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Accurate modeling of noise in realistic quan-
tum processors is critical for constructing fault-
tolerant quantum computers. While a full sim-
ulation of actual noisy quantum circuits pro-
vides information about correlated noise among
all qubits and is therefore accurate, it is, how-
ever, computationally expensive as it requires
resources that grow exponentially with the num-
ber of qubits. In this paper, we propose an ef-
ficient systematic construction of approximate
noise channels, where their accuracy can be en-
hanced by incorporating noise components with
higher qubit-qubit correlation degree. To formu-
late such approximate channels, we first present
a method, dubbed the cluster expansion ap-
proach, to decompose the Lindbladian genera-
tor of an actual noise channel into components
based on interqubit correlation degree. We then
generate a k-th order approximate noise channel
by truncating the cluster expansion and incorpo-
rating noise components with correlations up to
the k-th degree. We require that the approxi-
mate noise channels must be accurate and also
“honest”, i.e., the actual errors are not under-
estimated in our physical models. As an exam-
ple application, we apply our method to model
noise in a three-qubit quantum processor that
stabilizes a [2,0,2] codeword, which is one of
the four Bell states. We find that, for realistic
noise strength typical for fixed-frequency super-
conducting qubits coupled via always-on static
interactions, correlated noise beyond two-qubit
correlation can significantly affect the code sim-
ulation accuracy. Since our approach provides a
systematic characterization of multi-qubit noise
correlations, it enables the potential for accu-
rate, honest and scalable approximations to sim-
ulate large numbers of qubits from full model-
ing or experimental characterizations of small
enough quantum subsystems, which are efficient
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yet still retain essential noise features of the en-
tire device.

1 Introduction

Noise presents the major stumbling block in construct-
ing a scalable quantum information processing device.
To protect quantum information against noise such that
error rates are small enough for practical quantum ad-
vantage in large-scale quantum processors, one needs to
implement quantum error correction (QEC) [1, 2, 3, 4],
where a logical qubit is encoded using many physical
qubits. The basic idea behind QEC is that the log-
ical error rate can be made arbitrarily small by in-
creasing the number of physical qubits provided that
the physical-qubit error rate is below a certain thresh-
old [5, 6, 7, 8]. Since the assessment of QEC perfor-
mance is based on the assumption of the underlying
noise model, accurate noise modelings and characteriza-
tions of quantum processors are absolutely essential for
designing reliable and practical QEC. Moreover, faith-
ful information on noise in realistic quantum devices is
also crucial for devising more noise-resilient qubit archi-
tectures and hardware-efficient QEC codes with better
threshold and smaller overhead. For example, for de-
vices with biased Pauli noise, cat qubits [9, 10, 11] and
the XZZX surface code [12] are favorable as they possess
outstanding resilience against such noise.

Knowledge about noise in quantum devices can be ob-
tained by doing full simulations or experimental charac-
terizations, e.g., gate set [13, 14, 15], quantum state and
process tomography [16, 17], Lindblad tomography [18]
or randomized benchmarking [19, 20], of the actual
physical device, which supply details on the qubit state
at a given moment or quantum process/channel due to
a gate application of a certain duration. Such theoreti-
cal simulations or experimental characterizations, how-
ever, require computational or experimental resources
(such as number of measurements) that scale exponen-
tially with the number of qubits, which makes them im-
practical for large quantum circuits. The question that
naturally arises is how one can use the full characteriza-
tion of noise in small quantum processors to accurately
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Figure 1: Schematics of the cluster expansion approach, a per-
turbative series method that decomposes the Lindbladian (noise
generator) into terms based on the interqubit correlation de-
grees. Shown is an example of the cluster expansion approach
applied to noise in a three-qubit quantum processor with trian-
gular connectivity.

3-body

assess the performance of large quantum information
processors?

One strategy used to simulate noise in large quantum
systems is to assume a Pauli noise model [21, 22, 23] and
construct approximate stochastic noise channels based
on the Pauli twirling approximation [24, 25] which av-
erages the noise channels with respect to a set of uni-
taries. This oversimplified model, however, often does
not provide an accurate and honest description of noise
in real quantum systems as it does not capture coherent
noise, such as crosstalk, pulse miscalibration, etc., and
non-Pauli errors, such as leakage, etc., which are the
dominant noise in many realistic quantum devices. In
this paper, we propose a general systematic approach to
generate approximate noise channels beyond the Pauli
noise model, which is based on actual noise data ob-
tained from either realistic simulations or experimental
characterizations of subsystems of the quantum device.
In particular, we can obtain the actual noise data via
either Lindbladian dynamics simulation or experimen-
tal characterizations such as Lindblad tomography [18],
and process tomography [17] which supplies data that
can be fitted to get the best-fit Lindbladian for the
quantum channel [26, 27]. In this paper, we focus on the
former, i.e., using inputs from theoretical simulations of
Lindbladian dynamics.

We present an approach, dubbed the cluster expan-
sion method, to decompose the actual noise into com-
ponents according to their degree of qubit-qubit cor-
relations [see Fig. 1]. A k-th order approximate noise
channel is then generated by truncating the expansion
and including noise components with qubit-qubit cor-
relations up to the k-th degree. The accuracy of the
approximate noise model can be improved (at the ex-
pense of reducing the efficiency) by including noise com-
ponents with increasingly higher interqubit correlation
degree. Further, we impose that our approximate noise
channel must be constructed in an “honest” manner,
i.e., the approximate error does not underestimate the
actual error. Therefore, the aim of this paper is to
provide a systematic method to construct approximate
noise models, N, pprox, such that

1. the action of Napprox can be made as “accurate”
(faithful) as possible in representing the action of
the actual channel Myciual,

2. Napprox gives an “honest” representation of the
noise in the actual system, and

3. the construction of N,pprox for the full system can
be done by combining together the input noise data
from its smaller subsystems in a reliable way where
there is no overcounting of any of the noise compo-
nents.

This paper is organized as follows. In Sec. 2, we begin
by giving a short review of the Lindblad master equa-
tion and also define the normal-form of a noise chan-
nel. Subsequently in Sec. 3, we use the cluster expan-
sion approach to decompose the Lindbladian into terms
based on their qubit-qubit correlation degrees. In Sec. 4,
we present ways to construct approximate noise chan-
nels using the decomposed Lindbladians and define the
honesty and accuracy criteria of the approximate noise
models. We then give a detailed application of our noise
model for QEC in Sec. 5, focusing on a specific exam-
ple, namely the [2,0,2] code. We give the conclusion
and provide the outlook on future research directions
in Sec. 6. The appendices contain details on the super-
operator representation, proof of the cluster expansion,
example applications of the cluster expansion method,
algorithms and details of pulse sequences for the [2, 0, 2]
code, and results for simulating the [2,0,2] code in a
three-qubit quantum processor with triangular connec-
tivity.

2 Lindblad noise model

We assume that the evolution of a quantum processor
interacting with its environment is well approximated
by the Lindblad master equation [28, 29]:

O _ Lo, 1)

where p is the system density matrix and the Lindbla-
dian £ is given by [28, 29]

N PN 1 . a 1 s
L(p) = —ilfL o+ (Aij; L iAg- QpA;Aj)
J

(2)
with [, -] denoting the commutator. Here the Hamilto-
nian A describes the unitary dynamics of the system,
which can include coherent errors resulting from pulse
miscalibration, crosstalk due to always-on qubit-qubit
interactions, etc. flj is the jth Lindblad (jump) oper-

ator with a jump/dissipation rate ; representing the
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incoherent noise (e.g., dephasing and relaxation) due to
interactions between the system and environment. The
Lindblad master equation can describe either Marko-
vian or non-Markovian noise [30, 31, 32]. The resulting
channel (propagator) that evolves the system for a du-
ration ¢t can be written as

V:T{QpQ[E@%ﬁ”, (3)

where 7' denotes the time-ordering operator.

In order to describe dynamics due to only the un-
wanted noise, we write the channel (propagator) in the
normal form. This normal form is defined as the noise
channel with the unitary dynamics contribution UT of
the ideal Hamiltonian being factored out, i.e.,

N=Volul, (4)

where UT(p) = U'pU is the ideal (noiseless) channel
with U being the ideal target unitary operator .

If the Hamiltonian or Lindblad operators are time-
dependent then the Lindbladian £ and hence, the noise
channel are also time-dependent. We capture the ef-
fect of this time-dependent dynamics by using £, which
is an effective dimensionless time-independent Lindbla-
dian that serves as a generator for the system evolution
from the beginning to the end of the application of the
noise channel. In the superoperator representation [33]
(see Appendix A), it is given by

£ = In(N), (6)

where £ is the superoperator representation of the Lind-
bladian £ and N is the superoperator representation of
the normal-form noise channel N as defined in Eq. (4).
In general, the matrix logarithm in Eq. (6) yields an in-
finite number of branch cuts. However, for small enough
noise strength, the normal-form noise channel is close to
the identity channel and hence the zeroth branch cut of
the matrix logarithm taken in Eq. (6) gives a physical
Lindbladian, i.e., the Lindbladian where all its eigen-
values have non-positive real parts.

IWe remark that, given the target U, there exists a family of
such forms

Ne=UToVolU 1= (5)

for z € [0,1] withU®(p) = UTpU ~*. In addition, summation over
a function f(x)dz also produces appropriate forms, e.g., Ny =
f/\/xf(m)dm with ff(z)dm = 1 being the only requirement to
ensure that Ny is the identity channel when there is no noise.
There can be circumstances where the use of such Ny forms may
be desirable, due to averaging or simplification for the appropriate
setting, but here we fix Ny as the normal form.

