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The quantum Fisher information (QFI)
bounds the sensitivity of a quantum mea-
surement, heralding the conditions for
quantum advantages when compared with
classical strategies. Here, we calculate an-
alytical expressions for the QFI of non-
linear interferometers under lossy condi-
tions and with coherent-state seeding. We
normalize the results based on the num-
ber of photons going through the sample
that induces a phase shift on the incident
quantum state, which eliminates some of
the previously declared metrological ad-
vantages. We analyze the performance of
nonlinear interferometers in a variety of
geometries and robustness of the quan-
tum advantage with respect to internal
and external loss through direct compar-
ison with a linear interferometer. We find
the threshold on the internal loss at which
the quantum advantage vanishes, specify
when and how much coherent-state seed-
ing optimally counters internal loss, and
show that a sufficient amount of squeezing
confers to the quantum advantages robust-
ness against external loss and inefficient
detection.

1 Introduction

An interferometer uses the interference of light
passing through two paths to measure the phase
difference ¢ between them. Interferometers are
among the most precise measurement tools in
modern science, which is why they are used in
many disciplines such as nanoscience [5], opti-
cal coherence tomography [22] and its quantum
counterpart [1], magnetometry [6], and astron-
omy [38], including the famous gravitational wave
detection by LIGO [4, 12, 50].

Reducing the uncertainty of the phase ¢ mea-

sured by interferometers will improve experimen-
tal results and can lead to new applications and
discoveries. Interferometry using classical light
has its uncertainty bounded by (Ag¢)? > %,
where N is the mean number of photons pass-
ing through the interferometer. An interferom-
eter using nonclassical states of light can over-
come this bound [8, 53] to achieve the Heisen-
berg scaling (A¢)? > ﬁ [18], but famous non-
classical states such as NOON states [13] perform
even more poorly than classical light when real-
istic conditions such as loss are considered [17].
Alternatives that avoid fragile probe states have
been suggested since the pioneering Yurke inter-
ferometer (Fig. 1(b)) [54], which uses nonlinear
crystals that enact spontaneous parametric down
conversion in place of the beam splitters of a clas-
sical interferometer. These generally fall into the
context of SU(1,1) interferometry, meaning that
the interferometer can be viewed as a transforma-
tion under the SU(1,1) group of the creation and
annihilation operators that represent photons in
the interferometer [9, 11, 54], and include Man-
del’s induced coherence scheme (Fig. 1(c)) [55]
that has been shown to have some advantages
over the Yurke interferometer [37] and Ref. [20]’s
scheme that reuses one nonlinear crystal to re-
place both beam splitters.

Limitations in the power output from nonlin-
ear crystals led to hybrid approaches, whereby
seeding down conversion processes (injecting an
initial non-vacuum state into one or both of the
input modes) with classical states of light can
improve the total power while achieving a quan-
tum advantage [21, 43]; this was demonstrated
experimentally [15, 23, 24, 34]. Such seeding has
been investigated with the Mandel geometry as
well [7, 27], and that geometry has been stud-
ied extensively [26, 28, 29, 41, 52]. However, to-
tal power is not always the best figure of merit:
interferometry can measure a phase shift ¢ in-
duced when light passes through a sample, but
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often we are limited by how much light exposure
the sample can withstand. Therefore, we always
consider the uncertainty that an interferometer
can achieve when the amount of light Ny passing
through the sample is fixed. Even though seeding
the Yurke interferometer with coherent light im-
proves phase sensitivity [14, 15], such results do
not necessarily mean that seeding is inherently
beneficial since seeding increases the amount of
light that passes through the sample, and other
ways of increasing the amount of light passing
through the sample, such as increasing squeezing
(the strength of the down conversion process),
may provide a greater benefit.

(b)
@)

18)

Mandel Interferometer

Figure 1: Interferometers for comparison: (a) Mach-
Zehnder (linear; SU(2)), (b) Yurke (nonlinear; SU(1,1)),
and (c) Mandel (nonlinear), with internal transmission
T and external transmission 7. Modes a, b, and ¢ are
seeded with coherent light |«a), |5), and |v). The light
first goes through a 50:50 beam splitter (BS) in (a) or
a two-mode squeezer (TMS) in (b) and (c) before the
phase shift ¢ to be measured is imparted on mode . The
TMS have squeezing parameters (; = r; and (3 = e
and the light is detected at Da, Db, and Dc.

Seeding nonlinear interferometers has been in-
vestigated for its advantageous performance in
the presence of loss [2, 14, 32, 36, 40, 49], with dif-
ferent results depending upon the location where

the loss occurs [32, 36, 40] and the type of de-
tectors used after the interferometer [2]. In this
context, an account of the seeding and squeezing
parameters that achieve the optimal phase sen-
sitivity per photon passing through the sample
(equivalently, the optimal sensitivity for a fixed
number of photons) is incomplete. Here, we anal-
yse the phase sensitivities of seeded Yurke and
Mandel interferometers in the presence of loss
when Ny is fixed.

All of the seeded, lossy, nonlinear interferome-
ters are amenable to the Gaussian state formal-
ism that we briefly outline in Sec. 2.1. To find
the ultimate sensitivities, we utilize the quan-
tum Fisher information (QFI) paradigm and its
Gaussian-state formalism due to Ref. [56] in
Sec. 2.2. We then give descriptions of the dif-
ferent linear and nonlinear interferometers with
various geometries in Sec. 3 to set the stage for
our results: Sec. 4 finds the conditions for the op-
timal QFT in terms of squeezing and seeding while
taking into consideration the number of photons
passing through a sample and Sec. 5 analyzes the
same in the presence of loss, comparing each of
the interferometers and looking for advantages
of the nonlinear ones relative to the linear one.
In Sec. 6 we provide a detection scheme for the
Mandel interferometer using photon number re-
solving detectors (PNRDs), and find the condi-
tions where it can achieve the minimum uncer-
tainty given by the QFI. No matter the scenario,
we show that the QFI only depends on the seed-
ing parameters implicitly via Ng, such that the
QFT can be optimized over all squeezing param-
eters for a given Ny and then we can easily iden-
tify the seeding values that contribute the rest
of the photons to Ng. We show that seeding
can improve the QFI when there is internal loss
(i.e. between the elements of the interferome-
ter); there is a threshold amount of loss beyond
which no quantum advantages are possible; and
external loss (i.e. right before detection) can be
compensated for by sufficiently strong nonlinear-
ities in the Yurke interferometer. The QFT of the
Mandel scheme exhibits a striking difference in
behaviour when external losses are above or be-
low 50%, and its robustness to loss depends on
whether mode a is measured. The PNRD detec-
tion scheme can only surpass the uncertainty of
the Mach-Zhender interferometer when external
losses are below 50%, and only achieves the mini-
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mum uncertainty given by the QFI when mode a
is discarded. Our analytical formulas can be ap-
plied to a wide range of interferometry scenarios
and help cement the role of seeding in overcoming
loss to achieve quantum-enhanced phase sensing.

2 Methods

Estimating parameters using quantum states in
the presence of loss tends to lead to cumbersome
expressions involving sums or integrals that are
challenging to optimize. However, for the linear
and nonlinear interferometers detailed here, even
the lossy quantum states belong to a particular
class known as Gaussian states. The latter are
particularly amenable to many calculations and,
as we presently recount and later develop, have
useful properties for quantum parameter estima-
tion.

2.1 Gaussian States

A Gaussian state can be described completely by
the mean and covariance of the quadrature op-
erators &; = %(dj + d}) and p; = ﬁ(&j - &;)
in the jth mode, where the modes are bosonic,
ie. [a aﬂ
where A = 1. The interferometers we consider
are composed only of Gaussian operations, so as
long as the initial seeding is Gaussian (we will
consider vacuum and coherent state seeding), the
resultant state will remain Gaussian as well. In
particular, loss can be accounted for within the
Gaussian formalism by inserting a fictitious beam

splitter and tracing out the fictitious mode.

= 0;;, and we have employed units

We write the Gaussian state g in terms of
the displacement vector d® and the covari-
ance matrix o), where the label R indi-
cates those quantities to be real; let dB =
(Z1,D1, .- -, fcn,ﬁn)T, with the transpose denoted

by T, correspond to the components dER)

Tr[ﬁcz(-R)} = <J(R)>, define the centred opera-

K3 (2

tors Ad®) = dB) — (dB), and the covari-

. R ~r A 3R AR
ance matrix az(j) = %Tr{p{Adg ),Ad§. )}} =

LA™ ) —(d™y(d™y (where {-, -} denotes

the anticommutator).

