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Free-fermionic states, also known as Gaussian states or states prepared by match-
gate circuits, constitute a fundamental class of quantum states due to their efficient
classical simulability and their crucial role across various domains of physics. With the
advent of quantum devices, experiments now yield data from quantum states, including
estimates of expectation values. We establish that deciding whether a given dataset,
formed by a few Majorana correlation functions estimates, can be consistent with a
free-fermionic state is an NP-complete problem. Our result also extends to datasets
formed by estimates of Pauli expectation values. This is in stark contrast to the case of
stabilizer states, where the analogous problem can be efficiently solved. Moreover, our
results directly imply that free-fermionic states are computationally hard to properly
PAC-learn, where PAC-learning of quantum states is a learning framework introduced
by Aaronson. Remarkably, this is the first class of classically simulable quantum states
shown to have this property.

1 Introduction

Recent years have witnessed a significant advancement in the actual realization of quantum de-
vices [BEG 24, KEA 23], accompanied by a surge in the number of experiments conducted on
them. Data obtained from these quantum experiments are now starting to be utilized as bench-
marks for numerical simulations [KEA ™23, BC23, LWZ"23, RFHC23, BGC24, PJSO23]; at the
same time, these developments come along with challenging demands concerning the benchmarking
and verification of those quantum devices [EHW 20, KR21a].

In this context, a natural question arises: can collected data be consistent with a particular
class of quantum states? For instance, one might wonder whether some collected expectation val-
ues estimates could be consistent with a state within a classically tractable class, such as matrix
product states [CPGSV21], stabilizer states [Got98], or free-fermionic quantum states [ST22]. This
consideration might be driven by the desire to efficiently perform classical post-processing with a
state that matches such data and try to predict unmeasured quantities [Aar07, RAST19]. Alter-
natively, one might seek to validate, based on the obtained data, that a prepared quantum state
does not belong to a classically tractable class of states [OLHL22]. This motivates the problem of
determining whether there exists a state within a fixed class which can be consistent with a given
dataset composed of a few expectation value estimates. Previous research has tackled this problem
for stabilizer states and matrix product states [Rocl8, Yogl19], demonstrating that with respect
to meaningful observable expectation values, such as Pauli expectation values, it is possible to
efficiently decide whether a given dataset is consistent with the class of states or not. However, the
analogous problem for the relevant class of free-fermionic quantum states remains open to date,
and our work addresses this gap.

Free-fermionic quantum states [ST22, Bra04] are a fundamental class of states with applications
across various domain of physics [Bax82, Kit06, EA07, Sch18], especially in condensed matter
physics and quantum chemistry. They are at the basis of the successful Hartree-Fock method
and density-functional theory (DFT) [Jonl5, Mar04, GV08], which have been at the forefront of
computational calculations in solid-state physics and quantum chemistry. In quantum computing,
free-fermionic quantum states are are recognized mainly because they can be simulated efficiently
classically [TD02, Val01, JMO08]. They are also referred to as fermionic Gaussian states [ST22] or
matchgates states [TD02, ValO1].
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Figure 1: Given partial information about the 2-body correlation matrix and a few 4-body correlation functions
(Viviveyi), determining whether there exists a free fermionic state consistent with the provided data is NP-
complete.

In this work, we show that deciding whether a given dataset, consisting of a few Majorana
correlation functions estimates, can be consistent with a free-fermionic state is an NP-complete
problem. Majorana correlation functions are significant and, presumably, the most natural expec-
tation values to probe in the fermionic context [NEMT23, DMD™24], akin to Pauli expectation
values in the qubit setting [NEM ™23, DMD"24]. Even when restricting datasets to include only
few 2- and 4-body correlation function estimates, we show that this decision problem remains
NP-complete. Leveraging the Jordan-Wigner mapping [TDO02], our findings extend to datasets
containing estimates of Pauli expectation values. Our results also have implications for quantum
learning theory, namely we solve the problem of understanding the computational complexity of
‘proper PAC-learning’ [AA23, Aar07, Rocl8] of free-fermionic quantum states, that we detail in
the following subsection.

The intuition behind why the problem we study is NP-hard can be explained as follows. An
n-mode free fermionic state is uniquely characterized by its correlation matrix, a 2n x 2n matrix
where each entry corresponds to a specific 2-body correlation function. Thus, knowing the value
of a 2-body correlation function is equivalent to specifying an element of this matrix. However,
higher-order correlation functions are known to impose nonlinear constraints on the elements of the
correlation matrix (due to so-called Wick’s theorem [ST22]). This implies that deciding whether
a given dataset, comprising of a few 2-body and higher-order correlation functions, can be at-
tributed to a free-fermionic state is equivalent to asking whether a 2n x 2n matrix, with only a few
of its elements fixed, can be completed so that it satisfies the prescribed nonlinear constraints. If
higher-order correlation functions are not included in the constraints, one does not arrive at com-
putationally difficult problems. In essence, our free-fermionic consistency problem can be viewed
as a matriz completion problem with nonlinear constraints, and it is well known that nonlinear
optimization problems are prone to be NP-hard [AB09]. We formally establish the NP-hardness
of our problem through a polynomial reduction to the well-known and notoriously hard 3-SAT
problem [AB09].

Implication for PAC-learning of quantum states

The realization of increasingly complex quantum states in quantum devices has spurred signifi-
cant interest in the problem of recovering properties of quantum states from collected measure-
ments [AA23, HKP20, KR21b]—a task that can be analyzed through the lens of learning the-
ory [AA23]. Aaronson’s seminal contribution [Aar(07] introduced the paradigm of probably ap-
prozimately correct (PAC) learning quantum states, motivated by the practical observation that
experimenters often cannot arbitrarily choose observables and must instead operate within con-
straints imposed by the available measurements. In this framework, the primary objective is to
predict unseen expectation values, based on a training dataset of few known expectation values.
More precisely, this training set consists of pairs of positive operator-valued measure (POVM) el-
ements and their corresponding expectation values, drawn from a distribution over the POVM
elements. The goal is to accurately predict the expectation values of unseen POVM elements that
share the same underlying distribution. Remarkably, Aaronson has demonstrated a surprising
result: the entire class of n-qubit quantum states can be PAC-learned using training sets of size
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O(n), where n is the number of qubits. This result has subsequently been made use of in an exper-
imental demonstration on a photonic device [RAST19]. The proposed algorithm [Aar(7] involves
generating a hypothesis quantum state o, which is consistent with all the expectation values in
the training set within a given margin of error. However, while Aaronson’s result achieves sample
efficiency, it does not resolve the question of whether time-efficient PAC-learning of specific classes
of quantum states is feasible, relating to notions of computational complexity. It is worth noting
that the task of finding such a state o consistent with the given data can be cast as a semi-definite
program (SDP) [AG23, Rocl8] that, for general quantum states, can only be solved in exp(O(n))
time. Time efficient PAC-learning can be achieved if the state o can be found in polynomial time
and expectation values on unseen observables can be computed in polynomial time. For instance, it
has been demonstrated that classes such as stabilizer states [Roc18] and states with low entangle-
ment [Yogl9] can be time-efficiently PAC-learned, with respect to meaningful class of observables
(associated with their respective POVMs). However, the problem remains open for free-fermionic
quantum states [Bra04] — constituting another noteworthy class of quantum states that can also
be efficiently simulated classically [Kni01, TD02, ST22], akin to stabilizer states and low Schmidt
rank states. Throughout our presentation, we will primarily refer to them as fermionic Gaussian
states.

In this work, we show that “proper”’-PAC learning of fermionic Gaussian states is computa-
tionally difficult in the sense of being NP-hard, when considering POVM elements associated with
Majorana observables. Here, “proper” means that the hypothesis state ¢ must belong to the
same class (e.g., the class of fermionic Gaussian states) as the state from which the training set is
originated.

As discussed in Ref. [Lia23], proper PAC-learning is a natural framework for PAC-learning a clas-
sically simulable class of quantum states, since it ensures time-efficient prediction of new (unseen)
data while guaranteeing the existence of a valid hypothesis consistent with the training data. How-
ever, requiring the hypothesis to belong to the same class (in this case, fermionic Gaussian states)
may not be strictly necessary; it might suffice for the hypothesis to enable efficient prediction. It
is also important to emphasize that our definition of proper PAC-learning, for which we demon-
strate hardness, pertains specifically to Aaronson’s information-theoretic algorithm [AG23], which
involves finding a matching state that fits the training data set. In particular, we show that finding
a free-fermionic state consistent with the training data is computationally intractable. Nonethe-
less, there could, in principle, exist an alternative algorithm—unrelated to finding a matching
state—that enables efficient generalization on a given training set drawn from a given probability
distribution.

