furthermore, different
tools for evaluating the performance of quantum
networks have emerged gradually [12]. Quantum
correlations and, in particular, entanglement play
a crucial role in the foundations of quantum
mechanics and in the applications of quantum
information theory [13, 14, 15]. There is a
very active line of theoretical research directed
at translating the different notions of quantum
correlations to the network scenario, be it
entanglement [16, 17, 18|, nonlocality [19, 20,
21, 22| or steering [23].
quantum correlations with no classical analogue
can be interpreted as a resource to overcome the
limitations of a particular scenario, their network
analogues should do the same when a prescribed
network structure is imposed.

In a similar way as

In the most general scenario, a quantum
network can be abstracted as a hypergraph,
where each vertex represents a party, and each
hyperedge stands for a quantum entangled source
that distributes particles only to the parties
associated with the corresponding vertices, see
Fig. 1 for an example. A state that cannot
arise from a given network with arbitrary
entangled states distributed according to its
hyperedges and further processed with local
operations and shared randomness (LOSR) is
called network-entangled [16] (or new genuine
multipartite entangled [24] for special networks).
While entanglement theory assumes classical
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communication for free, leading to the paradigm
of local operations and classical communication
(LOCC) [25], this is not the case here. First,
this is because classical communication would
render the theory trivial as all states can
be prepared in a connected quantum network
with LOCC operations by means of sequential
teleportation [26, 27, 28|. Second, LOCC
protocols, which are structured in the form of
a certain number rounds, require full control of
distributed entangled states for considerably long
periods. This places high demands on the local
quantum memories, particularly for vertices that
are far away from each other [3, 4].

As it turns out, many interesting states
are network-entangled, like entangled symmetric
states [29] and all the qubit graph states
corresponding to a connected graph with no less
than 3 vertices [30, 31]. Various techniques have
emerged to distinguish between network states
and network-entangled states, including semi-
definite programming [16], covariance matrix [17],
stabilizer analysis [29] and network nonlocality
inequalities [22]|. Especially, the fidelity between
GHZ states (graph states also) [16, 29, 31, 30| and
network states has been estimated, which leads
to fidelity-based witnesses for network-entangled
states.

Thus, the above conditions make it possible
to benchmark the devices in an experiment as
being able to overcome the limitations of a given
network structure. However, these tests tell us
nothing about the robustness of the experimental
set-up. To prepare a target network-entangled
state, does it imply a significant overhead to the
network setup or can this be done with only
minimal additional resources? To answer this
question, rigorous means for the quantification
of network-entanglement become indispensable,
which can then unveil the potential of different
network-entangled states for quantum distributed
tasks.  On the other hand, by constructing
network-entanglement measures, one can address
network design problems and find the network
topology that minimizes the cost of preparing
a given target state within the constraints
dictated by a particular problem at hand,
especially when the measures can be easily
related to graph-theoretic properties of the
corresponding hypergraph. In general, we hope
that the development of network-entanglement

measures might also help to identify tasks where
quantum networks overcome classical networks
in terms of communication complexity [32,
33|, generalizing fundamental primitives such as
superdense coding |34].

While the basic condition for entanglement
measures is LOCC monotonicity [13], it should
be clear from the above discussion that
network-entaglement measures should obey
LOSR monotonicity [16]. In this work, we
introduce the network-entanglement weight,
network communication cost and the network
round complezrity as
entanglement, which have clear operational
interpretations as the minimal average rounds
of classical communication within different
classes of LOCC protocols that prepare the
state from the network. Furthermore, we show
that these quantifiers are well-defined from
a resource-theoretic perspective by proving
that they are LOSR monotonic, convex and
subadditive. Interestingly,
with graph-theoretic parameters given by the
underlying network, we show that the network-
entanglement weight gives both lower and
upper bounds to the communication cost and
round complexity. Moreover, these bounds are
in general tight. Finally, the connection to
the network-entanglement weight allows us to
provide estimations of the introduced network-
entanglement measures, for which we develop
new witnesses.

measures of network-

in combination

2 Measures of network-entanglement

Quantum networks are characterized by
hypergraphs G = (V,E), where V. C N is
the set of vertices and F is the set of hyperedges,
whose elements are subsets of V' of cardinality at
least 2. In the particular case that all elements
of E are subsets of V' with cardinality equal to
two, then we call G a graph and the elements
of E edges. If we consider n-partite states,
then V' = {1,2,...,n} and every element of V'
represents one of the parties. Every hyperedge
e € FE represents that all parties in e are
connected by a source and can share arbitrary
quantum states among themselves. For a given
network associated with the hypergraph G,
any states of the form &.cpoe, where o, is
an arbitrary multipartite quantum state shared
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by the parties in e, is considered to be freely
available. We denote by Sc(G) the closure of
the set of states that can be prepared from those
free states by LOSR. That is,

Sc(G)
= d{plp=3, PAl@ievCV([Becrad) } . (1)

where CZ-(/\) is any local operation carried out by
the ¢-th party, which may depend on a random
variable A with probability distribution {py}.
Any state out of this set is said to be network-
entangled according to G or, for short, G-
entangled. In the particular case of hypergraphs
G where F is given by all the subsets of V' with
k vertices, G-entangled states are also referred
to as k-network-entangled. A proper measure
& of G-entanglement should satisfy the following
properties.

1. €(p) = 0 for any state p € Sc(G);

2. Monotonicity: £(C(p)) < E(p) for any LOSR
operation C.

Other desired properties are convexity and
subadditivity. By applying the formalism of
quantum resource theories [35] to the above
paradigm, many network-entanglement measures
can be constructed. Particularly, quantifiers
based on the trace distance and fidelity have
been often used in entanglement theory [13] and
elsewhere. Their mathematical structure makes
their estimation feasible and, in turn, they can be
used to bound other measures [36]. More details
are provided in Appendix (App.) X. However,
here we would like to focus on quantifiers that
are operationally meaningful to the network
scenario. Since classical communication is not
free in this setting and it fuels any G state to
become G-entangled, a natural choice is to use
the amount of this resource necessary to achieve
this task through an LOCC protocol. Although
the measures that we will construct turn out to be
quite different, this approach has been similarly
used to quantify quantum nonlocality [37], where
LOSR also gives rise to the free operations.
LOCC transformations are quantum channels
that can be described by a sequence of
In each round, based on the classical
information produced at previous rounds, one
party implements a local quantum channel whose

rounds.

output can be postselected (i.e., a POVM
corresponding to a Kraus decomposition of the
channel) and broadcasts classical information to
the other parties, who can then use it to apply
local correction channels. The number of rounds
of an LOCC protocol is then directly related to
the number of uses of the broadcasting classical
channel and gives rise to the notion of LOCC
round complexity in entanglement theory [38,
39]. In the network scenario, other possibilities
appear naturally in order to measure the cost
of an LOCC protocol.  First,
structure might further constrain which parties
share classical channels. Second, different rounds
might only involve subsets of parties that are far
away in network-distance and can therefore be
carried out simultaneously adding no extra time
delay. Thus, given an LOCC protocol, we propose
an alternative way to measure the complexity of
implementing it in a network G by decomposing
it as a sequence of actions that we call steps.
In a given step, each party is identified either
as a sender or as a receiver.
knowledge of the classical information produced
at previous steps, senders can implement any
local quantum channel and then send classical
information conditioned on the output of this
channel but only to neighbouring receivers in
G. The receivers can then apply local correction
channels.

Notice that, while in one round only one party
can implement a local quantum channel, in one
step several parties might do so. However, while
the result of this channel can be broadcast to
all other parties in a round, the spread of this
information is more restricted in the latter as
in each step this information can only travel to
parties that share a hyperedge with the sender.
Thus, certain LOCC protocols are more costly in
terms of rounds and others in terms of steps (see
Fig. 1 for a simple example).

Then, for a given state p and network G,
the network round complexity &-(p|G) and the
network communication cost E.(p|G) are defined
to be the minimal average number of rounds
and steps respectively of an LOCC protocol that
prepares p from a G state with arbitrarily small
error. That is,

Er,c(p|G) = ;Ig},lpI} Zz pifr,c(pi|G)7 (2)

the network

Based on their

where p = >, p;p; is any convex decomposition
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Figure 1. A network with 4 vertices, two bipartite

hyperedges (lines), one tripartite hyperedge (shaded
rounded triangle) and two different LOCC protocols
indicated by arrows. In protocol (a) one party
implements a local quantum channel and sends classical
information to others. In protocol (b) two parties
implement local quantum channels and send classical
information to others. While (a) consumes one round
and two steps, (b) requires two rounds but only one
step.

of p, and €..(p;|G) is the minimal number of
rounds or steps that are necessary to prepare p;
to arbitrary accuracy from a G state by LOCC.
It follows from this definition that €. (p|G) = 0
(and, consequently, &, .(p|G) = 0) iff p € Sc(G).
Notice that these measures take integer values for
pure states, while this no longer needs to be the
case for mixed states.

It turns out that the measures &. and &, are
intimately connected to a well-known quantifier
in quantum resource theories. We define the
network-entanglement weight as

Ew(plG) = min p st. p=(L—plo, (3)

O’ESC(G)
which is an instance of the so-called best free
approximation [40] or weight of resource [41].
All these measures are well-defined from the
resource-theoretic point of view:

Observation 1. The network-entanglement
measures E., &. and &, are conver, LOSR
monotonic and subadditive.

The proof of this observation is provided in
the App. II. These desirable properties of
& and &, do not imply, however, that these
measures provide a fine grained quantification
of network-entanglement. Do these measures
depend effectively on the underlying network G?
If so, how do they depend on the size and other
properties of G7 In fact, in the App. I, we show
that &, can also be interpreted as the minimal

complexity of preparing a state in a network by
LOCC if we allow more than one parties to act
non-trivially in a round. Yet, for all pure states
p it holds that &,(p|G) = 1 for every connected
hypergraph G. Thus, in the following we consider
a simple specific protocol to prepare any state in
an arbitrary network, including any mixed states.
This automatically yields an upper bound for
the communication cost and round complexity of
network-entangled states in any given connected
network by graph-theoretic parameters. We will
later show that in many general instances these
bounds are in fact optimal.

