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How well can quantum computers simulate
classical dynamical systems? There is increasing
effort in developing quantum algorithms to ef-
ficiently simulate dynamics beyond Hamiltonian
simulation, but so far exact resource estimates
are not known. In this work, we provide two
significant contributions. First, we give the first
non-asymptotic computation of the cost of en-
coding the solution to general linear ordinary dif-
ferential equations into quantum states – either
the solution at a final time, or an encoding of the
whole history within a time interval. Second, we
show that the stability properties of a large class
of classical dynamics allow their fast-forwarding,
making their quantum simulation much more
time-efficient. From this point of view, quan-
tum Hamiltonian dynamics is a boundary case
that does not allow this form of stability-induced
fast-forwarding. In particular, we find that the
history state can always be output with complex-
ity O(T 1/2) for any stable linear system. We
present a range of asymptotic improvements over
state-of-the-art in various regimes. We illustrate
our results with a family of dynamics including
linearized collisional plasma problems, coupled,
damped, forced harmonic oscillators and dissipa-
tive nonlinear problems. In this case the scaling
is quadratically improved, and leads to signifi-
cant reductions in the query counts after inclu-
sion of all relevant constant prefactors.

Matteo Lostaglio: Lead author, mlostaglio@psiquantum.com

1 Introduction

1.1 Setting the stage

One of the original motivations for quantum comput-
ing was that simulating quantum dynamics efficiently
requires quantum systems. However, a substantial
fraction of today’s high-performance computing re-
sources are used to simulate classical physics, such as
fluid dynamics and high-temperature plasmas, which
may be represented as dynamical systems of coupled
degrees of freedom.1 It is then crucial to investigate
to what extent these simulations may be sped up by
quantum computing.

Assessing the potential of quantum computing in
this computational space requires moving from the
current asymptotic counts analysis to detailed re-
source estimates of quantum algorithms for differen-
tial equations. It also requires looking for asymptotic
improvements to make up for the overheads of trans-
forming the ODE into a problem suitable for a quan-
tum computer. This is what we set out to do in this
work, see Fig. 1 for an illustration. We leverage re-
cent non-asymptotic resource estimates for quantum
linear solvers [1, 2] to compute for the first time gen-
eral, rigorous upper bounds on the non-asymptotic
cost of a quantum algorithm for solving dynamical
problems beyond Hamiltonian simulation. By ‘solv-
ing’ here we mean outputting a quantum encoding of
the solution to the dynamical equations. The problem
of loading data about initial and boundary conditions,
and the problem of extracting information from the

1For example, the DOE INCITE 2023 projects allo-
cated over 55 × 106 core-hours over 56 projects, of which
over 40% focused on plasma and fluid-dynamics problems,
see https://www.doeleadershipcomputing.org/awardees/.
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output, need to be carefully assessed on a case-by-
case basis.

What is more, we introduce analysis showing that
the stability properties of a large class of classical dy-
namical systems give rise to costs sublinear (at best,
square-root) in the target simulation time. Our results
are based on the seminal work in Ref. [3]. Its scope
is extended and its scaling improved by a combina-
tion of a new condition number analysis and a range
of algorithmic modifications.

For example, for damped harmonic oscillators with
constant forcing we find in some regimes where the
original analysis in Ref. [3] does not apply, the al-
gorithm in Ref. [4] gives a scaling ∼ T 5/2 when
the simulation time T is sufficiently prior to equi-
libration, our improved analysis of Ref. [3] gives
a scaling ∼ T 3/2, and a modification of the algo-
rithm lowers this further to ∼ T 1/2. In terms of
query counts, we illustrate our improved analysis in
the context of a natural class of classical dynam-
ics, which includes the collisional linearized Vlasov-
Poisson equation describing plasma equilibration as
a special case. The asymptotic scaling with T in this
case is quadratically improved compared to state-of-
the-art, and we find orders of magnitude improve-
ment in the query count over best available analysis
due to the sublinear scaling, see Fig. 1.2 The cost is
cut by up to 7 orders of magnitude for T ≤ 1015,
depending on the target simulation time and the equi-
libration rate. Hamiltonian dynamics is a boundary
case in our stability analysis, hence preventing this
form of fast-forwarding, in agreement with the no-
fast-forwarding theorem.

We study systems of linear ordinary differential
equations (ODEs). Their main interest is as a com-
ponent of a computational pipeline. Linear ODE
systems are obtained after spatial discretization of
linear partial differential equations (PDEs) – e.g.,
the Schrödinger, heat, Fokker-Planck or linearized
Vlasov equations, among many others. Linear ODEs
are also obtained after applying linear representa-
tion techniques such as Carleman linearization [6],
level-sets [7], Koopman von Neumann/Liouville em-
beddings [8–13], and perturbative homotopy meth-
ods [14] to nonlinear problems.

There are different approaches that could be em-
ployed to encode the solution of an ODE in a quan-

2Note that these are counts needed for a rigorous an-
alytical guarantee o convergence, but numerical evidence
suggests much better performance is possible from the un-
derlying linear solver [5].

𝜇 𝐴 = 0

𝜇 𝐴 = −1

𝜇 𝐴 ∈ (−1,0)

Figure 1: Query counts for negative log-norm sys-
tems, plotted in log-log scale. We consider homoge-
neous ODE systems ẋ = Ax for which A has a log-norm
µ = λmax(A/2 + A†/2) ≤ 0, ∥A∥ = h = 1. We fix the
error tolerance in 1−norm to ϵ = 10−10 and set the
block-encoding scaling in Eq. (3) to ω = 1. (Main fig-
ure): For all such systems, the number of times Q we
need to query the block-encoding of A to output the
history state in Eq. (7) lies in the shaded region shown,
along a curve that depends on µ ∈ [−1, 0]. The scaling
in T is sublinear for all µ < 0, in contrast to prior bounds,
whose scaling is linear. Prior analysis would associate the
upper curve bound to all such systems (in prior analy-
sis [4], µ ≤ 0 is only used to infer that Cmax = 1 in
Eq. (13), which corresponds to the upper curve in the
plot). Hence, the shaded area also corresponds to the
maximum query counts saving from the present analy-
sis. Note that at T = 1010 the cost can be cut by up to
90480× by the sublinear behaviour. (Inset): Same fig-
ure for the cost per unit time Q/T , and overlaid curves
for different values µ, showcasing the sublinear scaling.
Note that while one can obtain Q/T = O(1) for the top
curve (µ = 0), the slight increase is due to us using a
QLSA with complexity κL log κL [2]. This is done so as
to provide the smallest query counts once we include all
constant prefactors.