3 Lindbladian decomposition using clus-
ter expansion

Quantum circuits are usually transpiled into one- and
two-qubit gates. Noise associated with the gate opera-
tions are then expected to have significant effects only
in the neighborhood of the qubits where the gates are
applied. As a result, we can simplify the noise model
by first decomposing the noise into locally correlated
noise and incorporating only the subset of noise that
substantially affects the gates performance.

To separate and quantify the contributions due to
noise with different degree of correlations, we present a
method akin to the cluster expansion approach [34, 35]
used for interacting closed many-body systems. The
cluster expansion approach is a perturbative series ex-
pansion which sums over the contributions from clusters
with different size; see Fig. 1. Instead of doing a power-
series expansion over the partition function as in the
standard cluster expansion approach used to treat inter-
actions in closed many-body systems [34, 35], our clus-
ter expansion approach decomposes the Lindblad gen-

erator £ of an actual noise channel into sum of compo-
nents with different degree of qubit-qubit correlations,
ie.,

A ¢v1—body ¢V2—b0dy

L=L +L

~n—body

ot L .

where £ denotes the exact Lindbladian of the whole
system which comprises n number of qubits. Here,

~m—body _ Zzﬁm (8)

Sm

is the component of the Lindbladian that describes noise
with m-th correlation degree. The sum used tobez’alu—
A M —DO:
ate the m-th order correlated Lindbladian £ Y in
Eq. (8) is performed over all subsets of size m in the
set S ={1,2,--- ,n}, ie., Sy C S such that |S,,| =m.
Each of the m-th order Lindblad terms is given by the
following recurrence relation:

f%:<diln%[ﬂ@m$)—»§:c. (9)

RCS,,

Here S,, = {x € S: 2 ¢ S,,} denotes the complement
subset of S,,, where S, is the subsystem containing m
qubits on which the noise correlation is calculated. As
proven in Theorem 1 of Appendix B, the above defi-

2Sm
nition of £  [Eq. (9)] guarantees that any Lindbla-
2ASm
dian can always be decomposed in terms of £  as

in Egs. (7) and (8). Moreover, Eq. (9) also ensures
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" indeed describes a pure m-th order
noise correlation as it can be decomposed using identi-
ties on all qubits and generators that have non-trivial
basis only on all of the qubits j € S,,, (see Theorem 2 of
Appendix B for a proof). We note that our cluster ex-
pansion for decomposing the Lindbladian is general and
can be applied to any quantum processes, even though
in this paper we apply our cluster expansion only to a
specific quantum process represented by a QEC circuit.

As shown in Eq. (10), Eg " is calculated by first doing
a partial trace of the Lindbladian of the whole n-qubits
system over the (n —m) qubits in the complement sub-
set S,, which live in the Hilbert space with dimension
d™=™)_ Here, d is the number of energy levels in the
qubit, where we use d = 2 for the simulation in this
paper. The tensor product with the identity 1g in
the (n — m)-qubit subspace after the trace operation is
to ensure that the dimension of the Lindblad compo-
nent is the same as its initial dimension. The result af-
ter the partial trace gives an effective Lindbladian that
describes noise in an m-qubits subsystem where it in-
cludes all noise components with correlation degrees up

to the m-th order. Therefore, to get the m-th order
;\,Sm
correlated noise term £ , we need to subtract all the

lower (m’ < m)-th order correlated noise terms from
the partial-trace result, where the subtraction is over
all proper subsets of S, (R C Sp,), i.e., all subsets of
S, that are not equal to S,

In order to connect to experiments where noise char-
acterization is done by evolving the system through a

2Sm
that the term £

m

quantum channel e“, we need to express L in terms
of e£. In the small- noise reglme Where ||£|| < e < 1/2

we can approximate ef =~ 1 + E and In(1 + L) ~ L.
We note that the error in making these approximations
scales only with 2, which is of higher order than the

magnitude of the noise ||£]| that we would like to ap-
proximate. Therefore, we can rewrite Eq. (9) as (see
Appendix B for a rigorous proof):

~Sm R
c ~ln< {ﬁ ﬂsm®psm)] ®ﬂsm> - > c
RCS,n,
1z
< (s, | (1s. 0 525 )| 015,
~R
L . (10)

=

Here, the density matrix pg of the (n—m) qubits in the
subset S,,, the complement subset to the qubit subset
of interest, is taken to be a fully mixed state; this is a
valid assumption for QEC circuits, the focus of our pa-
per, as noise in data qubits makes the syndrome qubits

undergo ergodic evolutions into all possible states. To
further add to the understanding and for the ease of
implementation, we provide an algorithm to compute
the recurrence relation of the cluster expansion in Al-
gorithm 1.

/:\/S’VTL
Algorithm 1: m-th-order Lindbladian £  ex-

traction from a quantum channel A

Input
1. A quantum channel N
2. an integer n = total number of qubits in the system

3. an integer m = number of qubits in the subsystem S,,
of interest

4. m integers: Sm = {q1, -, ¢m} denoting qubit indices
in the subset S, of interest

5. an integer d = number of levels in the qubit

Output : ng: the Lindbladian term describing a
pure m-th body correlation in the S,
subsystem consisting of m (m < n) qubits.

Function ClusterExpansion(./\?’, n, m, Sm, d):

[

2 for i < 1 to m do
Form all R; C S,,, where |R;| =4
/\./R1
// Initialize £ by partial-tracing
N over RZ
aR;
4 L <—ln(dn 7 Trg, [N]@]lf{i)

5 for Q € R; do
// Subtract all the lower order
Lindblad terms

aR; aR; AQ
6 L L —-L
aR;
7 Store L
aSm
8 return L

4 Approximate noise model

4.1 Construction

Using the above decomposed Lindbladians, we can now
ask the question: can we truncate the total Lindblad

term £ by considering only terms up to the k-th order,
where k < n? As we show in the rest of this work,
we answer this in the affirmative. Specifically, we con-

sider the k-body approximation of the Lindbladian [:';C
by ignoring all higher-order terms (m > k), defining:

A ~1—body ~2—body ~k—body
Ly=LC +L tot L .y
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We remark that, in general, each term in ENk is not guar-
anteed to be a physical Lindbladian. This means that

Ek may also not be a physical Lindbladian since it can
comprise a sum of both positive and negative Lindblad
terms [see Egs. (8) and (10)] °. However, all the 1-

Aol al—body
body terms £ and hence £ are guaranteed to

be physical Lindbladians. Note that the way we calcu-

late each term in Ly, as defined in Eqs. (8) and (10),
guarantees that the summation in Eq. (11) does not
over- or under-count the expected error, as we show-
case with several examples in Appendix C.

To generate the approximate noise channel, we can in
principle exponentiate the k-body approximate Lind-

bladian L. However, for sufficiently small noise
strength, we can further simplify the computation for
the approximate noise channel by making a Trotter ap-
proximation. Combining the truncation of the Lindbla-
dian cluster-expansion and the Trotter approximation,
we write the k-th order approximate noise channel as

~

51 Sk
Napproch(g) = Hexp(gﬁ ) T H exp(g£ )7 (12)
S1 Sk

where ¢ is the gain factor °, a free parameter to be op-
timized in order to make the approximation “honest”
and as accurate as possible (see Sec. 4.2 for details on
the honesty and accuracy criteria). We use this Trotter-
ized form in what follows as it allows us to reason about
noise in the context of more complex quantum circuits,
where each noise component can be replaced by a quan-
tum operation occurring over a subset S, with m < k.

We note that our approximate noise model can be
scaled to larger systems even when there is crosstalk
between all connected pairs of qubits as long as the ef-
fect due to the crosstalk between a pair of qubit does
not extend across the whole system and is significant
only within a region near the pair of qubit where the
crosstalk acts. This is because the cluster expansion can
be truncated at a certain depth where the small ampli-
tude of higher-order terms, i.e., terms with correlation
degree greater than k, allows us to entirely neglect these
higher-order residual errors.

2Sm
2While the term £ in Eq. (10) is not guaranteed to be
a physical Lindbladian, the first term of the right-hand side of

Eq. (10), i.e, In (TrS‘m |:e£ (Ilsm ® pgm)} ® Ilgm), is always a

physical Lindbladian as it describes noise in an m-qubits subsys-
tem.

9In general, one may have to use different gain factors for
different decomposed components of the Lindbladian to get a
completely-positive and trace-preserving (CPTP) approximate
noise channel that is honest and accurate. However, for our case
of [[2,0,2]] code in 3-qubit processors, we find that we can use the
same gain factor for all the Lindbladian components to obtain
honest and accurate CPTP approximate noise channels.

4.2 Honesty and accuracy

To quantify the performance of the approximate noise
model, we calculate the distances between ideal (noise-
less), actual, and approximate noise channels, which
quantify the distinguishability between the channels.
Based on these distances, we can characterize two prop-
erties of the approximate noise channels: honesty and
accuracy [36, 37, 38].