The main ingredient of the aforementioned
protocol is teleportation. Since we do not impose
constraints on the local capacity of each vertex
and source capacity in the network, the parties
connected by a hyperedge can share any quantum
state among themselves. Thus, in particular,
every pair of parties in a hyperedge can share an
unbounded number of Bell pairs and, therefore,
teleport to each other an unbounded number
of qudits. Hence, we can prepare any target
state p locally on all vertices v included in a
chosen hyperedge e and distribute the state by
teleporting to neighbors in each step until we
cover the whole network. Then, the particle for
vertex u is teleported sequentially via neighboring
vertices from a vertex v € e until it reaches
u. In this way, each vertex receives not only
its own particle, but also the particles going
through it, which are later distributed to other
vertices. This protocol is exact and consists
of max,, min,e. dis(u, v) steps, where dis(u,v) is
the minimal number of hyperedges in a path
connecting u and v. By optimizing the choice
of hyperedge e, we have that

Ec(p|G)SEC(p|G)§Th(G), (4)

where 7, (G) := minee p maxy,ey minge, dis(u, v).
Given its similarity to the radius, we term
r1(G) the hyperedge radius of the hypergraph G.
Analogously, we obtain as well that &.(p|G) <
& (p|G) < d.(G), where d.(G), which we refer to
as the connected domination number, stands for
the minimal size of a connected subhypergraph !
such that any vertex is either in it or connected
to a vertex in it. In App. III, we relate r, and d.

"Formally, given a hypergraph G = (V,E), a
subhypergraph of G is any hypergraph G’ = (V', E’) such
that V' CVand E' C{enV':e€ E,lenV’| > 2}.
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to the notion of domination in graph theory [42].
The averaged nature of & and &, leads to the
following result, whose proof is in App. III.

Observation 2. For any hypergraph G and
quantum state p, it holds that &,(p|G) <
EIG) < m(@)EIG) and E,(pG) <
Er(plG) < de(G)Ew(plG).

Remarkably, the above simple teleportation-
based protocols cannot be improved in general,
i.e., the above upper bounds are tight for very
general classes.

Observation 3. For any hypergraph G in which
there exists at least one pair of wvertices that
do not belong to the same hyperedge, and any
pure state p such that any bipartite reduced state
for such a pair of wvertices is entangled, then

£(plG) = du(G).

Observation 4. Let T be an arbitrary tree
graph and let d be its diameter, i.e., d =
maxy, yer dis(u,v), and p a pure state. If there
exists at least one pair of parties at distance d in
T for which the corresponding bipartite reduced
state of p is entangled, then E.(p|T) = rp(T).

The proofs of those two observations are
provided in App. IV and V, respectively. This
additionally shows that the measures are not
trivial in the sense that a limited number of steps
or rounds is sufficient in general to prepare any
state. It follows from the above observations that
both measures can grow unboundedly with the
size of the network. This raises the question of
whether the values of &£ and &, are given by
rn(G) and d.(G) for all G-entangled pure states.
Interestingly, the answer is negative. There exist
pure states and networks which do not saturate
these upper bounds and, in fact, the lower bounds
given in Observation 2 can be achieved. Thus, the
network does not fix the value of the measures for
all G-entangled pure states. The details are given
in App. IV.

In the above protocol, all the measurements
in the procedure of teleportation commute
with each other, since they act on different
particles. Thus, they can be implemented
simultaneously. If there is no restriction on
classical communication of the outcomes, then
the whole protocol can be finished in one run, i.e.,
all the nodes only communicate once. This leads

to another measure of network-entanglement
named as network fraction, that is,

Er(pIG) = min 3 pirs(plG). (5)

where 7¢(p;) is the number of runs of
LOCC operations to create p; deterministically,
without any limitation on the classical message

distribution. As it turns out,

E(0lG) = £4(p|G). (6)

The proof and more details are in App. L.

3 Estimation of network-entanglement
measures

From our analysis above, &,(p|G) plays an
important role in the estimation of &.(p|G) and
E(p|G). Naturally, E,(p|G) = 1 for any G-
entangled pure state p. This property holds as
well for special classes of mixed states, as proven
in App. VL

Observation 5. For any anti-symmetric state
p, Ew(p|G) = 1. For any symmetric state p,
Ew(p|G) does not depend on the network topology
G, i.e. the network-entanglement weight of p is
the entanglement weight of p.

The exact computation of our measures,
especially for general mixed states, is a hard
problem, which, in particular, requires a complete
characterization of Sc(G). In the following, for
the case of arbitrary states, we provide techniques
for the estimation of &, based on witnesses and
covariance inequalities. In turn, these results can
be applied to & and &, via Observation 2. To
ease the notation, in the following we omit the
dependence on G of the measures wherever it is
clear from the context.

3.1 Estimation based on witnesses

The witness method has been used extensively
in the detection of quantum entanglement [43],
and also in the estimation of entanglement
measures |44, 45, 46]. We show in the
following that this is also the case for network-
entanglement, where the essential step is to
construct efficient witnesses. In the App. IX, we
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show that for any network with at most k-partite
sources (i.e., a k-network), it holds that

max F(GHZ,0) < kq/(kq+ 1), (7)

oESC
where GHZ = Y52 (1) ()" /d, ka = (1 +
Vdk)?/(d — 1) with d and n to be the local
dimension and the size of network, respectively.
This leads to the k-network-entanglement witness

Wk,d =kql — (kd + 1) GHZ. (8)

Denoting wy q(p) := max{0, —Tr(Wy4p)} and
observing that Wy 4 > —1, it follows from well-
known properties of this quantifier in general
resource theories [40] that for all k-networks

Ew(p) = wia(p). 9)

This estimation is tight for the GHZ state, since
w;ad(GHZ) =1.

3.2 Estimation based on covariance

For a given state p, let us denote by I'(p)
the covariance matrix relative to some choice
of dichotomic measurements {M;}, where i
refers to the id-th party, ie, Tyi(p) =
Tr(M;Mjp) — Tr(M;p)Tr(M;p). Moreover, let
wr(p) = 2y Tij(p) — KTe(L(p)), and S(p) =
24/1 — [Tr(p?)]?. Then building on the network-
entanglement criterion of Ref. [47], we show in
App. VII that for k-network-entangled states it
holds that

wk(p)

5w(,0) > m

— B(p), (10)

The estimation in Eq. (58) is also tight for
the GHZ state considering only the Pauli
measurement 7, i.e., M; = Z for all i.

(‘:l 0.75 0.80 0.85 0.90 0.95

(@

1.00 0.75 0.80 0.85 0.90 0.95 1.00

(b)
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----- - Eq.(9)
Eq.(10)

0.4

0.2

0

1.00 0.75 0.80 0.85 0.90 0.95 1.00 p

Figure 2: Estimation of £, (pGHZ + (1 —p)1/d) for 10-
partite k-network-entanglement with the bounds given
in Egs. (9) and (10), where £ = 2 in (a) and k = 8 in
b).

For the sake of illustration, we plot in Fig. 2
the lower bounds on &,(p) for p = pGHZ +(1 —
p)1/2% to be a 10-partite state with local
dimension 2 for different values of k.

In addition to this, a see-saw method based on
semi-definite programming is presented in App.
VIII, which provides estimations from above and
works well for small networks.

4  Conclusions

We have addressed the quantification of
network-entanglement and we have provided
different such measures. In particular, the
network-entanglement weight, the network
communication cost and the  network
round complexity have a clear operational
interpretation in this scenario as the cost of
preparing network-entangled states by LOCC.
This, in turn, can be related to the quality of
local quantum memories and to the information
flow in the network. This is rather different from
the case of standard entanglement theory, where
LOCC operations are considered to be free, and
stems from the fact that network-entanglement
is a resource theory under LOSR. We have also
shown that the latter two measures are closely
connected to certain graph-theoretic quantities
and to the network-entanglement weight, and
we have used this to devise methods to estimate
them by developing more efficient witnesses.

In this work, we have assumed no restriction on
the classical or quantum capacities of the network
links, an issue that might be relevant in certain
practical scenarios. We leave for future study the
construction of network-entanglement measures
that take this into account and their relation to
the ones proposed here. We hope that our work
paves the way to a fully-fledged resource theory of
network entanglement that could eventually lead
to new features and applications of entanglement
in the network setting.
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Appendix

Throughout this document, we follow the same notation established in the main text. Given a
hypergraph G, V will always denote the set of its vertices and E the set of its hyperedges (whose
elements are subsets of V' of cardinality at least 2.). If all the elements in E have cardinality equal to
two, then we refer to G as a graph and to the elements of E as edges. The distance dis(i,j) of two
vertices 7,7 € V' is the minimal number of hyperedges connecting them. By N (v), we denote the set of
vertices that are adjacent to vertex v € V in a given hypergraph. The radius of a hypergraph is given
by min,ecy maxyecy dis(u,v) and the diameter by max,cy max,cy dis(u,v).

| Network-entanglement weight

In this section, we provide an interpretation of the network-entanglement weight as some form of
complexity of preparing the state in the network by LOCC operations. Measuring the complexity of
an LOCC protocol by rounds puts the main constraint in the fact that only one party is allowed to
send classical information per round, while the main constraint when we use steps is that classical
information can only flow to neighbors in each step. Thus, arguably, the loosest way in which we can
measure the complexity of an LOCC protocol is by lifting these two limitations, which leads to what
we refer in the following as runs. Thus, in one run an arbitrary number of parties can implement
local quantum measurements and the corresponding outcomes can be transmitted to any other parties.
The only limitation arises from the fact that the particular local POVMs to be implemented by some
parties may depend on the classical information produced by previous local measurements, which gives
rise to the notion of run. More precisely, when an LOCC protocol is decomposed as a sequence of
runs, in each run any number of parties can implement a local quantum channel conditioned on the
classical information produced at previous runs. These parties can then send to all other parties
classical information based on the outcome of their channels. Local correction channels (wich cannot
be postselected and produce no classical information) can then be applied by any party and after this
a new run can start. See Fig. 3 to see the illustration of the concepts rounds, steps and runs. The
main observation in this section is as following.