As mentioned in the previous section, we also address a substantially broader problem than
proper PAC-learning, which we refer to as the Gaussian Consistency problem, defined as the prob-
lem of deciding if there exists a fermionic Gaussian state that closely approximates a training
set comprising ©(n) Majorana or Pauli expectation values. It is important to note that, in the
Gaussian Consistency problem, the training data could potentially stem from a non-Gaussian state,
unlike the proper PAC-learning scenario where the data must originate from a Gaussian underlying
state. Through a straightforward reduction from the Gaussian Consistency problem to the proper
PAC-learning problem, we demonstrate the NP-hardness of the latter.

Different notions of learning

Beyond PAC-learning, which is the primary focus of this paper, various other learning frameworks
have been explored in the literature, such as quantum state tomography [HHJ ™17, OW15], property
testing [MdW18], and shadow tomography [Aar07, HKP20].

Quantum state tomography involves determining, through measurements on copies of an un-
known quantum state, a classical description of a quantum state that closely approximates the
unknown target state within the trace distance metric [AA23]. Performing quantum state tomog-
raphy without prior assumptions about the state to be learned requires an exponential number
of copies and computational time scaling with the system size [AA23]. However, if one possesses
prior assumptions, quantum state tomography may still be performed efficiently, as demonstrated
for several classes of states [CPFT10, LMMH™17, FGL 723, RF23, HLB"24, Monl7, ABDY23,
GIKL23, LOH24, HG24, AG23, GKEA18, MH25]. Once a state has been recovered by means
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of quantum state tomography, one can then make predictions for all observables (with bounded
operator norm). Quantum state tomography [AA23, EHW20] and PAC learning [Aar07] address
fundamentally different tasks, as discussed in Ref. [Aar07]. In quantum state tomography, the
experimenter has the freedom to choose measurements in order to reconstruct the unknown state.
In contrast, PAC learning assumes a fixed set of measurements and focuses on predicting certain
properties of the quantum state, rather than directly reconstructing it. More specifically, PAC
learning of quantum states, as introduced by Aaronson [Aar(7], focuses on predicting unseen ex-
pectation values based on a limited number of observed expectation values provided in a training
set. Aaronson demonstrated that finding a state that accurately matches O(n) expectation values
from a given training set suffices to solve the PAC-learning problem. Such a state, consistent with
the training data, ensures robust generalization in predicting unseen expectation values originat-
ing from the same underlying distribution as the training set. However, finding such a consistent
state can be computational difficult depending on the analyzed class of states. As discussed in the
previous section, in the context of “proper PAC-learning,” the objective is to find a hypothesis
state that not only matches the training data but also belongs to the same class as the unknown
state from which the training data were generated.

Crucially, with the prior assumption that the unknown state is a fermionic Gaussian state,
quantum state tomography can be performed efficiently in sample and time complexity [GKEA1S,
AG23, O’'G22, MH25]. Specifically, to learn an n-qubit fermionic Gaussian state, it is sufficient to
measure all the O(n?) 2-body correlation functions that constitute the entries of the correlation
matrix. However, it is important to note that in the proper PAC-learning setting, access to all 2-
body expectation value estimates is not guaranteed — the given training set can be composed by few
2- body, but also higher order correlations. By showing that proper PAC learning of free-fermionic
states is hard with respect to Majorana observables (which is a well-motivated class of observables
in the fermionic context), we also refute the idea that PAC learning is simpler than quantum state
tomography, which is interesting since the notion of PAC learning of quantum states has been
introduced by Aaronson [Aar07] as a simplification of tomography. This stands in contrast to
stabilizer states and matrix product states, where both tomography and proper PAC learning can
be accomplished with time efficiency with respect to ‘natural’ observables [Roc18, Yog19].

Another related learning framework is property testing of quantum states [MdW18]. In property
testing, the goal is to determine whether a given state belongs to a specified class, such as the class
of fermionic Gaussian states, or is significantly distant from such a class, based on measurements
performed on copies of the state. It might also be relevant to emphasize that while our proper PAC-
learning setting bears resemblance to the problem of property testing fermionic Gaussian states,
it is not the same task. In contrast to property testing, in our proper PAC-learning scenario, the
learner cannot choose the measurements to perform; the provided dataset is fixed and not chosen
by the learner, and the problem is purely computational. Remarkably, in stark contrast with
proper PAC-learning, the problem of property testing pure of low-rank fermionic Gaussian states
is sample and computationally efficient, as shown in Ref. [BMEL24]. Moreover, property testing
of general mixed Gaussian states remain sample and thus computationally inefficient [BMEL24].

Furthermore, in recent years, the learning framework of shadow tomography has gained sig-
nificant attention [Aar20, HKP20, ONE13], where the objective is to accurately estimate a set
of expectation values by performing measurements on the unknown quantum state. Specifi-
cally, methods addressing the shadow tomography problem for fermionic systems have been ex-
plored [ZRM21, Low22, WHLB23, DMD™24]. These approaches typically involve collecting sam-
ples by applying randomly drawn fermionic Gaussian unitary transformations to the unknown
state, with the resulting data enabling the estimation of the quantum state properties, includ-
ing fermionic correlation functions and the correlation matrix of the state. This, in turn, can
provide sufficient information to determine whether the state is free-fermionic or significantly far
from being free-fermionic (i.e., a solution to the property testing problem previously mentioned; see
Ref. [BMEL24] for further details). However, this task fundamentally differs from PAC-learning: in
shadow tomography, the learner has the flexibility to choose the measurements performed, whereas
in PAC-learning, the learner is constrained to a fixed set of measurements.
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Further related works

While the narrative that the “Gaussian world is simple” is true for notions of classical simulabil-
ity [TD02, CS23] and full state tomography in trace distance [GKEA18, AG23, O'G22, MH25], our
work further corroborates and substantiates the idea that this is not quite right for other meaning-
ful tasks. For example, it has been shown that the Hartree-Fock method is NP-hard in worst-case
complexity [SV09], a statement that even holds true for the Hartree-Fock method applied to for
translationally invariant systems [WZ14]. Also, tasks of free-fermionic distribution learning [Nie23]
have been identified as being computationally difficult. The latter is another task that can be
done efficiently for stabilizer states [HINT23], but — possibly strikingly — not for free-fermionic
states [Nie23], breaking the often cited similarity between stabilizer states and free fermions. Our
result is also reminiscent to the situation of families of tensor metworks that can be efficiently
stored, yet certain important tasks of optimization [SCV08, Eis06] or contraction [SWVCO07] can
be computationally hard or even undecidable [KGE14].

Concerning PAC-learning of quantum states, Ref. [Yog19] gave sufficient conditions for a class
of quantum states to be efficiently PAC-learnable. It was shown that if a class of quantum states
is classically simulable and additionally adheres to the so-called invertibility condition, then such
class can be efficiently PAC-learned. Informally, the invertibility condition requires efficiency in
characterizing the states within the ansatz class that adhere all the expectation values of the
training set. Therefore, as a corollary of our result that the class of fermonic Gaussian states
are hard to PAC-learn, it is evident that fermionic Gaussian states do violate the invertibility
condition. In contrast, both stabilizer states [Roc18] and matrix product states [Yogl9] do satisfy
such invertibility conditions and, as such, they can be efficiently PAC-learned. Notions of PAC-
learning of quantum circuits have also been defined [CD20]. Ref. [Lia23] has shown that proper
PAC-learning of Clifford circuits is time-efficient if and only if RP=NP (i.e., implying a collapse of
the polynomial hierarchy).

The NP-hardness of proper PAC learning has been extensively studied in classical learning
theory, particularly in the context of Boolean functions [KV94, PV88] in the 1980s and 1990s.
In particular, properly learning Conjunctive Normal Form (CNF) and Disjunctive Normal Form
(DNF) formulas—conjunctions of disjunctions of clauses of literals and disjunctions of conjunc-
tions of terms of literals, respectively—has been shown to be inefficient, unless R = NP [PV8g].
Specifically, this was proven for learning k-clause CNF (the class of CNF formulas with at most k
clauses) and k-term DNF (the class of DNF formulas with at most k terms) for k& > 2.

Organization of our work

This work is structured as follows: Section 1.1 provides a concise introduction to the key definitions.
In Section 1.2, we present an informal summary of our results, offering simplified proof sketches.
Section 1.3 focuses on our conclusions and explores avenues for future research. In Section 2, we
offer a comprehensive introduction to the methodologies employed in our study, covering topics
such as fermionic Gaussian states, the 3-SAT problem, and the basics of PAC-learning. Finally,
the more technically oriented Section 3 delves into the detailed proofs of our results.

