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Error mitigation will play an important role
in practical applications of near-term noisy
quantum computers. Current error mitiga-
tion methods typically concentrate on correc-
tion quality at the expense of frugality (as
measured by the number of additional calls to
quantum hardware). To fill the need for highly
accurate, yet inexpensive techniques, we intro-
duce an error mitigation scheme that builds on
Clifford data regression (CDR). The scheme
improves the frugality by carefully choosing
the training data and exploiting the symme-
tries of the problem. We test our approach by
correcting long range correlators of the ground
state of XY Hamiltonian on IBM Toronto
quantum computer. We find that our method
is an order of magnitude cheaper while main-
taining the same accuracy as the original CDR
approach. The efficiency gain enables us to ob-
tain a factor of 10 improvement on the unmit-
igated results with the total budget as small
as 2-10° shots. Furthermore, we demonstrate
orders of magnitude improvements in frugal-
ity for mitigation of energy of the LiH ground
state simulated with IBM’s Ourense-derived
noise model.

1 Introduction

Quantum computers have already demonstrated
quantum advantage over classical computers [1, 2].
Nevertheless, current quantum computers suffer from
significant levels of hardware noise which limits their
computational power [3, 4]. At the same time, high
noise levels and limited qubit counts make fault-
tolerant quantum computing infeasible [5]. Conse-
quently, to fully utilize the potential of near-term
quantum computers, methods to approximately cor-
rect the effects of noise without performing quantum
error correction are necessary [6, 7]. Such methods
are called error mitigation methods [§].

Several approaches to error mitigation have been
proposed. One of the most popular error mitigation
approaches is Zero Noise Extrapolation, which, using
a simple regression model, scales the noise strength
in a controlled manner and then extrapolates to the

zero noise limit [6, 9-15]. Another approach is proba-
bilistic error cancellation which introduces additional
gates to the executed circuit [9, 16]. The additional
gates are introduced probabilistically according to the
device noise model in order to cancel noise effects.
An alternative approach is to use multiple copies of
a noisy state to prepare its purification [17-24]. Such
an approach is called Virtual Distillation. Other pro-
posals are based on quantum phase estimation [25],
symmetries of the mitigated system [26-29] or are uni-
fied methods bringing together different approaches to
error mitigation [30-32|. Finally, circuit compilation
methods can be used to reduce noise severity in combi-
nation with the error mitigation methods mentioned
above [33-37]. Although many of these approaches
have had success in small circuits, it remains to be
seen which of them prove to be the most powerful in
the quantum advantage regime.

Another recently proposed approach is learning-
based error mitigation [38, 39|, whose advantages
we demonstrate in this work. Learning-based error
mitigation learns the effects of noise from classically
simulable quantum circuits which are close to non-
simulable circuits of interest. A large class of such ap-
proaches evaluates an observable’s expectation value
for targeted training circuits on a quantum device us-
ing training data obtained classically. The training
data are fitted with an ansatz capturing a relation be-
tween noisy and noiseless expectation values [38, 40—
44]. The ansatz is used to correct the noisy expecta-
tion value for the circuit of interest. Learning-based
error mitigation methods have been shown to perform
well for quantum circuits with large qubit counts and
depths [38, 45]. They have also been shown to out-
perform other state-of-the-art approaches [46]. The
learning-based approach is a flexible framework which
enables one to improve mitigation quality by expand-
ing the training data, for example accounting for the
effects of varying noise strength on the expectation
values of observables [46, 47]. These features make it
a promising candidate for error mitigation for near-
term quantum advantage applications.

One of the main limitations of error mitigation is
the required shot cost [16]. In the case of learning-
based error mitigation it has been shown that to max-
imize mitigation quality large shot resources are re-
quired [46, 47]. The required shot numbers seriously
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restrict the practical potential of most powerful and
sophisticated approaches. Furthermore, instability in
a quantum computer configuration that takes place
over time introduces further limitations on the ap-
plicability and corrective power of error mitigation.
Since quantum computers are effectively experimen-
tal apparatuses whose control parameters drift over
time, training circuit data acquired over long times
using many shots may not accurately reflect noise oc-
curring during the execution of a circuit of interest.
We show here that this effect is indeed strong enough
to seriously affect error mitigation performance. Fi-
nally, some of the most promising near-term appli-
cations like variational quantum algorithms require
measurement of many quantum circuits to find a final
circuit that forms a solution to the problem [8, 48].
To apply error mitigation methods to such problems
one needs to optimize the shot-efficiency of the error
mitigation approach [49, 50].

In this work, we identify a major problem limiting
the shot-efficiency of learning-based error mitigation.
One of the most common ways to generate the train-
ing data is to use near-Clifford circuits that are similar
to the circuit of interest. Such circuits are obtained by
substituting non-Clifford gates in the circuit of inter-
est by Clifford gates. We show that such a procedure
leads to training circuits for which both noisy and
exact expectation values of the observable of interest
cluster around 0. We show that this effect leads to a
large increase in the shot number necessary to learn
the effects of noise on the observable of interest.

We propose two strategies to prevent clustering
and improve the shot-efficiency of learning based er-
ror mitigation. First, we propose to generate near-
Clifford training circuits with widely spread distribu-
tions of noisy and exact expectation values of the ob-
servable of interest. We propose algorithms to gener-
ate such distributions which do not require quantum
resources (shots) and therefore are suitable for im-
proving the shot-efficiency.

Second, for circuits with symmetries we propose
to use multiple observables, whose expectation values
are equal by virtue of the symmetries, to increase the
amount of training data available to learn the ansatz
for noiseless expectation values. Such an increase en-
ables us to learn from a fraction of the expectation
values which are not clustered around 0. We show
how to use this strategy to improve the shot-efficiency
of error mitigation. We summarize schematically the
proposed approaches in Fig. 1. To demonstrate the
power of these strategies we mitigate correlation func-
tions of the ground state of the XY model prepared
using the IBM Toronto quantum computer. We ob-
tain an order of magnitude improvement in mitigation
quality over standard learning-based error mitigation
for moderate mitigation shot costs of order 10°. Fur-
thermore, for such shot costs, we find that the new
method outperforms the standard one even when us-
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Figure 1: Improved Clifford Data Regression
method. Circuit of interest together with observable O are
used to generate training data {O{**“* 0¥}, made out
of observables computed from classically simulable circuits
similar to the circuit of interest. They are evaluated on both,
classical (O£**“*) and noisy quantum (OI*'*¥) computers, as
shown in the upper panel. Previous methods for generat-
ing training circuits resulted in data clustering, a situation in
which the majority of training circuits share similar O®**°*,
as depicted in a cartoon in the left part of the middle panel
where the green circles are the training data and O repre-
sents (O°** O"%) for the circuit of interest. This effect
necessitates the use of large training data sets to maintain
high-quality correction O™ii8a%d " \We solve that problem by
distributing and symmetrizing the training data, as depicted
in the right part of the middle panel. That is achieved by
generating the training circuits with a large variance of O®*¢*
using classical computation. Our approach significantly re-
duces the shot cost of data-driven error mitigation techniques
while preserving their high correction quality. Symmetries of
the problem, if present, can be used to enhance the data fur-
ther, i.e., to generate additional data (M) from initially gen-
erated (@) one, at no extra cost. Finally, a learned ansatz
(the red line) is used to correct O for the circuit of interest.

ing a factor of 10 fewer shots. As a second example of
the new approach’s usefulness, we mitigate the ground
state energy of LiH molecule that does not have ex-
ploitable symmetries. In this case, we obtain orders
of magnitude shot cost reduction for a real-device-
inspired noise model using the first strategy.
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In section 2 we describe a learning-based error mit-
igation method whose shot-effectiveness we improve
here. Section 3 introduces the clustering problem and
the strategies to improve shot-efficiency by alleviating
it. Section 4 discusses some benchmark results ob-
tained for the IBM Toronto quantum computer and
a noise model derived from IBM Ourense by gate to-
mography. We conclude and discuss possible exten-
sions of this work in Section 5. Technical details of a
standard method of near-Clifford training circuit con-
struction on which we improve here are described in
Appendix A. In Appendix B we prove the existence
of the shot-efficient training circuits for popular varia-
tional ansaetze and Pauli observables. There, we also
give an eflicient semi-analytic procedure to construct
a subclass of such circuits. Details of numerical ap-
proaches to construct the shot-efficient training data
from more general training circuits are given in Ap-
pendix C. Appendix D describes the implementation
of symmetry constraints on a candidate solution to
a minimization problem. Appendix E discusses the
IBM Ourense derived noise model. In Appendix F
we expand on the choice of hyperparameters for our
IBM Toronto error mitigation implementation. In
Appendix G we show evidence of the significant im-
pact of hardware changes over time on performance
of error mitigation. Finally, in Appendix H, we dis-
cuss in more detail the effects of the choice of CDR
hyperparameters on the mitigation quality.

2 Clifford Data Regression

Here, we work in the framework of Clifford Data Re-
gression (CDR) [38]. CDR uses classically simulable
near-Clifford circuits similar to a circuit of interest
to learn a linear ansatz, that is used to mitigate an
expectation value of a targeted observable for a cir-
cuit of interest. We summarize the method by 4 steps
outlined below.

