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We introduce a new approach to learn Hamiltonians through a resource that we call
the pseudo-Choi state, which encodes the Hamiltonian in a state using a procedure that
is analogous to the Choi-Jamiolkowski isomorphism. We provide an efficient method for
generating these pseudo-Choi states by querying a time evolution unitary of the form
e~ "t and its inverse, and show that for a Hamiltonian with M terms the Hamiltonian
coefficients can be estimated via classical shadow tomography within error € in the 2-
norm using 0] (%) queries to the state preparation protocol, where ¢ < ﬁ We
further show an alternative approach that eschews classical shadow tomography in favor
of quantum mean estimation that reduces this cost (at the price of many more qubits)
to O (%) Additionally, we show that in the case where one does not have access to

the state preparation protocol, the Hamiltonian can be learned using O (O‘:é\/[ ) copies

of the pseudo-Choi state. The constant o depends on the norm of the Hamiltonian,
and the scaling in terms of o can be improved quadratically if using pseudo-Choi states
of the normalized Hamiltonian. Finally, we show that our learning process is robust
to errors in the resource states and to errors in the Hamiltonian class. Specifically, we
show that if the true Hamiltonian contains more terms than we believe are present in the
reconstruction, then our methods give an indication that there are Hamiltonian terms
that have not been identified and will still accurately estimate the known terms in the

Hamiltonian.
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1 Introduction

Identifying the system Hamiltonian is a central problem in physics, as the Hamiltonian uniquely
describes the dynamics of any closed quantum system. Additionally, as quantum computers evolve,
the need to characterize errors in their behaviour is becoming increasingly important, and as a
result, several classes of quantum certification protocols have been designed to ensure quantum
devices behave as intended. There exist a wide variety of such protocols, each providing different
amounts and types of information about the processes in question, and operating under different
assumptions with varying resource costs [1|. In contrast to efficient protocols like randomized
benchmarking, which only provide information about the average error rate of a quantum gate
set [2—4], Hamiltonian learning can provide information about the systematic error in a unitary
evolution under some fixed but erroneous Hamiltonian, without requiring exponential resources like
protocols such as full process tomography which can provide more information about noise processes.
Learning the Hamiltonian yields low-level information about the quantum dynamics that can be
directly used for quantum control, and thus is an indispensable task for calibration and certification
of quantum devices since it can be used to debug quantum Hamiltonian simulation algorithms by
learning the simulated Hamiltonian and comparing the result to the ideal target.

Despite the importance of this problem, systematic methods for inferring the Hamiltonian and
bounding the sample complexity needed to do so has only recently become a major focus in quantum
information science. The most important thrusts include direct inference from short time exper-
iments [5], approximate Bayesian inference [6-9], PAC (Probably Approximate Correct) methods
based on learning from thermal states [10, 11], as well as PAC learning by querying the time evo-
lution unitary U = e~ [11-17]. These latter techniques provide rigorous sample bounds on the
evidence needed to learn the Hamiltonian within fixed error and probability of failure using ther-
mal states or time evolution as the learning resource. However, in addition to potentially costly
state preparation methods, approaches for Hamiltonian learning from thermal states are generally
suitable for the high-temperature regime, not at very low temperatures. [10, 11].

Much of the recent progress made in the field has instead used the time evolution operator U = e~ *H¢
as the learning resource. This approach naturally leads to applications for certifying quantum
computers, where one would like to check whether a desired time evolution is actually performed
in practice (this applies to scenarios where one would like to verify their own computations, as
well as to scenarios where one party performs the computation, and a second party is interested in
determining what went on under the hood). It also adds the possibility of using quantum control
to improve the efficiency of learning techniques. Even so, the focus has typically been restricted to
physically local Hamiltonians (and the slightly more general low-intersection class) rather than the
more generic class of k-local Hamiltonians or beyond. In this work we address this by providing
several new algorithms that allow us to efficiently learn Hamiltonians beyond the low-intersection
regime, and provide explicit bounds on number of operations needed to produce these state both with
and without coherent quantum control. Our method achieves this by introducing a new learning
resource - in particular the “pseudo-Choi state” of the Hamiltonian - which we show can be used to
efficiently learn the Hamiltonian. The main idea is that these states encode the Hamiltonian in a
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way that makes it easy to recover the Hamiltonian coefficients by using few copies of the state to
estimate the expectation values for a set of “decoding operators”, which are simple operators whose
expectation values can be computed on a classical computer in polynomial time. Furthermore, we
provide a method of generating these pseudo-Choi states efficiently via controlled queries to the
time evolution unitary U = e~*H* and its inverse UT. This access model is similar to that in [11-17],
though it is slightly more restrictive because it requires access to the backwards time-evolution UT
as well.

While there have been a few recent approaches focused on learning Hamiltonians beyond the low-
intersection class ([12, 15]), our approach improves the dependence of the query complexity on the
error, locality of the Hamiltonian terms, and the number of Hamiltonian terms. In addition to this,
some of our learning algorithms are robust in the sense that if there are unexpected Hamiltonian
terms our algorithm will still correctly estimate the coefficients for terms we expected, and also signal
that there were additional terms present. A more in-depth discussion about how our result compares
to existing techniques for learning Hamiltonians is left for Section 6. For now, we summarize by
saying that there is no clear “best” approach, but rather several good approaches that make sense
for different scenarios (i.e. the type of input model considered and the types of Hamiltonians
considered). That said, under the admittedly more restrictive input model considered here, the
techniques we develop are able to achieve the best scaling in terms of both the number of Hamiltonian
terms, as well as the error in estimating the parameters, with the added benefit of robustness.
Furthermore, depending on the choice of error metric, our approach is applicable to any n-qubit
Hamiltonian, including those with exponentially many terms (thus going far beyond even the k-local
regime), so long as the norm of the Hamiltonian is bounded by a polynomial in the number of qubits.
For these reasons, it remains of interest to study whether pseudo-Choi states can be produced in
an efficient manner if one relaxes the input model to only require queries to U.

The paper is laid out as follows. Section 2 summarizes the key results of our work and gives
specific statements of the learning problem we consider. In addition, we include a summary of
the advantages and drawbacks of our approach when compared to existing Hamiltonian learning
methods. Section 3 introduces the pseudo-Choi state of a Hamiltonian and discusses how it can
be used as a resource to efficiently solve the Hamiltonian learning problem. A brief overview of
the classical shadows tomography procedure introduced in [18] is also included. Section 4 examines
the cost of learning the Hamiltonian by querying blackboxes that implement U = e~ "t and U
using classical shadows in the learning procedure. An alternative method is introduced in Section 5,
which uses a quantum algorithm introduced by Huggins et al. [19] for estimating expectation values.
This approach quadratically improves how the query complexity scales with respect to the error
and evolution time. Section 6 discusses the types of Hamiltonians our learning approach is well
suited for and includes a comparison to prior work on Hamiltonian learning. Finally, we discuss the
robustness of our procedure in Section 7, before concluding in Section 8.

2 Problem Statements and Summary of Results

The problem that we wish to tackle is a natural one. Let us assume that we have a set of possible
Hamiltonian terms whose weighted sum comprises a Hamiltonian. Our task is to learn, within a
fixed probability of failure, the weights for the Hamiltonian coefficeints within fixed error. This re-
quirement falls within the scope of the quantum PAC learning paradigm, which was first introduced
for theoretical purposes [20—22] but has recently become a practical tool used in characterization [18,
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19]. The formal statement of this intuitive problem is given below.

Definition 1 (Hamiltonian Learning Problem). Let Hg be a Hilbert space of dimension d = 2",
and let {Hp, | m =0,...M — 1} be a set of Hermitian and unitary operators acting on the space
such that {Hy,} forms an orthonormal operator basis with respect to the inner product (H;, Hy) =
d='Tr(H;Hy,) and let the Hamiltonian H be parameterized for ¢ € RM such that

M—1
H=)Y cnHp
m=0

The Hamiltonian learning problem is to compute a vector ¢ such that with probability at least 1 — ¢
we have that ||¢ — ¢||y < € where ||-||, is the vector L*-norm.

In the most general case, there are up to d? unique Hamiltonian terms in the decomposition. These
dense Hamiltonians generically cannot be learned efficiently within the operator basis considered
as they require that we learn exponentially many terms in the Hamiltonians. However, focusing
on special classes of Hamiltonians can reduce this number. Several recent papers ([11, 13, 14])
have focused on the low-intersection class of Hamiltonians, which was introduced in [11], and we
describe in Definition 2. The low-intersection class contains all spatially local Hamiltonians, which
are the focus of the previous work by Anshu et al. [10], and is therefore relevant for describing many
physical systems.

Definition 2 (Low-Intersection Hamiltonian). A low-intersection Hamiltonian on n qubits is of
the form H =}, c;nHy, and satisfies the following properties:

1. It is k-local : Each H,, is a finite dimensional Hermitian operator that acts mon-trivially
(i.e. as a non-identity operator) on at most k € O(1) qubits.

2. For each Hamiltonian term H,, there exist at most a constant number of distinct terms H;
such that Hy, and H; act non-trivially on at least one common qubit.

The second property directly implies that each qubit is acted on non-trivially by only a constant
number of Hamiltonian terms. As a result, the number of Hamiltonian terms in low-intersection
Hamiltonians scales as O(n).

In contrast, the class of k-local Hamiltonians that are not low-intersection is also of interest. This
includes Hamiltonians that have pairwise interactions between every pair of qubits, as well as Hamil-
tonians that can be represented by star graphs (i.e. one qubit interacts with all others, but there are
no/few interactions between the other qubits). Importantly, though this class is more general than
the low-intersection class, k-local Hamiltonians contain at most O (n*) Hamiltonian terms, and so
the learning approach we introduce in this paper remains tractable. Physically interesting examples
of k-local Hamiltonians include hardcore boson models, Heisenberg models on the complete graph,
and spin glass models such as the Sherrington-Kirkpatrick and p-spin models. Furthermore, many
quantum algorithms use Hamiltonian simulation as a subroutine, so for certification purposes it is
useful to expand the scope of Hamiltonian learning beyond the low-intersection class and even to
“less physical” Hamiltonians that may not be common in nature.
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We consider Hamiltonian learning using two different, yet related, learning resources. The first is
a state which we dub the “pseudo-Choi state” of the Hamiltonian, which roughly speaking is the
representation of the Hamiltonian as a quantum state in a larger Hilbert space:

|te) = (H®14) [Pa)s410)¢ + [Pa)ga l)c (1)

«

where H is dimensionless, a is a normalization constant and |®4) ¢4 is a maximally entangled state
over two sub-systems denoted S and A. The name prescribed to this state is a consequence of the
fact that the left-hand side of the state, (H ®14) |®q) gy, is similar to a Choi state, which is defined
for a unitary Us € Hg as [Ycnoi) = (Us @ 14) |Pg)gy. However, it is not generally a Choi state
because H need not correspond to a CPTP map. The pseudo-Choi state is formally described in
Definition 6. While these states do not result from natural processes like in the case of thermal
states, we will see that they allow for very efficient learning of the Hamiltonian coefficients, which
makes it of interest to find ways of efficiently generating them.

The second learning resource under consideration is a controllable time-evolution black-box U =
e "t Along with thermal states, the unitary dynamics of a system is a natural resource to consider
for learning the system Hamiltonian. In addition to the cost of thermal state preparation, learning
from thermal states is often not feasible, such as at very low temperatures. To see this, consider
two Hamiltonians Hy > 0 and H; = 0

H' = [y)] + (I = [¥X¢) Ho(I — [¢)}¢]) (2)
H" = [p)| + (I = [XS) Hi (T = [h)ab]) (3)

In both cases, the zero-temperature groundstate is |1))(¢)| and thus the success probability of suc-
cessfully distinguishing between both Hamiltonians is 1/2, which shows that for sufficiently low
temperature thermal states it can become impractical to learn the Hamiltonian in question. In such
cases, it may be more convenient to use the unitary evolution of the system as the learning resource.
In Section 4 we demonstrate that the pseudo-Choi state can be generated efficiently using the time
evolution and its inverse.

As the time evolution unitary is merely one of conceivably many ways of generating the pseudo-Choi
state, Section 3 considers Hamiltonian learning in the more general scenario where copies of the
pseudo-Choi state are provided to the user with no promises about how they were generated. We
refer readers to Section 6.3 for more discussion about pseudo-Choi states, and in particular why they
may be more powerful than regular Choi states of the unitary evolution. On the other hand, while
the time evolution unitary is merely a specific example of how such states can be generated, it is also
a more intuitive resource - especially in the context of certifying quantum simulators. Furthermore,
it has been used as the learning resource in previous work on Hamiltonian learning (|11-15]), which
allows for a more direct comparison between the sample complexities of each approach. Therefore,
we consider it as a separate case in Section 4.

2.1  Main Results

It should be noted that while our results below are stated for k-local Hamiltonians, our methods
can be applied to more general Hamiltonians. In particular, as long as there are at most poly(n)
Hamiltonian terms, and we have information about the structure of the Hamiltonian (i.e. which
Hamiltonian terms are present), the query complexity remains polynomial in the number of qubits
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for both the classical shadows and QME based approaches, as does the computational complexity.
Furthermore, if we consider the infinity-norm in learning the Hamiltonian coefficients, our approach
will be able to learn any n-qubit Hamiltonian with ||H|| € poly(n) using only poly(n) queries to U
and UT. Remarkably, this includes Hamiltonians with an exponential number of terms. For these
cases with exponentially many Hamiltonian coefficients, while our methods are query-efficient, the
computational complexity will be exponential. However, since all the Hamiltonian coefficients can
in theory be computed at the same time on a classical computer, this could be somewhat alleviated
with access to a large classical memory.

Our first main result is Theorem 3, which provides an upper bound on the number of pseudo-Choi
states needed to learn a Hamiltonian.

Theorem 3 (Solving the pseudo-Choi Hamiltonian Learning Problem via Classical Shadows). The
number of pseudo-Chot states required to solve the Hamiltonian learning problem of Definition 1
within error € and failure probability at most § for a k-local Hamiltonian is at most

Ak
N€O<a2>
€

where o < 1+ ||H|| is the normalization constant from equation (1).

Theorem 3 is presented in more detail as Theorem 16 and is proven in Section 3.2.1. Note that
in Theorem 3 we have replaced M by the upper bound M € O(n*) for the number of terms in a
k-local Hamiltonian, and the O notation hides logarithmic factors.

Our second main result, Theorem 4, gives an upper bound on the number of queries to the time
evolution unitary and its inverse needed to learn a Hamiltonian using classical shadows. This result
is related to the previous one, as our approach involves first generating copies of the pseudo-Choi
state by querying the unitary dynamics of the Hamiltonian, and then proceeding in similar fashion
to the approach used to prove Theorem 3.

Theorem 4 (Solving the Unitary Hamiltonian Learning Problem via Classical Shadows). The
number of queries to the time evolution unitary e *H' and its inverse, for t € O(1/ ||H||), required
to solve the Hamiltonian learning problem of Definition 1 within error € and failure probability at
most 0 for a k-local Hamiltonian is at most

[ nk
N€O<t262>

Theorem 4 is stated in more detail as Theorem 26 and is proven in Section 4.3.2. Again, we
have replaced the number of Hamiltonian terms, M, by its upper bound for a k-local Hamiltonian.
Importantly, the method we use for generating our resource states produces pseudo-Choi states
of the normalized Hamiltonian, rather than the true Hamiltonian, which effectively results in a
quadratic improvement of the query complexity in terms of the normalization constant. This is
reflected in Theorem 4 by the quadratic scaling in terms of 1/t, versus the quartic scaling in terms
« from Theorem 3.

We also demonstrate that our learning algorithm is robust to two types of errors and in fact provides
a witness to the fact that an error has occurred in the learning problem. The first type of error that
we show robustness to is under specification of the Hamiltonian, wherein the Hamiltonian contains
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further terms that are not specified in the Hamiltonian Learning Problem. In this case, we show that
the learning problem will provide the coefficients for the Hamiltonian terms present in the system
and the presence of uncharacterized terms can be inferred from the sum of the coefficients observed
relative to the coefficient sum inferred from the pseudo-Choi state. The second form of robustness
that we consider is to error in the Choi state, in which case we demonstrate that polynomially small
noise can be tolerated in the Hamiltonian learning problem which indicates that the protocol is
robust. These results are discussed in Section 7.