(a) (b) (c)

Figure 3: A network with 4 vertices, two bipartite hyperedges (lines) and one tripartite hyperedge (shadowed rounded
triangle), where the arrows indicate the communication direction of classical information after parties implement
local operations. In protocol (a) one party implements a local quantum channel and sends classical information to
all others, who implement local unitary corrections. This consumes one round, two steps and one run. In protocol
(b) two parties implement local quantum channels and send classical information to their neighbors, who implement
local unitary corrections. This consumes two rounds, one step and one run. In protocol (c) all parties implement local
quantum channels and broadcast classical information, which is then used by all parties to implement local unitary
corrections. This consumes four rounds, two steps and one run.

Observation 0. In a network described by a connected hypergraph, any network-entangled state can
be generated with an LOCC protocol consisting of a single run.
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We delay the proof of this observation to the end of this section.

Let r£(p|G) denote the number of runs to prepare the state p to arbitrary precision in the network
G with an optimal LOCC protocol. The above result means that r(p|G) = 1 if p is G-entangled and
7¢(p|G) = 0 otherwise. This implies that the network entanglement weight, which we have defined to
be

Ew(p|G) == min ps.t p>=(1-p)o, (11)
0€Sc(Q)
is equivalent to
Er(plG) == min 3 wirs(pi|G), (12)

where the minimization runs over all states {p;} and convex weights {w;} such that p = >, w;p;. Thus,
Ew(p|G) can be interpreted as the average number of runs to prepare the state p in the network G.
To see this, notice first that for any o € S¢(G) and p € [0, 1] such that p = (1 — p)o, we have

p=po' + (1 -p)o, (13)

where 0’ = (p—(1—p)o)/p = 0 by assumption. Since r¢(c’) < 1andrs(o) =0, we have E(p|G) < p by
definition and consequently E¢(p|G) < Eu(p|G). Secondly, for any convex decomposition p = >, w;p;,
denote p({wi, pi}) = > 5 zs0() wi and o({wi, pi}) = 325 . es0(a) wiri/[L — p({wi, pi})]. Clearly, p =
[1 — p({wi, pi})] o({ws, pi}). Hence, p({w;, pi}) > Ew(p|G). By definition,

Er(plG) = min 3 wiry(pi|G) = min p({wi, pi}) = EulplG)- (14)

Before we prove Observation 0, we introduce our basic techniques in the proof.
In the d-dimensional case, denote ¥ = |¢)(¢| and |¢p) = 2L ,|ii)/vd. Denote By, =
Us(ft)\I/rtst Us(it)T, where U(i) = U® is a unitary acting on the particle with label k. We remark that

{U (@) ", are generalized Pauli matrices in d-dimensional space, which form the group G4 with respect
to matrlx product [48]. To be more explicit, all the elements in G, are {U;w} i j—1, where

d—1 :
- 211
Ok,j = E Im + k)w!™(m|, w = exp (7) (15)
m=0

Notice that any two different elements in the group G; are orthogonal in the sense of the Hilbert-
Schmidt inner product, i.e. Tr[(oy ;)Tow ;7] = 0if k # K or j # j'. Then, by definition, By;,’s are
orthogonal projectors for different i;.

Hereafter, in a slight abuse of notation we do not distinguish M}, from M) ® 1; where k are the
labels for other parties than k. We firstly mention some basic mathematical results:

o Uy|yp) = UL |4, which implies Uy U1,U) = UL W1,U3, where Uy and Uy are the same unitary U
but act on parties 1 and 2 respectively.

[ ] TI‘23[M12\I/34\I/23] = M14 and TI“Qg[(Mlg\I/34)(U3\I/23U§)] = UIM14U21, Where M12 and M14 are the
same matrix but supported by different parties.

For the completeness, we provide the proof here. Denote u;; to be the (i, j)-th element of the unitary
U. Direct calculation shows that

Ur|y) o Zuw (jl @ 1) |kk) = Zum\zk JR—ZUU’U (16)
7]k Jk‘

U3 [) o< Y ug (L@ [5)(i]) [kk) = Y ugjlkj) zk—Zuwlm. (17)
Jk ,jk
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Assume the matrix M = 37,1 mijnli)(j| © [k)(I]. Then

Tros[Mi2WssWas] = Y mijua(rriaslik) (jlli2lpp) (aglsaltt)2s (18)
ijklpqtr
> MijiGrk0udrpdaeli) (il11p) (a4 (19)
ijklpqtr
= > mgnald) (Gl k) (U = Mia. (20)
ijkl

Consequently, we have

TF23[(M12‘I/34)(U3‘I’23U§)] = TI“23[M12(U§‘I’34U3)‘I/23] = Troz[M12(U; U3,U7 ) W3]
=U; Troz[ Mo W34 Wos|UL = U MUY . (21)
If we want to teleport a particle from one end of a line to another end, c.f. the example in Fig. 4, a

typical way is to do the teleportation between neighbor nodes sequentially. We claim that this can
also be done in one run by all nodes sending classical communication to the last one. For the following

e rn s; r s r3 s3 ry Sa s
[0 OfF——10 OF——F0 OF—+F0 °

B;, Bi, Bi, B,
1 2 3 4 5

Figure 4: A path with 5 nodes, where B;, is the projection corresponding outcome % of the Bell measurement, the
source containing particles sirg11 is the maximally entangled state for each k. The particle r; is initially entangled
with an extra system labeled by e.

derivation, one can examine it with the example in Fig. 4, where the task is to teleport the state of
r1, which is in correlation with an extra party e, to r5. Denote 0y,4,. 4, the post-measurement state in
the registers e and r,41 after obtaining measurement outcomes 71,2, ...,4, from the sequential Bell
measurements on the initial state pe,,. Then we have,

Tiyigorin XTI, n [Pen (H: ) ‘I’skrkﬂ) (H: ) Bm)] (22)
:Tr2,...,n [Trl (perl Ysiry U( )‘ljrlsl U(ll) ) (1_[:_2 \I]skrk+1) (HZZQ Us(ik)‘l]rksk Us(ik)T)} (23)

s (08 07 (T W) (TT, U ) o)

(25)
T [(TL_ ) per (T1,_,, Uﬁ}}))T (Varros ) (U0, U] (26)
(L U pers (TL_ US,) 2

where the first line is by definition of o;,4,. i, , the second line is from the definition of By, , the third
to the last lines hold due to the aforementioned mathematical results.
Consequently, we know that

—_yT R Vi
pern+1 - ‘/;"n+10—7‘17‘2“'7‘"‘/7'n+17 (28)

where V = U yin-1) ... (1) ig g unitary totally determined by i1,--- ,i,. Since all U*) are in
the group Gy, V is also one element in this group. This entails that we only need to implement one
correction with a unitary in the group G, instead of a sequence of unitaries, thus the whole procedure
consumes only one run.

Then we proceed to prove Observation 0.
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Proof. Without loss of generality, we only need to prove the statement for the case in which G is a
tree graph. This is because any source in the network can produce arbitrary bipartite states between
all pairs of parties connected by this source. Thus, any hyperedge can be transformed into edges
connecting all pairs of vertices in the hyperedge. In this way, from any given connected hypergraph,
we can produce a connected graph, which will always contain a tree, from which the above claim
follows.

Then we can choose the node denoted by 1 as the root of the tree and generate the state p locally
on this node firstly. Notice that there is always a path Pj to connect 1 and any other node k in G
since G is a tree by assumption. Since there is no limitation on the power of sources and local nodes,
we can do the teleportation protocol along paths {Pk}kev(g) independently at the same time (See
Fig. 5 for an illustration).

O

4
5 e

oO— o

S o— 15
) , T 2 O —0
3 1 2 3

(a) (b)

Figure 5: (a) A tree network with 4 nodes; (b) The paths to connect node 1 to any other nodes, along which the
entangled particles (in the big blue circle) prepared in node 1 are teleported to other nodes.

Il Proof of Observation 1

Observation 1. The network-entanglement measures E., &, and &, are convex, LOSR monotonic and
subadditive.

Proof. We prove the desired properties for £.. The cases of &, and &, follow analogously.

Convezity: For a given set of states {p;}+, denote by p = >, ptp; an arbitrary convex combination of
them. Assume that E.(pr) = Yy, Pre€c(Pr, ), With py = >"4 Dk, pr,- This induces a convex decomposition
of p, that is, p = 37, 32y, ptPk,pr,- By definition, E(p) < 34, pepr,€c(pr,) = i pe€elpr). The
convexity of &, and &, can be proven similarly.

Subadditivity: Assume that E.(pr) = Dk, Pr€c(pr,), With py = 374 pr,pr,- Let p = @ _1p;. The
subadditivity of &, that is E.(p) < >, E(pt), follows from the fact that we can act separately and
simultaneously on the p;’s. Indeed, since p = ®i_1 Yy, Pk, Pk, and Ec(pr) = >k, Pk, €c(pk, ), then

Elp)< > [ﬁpk,] e (é%)ﬁ > [Hpkl] max ec(pr,) < D alkl]Zt:EC Pk.)

K1, kn LI=1 1, kn Li=1 By kon
n n n

> [H] ) = 3 (o) = 3o )
t=1k,....kn Li=1 t=1 ky t=1

The same argument holds also for &, and &, if we replace €. by €, and ¢,, respectively.