tum computer. For example, one such method is to
find a mapping to a Hamiltonian simulation prob-
lem [15, 16] or to a linear combination of Hamil-
tonian simulation problems [17–21]. Another ap-
proach is to encode the problem into a matrix equa-
tion of the form Ly = c, which can be solved with
a quantum linear solver algorithm [3, 4, 15, 22–27].
More recent developments include solving the sys-
tem of equations via a time-marching algorithm [28]
and Trotter methods [20]. Here we shall follow the
most widely-studied approach of embedding the dy-
namical problem into a linear system of equations.
This has been used to analyze the heat equation [25],
the wave equation [15], the linearized Vlasov equa-
tion [29] and nonlinear systems such as the Burgers’
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equation [6], the reaction-diffusion equation [30] and
the lattice Boltzmann equation [31], among others.
Only for the wave equation numerical studies of the
non-asymptotic complexity are available [32]. Our
work is significant in that it provides general, ready-
to-use, analytical estimates that can be leveraged to
evaluate the cost for all these use-cases, black-boxing
the common components, with the extra advantage
that our analysis obtains better scaling in the simu-
lation time T compared to state-of-the-art in certain
regimes.

1.2 Summary of the main results

The main results that can be found in this manuscript
are as follows:

1. Ref. [4] presented an ODE algorithm improv-
ing over Ref. [3] by (a) extending its scope – it
drops the assumption that the generator of the
dynamics is diagonalizable – and (b) improving
its scaling – in some cases exponential speedups
in the matrix dimension are achieved. We match
and slightly outperform the same improvements
within the original algorithm [3], via a strength-
ened analysis of its performance. As an extra
advantage, note that the original [3] algorithm is
also simpler, as it avoids the nested matrix inver-
sions of Ref. [4].

2. State-of-the-art algorithms for ODEs scale lin-
early with time under some norm promises, bar-
ring exceptional cases. Our strengthened condi-
tion number analysis introduces stability infor-
mation in the estimation of the algorithm com-
plexity, showing that, for all stable dynamics
and under the same norm promises, the scal-
ing is sublinear with time. We present examples
both in the context of linear and nonlinear sys-
tems of ODEs. We expect this stability analysis
can be applied more widely to quantum algo-
rithms for differential equations.

3. We introduce an alternative version of Ref. [3],
whose complexity does not depend on the mini-
mal solution norm if we output a quantum state
encoding the full trajectory between time 0 and
some time T . This can lead to a polynomial
speedup in T for dissipative systems. We give
an example of this phenomenon for damped har-
monic oscillators sufficiently prior to equilibra-
tion.

4. We compute non-asymptotic query counts for
the algorithm in Ref. [3] and its variation, un-
der our improved condition number analysis,
for general ODE dynamics. It is the first time
that an algorithm for general ODEs is costed
at this level of detail. We find that the previ-
ously mentioned asymptotic speedups lead to
orders of magnitude improvements over state-
of-the-art even after all constant prefactors are
included. Also, one can readily update our
ODE cost analysis by plugging in further im-
provements to quantum linear solver algorithms
worst-case estimates, as these are introduced.

Let us now present the problem in more detail.

1.3 The problem

We are given a system of ODEs

ẋ(t) = Ax(t) + b, with x(0) = x0, (1)

where x(t) ∈ CN is the N–dimensional solution
vector, A ∈ CN×N is an N × N time-independent
matrix which generates the dynamics, b ∈ CN is
an N -dimensional vector, also taken to be time-
independent, which can be interpreted as a forc-
ing term, and t ∈ [0, T ]. We leave the extension
to the time-dependent case to future work. When
A = −iH , with H Hermitian, and b = 0, the prob-
lem in Eq. (1) reduces to quantum Hamiltonian dy-
namics.

The time t in the interval [0, T ] is discretized in
equal steps of size h ≤ 1/∥A∥. More precisely, we
consider the sequence of points t = mh with m ∈
{0, . . . ,M}, and assume that T = Mh for some in-
teger M .

In what follows we consider quantum states that
encode dynamical vectors in a normalized form. For
example the initial conditions x0 ∈ RN is associated
with a normalized quantum state as follows

|x0⟩ = 1
∥x0∥

N−1∑
n=0

x0
n |n⟩ , (2)

and so the classical data is encoded in the computa-
tional basis up to an overall normalization constant.
We adopt a similar notational convention for terms
like |x(t)⟩ (associated to the solution x(t) to Eq. (1)),
|b⟩ (associated to b), and so on.

We now assume access to:
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O1 A block-encoding of A, meaning a unitary UA

with

UA |ψ⟩ |0a⟩ = A

ω
|ψ⟩ |0a⟩ + |⊥⟩ , (3)

where |0a⟩ := |0⟩⊗a, |ψ⟩ is an arbitrary vec-
tor, ω is a rescaling factor required to en-
code A into a unitary (we take ω ≥ 1), and
(I ⊗ ⟨0a|) |⊥⟩ = 0. The values (ω, a) deter-
mine the quality of the block-encoding and de-
pend on the specific form of A. Constructions
for sparse and certain dense matrices achieving
ω = Õ(∥A∥) can be found in Refs [33–37].