Our final main result, Theorem 5, gives an upper bound on the number of queries to the time
evolution unitary and its inverse needed to learn a Hamiltonian using the mean-estimation results
of Huggins et al. [19]. This process requires more quantum computations than the classical shad-
ows approach (in which all post-measurement calculations are classical), but improves the query
complexity quadratically with respect to the evolution time and the error in learning the coefficients.

Theorem 5 (Solving the Unitary Hamiltonian Learning Problem via Quantum Mean Estimation).
The number of queries to the time evolution unitary e~ and its inverse, for t € O(1/||H||), re-
quired to solve the Hamiltonian learning problem of Definition 1 within error e and failure probability
at most & for a k-local Hamiltonian is at most

k
~(n
NecO <>
et
Theorem 5 is restated for a Hamiltonian with M terms and proven as Theorem 33 in Section 5.2.
Although our input model requires the backwards time evolution, this is the best query complexity

we are aware of for learning the Hamiltonian coefficients to error € in the 2-norm (see Section 6 for
further discussion).

One caveat in that should be mentioned is that our approach requires short evolution times on
the order of 1/|/H|| in order to prepare pseudo-Choi states from U and UT, preventing us from
using long evolution times to reduce the query complexity. Furthermore, a good estimate of ||H]| is
required in order to achieve the query complexity in Theorems 4 and 5. Without this knowledge, the
norm can be overestimated by the number of Hamiltonian terms (leading to shorter-than-necessary
evolution times) to ensure the algorithm doesn’t break down. This, for example, would lead to an
additional factor of n* in the query complexity in Theorem 5.

3 Learning the Hamiltonian from Pseudo-Choi States

This section is organized in the following way. We begin by explaining the first of the two learning
resources (the pseudo-Choi state of the Hamiltonian, see Definition 6) that will be considered in
our model of Hamiltonian learning. Next, Section 3.1 summarizes the parts of the classical shadows
procedure (introduced in [18]) which are necessary to understand our approach. Finally, Section 3.2
contains the two main results of this section. In particular: Algorithm 1, which describes how
one would learn the Hamiltonian from multiple copies of the pseudo-Choi state through the use
of classical shadows tomography, and Theorem 16, which describes the sample complexity of the
approach.

Note that the use of classical shadows is not strictly necessary in the learning procedure; any
shadow tomography protocol - that is, any protocol that allows one to estimate expectation values
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of operators for a given quantum state - can be used instead. The main benefits of classical shadows
here are two-fold. First, for the operators we are interested in, the sample complexity has favourable
scaling in terms of the number of Hamiltonian terms as a result of the shadow norm of these operators
being upper bounded by a constant. Second, once all measurements are complete, the remainder
of the algorithm is purely classical. While the main approach we focus on uses classical shadows,
Section 5 gives an example of an alternative approach.

Our input state, the “pseudo-Choi state” of the Hamiltonian, consists of three subsystems. It
contains the subsystem of interest, an ancillary subsystem of the same size, and an additional
single-qubit subsystem that is used to ensure that the norm of the Hamiltonian is not lost in the
pseudo-Choi state. The formal definition is given below. Note that while lowercase subscripts are
used as indices throughout this paper, uppercase subscripts identify the system that corresponds to
an operator or state. For example, the ket |®4)¢ 4 resides in the Hilbert space Hg ® Ha.

Definition 6 (Pseudo-Choi State). Let Hg be the d = 2" dimensional Hilbert space upon which the
map containing a dimensionless Hamiltonian H acts. Furthermore, let Ha be the Hilbert space of
an ancilla of the same size, and let Ho be the 2 dimensional Hilbert space of another ancilla qubit.

The pseudo-Choi state of the dimensionless Hamiltonian H resides on the Hilbert space Hg @ H A ®
He and is defined as

o) = (H @14) [Pa)g40)c + [Pa)sall)c (@)

(67

where a is a normalization constant of the form

o=/ (Rl (H2 @ La) [ @) 4 +1 (5)
and
1 d—1
[Pa)ga = i ; 1) g ® i} 4 (6)
is the maximally entangled state between Hg and H 4.

Expanding « using the representation of the Hamiltonian from Definition 1, it is easily shown (see

Appendix B.1) that
a=/lelz+1 (7)

Note that the right-hand side of the pseudo-Choi state is important, since it acts as a reference and
allows us to learn the overall sign and norm of the Hamiltonian (which would otherwise show up as
a global phase if the reference term was not there).

3.1 Shadow Tomography of the pseudo-Choi State

With the pseudo-Choi state in hand, we can now begin to learn the coefficients of the Hamiltonian
through the use of shadow tomography. The idea of shadow tomography is to construct a model
that can predict the expectation values of a particular set of observables with low error and high
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probability over the set. Unlike conventional tomography, shadow tomography does not aim to
provide a specific density operator, which means that the output expectation values need not be
precisely consistent with a density operator, nor does the model need to provide a high fidelity
estimate of the quantum state. Instead, we require only that it predicts the outcomes of a set of
observables. Fortunately, this is all that we need to reconstruct the Hamiltonian and so this tool
is precisely what we need to address our problem. A formal statement of the shadow tomography
problem is given below.

Problem 7 (Shadow Tomography Problem). Given an unknown quantum state, p, of dimension
d =27 and a set of L observables, {E;}, estimate Tr(pE;) to within error es for all 1 < i < L,
with success probability 1 — dsusing as few copies of p as possible. [23]

This problem can be solved classically in in settings where the operators in question have efficient
classical representations, such as Pauli operators. This approach, referred to as classical shadows
tomography [18], involves using a small number of copies of p to create a classical representation of
p. Section 3.2 details how classical shadows can be used in conjunction with the pseudo-Choi state
to learn the Hamiltonian coefficients, but to make it clear to the reader where some of the objects
in later sections come from, we begin with a brief overview of classical shadows tomography.

The version of classical shadows we consider here involves applying Clifford operators from the
group C1(2") to an n qubit state p. The procedure consists of N rounds in which a Clifford operator
U; is sampled uniformly at random and applied to p, followed by a measurement of each qubit
of the resulting state in the computational basis. After each measurement, a “snapshot” of the
form o; = U; |b;) (b;| U; is stored in classical memory. Here Uj; is the randomly sampled Clifford
unitary applied to p during the " round, and |b;) is the bit string of length 7 that encodes the
measurement outcomes of the i'® round. The ;™ bit of |b;) is the outcome of measuring the ;™
qubit in the computational basis (i.e. if a bit in |b;) is zero, then the outcome of measuring the
corresponding qubit was |0)). These snapshots are stabilizer states, meaning they can be obtained
from |0)®"” using only Clifford operations, and as a result O (n?) classical bits are needed to store
each one in memory [21]. In total, the procedure uses N copies of p to generate N classical snapshots.

Note that although |b;) is a classical bit string, we represent it using Dirac notation due to the
simplicity of the notation, and to be consistent with the original notation used to describe classical
shadows in [18]|. The expectation value of these snapshots over all choices of Clifford unitaries and
measurement outcomes can be viewed as a quantum channel. In particular, since the Clifford group
forms a unitary 3-design, the process of randomly sampling Clifford operations corresponds to the
following depolarizing channel [18]:

p 1 Tr(p)l
Dijenn(p) = 57 + (1 eI 1)) o
_ p+Tr(p)l
2 1 1

This channel can be inverted in the following way:

D;/1(2n+1)(p) = Dani1 (p)
=27+ 1)p — Tr(p)I (9)
where the first line uses the fact that D, (Dp(p)) = Dap(p) (this is easily proven using the definition

of a depolarizing channel), and the second line follows directly from the definition of a depolarizing
channel.
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The classical shadow of p is then defined as the collection of N snapshots after applying this inverse
channel to each of them, as in Definition 8.

Definition 8 (Classical Shadow (From Clifford Measurements)). Given N copies of an n-qubit
quantum state p, the classical shadows procedure based on random Clifford measurements returns a
classical shadow of p which is of the form

p=1{pili € Zn}, (10)
where
pi = (2" + 1)(U] |bs) (bi] Ui) — T (11)

is the result of applying the inverse of the depolarizing channel (equation (9)) to the it" classical
snapshot.

As shown by Huang et al. [18], the classical shadow can be used to efficiently predict expectation
values of operators on the state p, as required by the Shadow Tomography Problem.

Note that this procedure requires randomly sampling Clifford circuits, which is not as easy as
sampling single-qubit operators such as Pauli operators. However, recent work has shown that this
process can still be done efficiently. In particular, Bravyi and Maslov [24] and van den Berg [25]
have proposed algorithms for sampling Clifford circuits uniformly at random with time complexity
O(n?) and circuit depth @(n) The latter algorithm outputs a circuit directly and allows for
parallelism, which effectively reduces the time complexity to O(n), but requires a quantum computer
with fully connected topology to achieve the claimed circuit depth [25]. Meanwhile, the former
approach achieves a two-qubit gate depth of 9n on the much simpler Linear Nearest Neighbour
architecture [24].

Another variation of the classical shadows procedure replaces the random Clifford operators from
the group C1(27) with tensor products of single-qubit Clifford operators (i.e. operators from the
group C1(2)®7). This process is referred to as the “random Pauli measurement” version of classical
shadows, because the single-qubit Clifford group is generated by the Hadamard and phase gates, and
these operations enact transformations between the Pauli X, Y, and Z bases. Therefore, allowing
only single-qubit Clifford operations and measurement in the computational (Z) basis is equivalent
to only allowing measurements in the Pauli X, Y, and Z bases. In the next section, we focus on the
use of the Clifford measurement version of classical shadows, and leave discussion about the use of
the Pauli version to Appendix A.

3.2 Efficient Estimation of the Hamiltonian Coefficients (Clifford Shadows)

In this section we discuss using the Clifford measurement version of classical shadows to extract the
Hamiltonian coefficients from the pseudo-Choi state. We refer to the inference of these coefficients
as the Pseudo-Choi Hamiltonian Learning problem (PC HLP). Note that the Pauli measurement
flavour of classical shadows can also be used, and this approach is included in Appendix A. While
the Pauli version only requires single-qubit operations and can reduce the computational complexity
of the classical post-processing, the Clifford version has the better sample complexity for k-local
systems. However, although the gap between the two sample complexity upper bounds grows expo-
nentially with k, the benefits of the Pauli approach may outweigh the increased sample complexity
for small values of k.
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Since classical shadows tomography allows for efficient prediction of linear functions of operators, we
can solve the PC HLP by choosing a specific set of operators whose expectation values correspond
to the Hamiltonian coefficients. For Clifford-based shadows, these “decoding operators” are given
in Definition 9.

Definition 9 (Decoding Operators). Let the set of decoding operators be defined as
O := {0/l € Zy} (12)
where
Op:= (H @) [®a) g4 (Palg4 ® [0)¢ (1] (13)

and Hj is one of the M Hamiltonian terms.

Furthermore, we define

Oq = |Pa)ga (Palga @ 1) (Lo (14)

Recalling Definition 6, the density matrix representing the pseudo-Choi state is given by

pe = |ve) (el
:%((H ®1a)[®a)s4 (Palgs (H @1a) @ |0)c (Ol

+ (H @14) [Pa)ga (Palss @ [0)c (Lo
+[Pa) g (Palga (H@14) @ (1) (0]

+ [Pa)ga (Palsa ® 1) (e )

We show below in Proposition 10 that the expectation values of the decoding operators acting
on the pseudo-Choi state give the Hamiltonian coefficients up to a constant factor. Note that
the Hamiltonian terms must be known in order to construct the decoding operators. As this work
focuses on k-local Hamiltonians, this is not a problem, since there are at most (’)(nk) possible terms.

=

Proposition 10 (Computing the Hamiltonian Coefficients). If p. is the pseudo-Choi state (15),
and Oy is a decoding operator as defined in Definition 9 then

q

Tr(pCOl) = ?7

(16)
where ¢; is the ™" Hamiltonian coefficient, and o is the normalization constant of the pseudo-Choi
state (7). Furthermore,

1

Te(pe0a) = — (1)

Proof. From the definition of the decoding operators and the pseudo-Choi state, it is easy to see
that
_ (Palga (HRD) (H; ®T) |Pa)ga

Tr(p.O;) = o2 (18)
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Expanding the above using the representation of the Hamiltonian from Definition 1 gives

<¢)d‘SA (Zm cmHm ® ]I) (Hl ® ]I) |(I)d>SA
042

= ézcm <(I)d|SA (Hm®]1) (Hl@ﬂ)|q)d>SA (19)

Tr(pOr) =

We can now use the definition of |®4) ¢, to expand the term inside the summation:
1 1
o H, I)(H ®I)|® =|— | G| | (Hp @) (H 1) | —= ) g
(Palga( ) (H; @ 1) [®a) 5.4 (\/gzi:@HZI)( )(Hi )(\/azj:!ﬁl.ﬁ)
1 _ N e
= =22 (il HuHy ]j) (il 17)
i

1 , .
= o3 (il o i)

- TI'(HmHl)
N d

Finally, we substitute (20) back in to (19) to get

Tr(pcOr) = o2 %:CmT

— L (21)

The second claim (Tr(p.O4) = Z5) follows immediately from the definition of the pseudo-Choi state
(15) and the definition of O.

O]

We seek to approximate the expectation values of Proposition 10 using the classical shadows ap-
proach introduced in [18]. However, the classical shadows procedure requires Hermitian operators,
which O; are not. Instead, we can use the following pair of Hermitian operators:

Of =0+ (0)f (22)
O; ==i0; — i (0))f (23)

These two operators are Hermitian, and can be inverted to find that
O —io;

5 =0 (24)

Therefore, the expectation value of O; can be predicted by using classical shadows to estimate the
expectation values of Of’ and O; :
_l’_ _ . —
(or), - (ior),

<Ol>s = 2

(25)

Accepted in { Yuantum 2025-01-18, click title to verify. Published under CC-BY 4.0. 13



where the subscript s denotes that these are not the true expectation values, but estimates generated
by the classical shadows procedure.

We now consider using the Clifford measurement flavor of classical shadows for the pseudo-Choi
state. Since the pseudo-Choi state is on 2n + 1 qubits, its classical shadow is made up of N
components of the form

However, it is not necessary to store the shadow in this explicit form. Instead, it is helpful to use
the form of the classical shadow specified in Definition 11, and introduce the I term and the factor
of 2271 + 1 as needed.

Definition 11. If the random Clifford measurement version of the classical shadows procedure is
performed, the resulting classical shadow of size N can be stored in the following way:

p=A{lpi)li € Zn}, (27)
where

i) = UF |bi) (28)

The full procedure for estimating the vector of Hamiltonian coefficients, ¢, is given in Algorithm 1.
The algorithm also invokes a further subroutine (Algorithm 2) for determining the expectations
using classical shadows. Algorithms 1 and 2 do not use the explicit form of the classical shadow
given by Definition 8, but instead use the “compressed” version given by Definition 11.

Previous work by Aaronson and Gottesman provides an algorithm for simulating Clifford circuits
classically in polynomial time, as well as an algorithm for calculating the inner product between
two stabilizer states in O (n3) time [21]. For future reference, we shall refer to this second algorithm
(see the end of Section III in [21]) as the Stabilizer Inner Product (SIP) Algorithm. Algorithm 1
invokes the former of these algorithms, while Algorithm 2 leverages the SIP Algorithm to compute
expectation values in polynomial time.

Note that in order for the output of Algorithm 1 to solve the PC HLP, the number of samples of
pe must be at large enough for the error and success probability to satisfy the requirements of the
Hamiltonian Learning Problem 1. This sufficient value is given later as Theorem 16.

To go along with Algorithm 2, it is also helpful to understand how the expectation values involved
are explicitly computed using a classical shadow. Proposition 12 gives expressions for the three
expectation values of interest. These expressions contain several inner products which can be
efficiently computed using the SIP algorithm of [21].

Proposition 12. Let p; = (22" 4+ 1) UZT |b;) (bi|U; — 1 be a classical shadow generated from the
random Clifford measurement version of the classical shadows procedure, and consider the operators

Of =0+ (07
Oy =i0, —i(0y)f

where Oy is a decoding operator as in Definition 9.
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Algorithm 1 FindCoeffClifford(p®", H,n, N): Determine the Vector of Hamiltonian Coeffi-
cients from p. using random Clifford measurement based classical shadows

Input:

N.
Pt

Collection of N pseudo-Choi states on 2n 4+ 1 qubits, each on Hilbert space Hg ® Ha ® Hco

H: Set of M k-local Hamiltonian terms H; whose coefficients ¢,, are desired

> Note: p?N is a quantum state, whereas H is a set of classical operators

n: Number of qubits in the system on Hilbert space Hg
N: Number of pseudo-Choi states

1.