1. Create N, training circuits with N non-Clifford
gates substituting non-Clifford gates in the cir-
cuit of interest by nearby Clifford gates. In
this work, we additionally allow the non-Clifford
gates to be substituted by similar non-Clifford
gates to obtain the training circuits. We de-
scribe a standard algorithm to generate the train-
ing circuits in Appendix A and introduce the
shot-efficient training circuit generation meth-
ods in Section 3 providing further details in Ap-
pendix C.

2. Evaluate an expectation value of the observable
of interest O for each of the training circuits
both classically and with a quantum computer.
With this procedure, one obtains pairs of noisy
O™ and exact expectation values OF**<* for
each training circuit.

3. Assume a linear relation between O°°t and
Onoisy
Oexact — aonoisy 4 b , (1)
where a and b are given by

Ny
(a,b) = argmin Z(O?mCt — a0 —b)2. (2)

i=1

4. Use a and b found in step 3 to mitigate the ex-
pectation value O, for the circuit of interest
Ogl)iitigated — aO(r:lgiisy +b. (3)

CDR assumes that the correction for the circuit of
interest can be learned from classically simulable cir-
cuits obtained by substituting some of the gates in
the circuit of interest with similar gates. Further-
more, it assumes that the training data are obtained
by measuring an expectation value of the observable
of interest. To motivate these assumptions, we con-
sider the case of IBM’s quantum computers which
are one of the leading approaches to digital quantum
computing. They have a native gate set built with
Rz(0) = e /22 X, /X and CNOT gates, with
0 € [0,27), and X, Z being single-qubit Paulis. X,
VX and CNOT are Clifford gates, while in general
Rz(0) is not a Clifford gate.

Circuits built from Clifford gates and N non-
Clifford Rz(0) gates, with NV of order of 10 or smaller,
can be currently easily simulated classically [51]. Sub-
stituting non-Clifford Rz(#) in the circuit of interest
with Clifford Rz (0) (0 € {0,7/2,7,37/2}), to leave
only N non-Clifford Rz(f) gates, we obtain a circuit
for which an expectation value of the observable of
interest can be computed classically.

At the same time, Rz (f) gates can be performed
‘virtually’ in a zero-duration mode, consequently be-
ing effectively noiseless [52]. More importantly, that
implies that noise associated with the gate does not
depend on the choice of 6, suggesting that the near-
Clifford circuits obtained as sketched above can be
used as the training circuits. This conjecture is vali-
dated by multiple observations that for IBM’s quan-
tum computers, effects of the noise on the observables
depend strongly on the locality of the observable of in-
terest and number and arrangement of CNOT gates
in the circuit of interest [15, 42, 53], which in the case
of CDR are the same for the training data and the
circuit of interest.

To learn the correction, an ansatz that connects
the noisy and the exact expectation values is needed.
For the training circuits that are very similar to the
circuit of interest and the training data generated with
the observable of interest, we expect that a simple
ansatz is sufficient. Indeed, CDR successfully uses
a linear ansatz (1). This choice is motivated by an
observation that for the IBM’s quantum computers,
effects of the noise on the observable of interest can
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be approximated by an effective global depolarizing
noise model [38, 41], which can be perfectly corrected
by the linear ansatz (1) [38].

CDR has been demonstrated to provide order-of-
magnitude improvements in expectation values of ob-
servables for IBM-hardware experiments and diverse
applications [38, 45, 54|, making it a simple yet power-
ful approach to IBM-hardware noise mitigation. Be-
low, we discuss the training circuit construction as-
suming IBM’s native gate set for the sake of presen-
tation clarity.

To apply CDR, one needs to choose a value of the
N hyperparameter. As the classical cost of the ex-
pectation values simulation grows exponentially with
N, N = 0 minimizes the classical overhead. Still,
simulations of the near-Clifford circuits with N = 30
Rz(0) gates can be easily performed with a laptop
computer, making minimizing N unnecessary. There
are two motivations for using N > 0. First, it has
been originally proposed [38] to use non-zero N to
further bias the training circuits towards the circuit
of interest by retaining some of the non-Clifford gates
present in the circuit of interest. Along those lines,
Ref. [38] reported modest improvements in the mitiga-
tion quality with increasing N for a Variational Quan-
tum Eigensolver application and an IBM-quantum-
computer-derived noise model.

Another motivation is that N > 0 allows a more
diverse set of training circuits. Similarly, allowing for
non-Clifford Rz rotations with angles different than
in the circuit of interest further increases a pool of
potential training circuits. Therefore, we may be able
to better characterize variance of deviations from the
CDR ansatz (1) among circuits similar to the circuit of
interest and leverage that to obtain more robust CDR
correction. Here, we use N = 10 and N = 30 to bal-
ance classical computational costs with the benefits of
a more diverse set of training circuits. Analogically,
though N; = 2 is sufficient to learn a linear ansatz,
larger Ny may allow better characterization of the de-
viations from linear behavior among the near-Clifford
circuits. In this work, we explore N; € {2,...,100},
and typically notice systematic improvements of the
mitigation quality with increasing N; as discussed in
Section 4.

To place CDR within a context of other learning-
based error mitigation methods, we note that several
application-specific approaches have been proposed
that use classically simulable training circuits specific
for a given application [40, 43]. Furthermore, usage
of more restrictive training data obtained only from
N = 0 Clifford circuits has been explored [42]. Addi-
tionally, more general sets of noisy training data with
expectation values from multiple noise levels have
been applied [46, 47], though those methods have been
found to be less shot-efficient than CDR [46, 47]. Fi-
nally, more general asaetze like neural networks and
random forests have been used to correct multiple ob-

servables and circuits of interests using a single in-
stance of a trained ansatz [43, 44]. We note that such
approaches are alternative paths to improve the shot-
efficiency of learning-based error mitigation [44].

3 Improving efficiency of learning-
based error mitigation

3.1 Clustering of near-Clifford training circuits

The most popular method for choosing training cir-
cuits for CDR is to randomly replace most of the non-
Clifford gates in the circuit of interest by nearby Clif-
ford gates [38, 55, 56|, as discussed in detail in Ap-
pendix A. We observe that for circuits of interest with
a large number of non-Clifford gates this method re-
sults in the clustering of training data caused by the
clustering of O®*2<* around 0. We visualize this effect
in Fig. 2(a) for a typical training set obtained with a
random substitution method for a half-chain correla-
tor of the ground state of an 8-qubit XY model using
a noise model derived from gate tomography of IBM
Ourense quantum computer.

As a thought experiment we consider the case of
both training circuits and circuit of interest satisfying
the CDR ansatz (1) perfectly. Then, the clustering
of Ot around 0 implies also clustering of O™°isY
around b. Consequently, a small number of training
circuits results in similar values of O®°Y, Therefore,
when we estimate O"°Y from a finite shot measure-
ment, a much higher number of shots is required to
distinguish them than in the case when they are not
clustered around a single value. If the number of
shots is not large enough, coefficients of the fitted
CDR ansatz are determined randomly by the shot
noise making learning the correct CDR ansatz im-
possible. We find that this toy model explains the
poor quality of CDR error mitigation for the case of
the 8-qubit XY model and a typical standard training
set obtained with small number of shots (2000 in this
example). As we show in Fig. 2(b), error bars of the
finite shot estimates of O™ are so large that one
can obtain nearly arbitrary CDR fit coefficients.

3.2 Distributing the training circuits

Despite the observed clustering of O®®¢ near-
Clifford training circuits with large |O®**¢*| can usu-
ally be obtained. As shown in Appendix B, for a cir-
cuit of interest compiled to the native IBM’s gate set
and an observable of interest being an element of Pauli
group, a N = 1 training circuit with a single non-
Clifford Rz() gate and an arbitrary —1 < O®*act < 1
can be found, as long as there is at least one Rz(0)
such that Ot depends non-trivially on §. Addition-
ally, if such a training circuit exists, it can be found
with a cost that scales linearly with the number of
the Clifford gates. Also, Appendix B shows that such
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Figure 2: Improving CDR shot efficiency by distributing training circuits. In (a) we show O®®* versus noisy O™*¥
expectation values of a given observable computed from a circuit of interest as well as from CDR training circuits. The noisy
expectation values were obtained in the limit of infinite shot number. We show results for two methods of training circuit
construction. The results obtained with the standard method (random substitutions of non-Clifford gates by Clifford ones) are
shown with red diamonds. They cluster around a 0¥ = 0°**¢* — (0, The blue asterisks are results obtained for a set of
training circuits with a wide distribution of O®**°* generated by MCMC. This set also prevents clustering of O™V In (b) we
show the results of CDR error mitigation for a small shot cost. We use two training circuits generated by both methods. We
evaluate 1000 shots to estimate O°*¥ for both training circuits and the circuit of interest. Error bars correspond to 5™ and 95
quantiles of O™ estimated from 100 shot noise instances, while the markers correspond to the median value. We performed
CDR fits for all shot noise instances. We show CDR fits corresponding to 50" (dashed lines), 5™ and 95 (dashed-dotted
lines) quantiles of the mitigated expectation value. The shaded areas show confidence intervals of the mitigated expectation
value based on statistical distribution of the fits. We see that CDR with distributed training circuits results in both smaller
uncertainty and better quality of the mitigated expectation values. Thus, these results demonstrate that preventing clustering
of the training data indeed improves the shot-efficiency of CDR error mitigation. Here, in both (a) and (b), the circuit of
interest approximates the ground state of an 8-qubit XY model (7) and O = X1 X5, where X is a Pauli matrix. To generate
O™ we use in both panels a noise model described in Appendix E.