O2 A unitary U0 encoding the initial condition x0

as a quantum state when applied to a reference
state |0⟩:

U0 |0⟩ = |x0⟩ . (4)

O3 (If b ̸= 0): A unitary Ub encoding the forcing b
up to normalization:

Ub |0⟩ = |b⟩ . (5)

Given the above, we distinguish two possible tasks.
We want the algorithm to output a quantum state ϵ-
close in 1-norm to either

• The solution state

|xT ⟩ = |x(T )⟩ , (6)

where x(T ) is the solution to Eq. (1) at time T .
This is useful if, for instance, we want to study
steady-state properties.

• The history state, which encodes a superposition
of the solution along the entire trajectory at the
discrete times {0, . . . , T}:

|xH⟩ := 1
∥xH∥

M∑
m=0

∥x(mh)∥ |x(mh)⟩ ⊗ |m⟩ ,

(7)
where |x(mh)⟩ is a quantum state proportional
to the solution of Eq. (1) at time t = mh,
{|m⟩}M

m=0 are clock states that provide clas-
sical labels for the discrete times and xH =
(x(0), . . . ,x(T )). This has not been studied in
the same detail as the solution state problem, but
history states are potentially well-suited to time
information analysis, e.g., time series analysis,
spectral analysis, limit cycle analysis, etc.

The cost of obtaining |xT ⟩ or |xH⟩ is evaluated via
the query count parameter Q, which gives the number
of times we need to apply the above core unitaries. In
particular we shall find that we require Q calls to the
block-encoding of UA and 4Q calls the state prepa-
ration unitaries. One of the main task of this work is
to obtain stronger bounds on Q as a function of the
properties of the dynamics.

1.4 Incorporating classical Lyapunov theory

The problem under consideration is a wide general-
ization of quantum Hamiltonian simulation. Our aim
is then to distill a few core parameters that allow us
to compute the resource estimates for such quantum
algorithms in this broad setting. We find that stability
analysis is particularly well-suited for this task (see
also Appendix C).

Every ODE system in Eq. (1) can be split accord-
ing to a fundamental dichotomy, depending on the
sign of the spectral abscissa, which is the largest real
part of the eigenvalues λi of A:

α(A) := max
i

Reλi(A). (8)

Dynamical systems satisfying α(A) < 0 are called
stable, because small perturbations ofA cannot cause
the norm of the solution of ẋ = Ax to shoot to infin-
ity. Dynamical systems with α(A) > 0 are instead
called unstable, since they do exactly that for cer-
tain initial conditions, and are sometimes ruled out
on physical grounds.

Stability theory tells us that for stable linear dy-
namics one can always find a positive matrix P > 0
such that the Lyapunov inequality is satisfied

PA+A†P < 0. (9)

Then the dynamical parameters of interest are the
condition number κP of P and the P -log-norm of A:

κP = ∥P∥∥P−1∥

µP (A) = max
∥x∥≠0

Re⟨Ax,x⟩P

⟨x,x⟩P
, (10)

where ⟨x,y⟩P := x†Py defines a valid inner product
as P > 0. The quantities (κP , µP (A)) will be core
parameters in determining the cost of the quantum
algorithm. It can be proven (Theorem 3.35 in [38])
that the following inequality holds for all times t > 0

∥eAt∥ ≤
√
κP e

µP (A)t. (11)
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It is worth emphasizing that this is not an additional
assumption, but a direct consequence of the assump-
tion of stability. Connecting with the vast literature
on classical stability allows us to include physically
relevant features of the dynamics in the computation
of the resources required to run the quantum algo-
rithm.

For example, in the linearized collisional Vlasov-
Poisson equation in plasma physics one finds that
the Lyapunov inequality is satisfied with P = I , so
κP = 1. Also, µP =I(A) coincides with the so-called
Euclidean log-norm of A,

µP =I(A) = µ(A) := λmax(A+A†)/2 < 0, (12)

where λmax(X) is the largest eigenvalue of X [39].
In fact, µ(A) < 0, with the numerical value depend-
ing on the strength of the collision term [29]. So we
have (κP , µP (A)) = (1, µ(A) < 0).

The case where α(A) ≥ 0 includes systems for
which the solution may grow arbitrarily large as we
increase T , but it also contains cases where this does
not occur. Notably, quantum Hamiltonian dynamics
is a boundary case, for which α(A) = α(−iH) = 0.
As in Ref. [4], in the case α(A) ≥ 0 we shall bound
the dynamics with Cmax(T ) satisfying

∥eAt∥ ≤ Cmax(T ), (13)

for all t ∈ [0, T ]. Note that Cmax(T ) ≡ 1 for quan-
tum Hamiltonian dynamics.

In terms of the mathematical conditions, the
α(A) ≥ 0 case can be understood as the formal limit
µP (A) → 0− and κP → C2

max(T ). This allows
for a unified treatment, where we associate to every
equation (1) the two parameters (κP , µP (A)), or a
bound thereof, and obtain the classification sketched
in Fig. 2.

1.5 Norm bounds and summary of relevant pa-
rameters

The classification picture we have just given needs
to be augmented by further information due the fact
that, differently from quantum dynamics, the norm
of the solution can change from the initial to the fi-
nal time. Depending on how we run the algorithm
and the output we target, we need a certain set of
norm bounds. The relevant quantities are bounds on
the smallest solution norm, xmin, or the largest so-
lution norm, xmax (xmin ≤ ∥x(t)∥ ≤ xmax for all
t ∈ [0, T ]), the root mean square of the solution
norm, xrms, and the ratio quantities ḡ×,+(T ). For

max! 	Re(𝜆! 𝐴 )
0stable unstable

Quantum Hamiltonian simulation (boundary)

Quantum Hamiltonian 
Simulation

𝜅" = 1, 𝜇" 𝐴 = 	0

𝜅!

𝜇!(𝐴)
−1

1

Linearized Vlasov-Poisson
	𝜅"= 1, 𝜇" 𝐴 < 0

Unstable dynamics (formal limit)
𝜅" = 𝐶#$%& , 𝑇 , 𝜇" 𝐴 = 0

Figure 2: Classifying dynamics. (Top): A funda-
mental dichotomy is whether the generator of the dy-
namics A is stable, when the largest real part of its
eigenvalues is negative, or unstable, when it is positive.
Quantum Hamiltonian dynamics is a boundary case be-
tween the two. (Bottom): To each dynamics we as-
sociate a point in the 2-dimensional parameter space
(κP , µP (A)), given in Eq. (10). These are fundamental
parameters that will determine the cost of the algorithm.

their definition, and a summary of all potential input
and user parameters, see Table 1.