LOSR monotonicity: Since &.(p) is convex, we only need to show that £.(p) does not increase
under local operations. Denote C the channel corresponding to local operations and let p = >, pip;
be the decomposition such that E.(p) = >, piec(pi). Notice that €.(C(pi)) < ec(pi) Vi since we
can always attach the local operations to the last round of the LOCC protocol. This implies that
Ec(p) > Y ipiec(C(pi)) > E:(C(p)). The proof for &,(p) and &, (p) follows along the same lines. O
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Il Graph parameters, teleportation protocols and proof of Observation 2

A given subset S of vertices of a hypergraph G is dominating [42] if every vertex not in S has a
neighbor in S. A subgraph G’ is dominating if the corresponding vertex set is, denoted as G’ C4 G.
The connected domination number d. from the main text boils down then to the minimal size of a
connected dominating subgraph. The hyperedge radius is related as well to the notion of domination.
Namely, it holds that

rp(G) =mink,
s.t. G; Cq Gi+1,Vi =0,...,k—1
Gr = G, Gy is a hyperedge. (30)

To see this, notice first that if 7,(G) = £/, then we can denote by e one hyperedge achieving the
value k', and by G; the subgraph of G induced by all the vertices u such that minye, dis(u,v) < i.
By definition of the distance, we know that G; Cq G;11 and Gg = e is a hyperedge. By definition of
the hyperedge radius, we have Gj» = G. Thus, we have one feasible instance in Eq. (30). Conversely,
assume now that {Gi}le is a sequence of subgraphs such that G; Cq G411, G = G and Gy = e is
a hyperedge. Since any vertex in G4 is either included in G; or connected to at least one vertex in
G, by definition of domination, any vertex in G' can be connected to the hyperedge e with at most k
hyperedges. That is, r,(G) < k. This proves Eq. (30).

To help the reader understand the teleportation-based protocol and that its number of steps and
rounds is respectively r;(G) and d.(G), we present an example in a network corresponding to the
hypergraph with 7 vertices shown in Fig. 6 with the aim of preparing a 7-qubit state. The whole
protocol goes as follows:

(a) The bipartite source for parties 1,2 prepares a Bell pair and the bipartite source for parties 4,5
prepares three Bell pairs. The tripartite source for parties 5, 6, 7 prepares two Bell pairs for parties
5,6 and parties 5,7, respectively.

(b) The tripartite source for parties 2, 3,4 prepares the target state for all the 7 parties, where the
particles for parties 1,2 are firstly collected by party 2, the one for party 3 by itself, and the ones
for parties 4,5,6,7 by party 4.

(c¢) The particle for party 1 is then teleported from party 2 to party 1 consuming the corresponding
Bell pair.

(d) The particles for parties 5, 6, 7 are teleported from party 4 to party 5 consuming the corresponding
three Bell pairs.

(e) Party 5 teleports the particles for party 6 and 7 respectively, consuming in each case the
corresponding Bell pair.

This LOCC protocol consists of three rounds (corresponding to (c¢), (d) and (e) above) as only parties
2,4,5 act non-unitarily and must send classical information to the rest. On the other hand, it only
consumes two steps as all classical communication needs to be sent only to neighbors and part (c) and
(d) of the protocol can be grouped in a single step. Notice that, indeed, the hyperedge radius 7, of
this hypergraph is 2 and the connected domination number d. is 3, as one can readily verify. We move
now to the proof of Observation 2.

Observation 2. For any hypergraph G and quantum state p, it holds that £,(p|G) < E(p|G) <
rh(G)Ew(p|G) and E4(p|G) < & (p|G) < de(G)Ew(p|G).

Proof. We give the exact proof for £.(p|G) and the case of &, (p|G) follows exactly the same reasoning.
In the main text we have shown that 1 < e.(p|G) < r,(G) for every G-entangled state p. Thus,
ew(p|G) < e(p|G) < mh(G)ew(p|G) holds for any state p. Now, by definition of &.(p|G), there is a
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>

Figure 6: A network with 2 tripartite sources and 3 bipartite sources in (a) and the teleportation protocol in (b),
where the arrows indicate the teleportation direction and the labels of the arrows indicate the teleported particles for
the corresponding parties. The initial state for all parties is prepared by the tripartite source including vertices 2, 3, 4.
Only vertices 2,4,5 implement non-unitary local quantum channels throughout the nested teleportation scheme.

decomposition p = >, pip; such that E.(p|G) = X, piec(pilG) > > picw(pilG). Thus, E,(p|G) <
E:(p|G). On the other hand, by definition of &,(p|G), there is a decomposition p = Y, p;p; such that
rr(G)Ew(p|G) = 32, picw(pi| G)ra(G) 2 32, picc(pil G) = Ec(p|G). =

IV Proof of Observation 3

Observation 3. For any hypergraph G in which there exists at least one pair of vertices that do not
belong to the same hyperedge, and any pure state p such that any bipartite reduced state for such a pair
of vertices is entangled, then &-(p|G) = d.(G).

Proof. Notice that £,(p|G) < &-(p|G) < de(G)Ew(p|G). In the case that d.(G) = 1, we only need to
prove that £,(p|G) = 1, that is, the pure state p is G-entangled. This is indeed the case since any
bipartite reduced state 7;; for non-adjacent vertices ¢ and j (which must exist by assumption) of a G
state 7 is separable. Therefore, so must be every state obtained by LOSR from 7 and, since the set of
separable states is closed, the same applies to any state in Sc(G), while p;; is entangled.

We turn now to consider the case that d.(G) > 2. Then for any vertex i, there is always another
vertex p; such that those two vertices share no common source (i.e. they are not adjacent). Otherwise,
the vertex ¢ is connected to any other vertex and we would have that d.(G) = 1. This implies that
the reduced state 7;), is separable for any G state 7. Using the same argument as before, a state p
fulfilling the hypothesis of this observation must then be G-entangled. We claim that such a pure
state p cannot be prepared to arbitrary accuracy from G states with round complexity strictly less
than d.(G), i.e. & (p|G) > dc.(G) — 1. For a LOCC operation A with round complexity d.(G) — 1, let
us denote by S the set of vertices which send information (hence, |S| = d.(G) — 1) and by N (S) the
set of vertices either in S or being neighbors to at least one vertex in S. We consider first the case in
which the subhypergraph of G induced by S is connected. By the definition of d.(G), there are still

vertices not belonging to N(S), i.e., N(S) # 0. Let 7 be an arbitrary G state, i.e.,

T = ®56E(G)’767 (31)

where the {7.} are the source states in the network G. Any LOCC operation A as above can be
written as

0= (X e [Bues 4]0 (@, Bl ) (i v [ @ s 4]0 [ @, BiELL]). 32

where ig = {iy}ves encodes the information sent around in the LOCC protocol, the superscript (u)
in A" and B™). indicates the vertex being acted on, and

ig 15,%u
2 @, A [ @5 4] = 1 (33

> BYI B, =1,vis. (34)

185%u” 1S,
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For convenience, let A;g = @ ,cq AW Big.iy = ®u€TB(u) and S’ = SUN(S). Then we have

15 15,0y
TrarsnsA(T)
T
_ . o o T , o
- ) ZGV (AZS ® B’LS,ZW) TI'N(S)\S[(]IS/ ® B’Ls,ZN<S)\S)T(]lS’ & BisviN(S)\S)] (A’Ls & BZSJW) (35)
.I.
= ZS (Ais ® Bis,iN(S))TrN(S)\S(T )(Ais ® Bis,im) (36)
2,VE /
i
= ZGS/ (Ais ® Bz’s,im> TrN(S)\S(®eeE(G)’Ye)(AiS ® Bisﬂ'w) : (37)

By definition of N(S), there is no edge e € E(G) such that e NS # () and e NN(S) # 0 at the same
time. Hence, Trp(g)\s(®eccr(G)Ye) 18 a separable state in the bipartition S|A(S), which is still so after
the separable map

5 (0 Brg) (49 B -
iy, VES!

Consequently, the reduced state of any state A(7) remains separable in the bipartition S|N(S) and,
since the set of separable states is closed, the same applies to any state that could be approximated
to arbitrary accuracy by a sequence of such protocols. On the other hand, the assumption that all
possible bipartite reduced states of p for non-adjacent vertices are entangled implies that all reduced
states of p are entangled in all bipartitions that split at least one pair of non-adjacent vertices. As
this is the case for S|N(S), this entails that €,(p|G) > d.(G) — 1. Given that p is pure, this leads to
& (p|G) > d.(G) — 1, finishing the proof for the case in which the subnetwork of G induced by S is
connected. An example with a grid graph is provided in Fig. 7.
Similarly, when the subnetwork of G induced by S is not connected, the reduced state

Trgh(r) = Y A Trg(r)Al (39)

Gy, VES

should be separable in some bipartition since Trg(7) must be separable in some bipartition and the

map ;. es Aig - A;rs is a separable map. Thus, the same argument as above leads us to the desired
claim in this case as well. O

Notice that for a hypergraph G in which every pair of vertices is adjacent the fact that &.(p|G) =
d.(G) = 1 for every pure G-entangled state is obvious. Thus, Observation 3 shows that the upper
bound in Observation 2 is tight in the sense that there always exists a large class of pure states that
saturates it for any network G. Notice that a particular example of states that meet the hypothesis of
this observation for any hypergraph of n vertices in which there is a non-adjacent pair is the n-qubit
W state [49].

However, for a given network and a given state, strict inequality may hold. Take, for instance,
the state [¢) = (]000) + [111)) ® |0)/+/2, which must be G-entangled for any graph G since there
can at most be bipartite sources, and consider for example G = Cy (i.e. a cycle with 4 vertices).
Hence, &, (|1)(¥||C4) = 1. However, the state |¢)) can be prepared from Cy-states with only one round
of LOCC, i.e., &(|0)(W]||Cy) = Eu(|0)(W]||Cy) = 1 < 2 = de(Cy)Ew(|0)(¥||Cy). The procedure to
generate [¢) from a network state with round complexity 1 is as follows:

[T )12 ® [0 )23 @ [0)s (40)
©(10000) + |0011) + [1110) + [1101)) @ |0)4/2 (41)
220 (1000) + [111)) & [0)4/v/2, 1 : (J001) + [110)) @ |0)4/v/2 (42)
= (43)

(1000 + |111)) @ [0)4/+/2, 43

41
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(a) (b)

Figure 7: A network represented by a grid graph in (a) and the reduced subnetwork by excluding the vertices in

N(S)\ S in (b).

where |[UT) = (|00) +|11))/v/2, Cs is the CNOT gate controlled by the first qubit on the second vertex,
My is the measurement {|0)(0],|1) (1|} on the second qubit on the second vertex, and Us is the unitary
depending on the measurement outcome of Mo, i.e., Us = 1 if the outcome is 0 and Us = X if the
outcome is 1.