The initial state of the interferometer is a mul-
timode coherent state |a;) in each mode. If there

are n modes, then the initial state is

Re(ay)
Im(al)
a=v3l |, e =lh, ()
Re(ap)
Im(aw,)

where I, is the n x n identity matrix. Gaussian
unitary operations can be performed by symplec-
tic 2n x 2n matrices F that take o) — Fo(B) T
and d) — Fd® while preserving the symplec-
tic form of the group. In general, the operation
does not act on all modes of the system. If f
is a 2m x 2m symplectic matrix which acts on
m modes, then F = P! (f 0 ) P, where
0 H2(nfm)
P is a permutation matrix which permutes the
modes undergoing the Gaussian operation to be
the first modes in the basis. There are also Gaus-
sian operations which displace d by some vec-
tor ci, but we do not use any in the interferome-
ters we consider.
The matrices f for each Gaussian operation we
use are given below.
Phase shift by ¢:

fos (¢) = < cos ¢ sinqS) . )

—sin¢g cos¢

Two-mode squeezing operator S’g(() =

ecml&f(éi&; with squeeze parameter ¢ = re'
(this is an SU(1,1) transformation):

[ coshrly
Frws (r0) = (— sinh r Sy

g, — [cos 6 sinf
= \sing —cosf)"
Beam splitter with transmission 7:

s (n) = (_ Ry Vlf;]gﬂ?). (4

To model a lossy mode a; with transmission 7T,
we add in a fictitious vacuum mode a; by taking

— sinh Sy
coshrly |’

d®B

B 0

(o

0 ,a<R>—><O 1]1) (5)
0 272

df) —

and performing a beam splitter operation on
modes a@; and ay. Since the fictitious mode is

Accepted in {uantum 2025-01-10, click title to verify. Published under CC-BY 4.0. 3



not physically accessible, we trace out mode ay
to get the resulting state. The state after the
fictitious beam splitter is

d®:<§)a®:<%p%ﬁ, ©
! 9fp Off

and we take only the physically accessible part:

d® - dy, o) Tp.p- (7)

2.2 Quantum Fisher Information

The Quantum Fisher Information (QFI), which
we will denote I, quantifies the information con-
tained in a quantum state about a parameter ¢.
The QFI sets a bound on the variance (A¢)? in a
measurement of ¢, which is called the Quantum
Cramér—Rao bound. For a single measurement
in the asymptotic limit of many repeated mea-
surements [48],

(80)° > - ®)
Q

Not every measurement scheme can saturate
Eq. (8), but there always exists at least one opti-
mal measurement scheme for which (A¢)? = %.
If the state |¢) undergoes a unitary transfor-
mation that is independent of ¢, [) — U |¢),
then the QFI remains the same since the opti-
mal measurement on U |¢)) is that which takes
Uly) — UU [¢) = [3p) before performing the
optimal measurement on [1)).

Since the state in the interferometer is Gaus-
sian, it is best to compute the QFI using the
Gaussian formalism. Consider a Gaussian state
in the complex formalism: (o,d) defined by
d = (a,.. )z

ponents d; = Tr[,('}c;l@} = (d;), centred complex

., Ay, dJ{, e CALL with complex com-
components Ad =d— <ci>, and covariance matrix
oy = Tr|p{Adi, Adj}| = ({d;,d;}) — 2(di)(d)).
Note that this is a different convention of writ-
ing a Gaussian state than the real form used in
2.1. To convert a Gaussian state from the real

convention (o(®) d) to the complex form we
use

o =20Pc B Pyt d=uvupd®, (9)

where

1 (1, i,
v= V2 (]In —i]In> (10

and P is the permutation matrix which permutes
(-ﬁluﬁlv s 7£.717ﬁn)T - (i.ly s 7:%7171317 s :ﬁn)T-
Note that o is Hermitian. If the state is pure,
then [56]

Io = iTr (o7 (@40)0 " (D90)] +2(0pd) o (9,0,
(11)
When there is loss, the interferometer will be
in a mixed state. If all modes are in a mixed
state, then

Ig = %Vec[(%ff]T M vecdy0]+2(9pd) o~ (95d),

(12)
I, O _
where K = , M= —-K®K,
0 -I,
and vec[-] denotes the vectorization of a matrix
[56]. For example, if A = (Z Z), then vec[A] =

T
a c b d) .

The ultimate goal, therefore, is to consider var-
ious input states, various interferometer geome-
tries, and various loss configurations, all of which
leave our states Gaussian, and to determine how
to maximize the QFI with respect to the phase
shift ¢ for each scenario and therefore how to ob-
tain the lowest uncertainty on an estimate of ¢
per photon interrogating the phase shift.

3  Preliminaries

We here perform general computations for the
QFI of any Gaussian state that go beyond the
previously quoted formulae for n-mode and 2-
mode states. We then lay out our linear and
nonlinear interferometer setups for analysis.

3.1 Alternate Form of Lossy QFI

If there are n modes, computing M ™! directly to
find the QFI requires inverting a 4n? x 4n? ma-
trix. Therefore, we seek a form of Eq. (12) that
is easier to compute by taking into account the
structure of M. If 0 K has the eigendecomposi-
tion 0 K = g\g~ ", then

1 T
I = g vec [ET} MA@ —T)"tvec[X)]
+2(04d)T K\ ¢ (9,4),
0 -I,
[ )

full derivation is given in Appendix B.

(13)

where ¥ = ¢~ (040)Kq and K =
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Instead of inverting a general 4n? x 4n? ma-
trix, we have reduced the problem to finding the
eigendecompositon of a 2n x 2n matrix and in-
verting a diagonal 4n® x 4n? matrix, making the
computation quicker and easier.

If some modes are pure, then some of the sym-
plectic eigenvalues contained in A will be equal to
1, making A® A — I singular [56]. To evaluate the
QFI in this case, we can perform a regularization

1

procedure by taking o — vo, which transforms
A — vA and leaves ¢ unchanged. After evaluat-
ing Eq. (13), taking the limit ¥ — 1 will give the
QFI.

3.2 QFI of Two-Mode Gaussian State

For a Gaussian state with just two modes, there
exists another equation for the QFI. If we define
A = Ko, then the QFI of a two mode Gaussian
state is

lo= 5041 (IA! Te[(A19,4)%] + /I + A2 Te[(1 + 4%) 710, 4)%]

(0pA1)?

(0A2)?

402 - A%)( -

where Az = 4/Tr[A2]+ /(T[A%])Z — 16/4]
are the symplectic eigenvalues [57]. This form of
the QFI proves to be easier to compute in some
cases.

3.3 Mach-Zehnder Interferometer

The Mach-Zehnder Interferometer (MZI)
(Fig. 1(a)) is an SU(2) interferometer that has a
phase difference in the paths between two 50 : 50
beam splitters [54]. If the MZI is seeded with
coherent states, then the state will be coherent
throughout the entire interferometer, and we
can consider it as “classical” and the paradigm
to be linear interferometry.

When seeded with coherent light, the MZI can
achieve a phase sensitivity scaling of

(8oL ~ 1 (15)
known as the shot noise limit (SNL) or standard
quantum limit [18]. Here N is the average num-
ber of photons which pass through the interfer-
ometer (not just through the sample).

The diagram in Fig. 1(a) is our first depiction
of the distinction between internal and external
loss; internal loss happens between the first and
second beam splitter and external loss before the
detectors. When there is no loss, the QFI of the
MZI'is I = 4Ny. If loss is present, the QFI is
that of the lossless case multiplied by the over-
all transmission; it is multiplied by the internal

N1

20sd o10,d
A§—1>>+ oo o

transmission 7" and the external transmission 7
to yield
Ig =4TnNy. (16)

For purposes of comparison, we consider the SNL
as 4Ny since that is the maximum QFI that
the coherent seeded MZI can achieve. This is
the benchmark against which we compare the
other interferometers when seeking quantum ad-
vantages.