2 Results

2.1 Sketch of the algorithm

The solution of Eq. (1) can be formally written as

x(t) = eAtx0 +
∫ t

0
dt′eAt′

b. (14)

By discretizing time, we can recursively approximate
the solution at time t = mh advanced from that at
time t = (m − 1)h via a Taylor series truncated at
degree k:

x(mh) ≈ xm := Tk(Ah)xm−1 + Sk(Ah)b, (15)

where

Tk(x) =
k∑

j=0
xj/j!, Sk(x) =

k∑
j=1

xj−1/j!. (16)

Within the algorithm we also extend the dynamics be-
yond time T with p steps of trivial ‘idling’ dynam-
ics(the trivial evolution A = 0, b = 0). This is done
so as to increase the norm of the solution at the final
time in the output state, as discussed in Ref. [3]. This
will be useful if we are trying to output the solution
state |x(T )⟩.

When we perform the time-discretization within
the algorithm we have two choices of internal error
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Parameter Description
A, b, x0 A is the generator of the dynamics, b a forcing term, x0 the initial condition.

T Target simulation time, normalized in units of the time-step h ≤ 1/∥A∥.
ϵ Precision: output is a quantum state ϵ-close in 1-norm to the solution (6) or history (7) state.
ω Rescaling factor of the block-encoding of the generator A, Eq. (3).

κP , µP Stability / Lyapunov parameters: the generator A satisfies ∥eAt∥ ≤ √
κP e

µP (A)t for t ∈ [0, T ].
Cmax(T ) Upper bound on ∥eAt∥, Cmax(T ) ≥ maxt∈[0,T ] ∥eAt∥.
xmax, xmin Upper and lower bound constants obeying: xmin ≤ ∥x(t)∥ ≤ xmax for all t ∈ [0, T ].

xrms Lower bound to the root mean square of the solution in [0, T ]: xrms ≤
√∑M

m=0 ∥x(mh)∥2/M .
ḡ×(T ), ḡ+(T ) Average norm ratios:

ḡ×(T )2 = 1
M+1

∑M
m=0

∥x(mh)∥2

∥x(T )∥2 , ḡ+(T )2 = 1
M+1

∑M
m=0

(
1+ϵ′

1−ϵ′

)2 (∥x(mh)∥+ϵ′)2

(∥x(T )∥−ϵ′)2 ,
with ϵ′ = ϵxrms/8 or ϵ′ = ϵ∥x(T )∥/8 for history state or solution state respectively.

Table 1: Summary of the algorithmic parameters and their description. Note that Hamiltonian simulation is
the special case A = −iH, b = 0, κP = 1, µP = 0, Cmax = 1, xmin = xmax = 1, ḡ×(T ) = 1, ḡ+(T ) = 1. Here
the subscript × refers to the choice of multiplicative scheme, and the subscript + refers to the choice of the additive
scheme, as described in the main text.

schemes: a multiplicative (relative) error scheme and
an additive error scheme. It turns out that this choice
of internal error scheme can affect the overall com-
plexity of the algorithm depending on the particular
kind of dynamics. Firstly, we choose a multiplica-
tive error condition as in [3, 4], which corresponds to
finding a truncation scale k such that

∥xm − x(mh)∥ ≤ ϵTD∥x(mh)∥, m = 0, . . . ,M.
(17)

We shall label any algorithm parameter that depends
on this multiplicative scheme, rather than the be-
low additive scheme, by a subscript or superscript
× for the multiplicative error scheme. For example,
k× denotes a Taylor truncation order k that leads to
Eq. (17). For this case, using Theorem 3 in Ref. [4],
we find an exact value for a truncation degree k×
that suffices, see Appendix D. In particular, k× =
O(log(T/(xminϵTD)).

We also consider an alternative additive error
scheme such that

∥xm − x(mh)∥ ≤ ϵTD, m = 0, . . . ,M. (18)

We shall label any algorithm parameter that depends
on the choice of the additive scheme by a subscript
or superscript +. For example, the Taylor truncation
that is used in Eq. (16) to realize Eq. (18) is denoted
by k+, and we show that a sufficient truncation is
k+ = O(log(Txmax/ϵTD)).

We would like to handle both the multiplicative
and additive schemes throughout. To avoid major
repetition, we shall label a parameter under either of
the error schemes with the subscript or superscript

notation “+,×”. For example, k+,× denotes the Tay-
lor truncation order under either the multiplicative
scheme or the additive scheme.

We will set up a quantum algorithm solving a lin-
ear system whose output is a quantum state ϵ-close to
either the solution state (6) or the history state (7).
Hence, setting a multiplicative error (default in pre-
vious quantum algorithms [3, 4]) or an additive error
truncation is an algorithmic choice granting us some
extra flexibility to further lower the final complexity.
It is not a change of the problem statement.

The recursive equations (15) are embedded, fol-
lowing Ref. [3], into a linear system Ly = c, where
y = L−1c encodes the solution to the dynamical sys-
tem at all times [0, T ]. The blocks of L only con-
tain matrices proportional toA or the identity. This is
convenient, since the block-encoding of L and a uni-
tary preparing the vector of constants c (the base uni-
taries required for QLSA [1, 2]) can be constructed
from the unitaries O1, O2, O3 without large over-
heads, see the schematics in Fig. 3. Note that we may
rescale L → L̃ = ΛL and c → c̃ = Λc, for any con-
stant Λ ̸= 0, without changing the solution vector y.
We do this rescaling so that ∥L̃∥ ≤ 1, which puts
the linear system into a canonical form for quantum
linear solver algorithms.