An approximate noise channel is honest if it does
not underestimate the deleterious effect of the actual
noise. On the other hand, the accuracy of an approx-
imate channel refers to how closely it can emulate the
impact of the actual noise. More explicitly, if we con-
sider the ideal (noiseless) Vigeal, actual Vactual, and ap-
proximate Vapprox target channels map an initial pure
state |Uin) into the pideal; Pactual, and Papprox density
matrices, respectively, we can then define the honesty
and accuracy criteria of the approximate noise channel
Vapprox in terms of the distance metrics D between these
density matrices as

D(pideal;s Papprox)
D(pideal, Pactual)
D(pideal, Pactual)

D(f)actuala papprox)

honest if >1, (13)

accurate if

>1, (14)

for every input pure state |¥yy,).

For ease of understanding, we show in Fig. 2 the
schematics of the honesty and accuracy criteria of ap-
proximate noise models. For the approximate noise
model to be honest, its density matrix must lie outside
the ball whose radius is defined by the distance between
Pideal a0d Pactual (the shaded ball shown in Fig. 2). This
means that an honest approximate noise model should
not underestimate the actual noise. On the other hand,
for the approximate noise model to be accurate, it must
be as close as possible to the actual model; in other
words, the distance between them (the green dashed
line in Fig. 2) must be as small as possible. This implies
that for an approximate noise model to be accurate, the
error of its approximation should not be larger than the
noise that it approximates. Consequently, as shown in
Fig. 2, accurate and honest approximate noise models
must lie on the green arc outside the shaded ball but
close to the actual model.

To obtain the best approximate noise model, we find
the optimal gain factor (¢ = gopt) it Napprox [Eq. (12)]
that yields the highest state-averaged accuracy ratio,
ie.,

< D(pideah pactual) >
max
g D(pactuah papprox(g)) [Tin) ’

subject to the honesty constraint [Eq. (13)]. Here,
(+*)w,,) denotes the averaging over all the pure in-
put states (for the case of QEC, which is the focus of
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Figure 2: A schematic of distances between density matri-
ces obtained from the ideal (pideal), actual (pactuar) and ap-
proximate (papprox) models. Shaded area represents parameter
regimes where approximate noise models are not honest. Hon-
est approximate noise models must lie outside the ball defined
by the distance between the ideal and actual models (shown by
shaded ball). For the approximate noise models to be accurate,
they must be close to the actual model.

our paper, these input states are all the eigenstates of
the stabilizers).

While in this paper we choose to calculate the hon-
esty and accuracy metrics by averaging over all pure
input states which are the eigenstates of the stabilizers,
for computational efficiency, one can instead choose a
more scalable definition of honesty and accuracy met-
rics. For instance, we can use metrics which are defined
using only the codewords of the QEC code (normally
defined as the +1 eigenstates of the stabilizers). As an
example, for the [2,0,2] code which is the topic of the
following sections, the codeword would just be the Bell
state |®+) = (|00) 4 |11))/v/2. This choice of honesty
and accuracy metrics will give an exponential reduction
in the amount of computation needed since the number
of input states that needs to be taken into account is
reduced exponentially. Furthermore, we can make the
computation more efficient by using the honesty and ac-
curacy ratios defined in terms of distances between syn-
drome measurement probability distributions. The rea-
son we choose to use the honesty and accuracy metrics
defined in terms of density matrices is because density
matrices provide more information and also to conform
with the way these two metrics are usually calculated
in the literature, e.g., Refs. [37, 38]. We emphasize that
the applicability of our cluster expansion technique is
not restricted to a particular definition of honesty and
accuracy such as the one defined here. For computa-
tional efficiency, one can use a more scalable definition
of honesty and accuracy metrics.

5 Application to QEC: [2,0, 2] code

5.1 Basics of [2,0,2] code

As an example application of our noise model, we con-
sider applying it to the simplest QEC code, the [2,0, 2]
code [39]. As its name suggests, this code has 2 phys-
ical data qubits, zero logical qubits and a distance of

Repeat [ times

E 7z XX i

L. S :

|‘1/in> 25 () E
10y 2-{ Rese H-—-+HAH{ 1 H{A

Figure 3: Quantum circuit for implementing the 2,0, 2] code.
The code consists of two data qubits (qubits 1 and 2) and
one syndrome qubit (qubit 3). The input state of the data
qubits |¥in) is one of the Bell states while the syndrome qubit
is initialized in state |0). The syndrome qubit is reset to |0)
at the beginning of each round of the implementation of the
[2,0,2] code. The code has 2 stabilizers: ZZ and XX. The
77 and X X syndrome measurement values of each input Bell
state |Win) for each round of the implementation of an ideal
(noiseless) [2,0, 2]-code circuit are shown in Table 1.

Input state |¥in) (ZZ, X X) syndrome
_ 00) +[11)
[@") = 7 (0,0)
_, _ |00y —|11)
[@7) = 7 (0,1)
_, _ |o1) —10)
o) = % (1,0)
_ [01) + [10)
) = 2L (L,1)

Table 1: Data-qubits input states together with the syndrome
measurement results of the ancilla qubit at each round of the
implementation of an ideal (noiseless) [2, 0, 2]-code circuit.

2. Tt has zero logical qubits since the number of sta-
bilizers (ZZ and XX) is the same as the number of
physical data qubits. The code has only a single code-
word which is any one of the four Bell states (see Ta-
ble 1), which resides in a particular codespace with a
fixed value (usually taken to be +1 eigenvalue) of the
7 7 and X X parity operators. An arbitrary single-qubit
error simply changes the codeword into another Bell
state which is the opposite eigenstate of the ZZ and/or
X X parity operators and thus can be detected via the
77 and X X parity check measurements. For example,
a bit-(phase-)flip changes the data-qubits’ state to the
eigenstate of ZZ (X X) parity operator with an oppo-
site eigenvalue, and a simultaneous bit- and phase-flip
(a Y error) changes it to the eigenstate with opposite
eigenvalues for both the ZZ and X X parity checks.
The circuit for implementing the [2,0,2] code is
shown in Fig. 3. Our circuit is simpler than the one
implemented in Ref. [39] where we use only one instead
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of two ancilla/syndrome qubits; in our circuit, the same
ancilla qubit is used sequentially for the ZZ and XX
parity checks. The input state of the circuit is taken to
be any one of the four Bell states, where each of them
has a unique syndrome measurement at each round of
the implementation of an ideal (noiseless) 2,0, 2]-code
circuit, as shown in Table 1.

5.2 Infidelity distance measure between different
quantum channels

Since noise in different quantum channels change the
same initial data-qubits states into different quantum
states, we can characterize noise in different quantum
channels by first defining the fidelity between the data-
qubits states resulting from two different quantum chan-
nels £ and F as [40, 41]

Fy(pe, pr) = [Tf( \/Pispf\/Pisﬂ% (15)

Dy (pespr) =1—{ D

z€{0,1}2!

where x € {0,1}?! are the syndrome measurement
bit strings after the [-th round implementation of the
[2,0,2]-code circuit and |¥;,) is the data-qubits in-
put state, which is one of the four Bell states. Here,
pe.7(x|V;,) are the data-qubits density matrices result-
ing from the application of the quantum channels £
and F, respectively, given the syndrome measurement
result z and a particular input state |U;,). The den-
sity matrices pg r(z|¥;,) are therefore associated with
the corresponding probability distributions pe (x| ¥i,)
of a syndrome measurement result = given a particu-
lar input state |¥j,). The infidelity values are given
by 0 < DY ,(pe,pr) < 1, where DIy \(pe,pr) = 0
means that the two density matrices are identical and
D‘igfm(pg7 pr) = 1 indicates that the two density ma-
trices are furthest apart from each other.

In the context of QEC, the honesty and accuracy cri-
teria [Eqgs. (13) and (14)] of our approximate noise mod-
els can then be defined in terms of the infidelity metrics
given in Eq. (17). Specifically, we require these criteria
to be satisfied for every input pure state |¥;,) belonging
to the eigenstates of the stabilizers (which are the four
Bell states for our example of the [2,0,2] code).

As different data-qubits states give rise to different
probabilities of the syndrome-qubit measurement re-
sults z, we can similarly define the fidelity of the syn-
drome qubit measurements of different quantum chan-
nels in terms of their syndrome measurement probabil-
ities [pe(x) and pr(x)] as [41]

Fe(pe.pF) = lz \/Pe(ﬂf)pf(f)] : (16)

Combining the fidelity measures characterized in terms
of the data-qubits states and syndrome qubit measure-
ments, we can define the infidelity distance between any
two quantum channels used to implement QEC codes
as

2

Vel el % T (Vv aeal ol i) Vot ) | | )

5.3 Simulation

We now analyze the implementation of our noise model
for the [2,0,2] code in a concrete physical setup: a
quantum processor consisting of fixed-frequency qubits
coupled to each other via static transverse couplings.
The system Hamiltonian is given by

H(t) = Hy + Hi + Hae(1), (18)

where flq is the bare qubit Hamiltonian, ﬁint is the
qubit-qubit interaction term and I:Idr(t) is the qubit
drive term.

We consider the qubits to be a collection of two-level
systems with the bare Hamiltonian (in units i = 1)

A Wy
H,= Z ; 625 (19)
J

where 6, ; = |0);,;(0] — |1);,(1] is the j-th qubit Pauli-
z operator and w,, is the j-th qubit frequency. The
qubits are coupled to each other via always-on static
transverse couplings with the Hamiltonian

Hing =) Ji(6436-k +6106-5),  (20)
(4:k)
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Figure 4: Connectivities of the 3-qubit processor used for imple-
menting the [2,0,2] code: (a) Linear and (b) Triangle geom-
etry. Circles represent data qubits and squares represent syn-
drome qubits. Numbers indicate the qubit labels as in Fig. 3.

where the sum is over all pairs of interacting qubits.
Here, Jj is the strength of the coupling between qubits
jand k, 64 = |1)(0] and 6_ = |0)(1]| are the qubit
raising and lowering operators, respectively. We con-
sider two different connectivities: linear and triangle
geometries (see Fig. 4), where the linear geometry has
one less qubit-qubit coupling compared to the triangle
geometry.