V  Proof of Observation 4

Before addressing the main goal of this section, let us point out that, on the analogy of the example
we have just considered for Cy, we can prove strict inequality with the upper bound and attainability
of the lower bound in Observation 2 for particular states and networks in this case as well. To wit,
E(|9)(8]|C5) = 1 < 1 (C5) = 2, where |¢) = (]0000) +[1111)) ® |0)/+/2 and Cj is the cycle graph with
5 vertices. The argument follows the same logic as before using that the state (|0000) + [1111))/+/2
can be prepared in the line graph L4 using only one step as r,(Ls) = 1. We denote by L,, the line
graph of n vertices, where V. ={1,2,... ., n} and E={{i,i+ 1} :i=1,2,...,n— 1}.

We move on now to prove Observation 4. In order to do this, we will derive firstly several lemmas. In
what follows we use the term action (by party ¢) to refer to a one-round LOCC protocol in which party
i implements a measurement, sends classical information to some non-empty subset of its neighbours
and all parties implement then corrections accordingly. A step then can be viewed as a concatenation
of actions fulfilling the rule that we have given in the main text. Notice that it follows from the
definition that the order in which each acting party in a step acts can be chosen at will.

Lemma 1. Given a graph G, if party v acts, w € N(v), w',w” ¢ N(v), and the input state has a
marginal for vww'w” that is separable in the bipartition vw|w'w”, then the output state retains this
property.

Proof. Let ) #S C N(v) be the set of neighbours of v who receive classical information from v. The
map A corresponding to this action has Kraus operators of the form

{AV e @41« @B}, (44)

ues ugS

where
S ANAY =1, SBMYBM =1 vu¢ s, (45)

iy (2
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and for every u € S and every i,

St A — 1. (46)

Let 7 denote the input state to the protocol. If we assume that w € S, then it holds that

(A(T)) vwwrwr =
Y (@AY @B © B (AP @ AL © B o BEOY, (47)
and the result follows. If, on the other hand, w ¢ S then
(A7) pwwrwr = Z (Az(:) ® Bi(;u) ? B§$,) 2 sz’/’))vaw,w,,<A§:) ® BZ(;ﬂ) @ Bi(:,,) ® Bz‘(j//))T’ (48)
and the result follows as well. O

Lemma 2. Given a graph G, if party v acts, w,w’ ¢ N(v), and the input state has a marginal for
ww' that is separable, then the output state retains this property.

Proof. With the same notation as in the previous lemma, we now obtain that
ATww = > (B @ B (B @ B, (49)

and the result follows. O

Lemma 3. Any state p such that rp(p|Ly,) < [n/2] — 2 must have the property that the marginal p1y,
is separable.

Proof. Notice that throughout this proof we can ignore shared randomness as separability is preserved
by its use. Moreover, since the set of separable states is closed, it suffices to establish the claim for
exact LOCC protocols. The proof is by induction. We will first prove the base cases L3 and Ly and
then we will show that the property is true for L, s if it holds for L,.

To see that the claim holds for L3 we have to consider protocols with communication cost equal to
zero. Our input state 7 corresponding to bipartite sources in Ls (i.e., T is an arbitrary Ls-state) always
has the property that 3 is separable and the output state p obtainable from a zero-communication
protocol reads

p= Y (A ®Bj, ® Ci,)T(A;; @ By, @ Ciy)T, (50)
11,12,3
and, hence,
P13 = Z(Ail ® Ci3)713(Ail ® C’ig)T, (51)

i1,i3
obtaining the desired result.

That the result is true as well for L4 readily follows from the case above. Indeed, we can regard L,
as Ls with parties 3 and 4 joint together. Therefore, in a zero-cost protocol p134 must be separable in
the bipartition 1|34 and, consequently, p14 has to be separable.

We assume now the claim to be true for L,. We can regard L,.9 as L, if we join together parties
1 and 2 and parties n + 1 and n + 2. Hence, by the induction hypothesis, any state p’ obtained after

n+2 n
—3=|=]|-2
et
steps must be such that p’1’27n+17n+2 is separable in 1,2|n + 1,n + 2. Now, we have one more step to

reach p from p’ consuming the overall [(n + 2)/2] — 2 steps. It can be that in this last step party 1
acts or not. If party 1 acts (and must therefore send classical information to 2), by Lemma 1 after this
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action the reduced output state remains separable in 1,2|n + 1,n + 2 (and, consequently, in 1|n + 2).
This property will be preserved within this last step by any potential action by n 4+ 1 or n + 2 due
to Lemma 1. Finally, any potential actions by {3,4,...,n} will preserve separability of the reduced
output state in 1jn + 2 by Lemma 2. If party 1 does not act, independently of whether party 2 acts
or not the reduced output state remains separable in 1,2|n + 1,7 + 2 at this point because of Lemma
1. By the same argument as in the previous case the final reduced output state will be separable in
1jn + 2 after the potential actions of {3,4,...,n + 2} within this last step. O

Lemma 4. Any n-partite pure state p such that the marginal p1,, is entangled fulfills

n

EcpiLn) = L) = 5] - 1.
Proof. Tt follows immediately from Lemma 3 that in this case ry(p|L,) > [n/2] —1 = r,(Ly,). Since p
is pure, this implies that E.(p|Lyn) > rn(Ly), while Observation 2 tells us that E.(p|Ly) < rp(Ly). O

We are now in the position to prove Observation 4.
Observation 4. Let T' be an arbitrary tree graph and let d be its diameter, i.e., d = maxy e dis(u,v),
and p a pure state. If there exists at least one pair of parties at distance d in T for which the
corresponding bipartite reduced state of p is entangled, then E.(p|T) = rn(T).

Proof. Let v; and vg11 be an arbitrary pair of vertices at distance d in T such that the reduced state
Pvivg,, is entangled and let V' = {v:}&*] be the set of vertices in the path that connects them. Let
moreover V' be the set of vertices not in ¥’ that branch out of v; for each i (notice that V{ and Vj

must be empty). Then,
d+1

Now, suppose that for each i we allowed all parties corresponding to vertices in V/ to act jointly
together with v;. Then, the new network that we effectively obtain is Lgi1 (where the first vertex
corresponds only to party v; and the last only to vgy1). Thus, Lemma 4 and our assumption on p
impose that E.(p|T") > r,(T") and the result follows. O

VI Proof of Observation 5

In order to fulfill the goal of this section, we first quote two useful results from [29].

Lemma 5. Any n-partite anti-symmetric state or entangled symmetric state is k-network-entangled
for k <mn.

Lemma 6. Any state in a convex decomposition of an anti-symmetric state (a symmetric state) is
still anti-symmetric (symmetric).

Now we can prove Observation 5.
Observation 5. For any anti-symmetric state p, £,(p|G) = 1. For any symmetric state p, E,(p|G) does
not depend on the network topology G, i.e. the network-entanglement weight of p is the entanglement
weight of p.

Proof. For a given network G, let p denote the target state and p = &£,(p|G). Then there exists a
decomposition p = (1 —p)o +p7, where 0 € Sc(G) and 7 is an arbitrary state. We firstly consider the
case that p is anti-symmetric. From Lemma 6, we know that o is still anti-symmetric. Then Lemma 5
leads to an contradiction if (1 — p) # 0. Thus, £,(p|G) = p can only be 1.

If p is symmetric, similarly, o is still symmetric. Then Lemma 5 implies that o can only be separable.
Thus, o can be prepared in any quantum network. Consequently, £,(p|G) = p is independent of the
network topology G. O
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This result implies that for symmetric states the network entanglement weight boils down to the
entanglement weight, i.e., the minimization over S¢(G) can be replaced by a minimization over the set
of fully separable states, which is much better characterized.

VIl Estimation based on covariance matrix

For a given state p, denote p = &,(p) and p = (1 —p) 3, pio; +p7 with 0; € St, T'(p), I'(p;)’s and IT'(7)
the covariance matrices of p, p;’s and 7 with the +1-measurement M; on the ith party. We introduce
the matrix T as

T =T(p) = [>-(1 = p)pil(pi) + (7)), (53)
which is also semi-definite and [T};| < B(p) = 2¢/1 — &2 with £ = Tr(p?) [47]. Besides, it is known
that [47]

> Tjilpi) < KTe(D(p:)), (54)
4l
> Ti(r) <nTe(T(7)), (55)
4l
> Ty < nTe(T). (56)

jl
Thus, we know that

3, Titlp) < kY (1 = p)piTe(T(p0)) + npTe(T(7)) + nTe(T)

= kTr(T'(p)) + (n — k) [pTe(T(7)) + Tr(T)]
< kTe(T(p)) +n(n — k)lp + B(p)]- (57)
In the second line, we have made use of the fact that (1 —p) > ; piTr(I'(p;)) = Tr(T'(p)) — pTr(I'(7)) —

Tr(T). The third line holds because each diagonal term in I'(7) is no more than 1 and each diagonal
term in 7" is no more than 5(p). As a result, for all k-networks, we have that

w(p)

& > —— - 58
where w(p) = >2;; Tii(p) — kTr(I'(p)), and B(p) = 24/1 — [Tr(p?)]?. The estimation in Eq. (58) is also
tight for the GHZ state |GHZ) with only the Pauli measurement Z, i.e., M; = Z for all i.

For the n-partite noisy GHZ state p = p| GHZ)(GHZ| + (1 — p)1/2™ with local dimension 2 and the
measurements to be Z for all the parties, we have

2
w(p) = pr(n — k), Bp) = # 1= o4 dﬂ . (59)

VIIl Estimation based on a see-saw method

All the estimations given in the main text are from below, here we use a see-saw method and semi-
definite programming to estimate &, (p) from above. Nevertheless, this method works in practice only
for small networks due its computational cost.