L = 91 circuits of interest with tens of thousands of
CNOTs and single-qubit gates within a few hours of
CPU time.

Second, one can use Markov Chain Monte Carlo
(MCMC) sampling of near-Clifford circuits to gen-
erate a desired O®®°t distribution. We describe an
MCMC algorithm in detail in Appendix C.2. Fur-
thermore, one can use a semi-analytic approach of
Appendix B to efficiently generate N = 1 training

circuits can be constructed for popular ansaetze as
hardware efficient ansatz and Quantum Approximate
Optimization Algorithm (QAOA) ansatz, as long as
Pauli observable of interest is not an identity.

Based on this result, to improve the shot-efficiency
of CDR, we propose to use training circuits with a
widely spread distribution of O°*3°* that has a signifi-
cant variance. Here, for a Pauli observable of interest,
we use a uniform distribution of O®*#¢* with variance

in [0.25, 0.5]. We find that this approach indeed signif-
icantly improves the quality of the CDR correction for
modest shot requirements as shown in Fig. 2(b) and
demonstrated by extensive benchmarks in Section 4.

Several approaches can be used to generate well-
distributed training data. First, one can optimize
angles of Rz(0) gates under a constraint of N non-
Clifford angles to minimize the distance between
07" and its target value. We present this approach
in detail in Appendix C.1. For a brick wall arrange-
ment of L layers of CNOTs decorated with random
single-qubit gates and L proportional to the qubit
number @, in Appendix C.1, we show numerically
that this approach requires computational time scal-
ing linearly with the gate number and quadratically
with @. For this setup, in Appendix C.1, we gen-
erate the distributed training circuits for Q = 455,

circuits with a cost scaling linearly in the number
of Clifford gates. In principle, one can also employ
the standard random substitution algorithm supple-
mented by a postselection. Namely, one could gener-
ate near-Clifford circuits randomly substituting non-
Clifford Rz(#) in the circuit of interest and accept
them as training circuits when they have O close
enough to the desired one. Because random near-
Clifford circuits tend to cluster, a large number of
these randomly generated circuits would be needed
to find those with the desired distributed observable,
which can then be used to generate training data ef-
ficiently with fewer shots. Therefore, this approach
is inefficient. It is worth noting that none of these
approaches requires quantum resources.

Finally, we note that the original CDR proposal [3§]
considered the case of training circuits with a distribu-
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tion of an observable imposed by MCMC sampling of
near-Clifford circuits. Nevertheless, both the motiva-
tion for that and the distribution were different than
the ones considered here. Specifically, Ref. [38] con-
sidered a special case of a circuit of interest obtained
by minimization of a cost function of a Variational
Quantum Algorithm. To further bias the training cir-
cuits towards such a circuit of interest and maximize
the correction quality in the large shot number limit,
the approach in Ref. [38] used near-Clifford circuits
that minimize the cost function.

3.3 Enforcing symmetries of the system

Another strategy to improve shot efficiency in the
presence of clustering is to exploit symmetries of the
mitigated circuit. For certain types of symmetric sys-
tems, like those with translational symmetry, multiple
observables have the same noiseless expectation val-
ues. Furthermore, multiple expectation values of such
observables can typically be obtained from a single
measurement of the circuit. Consequently, in such a
case, one can build training data for multiple sym-
metric observables using the same number of shots as
for a single observable. In the presence of such sym-
metries, we propose to correct all symmetric observ-
ables with CDR while enforcing the constraint that all
mitigated expectation values are the same. Using ex-
pectation values of many symmetric observables, we
increase the probability of including data points with
large |O®*2t| and |O™°%Y| in our training data. The
presence of training data with large |O"°Y| improves
the shot efficiency of CDR-based error mitigation. By
enforcing the constraint, we ensure that such training
data affects all mitigated expectation values.

An example of a circuit to which this approach can
be applied is a circuit approximating an eigenstate
of a translationally invariant Hamiltonian. For ex-
ample, in the case of a translationally invariant one-
dimensional Hamiltonian with periodic boundary con-
ditions, noiseless observable expectation values

X; X, i’z(i—l—l)mon, 1=1,...,Q

are the same because of symmetry. Here, ) is the
number of qubits, [ is an integer and X; is a Pauli
matrix acting on qubit i. At the same time, for IBM
quantum hardware, such expectation values can be
measured simultaneously. Therefore, simultaneous
CDR error mitigation is possible without requiring
additional shot cost.

We remark that circuits with symmetries can be
obtained through ansaetze respecting symmetries of a
problem of interest, including widely-used Quantum
Alternating Operator Ansatz [57] and Hamiltonian
Variational Ansaetze [58]. Furthermore, systematic
procedures to construct symmetric ansaetze for both
Variational Quantum Eigensolver and Quantum Ma-
chine Learning applications have been proposed [59-
61].

More formally, we consider here the case of M ob-
servables with equal exact expectation values due to
a symmetry of the mitigated system

exact __ exact __ _ exact
Ot — OgFact — ... — Ogact,

We propose to create training data by measuring
noisy expectation values of all observables for N
training circuits and classically computing their cor-
responding exact expectation values

{(O;?aCt,O;fisy)}’ 1=1,...,Ny, j5=1,..., M.

In a more general case one can also have different
sets of training circuits for each observable (/NV; may
depend on observable index j).

We propose to find mitigated expectation values of
these observables by fitting M linear ansaetze

O;xact _ ajO;'lOisy + bja ] = ]_, .. .,M (4)

to the training data. Their coeflicients a;, b; are found
by minimizing the cost

C= (05" = ;05 ~b)*  (5)
j

under the constraint that the mitigated expectation
values are equal:

alO?c?ii,Sf] +b == aMOggii,Sl\}& + b (6)
Such a constrained optimization can be performed
with the mystic package [62, 63|, as in Appendix D.
We show an example of the shot-efficiency improve-
ment with this approach in Fig. 3.

While in this section we concentrate on application
of symmetric CDR to improve shot-efficiency of error
mitigation, it can be also used to enforce symmetries
of the mitigated circuit for the mitigated expectation
values. Such symmetries are usually broken by the
noise, therefore the standard CDR is not guaranteed
to restore them.

4 Benchmark results

4.1 The ground state of an XY model
4.1.1 The setup

We test the proposed methods for the ground state of
a one-dimensional XY model with periodic boundary
conditions given by the Hamiltonian

H:ZXin—&—YZ-Yj. (7)
(i.4)

Here X; and Y; are Pauli matrices acting on qubit
1. This Hamiltonian is translationally invariant and
it preserves the Hamming weight, i.e. it has a U(1)
Symmetry.
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Figure 3: Improving CDR shot efficiency by enforcing symmetries of the mitigated circuit. We perform CDR error
mitigation for the ground state of 8-qubit XY model with periodic boundary conditions simulated with the IBM Ourense noise
model. We mitigate the expectation value of O = X3X7 for the ground state using two training circuits generated by the
standard substitution algorithm and performing 1000 shots for each circuit. In (a), we show results of standard CDR error
mitigation. As in Figure 2(b), we find that expectation values of the training circuits (red circles) cluster around (0,0) and
that due to the clustering, the uncertainty of the mitigated expectation value shown by the red shaded area is large. We
visualize this effect performing CDR error mitigation for 100 instances of shot noise. (The shot noise is represented by the
error bars of O™ in the same way as in Figure 2(b)). We show typical and extreme CDR fits (defined as in Figure 2(b))
with the blue line and the cyan lines, respectively. In (b), we take advantage of the translational invariance of the ground
state which implies that X3 X5, X2Xs, X3X7, X4 Xsg all have the same noiseless expectation values. We measure all of these
observables for both our circuit of interest and the training circuits. They are mitigated simultaneously imposing equality of
their mitigated expectation values. The additional observables (induced by symmetry) are shown as gray diamonds in the plot.
We correct 100 different shot noise instances of the noisy expectation values and show the fits corresponding to typical and
extremal mitigated expectation value of X3X7. We find that uncertainty of the mitigated expectation value and quality of the
typical CDR fit are significantly improved with respect to (a). For the sake of transparency we do not show the CDR fits for

other observables. They have similar quality to the ones shown here.

We use the Variational Quantum Eigensolver [64]
to prepare the ground state for @ = 6,8 lattice sites
(or required qubits) with a noiseless classical simu-
lator and enforced translational symmetry. We em-
ploy a hardware-efficient ansatz built out of layers of
general nearest-neighbor 2-qubit unitaries with a suf-
ficient number of layers (4 for @ = 6 and 6 for Q = 8)
such that the energy of the prepared state matches
the exact ground state energy with accuracy better
than 10~'3. The obtained circuits are compiled using
the IBM native gate set.