3.4 Yurke Interferometer

The fundamental limit on phase sensitivity is the
Heisenberg limit (HL) [18]

C T p— (1)
One way to approach the HL is using SU(1,1)
interferometers such as the Yurke Interferometer
(Fig. 1(b)), which replaces the beam splitters of
the MZI with two-mode squeezing [54], where the
latter is a nonlinear optical phenomenon. The
Yurke interferometer can achieve a sensitivity of
(Ag)? = m, achieving the Heisenberg scal-
ing ~ 5 [54]. In Fig. 1(b) we again depict the
distinction between internal and external loss, as
well as allow the interferometer to be seeded by
coherent states of light. We will seek to find
how to optimally use seeding and squeezing in
the Yurke setup to beat the classical limits both

in the ideal case and in the presence of loss.
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3.5 Mandel Interferometer

The Mandel interferometer (Fig. 1(c)) uses two-
mode squeezing like the Yurke interferometer and
so is also a nonlinear interferometer, but instead
of performing the second squeezing operation on
modes G and b after the phase shift, a third mode
¢ is added and squeezed together with mode a.
Then modes b and ¢ are mixed on a 50:50 beam
splitter before detection. Loss between TMS 2
and the beam splitter is included in the exter-
nal loss since equal loss in both modes commutes
with a beam splitter. Transmission 7" in the up-
per arm between TMS 1 and the beam splitter
was chosen so that the internal loss is symmetric
in a similar manner to Yurke scheme.

There are a few reasons for considering the
Mandel setup instead of the Yurke one. Miller
et al. argue that the Mandel interferometer has
an advantage over the Yurke interferometer when
the amount of light that can pass through the
sample is limited [37]. Therefore, we seek to com-
pare it with the Yurke interferometer at fixed Ny.
An additional advantage of the Mandel scheme is
that a sample can be probed at frequencies which
are not well suited for detection, since high phase
sensitivity can be maintained if mode & is not
detected and one can consider mode ¢ to have a
different frequency than mode a [37].

4 Results: Lossless Interferometers

How do the nonlinear, seeded interferometers
compare to the linear, classical interferometer for
phase estimation in the absence of loss?

When there is no loss, the Yurke and Man-
del interferometers have the same QFI since they
are identical before the phase shift, and all oper-
ations after the phase shift are unitary such that
an optimal measurement scheme can transform
one into the other at will. We here explain how
to optimize the amount of information a state can
attain about ¢ by tuning the input light to probe
the sample with the least amount of light Ng; the
full calculations are detailed in Appendix C.

We calculate the mean number of photons that

pass through the sample to be
Ny = cosh? r1|al? + sinh? 71 (|8]? + 1) (18)
—2 cosh ry sinh 7y Re(af3).

This depends on both the squeezing and seeding
parameters. Note that the total number of pho-

tons in the interferometer is not twice this num-
ber, as asymmetric seeding leads to imbalances
between the photon numbers in each arm.

When there are no losses, the QFT of the Man-
del and Yurke interferometers can be found from
Eq. (14):

Ig = 4 cosh? r1Ng + 4 sinh? r1Ng — 4sinh? 1.
(19)
For a given number of photons passing through
the sample Ny, we can optimize I over the seed-
ing and squeezing parameter. This results in the
maximuim

10 = 4 cosh? r sinh? ry = 4Ny(Ngy +1) (20)

when N, is fixed. Equivalently, for a fixed num-
ber of photons passing through the sample, the
maximum QFI per photon passing through the
sample is 4(Ng + 1). The maximum is achieved
under the condition

sinh?r; = Ny, (21)

which together with Eq. (18) implies that

_ [ Ne .
a= N¢+16' (22)

Equation (22) can be satisfied by having zero ini-
tial seeding (« = § = 0). It is also possible to
reach the optimal QFI in the presence of seed-
ing, but seeding does not offer an advantage in
the lossless case because the maximum QFI de-
pends only on 71 when Ny is fixed. However, if
the amount of squeezing 1 is limited by physical
constraints such as the nonlinearity of the squeez-
ing device, it is best to make r; as high as possi-
ble, and then seed the inputs with the necessary
« and f to satisfy Eq. (18). Otherwise, improper
seeding phases or values can lead to a deteriora-
tion in the QFI for a given Ny: comparing an
increase in seeding and squeezing that increase
Ny by the same amount, the increase in seeding
increases the QFI by less than the increase pro-
vided by the increase in squeezing. Although the
QFI will no longer be at its maximum, a quan-
tum advantage will remain for any nonzero ry.
These together fully inform the use of seeding for
attaining quantum-enhanced phase estimation in
the lossless scenario for photosensitive samples.
How may the QFI be attained, in practice?
Since the states are Gaussian and pure after
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Figure 2: (a) Optimal QFI vs. T when Ny = 0.1 and n = 1. In this case the Mandel and Yurke schemes are
equivalent (blue, solid). At T = 0.87 (red, dotted line), they start to surpass the MZI (black, dashed). The Mandel
and Yurke schemes can surpass the SNL(grey, dotted), even when there is some internal loss. (b) Squeezing and
seeding parameters that optimize the QFI for Ny = 0.1, n = 1 when only mode G is seeded with magnitude |a/?.
With transmission smaller than T¢, it is optimal to have r; = 0 (blue line) and use classical light of magnitude ||?
(black line). For transmission greater than T (red dotted line), it becomes beneficial to increase r1 and reduce
|al?2. At T = 1, the lossless case is recovered. (c) Critical transmission T vs. N, when n = 1. Below T¢ the
Mandel /Yurke interferometer has no advantage over the MZI; for larger numbers of photons interrogating the phase
shift, more internal loss can be tolerated while retaining a quantum advantage using seeded (when T' < 1) nonlinear

interferometers.

passing through lossless interferometers, a Gaus-
sian measurement suffices for revealing this max-
imal information, which is true for any single-
parameter measurement on a pure Gaussian
state [42]. One such optimal measurement is to
run the Gaussian unitaries in reverse after the pa-
rameter has been imprinted, followed by homo-
dyne detection [33]. In contrast, lossy interferom-
eters maintain the Gaussianity but not the purity
of the state, after which Gaussian measurements
are generally no longer optimal (see Ref. [39] for
the important proof that Gaussian measurements
on Gaussian states are not guaranteed to be op-
timal measurements). This makes lossy interfer-
ometry even more distinct, as we will see in the
proceeding section.

5 Results: Lossy Interferometers

How do the nonlinear, seeded interferometers
compare to the linear, classical interferometer for
phase estimation in the presence of loss?

When there is loss, the QFIs of the Mandel
and Yurke schemes are not necessarily equivalent,
since loss is not a unitary operation. Therefore,
we compare the lossy QFI of the two schemes to
go beyond the equivalence of the previous section
and analyze this experimentally relevant scenario
of optimal nonlinear interferometry in the pres-
ence of loss.

The equations for the QFI in the lossy cases,
which will be shown in the next subsections, were
found by evolving the state in the Gaussian for-
malism and using Eq. (13) or Eq. (14). The QFI
equations were each optimized for a fixed N,
where the latter is still given by Eq. (18) since
we only consider loss after the phase shift.” As
will be seen henceforth, each QFI depends only
on the loss parameters 7" and 7, the number of
photons passing through the sample Ny, and the
squeezing parameters (; = r and (o = roe’?; it
only depends on the seeding parameters o and
B through N, and we have taken (i to be real
without loss of generality. As such, for a fixed
Ny, the optimal first squeezing parameter will be
independent from « and 8 and be given by some
71 = Tiopt- In that case, one can find the seed-
ing parameters for achieving the optimal QFI by
solving for o and f in Eq. (18) with 71 = rigps.
While multiple solutions may exist, the optimal
QFTI can always be reached by only seeding mode

Toss after the phase shift is the worst-case scenario
because internal loss before and after the phase shift have
the same effect on the state (loss commutes with phase
shifts). For a given total internal loss, any of the loss
that occurs before the phase shift will enable the setup
to tolerate a higher input power for the same net amount
of light going through the sample, thereby increasing the
QFT for a given N.
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a, using a coherent state with the magnitude

Ny — sinh? T'lopt

jaf* = (23)

cosh? T'lopt
It is possible to achieve optimal seeding while
seeding both modes, or only mode b when Tlopt 7
0, but only seeding mode a is the simplest
method. This allows us to reduce the space of
parameters to explore: for a given Ny, the re-
maining free parameter to be optimized is only
r1 because an optimal seeding arrangement can
always be found from it. The optimal seeding
is not balanced between the two modes because
we explicitly desire the highest QFI per photon
interrogating the phase shift, even though the to-
tal number of photons in the interferometer is
the same regardless of which mode is seeded. See
Appendix D for further details regarding this cal-
culation.