1.1 Setup

Fermionic Gaussian states. We consider a system formed by n-fermionic modes or, without
loss of generality, an n-qubits system. Majorana operators are 2n operators which can be defined
in terms of their anti-commutation relation {v,,v.} = 24, .1, for all u,v € [2n], where [2n] :=

{1,...,2n}. They can also defined in terms of qubits-Pauli operators as
k—1 k-1
Yok—1 = (H Zj) Xk, Yok = (H Z;)Yy, (1)
j=1 j=1

for k € [n], through the Jordan-Wigner transformation. They are Hermitian, traceless, square to
the identity, and different Majorana operators anti-commute. Moreover, the ordered product of
them form an orthogonal basis with respect to the Hilbert Schmidt scalar product for the space of
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linear operators. Given a quantum state p, we denote as its k-th order correlation functions the
expectation values

(vs)p =151 tr(vsp), (2)

where vs = Yy Yy With S = {p1, . et € 2] and 1 < g < -0 < pygp < 200 An
operator is referred to as a k-body Majorana operator (or product) if it can be expressed as the
product of k Majorana operators. Let S be a set of ordered indices subsets S C [2n]. We identify
S with a set of Majorana product operators via the mapping

SBS:{HM""H\S|}H’YS:’YM1""Yu|s\' (3)

Given a quantum state p, its correlation matriz T'(p) is defined as the 2n x 2n anti-symmetric
real matrix with elements

()i 1= — 5 T (5,7 2) = () (4)

for all j < k € [2n]. We say that a matrix is a valid correlation matrix if it is real and anti-
symmetric, with eigenvalues in absolute value less than or equal to one. In particular, the correla-
tion matrix of any (general) state is a valid correlation matrix. Correlation matrices are particularly
relevant because there is a bijection between fermionic Gaussian states and valid correlation matri-
ces, which is to say that fermionic Gaussian states are uniquely determined by its 2-body Majorana
products encoded in T'(p). In particular, given a Gaussian state p, higher order correlation functions
are given by Wick’s theorem [ST22] as

{(vs)p = PE(T'(p)]5); ()

for T'(p)|s being the restriction of the matrix I' to the rows and columns corresponding to elements
in S. Here, Pf(T") indicates the Pfaffian of the matrix T', which, for anti-symmetric matrices, reads
Pf(I')? = det(T") (see Section 2 for more details).

3-SAT decision problem. The task of determining whether an object possesses a specific
property (for instance, verifying if the data align with a fermionic Gaussian state) is framed as
a decision problem [AB09]. The complexity class NP encompasses decision problems efficiently
verifiable in polynomial time. A problem is NP-hard if it is at least as computationally hard as
the hardest problems in NP. If a problem is both in NP and NP-hard, it is classified as NP-complete.
In our hardness proof, we establish a reduction from our specific problem to the well-known NP-
complete 3-SAT problem. In 3-SAT, Boolean formulas consist of clauses with three literals, which
can be either Boolean variables or negations (e.g., x1 V —x2 V x3). The objective is to find truth
assignments that satisfy the formula. The problem can be formally defined as follows.

Problem 1 (3-SAT). Problem Statement:
o Instance: Given a list of indices i € [n,])>™ and a negation table s € {-,~}>".

e Question: Is there a Boolean variable assignment x € {0,1}"= that satisfies all of the
following clauses?

Ve € [ne] 1 81,eTiy(e) V 52,cTiy(c) V 83,cTis(c)- (6)

Here, [n,]>" means that we take n. subsets of 3 elements belonging to [n,]. To establish
the NP-hardness of (proper) PAC learning of free-fermionic states, we proceed in two steps. We
first show that Gaussian Consistency decision problem, defined subsequently, reduces to the PAC-
learning problem via standard complexity arguments. Second, we establish a polynomial-time
reduction from the 3-SAT problem to the Gaussian Consistency problem. This implies that efficient
proper PAC learning of free-fermionic states would imply efficiently solving 3-SAT, which, in turn,
would lead to the (widely not-believed) conclusion P = NP. In the problem statements presented
below, the input data of the problems are represented by rational numbers, which possess finite
descriptions and thus serve as viable inputs for computer programs. Allowing for irrational numbers
would only make the problem more computational challenging.
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1.2  Overview of the main results

In this section, we unveil the main result of this work and elucidate the rationale and implications
underpinning the proof. Let S denote a set of ordered indices § 3 S C [2n] encoding Majorana
product operators, i.e., vg for S € S. We refer to a training set T = {(S, (ys)1)}ses, where (ys)r
corresponds to the estimation of the true expectation value (7s),, given within an accuracy ¢, i.e.,
[{(vs)p — (vs)7| < € for every S € S. We formally define the proper PAC-learning problem for
fermionic Gaussian states as follows:

Problem 2 (Proper PAC-learning of Gaussian states). Let p be a Gaussian state and (ys), be
expectation values of Majorana correlation functions for S € S. Problem statement:

e Instance: A training set T = {(S, (ys)1)}ses such that (ys); = (vs), for every S € S.

o Output: Provide a fermionic Gaussian state o, characterized by its correlation matriz T'(o),
that fulfills the constraints

[(vs)r — (Vs)o| <€, VS € S. (7)

Two important remarks are in order regarding the definition of Problem 2. First, we consider the
worst-case output, meaning that the quantum state must match all expectation values within the
specified accuracy parameter. Another commonly used notion, also adopted in Aaronson’s original
work [Aar(07], is to quantify the error using the average error over the training set. Second, the
definition of Problem 2 assumes that the expectation values (yg)r in the training set originate
from a free fermionic state and, crucially, are exact with no error. However, in practical settings,
due to shot noise statistics, the expectation values in the training set— even if derived from a
free fermionic state p—will only be e-close to the true values. Nevertheless, since the hardness
of noisy learning follows from the hardness of the exact version, our proof establishes hardness
for both cases. We emphasize once again that Problem 2 requires finding a free fermionic state
that is consistent with the expectation values in the training set. This is referred to as a proper
PAC learning problem, as discussed above. Let us now present the Gaussian Consistency problem
for which we show the NP-completeness. Unlike the proper PAC-learning Problem 2, for the
Gaussian Consistency problem we are provided with a training set of Majorana product expectation
values that arise from a general quantum state p, not necessarily Gaussian. The question is whether
there exists a fermionic Gaussian state o capable of accurately matching this data. We formalize
this problem, as a decision problem, as follows:

Problem 3 (Gaussian Consistency problem). Problem statement:
o Instance: A training set T = {(S, (vs)1)}ses and an accuracy parameter € > 0.
e Promise: The training set is obtained from a physical state p, where (ys)r = (vs)p-

e Question: Does there exist a Gaussian state o that matches the expectation values in the
training set up to accuracy €:

[(vs)r — (1s)ol <&, VS ES? (8)

We recall that the 2-point (or 2-body) correlation functions of a state constitute its correla-
tion matrix entries, while higher-order functions introduce Pfaffian constraints because of Wick’s
theorem (see Sec. 2 for details). Consequently, our task of identifying a fermionic Gaussian state
consistent with the given data can be framed as a matrix completion problem for an anti-symmetric
real matrix that involves satisfying Pfaffian constraints on submatrices along with linear constraints
on the eigenvalues. The intuition behind our NP-hardness result is based on the fact that Pfaffian
constraints are nonlinear and make the matrix completion problem more challenging than linear
constraints alone. In contrast, in the stabilizer states case [Roc18], the constraints imposed by
the observed Pauli expectation values are all linear: this is the high-level intuition that explains
why PAC learning of stabilizer states with respect to Pauli (Majorana) observables can be solved
efficiently [Roc18], while for Gaussian fermionic states it cannot. By standard argument of com-
plexity theory, we can demonstrate that Problem 2 is at least as hard as the Gaussian consistency
Problem 3.
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Lemma 1 (Proper PAC learning of Gaussian states and the Gaussian Consistency problem). Prob-
lem 2 (proper PAC-learning) is at least as hard as Problem 3 (Gaussian consistency problem).

Proof. We can insert an instance of Problem 3 to an algorithm solving Problem 2. If the algorithm
returns a valid correlation matrix such that it allows to approximate all the expectation values in the
training set with accuracy €, we accept. If the algorithm fails or returns an invalid correlation matrix
we reject. Therefore, there is a single call Cook reduction [AB09] between the two problems. [

To establish NP-completeness of Problem 3, and thus NP-hardness of Problem 2 through Lemma 1,
we seek to perform a reduction of the 3-SAT Problem 1 to Problem 3. Given a 3-SAT instance,
our objective is to reformat the inputs to align with the requirements of the Gaussian Consistency
Problem 3, such that this transformation enables us to deduce the corresponding output for the
3-SAT problem based on the output result of the Gaussian Consistency problem.

Theorem 1 (NP-completeness of Gaussian Consistency). The Gaussian Consistency Problem 3 is NP-
complete, even if we restrict the dataset to k-body Majorana operators with k < 4 and constant
accuracy € = O(1).

Proof sketch. We present the proof sketch for the easiest case, i.e., for ¢ = 0 and k£ < 6 body
correlation functions. We refer to Section 3 for the more general case of k < 4 and the analysis of
finite accuracy € > 0.