By definition, £,(p) = minyes,(q),-p such that p = (1 — p)o + pr. Denote 6 = (1 — p)o, the
definition of &,(p) can be reformulated as follows:

min Tr(p — &)
st.p>0= Z)\ N <®i€VCi(>\)> [®66E:0£)\)} ’

Z)\p)\ < 17 P > 07 Cz()\) is a Channel, Pg/\) > 0. (60)
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In principle, the size of {p)} could be infinite. If we specify the size of {p)} to be a finite number, the
resulting optimal value is an upper bound of &, (p). This leads to a see-saw method.

p
0.94(

0.92}
0.90; — Source states

0.88/ Combination

0.861 \

0.84f
0.82F

0.80[ ,
L L L L 1 L L L L 1 L L L L 1 ) Z
0 5 10 15

Figure 8: Estimation p of &,(p) with the see-saw method for the tripartite state p = 0.8GHZ + 0.21/64 whose local
dimension is 4, the quantum network is the triangle network. For the combination method (blue line), we generate
10 x i network states randomly and optimize over the non-negative combination for ¢ = 1,...,15. For the method
with optimization over source states, we generate the source states randomly, and then optimize one source state at
the i-th step.

s, then we optimize over {py}r. At

each of the following steps, we pick up one of {py}x, CZ»(/\)’S and pg/\)’s as the variable and fix the rest,
then we optimize over this variable. This is always a semi-definite program. The solution at each step
provides an upper bound of £,(p). The quality of this upper bound depends on the initial assignments,
the size of {p)} and the number of steps.

Here we take two simplified versions of the original see-saw method for illustration, where the state
is the tripartite state p = 0.8GHZ + 0.21/64 whose local dimension is 4, and the quantum network
is the triangle network. In the first version, we firstly generate a set of network states randomly, i.e.,
a set of local channels and source states. Then we optimize over the non-negative combination of
those network states. In the second version, we firstly generate the source states randomly, and then
optimize each source state in an iterative way. In this simplified version, we take no local channels and
combinations. As illustrated in Fig. 8, the second version converges to 0.8 much faster and performs
better.

Initially, we generate random assignments of C’,L»()‘)’s and p

IX Witness and estimation based on witness

Lemma 7 ( [50]). For two projectors P and Q) sharing no common eigenvector, there is a unitary U
such that

t
UPU' = [P, , P @ Dp, (61)
¢
UQUT = [P, _, @i ® Dq. (62)
where Dp and Dq are diagonal matrices whose entries are either 1 or 0,
p_ 1 0 Q; = cg CiSi (63)
0 0] T s 82

where ¢;’s and s;’s are positive real numbers and c? + s? = 1.
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Lemma 8. (Uncertainty relation for two projections) For two projections P and Q satisfying PQP =
AP with 0 < A < 1, it holds

(@ < HUPY, falz) =1 (A1 —2) = /(1 - Na)?, (64)

Proof. Without loss of generality, we assume that P and @ are already in the block diagonal form
in Eq. (61). The condition that PQP = AP implies that P;Q;P; = AP; and DpDgDp = ADp. In
the case that Dp and Dg are not empty, A can only be either 1 or 0, which contradicts with the
assumption that A € (0,1). Hence, both of Dp and D¢ are empty.

Then for any state p, we have

t

¢
(P)=Tr(Pp) =) Tr(Pips), (Q) =Tr(Qp) =) _ Tr(Qips), (65)
iz1

=1

where p; is the i-th diagonal 2 x 2 block of p.
Since fy(z) is a convex function for any A € (0, 1), we only need to prove that (Q;) < fa((F;)).
Denote = (P;) and the state is p;, then the form of P; implies that

pz:["” Y ] (66)

gfr 1—2z

where |y| < y/x(1 — ). Since @Q; is also a real matrix, we can assume y to be real without changing

(F;) and (Q;).
It is direct to see that

Qi) =dx+ (1 =XN)(1—2)+2,/A\1-=Ny (67)

<Az + (1-M\)(1 - 2) +2\/)\1— ) (1 — ) (68)
=1 (el =N — /(1 - 20, (69)
with x = (F;). O

For a unitary operator g, denote [g] the projector into the eigenspace with eigenvalue 1 of g, and
([g])p the corresponding mean value with the state p. In the case that 1 is not an eigenvalue of g, the
projector [g]| = 0.

In the following we use A > B for Hermitian matrices A and B to denote that A — B is positive
semidefinite.

Lemma 9 ( [30]). For two commuting unitaries g and h, it holds

[gh]=[g][h]=[g] + [R] — 1.

Lemma 10. If the unitary g satisfying ¢g* = 1 for some integer d, we have
1 -1
2
=4 Z g - (70)
k=0

Proof. As g¢ = 1 the eigenvalues of g are w/ with w = e F and j = 0,...,d — 1. Let |g;) be the
eigenstate of g corresponding to eigenvalue w? and it holds

d—1

1 d—1 1 A
=2 0" =2 > wlgihgil = lgo) ool = Tg]. (71)
k=0

7,k=0

O]
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To proceed, we firstly recall the definition of d-dimensional Pauli matrices, i.e.,

d—1

d—1
Z=> wFky k|, X =Y |k)}ke 1l (72)
k=0

k=0

Then a d-dimensional Pauli string for a n-partite system means ®;'; M; where M; is either X, Z or
identity 1. We also denote Z; (or X;) the corresponding Pauli string with Z (or X) acting on the j-th
party only for convenience.

Observation 11. For any two non-commuting operators g and h as strings of d-dimensional Pauli
matrices such that gh = whg where w® = 1, we have [g][h][g] = [g]/d and consequently [h], <
f1ya([g1,) for any state p.

Proof. Direct calculation shows that

d—1 d—1 d—1
1 1
[g][h][g] = Z g*nig¥ d ST whipd ghtH d2 Z [Whh] "t = -2 [w*h][g] == lgl,
kk,] 0 k! =0 ek — k=0

(73)

where we have made use of the facts that ZZ, 10 gt = Zk' 0 g = = dJg] for all k, and ZZ;(I) [wFh] =
1. O

Observation 12. For a given n-partite state p € Sc(Gp i) with local dimension d, where Gy
1s a hypergraph with n vertices and all hyperedges containing exactly k wvertices, then the following
uncertainty relation holds,

n(idfl)Z(l—[ZjZHp)Z (\/(d—l)Dﬂp—\/l—[X]p)Q’ (74)

5>l

where 3,1 in the sum run over the set of vertices of Gy, 1, and X = H?:l X;.
Proof. Firstly, we prove that

k—1

a|(-T2:20,)+ >0~ [z20,1)| = (Ja—-Dix], - - 1x1,)". (75)

J=1

Then the symmetry of the hypergraph G, j leads to the final conclusion by replacing vertices 1,...,k
in Eq. (75) with any & different vertices and taking averge of all the obtained inequalities.

Here we use the same symbols for the hypergraph and the corresponding state without confusion. To
prove the inequality in Eq. (75), we adopt the inflation technique [51, 16] and consider two inflations
of G and correspondingly the state p. The first inflation is just simply two copies of G, with
vertices labeled by 1,...,n,1’,...,n’. Denote 7 the corresponding state. The second inflation 7 takes
the same labels of vertices, and hyperedges twisted from the ones of hypergraph 7, which is described
in details as follows.

Notice that, for any hyperedge e of 7 which contains vertices 1 and n, it cannot contain all of 2,...,k
at the same time since the size of e is k. Denote €’ the hyperedge in 7 with vertices {v'|v € e}, and i
the minimal number in {1,...,k} such that i € e and ¢ + 1 & e. Then the twisted hyperedge € for 7 is
obtained from e by replacing 1,...,7 with 1’,...,4" and keeping others. The twisted hyperedge € for 7
is obtained from €’ by replacing 1’,...,7 with 1,...,7 and keeping others. For all the rest hyperedges
of 7, we simply import them also into hypergraph 7 without twisting.

By construction, we have the marginal relations that 7,41 = 741 = pii+1 foralli = 1,... k&,
since those two vertices ¢ and ¢ + 1 have the isomorphic neighboring hyperedges in hypergraphs 7, n
and Ky, for p. Similarly, 74, = 1, and 71,7 = n1,. Consequently,

[lenflrr = [ZlZnLyv [ZiZi+1~|q7 = (ZiZH-ﬂp? {XL_ = (XL; (76)
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Besides, for i =1,...,k — 1, we have
[ZiZnl, 2 [ZiZin ], + [Zi1Zaly = 1 = [ZiZia] , + [Zig1Zn], — 1, (77)

which implies that

k—1
(212w, = 21201, 2 ) [ZiZisa], + [ ZkZn], — (k= 1). (78)
1

<.
I

On the other hand, we know that
12,1, < 1, (X],) = 1(1X],). (79)

By combining the above inequalities, we obtain

k-1

f1(01XT1,) 2 ) [ ZiZil ) + [ZkZn], = (k= 1), (80)
1

-
Il

which is just the one in Eq. (75) by rearranging terms in the inequality. O

Observation 13. For a given n-partite state p € Sc(Gp ) with local dimension d, where Gy, is a
hypergraph with n vertices and all hyperedges containing exactly k vertices, denote F = (GHZ|p|GHZ)
where |GHZ) = Y"1 Ji...4)/V/d, then

(1 + Vdk)? L,k
T(d-1)+ 1 +VAk)?2  kt i

Proof. In the case that F' < 1/d, the inequality in Eq. (81) always holds. Then we only need to focus
on the case that F' > 1/d. Since Z;Z;’s and X are stabilizers of the GHZ state |GHZ), it holds that

(81)

[2;7],> F, [X],>F. (82)

Notice that the right hand of Eq. (74) is monotonically increasing for [ X', > F' > 1/d, this inequality
implies that

dk(1 - F) > (\/(d— 1)F — V1= F)*. (83)
Equivalently,
(1+Vdk)V1—F >/(d—1)F, (84)
which leads to )
< (14 Vdk) , (85)
(d—1)+ (14 Vdk)?
where the right hand decreases monotonically for d. Thus,
1+ Vv2k)?
F< w (86)
14 (1+ V2k)?
O
Let us consider the noisy GHZ state
1
p = p|GHZ)(GHZ| + (1 —p) . (87)
Since (GHZ|p|GHZ) = p + (ld_p) violate the inequality in Eq. (81) when
1+ Vdk)?>—(d—1)/(d" -1

(1+Vdk)2+(d-1)
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Figure 9: The difference F’ — F for F” in Eq. (90) and F in Eq. (81), which is always non-negative.

p cannot be from a network with k-partite sources in this case.
Denote Wyq = kgl — (kg + 1)|GHZ)(GHZ| with kg = (1 + Vdk)?/(d — 1), and wyq(p) =
max{0, —Tr(Wj 4 p)}. Then for the noisy GHZ state with local dimension d = 2, we have

(89)

ko+1
— kol .
on 2}

Eulp) 2 uka =p+(1-1) |

As shown in Fig. 9, numerical results indicate that the upper bound F' in Eq. (81) is always tighter
than the one F” from Ref. [16], which reads

, d(3=(k+1)(d+ 1)+ (k+1)%d 422+ (k+ D(d—1) —d)
F < :
= 1+4d—2d(k + 1) + (k + 1)2d2

(90)

Besides, F holds for any size n of network which is no less than k + 1, F’ was established only for the
case that n =k + 1.