Initialize the array of Hamiltonian coefficients

Let ¢ «+ [O, 0,..., O] and let & denote the [*" element of &
1xM

. Generate and store the classical shadow

Use N copies of p. to generate p, a classical shadow of size N of p., using the classical shadows
procedure based on random Clifford measurements from [18].

Store p in classical memory (as per Definition 11) using the tableau algorithm introduced in
[21] to compute and store each stabilizer state |p;) = UZ-Jr ;)

. Generate an estimate of Tr(pO;) = % for each corresponding Hamiltonian term
p a

For | from 0 to M — 1:

¢; + ComputeExpectation(p, Hj, N,l,n) > Estimate of 5%
. Generate an estimate of Tr(p0O,) = 2
Oq < ComputeExpectation(p, Oq, N, —1,n) > Estimate of ﬁ
. Remove the factor of é from the Hamiltonian coefficients

Leté%(%

. Output the vector of Hamiltonian coefficients

Return ¢ = |¢&, ¢4, ...,éM_l}

We then have that

Tr (5.0 ) = (2241 +1) ({0l Us (i @ La) [@a) s 10)c: ) ((@alsa (1 U 18:) )

(29)
(204 1) (@510 ) ((@alsa (@ 1) Ol UF b)),

and similarly,

Tr (507 ) =i (22 +1) ({5l Ui (Hy 9 1a) [9a) .4 10) - ) (@l s (L U 1))

(30)
=i (227 1) ({0l Ui 1) 4 1)) (@l (Hr @ La) 01 U] b))
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Furthermore,

Tr(pi0a) = (271 + 1) (03] Ui |6a)sa D)ol — 1 (31)

Note that UZ-T |b;) is on the Hilbert space Hg @ Ha @ He, so all the inner products above give scalar
values.

The proof of Proposition 12 can be found in Appendix B.2. As previously mentioned, U; |b;) is a
stabilizer state. Furthermore, H |®4) ¢4 is also a stabilizer state for all | € M, since the Hamiltonian
terms are Pauli operators, and therefore also Clifford operators. From this, we see that calculating
the expectation values in Proposition 12 comes down to computing a few inner products between
stabilizer states, which we can do on a classical computer. Algorithm 2 computes these inner
products using the SIP Algorithm of [21], and then performs a median of means (as prescribed by
the classical shadows procedure [18]) to reduce the variance of the estimate.

Algorithm 2 ComputeExpectation(p,O, N,l,n): Compute Expectation Values with a Classical

Shadow
Input:

p: Classical shadow of size N of the resource state p, in the compressed form of Definition 11

H;: Hermitian operator from the set H

N: The size of the classical shadow p

I: Integer indicating which of the M Hamiltonian terms O is. [ = —1 indicates that the algorithm
should use the formula for estimating the normalization constant «

n: Number of qubits in the system

1. Iterate over the components (|p;) = Ug |b;)) of p and compute Tr (p;0) for each one

Let 0 + [O, 0,..., O} N and let 6; denote the i*" element of 6
X

if l==—-1:
for ¢ from 0 to N — 1:
Compute Tr (p;0,) using the SIP Algorithm given in [21] to compute the
inner product in equation (31)
else:
for ¢ from 0 to N — 1:
Compute Tr (ﬁiOf) using the SIP Algorithm given in [21] to compute the four
inner products in equation (29)
Compute Tr (ﬁiOl_ ) using the SIP Algorithm given in [21] to compute the four
inner products in equation (30)

o o TEOD) TA0)

> As per Equation (25)

2. Perform median of means protocol and output the estimate of Tr(p.O;) = %

Return MedianOfMeans(0)
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Algorithm 3 MedianOfMeans(0):
Input:
0: Vector of size N

Perform median of means protocol:
Separate the elements of 0, o;, into K groups, Gy, of equal size
For k from 0 to K — 1:
O < mean (Gy)
51 < median (60, 61, ceny 6[(,1)
Return ¢;

The SIP Algorithm given in [21] requires O(n?) time to compute inner products between stabilizer
states, and Algorithm 2 calls it O(1) times for each of the N snapshots (see Theorem 16 for the
sufficient value of N). In turn, Algorithm 1 calls Algorithm 2 for each of the M + 1 operators, giving
a total time complexity of O(M Nn?) for computing all the inner products between stabilizer states.
However, all these calculations are independent and can be parallelized over both the operators and
the classical snapshots. Thus, with a large classical memory, the computation time required can be
greatly reduced through massive parallelism.

3.2.1 Sample Complexity Upper Bound

The main result in this section is Theorem 16, a proof of the sample complexity of solving the
Hamiltonian learning problem using pseudo-Choi states as resources. Our result depends on the
concept of a shadow norm which we define below for reference.

Definition 13 (Shadow Norm for Clifford-Based Shadows). Let O be a finite-dimensional operator.
The shadow norm of the operator O is defined as

1/2
10/ hadons = max (Evec > (Ut ) o UMI(O)UH@?)
be{0,1}"

where C is the Clifford group and the maximization is over all quantum states.

Note that the definition of the shadow norm above assumes the classical shadows process is randomly
sampling Clifford unitaries, and not unitaries from some other ensemble.

In order to state our proof of Theorem 16 we need to first state Lemma 14 which bounds the shadow
norm, as well as Proposition 15 which gives a value of €, that ensures the total error of the learning
process is at most €, as required by the Hamiltonian Learning Problem (Definition 1).

Lemma 14 (Shadow Norm Upper Bounds). Let the set {Oq } U {O;, O |1 € Zp} be denoted by
O ={0; |1 € Zap}. If using the Clifford measurement version of the classical shadows procedure
to predict the expectation values of the operators in the set, the shadow norm of each operator is at
most

10 o < 3T ((02)) <6

shadow

The proof of Lemma 14 can be found in Appendix B.3.
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Proposition 15. To solve the Hamiltonian learning problem with an error of at most €, it serves
to let the error in the classical shadows procedure be

€
a2/ +1VM’

where cmax denotes the Hamiltonian coefficient with the largest absolute value.

€s —

The proof of Proposition 15 can be found in Appendix B.4.

With these results in hand, we can prove the following result which provides the scaling of the
number of resource states that are needed to solve our learning problem.

Theorem 16 (Sample Complexity Bound for PC HLP). The number of copies of the pseudo-Choi
state (4) required by Algorithm 1 to solve the Hamiltonian Learning Problem given by Definition 1
18

N€O<a4(cmax+125\410g(M/5)> (32)

Proof of Theorem 16. The sample complexity of the shadow tomography procedure depends on the
number of expectation values that are to be predicted. Recall that M is the number of terms in the
Hamiltonian. Algorithm 1 requires estimating M expectation values (O;) (and each (O;) requires
predicting the expectation values of 2 operators), as well as (O,). Therefore, the total number of
operators whose expectation values are to be estimated via shadow tomography is 2M + 1. Let the
set of these operators ({O,} U {O;", O; |1 € Zp} ) be denoted by O = {0; | i € Zonr}.

Using classical shadows, this gives a sample complexity of

log (M/4s)
2

S

2
N =0 025 0112 (33
to estimate all the expectation values, each within sampling error €5 and with a total probability
of failure at most J. [18]

Since we use the random Clifford measurement version of the classical shadows procedure, Lemma 14
implies that
2
Hl;fiX ||O7;Hshadow <6 (34)

This result implies that the sample complexity for predicting the expectation values in Algorithm 1
within an error ¢; with probability d, is

N, =0 (l"g(M/“> . (35)

2
€

We would like to determine an upper bound on the number of samples such that with probability
1 — 0, the [-2 error in the vector of Hamiltonian coefficients is at most €, as per the Hamiltonian
learning problem 1. The total probability of failure of Algorithm 1 is that of the classical shadows
procedure, so § = ;. Additionally, to minimize the number of samples needed while still ensuring
that the total error in the Hamiltonian learning process is at most ¢, it serves to choose the value
of €5 given as per Proposition 15. Combining this value of €5 with Equation (35), we arrive at the
claimed result. ]
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It is worth noting that if coherent quantum queries were made to the quantum state preparation
routine then we can learn the coefficients with quadratically better scaling with € than the above
procedure using results by Huggins et al. [19]. However, since doing so necessitates the introduction
of a more powerful oracle that allows coherent queries we ignore such optimizations here, and instead
revisit this approach in Section 5.

4 Learning the Hamiltonian from a Unitary Time Evolution Blackbox

While the pseudo-Choi state might seem like a strange choice to use as the learning resource, the
time evolution blackbox of the form

U =e it (36)

is perhaps a more intuitive choice of learning resource, and has been recently studied in the context
of Hamiltonian learning [11-14]. The goal of this section is to demonstrate that by querying this
time evolution unitary and its inverse for |t| < ﬁ, we can produce states similar to the pseudo-
Choi states of the previous section, and as a result learn the Hamiltonian using a procedure very
similar to the one in Algorithm 1. This leads to Theorem 26, which is the main result of this section
and gives an upper bound on the number of queries to U and UT needed to solve the Hamiltonian
learning problem.

The process of generating the pseudo-Choi state contains three main steps. First, the time evolution
black-box is used to generate a unitary matrix that encodes the Hamiltonian (referred to as a block-
encoding of the Hamiltonian). Second, this block-encoding is applied in a controlled fashion to a
maximally entangled state (|¢4)g4) and an ancilla qubit. This generates a relative phase between
a term that applies the block-encoding to the input state and a term that acts as the identity on
it. Finally, the pseudo-Choi state is produced probabilistically by measuring the ancilla qubit in
the computational basis. The outcome of this measurement indicates whether or not the state was
successfully generated.

An important issue that arises here is that we need to assume that the time evolution can be
implemented controllably. This is often the case when we are considering learning a Hamiltonian
applied within a simulator, but may not necessarily be straight forward to implement when learning
a physical Hamiltonian that cannot be so manipulated. In such cases, we can still perform the
control using controlled swap operations if a +1 eigenstate of the unitary is known. Further, it
is worth noting that in practice we also need the inverse of the evolution using our approach.
If these assumptions are met, however, we are able to show that we can efficiently generate the
learning resource. Additionally, there exist classes of Hamiltonians (“time-reversible Hamiltonians”)
for which the backward time evolution can be performed efficiently even if one only has access to
a black-box that performs the forward evolution. For example, certain Heisenberg models that can
be represented as bipartite - the simplest being a 1-dimensional Ising model - can be easily time-
reversed given access to the time evolution black-box. Therefore, if a Hamiltonian can be efficiently
broken up into relatively few such Hamiltonians, our approach remains feasible as one can learn
the time-reversible Hamiltonians one by one until all the coefficients of the original Hamiltonian are
recovered.
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4.1 Generating pseudo-Choi States

As mentioned above, the process of producing the pseudo-Choi state begins by using the time
evolution unitary to create a block-encoding of the Hamiltonian. Recall that the pseudo-Choi
state consists of three subsystems. The map containing the Hamiltonian acts on the subsystem S
(denoted by the subscript S), which resides in a d dimensional Hilbert space Hg. Subsystem A is
an ancilla of the same size as S. Lastly, subsystem C' is a single qubit used to retain information
about the overall sign and norm of the Hamiltonian. In addition to these three, we will now require
an additional subsystem, B, which is a single qubit used for block-encoding purposes, and will be
referred to as the “block-encoding qubit”. We formalize the notion of block-encoding below.

Definition 17 (Block-Encoding). Let Upoer, be a unitary operator acting on the Hilbert space
Hp®Hs. We then say that this unitary is a block-encoding (or more specifically a (A, dim(Hp),0)-
block-encoding as defined in Section 4 in [26]) of a Hamiltonian H if

H

Z = (<O|B & HS)Ublock(|O>B ® HS) (37)

where A is a normalization factor.

In our context, this unitary block-encoding plays the same role as a unitary that prepares a purified
Gibbs state in other approaches to quantum Hamiltonian learning. Rather than a Gibbs state,
Upiock 18 used to prepare a pseudo-Choi state, from which we can then recover the Hamiltonian
coefficients as in Algorithms 1 and 2 in Section 3.2.

Gilyén et al. [26] developed a method for generating a block-encoding of the logarithm of an
operator, which is precisely what we seek to do with the time evolution operator. Their results,
modified to fit our problem, are summarized in Lemma 18 below.

Lemma 18 (Producing a Block-Encoded Hamiltonian from a Time Evolution Unitary [26] ). Let
U = e "t where the H is Hermitian and |[Ht| < 1. Let ¢, € (0, 3] be the block-encoding error.
Using

O (log(1/e))

controlled queries to U and U™, as well as O (log(1/ey)) 2-qubit gates and one ancilla qubit, a
block-encoding of the Hamiltonian of the form

U T 38
block — 7 K ( )
can be produced such that

HHt—ﬁItH <6 (39)

The proof of Lemma 18 can be found in [26] (Lemma 18 is identical to Corollary 71 in [26], only with
H replaced by Ht), but the general idea is that sin(Ht) = elHt_QZ?ﬂHt can be implemented via Linear
Combination of Unitaries (LCU) techniques, resulting in a block-encoding of sin(Ht¢). The Quantum

Singular Value Transform (QSVT) can then be used to construct a polynomial that approximates
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Ublock

wi |wl> _ ‘0>C(%®HA)|(I>d>SA+|1>C|q>d>SA
c

Y
0)¢ —@ 0

Figure 4.1: A quantum circuit that produces the pseudo-Choi state in Lemma 19. If the qubit in register B is
found to be in the state |0) after measuring it in the computational basis, the output of the remaining registers

2
is the pseudo-Choi state [¢.). This outcome occurs with probability equal to % + £, where |[c[|, is the 2-norm

of the vector of Hamiltonian coefficients, and A = .

the arcsin of this quantity, which results in an approximate block-encoding of QTHt This can be
achieved using either quantum singular value transformation methods or linear combinations of
unitaries [26-28|

Using the block-encoding of the Hamiltonian from Lemma 18, we can now generate pseudo-Choi
states, as per Lemma 19. Because the Hamiltonian in the block-encoding contains a factor of %,
the pseudo-Choi state produced will be slightly different than the one in Section 3 (Equation (4)).

That is, rather than a pseudo-Choi state of fNI, the state produced is a pseudo-Choi state of 2THt:

0o (B ®@14) [®g) g4 + 1) [Pa) g4

where
~12
c
=y 1oy, (a1)
and
T

The vector ¢ above is the vector of Hamiltonian coefficients that correspond to the block-encoded
Hamiltonian H (see Definition 20 in the following section).

Lemma 19 (Generating pseudo-Choi States from the Hamiltonian Block-Encoding). Let ¢t be a
positive number in (0,1/2||H||]. There exists an algorithm that yields a pseudo-Choi state of the

~12
~ 9 and y = HZ—L’? + 1, using a single controlled
application of Upiock whose success is heralded by a measurement that occurs with probability strictly
greater than %

form ’djé) - |O>C(%®HA)‘¢d>SA+‘1>C‘(I)d>SA} where A — &

Figure 4.1 gives an explicit circuit for generating the pseudo-Choi state from the Hamiltonian block-
encoding Upoer, and the details of the proof of Lemma 19 can be found in Appendix B.5. Note that
the restriction on the evolution time considered above is inherited from Lemma 18.
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4.2 Learning via Shadow Tomography

Since the block-encoding Upj,er 18 used to produce our resource states, the learning procedure will
generate an approximation of the Hamiltonian within the block-encoding. This means that there
will be additional error introduced due to the fact that the Hamiltonian in the block-encoding will
not be exactly equal to the true Hamiltonian.

We now rephrase the Hamiltonian learning problem in terms of the true Hamiltonian, its block-
encoded approximation, and the Hamiltonian recovered by the learning procedure, as well as their
corresponding coefficient vectors, as follows:

Definition 20. Let us take the following three deﬁmtzons for the true Hamiltonian H, the block-

encoded Hamiltonian H, and the approzimation H that results from the learning process:

1. Let H := n]‘f Olcm m be the Hamiltonian we seek to learn, and let ¢ be the vector of its
Hamiltonian coefficients (that is, the coefficients of its representation in some orthonormal
basis {Hpy | m € Zpr}).