As before, we report our results in terms of
QFI, which provide the ultimate sensitivities pos-
sible for any measurement on the states after
they pass through the interferometers. It is be-
yond the scope of our current work to find all of
the optimal measurement schemes, so we provide
some brief notes here. First, the optimal mea-
surement scheme may be non-Gaussian, as was
found in Ref. [39]. Among the Gaussian measure-
ments, homodyne and heterodyne detection may
be considered, including schemes with two-mode
homodyne or heterodyne detection preceeded by
an arbitrary two-mode interferometer. In gen-
eral, one can specify the most general Gaus-
sian measurements by choosing a complete set of
multimode Gaussian states formed from multi-
mode displacements of a fiducial Gaussian state,
where the displacements in each mode are along
a single quadrature [16], constructing a positive-
operator-valued measure using those states, com-
puting the classical Fisher information from such
a measurement, then optimizing the entire pro-
cedure over all such complete sets of Gaussian
states. This must generally be done separately
for each value of the parameters, with different
optimal Gaussian measurements found, for ex-
ample, for each value of loss in the same interfer-
ometer, while the actual optimization over fidu-
cial Gaussian states becomes more involved as
the number of modes and thus the number of de-
grees of freedom gets larger.

In the subsequent subsections, we consider dif-
ferent locations of where loss can occur in the

interferometers and the effects these have on the
QFI and the strategies required to optimize the
latter. After that we will discuss a particu-
lar measurement strategy and investigate how
closely it approaches the QFI.

5.1 Internal Loss

When only internal loss is considered (ie. n = 1),
everything after the loss occurs is unitary, so the
Yurke and Mandel interferometers have identical
QFIs. The QFI of the Mandel and Yurke inter-
ferometers when only internal loss is present is

B T? sinh?(2r)
14 27(1 — T)sinh?(ry)
4T (1 + 2T sinh?(rq))
1 +4T(1 — T) sinh?(ry)

I

(Ng — sinh?rq).

(24)
Note, as mentioned above, that this expression
depends only on the seeding amplitudes via N.
We can optimize this QFI over all r; for any
given T' and Ny parameters to investigate quan-
tum advantages. As seen in Fig. 2(a), the Mandel
and Yurke interferometers only achieve an advan-
tage over the MZI above a certain transmission
threshold T, which decreases as Ny increases
(Fig. 2(c)). The exact expression for T and ar-
bitrary Ny is

(2N, — 1) 16N,
To=-"2"" (14 14+ "2
¢ 8N, TN, —12)

(25)
where we take the 4 (—) case for N, above (be-
low) Ny = 3, as displayed in Fig. 2(b). Below
this threshold, it is best to seed the interferom-
eter and set r; = 0: this is classical light pass-
ing through a linear interferometer. Above this
threshold, it is best to seed the nonlinear inter-
ferometer, with the ratio of light passing through
the sample that comes from the seeding versus
the squeezing decreasing with increasing trans-
mission. Figures with other values of Ny are de-
picted in Appendix I. Note that T — 1/2 as
Ny — oo and, therefore, that a quantum advan-
tage can never be gained for 7' < 1/2 no matter
how high we make NNy; this explains the general
observation in Ref. [2] that the sensitivity resem-
bles classical scalings when losses approach 50%.
The optimal seeding |a|? in mode & and squeez-
ing magnitude r; also depend on T, see again
Fig. 2(b).
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The overall conclusions for internal loss are
thus as follows: in the lossless case, seeding is
not beneficial; but, as loss increases, the optimal
seeding |a|? increases and the amount of non-
linearity required r; decreases; finally, once loss
increases such that T' < T, where T decreases
with NNy, nonlinear interferometry is no longer
superior to linear interferometry with classical
light. Therefore, seeding the Mandel or Yurke
interferometer is beneficial in the presence of in-
ternal loss. The advantages of nonlinear inter-
ferometry are maintained for larger internal loss

when the sample can tolerate more light going
through it but, at the same time, the optimal
fraction of light going through the sample that is
contributed by nonlinearity decreases and the rel-
ative quantum advantage decreases accordingly.

5.2 Yurke Interferometer with External Loss

When there is only external loss (ie. T = 1),
the Yurke and Mandel schemes will each have
different a QFI since the non-unitary evolution
(loss) occurs after the point at which the schemes
become different from each other. In general, the
Yurke scheme with 7" =1 has

nsinh?(2r1) (207 + (1 = 5)(cosh?(2ra) — cos(2¢) sinh?(2r5)) — (n + 1))

Ig =

2y =DmA =m(y—1)+1)
+477 (ncosh(2ry) + (1 — n) cosh(2r2)) (N¢ - sinh2(r1))

where

v = cosh(2ry) cosh(2ra)4cos ¢ sinh (271 ) sinh(2r2).

(27)
Unlike the case where there is only internal loss,
the QFI depends on ¢ and the relative phase of
the two squeeze parameters via ¢ = ¢ + 0, but,
like the case where there is only internal loss,
the QFI only depends on the seeding parameters
through Ng.

The QFI becomes more robust to external loss
as ro increases and can tolerate over 80% loss
with 7o = 3 (see Fig. 3(a); the tolerance in-
creases with increasing N4 as can be seen in
similar Figures in Appendix I). Provided that
sinh?(r1) = Ng, when 7 is large the QFI can
approach Ig,  [the maximum QFI in the loss-
less case, given by Eq. (20)] within order % at
an optimal angle g that satisfies

—21/N¢(N¢ +1)

2N¢+1

coS o =

(1 =n)y/No(Ng + 1) e4r2
2(2N + 1)21 cosh?(rz) T O( n? )
(28)
We can observe the 7 2 scaling of the distance
from Ig, .. in Fig. 3(a); the QFI drops off for low
71 regardless of the value of r. More specifically,

e—2

14+2n(1 —n)(y - 1) ’

the optimal QFT is

1—n)(2Ny + 1)
21 cosh? (1)

—4ry
o(F))
n

(29)
when ry is large. Note that is the inverse
of the energy reaching the detectors due to TMS
2 alone; large squeezing ro is required to over-
come small external transmission 7. All exter-
nal loss in the Yurke scheme can, therefore, be
compensated for using the second nonlinear ele-
ment, so long as the phase difference between the
pumps of the first and second nonlinear elements
are chosen such that it best matches ¢. The op-
timal angle has a degeneracy of 2, with the first

solution gpél)

Ig = 1Q,ax (1 !

6727‘2

being in the range [, 7| and the
second solution 90(()2) =27 — cp(()l) being in {77, 37”]
Fig. 3(c) shows how ¢ changes with Ng; in the
large-photon-number regime, it is best to match
the relative phase of the two nonlinear processes
to # = m — ¢. As with the lossless case, the
condition sinh?r; = Ny requires that Eq. (22)
be satisfied by the seeding parameters, which is
done most simply by leaving the interferometer
unseeded (a = = 0); initial seeding is less op-
timal than initial squeezing in the limit of large
second squeezing.

We investigate how the QFI changes when ¢
deviates from its optimal value of ¢ in Fig. 3(b).
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Figure 3: (a) Optimal QFIl vs. 7 of the unseeded Yurke interferometer when Ng = 0.1, and T' = 1. When ry is
larger, the QFI becomes more robust to external loss. (b) IQIQ vs.  of the unseeded Yurke interferometer with

max

high ro. The QFI is normalized by its maximum when there is no loss, Ig,... = 4N4(Ng + 1), in order to compare
the dependence of the curve on Ny. As Ny increases, the peaks become narrower and closer to m. The QFl is zero
at ¢ = 0,m, 27 for any finite value of Ny. This plot was made using 7 = 0.1 and 7, = 5, but the curve is almost
identical for any value of 1 provided that rs is sufficiently large. (c) The optimal angle ¢ vs. Ng. This plot shows

", which lies in [Z,7]. The other value is ¢

$Yo=T.

The dependence of I on ¢ is there plotted in the
optimal regime of large ro. The larger the value
of Ny, the smaller the window of acceptable val-
ues of ¢ before the QFI drops significantly from
its maximum. We observe how ¢y approaches m
as Ny increases: the two maxima of Ig versus ¢
are always symmetrically spaced around ¢ = 0
and this spacing narrows as Ny increases, but
I vanishes exactly at ¢ = 7 for all finite val-
ues of Ny. Note, then, that the QFI can be very
small or even zero when ¢ is not optimal. This
speaks to the QFI as governing the asymptotic
limit where initial information must be known
about ¢ should one desire the most precise mea-
surement possible of its value. It also explains
how loss can be surmounted: the second non-
linear element acts as a phase-sensitive amplifier
that is permitted by quantum theory [10], unlike
noiseless phase-insensitive amplifiers (PTAs) that
would lead to deterministic quantum cloning via
la) — |v2a) — |0)®?, and must have its phase
PIA BS

tuned such that it amplifies the correct quadra-
ture of the electromagnetic field.