X Other measures

The formalism of quantum resource theories [35] can be readily applied to the network-entanglement
scenario to obtain many different measures. Particularly, quantifiers based on the trace distance and
fidelity have been often used in entanglement theory [13| and elsewhere. Their mathematical structure
makes its estimation feasible and, in turn, they can be used to bound other measures [36]. Thus, we
define

E(p) = min 1= VF(p,0), Ex(p) = min |p—al1/2,
0€Sc

oESC

Er(p) = min —o¢|1/2, 91
tr(p) (e }ores: tht’pt tl1/ (91)

where | - |; is the trace norm, F(p,0) = |/py/03, and Si(G) is the closure of the set of G states
post-processed without shared randomness. According to the quantum resource theory, &, &tr, i are
also convex, LOSR monotonic and subadditive.

Observation 14. For any state p and any network it holds that E(p) > Ew(p).

Proof. By definition, there exists a decomposition {p¢, p;} of p such that the equality in the following
first line holds.

26 (p) = min Et:ptlpt — ot = min |p— Et:ptatll > min [p - ofy = 2u(p). (92)

O]
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Hence, any lower bound of & (p) is automatically a lower bound of &;(p). Similarly, the fact that
(|lp—0l1/2)? <1 - F(p,0) <2(1 —\/F(p, o)), which implies that for any network

Hence, any lower bound of & (p) induces automatically a lower bound on &, (p) as well.
Those measures can also be estimated as follows.

Observation 15. For any state p and any k-network it holds that Ex(p) > wi(p).
Proof.

28u(p) = in lp—oli = lp = ominl1 = [Tr[(omin — p)(L = 2GHZ)]| = [Tr[(omin — p)2W]|,  (94)

where the last equality holds due to the fact that Tr(omin — p) = 0. This implies that
Eu(p) Z [Tr(ominW) — Tr(pW)] = =Tr(pW). (95)
Since & (p) > 0, by definition of wg(p), we have E(p) > wi(p). O

Observation 16. For any state p and any k-network it holds that

ulp) 2 g = 22, (96)

where w(p) = 3, Tij(p) — kTr(L(p)), B(p) = min{r(1 — 7),2v1 — 72} with T = Tr(p?) and r is the
rank of p.

Proof. For any network state o from the independent k-network, i.e., a network with only k-partite
sources and without shared randomness, we have

w(o) <0. (97)

Notice that, the difference between its covariance matrix elements for different states can be bounded
by

Lij(p) —Tij(o) <|p—ah +|p@p—0o®@0c|i <3|p—ol1. (98)
Thus,

. . w(p) —w(o) w(p)
_ > >
AR v ey s Rl ey (99)

where the first inequality is from the fact that there are only (n? —n)+n(k—1) terms of I';;(p) —I';; (o)
in w(p).
For a given mixed state and its decomposition p = >, prp:, we have

2 pelw(pt) — w(ot)]

: ol S mi
{orglélsl r Pilpr = oth 2 {U%Iélsl 3n(n+k—2)
D pew(pr)
“ 3n(n+k—2)
_ w(p) — [sz T — KTr(T)]
3n(n+k—2)
w(p) B(p)

— 100

“3n(n+k—2) 3 (100)
where the inequality on the third line is from the fact that I'(p) = >, pI'(p1)+71 and the last inequality
holds since there are n(n + k — 2) terms of T35 in [}, Ti; — KTr(T')] and the absolute value of each of
them is no more than f(p). This completes the proof. O
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Notice that
w(p) — w(o) = Te[Mi(p — 0)] = Tr[Ma(p © p — 0 @ )] < (M(M1) + 2X\(M2))|p — o], (101)

where My = (32; M;)? —k Y2, M?, My = (3, M;)®? —k Y, M®? whose maximal singular value is A(M).

Since the absolute eigenvalues of M;’s are no more than 1 by definition, A(M;) < n(n + k — 2), which
can result in a better lower bound for & (p). More explicitly,

Eu(p) > 6:)((;%) - ’B(Gp). (102)

However, since we have to know the exact M;’s for this estimation, it is no longer measurement-device
independent.

Accepted in (Yuantum 2025-04-27, click title to verify. Published under CC-BY 4.0. 25



References

(1]
2]
3]

4]

51
6]
7
8]
9
[10]
11)
12]
13]
14
15]
[16]
17]
18]
19]
[20]

[21]

Hans J. Briegel, Wolfgang Diir, J. Ignacio Cirac, and Peter Zoller. “Quantum repeaters: the role
of imperfect local operations in quantum communication”. Phys. Rev. Lett. 81, 5932 (1998).

Nicolas Sangouard, Christoph Simon, Hugues de Riedmatten, and Nicolas Gisin. “Quantum
repeaters based on atomic ensembles and linear optics”. Rev. Mod. Phys. 83, 33-80 (2011).

Xiao Liu, Jun Hu, Zong-Feng Li, Xue Li, Pei-Yun Li, Peng-Jun Liang, Zong-Quan Zhou, Chuan-
Feng Li, and Guang-Can Guo. “Heralded entanglement distribution between two absorptive
quantum memories”. Nature 594, 41-45 (2021).

Dario Lago-Rivera, Samuele Grandi, Jelena V. Rakonjac, Alessandro Seri, and Hugues
de Riedmatten. “Telecom-heralded entanglement between multimode solid-state quantum
memories”. Nature 594, 37-40 (2021).

Glaucia Murta, Federico Grasselli, Hermann Kampermann, and Dagmar Bruf. “Quantum
conference key agreement: A review”. Adv. Quantum Technol. 3, 2000025 (2020).

Frederik Hahn, Jarn de Jong, and Anna Pappa. “Anonymous quantum conference key agreement”.
PRX Quantum 1, 020325 (2020).

Siddhartha Das, Stefan Bauml, Marek Winczewski, and Karol Horodecki. “Universal limitations
on quantum key distribution over a network”. Phys. Rev. X 11, 041016 (2021).

Yuxiang Yang, Benjamin Yadin, and Zhen-Peng Xu. “Quantum-enhanced metrology with network
states”. Phys. Rev. Lett. 132, 210801 (2024).

H. Jeff Kimble. “The quantum internet”. Nature 453, 1023-1030 (2008).

Marcello Caleffi, Angela Sara Cacciapuoti, and Giuseppe Bianchi. “Quantum internet: From
communication to distributed computing!”. In Proceedings of the 5th ACM International
Conference on Nanoscale Computing and Communication. Pages 1-4. (2018).

Stephanie Wehner, David Elkouss, and Ronald Hanson. “Quantum internet: A vision for the road
ahead”. Science 362, caam9288 (2018).

Koji Azuma, Stefan Bduml, Tim Coopmans, David Elkouss, and Boxi Li. “Tools for quantum
network design”. AVS Quantum Sci. 3, 014101 (2021).

Ryszard Horodecki, Pawel Horodecki, Michal Horodecki, and Karol Horodecki. “Quantum
entanglement”. Rev. Mod. Phys. 81, 865-942 (2009).

Nicolas Brunner, Daniel Cavalcanti, Stefano Pironio, Valerio Scarani, and Stephanie Wehner. “Bell
nonlocality”. Rev. Mod. Phys. 86, 419-478 (2014).

Roope Uola, Ana C. S. Costa, H. Chau Nguyen, and Otfried Giihne. “Quantum steering”. Rev.
Mod. Phys. 92, 015001 (2020).

Miguel Navascues, Elie Wolfe, Denis Rosset, and Alejandro Pozas-Kerstjens. “Genuine network
multipartite entanglement”. Phys. Rev. Lett. 125, 240505 (2020).

Johan Aberg, Ranieri Nery, Cristhiano Duarte, and Rafael Chaves. “Semidefinite tests for quantum
network topologies”. Phys. Rev. Lett. 125, 110505 (2020).

Tristan Kraft, Sébastien Designolle, Christina Ritz, Nicolas Brunner, Otfried Giihne, and Marcus
Huber. “Quantum entanglement in the triangle network”. Phys. Rev. A 103, L.060401 (2021).

Marc-Olivier Renou, Elisa Badumer, Sadra Boreiri, Nicolas Brunner, Nicolas Gisin, and Salman
Beigi. “Genuine quantum nonlocality in the triangle network”. Phys. Rev. Lett. 123, 140401 (2019).

Patricia Contreras-Tejada, Carlos Palazuelos, and Julio I de Vicente. “Genuine multipartite
nonlocality is intrinsic to quantum networks”. Phys. Rev. Lett. 126, 040501 (2021).

Armin Tavakoli, Alejandro Pozas-Kerstjens, Marc-Olivier Renou, et al. “Bell nonlocality in
networks”. Rep. Prog. Phys. 85, 056001 (2021).