2. Let H := f\n/[ OlgmHm be the approximation of H that results from the block-encoding proce-
dure, and let ¢ be the vector of its Hamiltonian coefficients.

3. Let H : Zm o CmHy, be the approzimation ofﬁ that results from the learning procedure,
and let ¢ be the vector of its Hamiltonian coefficients.
These above definitions naturally lead us to the following definition for the Hamiltonian learning

problem.

Definition 21 (Unitary Hamiltonian Learning Problem). The Hamiltonian learning problem is to
compute, for any € >0 and § > 0, a vector ¢ such that with probability at least 1 — ¢,

e —clly < (43)
by querying U = e~ qnd Ut
We also define the task of learning the approximate Hamiltonian H which appears in the block-
encoding as follows:

Definition 22 (Block-Encoded Hamiltonian Learning Problem). The block-encoded Hamiltonian
learning problem is to compute a vector ¢ such that with probability at least 1 — 6,

e —¢ll, < e, (44)
by querying Upiock

Recall that Lemma 18 also gives us €, the upper bound on the error of the block-encoded Hamil-
tonian.

From the pseudo-Choi state (40), we can learn the Hamiltonian coefficients in similar fashion to the
PC HLP considered above. Specifically, recall that

O1=10)¢ (e @ (H D) [Pa)gs (Palga (45)
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where H; is a Hamiltonian term, and let

Oy =D (e @ [Pa)ga (Palsa (46)

Define the Pseudo-Choi state for the density operator pl. according to the following

pr = o) (Ve (47)
so that
a
Tr(p.01) = A (48)

where ¢ is the [*" Hamiltonian coefficient and

1
Tr(p,04) = — (49)
8
where v is defined in (41) The entire learning process, outlined in Algorithm 4, therefore consists
of first generating a sufficient amount of pseudo-Choi states (40) from the Hamiltonian, running
Algorithm 1, and then scaling the result by A.

4.3  Query Complexity for Hamiltonian Learning from Time Evolution Unitaries

Rather than sample complexity, it is more meaningful to look at the query complexity for this
model - that is, the number of (controlled) queries to U = e~*7*. The main result of this section is
Theorem 26, which gives an upper bound on the number of times the time-evolution unitary must
be queried in order to solve the Unitary HLP 21. We begin by finding a similar upper bound for an
easier task, in particular solving the Block-Encoded HLP 22.

Theorem 23 (Query Complexity Upper Bound for Solving the Block-Encoded HLP ). The number
of queries to the block-encoding (37) required to solve the Block-Encoded Hamiltonian Learning
Problem 22 for a Hamiltonian whose M Hamiltonian terms are known, is at most

M~ (&40 + 1) log (M/5)>

5 (50)

€

Ne@(
Proof of Theorem 23. The sample complexity of predicting the expectation values of the 2M op-
erators in Algorithm 4 using classical shadows is

N O <10g(M/55)) (51)

2
€s

This is the number of pseudo-Choi states (40) required to predict 712 and 6,, = ,Y‘;—mA to within error
es for all m € Zj; with probability at least 1 —d,. Multiplying each 6,, by v2A gives the coefficients,
Cm, of the block-encoded Hamiltonian within error

em = 7es\/ 2, + A2, (52)

Accepted in { Yuantum 2025-01-18, click title to verify. Published under CC-BY 4.0. 23



Algorithm 4 FindCoeffUnitary(U,Uf,A, H,n, N,): Learn the Hamiltonian Coefficients by
Querying U = e~ and UT
Input:

U: Time evolution operator e

—iHt acting on Hilbert space Hg

A : Normalization constant equal to 5; where t € (O, ﬁ} is the evolution time used in U, which
dictates the probability of success for projection onto the pseudo-Choi state measurement.
H: Set of M k-local Hamiltonian terms H; whose coefficients ¢,, are desired

> Note: H is a set of classical operators
n: Number of qubits in the system on Hilbert space Hg
Ng: Number pseudo-Choi states desired

1. Generate pseudo-Choi states

Run the circuit from Figure 4.1 on N € @(NS) independent input states to produce N

‘0>c(%®ﬂA)|q’d’)YSA+|1>c|<I>d>sA with

pseudo-Choi states of the form p, = [¢]) (1], where |¢) =
high probability.

> An explicit upper bound on N is given in Theorem 26

> Recall that Upoer, can be produced by querying U and U' as per Lemma 18, using the
methods in [26]

2. Run Algorithm 1 to estimate %
Set ¢ < FindCoeffClifford(p/®Ns, H, n, Ny)

> Algorithm 5 can be used as well

3. Rescale the result by A as per equation (48)

Return Aé

Recall that learning these coefficients is the goal of the Block-Encoded HLP in Definition 22. The
lo error between the vector of Hamiltonian coefficients returned by Algorithm 4 and that of the
block-encoded Hamiltonian is

lc —¢|ly £ VM maxey,,
m

=V M’)/QES\/ ,C?nax + AQ, (53)

where ¢4, 18 the coefficient with the largest absolute value. To satisfy the Block-Encoded HLP 22,
we let the upper bound on this error be equal to e.. It follows that the following value of €5 is
sufficient to solve the Block-Encoded HLP:

€c

NIYZEN

Substituting this value for €5 into Equation (51) means that the total number of pseudo-Choi states
we need to solve the Hamiltonian Learning Problem is

(54)

€s —

2
€
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Now that we have an upper bound on the number of pseudo-Choi states (40) required to solve the
Block-Encoded HLP 22 with probability at least 1 — d5, we would like to know how many queries
to Upoer, are needed to solve the Block-Encoded HLP with probability at least 1 — §. We must
therefore consider the failure probability of the learning algorithm.

To overestimate the failure probability of the entire learning procedure, we assume that it will
always fail if less than Ny pseudo-Choi states are produced, and also that the success probability
of classical shadows is the same as long as the number of pseudo-Choi states generated is at least
N;. The probability of our learning algorithm failing is then

Puii <05+ 0N,
=4, (56)

where §5 is the probability of classical shadows failing if we have N, pseudo-Choi states, dy, is
the probability of producing less than Ng pseudo-Choi states after N queries to Upjoer, and the
third line comes from the requirement of the Block-Encoded HLP 22 which says that the failure
probability must be at most §. We then let §; = oy, = %. This choice of §5 gives

M~4(e2 A?)log (M/§
Ns 6 O ( 7 (Cmaac +€2 ) Og( / ) , (57)
Next, it can be shown via Chernoff bound that
- N,
Neo (72) (58)

queries to the the block-encoding Uy, are needed to ensure Ny pseudo-Choi states are produced
with probability at least 1 —d. Note that the asymptotic notation may be misleading here since
7?2 is larger than 1, but N is in fact larger than N, (see Appendix B.6). Combining this with the

upper bound on N above, and using A = 75, we get
. M~*(2,,, + %) log (M/5
6C
proving the result in Theorem 23.
O

4.3.1 Choosing Sufficient Values for the Block-Encoding Error and Block-Encoding Learning Error

Theorem 23 gives an upper bound on the number of Hamiltonian block-encodings needed to solve
the Block-Encoded HLP 22. Note that solving the Block-Encoded HLP is just a sub-task of solving
the Unitary HLP 21, with the missing step being the generation of the Hamiltonian block-encodings
from the time evolution unitary e **. This means that to determine the total query complexity, we
have to factor in the number of queries required to produce the desired number of block-encodings
of the Hamiltonian. In addition, since the block-encoding generated by the procedure described in
Lemma 18 has an error of €, the learning algorithm will not approximate the coefficients of the
Hamiltonian terms of H, but those of the approximation of H in the block-encoding. Thus, the
block-encoding error €, will have a further impact on the total query complexity.
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We now seek values for the block-encoding error ¢, and the block-encoding learning error ¢, such
that the total error in learning the Hamiltonian is at most ¢, as required by the Unitary HLP 21.
We begin with the following proposition:

Proposition 24. The error in the vector, €, of Hamiltonian coefficients of the block-encoded Hamil-
tonian H is upper bounded by

\/Meb
t )

le —cll; <

where M is the number of Hamiltonian terms, t is the evolution time used to gemerate the block-
encoding, and € is the block-encoding error, as in Lemma 18.

Proof of Proposition 24.

|€m — cm] ‘CliTr(fNIHm) —-Tr(HH )‘
zémﬂﬁ H)H,y,)|
;i: (H — H)oi(Hp)
< %omw(H H)ZUz(Hm)
=1
1 _ k
= go'ma:v(H - H) ; |)‘2(Hm)|
= % ‘Uma:c(f[ - H)’ Tr <\/KH171)
= ‘O’maa}(ﬁ — H)'
i, g

In the first inequality we have used the Von Neumann trace inequality, where 0;(A) is the ith of
the k singular values of A when sorted in descending order. Likewise, omax (H — H) is the singular
value of H — H with the largest magnitude.

Noting that this result does not depend on m, we use it to finish the proof as follows:
€ —cll, < VM lc - ¢l
= VM max |¢, — ¢
m
< VM | - a],
v Meyp
= t

where we use the result of Lemma 18 in the last line. O]

The next step in choosing sufficient values for ¢, and €. is to upper bound the total learning error
from solving the Unitary HLP in terms of ¢, and €., as in Lemma 25.

Accepted in { Yuantum 2025-01-18, click title to verify. Published under CC-BY 4.0. 26



Lemma 25 (Upper Bound on Error for the Unitary HLP). The total error between the vector of
the true Hamiltonian coefficients and the vector recovered by using Algorithm /J to solve the Unitary
HLP is upper bounded by

vV Mey
t

where €. is the error in learning the block-encoded Hamiltonian (see Definition 22) and €, is the
error in the block-encoding itself (see Lemma 18).

e —elly < e+

Proof of Lemma 25.
e —cly=lc—c+c—c|,
< e —¢lly + e =<l
<eot € —cll (62)

Note that the second inequality is guaranteed by querying the Hamiltonian block-encoding Upocr
the sufficient amount of times to solve the Block-Encoded HLP (22). Theorem 23 gives an upper
bound on this number of queries.

Combining this with the result of Proposition 24 gives the result in Lemma 25. O

Finally, to achieve the desired upper bound of ||¢ — c||, < € for the total error of the Hamiltonian
learning problem (21), we simply choose ¢, and €. such that the right side of the inequality in
Lemma 25 is less than e. Since the learning process is much more expensive than the block-
encoding process, it makes sense to allocate most of the error budget to €., as will be discussed in
the following section.

4.3.2 Query Complexity Upper Bound

With the previous results in place, we can now state our bounds on the query complexity for the
Unitary HLP 21. Unlike in the Block-Encoded HLP, and the PC HLP, we now consider unitary
preparation of the pseudo-Choi states via the process described in Section 4.1. Note that in the
following we do not make use of amplitude amplification as the success probability for this learning
problem is at least 1/2, which implies that amplitude amplification will not lead to asymptotic
advantages.

Theorem 26 (Query Complexity Upper Bound for Solving the Unitary HLP ). The number of
queries to the time evolution unitary e~ and its inverse required to solve the Unitary Hamiltonian
Learning Problem 21 for a Hamiltonian with M Hamiltonian terms, is at most

Neo (MIOEQSW log <Jt‘f>) (63)

where t € O(1/ || H||)

Proof of Theorem 26. From Theorem 23 we have that the number of block-encodings needed to
solve the Block-Encoded HLP 22 is

Yeo (M%(E?m + 1) log (M/é)) (64)

QDN |
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Lemma 18 states that O (1og (i)) queries to the time evolution blackbox U = e *H* and its
inverse are required to generate each block-encoding. Since we apply Lemma 18 to produce the
block-encoding, it is important to note the preconditions on € and €, < 1/2. The latter of which is
guaranteed by our assumption on € if ¢, < e. Next, recall that g is the probability of projecting
onto a pseudo-Choi state upon measuring the block-encoding qubit. Lemma 19 then implies that
7?2 € O(1) under the assumption that t € O(1/||H||). Furthermore, we make the assumption that
each Hamiltonian coefficient satisfies |¢,,| < 1. As the norm of the Hamiltonian coefficients can be
rescaled by choosing the evolution time to be larger or smaller, we can make such a choice for our

state learning without restricting the class of Hamiltonians that is learnable within our approach.

Therefore, the upper bound on the total query complexity for the Hamiltonian learning problem
(21) is

Neo (R0 (1)) (65)

t2e2 €b

From Lemma 25 we see that this can
€. If we assign an error budget of § to

To satisfy Problem 21, the total error must be ||¢ — c||, <e.
be accomplished by choosing €. and €, such that €. + Mteb <
each of these terms, that is choose

€c = €/2, (66)
and
€t
= — 67
€= 537 (67)
we arrive at the query complexity given in Theorem 26. O

Note that the choice of error budget is somewhat arbitrary for the purposes of determining the
asymptotic scaling, as it only affects the query complexity by a constant factor. However, since the
query complexity is quadratic in e, but only logarithmic in eb_l, it is logical to assign most of the
error budget to €.. For example, choosing

< (1 1) (68)
ces(1-77)€
and
te
ep < e (69)

keeps the total error to at most € and limits the increase in query complexity to a constant factor
of approximately 2 for large values of M. Our assumption that €, < 1/2 then immediately follows
from e < M?/(2t).

5 Hamiltonian Learning via Quantum Mean-Value Estimation

The approach considered previously has great strengths. Notably, the quantum operations required
are simple Pauli or Clifford operations (depending on the flavour of classical shadows used), and
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after measurements are complete, all expectation values can be calculated efficiently on a classical
computer. It should be noted that it also allows us to learn the Hamiltonian without having an
explicit dependence on the number of terms in the Hamiltonian if we look at the o, error in the
Hamiltonian coefficients (though we have focused on the Iy error metric throughout this paper, as
it better highlights the differences between the query complexities of our approach and previous
ones). However, the most significant drawback of this approach is that the method scales poorly
with 1/e. This can be ameliorated by dropping the use of shadows and using a quantum computer
to directly estimate all of the terms directly from the PC state by computing the expectation values
of the Hamiltonian using mean-value estimation algorithms.

In [19] an algorithm is proposed for estimating the expectation value of a vector of observables.
The central idea behind this approach is to take the problem of mean estimation and reduce it to
a gradient estimation procedure on the exponential of the sum of Hamiltonian terms. The gradient
estimation procedure can then be executed optimally using the technique of [29], which then allows
the vector of mean values to be estimated using a number of queries that also scales optimally with
the parameters involved. The key result is that for some state v, the mean values of a set of M
operators with norm at most v,4; can be computed within [, error ¢ and probability of failure
at most ¢ using (5(Vmaz\/M /€') queries to the unitary that prepares v as well as to oracles that
perform the exponentials of each of the operators. In Lemma 29 we show that the number of queries
of the same form required to learn a Hamiltonian using this technique is (5(042M /€), where € is the
Iy error in the Hamiltonian coefficients and o is the normalization factor in the pseudo-Choi state.

The main result of this section is given later in Theorem 33, which gives an upper bound on the
number of queries to the time-evolution unitary that are needed to solve the Hamiltonian learning
problem. However, we begin in Section 5.1 by proving Lemma 29, which solves a simpler problem. In
particular, it assumes we have a unitary oracle that prepares our resource state, and gives an upper
bound on the number of queries to the oracle needed to solve the Hamiltonian learning problem.
Next, in Section 5.2 we show how to generate the resource state in unitary fashion by querying the
time-evolution operator and its inverse and then prove Theorem 33.

5.1 Learning the Hamiltonian Coefficients from a Unitary Preparation of the Resource State
As in the case of Pauli-based classical shadows, we shall start with the pseudo-Choi state and

perform a partial trace over the ancillary system A, resulting in the following resource state:

1

P~ da?

(H? ® [0)¢ (Ol + H ® [0)¢ (1l + H ® 1) (Ol + 1@ 1) (1l ), (70)

where

a=/llel}+1 (71)

and c is the vector of Hamiltonian coefficients.

Next, we define the decoding operators we will use to extract the Hamiltonian coefficients from our
resource state.