Here, we reduce the error in the expectation values
of long-range correlators for the ground state of the
model. Because of the symmetries of the ground state,
we have NN identical half-chain correlators:

Oj = X;Xqp4j, 157<5Q)2,
O;=Y,_qY;, Q2+1<75<0Q,

with equal noiseless expectation values. Below we
mitigate the errors of expectation values of these ob-
servables distributing the training circuits and using
the symmetry properties of the model. We note that
the @ = 6 (Q = 8) circuit compiled to IBM’s native
gate set has 51 (144) CNOTs, with up to 48 (132)
CNOTs in a causal cone of a mitigated observable,
20 (32) non-parallelizable layers of CNOTs, and 150
(185) non-Clifford Rz() gates. The causal cone of a

(8)

mitigated observable contains all the gates affecting
its expectation value and indicates error mitigation
hardness for local noise [53].

4.1.2 Implementation on quantum hardware

We mitigate half-chain correlators (8) of the @ = 6
XY model (7) using IBM’s Toronto quantum com-
puter. As a reference, we also perform CDR correc-
tion with a standard algorithm described in Section 2
and Appendix A using training circuits obtained via
random Clifford substitutions. We use a shot-efficient
CDR method combining both approaches described
in Section 3. Namely, we perform symmetric CDR
for all O; in (8) following the algorithm described
in Section 3.3. Each symmetric observable O; re-
quires generating independent th training circuits
with widely spread O;?X‘“t. These training circuits are
generated using the MCMC algorithm described in
Appendix C.2. We describe the construction of the
training sets for both approaches in more detail in
Appendix F. The shot-frugal approach used here im-
proves CDR shot-efficiency through spreading O;X‘“Ct,
while symmetric CDR restores uniformity of the mit-
igated correlators. One may consider generalizations
of the applied algorithm which would allow one to
generate training circuits with distributions of sev-
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eral O?xa“ being widely-spread simultaneously. Such
training circuits would improve shot-efficiency of the
current approach while increasing classical computa-
tional cost of the method. We leave their investigation
to future work.

We compare the performance of the new and stan-
dard approaches using IBM’s Toronto quantum com-
puter. We note that here, we do not use dedicated
measurement error mitigation. We use N, = 10%
shots per circuit measurement and compare the per-
formance of both approaches for a total number of
training circuits N; € {2,6,8,12,18,30}. For each
value of N; we generate 10 different, independent in-
stances of sets of training circuits. The number of
non-Clifford gates is set to N = 30, while the circuit
of interest contains 150 non-Clifford gates. We com-
pare the performance by computing the absolute error
of the mean of the observable expectation values for
each set of training circuits

absolute error — ‘ Z(O;}oisy/mitigated _ O;xact) . (9)
J

For both methods, we compare mean and maximal
absolute errors obtained for a given IV; from a sample
of 10 sets of training circuits. Furthermore, for each
set of training circuits we perform independent mea-
surements of the circuit of interest. We gather the
results in Fig. 4 and plot them versus total shot cost
of the mitigation, N°t.

Figure 4 shows data acquired with standard and ef-
ficient CDR methods. We concentrate on the realistic
regime of N°t € [3-10%,3.2-10°] and show maximum
and mean errors obtained with both methods. We
observe that the new efficient CDR method displays
better performance as well as faster convergence with
increasing N'°'. These results show a substantial im-
provement of up to an order of magnitude for the new,
efficient method. Importantly, efficient CDR reaches
its correction capabilities already at small shot bud-
gets. This makes it a preferable tool for applications
that require the execution of many different quan-
tum circuits. This is a typical situation in many ap-
proaches involving variational quantum algorithms.

4.1.3 Quantum computer noise model

We perform a more detailed benchmark using a noise
model obtained by performing full process tomogra-
phy of basic gates available on IBM’s Ourense quan-
tum computer. Namely, we additionally examine
the effect of varying Ny on the performance of shot-
efficient CDR. Furthermore, we analyze larger () and
gather better statistics using larger samples of train-
ing circuits. The noise model is described in detail
in Appendix E. Taking into account that the device
is an early generation, already retired quantum com-
puter and that we mitigate circuits with larger () and
depth than in the case of our real-hardware implemen-
tation, we reduced gate error rates in the model by a

10t —@— noisy (mean)
. —=— CDR (mean)
G----—~-"" L_‘l\ —4— efficient CDR (mean)
\ -G noisy (max.)
\ -F CDR (max.)
§ 100k \ —{- efficient CDR (max.)
= \
[«
®© 8--p-__g_
R . gy
'_O' ~
2 N
21071 RN
< O---0----0
102 L n n
3 10 32
4
N©t/10

Figure 4: Benchmark results for IBM Toronto. We com-
pare standard and efficient CDR performance for the ground
state of the Q = 6 qubit XY model (7) by mitigating sym-
metric half-chain correlators (8) of the ground state. The
comparison is performed for N, = 10* shots per circuit mea-
surement and N; € {2,6,8,12,18,30} training circuits. For
each N; and each CDR version we construct 10 indepen-
dent sets of training circuits, see details in Section 4.1.2 and
Appendix F. Furthermore, for each set we carried out in-
dependent measurements of the circuit of interest. For each
training set we perform error mitigation and quantify its qual-
ity by computing absolute error of the correlators (9). For
each method and each N; value we determine the maximal
and the mean absolute error of the mitigated correlators for
the sample of training circuits. We plot these errors versus
total shot cost N °%. For a reference we also plot the errors of
unmitigated, raw results (black lines). We observe that shot-
efficient CDR displays up to an order-of-magnitude correction
improvement over the standard method and faster conver-
gence of the mitigated observables with increasing N °%.

factor of 10 with respect to the original Ourense noise
model. This allows us to perform the analysis for
noise strengths for which basic CDR provides good
quality of error mitigation. While current quantum
computers may have noise strengths larger than as-
sumed here, we expect that improvements in quantum
computing architectures will reduce the error rates in
the near-future.

As in the case of our implementation on IBM’s
Toronto processor, we mitigate symmetric half-chain
correlators (8) of the ground state of the XY model
with periodic boundary conditions (7). We choose
Q@ = 8  We compare the performance of shot-
efficient and standard algorithms using the same
set-up as for the IBM Toronto benchmark in Sec-
tion 4.1.2. This time we consider three different val-
ues of Ny € {10%,10%,10°} and a larger range of
N € {2,...,100}. Such choice enables us to test the
shot-efficient method for large error mitigation total
shot costs. Additionally, for each value of N; and
for each method, we generate 50 independent sets of
training circuits instead of 10 to decrease finite sample
effects. It is currently not possible to perform those
extended experiments on real quantum computers due
to hardware drift. We discuss those issues in more de-
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Figure 5: Benchmark results for a noise model. Comparison of the standard (red curves) and efficient (blue curves) CDR
for the ground state of @ = 8 qubit XY model (7) by mitigating symmetric half-chain correlators (8) of the ground state.
We use a noise model described in detail in Appendix E. The performance is compared for N, = 10® (a), Ns = 10* (b) and
N, = 10° shots (c) per a circuit measurement and N; € {2,...,100} training circuits. For each N; and each CDR version we
construct 50 independent sets of training circuits. They are obtained in the same way as for IBM Toronto error mitigation, see
Section 4.1.2. The circuit of interest is measured independently in each set. We plot mean and maximal absolute errors (9) of
both CDR methods and the noisy data versus total shot cost of the error mitigation N°®. We observe that the shot-efficient
version significantly outperforms the standard one for small and moderate total shot costs Ni°* = 3.10% to N°* = 1.2 10°.

tail in Appendix G. Effects caused by hardware drift
further motivate shot-efficient error mitigation tech-
niques.

We gather the results (the mean and the maximal
errors evaluated from a sample of 50 sets of training
circuits) and plot them versus N'°* in Figure 5. Re-
sults obtained with Ny € {103,10*} resemble those
observed on the real device. Namely, even in the
limit of large N; we see that the shot-efficient al-
gorithm outperforms standard CDR algorithm. At
the same time, we notice that the shot-efficient mit-
igated results converge much faster with increasing
N'°' than the standard mitigated ones. For Ny = 10°
we again see much faster convergence of the shot-
efficient CDR which outperforms the standard ver-
sion for N®' < 1.2.105. Standard CDR slightly
outperforms the shot-efficient version for the largest
Nt >2.2.106.

Overall, we observe that for small and moder-
ate shot costs (up to 1.2 - 10%), the shot-efficient
CDR outperforms the standard algorithm. For exam-
ple, efficient CDR provides improvement of the mit-
igated results over the noisy ones consistently for all
Nt > 3.103. This should be compared with stan-
dard CDR that shows improvement only for much
larger total budgets, Nt > 1.2.10%. Thus, effi-
cient CDR improves that shot budget threshold by
almost two orders of magnitude. Similarly, the shot-
efficient method obtains improvement by a factor of
at least 4 with respect to the noisy results for all
Nt > 7.10% The standard CDR method requires
at least N°t = 1.2-10° to reach similar improvement.

4.2 LiH molecule ground state
4.2.1 The setup

As a second test case we consider error mitigation
of the ground state energy of a LiH (lithium hy-
dride) molecule at the equilibrium bond length 1.55 A.
An STO-3G basis set is used resulting in a 12-qubit
Hamiltonian Hy;g which is a linear combination of
ny = 631 Pauli strings H*

Hywm =Y cH', (10)

t=1

with ¢; being the coefficients. We derive the Hamil-
tonian using Openfermion package [65]. We ap-
proximate the ground state of the Hamiltonian with
a hardware-efficient ansatz built out of 4 layers of
general nearest-neighbor 2-qubit unitaries that were
found by classical optimization of the ansatz. Sub-
sequently, 2-qubit unitaries were compiled to na-
tive IBM gates [66] (Rx(7/2) = e~ ™/*X Ry() =
e 0/22 CNOT) resulting in a circuit with 72 CNOTs,
with up to 72 CNOTs in a causal cone of H?, 12 non-
parallelizable layers of CNOTs, and 369 non-Clifford
Rz (6) gates.