Therefore, the QFT of the Yurke scheme is com-
pletely robust to external loss, provided that the
second two-mode squeezing magnitude 79 can be
made arbitrarily high and ¢ = ¢ + 6 can be ad-
justed to the optimal value. Similar behaviour
tolerating up to 80% loss has been demonstrated
experimentally in an unseeded Yurke interferom-
eter that has higher gain in the second nonlinear
element [31].

=21 — apél). As N4 — o0, both optimal angles will approach

5.3 Mandel Interferometer with External Loss
and Mode a Discarded

Miller et al. show that the Mandel scheme can
achieve a “practical advantage” without detect-
ing mode a, so that the frequency which passes
through the sample can be one which is not well
suited for detection, for the lossless scenario [37].
Therefore we investigate the optimal QFI of the
Mandel scheme when mode a is discarded in the
presence of loss. The QFI of the Mandel inter-
ferometer with mode & discarded is

nsinh?(2ry) sinh?(ry)

- cosh?(ry) cosh?(rg) — 1
4nsinh?(ra)(1— n+ncosh(2r1)) (N, —sinh?(r1))

1 + 2n(cosh?(ry) cosh?(ry) — 1)
(30)
Note that this does not depend on the seeding
of mode ¢. The QFI is maximized when r9 is as
large as possible, for two cases depending on how
1 compares to

1 1

n=a " 2(Ng + 1) cosh? (1)

+ O(e™*2). (31)

We consider the large ro regime where €22 > 1.
When n > ng, the maximum QFT is

N

Ig =4nNy(1—
Q== d)( (Ng + 1) cosh?(r)

ro(e)),

(32)
achieved at r1 = rq,, = arcsinh(/Ny). This is
identical to the QFI of the MZI up to order e~2"2.
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If n < 1o, the maximum QFT is

—4r
o()):
n

(33)
achieved when 1 = 0. This offers loss robustness
within order 67;7? of 2N4(1 — m), and
is completely robust to additional external loss
below n = % provided 79 is large enough (since
no — % for large r2), as seen in Fig. 4 and with
other values of Ny in Appendix I. Regardless, the
Yurke scheme significantly outperforms the Man-
del without mode a for all values of n because
said Mandel scheme cannot achieve Heisenberg
scaling, demonstrating the drawback of detect-
ing light at a wavelength different from the one
that probes the phase shift. We should expect the
Mandel scheme to not achieve Heisenberg scaling
for the n < mg case since the light probing the
phase shift when r; = 0 is coherent and, there-
fore, independent from the other modes. When
1 > 1o, squeezed light does interrogate the phase
shift in the optimal scenario, but information be-
yond the capabilities of the MZI can not be ex-
tracted without detecting mode a.

Unlike the Yurke scheme with external loss, the
QFT here is independent of ¢ and 6, so phases do
not need to be tuned to achieve optimal QFIL.
However, since the QFT effectively enacts the op-
timal measurement scheme, it is entirely possible
that the latter depends explicitly on all of these
phases.

Miller et al. found that, for certain measure-
ment schemes using only modes b and ¢ and
no loss, the Mandel interferometer achieves a
phase uncertainty smaller than that of the MZI
when they are compared with equivalent total re-
sources [37]. However, when we compare them
using an equivalent number of photons passing
through the sample, the Mandel interferometer
does not have a quantum advantage in the case
considered. Moreover, an examination of Eq. (4)

lo=2Ny[1- —— ¢
@ ¢ ( 21 sinh?(r9)

in Ref. [37] reveals that it has classical ~ 4 scal-
ing, as expected from our QFI values in Egs. (32)-
(33). The actual practical advantage achievable
with the Mandel scheme is in the presence of loss:
when external loss is greater than 50%, the Man-
del scheme leaving mode & undetected can out-
perform the MZI by an arbitrarily large factor of
1/(2n) larger QFIL. The advantage of the Mandel
scheme is to amplify the state prior to photons
being lost from it, which could be incorporated
into the MZI by similarly amplifying the signal
prior to the occasion for external loss to occur.

0.0 0.2 0.4 0.6 0.8 1.0
External Transmission n

Figure 4: Optimal QFI vs. 1 of the Mandel interferom-
eter when mode @ is discarded for Ny, = 0.1 and T' =1,
for various values of r5. Above i = 1y there is no ad-
vantage over the classical MZI, and we can see that the
QFI reduces slightly when ro is smaller. However, be-
low 1 = 19, the scheme becomes robust to external loss
beyond 19 up to order €2 \We can see that as T
increases, 7o is larger and the QFI drops off less as 7
gets smaller.

5.4 Mandel Interferometer with External Loss
and All Modes Retained

The QFT of the Mandel interferometer with ex-
ternal loss when all modes are included is

:nsinh2(2r1)(27](1 —n)(1 + cosh?(r1) cosh?(rg)) + (217 — 1) cosh?(ra)(cosh?(r1) — (1 — 7)) — 1)

Q

(cosh?(ry) cosh?(rg) — 1)(1 + 2n(1 — n)(cosh?(r1) cosh?(ra) — 1))

n 4n(1 —n +ncosh(2r1))(n + (1 — n) cosh(2r2))(Ng — sinh2(r1))‘

1+ 4n(1 — n)(cosh?(ry) cosh?(ry) — 1)

As when mode a is discarded, the QFI does not
depend on the seeding of mode é. When n < %

(34)

and we are in a large 7o regime (€22 > 1), the
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maximum QFT is

(1—2n)
n(1 — n) sinh?(ry)

IQ=2N¢<1—4

(35)
achieved at r; = 0. Like when mode a is dis-
carded, thiQS shows robustness to external loss up
to order €2, but including mode & provides this

for n < % even when rg is large but finite. How-
ever, when n > %, including mode a allows us
to surpass the MZI. The optimal QFI and corre-
sponding value of ry depends on the condition

2(1 = 2n(1 —n)) +/2(1 = 2n(1 — 1))
2n(2n — 1)

— 1.

(36)
|

N¢>

()

If Eq. (36) is satisfied, then the optimal value of
ro is

i) =0, (37)
which results in a QFI of
_ APNy(Ny +1) (38)

Q= 1+2Nyn(l—mn)

If Eq. (36) is not satisfied, then the optimal value
of ro and the QFT it results in are

W _ 2(1 —2n(1 —n)) +v2(1 —2n(1 —n))
ry = arccosh (\/ 220 — (1 + N¢) ) ) (39)

Iq =477N¢<1+77N¢ (1 —2(1=n)(2n—1) =2(1 —n)y/2 —4n(1 —n)) )

Note that Eq. (36) will be satisfied more easily
when both Ny and 7 are larger: larger Ny tol-
erates more loss (smaller 1) and larger n toler-
ates weaker probes (smaller Ny) while still retain-
ing an quantum-enhanced scaling for the QFI.
We can interpret this as a limit on amplifica-
tion increasing the QFIL; when Ny is large enough,
amplification is only necessary beyond a certain
amount of loss. As seen in Appendix I, when IV,
becomes larger, the amount of loss needed be-
fore amplification becomes beneficial increases.
When losses exceed 50%, the optimal scenario
changes and it is best to have r1 = 0 and as
much amplification as possible.

The optimal QFI surpasses that of the MZI
for both n < % and n > % As seen in Fig. 5(a),
the quantum advantage above 1 > % does not
display the absolute noise robustness of the Yurke
scheme with external loss. Moreover, the Mandel
scheme is inferior to the Yurke scheme in terms of
robustness to external loss, even when all modes
are included. The optimal squeezing magnitudes
r1 and 79 are shown in Fig. 5(b) for Ny = 0.1.

Interestingly, when 1 < 1/2 the optimal sce-
nario has no seeding and all squeezing at the first
nonlinear element, while when n > 1/2 the op-

timal scenario has no squeezing and all seeding
at the first nonlinear element. This is in con-
trast to the case of internal loss, for which trans-
mission 7' < T¢ (where T > 1/2) had an op-
timal scenario of no squeezing and all seeding,
displaying the intricate distinctions between in-
ternal and external loss.

As with the Mandel scheme when mode &
is discarded, the QFI does not depend on any
phases, but this is not necessarily an advantage
over the Yurke scheme since the sensitivity of a
particular measurement that attains the QFI can
be phase dependent. As well, even though detect-
ing mode G is unnecessary to achieve loss robust-
ness when n < 1/2, it is possible that the opti-
mal measurement may be more plausible when
all modes are considered (this is not a situation
we consider strongly because the advantage is ex-
plicitly in avoiding measurement of mode a).