With these ingredients the linear system is solved
via QLSA. The number of times the base unitaries
need to be called in the QLSA algorithm is classically
precomputed using the best non-asymptotic counts
upper bounds in Ref. [2]. Ref. [2] gives an explicit
formula upper bounding the query complexity of the
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ODE 
parameters

(Table I)

Compute
and

(Theor. 2)

Block-
encoding 

of 𝐴

State 
preparation of 
initial condition 

𝒙𝟎

Block 
encoding 

linear system 
matrix 𝐿

1 call

QLSA 
algorithm
𝐿𝒚 = 𝒄

Amplitude 
amplification
history/final

state1 call

1 call

Compute 
time-step
ℎ ≤ 1/ 𝐴

calls
State prep 

linear system
constants 𝒄 calls

4

State 
preparation of 

forcing 𝒃

O1

O2

O3

calls

Figure 3: Algorithm schematics. ODE algorithm
schematics. (Red, dashed): classical precomputations.
(Blue, solid): quantum operations. The algorithm re-
duces the ODE to a linear system of equations. O1, O2,
O3 are the unitaries in Eqs. (3)-(5). Our core analysis
consists in determining the properties of the linear sys-
tem (in particular, its condition number) as a function
of the dynamical properties in Table 1. Then the query
count Q of the quantum ODE solver can be computed
from the query cost QQLSA of the linear solver (given in
Ref. [2]) and the number A of amplitude amplification
rounds, Q = AQQLSA.

QLSA, given

• the rescaling prefactor of the linear system
block-encoding, denoted by ωL̃, which is deter-
mined by the construction of the block-encoding
of L and an upper bound on the norm ∥L∥.

• the required QLSA precision ϵL, which in our
case needs to be chosen so that the overall er-
ror, including the time discretization errors ϵTD,
is below a target ϵ.

• the condition number of κL of L.

The above counts guarantee convergence to the
solution, but numerics suggests the quantum linear
solver may well converge much faster than we can
analytically prove [5].

Finally, the output solution is post-processed via
amplitude amplification as needed, to get either a
quantum state encoding of (an ϵ-approximation of)
the solution state (6) or of the history state (7). We
compute a success probability which determines the
number of amplitude amplification rounds required,
strengthening previous bounds [3].

The main technical contribution of this work is a
novel analysis of the linear system solved by the al-
gorithm of Ref. [3]. The improved analysis shows
that this algorithm can be applied to a wider class
of ODEs than previously known. In fact, similarly

to the more recent algorithm in Ref. [4], in the anal-
ysis of L we will not assume that A is diagonaliz-
able. As described in the next section, we match and
go beyond the improved asymptotics found in [4],
without introducing the more complex encoding of
the new algorithm (involving a matrix inversion). In
other words, we prove that the original algorithm of
Ref. [3] has wider scope and beyond state-of-the-art
performance. These improvements, discussed in the
next section and summarized in Table 2, follow from
our stability-based analysis and the alternative error
scheme. We expect both ideas to be of broader inter-
est, since they can be applied in the context of other
quantum algorithms for differential equations, such
as that of Ref. [4]. This is left to future work.

2.2 Asymptotic complexity and fast-
forwarding

In terms of scope, Ref. [3] assumes that A has
α(A) ≤ 0 and is diagonalizable via a matrix V
whose condition number κV is known. In this special
case our framework returns (κP , µP ) = (κ2

V , 0) and
hence recover these results (first block of Table 6).
Our new analysis however can be deployed to generic
settings (second and third block of Table 6).

In terms of asymptotic improvements, these are
highlighted in bold in Table 6. If we drop the di-
agonalizability assumption and we only have a uni-
form bound as in Eq. (13), we can take (κP , µP ) =
(C2

max(T ), 0) (third block of Table 6). This recovers
the results in [4] with slightly improved asymptotics
and within the simpler encoding of Ref. [3], whose
linear system construction does not require matrix in-
version [4] or exponentiation [26].

However, it is for the broad class of stable sys-
tems, α(A) < 0, that we obtain significant improve-
ments to the scaling with the target simulation time
from our new analysis (second block of Table 6). In
this case one has (κP , µP < 0), which leads to a
Õ(T 3/4) scaling for the solution state and a Õ(T 1/2)
scaling for the history state, improving over Õ(T ).
One might expect that simulating ODE systems could
in general be harder than the Schrödinger equation,
since one incurs various overheads in transforming
the problem into a form suitable for a quantum com-
puter. The above sharpens this relation by showing
that quantum dynamics are at the boundary of stable
dynamics, and that for the latter the condition num-
ber of the linear system associated to the ODE scales
sublinearly in the target simulation time T , leading to
sublinear in T complexity:
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Ref. Solution state History state Assumptions
[3] Õ(κV gT log T

ϵxmin
log gT

ϵ ) Õ(κV T log T
ϵxmin

log 1
ϵ ) α(A) ≤ 0

[4] Õ(κV gT log3/2 T
ϵxmin

log gT
ϵ ) Õ(κV T log3/2 T

ϵxmin
log 1

ϵ ) A diag. via V
Here O(κV ḡ×T log T

ϵxmin
log ḡ×T

ϵ ) O(κV T log T
ϵxmin

log 1
ϵ ) κV =∥V ∥∥V −1∥

[3] beyond scope beyond scope A stable,
[4] Õ(CmaxgT log3/2 T

ϵxmin
log gT

ϵ ) Õ(CmaxT log3/2 T
ϵxmin

log 1
ϵ ) i.e., α(A) < 0

Here O(√κP ḡ×T 3/4 log T
ϵxmin

log ḡ×T
ϵ

) O(√κP

√
T log T

ϵxmin
log 1

ϵ
)

O(√κP ḡ+T 3/4 log T
ϵ∥x(T )∥ log ḡ+T

ϵ
) O(√κP

√
T log T

ϵ
log 1

ϵ
)

[40] Õ(|α(A)−1|g
√
T log2 1

ϵ ) - A < 0
[3] beyond scope beyond scope A general
[4] Õ(CmaxgT log3/2 T

ϵxmin
log gT

ϵ ) Õ(CmaxT log3/2 T
ϵxmin

log 1
ϵ )