Consider a system of 2n, fermionic modes associated with a 4n, x 4n, correlation matrix T,
where n, is the number of 3-SAT variables. To encode 3-SAT clauses into our problem, we impose
constraints on I'. Specifically, we require the following block diagonal structureI' =11 @®--- @& T,
where I'; is defined as

0 a:? 0 le
1]1-22 o0 1 0
L J
T P 0 -1 0 1|’ (9)
—z! 0 =1 0

where @ is a constant, and x?, x; € [0, 1] are parameters related to the 3-SAT variables. Throughout
the remainder of this proof, we adopt the notation v; := yaj_1)4%, for all j € [n.], k € [4].

Additionally, we demand that
1

(Vi,175,274,375,4) = 2 (10)
for all j € [n,]. Next, we employ Wick’s theorem [ST22], which relates higher-order Majorana
expectation values of fermionic Gaussian states to their quadratic Majorana expectation values
(see Lemma 2 for more details). Using Wick’s theorem, we deduce that le =1- x?. We are
now prepared to encode general 3-SAT clauses. Let us consider the clause six; V saz; V s3xy, as
in Problem 1. In the following, we use s; € {0,1} such that s; = 1 if s; — —. We impose the

following six-point correlators to be zero,

(Vi 1Yi,24251 V5,17Y5, 24250 Ve, 1Yk 24255 ) = 0. (11)
Again by Wick’s theorem, this corresponds to the encoded clause xflm?xz?’ = 0. Therefore,
by solving this constrained matrix completion problem, we can find a solution for 3-SAT. The
problem is also in NP because given a correlation matrix and a training set, we can efficiently
check if this correlation matrix is consistent with the training set. Hence, Gaussian Consistency is
NP-complete. O

It is worth noting that, in the proof sketch of Theorem 1, the utilized correlation functions are
confined to k£ < 6-point correlations. However, demonstrating a similar result with correlation
functions limited to only up to 4-points enhances the robustness of the conclusion and aligns
better with practical experimental constraints. Additionally, in Section 3.3, we demonstrate that
the correlation matrices employed for the 3-SAT reduction, such as the one in Eq. (9), genuinely
correspond to a physical state. The following corollary formally establishes the NP-hardness of
Problem 2.
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Corollary 1 (The proper PAC-learning of fermionic Gaussian states is NP-hard). Proper PAC-
learning problem 2 of fermionic Gaussian states is NP-hard, even if we restrict the dataset to k-body
Majorana operators with k < 4 and accuracy € = O(1).

Proof. Thanks to Lemma 1, we know that Problem 2 is at least as Hard as Problem 3, which is
NP-complete due to Theorem 1. Hence, Problem 2 is NP-hard (under Cook reduction). O

The careful reader may wonder whether an analogous no-go result can be provided in the case
of k < 2 Majorana product operators. However, the answer is trivially negative: indeed, recalling
that the correlation matrix I'(p) is comprised of k = 2 Majorana products, in this case, it would be
sufficient for the learner to complete the correlation matrix without any Pfaffian constraints which
can be solved by a SDP in poly(n) running time. As outlined in the proof sketch of Theorem 1, the
core of the hardness result lies in the difficulty of satisfying Pfaffian constraints that are naturally
nonlinear constraints.

Before concluding the section, it is important to highlight that our prior results effortlessly
generalize to the situation where we inquire about the existence of a pure Gaussian state that
accurately matches the provided data. This stems from the fact [WJEH21] that, for any valid
correlation matrix associated with an m-mode mixed fermionic Gaussian state, we can always
construct a correlation matrix for 2n-modes corresponding to a pure state. This pure state exhibits
the property that its reduced state corresponds to the initial state, when solely considering the
first n-modes and tracing out the rest.

1.3 Discussion and open questions

Our investigation reveals that determining the existence of a fermionic Gaussian state consistent
with a given dataset of few 2- and 4-point Majorana expectation values is NP-complete, even when
allowing for constant errors in matching the provided expectation values. This discovery marks
the first instance of classically simulable class of quantum states identified as not efficiently proper
PAC-learnable, signifying a significant advancement in quantum learning theory and prompting
several engaging research directions discussed subsequently.

We have shown that proper PAC-learning is hard with respect Majorana expectation values,
however this does not necessarily extend to the realm of improper PAC-learning—where the hy-
pothesis state is not constrained to be Gaussian. Nevertheless, the setup of proper learning is
convenient: when creating a PAC learning algorithm for a given class of states, a learner usually
starts with an ansatz class of quantum states required to match the expectation values provided
in the training set. A natural initial step is to choose the ansatz class within the concept class.
In this way, the learner is automatically ensured that there exists at least one quantum state sat-
isfying all the training data. Additionally, searching for hypothesis states in the concept class is
convenient because one must be able to compute expectation values efficiently for future classical
predictions—a condition automatically fulfilled when the hypothesis state belongs to a classically
simulable ansatz class, such as fermionic Gaussian states. While the setting of proper PAC learning
is natural, the question of whether improper learning offers advantages for PAC-learning fermionic
Gaussian states is also interesting and it remains open. Unfortunately, our current proof techniques
are unable to capture this case, primarily because they rely heavily on Wick’s theorem (Lemma 2).
However, we expect that an alternative approach could be developed for improper PAC learning
and leave this as an open direction for future work. It would be also interesting to understand
if there are other meaningful classes of observables expectation values, different from Majorana
correlation functions, for which proper PAC-learning of fermionic Gaussian states can be solved in
polynomial time.

Furthermore, we note that the efficiency of PAC-learning states that slightly deviate from sta-
bilizer states (which can be PAC-learned efficiently [Roc18]) remains an open question. For ex-
ample, t-doped stabilizer states [OLLH24, LOLH24] constitute an efficiently simulable class for
t = O(logn) [Got98], and their PAC-learning efficiency is yet to be determined. Similarly, states
with small stabilizer rank [BG16] or small stabilizer extent [BBC™19] are classically simulable, but
little is known about the efficiency of learning tasks for these classes (both in the tomography and
the PAC-learning framework). Moreover, it would be explore if hypergraph states [RHBM13] can
be efficiently PAC-learned.

Accepted in {Yuantum 2025-03-08, click title to verify. Published under CC-BY 4.0. 9



2 Preliminaries

This section comprehensively lays out the concepts needed to understand our results.

2.1 Fermionic Gaussian states

In this subsection, we provide definitions and lemmas on fermionic Gaussian states, which are useful
for deriving our results. We consider a system composed of n modes with creation and annihilation
operators a; and a;, with j € [n], satisfying the canonical anti-commutation relations [ST22],

{ak, al} =0, {ak, a;r} = 5k,l- (12)
From this, we introduce the definition of Majorana operators.

Definition 1 (Majorana operators). We can define the Majorana operators as
Yok—1 = ak + GL, Yok = z’(aL —ag). (13)
Majorana operators satisfy the anti-commutation relations
{Vus 1w} =26,,,1 forall p,ve[2n] (14)

and are orthogonal with respect to the Hilbert-Schmidt inner product. It holds for p € [2n] that

Yu= Tr(y) =0, v2=1 (15)
Majorana operators can be represented also in terms of the Pauli basis as follows.

Definition 2 (Jordan Wigner Transform). For each k € [n], Majorana operators can be represented
by Pauli operators on n qubits via the Jordan- Wigner transform

k-1 k-1
Vok—1 = H Z; | Xk, 7ok = H Zi | Y. (16)
j=1

J=1

As can be readily verified, that these operators have all the desired properties.

Definition 3 (Majorana products). Let S be the set S := {p1,..., s/} € [2n] with 1 < py <
< s < 2n. We define

VS = Y Vs
if S # 0 and vy = I otherwise.

It is worth noting that the number of different sets S € [2n] and, hence, Majorana products
is 4". For any set S,S’ C [2n], Majorana products are orthogonal with respect to the Hilbert
Schmidt product. Hence, they form a basis for £(H,,). For convenience, it will be useful to denote
the expectation values of Majorana products as

(v5)p =i 7151 2 tx(v5p) .

Definition 4 (Correlation matrix). Given a (general) quantum state p, we define its correlation
matrix I'(p) as

P()i 1=~ 5 Tr (3,0 ) (1)

where j, k € [2n]. Moreover, it is useful to define the shorthand (v;vi), := [L'(p)];k-

The correlation matrix of any state is real and anti-symmetric, thus it has eigenvalues in pairs
of the form +i); for j € [2n], where A; are real numbers such that |A;| < 1.
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Definition 5 (Fermionic Gaussian states). Fermionic Gaussian states are the set of states defined
as (the closure of) Gibbs states of quadratic Hamiltonians in the Majorana operators, i.e.,

H=i Z Ry VoY (18)
v, 1€ [2n]

P= Tr(exp(—H))"
Here, h € R?"%2" s anti-symmetric hT = —h.