When n > % the optimal value of ry for

the Mandel scheme is finite, which is not the
case with the Yurke interferometer. However,
as shown in Figure 5(a), the Mandel scheme’s
favouring of a finite ro is not an advantage over
the Yurke scheme since the Yurke interferome-
ter outperforms the Mandel interferometer when
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Figure 5: (a) Optimal QFI vs. 7 of the Mandel interferometer with all modes considered for measurement, with
Ny = 0.1 and T'= 1. The QFI has a quantum advantage which lessens with loss until the QFI is equivalent to the
MZl at n = % After n = % there is a complete robustness to external loss (provided that r5 is high enough), giving
the Mandel scheme a practical advantage over the MZI. When generating this plot numerically the maximum value
of ry was set to 7o = 5; if ro has a lower maximum then the QFI will be reduced for low values of 7. To compare
the Yurke and Mandel schemes, the QFI of the unseeded Yurke interferometer using the optimal r; and ry values of
the Mandel interferometer is shown. For all values of 7, the QFI of the Yurke scheme is greater than the QFI of the
Mandel scheme and surpasses the SNL, despite the Yurke interferometer using the optimal ry of the Mandel scheme
and not its own. (b) Optimal parameters of the Mandel interferometer with all modes considered for the optimal
measurement scheme. When 1 < % it is optimal to have r; = 0 (no squeezing in the first nonlinear element, only

seeding) and 75 as large as possible. When n > % it is optimal to have r; = r;

(no seeding), and ry = rél) as

max

given in Eq. (39), since Eq. (36) is not satisfied for any 7 in the range 2+ < 7 < 1 when N4 = 0.1.

it uses the same finite ro. Similar results for
other values of Ny are depicted in Appendix I
It should be noted that squeezing beyond 10 dB
has been achieved by numerous research groups
[3, 35, 45-47], with records such as Ref. [51]’s
15 dB of squeezing corresponding to a maximum
squeezing amplitude of r ~ 1.7. Fig. 6 shows a
comparison of all three interferometer schemes at
ro = 1.7 for Ny = 0.1, and similar plots for other
values of N are shown in Appendix I.

Miller et al. also point out that the Man-
del scheme is advantageous over the Yurke in-
terferometer when the detectors are sensitive
to light [37]. The Mandel interferometer may
prove advantageous over the Yurke interferom-
eter if we normalize by the amount of light which
reaches the detectors instead of that which passes
through the sample.

5.5 Equal Squeezing

Experimentally, it is often the case that both
nonlinear elements have the same squeezing mag-
nitude since the same pump is used for both. In

this section we investigate what the optimal QFI
is when we restrict ry = r9 = r.

The Yurke scheme is optimized when ¢ = 7,
resulting in a QFI that depends on the external
loss quadratically:

Ig = nsinh?(2r)(2 — 7). (41)
This is largest when we have no seeding, giving
an optimal value of Ig = 4n(2 —n)Ng(Ny+ 1) =
(2 = 1)1Qu..- We see in Fig. 7 that the Yurke
scheme again reigns supreme over the Mandel
scheme. If mode & is included, the Mandel
scheme surpasses the MZI only when 7 is above
some critical value (which decreases when N is

larger, as shown in Appendix I); without mode a
the Mandel scheme falls short of the MZI.

6 Detection Scheme for the Mandel In-
terferometer

A specific measurement scheme for the light exit-
ing an interferometer will not necessarily achieve
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Figure 6: Optimal QFI vs. 7 of the three interferometer
schemes for Ny = 0.1, T' = 1, and the experimentally
achievable value ro = 1.7. The Yurke scheme signif-
icantly outperforms the others at all values of 1. We
also see that the Mandel scheme is robust to more ex-
ternal loss when mode d is included. All schemes scale in
powers of % when amplification is used to overcome
external loss.
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Figure 7: Optimal QFI vs. 1 of the three interferometer
schemes for Ny = 0.1 and 7" = 1 when r; = r3. The
Yurke scheme significantly outperforms the others at all
values of 7. Including mode G allows the Mandel scheme
to go beyond linear scaling with 1 and surpass the SNL.
Without mode @ the Mandel scheme is not only always
linear, but has smaller QFI than the MZI for all values
of 7.

the minium uncertainty given by the QFI. More-
over, the parameters that optimize the QFI, such
as ¢ and rg, are not necessarily the easiest to
experimentally implement. There are thus ad-
ditional considerations for each interferometric
setup that are not all contained in the QFI.

In this section, we consider detecting modes

of the Mandel interferometer with photon num-
ber resolving detectors (PNRDs) by looking at
the (classical) Fisher information. PNRDs are
modern photodetectors that are crucially able to
sense correlations between photon numbers and
uncover quantum properties that Gaussian detec-
tors cannot [44] (recall that the optimal measure-
ment of a lossy Gaussian state is not necessarily
Gaussian [39]), and can be used in conjunction
with squeezed vacuum states to surpass classi-
cal sensitivity limits in interferometry [30]. The
Fisher information, in turn, quantifies the aver-
age amount of information about our parameter
¢ in a specific measurement (in contrast to the
QFI, which depends only on the quantum state)
[48]. For a Fisher information Ic(¢), the uncer-
tainty of ¢ obeys the Cramér—Rao bound

9 1

(80)° 2 Ic(¢)

Using the Python libraries StrawberryFields
[25] and The Walrus [19], we numerically cal-
culated the Fisher information of the Mandel
scheme both when modes b and ¢ are detected
with PNRDs and when all modes are detected
with PNRDs, as seen in Fig. 8. Regardless of
whether mode a is detected, the Fisher informa-
tion can surpass the QFI of the MZI for n < %
when 7 is sufficiently large, which aligns with our
analysis of the QFI. However, when n > %, we
did not find any parameters for which the Fisher
information surpasses the QFI of the MZI, even
when the QFI of the Mandel scheme does. It ap-
pears that detection with PNRDs is sufficient for
the Fisher information to saturate the QFI only
when mode a is discarded.

> (42)

1
IQ'

7 Conclusion

We found analytical expressions for the quan-
tum Fisher information (QFI) of the Yurke and
Mandel interferometers with vacuum or coherent-
state seeding. = When there is no loss, the
Yurke and Mandel interferometers have equiva-
lent QFIs, which are not improved by coherent
light seeding. They also have equivalent QFIs
when there is internal loss, but seeding can im-
prove the QFI in this case. A quantum advan-
tage only exists above a certain threshold of in-
ternal loss and we quantified the dependence of
this threshold on the average photon number il-
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Figure 8: Fisher information vs. phase shift ¢ of the Mandel interferometer with external loss detected with photon
number resolving detectors (PNRDs). We show the curve when mode a is discarded (light blue, solid) and when
mode @ is detected (orange, solid). We compare with the QFI when mode a is discarded (black, dashed), the QFI
when mode a is retained (blue, dashed), the QFI of the MZI (red, loosely dashed), the SNL (red, loosely dotted),
and the ideal QFI at n = 1 (black, dotted). When calculating the FI numerically we must set a maximum number
that the PNRDs can detect, chosen here to be 15. (a) Fl at n =0.3, 11 =0.1, o, = 1.5, « =0, 8 =2, and v = 0.
Unlike with the QFI where it was optimal to have r; = 0, a nonzero value of r5 is helpful. When mode a is left
undetected the Fl can surpass the QFI of the MZI and saturate the QFI for certain values of ¢. Detecting mode a
allows for an increase in the maximum value of the Fl, but the QFI when mode a is retained is not saturated. (b) FI
atn =087 =03, =1 a=0, 8=0, and v = 0. The Fl can saturate the QFlI when mode a is discarded.
The Fl when mode a is detected has an identical curve, suggesting that PNRDs are not capable of extracting the

additional information contained in mode @ when n > %

luminating the sample. The QFI of the Yurke in-
terferometer is completely robust to external loss
provided that the second squeezing magnitude 7o
can be made large enough. The Mandel interfer-
ometer is robust to external loss above 50% if
ro is large when mode @ in included; if mode &
is discarded then it is still robust but only af-
ter a higher threshold of loss (which depends on
r2). In all three cases, the QFI is robust to loss
up to order €22 When external losses are less
than 50%, the Mandel interferometer can achieve
a quantum advantage if mode @ is included, oth-
erwise it has equivalent QFI to the Mach-Zehnder
Interferometer. When modes b and é of the Man-
del interferometer are detected with photon num-
ber resolving detectors the Fisher information
can saturate the QFI; we did not find any pa-
rameters where the QFI is saturated if mode a is
detected.