Gates are implemented by driving the qubits with
control fields where the drive Hamiltonian is

Hdr Z er,j (6’+,j€7i(wdr’jt+¢dr’j) + HC) .
jéEdriven
qubits

(21)

Here Qqy ;(t), war,; and ¢q, ; are respectively the en-
velope, frequency and phase of the control field that
drives qubit j. The notation “H.c.” denotes the Her-
mitian conjugate of the preceding term. A single-qubit
gate is implemented by driving the qubit with a con-
trol field at the qubit’s characteristic frequency. Any
single-qubit gate can be implemented in this way by
choosing appropriate amplitude, duration and phase of
the driving pulse. However, here we choose to realize
single-qubit gates using sequences of X and Y rotations
obtained using the X-Y decomposition [41] of the gates.
The two-qubit (CNOT) gate used in our simulation is
a cross-resonance [42, 43, 44, 45] gate which is imple-
mented by driving the control qubit at the frequency
of the target qubit. To cancel the unwanted effect due
to crosstalk in the cross-resonance gate, we apply an
echoed version of the calibrated pulse sequence as de-
scribed in Ref. [46].

The pulse schedules of the ZZ and X X stabilizers,
which consist of single- and two-qubit gate pulses, are
shown in the left and right panels of Fig. 5, respec-
tively; here we use Gaussian and Gaussian-square pulse
envelopes for the single-qubit and two-qubit gates, re-
spectively (see Appendix E for details on the pulse se-
quences for the ZZ and XX parity checks). These
pulse schedules are for a linearly-connected qubit ge-
ometry (the pulse schedules for the triangle geometry
are not shown as they are similar to those for the linear
geometry). They are calibrated for the qubit parame-
ters shown in Table 2; these parameters are typical for

Qubit-qubit couplings
Ji,2/27 = 4 MHz (Triangle)
= 0 (Linear)
J2,3/2m = 4 MHz
J1,3/27r = 4 MHz
Dephasing times

Qubit frequencies
wgq, /27 = 4.8 GHz

wgo /2™ = 5.2 GHz
wgs /27 =5 GHz

Relaxation times

Ti1,1 = 100 ps T,1 = 200 pus
TLQ = 100 MS TLP’Q = 200 US
Ti,3 = 100 pus T,3 = 200 us

Table 2: Qubit parameters: qubit frequencies wq, qubit-qubit
coupling strengths J, relaxation times 7% and pure dephasing
times T7,.

fixed-frequency superconducting qubits. For the linear
geometry, our calibrated pulses yield average fidelities
of 0.9896 and 0.9888 for the ZZ and X X stabilizers,
respectively. Similar calibrated pulses for the triangle
geometry yield average fidelities of 0.9870 and 0.9832
for the ZZ and X X stabilizers, respectively.

To simulate the gate dynamics which incorporates the
effects of dissipation due to T, dephasing and T} relax-
ation, we use the Lindblad master equation:

P+ 2

1 /. R 1
+ Z Ty (U_,jp(t)a_m 5 {‘7+,JU—,JaP(t)}) )
j 5]

(22)

L (50005 - (1))

where p(t) is the density matrix of the whole system,
T, ; and Ty ; are the dephasing and relaxation times of
qubit j, respectively. Here {-, -} denotes the anticommu-
tator. The Lindblad master equation simulation in this
paper is done using the Python package QuTiP [47, 48].

From the Lindblad master equation simulation, we
obtain the actual channel or propagator Vaciual of the
Z7 and X X stabilizers which evolve the system from
the beginning to the end of each stabilizer’s protocol
time. We then convert these propagators into their
normal forms Njctual using Eq. (4). Afterward, we
convert Nactual into the superoperator form and then
take the matrix logarithm of Nactual in 0fder to get the

time-independent effective Lindbladians £ [Eq. (6)]. We

then decompose these effective Lindbladians L using the
cluster expansion method in Sec. 3 and exponentiate
the decomposed Lindbladians to get the normal-form
of the approximate noise channels Napprox as detailed
in Sec. 4.1. To convert the approximate noise channels
of the ZZ and XX stabilizers into the standard form
Vapprox7 we multiply the corresponding Napprox by the
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Figure 5: Amplitudes Qay,; () and phases ¢q, ;(t) of the control pulses for the ZZ [panels (a), (b), and (c)] and X X [panels (d),
(e), and (f)] stabilizers of the [[2,0,2] code implemented in a linear geometry. From top to bottom: pulse schedules for qubit
j = 1,2,3 (the qubit labels are the same as those in Fig. 3). The pulse sequences consist of H, and CNOT,; gate pulses where
H, denotes the Hadamard on qubit @ and CNOT,; denotes the CNOT gate with qubit a being the control qubit and qubit b being
the target qubit. The Hadamard and CNOT gates in turn comprise two or more elementary pulses as discussed in Appendix E.

ideal (noiseless) target operation I, i.c.,

A~ ~ A~

= Napprox U. (23)

Vapprox

We note that the effective Lindbladian £ [Eq. (6)]
can in general contain higher-order operators than the
operators in the Hamiltonian or the dissipative jump

operators. This is because the effective Lindbladian L
is calculated by taking the logarithm of the noise chan-
nel that evolves the system from the beginning to the
end of the protocol. As shown in Eq. (3), this noise
channel is the time-ordered exponentiation of the usual
Lindbladian as defined in Eq. (2). The time-ordered
exponentiation can be expressed using the Magnus ex-
pansion [49, 50] as the exponentiation of infinite series of
operators evaluated from nested commutators involving
each term in the Hamiltonian and dissipative jump op-
erators. Since some of the Hamiltonian and dissipation
terms do not commute, the commutators give rise to
higher-body operators in the noise channel which then
translates into higher-body operators in the effective

Lindbladian £. For our example of the 3-qubit proces-
sor, the effective Lindbladian contains correlated qubit
jump operators, i.e., two- or three-body jump operators,
resulting from the commutator of the qubit-qubit cou-
plings in Eq. (20) and the individual qubit jump opera-
tors in Eq. (22). Moreover, it also comprises three-qubit

coupling terms, arising from the commutator between
two neighboring two-qubit coupling terms in Eq. (20).
One advantage of the cluster expansion proposed here
is that it gives a simple recipe on how to decompose
the effective Lindbladian into components based on in-
terqubit correlation degrees without having to resort to
the more complicated Magnus expansion technique as
described above. Moreover, our cluster expansion has
the benefit that it can be used even for the case where we
do not know the exact Hamiltonian and/or dissipators
in theA system but are given the total effective Lindbla-

dian £ of the system. This Lindbladian can be obtained
experimentally using noise characterization techniques
such as the Lindblad tomography [18] or process tomog-
raphy [17] whose data can be fitted to get the effective
Lindbladian for the quantum channel [26, 27].

We use the following procedure to implement the
[2,0,2] code (see Algorithm 2 of Appendix D for the
pseudocode):

1. Choose a Bell state for the input state |¥;,) of the
data qubits.

2. Reset the syndrome qubit to state |0).

3. Apply a selected error channel, actual Victual OF
approximate Vapprox (for different gain factors), of
the ZZ stabilizer.
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4. Apply a noiseless (perfect) projective measurement
of the syndrome qubit in the Z basis.

5. Apply a selected error channel, actual f/actual or
approximate V,pprox (for different gain factors), of
the X X stabilizer.

6. Apply a noiseless (perfect) projective measurement
of the syndrome qubit in the Z basis.

7. Compute the infidelities between the data-qubits
density matrices obtained from the noiseless (ideal)
Videal, actual Vactual and approximate V,pprox chan-
nels.

8. Repeat steps 2-7.

We apply the above procedure to implement the
[2,0,2] code for two different connectivities: linear and
triangle geometries (see Fig. 4). In order to under-
stand the contribution of noise components with dif-
ferent degrees of correlations, for both geometries we
perform simulations using two different approximate
noise channels: second-order (/\Afappmx,g) and third-order

~

(Napprox,3) approximate noise channels [Eq. (12)].

5.4 Results and discussion

Figure 6 shows the simulation results for the [2,0,2]
code, computed using the second-order (upper panels)
and third-order (lower panels) approximate noise chan-
nels. The results shown are for the 8th round implemen-
tation of the code in a linear geometry using different in-
put data qubits states | ¥, ). Figures 6(a) and 6(e) show
that the infidelity between the ideal and approximate
data-qubits density matrices increases linearly with the
gain factor g. This is because the gain factor amplifies
the noise in the approximate noise channels. Panels (b)
and (f) of Fig. 6 show that the infidelities between the
resulting actual and approximate data-qubits density
matrices D‘igfm (Pactuals Papprox) €xhibit a nonmonotonic
dependence on the gain factor g, where the minimum
isat g ~0.95 — 1.1 and g ~ 1 for the second-order and
third-order approximate noise channels, respectively.
From these infidelities, we calculate the honesty and
accuracy ratios as shown in Figs. 6 (c,g) and 6(dh),
respectively. The honesty ratio increases linearly with
the gain factor g where the honesty constraint (honesty
ratio > 1) is satisfied for all the four input Bell states
only when g 2 1.14 and g 2 1 for the second-order and
third-order approximate channels, respectively. On the
other hand, the accuracy ratios have nonmonotonic de-
pendences on the gain factor g with its maximum occur-
ring at g ~ 0.95 — 1.1 for the second-order approximate
noise channel and g ~ 1 for the third-order approximate
noise channel. The maximum state-averaged accuracy

ratios subject to the honesty constraint are obtained
by choosing the optimal g = gt in the honesty regime,
where gops > 1.14 and gopt =~ 1.0005 for the second- and
third-order approximations, respectively. As shown in
Fig. 11 of Appendix F, the results simulated for the tri-
angle geometry display similar qualitative behaviors as
those for the linear geometry.