From the previous definition, it can be shown that I'(p) = tan(2h), where tan(:) is the matrix
function of the tangent. Since the tangent is injective for anti-symmetric matrices, any Gaussian
state is uniquely determined by its correlation matrix. Thus, by specifying a valid correlation ma-
trix (i.e., real, anti-symmetric, with eigenvalues smaller than one), we uniquely specify a Gaussian
state. Vice versa, having a Gaussian state uniquely defines a correlation matrix.

Definition 6 (k-point correlation function). Given a quantum state p and an operator s :=
Yo+ where § = (... g}y  [20] with 1 < iy < - < g < 20, we define Te(ysp) as o
k-point correlation function.

As in the formulation of the PAC-learning problem, the training set is comprised of a set of
Majorana product operators, it is worth defining them formally in the following definition.

Definition 7 (Set of k-point correlation functions). Let S be a set of ordered indices S C [2n].
We identify S with a set of Majorana product operators via the mapping

SSS:{AL17"'3M\S|}HVS:7#1”"Y,u|s\' (20)
In our analysis it will be crucial the notion of the Pfaffian of a matrix.

Definition 8 (Pfaffian of a matrix). Let C' be a 2n x 2n anti-symmetric matriz. Its Pfaffian is
defined as

1 n
Pf(C) = ' Z Sgn(U)HCJ(Qifl),a(Zi)a (21)

2nn! .
oc€Sap =1

where Sop, is the symmetric group of order (2n)! and sgn(o) is the signature of o. The Pfaffian of
an m X m anti-symetric matriz with m odd is defined to be zero.

Well-known properties are the following. For any matrix @, we have Pf(QCQT) = det(Q) Pf(C)
and Pf(AC) = A" P{(C), where C is a 2n x 2n anti-symmetric matrix and A € C. Moreover, it
holds that Pf(C)? = det(C) (note that this is consistent with the fact that the Pfaffian of an odd
anti-symmetric matrix is defined to be zero, since the determinant of an odd anti-symmetric matrix
is zero). Another useful identity is

pf é(_&j %ﬂ) :jﬁlxj. (22)

Jj=1

Now we recall the well-known Wick’s theorem, which states that the any correlation function (i.e.,
Majorana product expectation value) over a fermionic Gaussian state can be computed efficiently
given access to its correlation matrix.

Lemma 2 (Wick’s Theorem [ST22]). Let p be a fermionic Gaussian state with the associated
correlation matriz T'(p). Then, we have

(vs), =i 12 Tr(ysp) = PE(T(p)]s), (23)

where ys = Yy Vs> and S = {p1,... s} C 2] with 1 < py < - < pyg) < 2n, while
[(p)|s is the restriction of the matriz T'(p) to the rows and columns corresponding to elements in
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Note that, for any S C [2n], the restriction of the correlation matrix I'|g is still anti-symmetric,
Therefore, its Pfaffian is well-defined. The Pfaffian of I'|g can be computed efficiently in time
O(]S]?). In our discussion, it will be useful the following lemma.

Lemma 3 (Purification of a mixed Gaussian state [WJEH21]). A fermionic Gaussian mized state
of n-modes can be always purified to a fermionic Gaussian pure state of 2n-modes.

2.2 The 3-SAT problem and NP-hardness

For a comprehensive overview of complexity theory, we recommend consulting standard references
like [AB09]. In this section, we will outline notions related to the 3-SAT problem and a common
approach employed to establish NP-hardness. The 3-SAT problem is a fundamental computational
problem in complexity theory. It belongs to the class of problems known as NP-complete, which
implies that it is both in the complexity class NP-(non-deterministic polynomial time) and is at least
as hard as the hardest problems in NP. In 3-SAT, we are given a Boolean formula consisting of a
congunction (AND) of clauses. Each clause is a disjunction (OR) of exactly three literals. A literal
can be either a variable or its negation. For example, a clause may take the form (z1 V —z3 V 23),
where x; represents a Boolean variable and — denotes negation. The goal of the 3-SAT problem is
to determine if there exists an assignment of truth values (true or false) to the variables such that
the entire Boolean formula evaluates to true. This assignment is often referred to as a satisfying
assignment. Given a 3-SAT formula ¢ with n variables and m clauses, the question is whether
there exists an assignment of truth values xy,zs,...,z, such that ¢(x1,xza,...,2,) evaluates to
true. Subsequently, we provide the rigorous definition of the problem.

Problem 4 (3-SAT). Problem:
o Input: A list of indices i € [n,]>™ and a negation table s € {-,~}3".
o Output: Determine, if a Boolean variable x € {0,1}"= exists which satisfies all clauses.

Ve € el 81,e%i,(0) V 82,eTig(c) V 53,cTig(c) - (24)

Here, [n,,]3" means that we take n. subsets of 3 elements belonging to [n,]. To establish the NP-
hardness of a problem, a commonly employed approach involves demonstrating a polynomial-time
reduction from 3-SAT to the specific problem at hand. This process entails the transformation
of 3-SAT instances into instances of the target problem in a manner that a solution to the trans-
formed instance directly implies a solution to the original 3-SAT instance. The key insight lies in
recognizing that efficient resolution of the target problem would also imply an efficient resolution
of 3-SAT, which is known to be NP-hard. To show the legitimacy of the reduction, one must prove
that it operates in polynomial time and satisfies the conditions of “completeness” and “soundness”.
“Completeness” asserts that if a solution exists for 3-SAT, then a solution also exists for the trans-
formed version of the problem of interest. “Soundness” states that if a solution does not exist for
3-SAT, then there is no solution also for the transformed version of the problem of interest. Thus,
the NP-hardness of 3-SAT serves as a reference point for proving the computational intractability
of other problems, including the one currently under consideration in our work.

2.3 Background on probably approximately correct (PAC) learning of quantum states

A pivotal task in quantum information science is the one of characterizing quantum states through
observations, such as outcomes from measurements performed on the system. Various learning
paradigms have been introduced to address this challenge. One such approach is full quantum state
tomography [AA23], which aims to furnish a classical representation of the density matrices that
approximate the unknown state. However, it is well-established that in the worst-case scenario, full
state tomography necessitates a sample size that scales exponentially with the number of qubits in
the system [HHJ"17]. In a seminal work by Aaronson [Aar(7], an alternative paradigm for learning
quantum states, termed probably approzimately correct (PAC)-learning of quantum states, has been
introduced, based on the familiar concept of PAC learning in computational learning theory. In this
framework, the objective is to predict the expectation values of positive operator-valued measure
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(POVM) elements. This prediction is based on a training set comprised of pairs of POVM elements
and their corresponding expectation values, drawn from a distribution over the POVM elements.
The aim is to accurately predict the expectation values of unseen POVM elements that share the
same underlying distribution.

Remarkably, Aaronson has demonstrated a surprising result: The entire class of n-qubit quantum
states can be PAC-learned using only O(n) samples from such a training set. However, while
Aaronson’s result addresses sample efficiency, it does not address the question of whether time-
efficient PAC-learning of specific classes of quantum states can be performed. Subsequent research
has made further advancements in this context. For instance, it has been demonstrated that classes
such as stabilizer states [Roc18] and states with low entanglement (low Schmidt rank) [Yog19] can
be PAC-learned time-efficiently. Furthermore, conditions have been identified that imply time-
efficient PAC-learnability [Yog19]. These classes are noteworthy examples of quantum states that
can be also efficiently simulated classically. In Ref. [Aar07], Aaronson has extended the PAC
learning framework from classical learning theory to the domain of quantum states. For a detailed
mapping between the standard notations in classical learning theory and PAC learning of quantum
states, we refer the interested reader to Ref. [Rocl8]. The problem of PAC learning of quantum
states can be formulated as follows. We are given a set T' comprising m two-outcome POVM
elements {Ei(l)}ie[m], along with their associated expectation values {’IY(pEi(l))}ie[m], where p
represents the unknown quantum state. We represent this set as

T = {(E", Tr(0EM) Yicim): (25)

referred to as the training set. We assume the m POVM elements in the training set are drawn
from an unknown probability distribution D over two-outcome POVMs. The objective is to predict
the expectation value, within a specified accuracy and failure probability, of a new POVM element
EM drawn from D based on the information contained in the training set 7. Aaronson [Aar(7]
has demonstrated that if the training set has size m = O(n), then an algorithm exists to solve
the problem of PAC learning of quantum states. This algorithm is remarkably straightforward: It
involves generating a hypothesits quantum state o, which aligns with all the expectation values in
the training set within a given margin of error for each value. More precisely, the theorem can be
formulated as follows (using the notation from Ref. [Yog19]):

Theorem 2 (Quantum Occam’s razor [Aar07]). Let C,, be a class of n-qubit quantum states, and
C=U,Cn. Let M,, be a set of two-outcome POVMs on n-qubits, and M =,y M,,. Let {Ei}ie[m]
be m POVM elements drawn from the distribution D,, over M, let p € C, be an n-qubit quantum
state, and define the set T' = {(E;, Tr (E;p))},cpy as the training set. Also, fix error parameters
e,n,7,0 > 0 with ye > Tn. Suppose there exists a hypothesis n-qubit quantum state o such that

Tr (Bio) = T (Eyp)| <
for each i € [m]. Then, with probability at least 1 — §, we have
Prop, || Tr(Eo) - Te(Ep)| <] > 1 (26)
provided there were enough POVM elements in the training set
m > % (7;182 log? % + log (15) , (27)
where K > 0 is a constant.