We here considered only the dominant source
of noise for interferometry, loss, which encom-
passes absorption, mode mismatch, detector in-
efficiencies, and more. Further work could study
the effects of seeding in nonlinear interferome-
try with phase noise or decoherence, even though
experts at building interferometers tend to be

very good at avoiding these types of noise.
Whereas here seeding helps overcome loss by di-
rectly adding more photons, in that scenario, it
would be interesting to investigate whether seed-
ing could “re-inject” some coherence into a sys-
tem that has lost some. As for other imperfec-
tions such as detector dark counts, it remains to
be seen whether such noise can be surmounted
by seeded nonlinear interferometry.

Along the code
that efficiently

pressions for the

way, we developed
computes symbolic ex-

QFI of Gaussian in-
terferometers and is now publicly avail-
able at https://github.com/JKranias/
QFI-of-Gaussian-Interferometers.git. The
can thence be optimized with
respect to arbitrary parameters, including arbi-
trary functions of Ny, loss parameters, achievable
nonlinearities, and more. We thus expect our
work to find application both in the theoretical
studies of what makes an interferometer better
than another and practical calculations for
relevant phase-sensing experiments.

expressions
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A Useful Identities
In deriving the QFI for Gaussian states, we rely on a number of properties. For the symplectic matrix
I, 0
K= 0 -1} we have
K'=KT=K=K. (43)
Then, for all matrices A, B, and C, we have:
(A B) = (A e BY), (44)
(AB)® (CD) = (A® C)(B® D), (45)
(CT @ A)vec[B] = vec[ABC], vec[B]' (C ® A") = vec[ABC]', (46)
4T
vec[A]l = vec {A} . (47)

B Lossy QFI Alternate Form Derivation

By combining Egs. (43) and (44), we know that (K ® K)~! = (K ® K). This can be used to rewrite
ML

Ml=GGec-KoK)'=(K®cK)-D)(K®K)'=(K®K)(GK ®cK)-1)"'. (48)
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If we have the eigendecomposition (7K ® 0 K) = QAQ™!, then

M =(E@K)(QAQ™ - =(KeoK)(QA-DQ ) '=(KeK)QA-D)7'Q™". (49

1

Consider the eigendecomposition 0 K = gAg™", and note that the symplectic eigenvalues must be real,

therefore \ is real. Also note @ = ¢ since ¢ is Hermitian. Now
oc=0KK =g\ 'K, (50)
therefore
K =0'K = (g\'K)'K = K(¢)"\"K. (51)

This implies
(@K @ oK)= (K(g )M K)@ (@) = (K@) @A eN(d"Keq ) =QAQ7",  (52)
where Q = (K(¢)7 ® ¢) and A = A ® A\. Note that A ® \ is diagonal, therefore we have the
eigendecomposition of (7K @ 0 K).
Now (K ® K)Q = (K ® K)(K(¢ )T ®q) = ((¢1)T ® Kq). We can therefore write:

vec[ﬁd,a]Jr M vec[9y0] = vec[a(;,o']T (@HT" o KA @A 1) (¢" K ® ¢ )vec[d,y0]

T T —1y7| % -1 —1 (53)
= vec {q K(0p0) (¢77) } AR —=T)""vec [q (8¢0)Kq]
where we used Eqs. (46) and (47).
Now let ¥ = q_1(8¢a)Kq, and we can write the QFI as
1 T
Ig = vec BT (@ X =) vee[S] + 2(9pd) 0 (9yd). (54)

This is similar to Eq. (E2) in [56] but we used the eigendecomposition of o K instead of the symplectic
deicomposition of . The advantage of using the eigendecomposition is that we do not need to compute
o2.

Since the displacement vector has the structure d = (3) [56], its Hermitian conjugate is given by

the rearrangement

()| = (07 Do) = (05)” (H(i Hg). (55)

And using Eq. (50), the second term of the QFI can be written as

2(0d) o1 (94d) = 2(9pd)” (HO Hg) Kg\1q1(9,d) (56)
= 2(0pd)” (HO ‘3}”) A (9p0). (57)

Combining this with Eq. (54) we get Eq. (13). Although omitting the use of the Hermitian conjugate
makes the expression less elegant, it is more convenient to evaluate in practice since symbolic alge-
bra programs such as Mathematica do not always fully simplify the complex conjugate of symbolic
expressions.
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C Lossless QFI Calculation

A Mathematica notebook was used to find the output Gaussian state as an analytic expression de-
pending on all the parameters (seeding, squeezing, and loss). Applying this to Eq. (11), we find

I = 4cosh® ri|a|®+4 sinh® 71|82 +sinh? (21 ) (Ja|?+| 8]|*+1) —8 cosh ry sinh 71 (cosh? r1 +sinh? 71 ) Re(af).
(58)
The average intensity of light that passes through the sample in mode a is

Ny = (o, B Slb(rl)aTaSab(rl) la, B) = cosh? rl\a|2 + sinh? r1(|ﬁ|2 +1) —2coshr; sinhr; Re(af), (59)

r1(ab—a’bt)

where Syp(r1) =€ is the two-mode squeezing operator. By rearranging, we find that

Ip =14 cosh? rNg + 4 sinh? Ny —4 sinh? rq. (60)

If we keep Ny fixed, then I is maximized when sinh?r, = Ny. Therefore the maximum QFI is
IQuax = 4cosh? ry sinh? 7 = 4Ny (Ny +1). (61)
Achieving sinh? r; = Ny is simplest when ae = 3 = 0, but Eq. (59) can also be satisfied for nonzero seed-

ing under the constraint sinh? r; = Ny, as long as cosh? 71 |a|2+sinh? 71|3|2—2 cosh 7 sinh 7 Re(af) =
|acoshry — B*sinhr1|? = 0. And since sinh 7| = /Ny, coshry = /Ny + 1, the condition for optimal

seeding is
| Ny
= *. 62
@ Ny + 15 (62)

Also note that for fixed Ny, r1 is bounded by sinh?ry,,. = Ng. Eq. (60) is increasing for all 7 in
[0, 71,00 ), and when r; = 0 the QFI is Ig = 4Ny, which is the same as the QFI of the MZI. Therefore,
there is a quantum advantage in the QFI for any r; > 0, and making r; as large as possible will result
in the best QFI.

D Lossy QFI Calculation

The Gaussian output state of the interferometer is found using the methods outlined in 2.1. The
output state can then be used to find the QFI from Eq. (13) or Eq. (14).

In all the cases we considered, the QFI’s dependence on seeding could be directly related to Ny,
allowing Ig to be written in terms of only Ny, ¢, and the squeezing parameters. Since no loss occurs
before the phase shift, Eq. (18) remains valid. Therefore, the highest 1 possible for a given Ny, is

Tae = arcsinh(y/Ny), (63)

which occurs when o = 3 = 0. Therefore, I is optimized under the constraint 0 < ry < arcsinh(y/Ng)
for a fixed Ny.
When Ig is optimized at riopt 7 T1,,.., then there must be seeding to satisfy Eq. (18). Eq. (18)

can be satisfied for 8 = 0, |a|? = I This means that the optimal QFI can be achieved by
op

only seeding mode @, and only the magnitude of the seeding is relevant, not the phase. Note that it is
still possible to satisfy Eq. (18) and achieve optimal seeding while seeding both modes, or only mode

b (when riopt # 0), but only seeding mode @ is the most simple method. Additionally, large values of
|B|* are necessary to satisfy Eq. (18) when r1pt is small if mode @ is not seeded.

N¢fsinh2 Tlopt
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E Calculations for Yurke and Mandel Interferometers with Internal Loss

The QFI (Eq. (24)) was found using Eq. (13).
If Ny < %, then the QFI is optimized at r = 0, and we have the maxiumum QFI as
Ig = 4T Ny, the same as for the lossy MZI. (This condition was found by evaluating the second

derivative at 7 = 0.) Rearranging the inequality, we have the critical T" to surpass the MZI as

To = (2];%% ) <1 - \/1 + (2]\1[jji¢1)2> : (64)

where we take the +(—) case for Ny above (below) Ny = 0.5. Note that Tc — 0.5 as Ny — o0,
therefore a quantum advantage can never be gained for T' < 0.5.

F  Calculations for Yurke Interferometer with External Loss

The QFI (Eq. (26)) was found using Eq. (14).