Here O(Cmaxḡ×T log T
ϵxmin

log ḡ×T
ϵ ) O(CmaxT log 1

ϵ
T

xmin
log 1

ϵ )
O(Cmaxḡ+T log xmaxT

∥x(T )∥ϵ
log ḡ+T

ϵ
) O(CmaxT log xmaxT

ϵ
log 1

ϵ
)

Table 2: Asymptotic query complexities for linear ODEs with optimal quantum linear solvers when ∥b∥ ≠ 0.
Comparison of asymptotic complexities of the algorithm in Ref. [3], its new analysis (this work) and the recent
improved algorithm in Ref. [4]. The parameter ω enters linearly in all the above. Parameters are in Table 1 and
g(T ) = maxt∈[0,T ] ∥x(t)∥/∥x(T )∥, so ḡ×(T ) ≤ g(T ). Highlighted in bold are the improvements in complexity we
obtained beyond state-of-the-art.The top block shows that we recover the results of [3]. The bottom block proves that
we can apply the algorithm of [3] to the broader setting introduced in [4], and match the corresponding exponential
improvements. The middle block is where our analysis introduces stability-induced fast-forwarding leading to sublinear
scaling in T , and our additive error analysis giving further speedups (see applications in Sec. 2.3). Also note that
for the restricted scenario where A is Hermitian and negative-definite, and we wish to output the solution state,
then depending on the scaling of g the algorithm presented in [40] may be better suited. A tighter, more general
complexity table can be found in Table 6 of Sec. J, from which we obtain the above by using xrms ≥ ∥x(0)∥/

√
T .
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Theorem 1 (Fast-forwarding of stable systems).
Let ẋ(t) = Ax(t) + b with t ∈ [0, T ], vectors
x(t), b ∈ CN , and A ∈ CN×N an N × N ma-
trix. Let the parameters κP , xmax, xmin, and
ḡ+,×(T ) be defined as in Table 1. Assume that
A is a stable matrix, namely, the largest real part
of its eigenvalues is negative. Then outputting
a state ϵ-close to |xT ⟩ in Eq. (6) can be realised
with bounded probability with

Õ

(
ωκ

1/2
P ḡ×(T )T 3/4 log T

xminϵ
log 1

ϵ

)
, (19)

or with

Õ

(
ωκ

1/2
P ḡ+(T )T 3/4 log Txmax

ϵ∥x(T )∥ log 1
ϵ∥x(T )∥

)
,

(20)
queries to a unitary block-encoding of A with
scale-factor ω, a unitary U0 that prepares the nor-
malized state |x0⟩ and, if b ̸= 0, a unitary Ub that
prepares the normalized state |b⟩.

In addition, outputting a state ϵ-close to the
history state |xH⟩ in Eq. (7) can be realised with
bounded probability with

Õ

(
ωκ

1/2
P T 1/2 log T

xminϵ
log 1

ϵ

)
, (21)

or with

Õ

(
ωκ

1/2
P T 1/2 log Txmax

ϵ
log 1

ϵ

)
(22)

queries to these unitaries.

See Appendix J for a precise statement and the
proof. Speedups have been previously obtained for
the case whenA = −H2 for some HermitianH [40],
or when we access a unitary that diagonalizes A; but
beyond these special cases, the complexity of prior
ODE solvers is at least linear in T . Our speedup ap-
plies instead to all stable dynamics.

We note that stable dynamics tend asymptotically
in time to a fixed pointA−1b. Therefore, for any con-
stant error threshold ϵ there is a time Tϵ beyond which
one does not need to simulate dynamics, but can
simply implement a linear solver algorithm to out-
put A−1 |b⟩ that is guaranteed to be within the fixed
error threshold. This would be O(1) in time [41].
The fast forwarding presented here therefore applies
to the regime where T < Tϵ. We also highlight that
the choice of ϵ is also crucial to the scaling in time.
For example, we can take Hamiltonian dynamics and
redefine it with a constant exponential damping enve-
lope that gives a stable system. However this clearly

does not give a sublinear complexity in time, violat-
ing the No-Fast Forwarding Theorem, since the re-
quired accuracy must scale exponentially with time.
See Appendix J.2 for further discussion.

2.3 Applications: improved scaling for linear
and nonlinear systems of ODEs

The fast-forwarding regime refers to when we obtain
a sublinear scaling in T . The general conditions can
be easily worked out from Table 6. Let us present
several examples where this occurs.

Example 1 (Quadratic speedup for plasma sys-
tem). Consider the linearized collisional Vlasov-
Poisson equation, which in Hermite representa-
tion has b = 0, α(A) < 0, specifically it has neg-
ative log-norm [29]. As discussed in Sec. 1.4, this
implies κP = 1. Also, the generator of the dy-
namics is symmetric, so κV = 1. Then we obtain
the results in Table 3.

Ref. [3] Õ(T )
Ref. [4] Õ(T )

This work Õ(T 1/2)

Table 3: Asymptotic query complexities for the lin-
earized, collisional Vlasov-Poisson equation, for the his-
tory state output.

Improvements can also be obtained when forcing
is present:

Example 2 (‘Quintic speedup’ for damped oscil-
lator system before equilibration). Take a set of
coupled classical harmonic oscillators with damp-
ing and constant forcing. Absorbing masses into
the variables for simplicity, we have that,

ÿ = −Wy +Dẏ + F , (23)

where F is a constant force term, such as a uni-
form gravitation field. For a purely oscillatory
system we have that W ≥ 0 and D is a damping
matrix that is taken to have negative log-norm,
which describes the situation of energy being dis-
sipated by friction. Note that when D is diagonal
we obtain the familiar classical damping, but here
we also allow off-diagonal terms, also known as
non-classical damping, which is required in some
structural mechanics applications [42–44]. Let R
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be any matrix such that W = RR†. Let us de-
fine x(t) := [ẏ(t), iR†y(t)]T . We then obtain the
system of equations

ẋ(t) = Ax(t) + b, A =
[
D −iR
iR† 0

]
, b =

[
F

0

]
.