Roughly speaking, the theorem asserts that if a hypothesis state ¢ is found that accurately
aligns with the expectation values in the training set, and if the size of the training set is at least
m = O(n), then it is highly probable that the hypothesis state o will maintain its consistency even
when confronted with previously unseen POVM elements. However, it is important to note that
finding such a quantum state o that matches the training set expectation values can be formulated
as a SDP, which generally has an inefficient computational runtime of O(poly(2™)). Additionally,
even if we manage to find such a state o, it may require exponential classical memory to store it.
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Moreover, making predictions on this state, i.e., computing expectation values for unseen POVM
elements, can also pose computational challenges. To address these concerns, Yoganathan [Yog19]
introduced the concept of time-efficient PAC learning for a given class of quantum states C under
a set of measurements M, which can be stated as follows:

Definition 9 (Efficiently PAC-learnable class [Yogl9]). Let C and M be as described previously,
and assume that there exists an efficient classical representation for every E € M, allowing E to
be described using O(poly(n)) classical bits. We say that C is efficiently learnable with respect to
M if there exists a pair of classical algorithms, L1 and Lo, that satisfy the following properties:

e (L1, SDP feasibility algorithm): For any p € C,, n > 0, and any training set T =
{(Ei, Tr(Eip)) Yicim), L1 outputs an O(poly(n)) bit classical description of a hypothesis state
o that satisfies the following approximate feasibility problem:

| Tr(E;o) — Tr(Eip)| <n  for all i € [m],

Ly runs in time O(poly(n,m,1/n)).

e (Ly simulation algorithm): For every n-qubit state o that is an output of L1, and for
every E € M,,, Ly computes Tr(Eo). Ly Tuns in time O(poly(n)).

This definition ensures that a class of states C with respect to the set of measurements M
is considered time-efficiently PAC-learnable if it allows for the efficient derivation of a classical
description of a quantum state o that aligns with the expectation values in the training set. Fur-
thermore, the classical description of the quantum state o should enable the efficient computation
of expectation values for previously unseen POVM elements. As mentioned, it has been shown
that the class of stabilizer states [Roc18] is efficiently PAC learnable in the context of Pauli mea-
surements, and in Ref. [Yogl9], it has been established that the class of low-entangled states can
be efficiently PAC-learned under low Schmidt rank measurements [Yogl9]. Here, we address the
question of whether fermionic Gaussian states, which are also efficiently classically simulable, can
be efficiently PAC-learned. Our work demonstrates that “proper”-PAC learning of fermionic Gaus-
sian states is NP-hard under Majorana or Pauli measurements. Here, “proper” implies that the
hypothesis state ¢ must belong to the same class as the state p from which the training set is
originated.

To formalize proper-PAC learning, we define it as follows (noting that the only distinction from

the previous definition 9 is the requirement that the hypothesis state o belongs to the same class
as p):
Definition 10. (Proper-efficiently PAC-learnable class) Let C,, represent a class of n-qubit quan-
tum states (e.g., fermionic Gaussian states), with C = J,,Cn. Let My, be a set of two-outcome
POVMs on n-qubits, and M = |J,, My (e.g., POVMs associated with Majorana or Pauli opera-
tors). Assuming there exists an efficient classical representation for every E € M,,, allowing E to
be described using O(poly(n)) classical bits, we declare that C is efficiently proper-PAC-learnable
with respect to M if a pair of classical algorithms L1 and Lo satisfy the following properties:

e (L, proper SDP feasibility algorithm): For any p € C,, n > 0, and any training set
T = {(E;, Tr(Eip)) tiem), L1 outputs a O(poly(n)) bit classical description of a hypothesis
state o € C,, (which is the same class of states from which p comes from) that satisfies the
following approximate feasibility problem.:

| Tr(Eio) — Tr(Eip)| <n  for all i € [m],
o =0, (29)

Tr(o) = 1.

Ly runs in time O(poly(n,m,1/n)).
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e (Ly simulation algorithm): For every n-qubit state o € C,, output of L1 and for every
E € M,,, Ly computes Tr(Ec). Lo runs in time O(poly(n)).

In a related context, Liang has demonstrated a hardness proof [Lia23] using the concept of proper
PAC-learning, specifically in the context of PAC-learning of unitaries [CD20]. His work showed
that properly PAC-learning Clifford circuits under Pauli measurements is not efficient, relying on
a widely believed assumption in complexity theory.

3 Proof of the main results

We are provided with a training set of Majorana product expectation values estimates (or Pauli
expectation values estimates, due to Jordan-Wigner) that arise from an unknown quantum state
p- The question is whether there exists a fermionic Gaussian state o € Spg capable of accurately
matching this data. Here, Spg denotes the set of fermionic Gaussian states. Let S a set of ordered
indices § S C [2n] encoding Majorana product operators such that their expectation values are
given in the training set. We formalize this problem as follows.

Problem 5 (Gaussian Consistency problem). Problem:
e Input: A training set T = {(S, (vs)r)}ses and accuracy parameters e1,2 > 0.
e Promise: The training set is obtained from a physical state p, where (ys)r = (vs)p-
e Output:

— YES: There exists a state 0 € Spg such that

VSeS: [(vs)r — (¥s)pl <er (30)
— NO: For all states o € Sgq,
ISeS: [{vs)p — (vs)pl > €2 (31)

The inclusion of the problem in NP is straightforward for all 1,5 > 0: the correlation matrix
serves as the proof, and the expectation values can be calculated efficiently using Wick’s theorem.
Thus, we will omit this step in the following completeness proofs. Notice that Problem 3 is
recovered for € = 1 = g9. The complexity of the problem depends on the values 1 (completeness)
and g5 (soundness). In practise, (yg) may originate from some experiment and is, therefore, always
subject to shot-noise errors which can be accounted for here. If we set £ = 0, this corresponds
to the exact case. Generally, this makes the problem easier and, therefore, showing hardness with
€1 = 0 shows that the complexity is independent of the shot-noise. The difference €5 — &7 shows the
accuracy of the algorithm. Hardness, therefore, implies that (assuming P # NP), no polynomial
time algorithm can PAC-learn all states up to €5 — &1 precision.

Now, we mention the high-level idea of our proofs. We know that any fermionic Gaussian
state is uniquely determined by its correlation matrix, which is an anti-symmetric real matrix
with eigenvalues in absolute value less than one. The correlation matrix is filled with the 2-point
correlation functions, while each higher-order correlation function provides a Pfaffian constraint
on the submatrices of the correlation matrix by Wick’s theorem. Therefore, our problem of finding
a fermionic Gaussian state consistent with the data is equivalent to solving a matrix completion
problem (for an anti-symmetric real matrix) with Pfaffian constraints on the submatrices and
(linear) constraints on the eigenvalues. Thus, the proof strategy is the one of encoding 3-SAT
istances into such non-linear optimization problem.

It is important to stress that the hardness of the various precisely formulated problems above
stems from the fact that non-linear constraints are being imposed in terms of higher order corre-
lations. When imposing constraints arising from mere 2-point correlation functions, one does not
encounter computationally difficult problems. Specifically, e.g., if one has an index set I given and
matrix entries =; 1, then for every € > 0, one can in polynomial time find a fermionic Gaussian
state o that fulfills

[(vi1k)e — Ejkl <€ (32)
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for all (j,k) € I, if it exists. This amounts to a simple efficient semi-definite feasibility problem
that provides a fermionic Gaussian state o, characterized by its real and anti-symmetric correlation
matrix I'(¢). This is because the constraint that a skew-symmetric matrix has eigenvalues smaller
than or equal to unity can be readily written as a semi-definite constraint as

I =il(o) (33)

In other words, unsurprisingly, one can computationally efficiently see whether a given Gaussian
state is compatible with a collection of entries of the correlation matrix, in a reading of a Gaussian
matriz completion problem.

3.1 NP-completeness of Gaussian Consistency (6-body correlators)

To establish the NP-completeness, we endeavor to reduce it to the well-known 3-SAT problem
(Problem 4). Our objective is to transform instances of the 3-SAT problem into a format com-
patible with the input requirements of the Gaussian Consistency problem, allowing us to infer the
corresponding output for the 3-SAT problem from the output of the Gaussian Consistency prob-
lem. To begin, we demonstrate NP-completeness in scenarios where the training set comprises
solely k-point correlation functions (with k& < 6), and subsequently extend this to training sets
which consist solely of k-point correlation functions (with & < 4).