4.2.2 Quantum computer noise model

We perform error mitigation using a noise model de-
tailed in Appendix E that was derived using IBM’s
Ourense process tomography. We perform CDR for
each term of the Hamiltonian H?! separately. As the
expectation values of multiple terms of the Hamilto-
nian typically cannot be measured in the same compu-
tational basis, we estimate each HY'Y and H} ™™

coi

Accepted in (Yuantum 2025-03-25, click title to verify. Published under CC-BY 4.0. 9



—@-noisy (mean)
- CDR (mean)
—4—ecff. CDR (mean)
—G- noisy (max.)
- CDR (max.)
—0- eff. CDR (max.)

o
e
5}
>
0
€ 03} 0.3}
(5]
8
2 -

0.1F 0.1F

004 1 1 1 1 1 004 1 1 1 1 0.04 1 1 1 1 1
1 3 10 30 100 1 10 30 100 1 3 10 30 100
N:Ul/lo() NEO(/lOT N:Ol/los

Figure 6: Error mitigation of the ground state energy of LiH molecule. Comparison of the standard and efficient CDR for
the energy mitigation of the ground state of LiH molecule. Here, @ = 12, and we use IBM’s Ourense-derived noise model from
Appendix E. We plot the energy error obtained for Ny € {2,...,128} (N; € {2,...,32}) standard (efficient) CDR training
circuits per Hamiltonian term. Furthermore, we consider N, = 10° (a), N, = 10* (b) and N, = 10° shots (c) per H ™™™
evaluation. For each (N, N;) pair, we perform the standard (the red curves) and shot-efficient CDR (the blue curves) with
32 independent training sets and plot the mean (the solid lines) and maximal (the dashed lines) absolute energy errors (12)
across the training sets versus the total shot cost N!°* (11). As a reference, we show the unmitigated energy errors as the

black curves.

using independent shots. For each expectation value
estimation, we use N, shots. As the qubit Hamil-
tonian Hy;y does not have symmetries to exploit, for
each H! we construct efficient CDR training sets with
Hp™ = —0.54(i—1)/(Ny—1), i € {1,...,N;}. We
generate a different set of training circuits for each
H;. Here, N; is a number of training circuits per
Hamiltonian term. The total shot cost of the energy
mitigation is

N;Ot = nt(Nt + 1)N5 (].].)

The training circuits are generated by the optimiza-
tion algorithm described in Appendix C.1, where we
use N = 10. In this case we use the optimization
approach because it is more time-efficient than the
MCMC approach used for the XY model.

We compare the standard and efficient methods for
the task of energy mitigation. We define

absolute error = ’ E ¢ (Ht,nmsy/mltlgated _ Ht,exact) .
t

(12)
We evaluate the error for N; € {2,4,8,16,32} and
N, € {103,10%,10°}. For the standard method, we
perform mitigation with even larger N; € {64,128}.
We perform error mitigation with 32 independent sets
of the training circuits for each Ny and N; pair. Each
set of training circuits is obtained by randomly initial-
izing the optimization procedure. For each (Ny, Nj)
pair, we compute the average and the maximal error
(12) across the training circuit sets and plot it versus
N°% in Figure 6.

We again find that the efficient method vastly out-
performs the standard one. In particular, the efficient
method converges quickly with increasing N°', un-
like the standard one. Moderate Nt = 107 is large
enough to obtain converged energy error. In contrast,
the standard CDR converges slowly and underper-
forms the efficient one even for the highest considered
Nt =100, For moderate N = 106 to N!°* = 107,
the efficient mitigation error is an order of magnitude
smaller than the standard one. For those N°' and
N, = 10%,10°, the efficient approach improves by a
factor of 3.7 to 4.3 over the noisy results. Moreover,
in Appendix H, we show that the performance of the
efficient method does not depend significantly on the
choice of N.

5 Conclusions and discussion

We proposed methods to improve the shot-efficiency
of CDR. Our new methods rely on the observation
that for large and deep circuits, the expectation val-
ues of near-Clifford circuits used by CDR to learn the
noise effects cluster around 0. Because of that effect, a
large number of shots is required to distinguish noisy
expectation values. Consequently, a large number of
shots are necessary to learn the correction success-
fully.

We proposed two strategies to alleviate this effect.
The first one is to generate a distribution of near-
Clifford training circuits with widely distributed ex-
act expectation values for the circuit of interest. We
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show that such a distribution can be efficiently gen-
erated with classical optimization or a semi-analytic
procedure without requiring any quantum resources.

The second strategy is to exploit symmetries of the
mitigated system by identifying multiple observables
which by virtue of the symmetry have the same expec-
tation values and can be measured simultaneously. In
the presence of such symmetries, we propose that one
performs CDR correction simultaneously for all ob-
servables by enforcing the symmetry constraints. This
procedure effectively increases the number of available
data points to optimize the CDR ansatz. It also re-
stores symmetries of the error mitigated expectation
values of the observables.

We have demonstrated that both strategies can be
used to improve CDR shot-efficiency. We combined
the strategies and applied them for error mitigation of
the ground state of the XY Hamiltonian. This model
displays translational and U(1) symmetries. The lat-
ter one is responsible for Hamming weight preser-
vation. Using IBM Toronto we have demonstrated
an order-of-magnitude improvement in shot-efficiency
relative to standard CDR for moderate total shot
costs (3 -10% to 3 -10%). Furthermore, we analyzed
the performance of our shot-efficient method in more
detail, using an IBM Ourense-based noise model, find-
ing consistent improvement of our new method over
standard methods for a large range of total error mit-
igation shot costs (3 - 103 to 10°). As a second ex-
ample, we performed LiH ground state energy miti-
gation. For this task, we demonstrated three orders
of magnitude reduction of the shot cost using the
IBM Ourense-derived noise model despite the miti-
gated circuit not having exploitable symmetries.

The clustering problem affects all error mitigation
methods that learn from near-Clifford circuits shar-
ing Clifford gate arrangement with a general circuit
of interest, including CDR generalizations with mul-
tiple noise levels in the training data [46, 47]. We
expect that our proposed strategies will improve the
shot-efficiency of those methods as well. The above
techniques have been shown to require more shots
than CDR to obtain substantial improvement over
CDR. Therefore, improvements of their shot efficiency
will be crucial for their practical application. Ad-
ditionally, an open question is to what extent shot-
efficiency of learning-based error mitigation can be
improved by combining learning from shot-efficient
sets of near-Clifford circuits with machine learning
models capable of learning correction for multiple ob-
servables and circuits of interest [44]. Another prac-
tically relevant issue that needs further investigation
is to what extent the shot-efficient methods’ perfor-
mance can be boosted by combination with special-
ized measurement error mitigation [67-69] or random-
ized compiling techniques [42].

Our numerical experiments and analytic arguments
demonstrate that for a wide variety of problems, the

training circuits can be generated using classical re-
sources that scale polynomially with the number of
qubits and the number of gates in the circuit of in-
terest. Nevertheless, an analysis of the computational
time scaling is recommended while applying the meth-
ods to new circuit structures.

Moreover, it will be interesting to study the extent
to which the proposed techniques affect the perfor-
mance of CDR in the limit of large shot number. In
particular, the symmetric CDR algorithm, apart from
improving the shot-efficiency, restores symmetries of
the mitigated system restricting possible error miti-
gation outcomes. A question arises whether such a
restriction can improve the quality of error mitiga-
tion for degrees of freedom not fixed by the symme-
try. Similarly, the usage of distributed training cir-
cuits in the limit of large shot number requires fur-
ther examination. It has been observed that in some
cases the use of training circuits with mitigated ob-
servable distribution close to the expectation value
of the circuit of interest improves the quality of CDR
corrections [38] in comparison to the standard Clifford
method. It remains to be seen if this effect occurs for
the training circuit distributions proposed here.

Finally, an interesting question is to what extent
an application of the shot-efficient method can im-
prove the quality of training for Variational Quan-
tum Algorithms (VQAs). It has been shown that
CDR can improve the trainability of VQAs by revers-
ing distortions of the cost function landscape due to
the noise [49]. At the same time, it has been shown
that for limited shot resources, error mitigation can
degrade VQAs performance by increasing the uncer-
tainty of the cost function estimation [49]. We expect
that by reducing the shot cost of the error mitigation
up to orders of magnitude, the proposed method will
enable an investigation of those effects with real-world
hardware.

6 Code availability

Further implementation details are available from the
authors upon request.