Definition 27 (Decoding Operators). Let the set of decoding operators be defined as

O ={0|l € Z} (72)
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where

H o X
0, = n®Xo (73)
2
and Hj is one of the M Hamiltonian terms.
Furthermore, we define
Oa =18 )¢ (1l (74)

Proposition 28 shows that for our resource state p, the expectation values of the decoding operators
can be used to recover the Hamiltonian coefficients, as well as the normalization factor of the
resource state.

Proposition 28 (Computing the Hamiltonian Coefficients). If p is the resource state (70), then ¥
[ € Zpr we have

Cl

Tr(pOy) = (75)

a?’

where ¢; is the ™ Hamiltonian coefficient, and a is the normalization constant of the pseudo-Choi
state (7). Furthermore,

Tr(pOy) = % (76)

Proof of Proposition 28. From the definitions of O; and the resource state p, it is easy to see that

Tr(HH;)
Tr(pO;) = ———=. 7
Hp0) = (77)
FExpanding the above using the representation of the Hamiltonian from Definition 1 gives
> e Tr(Hp Hy)
Tr(pO;) = =™
(:0 l) do2
1
= Go2 2 Cmmid
C
=3 (78)

The second claim (Tr(pOy) = é) follows immediately from Equation (135) and the definition of
Oq. O

Next, we show that the Hamiltonian learning problem can be efficiently solved by querying a unitary
oracle that prepares the resource state.

Lemma 29. Let U, be a unitary oracle that prepares the state p from equation (70). The Hamil-
tonian learning problem in Definition 1 can be solved using

2
~ (oM
€
queries to U, and Ug, as well as to an oracle that implements controlled-e=%°! for each decoding
operator O;.
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Proof. By Proposition 28, we have

Tr(pOr) = — (79)

From this we can see that the Hamiltonian can be estimated by estimating a mean-value of a set
of Hamiltonian operators. Specifically, consider the vector d

d := [Tr(pOy), - - ., Tr(pOnr-1)] (80)
from which the vector of Hamiltonian coefficients can be computed via
c = oz2dl (81)

Since the Hamiltonian learning problem considers Hamiltonian terms to have a norm that is at
most a constant (so Vmez € O(1)), the mean value estimation algorithm of [19] can be used to
estimate d within infinity norm € using

NeOWM/) (82)

queries to U, and U, pT , as well as to controlled-e=?9 ] ¢ [0, M — 1]. All that is left now is to
determine how small € should be to guarantee that the Iy error in the estimate of the vector of
Hamiltonian coefficients is at most e.

If we define ¢ to be our estimate of ¢;, then
& — | < a?d\[eF +1
€0 (a26'> , (83)

since we need to scale the result of the mean estimation by a? (as in equation (81)). Therefore, if
we want the [, error in estimating ¢; to be at most e, we require

¢ € Oess/0?) (84)

Finally, for the 2-norm of the error in the estimate of the vector of Hamiltonian coefficients to be
at most €, we choose o, € O(e/V M) (because || - ||2 < VM| - |loo from Cauchy Schwarz). This
leads to a query complexity of

N € O(a®*M/e). (85)

O]

We now wish to use the result of Lemma 29 to determine how many queries to the time evolution
blackbox will be necessary to solve the Unitary HLP.

5.2 Constructing a Unitary Preparation of the Resource State

In Lemma 29 we showed that the Hamiltonian Learning Problem could be solved using O (O‘QTM)

queries to a unitary operation that prepares the state p from equation (70). We would now like
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Figure 5.1: A quantum circuit that produces the pseudo-Choi state of fI/A. If the qubit in register B is found
to be in the state |0) after measuring it in the computational basis, the output of the remaining registers is the

llell?
2A2

pseudo-Choi state. This outcome occurs with probability equal to
vector of Hamiltonian coefficients, and A =

+ 3., where |[|c|, is the 2-norm of the

2t

to show that this state can be prepared in unitary fashion by querying the time-evolution operator
U = e " and its inverse. The idea is that if we know the number of queries to U and U it takes
to prepare this state, we can use Lemma 29 to find the number of queries to U and Ut needed to
solve the Unitary HLP. We begin by considering the circuit from Section 4.1 (reproduced here in
Figure 5.1) that was used to generate the pseudo-Choi state. Recall that Upeer contains a block-
encoding, H , of the Hamiltonian H, and Lemma 18 shows that Uy, can be efficiently generated
by querying the time-evolution unitary U = e *H* and its inverse. A full analysis of the circuit can
be found in Appendix B.5.

The first step in producing the state in Equation 70 is to produce the pseudo-Choi state, in similar
fashion to Figure 5.1. However, since we would like to use the result of Lemma 29, we must make
note of two things. First, the pseudo-Choi state we get from querying the time-evolution operator
is not of the Hamiltonian H, but of H/A (where H is the block-encoding of the Hamiltonian
and A = J7), meaning that we will end up with a state that is slightly different from the one in
equation 70. We will address this later when looking at the query complexity. The second thing to
take note of is that Lemma 29 requires a unitary preparation of the resource state, but the circuit
in Figure 5.1 involves measuring the block-encoding qubit. We can get around this measurement
by using fixed-point amplitude amplification to approximate the pseudo-Choi state as follows.

The fixed-point amplitude amplification (FPAA) process of Yoder et al. [30] considers a starting
state |s), a circuit A that prepares the starting state, a target state |T'), and an oracle Ug4 that flips
an ancilla qubit when given the target state. It then applies a circuit Sy, (which makes O(L) queries
U, A, and A") to the initial state such that ||(T] Sz |s)||* > 1 — 644 for a given 44 € [0,1]. In our
case, the preparation circuit, A, is simply the circuit from Figure 5.1, excluding the measurement of
register B. Recall that this circuit queries the time evolution unitary, which is our learning resource,
and prepares the state

|s) = \}5 ( 10)c 0) (IZ ® HA) [Pa)ga +10)c 1) (Js @T1a) [@a)ga + 1) [0) 5 [Pa) 54 )v (86)

which serves as the initial state for the FPAA circuit. Our target state is the pseudo-Choi state

7y = 1010 oLy 9454+ W 0 0, -

el
2

where v = \/ "5 + 1.
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Figure 5.2: A quantum circuit that produces an approximation of the pseudo-Choi state of ];T/A, where F.P.A.A.
refers to the circuit performing fixed-point amplitude amplification due to Yoder et al. [30] . Performing a partial
trace over subsystem A results in an approximation of the state in equation 70. Since this process is unitary,
Lemma 29 gives an upper bound on the number of queries to this circuit needed to solve the Unitary HLP.

To perform FPAA, we need a unitary that flips an ancilla qubit when it acts on the target state.
While we do not know the pseudo-Choi state (seeing as it contains all the unknown Hamiltonian
coefficients), we know that if the block-encoding qubit is in the state |0) 5, the remaining registers
contain the pseudo-Choi state. Therefore, the unitary we desire is simply a zero-controlled CNOT
operation using register B as the control. With this, we can apply FPAA to |s) to get the state

| Tapproz) = SL18) (88)

which is very close to the pseudo-Choi state, |T), of the block-encoded Hamiltonian H/A. Following
this, we simply ignore all qubits in register A, resulting in

X = TFA(|Tapprom><TappT0va (89)

which is an approximation of the state

p = Tra(|TXTY)

1 (HTH H ot
= dTZ(T @ |0)¢ (Ole + Z ® 100 (e + 5 ® Do Olg +1@ )¢ (Ao ) ©10)0lz.  (90)

In turn, p is essentially an approximation of the state p from equation (70), with the block-encoding
procedure being the source of error. We must also highlight the distinction that the Hamiltonian is
normalized by A in this case, whereas the Hamiltonian in p was not.

Now that we have a unitary preparation of this state, we need to determine how many iterations
of FPAA are needed in order to ensure that after using the results of Lemma 29, the total error in
predicting the Hamiltonian coefficients is small enough to satisfy the Unitary Hamiltonian Learning
Problem from Definition 21. This will tell us the total number of queries to the time evolution
operator U and it’s inverse, which is the total query complexity of the algorithm. An upper bound
on this value is given in Theorem 33, which we prove at the end of this section. We begin by
establishing a few lemmas that capture the query complexity of specific parts of the total algorithm.

Yoder et al. [30] describe the query complexity of their fixed-point amplitude amplification algorithm
in terms of the success probability of obtaining the target state after the FPAA process, which we
summarize in Lemma 30.
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Lemma 30 (Fixed Point Amplitude Amplification). Let |s) be some initial state, |T') be the desired
target state, with their overlap given by (T|s) = vV Ae. Let A be a circuit that prepares |s) from
the zero state, and Uga be a unitary oracle that flips an ancilla qubit when the input is |T).
Additionally, let Sy be the circuit that performs the fized-point amplitude amplification process
using O(L) queries to A, AT, and Uaa. The success probability of obtaining the target state is
given by P, = |(T| Sy |s)|>. For a given 644, the value of L needed to extract the target state with
probability Pr, > 1 — 644 is

Leo (log(i//gsAA)>

Proof. See Yoder et al. [30] O

Since our preparation of the pseudo-Choi state should be unitary, and thus does not involve mea-
surement, we restate this query complexity in Lemma 31 in terms of the trace distance between
the target state |T') and the output state |Topproz) = Sr|s), rather than in terms of a success
probability. Note that since our ultimate goal is to determine the number of queries to the time
evolution unitary, we only care about the queries to the preparation circuit A, which queries the
time evolution unitary, and not the number of queries to U4, which as we discussed previously is
just a simple 2-qubit operation.

Lemma 31 (Query Complexity of Fixed Point Amplitude Amplification). Let |s) be the initial
state as defined in equation (86), |T') be the target state as defined in equation (87), and A be a
circuit that prepares |s) from the zero state. Additionally, let Sy be the circuit that performs the
fized-point amplitude amplification process using O(L) queries to A and At. In order for the trace
distance between the target state |T') and the output state |Tapproz) = SL|s) to be at most D, the
number of queries to A and A" needed is

L € O (log(1/D))

Proof. Lemma 30 guarantees that O (%) queries to A and A are enough to ensure that
(T| Sg |s)|* > 1 — 6% 4, which implies that
1 1

< )
044 = /1 (T Sp |s)I?

(91)

Therefore, we can express the number of queries as

1 1
LeO|—=log (92)
(ﬁ (%1—!<T|sus>|2>)

Using the definitions of |s) and |T") from equations (86) and (87), it can be shown that (T|s) €
[1/2,1] (the calculation is identical to that of calculating the success probability of measuring the
block-encoding qubit in the desired state, which can be found in Appendix B.5). Therefore, since
(T'|s) = \e®, we need not consider X in the query complexity, as in the worst case it only affects
the number of queries by a constant factor.
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Since S, |s) and |T') are pure states, the trace distance between them is given by D = %\/1 — KT'| St |s)|

With this, we can express equation (92) as

LeO <log (;)) (93)

O]

Next, we prove Lemma 32, which is simply a reformulation of Lemma 29 using the state p from
equation (90) rather than the state p from equation (70).

Lemma 32 (Query Complexity of Quantum Mean Estimation). Let Ufpv be a unitary oracle that
prepares the state p from equation (90). The Hamiltonian learning problem in Definition 1 can be

solved using
~ (AM
°(%)
€

queries to Ufpv and Upi, as well as to an oracle that implements controlled-e=%°! for each decoding
HZ®XC
=L5ee.

operator of the form O; =

Proof. Using the definition the block-encoded Hamiltonian H from Definition 20, a short calculation
shows that

Re[El]
A2
Note that while the coefficients c,, of the Hamiltonian H are real, the coefficients ¢,, of the ap-
proximation in the block-encoding H may be complex, though we only learn their real component
here. Fortunately, this is of no consequence; in Section 4.3 we showed that |¢; — ¢;| < ¢, where ¢
is the evolution time and ¢, is the block-encoding error, and writing ¢; as the sum of its real and
imaginary parts it is easy to see that |Re[¢;] — ¢;| < |¢ — ¢, which means that the upper bound still
holds. We can now continue in similar fashion to Lemma 29, using the quantum mean estimation
protocol introduced by Huggins et al. [19] to estimate the vector

d:= [Tr(ﬁOo), ceey Tl‘(ﬁOM_l)], (95)

Tr(pO)) = (94)

from which we approximate the Hamiltonian coefficients by
& = Ayidy, (96)

where, again, we ignore any possible imaginary component. By the same argument as in Lemma 29,
we require

O(Ay*M/e) (97)
queries to U; and U,;i to predict the vector of coefficients ¢ = [¢y, ..., ¢ar—1] to within [y error e.

To complete the proof, we refer to Appendix B.5, where we showed that v € [1,v/2] € O(1), and
therefore we state the query complexity as

O(AM/e) (98)

O
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We now have the sufficient resources to prove Theorem 33.

Theorem 33 (Solving the Hamiltonian Learning Problem via Quantum Mean Estimation). Let
U = e 1t pe the unitary operator that performs time evolution under the Hamiltonian H for time
t. The number of queries to U and UT needed to solve the Unitary Hamiltonian Learning Problem
for the Hamiltonian H is at most

NeO (M)
et

Proof. The total number of queries to the time evolution operator and its inverse can be calculated
by looking at the procedure as 4 nested queries.

By Lemma 32, the quantum mean estimation process makes
O(AM/€) (99)

queries to the unitary U'pv that prepares the state p (equation (90)), where A = . U; makes use
of the fixed-point amplitude amplification circuit, which makes

O (log(1/D)) (100)

queries the circuit A that prepares state |s) (equation (86)), as well as to AT, where D is the trace
distance between the target state and the approximation of the target state that results from the
FPAA process. Finally, the circuit A makes a single query to the block-encoding of the Hamiltonian,
which is prepared using

O (log(1/eb)) (101)
queries to the time evolution operator U = e~# and its inverse, where ¢, is the block-encoding
error. Altogether, this results in a query complexity of

o (Mlog(l/ljt) log(l/eb)> ‘ (102)

Since each step of the process involves approximation, we must choose sufficiently small values for
the learning error €', the block-encoding error €,, and the FPAA error €44 := D such that the total
lo error in the estimate of the Hamiltonian coefficients is at most ¢, as required by the Hamiltonian
learning problem.

Recall from Definition 20 that c is the vector of Hamiltonian coefficients we wish to learn, ¢ is the
vector of coefficients for the block-encoded Hamiltonian, and € is the vector of coefficients that is
estimated by the learning procedure. The total error in learning the coefficients is then

||é—c||2 =|le-¢c+c— C||2
<|e ¢l + [le —cll,
.~ Mey,
< lle — &l + 22, (103
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where we have used the result of Proposition 24 in the last line. Conceptually, what we have done
is separate the total error into the sum of the error in learning the block-encoded coefficients and
the error in the block-encoded coefficients themselves. Next, we separate ||& — c||, into the error
that comes from the quantum mean estimation, and the error resulting from using the state x to
approximate the QME resource state p:

& = €lly < [|& = €'lly +[|e" — €], (104)

where ¢’ is the vector of Hamiltonian coefficients that would be recovered if the the state p was
used in the QME process. We upper bound ||€ — ¢’||, by considering the error in estimating a single
coefficient:

& = ¢)] = Ay |Tr(xOy) — Tr(pOy)|
= AY?[Tr((x — P)OY)]

k
< A Y oi(x — Do)

=1

< A’ngmam(Ol) Z Ui(X - /3)

=1
k
= A [Olly D il = A
=1
2
=S (o)
= AY*T(x, p) (105)

where T'(x, p) is the trace distance between x and p. We have made use of Von Neumann’s trace
inequality in the third line, where o;(-) represents the i*" singular value of the corresponding
operator. In the fifth line we used the fact that ||O;||, = 1/2 (O; is simply a Pauli operator
multiplied by a factor of 1/2), as well as expressed the singular values of x — p as the absolute
values of its eigenvalues (this is valid since x — p is Hermitian, and therefore normal).

By the Cauchy-Schwarz inequality, we then have
o= </ll, < VAT max|é —

< VMAYT(x, p) (106)

Recall that x is the state we get after tracing out system A for the state |Topprog) that results from
the FPAA process, and similarly p is the state resulting from tracing out system A for the target
state |T') of the FPAA. Therefore, the trace distance between x and p is less than or equal to the
trace distance between |T,pproz) and |T') [31].

As per Lemma 31, performing O(log(1/D)) iterations of FPAA guarantees that the trace distance
between |Typpror) and |T') is at most D. Therefore, we arrive at the following expression for the
total error in predicting the Hamiltonian coefficients:

M
& —clly < VMAY'D 4 + =

= 77772 5 tMD +€ + —]\ieb.