Theorem 3 (NP-completeness of Gaussian Consistency (6-body correlators)). The Gaussian Consistency
problem is NP-complete when the training set consists of k-point correlation functions with k < 6
and accuracy error eo < 1.6% independent of the number of modes.

Proof. We aim to demonstrate a polynomial-time reduction from the 3-SAT problem to the
Gaussian Consistency problem for up to 6-point correlations, thereby establishing NP-completeness.
Thus, we construct a training set for the input of the Gaussian Consistency problem that embeds
the 3-SAT clauses. For this, we first fix some constraints on our correlation matrix. We consider a
system of 2n, fermionic modes to which is associated a 4n, x 4n, correlation matrix I', where n,
is the number of 3-SAT variables. We begin by imposing a particular structure for the j-th 4 x 4
diagonal block, denoted T’ ..;. = I'[;}, within the correlation matrix I" for j € [n.], as

0 x? 0 arjl
1 (-2 0 1 0
= J
FJHJV P 0 -1 0 1 ’ (34)
-z 0 -1 0

where ® is a constant to be determined later, and CE?, scjl € [0,1] are free parameters related to the
3-SAT variables. We can enforce I'; ..; . to adhere to the above form by introducing the constraints

(ViaViv)r = Ljasjbs (35)

for all @ < b € [4] except for (a,b) = (1,2),(1,4). Now we adopt the following notation ;5 :=
Ya(j—1)+k, for all j € [ng], k € [4]. Additionally, we demand that

1
(2340 = 3o (36)

for all j € [n,]. By Wick’s theorem, we have

1
(Vivis1vie2vies) = PE(l5y) = (Clgy)2(Clgy)sa + (Clgy)2,s(Clgy)e = @(zg + 17]1) . (37

Hence, we get that le =1- x?. We require the correlation matrix I' to have the block diagonal
form

F:F‘{l}@"'@m{nw}, (38)
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by demanding all the elements of I' outside the diagonal blocks to be zero, which means that in
the training set all the values outside the block-diagonal are demanded to be zero. In formulae,
this is

(’yj7a7k7b>T =0 V] 7§ ke [nm], a,b c [4] . (39)
We are now prepared to encode the n. 3-SAT clauses. We have
Ve e [nc] : sl,cxil(c) \ S2,cxi2(c) \ 53,0372'3(6)’ (40)

where 7 € [n,]>" represents a list of indices i;(c) for ¢ € [n.] and j € [3], and 5 € {-,=}>" is
a negation table. Here, [n,]>"¢ means that we take n. subsets of 3 elements belonging to [n.].
Similarly for s € {-,~}>". For ¢ € [n.], we define s;(c) € {0,1} such that s;(c) = 1 if sj. = —,
and s;(c) = 0 otherwise for j € [3]. With the above definitions, we thus have the following notation
for Majorana operators v, (c) x = Va(i;(c)—1)+% for all j € [n,] and k € [4]. For each clause, we
require the following six-point correlators to be zero as

C{(c),g(c) = <’Y¢1(c),l%‘l(c),2+2sl(c)’m(c),l’m(c),2+252(c)7i3(c),17¢3(c),2+253(c)> =0, (41)

for all ¢ € [n.]. By Wick’s theorem, these correlators correspond to the Pfaffian of a block diagonal
6 x 6 sub-matrix, as

3 55(0)
1 0 x.?
C# ) e Pf - ) 1.7'(0) 42
().5(0) : D (_x§_7(0) 0 ) (42)
Jj=1 i5(c)
3
_ 55()
TP Hl%(c)’
j:

where we have defined i(c) == {i1(c),ia(c),is(c)} and 5(c) == {s1(c), s2(c), s3(c)}. Hence, with
these imposed six-point correlators, we encode the conditions

s1(c) s2(c) s3(c) 0

i1(c) Via(e) Viz(c) T

(43)

for all ¢ € [n.]. Additionally, we set ® = 1+T\/g to constrain the eigenvalues of I', ensuring it is a
valid correlation matrix. The chosen ® corresponds to the smallest prefactor that still allows for
the correlation to be of a valid quantum state. Recall that for a correlation matrix to be valid, its

singular values must be less than or equal to one (see Eq. 33).

Completeness: To show completeness, we need to show that when the 3-SAT instance is sat-
isfiable, then we can also construct a Gaussian state which satisifies all the expectation values.
For this we define (29,z}) = (0,1), if z; = True and («9,2}) = (1,0), if z; = False. By direct
calculation, we can verify that I'|¢;; describe valid correlation matrices and, therefore, so does the
entire I'. Also it follows that

51,¢T4; (c) V 82,cTig(c) V 83,cTiy(c) = TrUE <= xf;((cc))xfj((f))xf;((g =0 (44)

which completes the completeness analysis.

Soundness: Here we need to show that if the 3-SAT instance does not have a solution, then
there cannot exist a correlation matrix which satisifies all expectation values up to €, precision.
To see this we show that for sufficiently small €5, a valid correlation matrix would imply also a
solution to the 3-SAT instance. For this, we define the Boolean variables

(45)

True a:]l > x?,
False 1z} < a9,
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where we have defined :cj = ®I';1,j042s for j € [n,] and s € {0,1}. In the exact case we have
x? + le = 1. Due to tolerances in the expectation values, this now only holds approximately

|x?+x]1471| <eég. (46)
Now we impose
1
(V3,175,275,37%5,4) = PE(L|g5y) = g(ngj,&j,zl + 2T 25.8) — Tjaialii.4, (47)

as well as all the relevant measurement constraints

1 1
‘<’Yj,17j,2'7j,37j,4> — 2| [Visia— | [Vizgs = @'7 L1500 [Tj2,a] < e2. (48)
Our objective is to find a suitable ;. Using triangle inequalities, we get
1, ) 1
3 @ilizia + 2il52i3) = Ljngaljega — 55| S e (49)
1
‘q)(x(}rj,s;m +2jTj2,3) — 32|~ Fisgalizal < ez, (50)
1
‘q,@?Fj,s;m + 25T 253) — 27|~ g5 < &3, (51)
I 1 1 x? 1 xyl 2
@(.’Ej +£UJ) — @ + E(Fj’g;jA 6) + a(rjg;] 3 — *) < g + €9, (52)
1 1 z? 1 z}
@(fﬂg +aj) — 2 ;f(Fj,B;JA 3| |£(FJ727J 5 — =) <eated, (53)
1
@\x?—kx}—ﬂ < 3ey+e3. (54)

Here, we have used that zf /® < 1, since it is an entry of the correlation matrix. Therefore, we
can choose €, = (3e3 + £3)®2. Similarly, for the clause we also get an error

s1(c) _s2(c) s3(c)

Ty () Tig(e) Tig(ey | < €D (55)
which we can derive by using
Cier50) = P30 50)  and |Gy 50| < €2, (56)
where we recall that
Citeyste) = (Vin(0) Vi (€) 24251 (¢) Vin () 1 Vi () 24 252(e) Vi ()1 Vi () 24+ 255(c) ) - (57)

Now our objective is to find ;. The Pfaffian of a 6 x 6 matrix contains 15 terms. Besides the values
Liv(e),242s0(c) for k € [3], all values are at most e in size (by the expectation value constraints).

Therefore, except for the term er[g] Lir(e),242s0(c) = %mfj((cc))xf;((;)xf:((cc)), all other terms are at

most £3 in magnitude. Thus, we have

§1((c)) ‘?2((0)) §3((c)) x-?l((c)) §2((C)) «?3((0))

11(C 12(C 13(C 11(cC 2(C 13(C

- S TPET 70,500 + [PET7 0, 500) — - & (58)
< ey + 1463

which gives g; = (eg + 14¢3)®3. Lastly, we need that

i(0) Tin(c) Tig(c) | 2 €L

51,e%44 (c) v 52,cTiy(c) v 53,cig(c) = False = xSI(C) SZ(C)xSS(C) (59)
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since this implies that there cannot exist a valid state corresponding to a false proof string for the
3-SAT instance. We can use that

1—e,
2 )

which follows from xj + a: > 1 —e,. Since this needs to hold for all three variables in the clause,

we obtain the expression
3
1—¢,
( 5 ”) > g (61)

max(x?, x?) >

(60)

which holds for 5 < 1.6%.

3.2 NP-Completeness of Gaussian Consistency (4-body correlators)

Theorem 4 (NP-completeness of Gaussian Consistency (4-body correlators)). The Gaussian Consistency
problem is NP-complete when the training set consists of k-point correlation functions with k < 4
and accuracy error g2 < 0.069% independent from the number of modes.