Note that A = −iH+ diag(D, 0), with H Hermi-
tian. So for D = 0, F = 0, we recover the setup
in Ref. [16]. Strategies to block-encode H when
W encodes sparse couplings among the oscilla-
tors are discussed in [16]. If D can be efficiently
block-encoded, e.g., it is sparse and locations and
values of the nonzero entries are efficiently com-
putable, then A can be efficiently block-encoded
via LCU of the block-encoding of D and H. We
see that µ(A) = µ(D) := µ < 0, so A is a stable
matrix with negative log-norm.

For finite evolution times, we can use Gron-
wall’s lemma to upper bound the solution norm
as

∥x(t)∥ ≤ e−|µ|t∥x(0)∥ + (1 − e−|µ|t)∥b∥
|µ|

. (24)

Suppose that the initial condition satisfies
∥x(0)∥ ≫ ∥b∥/|µ| = ∥F ∥/|µ| and that we are in-
terested in times T before ‘equilibration time’,
T ≤ 1/|µ|. Then, for all t ∈ [0, T ] and all
T ≤ 1/|µ|, the decay of the solution norm is ap-
proximately exponential, ∥x(t)∥ ⪅ e−|µ|t∥x(0)∥.
We assume that we wish to output the his-
tory state for the system. In this regime,
x−1

min = O(eT ). Also, xmax = O(1), xrms =
O(1/T ). From Table 6 we see that prior algo-
rithms scale as O(T 5/2) in this regime. With our
stability-based improved condition number and
using the additive error form of the algorithm dis-
cussed in Sec. 2.1, we obtain a scaling O(T 1/2):

Ref. [3] beyond scope
Ref. [4] ∼ T 5/2

This work (×) ∼ T 3/2

This work (+) ∼ T 1/2

Table 4: Query complexities for classical damped har-
monic oscillators with constant forcing, for T smaller
than the equilibration time, history state output. The
labels (×) and (+) denote two different versions of the
algorithm.

So far we discussed improvements to algorithms
for linear differential equations. However, as we dis-
cussed in the introduction, a technique often used in
quantum algorithms consists of embedding nonlin-
ear systems into a larger linear problem. This sug-
gests that our results can lead to improvements also in
quantum algorithms for nonlinear differential equa-
tions. The following example shows that this is in-
deed the case.

Example 3 (Sublinear time scaling for nonlinear
ODEs). Consider a system of quadratic ODEs:

u̇ = F2u⊗2 + F1u + F 0, (25)

where u and F 0 are N -dimensional vectors, F1
a N × N matrix and F2 a N × N2 matrix. The
problem is rescaled so that ∥u(0)∥ < 1. We only
assume µ(F1) < 0, i.e., F1 has negative log-norm.
This is the setup of Ref. [4].

One defines the Reynold’s-like quantity

R = 1
|µ(F1)|

( ∥F2∥
∥u(0)∥ + ∥F 0∥∥u0∥

)
. (26)

Under the condition that R < 1, the above prob-
lem can be well-approximated by [4, 6]

ẋ = Ax + b, (27)

where x = [u,u⊗2,u⊗3, . . . ,u⊗Ntr ], for a trunca-
tion Ntr that scales logarithmically with the sim-
ulation time and the inverse target error. The
matrix A can be efficiently block-encoded and b
can be efficiently prepared, assuming the same
properties hold for F2, F1, F 0 and u(0). Further-
more, µ(A) < 0 (proof of Lemma 16 in Ref. [4]),
so κP = 1. The state-of-the-art algorithm to ob-
tain the history state from this problem scales
asymptotically as O(T ), while the effective scal-
ing before equilibration may be higher, as we
have seen in the previous example. One can prove
that ∥u(t)∥ < 1 for all t > 0, so xmax = O(1) and
xrms = Õ(1/T ). Using our results in additive
form (Table 6, second block, last row), we find
a scaling to extract the history state of Õ(T 1/2).
We can similarly improve the complexity scal-
ing in the extraction the solution state, which
is linear in prior state-of-the-art (Theorem 8 of
Ref. [4]), while it is Õ(T 3/4) with using our re-
sults in the multiplicative form (Table 6, second
block, second to last row).
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Output History state Solution state
Ref. [3, 40] beyond scope beyond scope

Ref. [4] Õ(T ) Õ(T )
This work Õ(T 1/2) Õ(T 3/4)

Table 5: Asymptotic time complexities for nonlinear sys-
tems of quadratic ODEs with negative log-norm and
R < 1.

2.4 Detailed query counts of the ODE-solver

So far we have discussed asymptotics, but in fact
we can compute analytic query complexity upper
bounds. Since the final expression is cumbersome,
we describe it via a sequence of straightforward re-
placements. Recall that +,× refer to two versions
of the algorithm, and one can take the best counts
among the two.

Theorem 2 (Explicit query counts for ODE–
solver). Consider any N–dimensional ODE sys-
tem of the form

ẋ = Ax + b, x(0) = x0, (28)

specified by a complex matrix A ∈ CN×N , vectors
b,x0 ∈ CN and t ∈ [0, T ]. Choose a timestep
h such that ∥A∥h ≤ 1 and Mh = T for integer
M . Let (κP , µP (A), xmax, xmin, xrms) be the asso-
ciated ODE parameters, as defined in Table 1.

We assume that we have oracle access to a
unitary UA, which is an (ω, a, 0) block-encoding
of A, a unitary U0 that prepares the normalized
state |x0⟩ and, if b ̸= 0, a unitary Ub that pre-
pares the normalized state |b⟩. Then a quan-
tum state ϵ-close in 1-norm to the solution state
|xT ⟩ = |x(T )⟩, or to the history state |xH⟩ in
Eq. (7), can be outputted with bounded probabil-
ity of success, using an expected number QH,T

queries to UA and 4QH,T queries to U0. In the
case where we have b ̸= 0 then 4QH,T queries
to Ub are also made. The query count parame-
ter is QH,T = min+,× Q+,×

H,T with a minimization
over the choice of either the + scheme or the ×
scheme. The values of Q+,×

H,T are given as follows:

[1] Set the time discretization error ϵTD =
ϵ/(8f+,×

H,T ), where f×
H,T = 1, f+

H = 1
xrms

,
f+

T = 1
∥x(T )∥ .