Accepted in (Yuantum 2025-04-27, click title to verify. Published under CC-BY 4.0. 26


https://dx.doi.org/10.1103/PhysRevLett.81.5932
https://dx.doi.org/10.1103/RevModPhys.83.33
https://dx.doi.org/10.1038/s41586-021-03505-3
https://dx.doi.org/10.1038/s41586-021-03481-8
https://dx.doi.org/10.1002/qute.202000025
https://dx.doi.org/10.1103/prxquantum.1.020325
https://dx.doi.org/10.1103/PhysRevX.11.041016
https://dx.doi.org/10.1103/PhysRevLett.132.210801
https://dx.doi.org/10.1038/nature07127
https://dx.doi.org/https://doi.org/10.1145/3233188.3233224
https://dx.doi.org/10.1126/science.aam9288
https://dx.doi.org/10.1116/5.0024062
https://dx.doi.org/10.1103/RevModPhys.81.865
https://dx.doi.org/10.1103/RevModPhys.86.419
https://dx.doi.org/10.1103/RevModPhys.92.015001
https://dx.doi.org/10.1103/RevModPhys.92.015001
https://dx.doi.org/https://doi.org/10.1103/PhysRevLett.125.240505
https://dx.doi.org/10.1103/PhysRevLett.125.110505
https://dx.doi.org/https://doi.org/10.1103/PhysRevA.103.L060401
https://dx.doi.org/https://doi.org/10.1103/PhysRevLett.123.140401
https://dx.doi.org/https://doi.org/10.1103/PhysRevLett.126.040501
https://dx.doi.org/https://doi.org/10.1088/1361-6633/ac41bb

[22]
[23]
[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]
[33]
[34]

[35]
[36]

[37]
[38]
[39]
[40]
[41]

[42]

Ya-Li Mao, Zheng-Da Li, Sixia Yu, and Jingyun Fan. “Test of genuine multipartite nonlocality”.
Phys. Rev. Lett. 129, 150401 (2022).

Benjamin D. M. Jones, Ivan éupié, Roope Uola, Nicolas Brunner, and Paul Skrzypczyk. “Network
quantum steering”. Phys. Rev. Lett. 127, 170405 (2021).

Ming-Xing Luo. “New genuinely multipartite entanglement”. Adv. Quantum Technol. 4,
2000123 (2021).

Eric Chitambar, Debbie Leung, Laura Mancinska, Maris Ozols, and Andreas Winter. “Everything
you always wanted to know about locc (but were afraid to ask)”. Commun. Math. Phys. 328,
303-326 (2014).

Charles H. Bennett, Gilles Brassard, Claude Crépeau, Richard Jozsa, Asher Peres, and William K.
Wootters. “Teleporting an unknown quantum state via dual classical and Einstein-Podolsky-Rosen
channels”. Phys. Rev. Lett. 70, 1895 (1993).

Lev Vaidman. “Teleportation of quantum states”. Phys. Rev. A 49, 1473 (1994).

Dik Bouwmeester, Jian-Wei Pan, Klaus Mattle, Manfred Eibl, Harald Weinfurter, and Anton
Zeilinger. “Experimental quantum teleportation”. Nature 390, 575-579 (1997).

Kiara Hansenne, Zhen-Peng Xu, Tristan Kraft, and Otfried Giihne. “Symmetries in quantum
networks lead to no-go theorems for entanglement distribution and to verification techniques”.
Nat. Commun. 13, 1-6 (2022).

Yi-Xuan Wang, Zhen-Peng Xu, and Otfried Giihne. “Quantum LOSR networks cannot generate
graph states with high fidelity”. npj Quantum Inf. 10, 11 (2024).

Owidiusz Makuta, Laurens T. Ligthart, and Remigiusz Augusiak. “No graph state is preparable
in quantum networks with bipartite sources and no classical communication”. npj Quantum Inf.

9, 117 (2023).

Eyal Kushilevitz. “Communication complexity”. In Advances in Computers. Volume 44, pages
331-360. Elsevier (1997).

Anup Rao and Amir Yehudayoff. “Communication complexity: and applications”. Cambridge
University Press. (2020).

Charles H. Bennett and Stephen J. Wiesner. “Communication via one-and two-particle operators
on Einstein-Podolsky-Rosen states”. Phys. Rev. Lett. 69, 2881 (1992).

Eric Chitambar and Gilad Gour. “Quantum resource theories”. Rev. Mod. Phys. 91, 025001 (2019).

Liang-Liang Sun, Xiang Zhou, Armin Tavakoli, Zhen-Peng Xu, and Sixia Yu. “Bounding the
amount of entanglement from witness operators”. Phys. Rev. Lett. 132, 110204 (2024).

Dave Bacon and Benjamin F. Toner. “Bell inequalities with auxiliary communication”. Phys. Rev.
Lett. 90, 157904 (2003).

Eric Chitambar. “Local quantum transformations requiring infinite rounds of classical
communication”. Phys. Rev. Lett. 107, 190502 (2011).

Eric Chitambar and Min-Hsiu Hsieh. “Round complexity in the local transformations of quantum
and classical states”. Nat. Commun. 8, 2086 (2017).

Bartosz Regula. “Convex geometry of quantum resource quantification”. J. Phys. A: Math. Theor.
51, 045303 (2017).

Andrés F. Ducuara and Paul Skrzypczyk. “Operational interpretation of weight-based resource
quantifiers in convex quantum resource theories”. Phys. Rev. Lett. 125, 110401 (2020).

Teresa W. Haynes, Stephen T. Hedetniemi, and Michael A. Henning. “Domination in graphs:
Core concepts”. Springer. Cham (2023). 1st ed. 2023 edition.

Accepted in (Yuantum 2025-04-27, click title to verify. Published under CC-BY 4.0. 27


https://dx.doi.org/10.1103/PhysRevLett.129.150401
https://dx.doi.org/https://doi.org/10.1103/PhysRevLett.127.170405
https://dx.doi.org/10.1002/qute.202000123
https://dx.doi.org/10.1002/qute.202000123
https://dx.doi.org/10.1007/s00220-014-1953-9
https://dx.doi.org/10.1007/s00220-014-1953-9
https://dx.doi.org/10.1103/PhysRevLett.70.1895
https://dx.doi.org/10.1103/PhysRevA.49.1473
https://dx.doi.org/10.1038/37539
https://dx.doi.org/https://doi.org/10.1038/s41467-022-28006-3
https://dx.doi.org/10.1038/s41534-024-00806-z
https://dx.doi.org/10.1038/s41534-023-00789-3
https://dx.doi.org/10.1038/s41534-023-00789-3
https://dx.doi.org/10.1016/S0065-2458(08)60342-3
https://dx.doi.org/10.1016/S0065-2458(08)60342-3
https://dx.doi.org/10.1017/9781108671644
https://dx.doi.org/10.1017/9781108671644
https://dx.doi.org/10.1103/PhysRevLett.69.2881
https://dx.doi.org/10.1103/RevModPhys.91.025001
https://dx.doi.org/10.1103/PhysRevLett.132.110204
https://dx.doi.org/10.1103/PhysRevLett.90.157904
https://dx.doi.org/10.1103/PhysRevLett.90.157904
https://dx.doi.org/10.1103/PhysRevLett.107.190502
https://dx.doi.org/10.1038/s41467-017-01887-5
https://dx.doi.org/10.1088/1751-8121/aa9100
https://dx.doi.org/10.1088/1751-8121/aa9100
https://dx.doi.org/10.1103/PhysRevLett.125.110401
https://dx.doi.org/10.1007/978-3-031-09496-5

[43] Barbara M. Terhal. “Bell inequalities and the separability criterion”. Phys. Lett. A 271, 319-
326 (2000).

[44] Fernando G. S. L. Brandao. “Quantifying entanglement with witness operators”. Phys. Rev. A
72, 022310 (2005).

[45] Daniel Cavalcanti and Marcelo O. Terra Cunha. “Estimating entanglement of unknown states”.
Appl. Phys. Lett. 89, 084102 (2006).

[46] Marcus Huber and Julio I. De Vicente. “Structure of multidimensional entanglement in
multipartite systems”. Phys. Rev. Lett. 110, 030501 (2013).

[47] Zhen-Peng Xu. “Characterizing arbitrary quantum networks in the noisy intermediate-scale
quantum era”. Phys. Rev. A 108, L040201 (2023).

[48] Jifi Patera and Hans J. Zassenhaus. “The Pauli matrices in n dimensions and finest gradings of
simple Lie algebras of type A,_1". J. Math. Phys. 29, 665-673 (1988).

[49] Wolfgang Diir, Guifré Vidal, and J. Ignacio Cirac. “Three qubits can be entangled in two
inequivalent ways”. Phys. Rev. A 62, 062314 (2000).

[50] Andrew Lenard. “The numerical range of a pair of projections”. J. Funct. Anal. 10, 410-423 (1972).

[51] Elie Wolfe, Robert W. Spekkens, and Tobias Fritz. “The Inflation Technique for Causal Inference
with Latent Variables”. J. Causal Inference 7 (2019).

Accepted in (Yuantum 2025-04-27, click title to verify. Published under CC-BY 4.0. 28


https://dx.doi.org/10.1016/S0375-9601(00)00401-1
https://dx.doi.org/10.1016/S0375-9601(00)00401-1
https://dx.doi.org/10.1103/PhysRevA.72.022310
https://dx.doi.org/10.1103/PhysRevA.72.022310
https://dx.doi.org/10.1063/1.2337535
https://dx.doi.org/10.1103/PhysRevLett.110.030501
https://dx.doi.org/10.1103/PhysRevA.108.L040201
https://dx.doi.org/10.1063/1.528006
https://dx.doi.org/10.1103/PhysRevA.62.062314
https://dx.doi.org/10.1016/0022-1236(72)90037-7
https://dx.doi.org/10.1515/jci-2017-0020

	Introduction
	Measures of network-entanglement
	Estimation of network-entanglement measures
	Estimation based on witnesses
	Estimation based on covariance

	Conclusions
	Acknowledgments
	Network-entanglement weight
	Proof of Observation 1
	Graph parameters, teleportation protocols and proof of Observation 2
	Proof of Observation 3
	Proof of Observation 4
	Proof of Observation 5
	Estimation based on covariance matrix
	Estimation based on a see-saw method
	Witness and estimation based on witness
	Other measures
	References