Based on the simulations of the infidelities at each
round of the [2, 0, 2] code, we plot the state-averaged re-
sults for the second-order and third-order approximate
noise channels as a function of round number in the up-
per and lower panels of Fig. 7, respectively. The approx-
imate density matrices papprox are calculated using the
optimal gain factor (gopt) [Eq. (12)], which makes the
approximate channels honest and as accurate as possi-
ble. Here we show the results for both linear and trian-
gular connectivities.

Panels (a), (b), (e) and (f) of Fig. 7 show the state-
averaged infidelities of the data-qubits density matrices
calculated after each round of the [2,0,2] code, where
the averaging is performed over the four different in-
put Bell states. In Figs. 7(a) and 7(e), the infidelities
between the data-qubits density matrices of the ideal
(Pidear) and actual (pactua) channels are plotted using
solid lines, while the infidelities between the data-qubits
density matrices of the ideal (piqea) and approximate
(papprox) channels are depicted by dashed lines. Fig-
ures 7(b) and 7(f) show the infidelities between the
data-qubits density matrices of the actual (pactua) and
approximate (papprox) channels. These infidelities in-
crease with the number of rounds because the noise de-
coherence effect accumulates as the number of rounds
increases, which in turn increases the distance between
the density matrices. The increase is larger for the
triangle geometry compared to the linear connectiv-
ity because the triangle geometry has one more extra
crosstalk channel due to the coupling between qubits 1
and 2 (see Fig. 4).

The state-averaged honesty ratios for the approxi-
mate channels are plotted in panels (c) and (g) of Fig. 7.
The results are calculated using the optimal gain factor
(gopt) which is the gain factor that maximizes the state-
averaged accuracy ratios subject to the constraint that
the approximate channel must be honest (i.e., honesty
ratio > 1 [Eq. (13)]) for all four Bell input states. Us-
ing this optimal gain factor gopt, we compute the state-
averaged accuracy ratios, which are shown in panels (d)
and (h) of Fig. 7. As seen in Figs. 7(d) and 7(h), the
accuracy of the approximation first increases with the
number of rounds and for a large enough round num-
ber (> 5 for the second-order and > 3 for the third-
order approximation), the accuracy decreases with the
number of rounds due to the accumulation of the noise
decoherence effect. The reason for the nonmonotonic
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2nd-order approximation for [[2,0,2]] code in linear geometry at 8th round
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Figure 6: Results simulated for the linear connectivity using the second-order Nupprox,2 [upper panels: (a), (b), (c), and (d)]
and third-order Napprox,3 [lower panels: (e), (f), (g), and (h)] approximate noise channels. They are calculated at the 8th round
implementation of the [2, 0, 2] code for different input data-qubits states | Wiy ); the state-averaged results are denoted by (- - )|w,,)
and shown as solid purple lines. (a,b,e,f) Infidelity between the data-qubits density matrices as a function of gain factor g: (a,e)
Infidelity between ideal and approximate density matrices, (b,f) Infidelity between actual and approximate density matrices. (c,g)
Honesty ratio as a function of gain factor g. (d,h) Accuracy ratio as a function of gain factor g. Magenta arrow denotes g = gopt,
i.e., the optimal value of g that maximizes the state-averaged accuracy ratio subject to the honesty constraint [Eq. (13)], where
Jopt == 1.14 for the second-order and g = gopt = 1.0005 for the third-order approximate channel. Shaded areas in panels (c), (d),

(g), and (h) denote regimes where approximate noise models are not honest (honesty ratio < 1).

behavior of the accuracy ratio as a function of num-
ber of rounds is because the distance between pjqea1 and
Pactual increases roughly linearly with the number of
rounds [Figs. 7(a) and 7(e)] while the distance between
Pactual AN Papprox grows exponentially with the number
of rounds [Figs. 7(b) and 7(f)]. Note that in going from
the second-order to the third-order approximation, the
accuracy ratio increases by ~ 1—2 orders of magnitude,
which implies that the three-body correlated noise has
significant effects on the actual simulation accuracy of
the code.

6 Conclusions and outlook

We propose a generic perturbative series approach,
based on the cluster-expansion method, for decompos-
ing the Lindbladian noise in an actual noise channel
into components based on the qubit-qubit correlation
degrees. Furthermore, we also present a systematic
way to construct honest and accurate approximate noise

channels from the decomposed Lindbladians, where the
accuracy (efficiency) increases (decreases) as we include
correlated noise components with higher and higher cor-
relation degrees. Our work provides a general technique
to characterize multi-qubit correlated errors, which goes
beyond the Pauli noise model [21, 22] and also com-
monly used approximate noise models that assume only
one- and two-qubit noise.

By applying the cluster expansion approach to a con-
crete physical setting, namely, fixed-frequency super-
conducting qubits coupled via static always-on interac-
tions, we show that for realistic parameter sets com-
mon to this setup, correlated noise beyond two qubits
have significant effects on the simulation accuracy of
QEC codes. While here we focus on superconducting
qubits, our technique can actually be applied to any
kind of quantum computing platforms. Moreover, our
method can be extended to more complex settings, such
as multi-level qubit systems, where effects due to non-
computational states (e.g., leakage) can be taken into
account, and also to larger number of qubits.
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2nd-order approximation for [[2,0,2]] code up to 10 rounds
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Figure 7: Results simulated by using the second-order Napprox,2(gopt) [upper panels:
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(a), (b), (c), and (d)] and third-order

Noapprox,3(gopt) [lower panels: (e), (), (g), and (h)] approximate noise channels, where gop: is the optimal gain factor chosen

to maximize the approximation accuracy subject to the honesty criterion [Eq. (13)].

The values of gopt for the second-order

approximate noise channels are gopt =~ 1.14 for linear and gopt =~ 1.2 for triangle geometry. For the third-order approximation,
Jopt = 1.0005 for linear and gopt ~ 1.002 for triangle geometry. Panels (a,b,e,f): State-averaged infidelity between the data-qubits
density matrices simulated by using (a,e) ideal and actual noise channels (solid lines), ideal and approximate noise channels (dotted
lines), (b,f) actual and approximate noise channels (Inset of panel f: Semilog plot). Panels (c,d,g,h): (c,g) state-averaged honesty
ratio calculated using gopt, (d,h) maximum state-averaged accuracy ratio calculated using gopt-

We note that while in this paper we apply our method
to approximate noise in a simple system of 3-qubit pro-
cessor by using the input noise data of the whole system,
our approach can also be used to construct the approxi-
mate noise channels of the whole system by using the in-
put noise data of its smaller subsystems. In particular,
our cluster expansion allows us to do this in a way that it
would avoid the issue of overcounting some of the Lind-
bladian components that would appear in the naive ap-
proximation where the noise channel of the full system is
obtained by simply multiplying together its subsystems’
noise channels. For example, suppose we would like
to approximate the noise in a 3-qubit processor given
the experimental noise characterization or simulation
done on its 2-qubit subsystems which supplies the in-
put noise channels: N{1,2}7 J\Af{lﬁ} and N{23}, Since

{1} a{2} {12} ~{1}
N2 —exp(L +L 4L ), N3 =exp(L +

{3} {13} a{2}  a{3} af2,3}

L +L£ ), and]\f{23}*exp(£ +L +L ),

if one naively approximates the noise of the full sys-
tem as Napproxe = N112H. N11L3E . {23} the terms

a{1 {2} 2{3
exp(gL A), exp(gL ), and exp(gL ) would appear
twice in J\/'approx,g and therefore would not be an accu-
rate representation of the actual noise channel.