(107)
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Assigning an error budget of €/3 to each of the three terms (i.e. choosing D := 37r'y22€\t/M’ e :=¢/3,
et

and €, := 557) ensures the total error is at most ¢, and gives a final query complexity of

M log? ()

NeO (108)
et
Using O which suppresses subdominant logarithmic terms, we get
~ (M
Ned (t) , (109)
€

proving the result in Theorem 33.

Note that the failure probability does not lead to an increase in the number of queries (in O
notation) because unlike in the classical shadows approach, we replace the measurement in the
preparation circuit with fixed-point amplitude amplification so that instead of getting our desired
resource state with some probability, we are guaranteed to have an approximation of the resource
state. This means the only failure probability comes from the quantum mean estimation process,
which guarantees the failure probability is smaller than 1/3 [19]. By Chernoff arguments this
probability can be made less than e using a logarithmic number of extra queries, thus the O query
complexity is unaffected.

O]

6 Applications

Since in general a Hamiltonian can have exponentially many terms, one of the focuses of research
on Hamiltonian learning has been to find suitable classes of Hamiltonians for which learning is more
tractable. One way to approach this problem is to limit the scope to Hamiltonians with some known
structure. Along this vein, several recent approaches to Hamiltonian learning have considered low-
intersection Hamiltonians whose Hamiltonian terms have limited overlap in their support [11, 13,
14]. This class of Hamiltonians contains all spatially local Hamiltonians, and as such contains many
physically relevant Hamiltonians.

While the low-intersection class of Hamiltonians is undoubtedly rich, it does not capture all physi-
cally relevant Hamiltonians. Our approach is well suited to more general Hamiltonians, such as those
that are k-local but not low-intersection (for example, if you have pairwise interactions between all
pairs of qubits). This is the first regime where our methods outperform previous approaches, under
the assumption that we can query U = e~ as well as UT. However, the learning algorithms we
develop are suitable even for Hamiltonians beyond the k-local class. Furthermore, in addition to
physically notable Hamiltonians like the examples given in this section, several quantum algorithms
use Hamiltonian simulation as a subroutine. Notable examples include algorithms for solving the
quantum linear systems problem [32, 33|, phase estimation [34], semi-definite programming [35],
linear PDEs [36], and recent work on simulating systems of coupled oscillators [37|. Therefore, it
is of interest to develop learning techniques for different and more general classes of Hamiltonians,
and not just the low-intersection class.

In this section we present a few examples of Hamiltonians that are k-local, but not low-intersection.
We also include a discussion about the settings in which previous Hamiltonian techniques work
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well, and in which settings our approach outperforms them - in several cases reducing the query
complexity polynomially, or even exponentially.

6.1 Fermionic and Hard-core Boson Models

A particularly relevant application of Hamiltonian learning is the learning problem for systems of
particles. These models are naturally represented in terms of creation and annihilation operators.
The nature of these operators vary, however the common thread between them is that the number
operator (which measures the number of particles located in a particular mode) can be expressed
as

n=aa (110)

where a is an annihilation operator and a' is a creation operator. The form of these operators
depends on the symmetries of the underlying particles; however, popular examples include bosonic
case where (af)P|0) = /p!|p) where |p) is a state that has p particles in it and the fermionic or
hard-core bosonic cases where (a)?|0) = d,<1 |p). The bosonic cases have commuting operators;
whereas the fermionic case uses anti-commuting creation and annihilation operators.

As a particular example, let us consider the following model which describes the hopping of particles
on a graph G = (V, E) with interactions between nearest neighbors in the graph. For simplicity, let
us assume that the creation and annihilation operators are either fermionic or hard-core bosonic.
Under these assumptions, the Hamiltonian can be expressed as

H = Z cja;-aj + Z di,j(ajaj + a}ai) + ei,jagaia;aj (111)
jev (i,5)EE

These Hamiltonian terms can be simplified by realizing that # = afa = (I + Z)/2

H = Z C;-Zj + Z dm(azaj + a}ai) + €i,jZiZj/4 (112)
jev (1,j)€EE

In this case the Hamiltonian satisfies the above assumptions and further a specific qubit representa-
tion of the creation and annihilation operators are not needed for this case provided Tr(a;rajaiag) =0
for distinct 4,5 and k, £ unless ¢ = £ and 7 = k. To see this, note that a; is an off-diagonal matrix
as a; |1) = |0). Thus the only way we can build a diagonal operator is by pairing a; with a;r. This
can only occur, under the assumption of distinctness if ¢ = ¢ and similarly 7 = k. Thus this con-
forms the the Hamiltonian Learning Problem from Definition 1 while not needing a specific Pauli
decomposition of the creation and annihilation operators. In contrast, many existing approaches
to Hamiltonian learning require a low-intersection Hamiltonian and such a Hamiltonian need not
be low intersection. Specifically, if one considers the case of a fermionic Hamiltonian then the
Jordan-Wigner representation does not yield a low-intersection Hamiltonian except for the case of
one-dimensional graph G. Thus our method differs from many approaches because such Hamilto-
nians can be learned directly rather than going first through a representation of for their creation
and annihilation operators.

6.2 Spin Glass Models

Other models that lend themselves well to our approach to Hamiltonian learning are spin glasses.
One particular example on the complete graph is the Sherrington-Kirkpatrick (SK) model [38], an

Accepted in { fuantum 2025-01-18, click title to verify. Published under CC-BY 4.0. 39



Ising-like model in which any pair of spins on a lattice can be coupled, regardless of the distance
between them. The SK model was introduced to study the magnetic properties of spin glasses, and
is also of interest in combinatorial optimization and the study of neural networks [39].

In the presence of a transverse field, the Sherrington-Kirkpatrick Hamiltonian takes the form

1 n
Hsk=—= > JijZiZi+g> Xi, (113)
\/ﬁ 1<i<j<n i=1

where the J;; are ii.d. random variables sampled from the standard Gaussian distribution, and
g > 0 is the strength of the transverse field.

Since couplings are between pairs of spins, the Hamiltonian is 2-local and thus contains M € O(n?)
terms. However, the Hamiltonian is very much not low-intersection, as each term has overlapping
support with O(M) other terms. Note that while Heisenberg models on the complete graph contain
only pairwise interactions, our method applies to more general spin glass models which allow for
interactions between more than two spins. These models, often referred to as p-spin models, are
p-local Hamiltonians with infinite range p-body interactions and thus the query complexity of the
learning process increases, as there are M € O(n?) Hamiltonian coefficients to learn. Additionally,
while these spin glass models only contain Pauli Z interactions, our methods also apply to models
with more general interactions such as Heisenberg models on dense graphs.

6.3  Prior Work

In this section we consider several recent works on Hamiltonian learning. Note that the varying cost
and error metrics used by different authors makes comparing approaches a difficult endeavour, so our
goal here is mainly to highlight the scenarios where each approach may be particularly useful and
mention how our approach fares in each case. Regarding error metrics, we would like to note that
the infinity-norm, where one would like to simultaneously estimate every individual Hamiltonian
coefficient to within some error (max; |é; — ¢;| < €), is popular as a metric. However, we feel that
the 2-norm (||¢ — cl||, < €) better highlights the cost of learning, as the infinity-error obscures some
of the dependence on the number of Hamiltonian terms. Thus, unless otherwise stated, references to
query complexity will be for learning the Hamiltonian coefficients to error € in the 2-norm. While all
the approaches we will discuss use the same basic learning resource (black-box access to U = e*H?),
we separate them into two classes: those that require quantum control, and those that do not. The
distinguishing factor between these two cases is that experiments without quantum control use only
a single application of U.

First, we consider approaches that have the best scaling with respect to the error € in learning the
Hamiltonian coefficients. Namely, the results by Huang et al. [14] and Dutkiewicz et al. |17|, which
are able to achieve Heisenberg-limited scaling (O(e™!)) in the evolution time. As shown in [17], this
is possible only through the use of quantum control, which makes their approach well suited for
learning low-intersection Hamiltonians when accuracy is important. Our QME-based approach also
makes use of quantum control to achieve Heisenberg-limited scaling, and has the added advantage
that we are able to learn more general Hamiltonians, such as k-local Hamiltonians. Our shadows-
based approach does not achieve this error scaling, but is robust to unexpected Hamiltonian terms,
as we will discuss in the following section. A direct comparison between our approach and the one
of [14] is difficult because of differences in error metrics, complexity metrics, and input models.
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Importantly, the input models differ in that we require backwards time evolution, but only require
one controlled application of U and UT for a short time. Meanwhile, in [14] they require the ability
to rapidly interleave many short-time evolutions. One case where our approach excels is when the
Hamiltonian contains high-weight Pauli terms (i.e. terms that act non-trivially on k qubits, for
large k). Here, the techniques of [14] require exponential (in k) queries and total evolution time.
This is particularly bad if & € O(n). On the other hand, our approach is able to handle this case
with poly(n) queries to U and Ut.

There are also several approaches that do not beat the standard quantum limit( [11-13, 15, 16])
but have other notable advantages - perhaps the most significant being that aside from [12] they do
not require quantum control. Several of these approaches also aim to look beyond low-intersection
Hamiltonians. The results of Franca et al. [16] scale particularly well with then number of Hamil-
tonian terms, requiring O (%) queries to U to learn a Hamiltonian with M terms. However, their
constant factor is exponentially large in k, and so their approach is unfavourable if the Hamilto-
nian contains high-weight Pauli terms. Conversely, the approach of Gu et al. [13] does not scale
as favourably for Hamiltonians with many terms (requiring O(M?) queries), but is able to handle
high-weight Pauli terms without incurring an exponential (in k) overhead. These approaches are
very well-suited for leaning low-intersection Hamiltonians, and even some (but not all) more general
types of Hamiltonians, but are not ideal when there are high-weight terms or the number of terms
is large.

The techniques of Yu et al. [12] and Caro [15] seek to remedy this and consider even broader classes
of Hamiltonians. The approach of [15], allows for any Hamiltonian to be learned (in the 2-norm)
using poly(n) queries to U, so long as the Hamiltonian contains at most poly(n) non-zero terms,
has some known structure (for example, k-locality), and ||H|| € poly(n). In [12], the authors
dropped the need for an underlying structure to be known a priori, and instead only require that
the Hamiltonians are sparse. The main drawback is that the resource complexity of these learning
procedures does not scale well with the error in learning the coefficients, as both require O(1/e%)
queries to U. In addition, the effects of the evolution time on the query complexity of [12] are not
clear.

The result due to Caro [15] is particularly relevant to our work. Firstly, the procedure makes use
of Choi states of the time evolution unitary, whereas we use pseudo-Choi states of the Hamiltonian
itself. Our improved error scaling appears to indicate that pseudo-Choi states are more powerful
in some ways than regular Choi states, and we believe this comes from the use of quantum control
in preparing pseudo-Choi states. As mentioned above, [17] demonstrated the power of quantum
control in achieving better error scaling, so it is perhaps not unexpected that our error scaling is
not matched by an approach that uses only time-evolved states. Interestingly, both approaches
also share similar bounds on evolution times. In addition to this, our results and those of [15]
have a key advantage that to the best of our knowledge no other approach shares, which is that
our shadows-based approach, along with that of [15], can be used to learn any Hamiltonian query
efficiently if we consider the error in the infinity norm. As mentioned earlier, this error metric
perhaps blurs the dependence on the number of Hamiltonian terms, but in situations where one
really only cares about this metric, these two approaches can be used to learn Hamiltonians with
even an exponential number of terms using a polynomial number of queries as long as the norm of
the Hamiltonian is polynomially bounded in the number of qubits (though our algorithm remains
more efficient). Of course, the computational complexity would be exponential as we would need to
output estimates for an exponential number of coefficients, but the coefficients could be computed
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in parallel on classical computers, which could drastically reduce the wall time needed.

7 Robustness

A last point that we wish to raise about our protocol involves the question of robustness of the
learning protocol. Specifically, when learning the Hamiltonian there is always a possibility that the
Hamiltonian that we wish to learn contains terms that are absent in the model we wish to describe
it with. For example, we could assume that the Hamiltonian is of the form H = x1 P +x2 but the
actual Hamiltonian used to generate the pseudo-Choi state is of the form Hipwe = x1P1+ 22 Po+13P3
for orthogonal Pauli operators P;, P», Ps. In this case, it is clear that our protocols will never be
able to learn the true Hamiltonian model for the pseudo-Choi state without including the Ps term
in our model. Nonetheless, we could ask ourselves if the protocol is robust to small errors in the
Hamiltonian and if such errors are evident in the reconstruction. Interestingly, we will see that our
protocols are both robust and also error evident meaning that we can tell when terms are present
in the true Hamiltonian that are not reflected in the model.

Definition 34 (Under Specified Hamiltonian Learning Problem). Let H = Zj]\il cjH; +xE where
E is an unknown Hermitian operator such that max; |Tr(EH;)| = 0 and éTr(E2) =1 with x an
unknown multiplicative constant. Our aim is to learn ¢ such that ||c — &||2 < € and an estimate X
such that |x — X| < €y with probability greater than 1 — 0

Corollary 35 considers the error in learning the coefficient y of the extra terms FE. In particular,
it shows that if we allow the error in learning x to be larger than some lower bound, the Under
Specified HLP can be solved using a number of queries on the same order as for the Unitary HLP.
Thus, it is possible to check if any extra terms are present in the Hamiltonian by estimating the
value of x. Note that although the value of € remains the same as for the Unitary HLP, the evolution
time ¢ must be small enough to normalize the Hamiltonian with the extra terms in order for the
protocol to function.

Corollary 35. There exists an algorithm that can solve the under specified Hamiltonian learning
M log (M/6) —iHt

122 and its inverse under the

problem using O ( log (%)) controlled applications of e

assumptions of Theorem 20 if €, = Q(%) and e;y? < 1.

Proof. The underspecified Hamiltonian learning problem can be solved in exactly the same manner
as the fully specified learning problem. Specifically, let us assume that we apply the algorithm
FindCoeffUnitary(U, U, A, H,n, N,) where U here is e ** and A is chosen to be 7/2t for t €
(0, m) Note that here we need to assume that this constant is chosen to be sufficiently large so
that the erroneous Hamiltonian is also normalized given that y # 0.

Let us assume for the moment that we knew the identity of F and performed the full learning
protocol on the state. The only differences between the existing protocol and this one are that
M +1 terms are present, and ¢ must be small enough to normalize the true Hamiltonian. It follows
that the total number of queries to the unitary dynamics needed to learn the Hamiltonian scales

from Theorem 26 as
Mlog (M/9) (M))
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where the constants here are taken to be the true constants of the Hamiltonian with £ present.

Next assume that we construct the same Clifford shadow of the state as we would for solving the
Unitary HLP. We then wish to reconstruct only ¢ from the data. We can achieve this by following
the procedure FindCoeffClifford after noting that the values of the coefficients of ¢ are computed
independently of the coefficient of . Thus we can reconstruct ¢ without reconstructing E simply
by skipping the F reconstruction in the state (which wouldn’t be possible anyways since the identity
of E is not known). Then from Theorem 26, we are guaranteed that the error in the reconstructed
¢ is at most € in this case and we learn 1/+? within precision €;. Thus we can learn the vector c
within the required error from the exact same procedure discussed above.

The coefficient of E can the be inferred from the result given that

s _ 3+ 2

oL (115)

Thus the value of x? can be inferred from the residual value of the normalization after the vector
¢ is subtracted from it

=3 -1)A% - el (116)
given that we compute the value of y~2 within error €, this implies that
2
(7 2+e) T =92 < T v = eyt + O(e299). (117)
S

Thus if €572 < 1 then the remainder is O(esy?). Recall that 42 € O(1), so this assumption is not
restrictive. Under the assumption that the magnitudes of the Hamiltonian coefficients are bounded
above by 1, we find by substitution of (54) that the error in our estimate of x? is at most

A4’7862 12 9
€X2 = \/(M) + 2 HCH26

AN
co|«/(57) +Iel3 (1)

where we use the fact that v € O(1) and assume A > 1 (which is reasonable, as A needs to
normalize the Hamiltonian).