Acknowledgments

We thank Mike Martin for insightful discussions.
PC acknowledges initial support from Laboratory
Directed Research and Development (LDRD) pro-
gram of Los Alamos National Laboratory (LANL)
under project numbers 20190659PRD4 with subse-
quent support by by the National Science Centre
(NCN), Poland under project 2019/35/B/ST3/01028.
MM and ATS acknowledge initial support from the
Los Alamos National Laboratory (LANL) ASC Be-
yond Moore’s Law project with subsequent support
by the Laboratory Directed Research and Devel-

Accepted in (Yuantum 2025-03-25, click title to verify. Published under CC-BY 4.0. 11



opment (LDRD) program of Los Alamos National
Laboratory under project numbers 20210116DR and
20240712ER. This material is based upon work sup-
ported by the U.S. Department of Energy, Office of
Science, National Quantum Information Science Re-
search Centers, Quantum Science Center (LC). LC
was also initially supported by the U.S. DOE, Of-
fice of Science, Office of Advanced Scientific Comput-
ing Research, under the Quantum Computing Ap-
plication Teams program. This research used re-
sources provided by the Los Alamos National Labora-
tory Institutional Computing Program, which is sup-
ported by the U.S. Department of Energy National
Nuclear Security Administration under Contract No.
89233218CNA000001.

A Training circuit generation - stan-
dard algorithm.

Here we outline an algorithm to generate CDR train-
ing circuits used as a reference in the main text. The
algorithm is based on random substitution of non-
Clifford gates in a circuit of interest by nearby Clifford
gates. The algorithm was originally proposed in [38]
and was used and incorporated in subsequent error
mitigation frameworks [47, 49]. Here we present it
for a circuit compiled with native IBM gates X, V' X,
Rz(0) and CNOT.

X, VX and CNOT are Clifford gates while
Rz(0) = e7%9/2Z is a Clifford gate only for 6 = kn /2,
where k is an integer. Therefore, for a circuit contain-
ing N non-Clifford Ry gates we replace N — N Ry
gates by Clifford Rz rotations to obtain a training
circuit with NV non-Clifford gates. We denote angles
of the non-Clifford rotations by 6;,i € {1,...,N}. We
replace these gates using the following procedure:

1. Take the circuit of interest as an input circuit.
Repeat steps 2 and 3 N — N times.

2. For each non-Clifford gate Rz(6;) in the in-
put circuit, calculate weights w;, = e—d?k/ffz,
k € {0,1,2,3}. Here, dip = |[e”/?Rz(6;) —
e /4R, (kn/2)||r, ||.||F is the Frobenius matrix
norm and o is a parameter. Note that d;;x quan-
tifies the distance between Rz (6;) and Rz (kw/2)
in a way which does not depend on any global
phase introduced by the action of these gates.
We choose o = 0.5 following [38, 47, 49].

3. Replace a gate Rz(0;) by Rz(kmn/2) according to
the probability distribution

- Wik

N >ty Zzzo wir,’

where m is the number of non-Clifford gates in

the input circuit, generating an output circuit. If
it contains more than N non-Clifford gates, take

Dik (13)

it as an input circuit for the next repetition of
step 2.

4. Take the final output circuit as the training cir-
cuit.

B Existence of well-distributed N =1
training circuits

Here, we consider a circuit of interest compiled to
CNOTs and general single-qubit unitaries of form

w(f,02,03) = Rz(01)VXRz(02)VXRz(05), (14)

with v X = Rx(7/2) = e~¥"/4X up to a global phase,
and Rz(0) = e~%/22. We note that CNOTs, Ry, and
VX are native gates of IBM’s quantum computers.
We consider an observable of interest being a Pauli
string P = ®%, P, with, P, € {X,Y,Z,1} and I
being an identity. In this Appendix, we analyze a dis-
tribution of expectation values of near-Clifford CDR
training circuits with N = 1 non-Clifford Rz gates
for such a circuit of interest.

We employ here Heisenberg picture in which a uni-
tary U acts at an observable O as

oL utou (15)
This corresponds to the unitary acting on a state as

) 5 Ul). (16)

We first note that a general Pauli string P can be
transformed to a Pauli Z string, P; = ®?:1 PZ with
PZ € {Z,I}, by a shallow unitary built from single-
qubit native Clifford gates, as we have,

Y Rz(ﬂ')Rx(ﬂ'/Q) Z7 (17)
X Rz (w/2)Rx (n/2) 7 (18)

Therefore, by applying at the end of the circuit of
interest Ryz(7/2)vVX (Rz(m)vX) to qubits at which
we have X (V) in P, we transform P to Pz with
P? = Zif P, e {X,Y,Z}, and PZ = Tif P, = I.
This basis transformation reduces the case of an arbi-
trary Pauli string to the special case of Pauli Z string,
while adding a small constant overhead in terms of the
circuit depth. Furthermore, a total number of CNOTs
in the circuit of interest is not changed.

To establish a general result, we first consider a toy
example of @ =1,

U= U(01,92,93), (19)

with ;1,605,603 € [0,27), and P? = Z. In the Heisen-
berg picture, we have

Rz (61)
27

Z Z, (20)
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z 202,y (21)

Y B2 cos(0,)Y + sin(02) X, (22)

cos(02)Y + sin(f2) X Bx(/2), cos(02)Z + sin(62) X,
(23)

—cos(02)Z + sin(02) X Fz8), cos(02)Z+

— sin(fy)(cos(03) X — sin(63)Y).

(24)

Then,

(PZ)y =Tr (|O> (0] (—cos(#2) Z+sin(62)(cos(#3) X —sin(63)Y))

(25)
yielding
(P?)y = — cos(6s). (26)

Therefore, we can set Rz(0;) and Rz(f3) to be Clif-
fords and obtain an arbitrary —1 < (PZ> < 1 by
adjusting ». If P? = I instead, P? LN PZ, and
(P?) =1.

Next, we note that we can easily generalize this
result to the case of the observable of interest being an
arbitrary Pauli Z string Pz and U being u(01, 62, 03)
acting at a qubit j. If PjZ = Z, we obtain

pz Y cos(62) P? +sin(6,) cos(03) P—sin(6s) sin(03)1§,

(27)
where _
P=X; QP (28)
i#]
]3 = Y} ® PiZ> (29)
i#£]
and
(P?Zy = Tr(UTPZU|0)(0]) = — cos(6y), (30)
where [0) = ®,(0);. While, if P? = I, then
rz Y pz, (31)
(P%) =1. (32)

Furthermore, we note that a CNOT gate maps a Z
string into a Z string as

z, SNOTw2, 7 (33)
7, NOTw2, 7 7 (34)
712y N2, 7, (35)

Here, CNOT};s is controlled at qubit 1 and targets
qubit 2. We also note that a CNOT acting on the
initial state |0) does not change it, and that one can
express I (up to a global phase) as u(61, 62,03) such
that its native gate decomposition (14) is built from
Clifford gates, e.g.,

I < u(m,m,0). (36)

Now, we propose an algorithm to find a near-
Clifford training circuit with a single non-Clifford Rz
— for a circuit of interest compiled to v and CNOT
gates and an observable of interest P? # I — such
that (P?) = — cos(fy), 05 € [0, 27).

1. Apply gates in the circuit of interest in the
Heisenberg picture until v with a non-trivial de-
pendence of (PZ) on 05 (i.e. as in (30)) is found.

2. Construct the training circuit by replacing the
found gate by e.g. u(0,62,0) and all other u gates
by w(m,, 0).

Note that for such a choice we can easily evaluate
(P?) by combining Schrédinger and Heisenberg pic-
ture. Namely we divide the circuit into two parts. The
first one is built from the gates preceding u(0, 62, 0) in
the Heisenberg picture and (0, 82, 0). It corresponds
to an unitary U;. The second one is composed of the
rest of the gates and corresponds to a unitary Us. We
have

(P?) = Tx(Uo|0)(0|US U PZUY), (37)

but as the gates in Us do not change the initial state
being CNOTs or compilations of identity, we obtain
(PZ) = Tr(|0)(0|U PZUL) = —cos(B2).  (38)
We note that in principle for some choices of Pz and
the circuit of interest a u gate with the non-trivial de-
pendence cannot be found and the algorithm fails to
produce the training circuit. Nevertheless, for a non-
trival (PZ) that contains Z’s and for popular varia-
tional ansaetze the algorithm is guaranteed to produce
the training circuit. Examples of such anasetze are
a hardware-efficient ansatz that is constructed from
layers of CNOTs decorated by u gates covering all the
qubits and a QAOA ansatz that has a mixer compil-
ing to a product of u gates acting at all the qubits.
The identification of the non-trivial gate can be sim-
plified by simulating a Clifford circuit, which can be
performed efficiently using classical computation. [70].
Finally, we note that usually multiple u gates affecting
(Pz) can be found. In such a case, one has a freedom
to choose location of the near-Clifford gate or one can
attempt to construct NV > 1 training circuits with an
arbitrary (Pyz), as demonstrated numerically in Ap-
pendix C.

C Shot-efficient training circuits gen-
eration

C.1 Near-Clifford circuits optimization.

In this section we present an algorithm for fast genera-
tion of near-Clifford training circuits. We start with a
circuit of interest C and an observable O. The circuit
C is used to prepare state |t)c) on a noisy quantum
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computer. Error mitigation schemes aim to correct
(1e|Ole) measured on that computer.

We assume that C is a brick layer circuit, in which
every two-qubit gate has the form u;u;11CNOT; j41,
where

uj = Rz(0;1)VXRz(0;2)VXRz(0;3) .  (39)

Here, VX = e~ /4% and Rz () = e="/2Z. We also
assume that O = Zj, where k is a qubit located in the
middle of the circuit. The method presented below
can be easily extended to more general circuits and
other observables.