To avoid the overcounting issue, we can first use our
cluster expansion approach to extract from the sub-
systems’ noise channels different Lindbladian compo-
nents that describe various noise terms with different
interqubit correlation degrees. Using these Lindbla-
dian components, we then construct an approximate
noise channel Napprox for the whole system by selec-
tively “stitching” together these Lindbladian terms in a
way that avoids the overcounting issue. For the example
of approximating noise in a 3-qubit processor using the
noise channels of its 2-qubit subsystems, our approach
allows us to first extract from N;;p%gX7 N;{;pi];x, and

1
Niﬁpféx the different Lindbladian components: Z{ },

af2} a{3} a{1.2} 2{1,3} 21{2,3}
L L L , ,and £ . Asin Eq. (12),

the approximate noise channel for the 3-qubit system
can be then obtained by selectively including the Lind-
bladian terms in the approximate noise channel such
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that none of them appears more than once, yielding

. {1} {2} ~{3}
Napprox,2 = GXP(QL )exp(gﬁ )eXp(g,C )
~{1,2} ~{1,3} ~{2,3}
exp(gL  )exp(gL  )exp(gL

(24)

We emphasize that the above approach can be ex-
tended to approximate the noise of larger systems con-
sisting of n qubits from the input noise channels of its
m~qubit subsystems. The amount of computational re-
sources needed to construct the approximate noise chan-
nels depends on the size of the subsystems (m) used in
the simulation or experimental noise characterization
that provides the input noise data for the cluster ex-
pansion. The smaller the size of the subsystems used in
the input noise characterization, the less accurate the
constructed approximate noise channel but the more ef-
ficient the computation is. For scalability of our method
to a large system consisting of n qubits, one therefore
needs to choose a small enough subsystem size m which
does not grow with the full system size n. The input
noise data can then be obtained from simulations or ex-
perimental noise characterizations done on only at most
(:l) number of subsystems, which require resources that
scale only polynomially with n and not exponential in
n. Since in this paper we focus on setting up the for-
malism of the cluster expansion approach and showing,
for clarity, how this method can be applied to a simple
system, we leave the task of approximating the noise
channel of a larger system from the characterization of
its smaller subsystems to future works.

Our technique also has another appealing feature that
it gives systematic characterization of the interqubit
correlated-noise components order by order. This is be-
cause our cluster expansion gives as the output the vari-
ous Lindbladian terms which one can selectively include
or exclude in the construction of the approximate noise
channels. The changes of the accuracy of the approxi-
mate noise channel as one include or exclude some of the
Lindbladian terms can be quantified using the accuracy
metric given in our paper or other more scalable met-
rics. This systematic order-by-order characterization of
multi-qubit correlated noise allows us to quantify the
smallest maximum degree of noise correlation or small-
est subsystem size in the input noise characterization
that needs to be taken into account for a certain de-
sired accuracy in the noise modeling of the full quantum
system. Our approach therefore paves the way towards
constructing an accurate, honest and scalable approxi-
mate simulation of large quantum devices.

A Superoperator representation

Quantum channels are completely positive and trace
preserving (CPTP) linear maps that act on a d, x d,
density matrices p = Z?g:l pijlei)(ej]. We can rep-
resent quantum channels and their generators (i.e.,
the Lindbladian for our case here) in the superoper-
ator representation where they become d2p X di ma-
trices acting on a vectorized di x 1 density operator
lp)y = ng-:l pijlei) ® le;). Operators that act on
the bra and ket now transform into operators acting
on different copies of the Hilbert space H ® H, i.e.,
ApB — A ® BT|p)), where the superscript T indicates
a matrix transpose. As a result, in the superoperator
representation, the Lindblad master equation [Eq.(1)] is
written as dy|p(t))) = L|p(t))), where we use the sym-
bol * to denote the superoperator representation, e.g.,
L— L.

Using the superoperator representation, we write the
Lindbladian as

L=—iHo1l-12HT)

NIV I 1o org
+Zvj(Aj®Aj—2A}Aj®1—21®AfAj>.
i

(25)

As a result, the action of a superoperator on a den-
sity matrix becomes simply a matrix-vector multiplica-
tion. Furthermore, the composition of superoperators
is given by a product of the matrix representations of
the superoperators. In the superoperator representa-
tion, a quantum channel is therefore given by the ma-
trix exponentiation of its Lindbladian generator, i.e.,

V=" [exp(fot ﬁ(t’)dt’)] . At any given time ¢, the state
of the system is then given by |p(t))) = V|p(0))).

B Proof of the cluster expansion

Theorem 1. Let L be the Lindbladian of a sys-
tem comprising n qubits where each of the qubits

i}sm
live in the Hilbert space SU(d) and L =
A AR
(72-Trs, [£] @15, ) = Lpes, £ be the Lindbla-

dian term that describes a pure m-th body correla-
tion among qubits in the subset S, where |Sy,| = m

with m < n, then L can be decomposed as L =

. ASm
Yom s, £
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D)
m S,
A Sn n—1 ~Sm
=L +) > L
m Sy,

where in the third line, we have substituted in Eq. (9)
il)gn
for £ . |

Theorem 2. Let L be the Lindbladian of a sys-
tem comprising n qubits where each of the qubits
L\_)Sm
live in the Hilbert space SU(d) and L =
A ~ R

(ﬁ’ﬁgm {E} ® ]lgm) —>_rcs,, £ be the component

of the Lindbladian that describes the m-th order cor-
Q,S’m

relation among the qubits in the subset S,,, then L

can be expressed in terms of identities on all qubits and

generators that have non-trivial basis only on all qubits

j € Sm, t.e.,

f-‘\)sm, 9
L = Cm‘w.{o,o’... 70}| (Il X Il)

* 5
Y Wi | QB
{1 {ej} J
aj+o¢;;é0
for j€S,
aj:(x;:()
for j¢S,,

(@]

(27)

where ¢y, Wiq,y are constants, B? =1 on qubit j, and

B?j for aj # 0 are non-trivial basis generators B®i
acting on qubit j, satisfying the relations Tr[B%*] = 0
and Tr(B*BP) = §ap.

Proof. We begin by noting that any complex superop-
erator O in the double Hilbert space SU(d) ® SU(d) of
a qubit with d number of energy levels can be expressed

as
o- ¥

a,a’=0,1,--- ,d2—1

wow’, B* @ B, (28)

where B® = 1 and B® for  # 0 are the generators of
the Lie algebra satisfying the commutation relation

[BQ’BB} ZQiZfaﬁ»va, (29)
v

and wg, o are the coefficients of the different basis gen-
erators. Eq. (28) implies the completeness of the basis
generators. Here f,g- are the structure constants which
are completely antisymmetric with respect to the inter-
change of pair of indices, generalizing the Levi-Civita
symbol e,p of su(2). Specifically, the generators B*
and B? for a, 8 # 0 have the property

TrB® =0, (30)
and satisfy the normalization condition:
Tr(B*B”) = up, (31)

where dop is the Kronecker delta function. As an ex-
ample, for su(2) Lie algebra, B® = ¢ which are the
Pauli matrices and for su(3), B* = A%, the Gell-Mann
matrices.

A Lindbladian superoperator in the double Hilbert
space [SU(d)]®™ @ [SU(d)]®™ of n qubits can therefore
be written as

~

Z = Z w{aj}wf{‘a;} ® B?J' ®
{as 1o} j

® (5]
52

where B;-lj is the basis generator B acting on qubit

25m
j. To obtain the Lindbladian component £  that de-

scribes a pure m-th order noise correlation, we apply the
recurrence relation in Eq. (9). The first term in Eq. (9)

involves taking a partial trace of the full Lindbladian L
[Eq. (32)] over qubits outside the subset S,,,. This gives
a term

~

ﬁﬂgm [Z} olg

* g al; *
= Y Wiy QB ] @ ®[Bjj] :
{aj}{ef} J J
ozj:a;ZO
for j&Sm,
(33)

which can have non-trivial basis supports only on qubit
j € Sm. This means that aft%r the partial trace, we
are left only with the terms L forall R C S, as all
the terms Eﬁ , where R is the complement of R, drop
out as these terms have at least one non-trivial basis
on a qubit j € S,, and the trace of this non-trivial ba-
sis is zero [Eq. (30)]. In Eq. (33), we divide the result
after the partial trace by d/=! to cancel the same con-
stant obtained from tracing over the identity matrices
on qubits in S,,.
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The reduced Lindbladian after the partial trace can
be expressed in terms of the basis generators in the
Hilbert space of the qubits in the subset S,,, where these
basis generators span a complete basis set in this Hilbert
subspace. Therefore, the partial trace gives Lindbladian
components that can describe any possible noise corre-
lation (from the first-order to m-th order correlation)
in the subsystem S, consisting of m qubits. To obtain

the Lindbladian component £ " that describes a pure
m-th order noise correlation, we need to subtract all
the Lindbladians describing the lower [from the first to
the (m — 1)th]-order noise correlations from the partial
trace result as shown by the second term in Eq. (9).
This observation allows us to use a recurrence relation
as in Eq. (9) to systematically extract the Lindbladian
components order by order starting from the first order.