In order to understand how the error in our estimate of y scales, we need to consider how an
estimate of y is found from x2. The simplest way of performing this is to simply take the square
< x?/2 leads us to the conclusion

root of our estimate of x?, which under the assumption that ‘EXZ
that

e €0 (T;j) . (119)

This results in
2 ~112
e/ (57) + I@ll3

x|

e €0 (120)

Accepted in { fuantum 2025-01-18, click title to verify. Published under CC-BY 4.0. 43



Recall that A € O(||H]|,), and so A € O(|[c||;) if we assume the extra terms are smaller in
magnitude than the terms that were expected in our model (that is, [[€]|; < ||€||;). Therefore, we
have

e €O (6 |||§|”1) . (121)

Note that in the calculations above, we have assumed there was no error in the block-encoding of
the additional Hamiltonian terms. In reality, the steps above correspond to the error in learning
X, the magnitude of the extra Hamiltonian terms in the block-encoding. The difference between y
and Y can be upper bounded using Proposition 24, which leads to

X ’

X — X

IN

X = X|+ X = x|
S%—i—ex (122)

Recalling that in Theorem 26 the value of ¢, was specifically chosen such that @ was at most
€/2, we see that

) e elell

-gleo (=4 SO, (123)
2vM x|

and assuming the magnitude of the extra terms is smaller, or at least not much larger, than the

terms that were expected (enough so that |x| is smaller than something on the order of v M |c||,),

we have

-] € o(e”;’”ﬂ (124)

Thus if we insist that the error tolerance in the estimation of x is in 2 (5|||;||1) then we see that

our accuracy criteria is automatically satisfied, and we can solve the under specified Hamiltonian
learning problem. O

This shows that the protocol is robust to errors in the underlying Hamiltonian. Specifically, it shows
that if there are unknown terms in the Hamiltonian then shadow tomography will learn the correct
coefficients of the known terms but also the coefficient of the (normalized) sum of the unknown
terms will also be visible from the results. This allows us to identify the presence of such terms,
but our protocol provides no direct guidance other than the fact that the terms in question must
be orthogonal to the known Hamiltonian terms.

In theory, since all additional terms can be represented as a sum of Pauli operators, one could
systematically check the coefficients for the (k-+1)-local terms, the (k+2)-local terms, etc. until all
the non-zero ones are found (that is, when the magnitude of the additional coefficients is consistent
with the magnitude of x). Furthermore, this could all be done without performing any additional
measurements, as this is all performed on a classical computer using the classical shadow. The
downside is that if one has no knowledge about the locality (in the Pauli basis) of the extra terms,
then in the worst case this would require O(4") time to check all possible Hamiltonian terms (though
with a large enough classical memory, theoretically all these checks could be done in parallel), and
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with a polynomial number of queries, the resulting exponentially large vector of coefficients would
only be epsilon accurate in the infinity norm. However, if one has some intuition about the potential
identities of the extra terms, it is straightforward to check if they exist and learn their coefficients. In
these cases, Corollary 35 gives the following upper bound on the error in learning all the coefficients,
including the ones that were not initially considered:

lc+e—(e+é)], <e+ey, (125)

where € is the [y error we wanted to achieve in to satisfy the original Hamiltonian learning problem,
e is the vector of coefficients of the extra Hamiltonian terms, and & is our estimate of it. Again,
note that we still require ¢ to be small enough to account for the extra terms, so it may be useful
to choose a value of ¢ that is slightly smaller than needed for a k-local Hamiltonian, in case there
are additional Hamiltonian terms.

The remaining question that we wish to discuss is how accurate the preparation of our pseudo-Choi
state needs to be in order to ensure that our estimate of the classical shadow is correct. Let us
assume for this discussion that for parameter w and state operator p-

P = (1= w) WELuL] + wp™ (126)

This setting can cover not only cases where an inexact pseudo-Choi state is prepared but also the
case where an unknown number of qubits are acted on by the Hamiltonian. Although at first glance
an explicit analysis similar to the previous corollary would seem appropriate for this case, conceptual
hurdles arise in the way in which we define the pseudo-Choi state in this case if we do not know the
underlying qubits. The more natural setting is one in which the Hamiltonian terms are coupled to
an unknown reservoir for the system which naturally leads to open system dynamics and in turn to
a density matrix similar to that described above after a partial trace over the environmental degrees
of freedom. For this reason, we focus on this model for the system.

The shadow tomography reconstruction will then use such states to prepare the distributions p;
based on the measurement statistics that we glean from measuring the state in the computational
basis. Specifically we have from (48) and (49) that the error in reconstructing each of the Hamil-
tonian coefficients, under the assumption that the spectral norm of each operator obeys ||O;|| < 1,
is

Te(pe01) — Tr(pc' On)| < llpe — pellme < 2w (127)

Similarly, our estimate of 1/42 will err by at most 2w. Note that in addition to this error, which
is caused by our inaccurate preparation of the pseudo-Choi state, we also have an additional error,
€5, due to the use of classical shadows in estimating the expectation values above.

Let ¢; be the true coefficient of the ** Hamiltonian term, and let ¢; be the estimate we would get if
the pseudo-Choi state was prepared accurately (that is, w = 0). Finally, let ¢ be the estimate we
get from an inaccurate preparation of the pseudo-Choi state. The error in estimating this coefficient
is then

la—al <la—al+|q—al
< 292 A(€s + 2w), (128)

where the factor of 292A on each term results from having to multiply the expectation values by
v2A, and we have used the fact that the magnitudes of the Hamiltonian coefficients are upper
bounded by 1, as well as the assumption that A > 2 (which is reasonable since A € O(||H]|,)).
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The error due to the inaccurate preparation of the pseudo-Choi state will not dominate the error
from shadow tomography if this error is subdominant to €5, which from (54) will occur if

€c
we O <\/M72 = —|—A2> . (129)

max

From this we see that the result is robust in the sense that the value of w required shrinks at
most polynomially with the number of terms in the Hamiltonian. However, as the number of terms
increases polynomially with the number of qubits for many systems of interest, this means that in
the worst case scenario a very accurate preparation of the pseudo-Choi state will be needed in order
to achieve the requisite accuracy for the entire Hamiltonian.

8 Conclusion and Outlook

In this work we have provided a new approach to Hamiltonian learning that draws inspiration from
the state to channel isomorphism to yield a state from which the Hamiltonian can be directly learned
and can be prepared using a simple quantum circuit. We are able to show that such approaches can
easily learn k-local Hamiltonians, which is a broader class of Hamiltonians than the low-intersection
case considered in most other Hamiltonian learning works, and in some cases can learn even much
more general Hamiltonians without requiring exponentially many queries. We further consider the
learning problem in a scenario where amplitude estimation can be used to further accelerate it using
mean-value estimation algorithms and achieve the optimal 1/e scaling with the error tolerance.

There are a number of interesting problems revealed by this work. While our approach extends the
scope of recent work on Hamiltonian learning ([11, 13, 14]) to include more general Hamiltonians,
a caveat is that we require backwards time evolution to generate the pseudo-Choi state. One
area of interest for future work would be to find methods of generating pseudo-Choi-like states
efficiently without the need for backwards time evolution, making our techniques very appealing
for Hamiltonian learning under a much wider range of scenarios. Additionally, recent work by
Huang et al. [14] introduced an interesting method for reshaping Hamiltonians into non-interacting
patches, allowing different parts of the Hamiltonian to be learned in parallel. If these methods could
be applied to our approach, it may be possible to create pseudo-Choi states for separate parts of
the Hamiltonian instead of the entire Hamiltonian, which could allow for longer evolution times,
potentially reducing the total number of queries.

More broadly, however, this form of a block-encoding of the Hamiltonian within a quantum state
allows much more flexible learning than existing approaches permit. While preparing pseudo-Choi
states requires a trusted quantum computer, making them less appealing for near-term experimental
settings, they open up the potential of tackling many different learning problems by similarly en-
coding information about the system within states. Such problems include Lindbladian learning for
open systems, time-dependent Hamiltonian learning, and even applications of Hamiltonian learning
methods to learn the structure of quantum walks. It is our belief that these results represent a step
towards a broader understanding of learning dynamical models for quantum systems and in turn a
characterization of the physical models that can or cannot be efficiently learned from experiment.
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A Estimating the Hamiltonian Coefficients (Pauli Shadows)

Previously we considered the use of Clifford-based shadows procedure for estimating the Hamiltonian
coefficients, but it is also possible to use the Pauli version of classical shadows. Since the operators
involved in the analysis of the Pauli-based shadows are all single-qubit operators, we introduce some
notation to indicate the specific 2 dimensional subspace an operator acts on, as well as the qubit
that a measurement result corresponds to. First, since the subscript ¢ already denotes the round of
measurement each bit string |b;) came from, we use the notation |b;[j]) to refer to specific bits of
|b;). More specifically,

n—1

1b:) = ) 1bs[4]) (130)
j=0

Once again, recall that |b;) is a classical bit string, and Dirac notation is only used for presentation
purposes. Second, the random unitaries, U;, applied during each round of measurement are tensor
products of single-qubit Clifford operators. Therefore, we write them as

n—1
Ui = Q) Ui, (131)
=0

where U; j) is a single-qubit operator acting on the 4t qubit. Similarly, we can write the Hamilto-
nian terms H; as

n—1

H =@ Hgj (132)

j=0
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We again consider the process (viewed as a channel) of taking the expectation value over all mea-
surement outcomes and unitaries in the group C1(2)®”. Rather than a single depolarizing channel
(as in the case where Clifford operations from Cl(27) were randomly sampled), this can be viewed
as 71 depolarizing channels, each acting on a single qubit [18]|. Inverting these channels as before
gives the classical shadow specified in Definition 36.

Definition 36 (Classical Shadow (From Pauli Measurements)). Given N copies of an n-qubit
quantum state p, the classical shadows procedure based on random Pauli measurements returns a
classical shadow of p which is of the form

p ={pili € Zn}, (133)

where
pi = 30T (bi[f]) (B[] Uiy — T (134)
) ‘ (i,5) 1Y% J ilJ (4,9)

Recall that i denotes the round of measurement and j denotes the qubit; the unitary applied to p
during the it" round of the classical shadows is U; = ®;7;é Ui j), and |bi[j]) refers to the outcome
of measuring the j*" qubit in the computational basis during the it" round of the classical shadows
procedure.

Just as in the case where the Clifford flavour of classical shadows was used, the goal of this section
is to extract the Hamiltonian coefficients from the pseudo-Choi state - that is, to solve the Pseudo-
Choi Hamiltonian Learning problem (PC HLP). However, instead of generating a classical shadow
of the pseudo-Choi state, we begin by performing a partial trace over the ancillary system A to
simplify the learning process. This results in the following state which will serve as our learning
resource:

1

p === (B @ |0)c (Olc + H @100 (Lo + H @) Ole + 10 e (1), (135)

where d = 2" is the dimension of the Hilbert space the Hamiltonian acts on, and o = 1/|c|3 + 1.
The set of decoding operators whose expectation values correspond to the Hamiltonian coefficients
is also modified as per Definition 37:

Definition 37 (Decoding Operators). Let the set of decoding operators be defined as

O ={0|l € Z} (136)
where
H®X
O = % (137)

and Hj is one of the M Hamiltonian terms.

Furthermore, we define

Oa =18 1) (1l (138)
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By Proposition 28, we have that

Cl

Tr(pOy) = (139)
where ¢; is the [** Hamiltonian coefficient, and « is the normalization constant of the pseudo-Choi
state (7). Furthermore,

TH(p00) = (140)

Now that we have a set of operators whose expectation values correspond to the Hamiltonian
coefficients when acting on the resource state p (135), we seek to approximate these expectation
values using a classical shadow of p. Recall that to obtain p we traced out the ancillary system A
from the pseudo-Choi state (15). To generate a classical shadow of p, starting from the pseudo-
Choi state, we must therefore ignore the ancilla system A during the classical shadows procedure,
meaning that all random (single-qubit) Clifford operations and measurements are only on n + 1
qubits (n qubits for the system on Hilbert space Hg and one qubit for ancilla on Hilbert space H¢).
In terms of the definition of the classical shadow, we let 7 = n + 1 so that a classical shadow is
made up of N components of the form

n

= (?’UT 1) (0l Ugs gy — ]I) (141)

7=0

With this, and the definition of the decoding operators given in Definition 37, we can write the
expectation values of interest in the explicit forms given in Claim 38.

Claim 38. Let X¢ denote the single-qubit Pauli X operation acting on Hc, and let Hy; be the
single qubit Pauli operator from Hj that acts on the j*" qubit (recall that each H; is an n-qubit Pauli
operator on Hg ).

. 3 ot . .
Tr(p;0)) = 3 (biln]| U(i,n)XCUTZ',n) biln]) T] (3 (bild]| U(i,j)H(z,j)U(Ti,j) |bil7]) — TT(H(z,j))>, (142)
§=0
Similarly,
2
Tr(pi0a) = 3| (Biln]] Ugimy 1| =1 (143)

Proof of Claim 38. Recall that p; is on n 4+ 1 qubits, H; is on n qubits, and X¢ is the single qubit
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Pauli X operator. Then,
- . H ® Xco
o (@t o i) (552
7=0

n—1
( 3UT il71) (0ildll Ui g —]I)) (( H(l,j)) ®Xc>]
j=0 =0

[( (307, []><bi[j1|U<z-,j>Ha,j>—Hum))

pz Ol

77Tr

= (144)
® <3U(Ti7n) |bi[n]) (B[] Ugi.y X — Xc)]
3 ¥ nt 1 .
=5 T \Uf; ) [biln]) Biln]| Ugimy X o [T T (30}, ;) 0il]) (bild]l Ui jyHa gy — Ha )
j=0
3 . .
=2 (iln]| U XU, 1j (3 (®ilill Uiy Hauy U5y bilil) = T [H )
which gives the result of equation (142).
Likewise,
10, =1 | (@ (3] b 0 Vi ~1) ) (1501 <1|c>]
7=0
n—1
=Tr[ ) (307, 10:L31) (Bils1] Ui ))
7=0
T . A -
® <<3U(17n) ’bz[nb <bz[n” U(z,n) ]I) ’1>C <1‘C>‘| (145)
n—1
11 (Tr (301, 16l bilj) U] — T m)
j=0
<3< Il Uy 1) (1 Uy il]) — 1)
=3 ()| Uiy 1) (U U,y [Biln]) = 1,
which gives the result of equation (143), completing the proof. O

Since only single qubit operations are required, computing each trace takes O(n) time, and requires
O(n) memory to store all intermediate values. In fact, if we focus on k-local Hamiltonians, each
Hamiltonian term H; only contains at most k& non-identity Paulis, so only O(k) operations are
required to compute each value.

As was the case with the random Clifford measurements, it is unnecessary to store the entire classical
shadow:
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Definition 39. If the random Pauli measurement version of the classical shadows procedure is
performed, the resulting classical shadow of size N can be stored in the following way:

1p) = {lpi) li € Zn}, (146)
where
n+1
i) = @ UL, bl (147)
j=1

Here we use Dirac notation to describe the resultant bit-strings, however note that as |b[j]), is a clas-
sical bit, so |p;) is a computational basis vector which corresponds to a one-hot unary representation
of a bit string.

Algorithm 5 describes the full procedure for estimating the Hamiltonian coefficients. Note that
it uses the “compressed” Pauli shadows given by Definition 39. Also, there is no need to use the
Tableau or SIP Algorithms of [21] to store intermediary values or compute the expectation values
since all the operations involved are on single qubits.

Since all the operations involved in this process are single-qubit operations, computing the required
inner products is more efficient than in the case of Clifford-based shadows. In particular, the
number of computations required to do so is at most O(MN) where a sufficient value of N is
given in equation (150). Note that this value of N includes a factor of 4%, where k is the locality
of the Hamiltonian. Meanwhile, the Clifford-based procedure requires O(M Nn?) computations to
calculate the necessary inner products, where the sufficient value of N is given in Theorem 16 and
does not contain the factor of 4%. Therefore, unless the value of k is large, the Pauli-based procedure
will have the better post-processing performance, at the expense of having a slightly higher sample
complexity. Furthermore, as in the Clifford case, these operations can be done in parallel, greatly
reducing the computation time.