The CDR method considered in the main text con-
structs a collection of circuits {C;} with the same
structure as C such that (i¢,|Ole;) = v;. Here,
y; € [—1,1] are preselected, conveniently distributed
values. Circuits C; are built in the same way as C.
The arrangement of all the gates in C; is the same as
in C. The circuit differs only by the angles 6.

The method consists of two steps: (i) project C to
a near-Clifford circuit C;0) and (ii) find 6 such that

|(te, 0)|O1e, o)) — yil < € (40)

for a desired precision e.

In step (i), a small number of one-qubit gates u
in C is randomly selected. That set of gates is then
expanded by one-qubit gate that acts on qubit k just
before the observable O = Z;, is measured on that
qubit. Those gates are replaced according to Eq. (39)
with random angles 6 € (0,27). All the other one-
qubit gates are replaced also according to Eq. (39)
but with angles 6 chosen from a discrete sets: 61,03 €
{0,7/2,7,37/2} and 62 € {0,7}. This way, C;(0) is
a near-Clifford circuit with single, general one-qubit
gate placed at the end of the circuit, at a qubit that
is later measured. Appendix B guarantees that there
exists @ such that the condition in Eq. (40) is met.

In step (ii), the optimization

min |(¥e,(0)|0le, 0)) — il (41)

is performed until the value of the optimized function
is below predefined e.

The efficiency of the approach described here relies
on the optimization performed in step (ii). The exis-
tence of a solution is guaranteed but an estimate of
the time that is spent on finding parameters 0 in (41)
may be difficult to obtain. We stress that even though
parameters 0 can be found by following the procedure
outlined in Appendix B, the error mitigation method
needs a diverse set of circuits to work accurately and
training circuits should contain more than one non-
Clifford gate. In that setting, the numerical opti-
mization over 8 becomes necessary. Here, we perform
numerical simulations to estimate the time needed to
derive a single near-Clifford circuit C,.

The circuit of interest C is chosen randomly as de-
scribed above, with one-qubit gates selected accord-
ing to Eq. (39). We consider circuits of sizes up to

102 =

40 60 100 Q 200 400

Figure 7. Computational cost of obtaining the train-
ing data. The plot shows the scaling of the time T to
find one near-Clifford N = 10 circuit C; with the number of
qubits Q. We start from a random circuit whose depth L
is linear in Q. We find that the computation time T scales
as ~ Q2. This scaling closely matches the time to simulate
near-Clifford circuit, which indicates that the number of cost
function (41) evaluations to find optimal 6 does not itself
scale with Q. This leads to an efficient generation of the
training data.

@ = 455 qubits. The circuit depth L has been grown
linearly with the number of qubits, L = Q/5. The
largest circuit C that we analyze here contains over
41,000 CNOT gates and 83,000 one-qubit gates. We
are considering an observable O = Z|g/2; and work
with e = 1072 and N = 10 non-Clifford gates. We use
off-the-shelf optimization methods to optimize over
angles 6.

Figure 7 shows time T to find circuit C; as a func-
tion of the number of qubits Q. The value of y; in (41)
is chosen randomly from [—1, 1] for each C;. The time
is averaged over 200 random circuits C. The optimiza-
tion is executed on a single core. The solid line shows
average time and gray area represents variance in the
data. The experimentally obtained time to find solu-
tion T scales roughly as Q2, as indicated by dashed
line on the plot. This dependence comes from simula-
tion of near-Clifford circuits which scales as the num-
ber of gates in the circuit. In our case, that number
scales as 2. Our numerical results thus show that
there is no overhead from optimization even in the
limit of large system sizes and deep circuits. The sim-
ple optimization method used here is sufficient to reli-
ably and quickly find near-Clifford circuits needed for
the error mitigation method considered in the main
text.

C.2 Markov Chain Monte Carlo near-Clifford
circuit sampling.

Here we present an alternative algorithm to numeri-
cally generate a distribution of training circuits with
widely distributed values of O®*3¢* used by the shot-
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efficient CDR method. The algorithm attempts to
generate training circuits with values of Ot close
to target values y1,%2,...,yn using Markov Chain
Monte Carlo (MCMC) sampling [71] of near-Clifford
circuits. For each target value, yi, we generate an
MCMC chain built from near-Clifford circuits with
N non-Clifford gates using a target probability distri-
bution p o e~ (O™ ~vi)*/ohicuc where Ot is the
exact expectation value of the mitigated observable
for a near-Clifford circuit and oypcmce 1S a constant.
We select a circuit with O®*2<t close to y; as a train-
ing circuit. In this work, O is a Pauli string and

we choose y; = —0.5 + :L:ll,i e {1,2,...,n}. For
this choice, we have a distribution of target values
|yn — y1| = 1 which is comparable to the maximal

possible spread of Ot (ie. 2).
choose onieme = 0.01.

We use a version of the Metropolis-Hastings algo-
rithm [71] to generate an MCMC chain for a given
yi;- We assume here that near-Clifford circuits in
the chain can be obtained by replacing most of the
non-Clifford gates in the circuit of interest by Clif-
ford gates and consequently the circuit of interest can
be obtained by replacing some of the Clifford gates
in circuits from the chain by non-Clifford gates. The
algorithm is:

Furthermore, we

1. Initialize the chain taking as its first element a
near-Clifford circuit with N non-Clifford gates
obtained by substituting most of non-Clifford
gates in the circuit of interest by Clifford gates.
In our implementation, we use an algorithm from
Appendix A to generate the first circuit. Repeat
steps 2 and 3 until a circuit with O3 close
enough to y; is generated.

2. Prepare a candidate circuit by taking the last
circuit of the chain and replacing N, randomly
chosen non-Clifford gates by Clifford gates and
N, randomly chosen Clifford gates by the corre-
sponding non-Clifford gates of the circuit of inter-
est. Note that the new circuit has N non-Clifford
gates which are the same as corresponding non-
Clifford gates in the circuit of interest.

3. Compute the ratio Weand/Waccept, Where

_ )2 2
Weand = € (ycand yz) /UMCMC7 (42)

Waccopt = e~ Waccept—¥1)*/o}1cmc (43)

and Yeand: Yaccept are O for the new cir-
cuit and the last circuit of the chain, respec-
tively. Generate a random number u € [0, 1]. If
U < Weand/Waccept, accept the new circuit as the
last circuit of the chain. Otherwise add a copy of
the last circuit to the chain.

In the limit of long MCMC chains this algorithm is
guaranteed to generate a distribution of near-Clifford
circuits converging to the target distribution p

e (0™ =)* /ofienc [71] if near-Clifford circuits with
02t close enough to y; exist. The existence of such
circuits for a wide class of ansatzes is guaranteed by
Appendix B.

We implement step 2 setting N; = 5 and replace
Rz () by Rz(kw/2) according to a probability distri-
bution
— ;"7’@ wy, = e~4/7"

k=0 Wk (44)
di, = ||e”?R(0) — e*™ /4R (kn /2)||F.

Pk

Here, we set 0 = 0.5. We find that such implementa-
tion results in fast convergence of the MCMC chains
to the target distribution.

D Implementing symmetry constraints

For a system of M observables, we implement the
constraint (6) by defining a penalty function:

def condition(x):
return std(x[:M] * O_coi + x[M:])*x*2

@linear_inequality(condition)
def penalty(x):
return 0.0

where x[:M] are the coefficients aq,...,aps, x[M:]
are the coeflicients by, ...,bys, and 0_coi is an array
of noisy expectation values.

Here, we use std from numpy for an array-
based calculation of standard deviation, and
linear_inequality from mystic.penalty to cre-
ate a penalty function that scales linearly when
condition is greater than zero.

To ensure that the condition is not violated during
the minimization of the cost function (5), we convert
the penalty to a constraint operator:

kwds = dict(nvars=2*M, termination=stop)
constraint = as_constraint(penalty, **kwds)

using as_constraint from mystic.constraints,
where stop is the optimization termination condi-
tion defined by using ChangeOverGeneration from
mystic.termination:

args = dict{tolerance=1e-12, generations=60}
stop = ChangeOverGeneration(**args) .

The operator constraint is then applied
during minimization of the cost function as
x’ = constraint(x), to ensure all candidate

solutions x’ for coefficients a and b generated by
the optimizer satisfy the constraints. This is done
by passing constraint to the constraints keyword
of the mystic optimizer used to minimize the cost
function.
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E The noise model

We construct the mnoise model wused in Sec-
tions 4.1.3, 4.2.2 with process matrices obtained by
gate set tomography (GST) experiments performed
on the IBM Oursense quantum computer. These ma-
trices are given in Appendix B of [72], where the de-
tails of the experiments can be found. Our goal in
Section 4.1.3 is to investigate shot-efficiency gains for
deep circuits that are challenging to mitigate with cur-
rent hardware. To achieve that, we reduce the effec-
tive noise rates of the model in comparison to the
original process matrices’ noise rates. Such a reduc-
tion is further justified by the fact that IBM Ourense’s
noise rates are higher than the error rates of current
IBM quantum computers. Furthermore, in our noise
model we assume that the noise rates of gates vary
for different qubits and different connections between
qubits as in the case of real devices.