The algorithm to find each of the terms in the cluster
expansion is as follows. P;i)gst, we calculate all the first-
orderALindbladian terms L 1 by tracing the full Lindbla-
dian £ over all qubits except the qubit of interest. Each
of the resulting first-order terms is a component in the
full Lindbladian that has non-trivial basis supports only
on a single qubit, and therefore describes the first-order
noise in each individual qubit. Next, we do the partial
trace of the full Lindbladian over all qubits except a
pair of qubit. This gives a reduced Lindbladian that

span a complete basis in the Hilbert space of a pair of
252
qubit. To get the second-order £ Lindbladian term

which describes a pure second-order noise correlation
between the qubits, we have to subtract the first-order
terms (obtained from the first step) from the reduced
Lindbladian after the partial trace. Doing this for all
pairs of qubits gives all the second-order terms. We can
repeat this procedure of doing partial trace and then
subtracting the lower-order terms from the partial-trace
result to obtain the higher- and higher-order terms. The

algorithm for the recurrence relation can be found in Al-

gorithm 1. The end result is that £ " can be expressed
using identities on all qubits and generators with non-
trivial basis on all of the m qubits in the subset S,,,
ie.,

;\\JS’HL
L

- <dSlmTr5m [E] ®]1§m> S e

RCSpm
= (—1)m+1|w{0,0,m ,0}|2(]l ®1)

Y vl (@87 )@ (@ [B)]
{o },{a'j } J J
aj +a'7» #0
for jESm,
aj :a'j =0
for j¢ S,
(34)

The condition a; + o’ # 0 in the sum of Eq. (34) is to
ensure that the operator has nontrivial basis generators
on qubit j in the subset S, and the condition o; = oz;- =
0 is for the operator to have only the trivial identity
basis on qubit j ¢ S,,. |

As a simple example, let us consider the case of a
quantum processor consisting of two 2-level qubits. We
can use Theorem 1 to express the total Lindbladian as

A~ a4y a{2}  a{1.2}
L=C +C +C . (35)

Using Theorem 2 and Eq. (9), we can write the above
decomposed Lindbladian components in terms of their
basis generators as
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~{1}
L =lwpol(lay @Lasy)+ D W0 wioe (07 @ Liay) @ (L) @ )
a1=1,2,3

+ Y woine (Lo @ 1) @ (07 @ 1))

a}=1,2,3

Y Wy Wiago) ((C’?l ®@1) ® ((Ufi)* ® 11{2})) :

ay,a;=1,2,3

{2}
L = ‘w{0,0}|2(]l{1,2} ® 11{1,2}) + Z w{o,az}wf{soﬁo} ((]1{1} ® ‘7?2) ® (]l{l} ® 1{2}))

a2=1,2,3

+ Y woowine (Lo @ 1) @ (L @ (639)7))
ah=1,2,3

Y e (Lo ©057) @ (1 0 (059)7)).

az,ab=1,2,3

~{1,2}
L —lwiooy M2y @ L)+ D, WayaWioey (07 ©052) ® (1) ® La}))
o1 ,02—= 1 2 3

Y wpoiee (L @) @ (67 @ ©03%)7))
of,ab=1,2,3

+ Z Wiay,0}W{0,04} ( '@ 1) ® (]1{1} ® 02 ))
ay,ab=1,2,3

+ Z w{O,az}w?a’I,O} < ]l{l} & 02 ® ( ® ﬂ{g}))
az,af=1,2,3

+ > Wiay,02} a0} <(0?1 ®05%) ® ((0?1)* ® ]1{2}))
ag,az,a)=1,2,3

+ Z w{al7a2}w{0 o)} ( ' ®0y?) (]1{1} ® (02 )" ))
0117042,04/2:1,2 3

+ Z w{al’O}W{al a2} < ® 1{2} ((O"lxl)* ® (0_‘2)‘2)*))
ay,a),ab=1,2,3

+ Z wyo, Otz}w{a o} ( ]1{1} ® 02 ((0’?1)* ® (03‘2)*)>
ag,af,ab=1,2,3

* a1 Qg 0/1 * 0/2 *

Y W Wagay (O @05 @ (07 @ (05)7)), (36)

ag,ag,af,a=1,2,3
\
with 0]1-’2’3 being the Pauli matrices acting on qubit j. have
Now, we are going to derive Eq. (10) from Eq. (9). A2 (AP |4l
To this end, we will use the following two lemmas [|R|| < + +oe,
2! 3! 4!

Lemma 1 and 2):
( ) 2 B3 4

S = + 3 + m + -
Lemma 1. Let A be a matriz such that ||A|| <e <1, <o —(1+4e). (37)

then et =1 + A+ R where ||R|| < e — (1 +¢).

The above lemma is proven as Lemma 12 in Ref. [51].
Proof. Since e =1+ A+ A%2/21 4+ A3 /31 4 A% /41 4. . [ |
then R = A?/2! + A3/3! + A*/4! + ... As a result, we
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Lemma 2. Let A be a matriz such that ||A|| <e <1,
then In(1 4+ A) = A+ R where ||R|| <In[e™¢/(1 —¢€)].

Proof. Since In(1+A) = A—A%2/2+ A3/3 - A*/4+. .-
then R=—A%/2 + A3/3 — AY /4 +--- .

JAl2 | [l | Al

<
IRl < 5=+ g i

s e e

-2 3 4

<In ( fi) . (38)

where in going to the third line, we have used the series
expansion Infe=¢/(1 —¢)] =), _,€"/n. |

Using Lemma 1 and 2, we now derive Eq. (10
Eq. (9).

Theorem 3. Let ||£]| < & < In(2), then

1 5 1 s
. [ds T5m 5 (e )} 8 (E) ‘

<1n(exml_e€))+es—1—5. (39)

) from

2 —ef

Proof. We first prove the following inequality

m[dli Trg, (11+ZV+R)} d|s T, (Z+R)H
o[ Gl (B

0 s )

o | e (A= =)

o (=gl - ma)

gln@g“‘ef)), (10)

where in going to the second line we have used Lemma 2
and in going to the last line, we have used Lemma 1.
Using the triangle inequality, we then have

1 2\
In {dlgm'TrSm (e ) dIS | H
1 A
< |l [d&nlﬂsm (1 +£+R)] T, (HR)H
1
* Hdsm (Trs R)‘
<In <e’q;(1_e)> et —(1+e) (41)
— 66

2Sm
Furthermore by using Theorem 3 we have for L =

N R
TrS'm (E> \sm\ ZRCS

|I£]] < e < 1/2,, the following bound for the error in
the approximation of Eq. (10) in the main text:

C:,Sm A ]l* ,Q,R
_ L Sm § :
S {Trs’” (e > @ dls'm,:| B £ H

in the small noise regime

RCSm

<In <ex;;(1_(;€)> +ef—(1+¢)
P G k) Y (42)

2(1—e—ec2/2)

In the last line of Eq. (42
relations:

), we have used the following

(43)

and

m() o2 (1 B
155 2 34

52

?(1+6+52 )

52

<72(1—6)’ (44)
where
d=¢e"—1
<e+e?/2, (45)

by Eq. (43).

C Example applications of the cluster
expansion approach

In this Appendix, we give two examples of the appli-
cation of our cluster expansion method. As the first
example, we consider the simplest case, i.e., a Lindbla-
dian of a three-qubit quantum processor which consists
of only a jump operator acting on qubit 1:

£ =AW, (46)
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where All}(p) = 7 (fhpfﬂ — 3AJAsp - %Pfﬂfh)
contains only the jump operator A, acting on qubit 1.

Using the cluster expansion in Eq. (10), we have the
decomposed Lindbladian as

2{1} [ 4 1 1
=1In (TI‘Qg A <]1{1} ® {2’3}) ® 11{2,3})
= At (47a)
{2} I 1 |
=In (Tflg eA{l} (]1{2} ® {3173}> & ]1{1,3}>
=0, (47Db)
~{3} [ 1 |
=In (Trlg A <]1{3} ® {2’2}) ® 11{1,2})
=0, (47¢)
2{1,2} Tys
=1In (Tl"g [6 (1{172} ® 2>:| & ]1{3})
{1} 2{2}
—0, (47d)

ﬁ‘v{la?’} { }
L =In (TI‘Q [e (]l{ 1,3} X >:| 39 1{2}>

{1} {3}
L —-L

=0, (47¢)
2{213} { }
L =1In (TI'l |:6 (1{2 3} ® >:| ® ]1{1})
{2} {3}
-L =L
o0, (47t)
a{1,2,3} o af{1}  af{2} {3}
L =L-L —-L L
ﬁv{172} %{273} i‘v{173}
- L —L - L
=0. (47g)

As expected, the cluster expansion gives only a non-
trivial Lindbladian acting on qubit 1. In evaluating
Eq. (47), we have used the fact that Tr [eAmp} =1,
since A"’ is a CPTP map which preserves the trace of
density matrices.

As a second example, let us consider the Lindbladian
of a three-qubit quantum processor which comprises a

jump operator acting on both qubits 1 and 2, i.e.,

L =R, (48)

where

o ~ 1. ~ 1 - o
A2 (p) = y1 (Al,zﬂAJ{,z - §AI,2A1,2P - 2PA1,2A1,2)

(49)
consists of a correlated jump operator A; o acting on
both qubits 1 and 2. We decompose the Lindbladian
using the cluster expansion [Eq. (10)] as

7\,{1} [ 2 1,2 ]l T
L =In <Tr23 A (]l{l} ® {2’3}) ® 11{2,3}>
—In <Tr2 [1 AT }D (A2}, (50a)
{2} 1.2
L =l <Tr13 A ( Lo, 3}) ® 11{1,3}>
=1In <TI‘1 |:6 At 2}:|> A{l 2} (50b)
2,{1»2} ~ A~ A
L =AW (A2h, — (A2, (50c)
{3} {23} {13}  a{1,2,3}
L =L =L =L =0. (50d)

The total Lindbladian is therefore decomposed into
components that act on qubit 1, qubit 2 and both

aS1
qubits 1 and 2. The single-qubit components £ (e.g.,
2 {1} {2}
L ,L ) of the Lindbladian can be thought of as

parts of the Lindbladian that act on each qubit irre-
spective of the other qubits states, and the two-qubit

252 ~q{1,2}
components L (e.g., L ) of the Lindbladian de-
Note that while

scribe pure two-qubit correlations.

aS1
the single-qubit components £ of the Lindbladian ob-
tained from the cluster expansion approach are guar-

anteed to be a physical Lindbladian, the higher-order
/»-\\.)S"NL>1
correlated components L are not guaranteed to be

physical. However, in this work we find that we can
construct a CPTP approximate noise channel by choos-
ing appropriate gain factors for each of the Lindbladian
components in Eq. (12).