A.1 Sample Complexity Upper Bound

The sample complexity of this method is very similar to that of the case where Clifford based
classical shadows was used to learn the pseudo-Choi state. The key difference is that when the
random Pauli measurement version of classical shadows is used, the upper bound on the shadow
norm in Lemma 14 no longer applies. Instead, we have the following result:

Lemma 40 (Shadow Norm Upper Bound (Pauli Shadows)). Let the set {On} U {O; |1l € Zps} be
denoted by O = {O; | i € Zanr}. Note that these operators act non-trivially on at most k+1 qubits.
If using the random Pauli measurement version of the classical shadows procedure to predict the
expectation values of the operators in the set, the shadow norm of each operator is at most

10412 0o < 3F (148)

shadow

Proof of Lemma /0. This results directly from [18], where Huang et al. showed that for classical
shadows based on random Pauli measurements

1O hadons < 3* (149)

shadow

where O is a single k-local Pauli operator.
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Algorithm 5 FindCoeffPauli(p®", H,n, N): Determine the Vector of Hamiltonian Coefficients
from p,

Input:
p?N : Collection of N pseudo-Choi states on n qubits, each on Hilbert space Hs ® Ha ® Ho
H: Set of M k-local Hamiltonian terms H; whose coefficients ¢,, are desired
> p?N is a quantum state, whereas H is a classical set of operators

1. Initialize the array of Hamiltonian coefficients

Let ¢ «+ [O, 0,..., O] and let & denote the [*" element of &
1xM

2. Generate and store the classical shadow

Use copies of p. to generate p, a classical shadow of size N of Tr 4(p.), by limiting the random
Pauli measurement based classical shadows procedure to the space Hg ® He to effectively
perform the partial trace over H 4.

Store p in classical memory (i.e. store each vector |p;))

> See Definition 39 of a classical shadow

3. Generate an estimate of Tr(pO;) = -5 for each corresponding Hamiltonian term
Let 6 + [0, 0,..., 0} N and let 6; denote the i*" element of 6
For [ from 0 to M — 1:
For ¢ from 0 to N — 1:
6; + 3 (bi[n]| U(i,n)XCUTZ-,n) |bi[n]) T30 (3 (bild]| U(i,j)H(l,j)U(Ti7j) |bil7]) — TT(H(z,j))>
> Equal to Tr (4,0;) as per Equation (142)
¢; < MedianOfMeans(0)
4. Generate an estimate of Tr(pO,) = é
For ¢ from 0 to V — 1:

0; <3 ’(bi[nﬂ Ulin) \1>C’2

-1 > Equal to Tr(p;0,) as per Equation (143)
0o < MedianOfMeans(0)

5. Remove the factor of % from the Hamiltonian coefficients
Let ¢ + é

6. Output the vector of Hamiltonian coefficients

Return ¢ = |é&, ¢4, -y éM—l}

By the same argument as in the case of Clifford based classical shadows, this upper bound on the
shadow norm leads to a sample complexity of

(150)

2

Neo <3ka4(cmax + 1)M log (M/d))

€
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B Proofs and technical results

B.1 Proof of Equation (7)

Proof.

S ilg (i g (H2 @ L) X925 19) 5 15) 4
d
o0 020 (il H? 1) (il a 19) 4

(Palgq (H*> @14) [Pg) gy =

1 M—-1 M—-1
= 3Tr (Z c Hj Z cmHm>
=0 m=0

1 M—-1M-1

= > ciemTr(H Hy,)
m=0

0
cll3 (151)

Therefore

= \/<‘I)d|s,4 (H?®14) [Pa)gs +1

= /lle|Z+1 (152)

B.2 Proof of Proposition 12

Proposition 12 contains equations showing how to explicitly compute three expectation values of
interest using a classical shadow. This section outlines the derivation of each of these three expres-
sions.

Recall that classical shadows generated by the random Clifford measurement version of the classical
shadows procedure are of the form p; = (22" + 1) UZ-T |b;) (bi] U; — I, and recall the definitions of
the following operators:

O = O+ (0p)f
Oy =i0; —i(0))f
where O; = (H; @ 1) |®g) g4 (Pdlga @ 0) (1] is a decoding operator as in Definition 9.

Also, note that U;f |b;) is on the Hilbert space Hg @ H 4 ® He, and H; acts on the Hilbert space Hg.
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Proof of equation (29).

T (p:0F ) =T ( [(22F1 4 1) UF [b) (bl Us = 1] [ (H1 @ 1a) [@a) .4 (@l g4 @ [0): (1

+[®a) g4 (@als (1 @ 1a) @ 1) (0] ])

= (22 1) T ([UF ) (b1l U] [ (H @ T14) [ @ g4 (al g © 10) (1 ])
— Tr( (H ©14) |a) 54 (Palsa @ [0)c (1)
+ (22 1) T ([U] 163) (0l Us] [ 1@a) g0 (alga (HL 2 1) @ 1) 0] ])
— T ( [ Ba) g (Palga (i ©T4) @ [1) ¢ (0], )

= (22 1) T ([0 o) (bl U] [ (H @ T14) [ R g4 (Pl @ 10) (1 ])
— Tr( (H @ 1a) [Pa) s (Palsa ) Tr (10)c (1)
+ (22 1) T ([U] 152) (0l Us] [ 1@a) g1 (Palgs (HL 2 14) @ 1) 0] ])
—Tr( [a)ga (®alsa (Hi @ 1a) ) Tr( 1) (0l )

= (2201 1) T ([U] [bi) (03] U3 [ (H ©14) |@a) 54 (@l © [0) {1 ])
+ (22 1) T ([U] 163) (0l Us] [ @) g0 (alga (HL 2 1) @ 1) 0] ])

= (27 1) (0l U (1 @ 1a) [94) 54 (@l 4 @10} (1] ) U 1)
+ (221 1) (0| Ui (19a) g5 (@al s (Hr @ 1) @ 1), (0] )UT [bi)

= (221 1) (il Ui (Hy @ L) [Ba) 4 @ 00, ) ((@alsp @ (1] U (b))

+ (22”+1 + 1) <<bi’ Ui|Pa)sa ® 1) ) ( (@al g4 (H @ 1a) @ (0] U] ‘bi>)

(153)
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Proof of equation (30).
T (pi0p ) =Tr([(22" +1) U o) (0l Us — 1] [i (Hy © 1) |2} .4 (Bal sy © [0} (1
— [®a) g4 (Pal g4 (H1 @ 14) @ 1) (0] )
=i (2 1) T ([U] Ioo) (0] U] [ (2 @ 14) [90) .4 (Pl @ 10)c 11 )
—iTr ((Hi ® 14) [Pa) g4 (Palg4 @ [0)c (1)
=i (22 1) T (U] 100 401 U] [ 1) .4 (al s (1 © 1) © 1) (0l )

T (@) (Bl (9 14) © 1) (0]c) 15y
=i (24 1) (Bl Ui ((Hr © 14) 1Ba) 54 (@alsp @ 0)c (Ll JUT 113)
=i (2274 1) (03] Ui ([ @a) g4 (Pal g4 (Hy ©1a) © 1) (0, ) U (i)
=i (22 + 1) (0l Ui (H1 ©14) [Ba) 4 @10} ) ((Ralsa © (1 U [03))
=i (274 1) (0] Ui @a) g ® 1) ) (@l g (Hy @ 1a) @ (0] U [bi) )
]

Proof of equation (31). Recall from Definition 9 that Oy = |®g) g4 (Pd|g4®|1) o (1] is the decoding
operator corresponding to the normalization constant . From this it follows that

Te(pi0a) =Te( (224 + 1) UF o) 1] Ui = 1] [ |20} 0 (@ulgp © D) (1 ])
= (@ 1) T[] o) 1] U] [ 1) 5 (@ulsa © L (1))
—Tr([®a) g4 (Palga @ D (1) (155)
= (241 41) il Ui (1254 (Balga © [V (1 JUT i) — 1
= (22" 4 1) [(0i] Ui |pa)sa 1) * — 1

O
B.3 Proof of Lemma 14
Proof of Lemma 1/. Recall the definitions of the Hermitian operators in Lemma, 14:
On = |(I)d>SA <(I)d|s,4 ® |1> <1| ) (156)
and
O =01+ (0)' (157)
Oy =i0; —i(O))f (158)
where
Or=(H ®1)|®g) g4 (Palsa ©0) (1] (159)
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is defined for all 0 <[ < M — 1.

First consider the square of the Hilbert-Schmidt norm of Ol+:
w((0r) (o)) = ((or)")
= Tr (0F) + Tx (0,0]) + Tr (O] 0) + Tr ((0})2)

= Tr (OF) + 21 (0,0]) + Tr ((0})2) (160)

Examining each term above individually, we see that:
Tr (0F) = Tr (((Hi @ 1) [a) g (@al g, @ [0) (1])%)
= Tr( ((Hy @ 1) [@a) 5.4 (Pal g4 ® [0) (1]) (Hy @ 1) [B) g (@alss @10) (1))

= Tr ((@al g4 (Hi @ 1) [®a) 54 (Pal 54 (H1 @ T) [ @) g0 ) Tr( [0) (1] 10} (1])
=0 (161)

Similarly,

Tr ((Ojf) =0 (162)

T (0,0]) =Tr((<Hz®H>|<1>d>SA (Pal g4 @ [0) (1] ) (1 & T) [Ba) gy (Pl g4 @ [0) <u)*)
:Tl"(((Hl@’]I [Pa) 54 (Palga ® 10) 1’) [®a)ga (Palga (H1T®H>®\1> (0\))
=T ((H1 91) [@a) s (Pl (H] ©T) ) Tr (10) (11 1) 0]
= (Bal g4 (H ©T) (H @ 1) |Ba)gs

= (Palga [Pa)sa
—1 (163)

where we have used the fact that H; is part of an orthonormal basis, so H, lT H =1

From this we arrive at the following upper bound:

Tr ((07)2> =2 (164)

Likewise:

Tr ((0;)2> =2 (165)

Finally, it is obvious from the definition of O, that

T (02) =1 (166)
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Section 5B in [18] proves that [0y < 3Tr ((01)2) for a Hermitian operator O;.

shadow

Since Lemma 14 defines O = {O; | i € Zopr} as the set {On} U {O)", O; |1 € Zpr}, we see that

T ((0,)°) <2, (167)
SO

104 2 hadons < 6 (168)
completing the proof of Lemma 14. ]

B.4 Choosing a Sufficiently Small Classical Shadows Error

To keep the total error of the Hamiltonian learning problem to at most €, the error of the classical
shadows procedure, €, cannot be too large. However, decreasing €, requires increasing the number
of measurements N. Therefore, we seek the largest value of €5 such that the total error is at most
€. This value is given by Proposition 15, which is proven below.

Proof of Proposition 15. Using classical shadows in Algorithm 1, we compute 6; and 0., which,

with a probability of at least ds, are estimates of % and % to within an error of €5 . This means

that upon success, the uncertainty in a?, which we get by taking the reciprocal of our estimate of
ﬁ, is at most

€n = a’e, (169)

The next step in Algorithm 1 is to divide 6; by 6, to get ¢;, our estimate of ¢;. The uncertainty in

¢; is therefore at most
9 2
€ €
=J (5) (%)
@ a?
= e’y [2 +1 (170)

The total Iy error in the vector of Hamiltonian coefficients is then

e —cll; < VM maxe
7

=V Mesa?, maxc? + 1 (171)

For this total error to be at most ¢, as required by the Hamiltonian learning problem, it serves to
choose

€

o+ 1IVM

(172)

€s =
()é2

O]
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B.5 Proof of Lemma 19

Here we provide a formal proof of Lemma 19 which provides our key result surrounding the cost of
preparing the pseudo-Choi state that represents the Hamiltonian.

Proof of Lemma 19. Begin by preparing the state [1)9) = |0)- |0) 5 |Pa) g4, and use it as the input
state to the circuit in Figure 4.1. Applying the Hadamard gate to register C' gives

) = 5 (100 1005 18254 + 1D 1005 9 ) (173)

After the controlled application of Upy.cr, which acts on registers B and S, we have the state
1

|¢2> = \/5

(10)¢ (Ubtock @ 14)0) 5 [@a) 4 + 1) [0) 3 [P} 1 ) (174)

Recall that the block-encoding of the Hamiltonian is of the form

2H¢t
Ublock = |0>B<0|B®T+|O>B<1|B®IS+‘1>B<O|B®JS+‘1>B<1|B®KS (175)

where Ig, Jg, and Kg are “junk” operators we do not care about. Thus we can write the previous
state as

e) = 5 ( 0)c:10) (i ¢ HA) Dasa +10)c 1) (s © 1) [Ba)sx + 1) 0) 5 r<1>d>SA) (176)

The probability of obtaining the outcome |0) 5 upon measuring the block-encoding qubit is given
by:

Pr(0) = (] (e ®10) 5 (0 @ Tsa) [2)
00 10) 5 (£ ©14) [@a) 54 + 1) 10) 5 [ @) .

1 H'H
=3 <<‘I’d|s,4 (Ag ® HA) [Pa)ga + 1)
el 1
CO2A2 Y (177)

where in the last line we inserted the representation of the Hamiltonian H from Definition 20 (the
missing steps are nearly identical to the proof of Equation (7) in Appendix B.1).

If the outcome of the measurement of register B is |0) 5, the resulting state is

(Ic ®10)5 (0l @ Lsa) [th2)
Pr(0)

_ 101005 (£ @ 1) [9a)gs + 1 10)5 |®a)s 73)

c
vy e+

|43) =
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where A =

Ignoring the extra qubit in register B, this is a pseudo-Choi state of :

) = (o>c CEIN LOBRALE r@dm) | (170

where
Y= \/HAT (180)
O

To check that the success probability of producing the pseudo-Choi state (i.e. measuring the block-
encoding qubit and getting the outcome |0) 5) is a valid probability, we would like to be sure that

the term (Pg|g 4 ( ® ]IA) |®g) g4 isin [1/2,1]. We start by relating [€]13 to the spectral norm of

the Hamiltonian:

€15 = (Palga (HH @ 14) |®4) g 4

(il (il 4 (H'H @14) 1705 17) A

Il
T‘ﬂ}_‘&
M o

s
I

—
.
I

-

(i |5HTH |J> (i 4 17) A

Il
T%_l&
M o

i=1j=1
1 d
= 2> Gl A )
=1
é v (H'H)
10~
= 1A
> LHH? (181)
- d
Using this, we see that
|1,
Pr(0) > % dA; +1
H
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where in the second line we used A = . Similarly, using the fact that HFI HF <\r HFI H2 we have
that

oo < 171
r(0) < 3 | Az +1

~ 112
ol

pa 5 (183)

From Lemma 18 we inherit the following upper bound on the evolution time:

1

t< :
2| H]|

(184)

which means that if the block-encoded Hamiltonian had no error (i.e. H=H ) the success prob-
ability would certainly be less than 1. However, we must take into account the error from the
block-encoding procedure. Thankfully, the result of Lemma 18 guarantees that

|Ht - Hi| <@, (185)

for €, € (0, %) Therefore, the success probability remains valid as it can never be more than 1 or

less than %

B.6 Proof of Equation (58)

Since we have an upper bound on Ny, the number of pseudo-Choi states required to solve the Block-
Encoded Hamiltonian Learning Problem 22, we would now like to know how many queries to Upock
will suffice to generate N pseudo-Choi states with high probability. An upper bound on this value
is given by equation (58), which we now prove.

Proof of equation (58). Consider the following Chernoff bound, from [40]:

Lemma 41. Let Xi,...,X,, € [0,1] be independent random variables with E[X;] = p;, let X =
S Xy, and let p=E[X] = YN, Xip;. For 8 € (0,1) we have

B2

Pr(X < (1-fp) < e (186)

Now, let X be the number of pseudo-Choi states produced after N queries to Upjoer. We want X

to be greater than or equal to Ny, so we seek an upper bound on Pr(X < Njy). Since the success
2

probability of obtaining each pseudo-Choi state from one query to the block-encoding is % (see

Appendix B.5), we have p = NT'YQ

To use the Chernoff bound 41, we therefore choose

2N
f=1—"= (187)
7N
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Note that since 8 must be greater than zero to apply the Chernoff bound, we require N > 2D
¥

By the Chernoff bound we then have:

from which we see that

Finally, solving for N gives

In general, we assume N, will be much larger than In ﬁ .

(188)
(189)

(190)

(191)

(192)

(193)

Therefore, to generate at least N,

pseudo-Choi states with probability at least 1 — dy,, the number of queries to Upjyer needed is

~ N
NeO (2)
~y
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