Proof. To reduce the weight of the Majorana operators to 4, we modify the correlation matrix
structure from the previous proof using Eq. (35). We keep the same diagonal blocks. We recall
that vi, (¢),x = Va(i;(c)-1)+k for all j € [n,] and k € [4]. Here, ® is defined as a constant that will
be fixed later in the proof.

Instead of employing the 6-point correlators (as in Eq. (41)), for each clause ¢ € [n.], we impose
the following conditions

1
Yi1(c),1Yiz(c), 1> 67
e

(
(Yir ()1 Vis(e),24255(c) ) = O
(Vir (0), 24251 (&) Via(e)1 ) = 0,
(Vi (€)1 Vi1 (€),24281 (¢) Via (€)1 Via(e) 24+ 252(e) ) = 05 (62)
(Yir (e, 24251 () Yia(e),1)p = 0,
(Yix (e), 24251 () Yia(e),1)p = 0,
<%1(c),2+zsl(c)%2(c),2+232(c)%3(c),1%3(c),2+zs3(c)>T =0
Let us analyze first the e; = 0 case. The first four constrains lead to
0 e 1 0
1| et 0 0 yhlel
0 = (Vi (). 1 Vi1 (¢), 2251 (¢) Viz(e) 1 Via(e) 24+ 282(c) Jo = o2t _“1(6) 0 0 Z;(ZSZ(’%SC)
o g o

s1(c) s2(c) s1(c)s2(c) 1

= (T3, (0) Tia(e) ~ Yir(c)ia(e) )@»
where yjll((cc)):j((cc))
constraints give

= OL';, (¢),51(c)sin(c),s2(c) 18 an element of the matrix to be fixed. The last three

0 s1(c)sa(c)

i1(e)ia(c) *
s1(c)s2(c)
1 —Y; 1( yi 0 0 *
(Vi (€),24251 (6) Yia (€), 24+ 252(€) Vis (€)1 Via (), 2+2s5(c) ) = @Pf ! (c) 2(e) 0 0 xij((g))
* % _1,33((5) 0
iz(c)

1 s1(c)sa(c) ss3(c)
32 Yir(e)ia(e) Tis(e)

s1(c)s2(c’

il(c,)i2(c,)) for some clause ¢’ # c.

where the value of (x) may be zero or some y
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Completeness: For completeness, we use the same encoding as in the previous proof. We choose
Ts1(0),51(c)sin(c)sa(c) = éxff((cc))mf;((cc)) and any undefined entry in I is set to 0. By construction, this
reproduces all desired expectation values. For I" to be a valid correlation matrix, we also require
that its operator norm if bounded by 1. As such, we can decompose the matrix into its (block)-

diagonal part and their off-diagonal component
I'= Fdiag + Foff- (63)
From the previous analysis, we know that

1+5
26

I aiaglloo = (64)
To bound the operator norm of the off diagonal matrix, we use that the authors of Ref. [Tov84]
have shown that 3-SAT is NP-complete, even if every Boolean variable is present only in at most 4
clauses. This means that each column only has four non vanishing entries.

We now first recall the Gershgorin Circle Theorem: Let A € C™*™ be a square matrix, and
define the Gershgorin discs as D; == {z € C: |z — Ay| < }°.; [Ai;]}, for each i € [m]. Then, all
eigenvalues of A lie within the union of these discs A(4) C |J", D;.

Using this theorem, and recalling the operator norm is equal to the largest eigenvalue, we find:

4ng

4
ICottlloo < max ; |(Tom)ij| < 5 (65)

giving

”“5+4>.

1
Foo<Fia [e'e) I—‘0 OOS*
IClle < Wangle + ol < 5 (5

This means that for & = 9+T\/57 we have a valid correlation matrix.

Soundness: Here we proceed to perform the error analysis. For the diagonal components, we
have the same condition Vj € [n,]

20 + 2t — 1] < e, = B2 (3en +£3) . (67)

Similarly, we get from the first four constraints

€2 > [ (Vi1 (e),1Vix (6,24 251 (¢) Yia (€)1 Via (€) 24252() | »

L si(e) () _ 1 (c)sa(c)
2= ‘qﬂxill(cc) xf:(cc) B gril(C)’l;iz(c)alyzl(cc)izz(cc) +Fi1(c),l;iz(c)72-i-282(c)ril(0)724-281(C);iz(C),l )
1 s1(c),s2(c) 1 s1(c)sa(c) 1 s1(c)s2(c) 1
€2 2 | G2 %irte) Piate) ~ 2 Yir(eriale) | ~ |G Yir(eyiate) (Lin(e)Liia(e).1 ~ )
= [Tire) 1502(0) 2425200 T (0 24281 (@sia )1
L | si(e), sa(e) s1(c)s2(c) )
€22 37 [Tir(e) Piate) ~ Yir(opiale) | ~ 52 T €21
1
2 s1(c) s2(c) s1(c)s2(c)
2e9 + €5 > 2 Zir(e)Vis(e) ~ Yir(e)ia(e) |

and from the last constraints

€9 > ’<’Yi1(c),2+231(o)%z(c),2+2S2(c)’Yi3(c),17i3(c),2+253(c)>| )

s1(c)sa(c) ss3(c)

€22 32 Yi1(0)ia(e) Tis(e) + Tii (),24251 ()sia (), 24285 () Lia (0) 24255 (e)sia (e) 1

=41 (0), 24251 ()sis (0),11 12 (c) 24252 ()35 (€) 24 255(0) | »
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1

s1(c)sa(c) ss(c)

g9 > 2 Yi1(eyiz(e) Tis(e) | — 2¢e9,
1 s1(c)sa2(c) s3(c)
3622@ i1(c)iz(c) Vis(e) |
We, therefore, have
s1(c) _sa(e) _ss(e)| | si(c)sa(c) _ss(c) s3(c), s1(c), s2(c) s1(c)s2(c)  s3(c)
1(0) Tia(0) Tia(e) | = [Yia(@)ia(@) Tia(e) T Tia(o) Fir(0) Tiate) ~ Yir(@hia(e) 3«}3(0))’ (0%)

s3(c),.s1(c), s2(c) s1(c)s2(c), s3(c)

Zis(e) Tin(e) Tin(e) ~ Yin(e)in(e) Lis(e) )‘

s1(c)sa(c) s3(c)

Yir(e)ia(e) Tis(e)
< @2(582 + 63) =gr.

+

For the same reasoning as before, we require

<1_25x>3251 (69)

which holds for g5 < 6.5 x 1074, O

It is worth noting that, with the help of Lemma 3, the previous results easily extend to pure
fermionic Gaussian states.

3.3 Physicality of the state

In this section we show that the task at hand is difficult because the required state needs to be
free-fermionic, not because it is hard to find any that fits the statistics in the NO case. For this
we can construct a general state which always satisfies the constraints regardless of the 3-SAT
instance having a solution or not. Utilizing convex programming techniques, we derive the state
in the Jordan-Wigner basis {|0,0),]1,0),[0,1),|1,1)} as

0.4375 0.0 0.0 0.125
0 0.3125 0.125 0

Ps=1 0 0125 00625 0 (70)
0.125 0 0 0.1875
which has the correlation matrix
0 O 0 O
110 0 1 0
0O 0 -1 0
with
1
(ny2vsva),, = 35 Gl =0 (72)

for j € [4]. Therefore, p = p@"= satisfies all the constraints from the proof with the six body
correlators, as they all vanish. In particular, by employing the Jordan-Wigner transformation and
leveraging the fact that (y,) =0 for all u € [n,], we can demonstrate that for any i < j € [ng]
and «, S € [4], we have

ps

(7i,aV5,8) om= = 0. (73)

The normalization constant is ® = 2. Therefore, we also obtain a constant (e = 0.9%) albeit
sightly worse error threshold.

For the four-body correlators, we can equally define a state. We note that the only non trivial
constraints are for each clause

1
(Yir(@) 1Yz (1) = G- (74)
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To accommodate this, we define the Gaussian state o, for which for each clause

1
(@1 7iz(0)1)5 = 7 (75)

and every other entry vanishes. This is a physical state, since every index is present in at most 4
clauses by design. The final constructed state then takes the form

p=aips"™ + azo. (76)

Using the clause constraint, we obtain that % = é and, therefore, a1 =1 — %. This means that

ps needs to be modified to have the expectation values

0 0 0 0
1 0 O 1 0
0O 0 -1 0
and
( P (78)
Y1V273Y4) p, = 2,

Using again convex programming, this has a feasible state for the original normalization constant
o = 255 with

0.432 0.0 0.0  0.1545
1 o 0.377 0.1545 0
Ps = 0  0.1545 0.068 0

0.1545 0 0 0.123

(79)

This means that correlation matrices constructed in the original proof already correspond to phys-
ical states.
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