D Algorithm to simulate [2,0, 2] code

In Algorithm 2 below, we provide the pseudocode for
simulating the [2,0,2] code using either the actual or
approximate noise channels.
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Algorithm 2: [2,0,2] code simulation

Input : Quantum channel VZZ and V¥¥ of the ZZ and X X parity checks for £ = actual/approx, and an integer
= number of QEC rounds

Output : Set of data-qubit density matrices {pe (2|¥in)} and syndrome-qubit measurement probability distributions
{pe (x|Win)}

1 Function CodeSimulation(VZZ, V&¥¥ 1):
2 for ¥;, € {<I>+,<I>_,\I/_,\I/+} do
3 xo = “0”
4 Tset = {370}
// Initialize data-qubits to one of the the Bell states
5 Set pg(CL‘0|\Ifin) — “‘I’jn><\11jn|
6 for i+ 1to !l do
7 Reset syndrome qubit to |0)
8 Ttempset — @
// ZZ check
9 for x € xset do
// Subscript a refers to the ancilla qubit
10 ey < VEZ (pe (2] Win) @ 0)(0]a)
11 for m € {“0”7,“1”} do
// Keep track of measurement results
12 if i > 1 then
13 L T x+m
14 else
15 L T4 m
16 Ttempset = Ttempset U {.T}
// Measure ancilla qubit with operator M, = |m){m|, for m =0,1
17 pe (x| Win) = Tra [(1 @ [m)(mla)psys]
// Syndrome measurement probability
18 pe (x]Win) = Tr [pe (z[Win)]
19 Store pe(z|¥in)
// Normalization of data-qubit density matrix
20 pe (| Win) < pe(2|Vin) /pe (2| Vin)
21 Store pe(z|¥in)
22 Tset <~ Ttempset
23 Ttempset < 0
// XX check
24 for x € xset do
25 Tlast < get_last_char(x)
26 poys < V& X (pe (2| Win) @ [T1ast) (T1ast|a )
27 for m € {“07,41”} do
// Keep track of measurement results
28 T xT+m
29 Ttempset — Ltempset U {CL‘}
// Measure ancilla qubit with operator M, = |m){(m|, for m =0,1
30 pe (@|Win) <= Tra [(1 @ |m)(mla)psys]
// Syndrome measurement probability
51 pe (2 Win)  Tr [pe (] Win)]
32 Store pe (z|¥in)
// Normalization of data-qubit density matrix
33 pe (x|Win) < pe(x|Win)/pe (x[Vin)
34 Store pe(z|¥in)
35 L Tset <— Ttempset
36 return pg(z|¥in) and pe(x|¥in) for all z and Ui,
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(a) ZZ parity check
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(b) XX parity check
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Figure 8: Circuits for implementing (a) ZZ and (b) X X parity
checks. To achieve high gate speed and low coherent error of
the cross-resonance gates, we reverse the directions of some of
the CNOT gates, as shown by the equivalent circuits on the
right-hand sides.

o
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E Pulse sequences

In this Appendix, we elaborate the details of the pulse
sequences for the ZZ and X X parity checks as depicted
in Fig. 5. The pulse sequences consist of single-qubit
and two-qubit (CNOT) gate pulses [see the labels on the
top of panels (a) and (d) of Fig. 5]. In particular, our
two-qubit CNOT gate is implemented using the cross-
resonance (CR) [42, 43] scheme, which is by driving the
control qubit at the resonant frequency of the target
qubit. Since the CR gate has a high gate speed and low
static ZZ coherent error when the frequency of the con-
trol qubit is higher [52] than that of its corresponding
target qubit, we choose the qubit frequency arrange-
ment shown in Table 2 and implement the equivalent
parity check circuits shown in the right-hand sides of
Fig. 8.

An ideal CR gate is equivalent to the Rz x (7/2) rota-
tion, which is a conditional rotation of the target qubit
around the X axis, where the rotation direction (clock-
wise/counterclockwise) depends on the state of the con-
trol qubit. The action of Rzx(7/2) gate can therefore
be written as

1 =i 00
r 1= 1 00

R 2) = (——Z®X>:7
2x(m/2) = exp (—ig 2o o 1
0 0 i 1
(51)

where the basis ordering of the matrix above is |00),
|01), |10), and |11). A CNOT gate is equivalent to the
Ry x(m/2) gate up to single-qubit rotations and a global
phase factor, i.e.,

CNOT1s = e ™4 Ryx(1/2)-[Rz(—7/2) ® Rx(—7/2)],
(52)

CNOT pulse
Rzx(m/4) Ryx(m) Rzx(—7/4) Rx(m)
T T T L T T H T

Rz(—7/2)

(a) Control qubit

! T L |
0.050  0.075 0.100  0.125

Qu(t)/27 (MHz)

= i m
=10 (b) Target qubit /

e (

1 1 1 1 1 1
0.050 0.075 0.100 0.125 0.150  0.175
Time ¢ (us)

c : 1
0.000  0.025

Figure 9: Pulse sequences of the CNOT gate for (a) control
and (b) target qubit. The pulse sequence comprises single-qubit
rotations and the echoed version of the CR pulse as given in
Egs. (52) and (54).

where
1 0 0 O
01 0 O
CNOT{o = 53
710001 (53)
0O 01 0

In the above, we have used the notation CNOT; to in-
dicate a CNOT gate with the control qubit being qubit
a and target qubit being qubit b.

Asin Ref. [46], we implement an echoed version of the
CR gate where the Ry x(7m/2) gate is decomposed into
two opposite-sign half-rotations, i.e., Rzx(mw/4) and
Ryzx(—m/4) rotations, and single-qubit gates (X ® I)
in the following way:

Rzx(n/2) = (X®I) - Rzx(-7/4)- (X ®I)-Rzx(m/4).
(54)
This decomposition makes the echoed version of the
CR gate more resilient to coherent errors common to
the Rzx(m/4) and Rzx(—m/4) rotations where it par-
tially cancels the unwanted ZZ interaction between the
qubits. The CNOT gate obtained using this echoed CR
pulse is shown in Fig. 9. Here, we implement the single-
qubit Rz(—m/2) gates in the CNOT pulse sequence of
Fig. 9 and the Hadamard gate in the parity-check pulse
sequences (Fig. 5) using sequences of X and Y rota-
tion pulses obtained via the X-Y decomposition of the
gates [41]. The pulse sequences for the Rz (—7/2) and
Hadamard gate are depicted in Fig. 10.
In our simulation, we choose the X and Y rotation
pulses to have Gaussian envelopes given by

Qqar (t) = g(t§ A, to, tpulsea 0)
_ 2
= Aexp (—(t (fo + tpuise/2)) ) ., (55)

202
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where A, ¢y, and tpuise are amplitude, starting time and
duration of the pulse, respectively. Here, we set the
width of the Gaussian pulse o to be tpuse/8. Addi-

g(tv Aa th 607 0)7

Qar(t) A,

g(tv Aa tO + tpulse - 607 603 0')7

(a) Rz(—m/2) pulse
Ry (=7/2) Ry(=7/2) Rx(r/2)

(b) Hadamard pulse
Ry (r/2) Rx(m)

= N W
=

(=]

Qar(t) /27 (MHz)

L
0.00 0.01 0.02 0.00 0.01 0.02
Time ¢ (ps) Time ¢ (us)

Figure 10: Pulse sequences for the (a) Rz(—n/2) and (b) H
gate in terms of the elementary Rx(f) and Ry (6) rotation
pulses.

with g(t; A, to, tpuise, o) being the Gaussian function as
defined in Eq. (55).

Each of the pulses is parameterized by a pulse am-
plitude, duration and frequency. The pulses shown in
Fig. 5 are the pulses which are obtained by optimizing
the fidelity of each cross resonance and single-qubit gate
where the state-averaged fidelity is given by [53, 54]

Fe / (U Vaeruar (1)) U]05)
PEX

— dx + Zk |TT(UTEk)|2
dX(dX +1)

(57)

Here, d, is the dimension of Hilbert space x of all the
qubits involved in the parity checks, U is the target uni-
tary of the ideal gate and {E};} are the Kraus operators
corresponding to the superoperator Vaciual of the actual
implementation of the gate. This fidelity can be calcu-
lated by using the “average_gate_fidelity” function in
QuTiP [47, 48]. Each of the pulses in the optimal pulse
sequence for both parity checks is obtained by first fix-
ing the amplitude and duration of the pulse and then
scanning over the pulse frequency to find the frequency
that maximizes the target gate fidelity. Using this opti-
mal frequency, we then scan over the amplitude of the
pulse to obtain the amplitude for each of the pulses that
maximizes the gate fidelity.

tionally, we implement the Rzx (—m/4) and Rzx (m/4)
of the two-qubit gates using the Gaussian-square pulse
with a rise and fall time of 30 = 15 ns, where it can be
written using a piecewise function:

for tog <t <tg+ 30,
for to + 30 S t S to + tpulse — 30, (56)
for to+ tpulse — 3o <t<ty+ tpulse;

F Simulation results for the triangle ge-
ometry

In this Appendix, we present results calculated for the
8th round of the [2,0,2] code in the triangle geome-
try. Figure 11 shows the infidelities between different
quantum channels where the approximate channels are
simulated using the second- and third-order approxima-
tions. The overall qualitative behaviors of the results for
the triangle geometry are similar to those of the linear
geometry shown in Fig. 6 of Sec. 5.4.
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