Plotting Eq. (26) numerically shows that it can become arbitrarily close to Ig,.,. at any nonzero
value of  when 7y is sufficiently large and there is no seeding (sinh?(r1) = Ny). If we set sinh?(r;) = N,
and take the derivative of the QFI with respect to cos ¢, then expand for 2”2 > 1, we find the optimal
value in Eq. (28):

cosS o =

2NN+ 1) (1= m)y /Ny + 1)) +o(%7) (65)

+
2Ny + 1 2(2N4 + 1)2n cosh?(ro n?

Inserting this back into the QFI gives

o (e mENg D) et
Iq = sinh”(2r1) (1 21 cosh?(r9) +O( n? >> (66)

G Calculations for Mandel Interferometer with External Loss, Mode a Discarded

The QFI (Eq. (30)) was found using Eq. (14). Note that this does not have to reduce to the lossless
case (Eq. (19)) when n = 1 since we do not assume access to all modes.

Since sinh(ry) < cosh(rz), and sinh(ry) gets closer to cosh(ry) monotonically as 7o becomes larger,
both terms of Eq. (30) will be largest when 2 is as large as possible. Therefore to maximize the QFI,
we take 7o sufficiently large such that sinh(ry) & cosh(rz) (i.e. €22 > 1). The derivative with respect
to r1 is negative for n < ng and positive for n > ng, where

Q4+ \/92 + 16(Ng + 1) cosh?(r1) cosh?(r2) (cosh?(r1 ) cosh?(r2) — 1)2(cosh?(r1) cosh?(rg) — 2)
= 8(N, + 1) cosh?(ra) (cosh®(r1) cosh?(r2) — 1)2 ( ’7)
6
and Q = 2(Nyg + 1) cosh?(ra)(cosh?(r1) cosh?(rg) — 1)? — 4 cosh?(r1) cosh?(r2) + 4 cosh?(r1) cosh?(rg).
When e%72 >> 1, 5y reduces to

1 1
=- - O(e ). 68
=3 2(Ng + 1) cosh?(rz) O™ (68)

This is independent of r; up to order e=4"2, Therefore, except for within a small range near 7y, when
n > no the optimal QFT is achieved at r; = rq,,, = arcsinh(,/N,) with the value

_ 4nNy(Ny + 1) sinh?(ro)
~ (Ng+1)cosh?(rg) — 1

Ig (69)
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which is equal to
+ O(e™ ™" 70
(N + 1) cosh®(r2) (™) (70)

when COSh2(T’2) > 1, identical to the QFI of the MZI up to order e~2"2. . However, in the case n < 1o
(again exclding a small range near 7)), the optimal QFI is at 1 = 0 and has the value
_ 4nNy sinh? (1)
1+ 2psinh®(rg)’

Ig = 47N, <1 -

(71)

which approaches

Iop=2N, (1 ! o< 72
@4 _Qnsinhz(r2)+ < n? > (72)

when sinh? (ro) > % We see the small range where 79 is dependant on r; manifest in our numerical
optimization with a small range near 79 where the optimal r; value varies continuously from 0 to
T1na- Lhe Mandel scheme without mode a has an advantage over the MZI only for n < ng.

H Calculations for Mandel Interferometer with External Loss, All Modes Retained

The QFI was found using Eq. (13). From numerical optimization of Eq. (34) it is clear that if the
maximum allowed value of 75 is sufficiently large (which occurs beyond e?2 > 1), then the optimal
value of ry is v = 0 when n < 1, and ry = ry,,,, = arcsinh(,/Ny) when 1 > 1.
If r1 =0, then
~ 4ANgn(1+2(1—-n) sinhQ(rg))
T 1+4n(1 —n)sinh?(ry)

(73)

and

8n(1 —n)(1 — 2n) Ny sinh(2rz)
(1+4n(1 — n)sinh?(r))2

which is always positive for n < %, therefore the maximum QFI for n < % is achieved when 79 is as

large as possible. When €%2 > —-L < the QFI reduces to

Oyl = (74)

n(1—n)
(1—2n) (e%)
Ig=2Ny4|1— +0 . 75
@ ¢ < 4An(1 —n) sinhQ(rg) n? (75)
If r1 = r1,,,., then the solutions for 75 of 0,,Ig = 0 are
(0) (1) 2(1 —2n(1 —n)) + v2(1 — 2n(1 —n))
ro’ =0, ry’ = arccosh . 76
2 =02 W 2020~ (1 + ;) i
When ry =ry,,, and rp = réo), then
4n?Ny(Ng + 1)
0= ST (77)
14 2Ngn(1 —n)
When r1 =ry,,,, and 72 = rél),
Io = 4nN, (1 4N, (1 (L= )27 — 1) —2(1 — n)y/2 — dn(1 — n))) . (78)
which is always greater than the Téo) solution. However, if
2(1 —2n(1 — 2(1 —2n(1 — 2(1 —2n(1 — 2(1 —2n(1 —
=21 —n)+ V20 =290 =n)) | _ N, > (=291 —n) +v2(1 =201 —n))
2n(2n = 1)(1 + Ny) 2n(2n —1) -
79

(1)

then ry is not a valid solution since arcosh(x) is undefined for x < 1. This is how we got the maximum
QFT and the condition Eq. (36).
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| Supplemental Figures

We here present figures similar to those in the main text but with different parameter values. Figures 9,
10, 11, 12, 13 and 14 depict the same concepts as Figures 2, 3, 4, 5, 6 and 7, respectively, with

different values of Ny.

a) N¢ =1 b) N¢ =1
81 . SNL 1.0
71 —— Mandel/Yurke 0.8
61 === MZI g
©
95, 2 0.6 TC=064
X 4l % —— Optimal
= € 0.4{ —— Optimal |a|?
31 ©
&£
2 0.2
1,
0.0
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Internal Transmission T Internal Transmission T
) Ny=10 d) Ny =10
10 _
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300 =
o > 6
x (O]
T 200 ]
= E 41
o
£
100 5]
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0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Internal Transmission T Internal Transmission T

Figure 9: (a) Recreation of Fig. 2(a) when Ny = 1. (b) Recreation of Fig. 2(b) when N, = 1. (c) Recreation of
Fig. 2(a) when Ny = 10. (d) Recreation of Fig. 2(b) when N, = 10. Observe that T~ decreases as Ny increases,

and is close to % when Ny, = 10. Moreover, the QFI surpasses the SNL at lower values of T as Ny increases.
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a)N¢=1 b)N¢=10

8
400+
— =02 — r=0.2
6 = -
r2—0.5 3001 r2—0.5
—_— =2 —_—r=2
o —_— = o e =
L4 2=3 <5001 r=3
— =5 — =5
2 --- MZ| --- MZ|
100+
------- SNL -+ SNL
0 04
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
External Transmission n External Transmission n

Figure 10: (a) Recreation of Fig. 3(a) when Ny = 1. (b) Recreation of Fig. 3(a) when N, = 10. When N, increases
L e decreases. F However, the

the QFI for a given r5 decreases relative to the maximum QFI, ie. o = IN; (N
QFI for a given 7 surpasses the SNL at a lower value of i when Ny is larger, similarly to the case of internal loss.
Increasing Ny can be beneficial or detrimental, depending on if the priority is surpassing the SNL, or coming close
t0 [Q s

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
External Transmission n External Transmission n

Figure 11: (a) Recreation of Fig. 4 when N, = 1. (b) Recreation of Fig. 4 when N, = 10. When N, is larger the

QFI decreases more for smaller values of ro, but 79 stays closer to %
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Figure 12: (a) Recreation of Fig. 5(a) when Ny = 1. (b) Recreation of Fig. 5(b) when Ny = 1. (c) Recreation
of Fig. 5(a) when N, = 10. (d) Recreation of Fig. 5(b) when N, = 10. As with internal loss and the Yurke
interferometer with external loss, the QFI surpasses the SNL for lower values of n when Ny is larger. The QFI of
the Mandel interferometer relative to the Yurke interferometer with equivalent ry is smaller as Ny increases. Unlike
when Ny = 0.1, it is optimal to have no squeezing in the second nonlinear element (7, = 0) above a certain 7, and
we see that Eq. (36) will be satisfied for a larger range of 77 when Ny is larger.
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Figure 13: (a) Recreation of Fig. 6 when Ny = 1. (b) Recreation of Fig. 6 when Ny = 10. As in Fig. 10 we see
that the QFI of the Yurke scheme decreases relative to the maximum QFI as Ny increases, but it still outperforms
the Mandel scheme regardless of Ny.
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Figure 14: (a) Recreation of Fig. 7 when N4 = 1. (b) Recreation of Fig. 7 when Ny = 10. As N, increases, the
Mandel scheme with all modes surpasses the MZI at smaller values of 7.
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