More explicitly, in our noise model we assume (fol-
lowing [72]) that native gates of the device are
VX = e /*X  CNOT, identity I and Rz(6) =
e~/2Z R, is assumed to be perfect for IBM quan-
tum computers, as it can be performed "virtually" in
a zero-duration fashion without incurring significant
error [52]. We construct process matrices of I and
VX as convex combinations of the processes matrices

0
from [72] VX o, JOuwrense ONOTOW™ and the
noiseless ones v X perfeCt, Jperfect N QTPerfect

) Ourense erfect
VX =pVX +(1 *Pi)\/yfp . (45)

Ii _ piIOurense + (1 . pi)Iperfect7 (46)

CNOTU — pijCNOTOurense + (1 o pij)CNOTperfeCt,
(47)
Here, indices ¢ and j number qubits and p;, p;; were
drawn randomly from a uniform probability distribu-
tion on the interval [0.05, 0.15].
To quantify quality of a noisy gate g in our model
we use average process infidelity defined as

1— F(gnoisy7gpcrfcct) _

=1 [T [g () g = () D], (49

where g (|1)(1)]) and gPerfect(|4))(1)|) are states ob-
tained by action of the noisy and the noiseless gates
at a pure state |1) (1|, respectively. The integral for
single-qubit (two-qubit) gates is taken over single-
qubit (two-qubit) Haar measure. The Ourense pro-
cess matrices have infidelities [72]

1— F(IOurense’ Iperfect) —928. 10—37 (49)

- F(\/X_Ourense7 \/yperfect) _g8. 10—47 (50)

1 — F(CNOTO™ese CNOTP ety = 1.9.1072. (51)

As the process matrices used (45, 46, 47) are convex
combinations of the Ourense and noiseless process ma-
trices and fidelity (48) if linear in the left argument,
we have:

1 _F(gi7gperfect) — pi(l _F(gOurense’gperfect))’ (52)

1-— F(CNOT”, CNOTperfect) _ (53)
pij(]- _ F(CNOTOurense’ CNOTperfect))’

with g being I or v/X. Consequently, the model
gates infidelities are on average reduced with respect
to IBM’s Ourense device by an order of magnitude.

Furthermore, we assume the presence of state
preparation error. We assume that the initial state
po is a product state of single-qubit states

po=py & py (54)

with
7 urense erfec
po = Pipg ™+ (L —pi)pg™, (55)

where pQ"ms¢ corresponds to the initial state ob-
tained by GST experiments for IBM Ourense and
given in Appendix B of [72], while pB™* = |0)(0|
corresponds to perfect state preparation. In our noise
model we neglect measurement error as it can be ef-
ficiently mitigated by specialized techniques [67-69].
Probabilities p; were drawn randomly from a uniform
probability distribution on the interval [0.05,0.15].

To quantify the noisy state preparation quality we
use state infidelity

1= F(o,p) = 1— (Tr\/\/poyp)®.  (56)
For the Ourense state preparation we have [72]
1 — F(pQurense gpertecty _ g 7. 103, (57)
while for the noise model we obtain
1— F(ph, ppe) = 9.7 10 %p;;, (58)

i.e. the model infidelity is on average reduced with
respect to the real device by an order of magnitude.

F  Training sets from the real-hardware
implementation

For the standard CDR we generate training circuits
by random substitutions as described in Appendix A.
We measure the circuit of interest in one basis to de-
termine expectation values of O; = X;X; g/, €
{1,...,Q/2} correlators and in another one to deter-
mine expectation values of O; /2 = YiYi g2, €
{1,...,Q/2} correlators. We consider cases of N; €
{2,6,8,12,30} training circuits to correct O;*"*. To
gather statistics for each case we generate 10 indepen-
dent sets of training circuits. As we need to measure
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Figure 8: Training sets from the real-hardware implementation. In (@), we show a standard CDR training set for the real-
hardware implementation from Figure 4 and the ground state expectation value of X1 X4 (red square). Here we use 15 training
circuits (red circles) to correct X;X,. Number of shots per expectation value evaluation is Ny = 10%. Due to clustering of
the training circuits quality of the CDR mitigation is poor as shown by the fitted CDR ansatz (blue line). We obtained similar
results for other correlators (8). In (b), we show a training set for the shot-efficient method and Ny = 12. Here we correct
all symmetric half-chain correlators (8) using the symmetric CDR algorithm and generate a widely-spread distribution of the
training circuits for each observable independently. Red squares and circles show expectation values of X1 X4 for the training
data and the circuit of interest. Gray squares and circles show expectation values of the other symmetric correlators. As in
(a), we have N, = 10*. We obtain good quality of the error mitigation despite total shot cost of the error mitigation N°*
being smaller than in (a). For the sake of transparency we show a CDR fit only for X1 X4. For other correlators (8), quality

of the error mitigation is similar.

XiXiyq/2 and Y;Y; g 2 independently, for N; > 2
we measure randomly chosen N;/2 circuits in the
X;X;1qy2 basis and another half of the training cir-
cuits in the Y;Y; /o basis. This strategy cannot be
used for N; = 2, so in that case for half of the sets
of the training circuits we measure X;X;, /2 corre-
lators and for the other half Y;Y; /o correlators. To
randomize the results further, while performing CDR
correction for each set of the training circuits, we mea-
sure the circuit of interest independently. Figure 8(a)
shows a typical (resulting in median value of the mit-
igated error (9)) training set generated by that pro-
cedure for O = X1 X4 and N; = 30, N, = 10*. Ob-
tained training sets are strongly affected by cluster-
ing of the training circuits in the same way as in the
case of training sets generated with the noise model
in Figure 2. That explains poor performance of the
standard CDR.

In the case of the shot-efficient version we gener-
ate distributions of widely-distributed training cir-
cuits for each O; independently. To that end we
use an algorithm from Appendix C.2. In the case
of N; € {12,18,30} for each O; we generate training
circuits with values of Of*** ~ —0.5,0.5, OF** =~
—0.5,0.,0.5, and O$**°* ~ —0.5, —0.25,0,0.25, 0.5, re-
spectively. For N; < 12 we choose randomly N;/2
observables O; for which we generate the training cir-
cuits with O&** ~ —0.5,0.5. To randomize results
for each N; we consider 10 different sets of training
circuits obtained by starting MCMC chains with dif-
ferent initial circuits. Additionally, for each set of
training circuits we use independent measurements of

the circuit of interest. We show a typical training set
for Ny = 12 in Figure 8(b).

G Effects of hardware drift on perfor-
mance of learning-based error mitigation

Shot-efficiency of the error mitigation is crucial for ob-
taining good quality of quantum computation when
shot resources are limited. Here we argue that shot
resources are not only limited by available time of
a quantum computer. They are also effectively lim-
ited by its variability in time. In the case of the
learning-based error mitigation we learn the correc-
tion from training circuits assuming that the noise
remains constant in time. That assumption is an ide-
alization of real-world devices. In reality, certain char-
acteristics of such devices “drift” in time. The shot-
efficient method proposed here enables to perform the
error mitigation over a shorter period of time than
the standard method. Therefore, it violates the con-
stant noise assumption less severely than the standard
CDR method. Consequently, we expect it to deliver
better quality of the error mitigation than the stan-
dard approach. While we leave quantifying this effect
to a future work, we show a proof of principle results
demonstrating that the drift affects the quality of the
error mitigation. Namely, we performed shot-efficient
CDR error mitigation for the symmetric half-chain
correlators (8) of the ground state of the 6-qubit XY
model using IBM Toronto at two different times. In
both cases we used the same training circuits which
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Figure 9: Effects of the hardware drift. WWe compare two shot-efficient CDR runs conducted for the same circuit of interest
at two different times. We mitigate the half-chain correlators (8) of the ground state of the 6-qubit XY model using IBM
Toronto. Run number 1 was conducted on 01/22/2022 while run number 2 was performed on 03/23/2022. In both runs we
used the same training circuits which were compiled to the native gates in the same way. We show here training sets and
fitted ansaetze from both runs. Green squares and triangles are the results from the run number 1 while the red ones are
results from run 2. We use dark red and dark green symbols to show X; X4 and light red and light green ones to plot the
other correlators (8). The drift changed distribution of O™ affecting parameters of the fitted ansaetze and quality of CDR
mitigation. Here, for the sake of transparency we plot only CDR fits (the lines) for X1 X4. The fits for other correlators give
similar quality of the correction as the ones shown here. For the run 1 we obtain the mitigated error 0.14 while for the run 2
the mitigated error is 0.28. We remark that here quality of the error mitigation is in both cases worse than the one reported
in Figures 4, 8 as we use 6 of 27 qubits of the device with larger error rates than the ones used in Figures 4, 8.
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Figure 10: Error mitigation of the ground state energy of LiH molecule for different choices of N. The mean and maximal
absolute energy errors (12) of the efficient CDR method for different choices of a CDR hyperparameter N € {1,5,10,20}.
Here, we mitigate the ground state of LiH molecule using IBM’s Ourense-derived noise model. The circuit of interest, the noise
model, and the training circuit construction method are the same as in Sec. 4.2. Here, N; = 2, and we show N, = 103,104, 10°
results in panels (a), (b, (c), respectively. The mean and maximal values are obtained using a sample of 32 independent sets
of training circuits for each N value. As a reference, we also show errors of the noisy unmitigated data.
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