[2] Compute the Taylor truncation order:

k+,× =
⌈

3 log(s+,×)/2 + 1
log[1 + log(s+,×)/2] − 1

⌉
, (29)

with

s× ≥Me3

ϵTD

(
1 + Te2 ∥b∥

xmin

)
s+ ≥Me3xmax

ϵTD

(
1 + Te2 ∥b∥

xmax

)
, (30)

[3] In the case of the history state output, set
p = 0. In the case of the solution state out-
put and A being stable, set

p+,× = ⌈
√
M/(k+,× + 1)⌉(k+,× + 1)

and otherwise

p+,× = ⌈M/(k+,× + 1)⌉(k+,× + 1), (31)

in the case when A is not stable.

[4] Compute the scaling parameter ωL̃ =
1+

√
k+,×+1+ωh√

k+,×+1+2
.

[5] Compute the upper bound on the condition
number of L:

κL =
[

(1 + ϵTD

c+,×
)2 (1 + g(k)) κP

(
p

1 − e2T µP (A)+2hµP (A)

1 − e2hµP (A)

+I0(2)e2µP (A)(T +2h) + M + 1 − e2hµP (A)(2 + M)
(1 − e2hµP (A))2

)
+p(p + 1)

2 + (p + Mk)(I0(2) − 1)
] 1

2

(
√

k + 1 + 2)

(32)

with k = k+,×, p = p+,× and where g(k) =∑k
s=1

(
s!∑k

j=s 1/j!
)2

≤ ek, I0(2) ≈ 2.2796
(I0 is the order-zero modified Bessel function
of the first kind), c× = 1, c+ = xmax.

[6] Fix K = (3−e)2 for the inhomogeneous case
(b ̸= 0) and K = 1 for the homogeneous case
(b = 0). For outputting the history state
compute the success probability

Pr+,×
H ≥ K

K − 1 + I0(2) ≥
{

29/500 b ̸= 0
219/500 b = 0,

(33)
and for outputting the solution state compute

Pr+,×
T ≥ 1

(1 − I0(2)−1
(p+1)K

) + (M + 1) I0(2)−1
(p+1)K

(
1+ϵTD
1−ϵTD

)2
ḡ2

+,×

,

(34)

with p = p+,×.

[7] Compute the error parameter ϵL = ϵ
Pr+,×

H,T

4+ϵ .
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[8] Compute

QQLSA = QQLSA(ωL̃, κL, ϵL), (35)

using the best available query counts for
QLSA given the parameters ωL̃, κL, ϵL.
In this work we use the closed formula
for QQLSA from Ref. [2], QQLSA =
Q∗/(0.39 − 0.204ϵL), where Q∗(ωL̃, κL, ϵL)
equals

581ωL̃e

250

√
κ2

L + 1
([

133
125

+
4

25κ
1/3
L

]
π log(2κL + 3) + 1

)
+

117
50

log2(2κL + 3)
(

log
(

451 log2(2κL + 3)
ϵL

)
+ 1
)

+ωL̃κL log
32
ϵL

.

[9] Compute A(Pr+,×
H,T ), the query counts for

amplitude amplification from success prob-
ability PrH,T (see, e.g., Ref. [45]), or
A(Pr+,×

H,T )) = 1/Pr+,×
H,T ) if we sample till suc-

cess.

[10] Finally, the query count parameter for any
choice of + versus ×, or H versus T , is given
by Q+,×

H,T = AQQLSA.

The total logical qubit count for the algorithm is
a+ 13 + ⌈log2[((M + 1)(k+,× + 1) + p)N ]⌉.

This result gives the first detailed counts for solv-
ing ODEs on a quantum computer, a crucial step to
determining what problems of interest could be run
on early generations of fault-tolerant quantum com-
puters. These results also provide explicit targets for
future work to improve on.

The flow of dependencies for computing Q is
shown explicitly in Fig. 4.

!

"

[2][1]

[3]

[4]

[5]

[6] [7]

[8]

[9]

[10]

Figure 4: Flow-chart for computing the query-count for
a given set of ODE parameters.

The intermediary parameters that arise in this flow-
chart play the following roles within the algorithm:

• The parameter ϵTD is the target error associated
to the time discretization of the dynamics via a

finite Taylor truncation order. This parameter
can be chosen to ensure additive errors (labeled
by +) or multiplicative errors (labeled by ×).
As we discussed in Sec. 2.1, this does not affect
the output of the quantum algorithm. We make
the choice that minimizes the overall query com-
plexity of the quantum algorithm.

• The parameter k is the Taylor truncation order.

• The parameter p is an ‘idling’ parameter re-
quired to magnify the success probability of the
algorithm we when want to output the solution
state.

• The parameter ωL̃ is a block-encoding scale fac-
tor for the linear-solver component, where the
dynamics is encoded into a matrix L, rescaled
to L̃ such that ∥L̃∥ ≤ 1.

• The parameter κL is the condition number of the
linear-solver matrix L̃.

• The parameter ϵL is the target error for the
linear-solver step.

• The parameter A is the overhead in repeating-
till-success, or using amplitude amplification,
that arises due to the finite success probability.

Example 4 (Query counts for history state of ho-
mogeneous ODEs). To illustrate the result, we
apply Theorem 2 to analytically evaluate the
non-asymptotic cost of outputting the history
state for a homogeneous system of ODEs with
negative (Euclidean) log-norm, an example being
the collisional linearized Vlasov-Poisson equation
discussed in Sec. 2.3.

Choosing the multiplicative error scheme, we
have

b = 0, κP = 1, µP (A) = µ(A) < 0, Pr×
H ≥ I0(2)−1.

We shall set the block-encoding scale factor ω = 1
(the total cost will be increased by about a factor
of ω if ω > 1). As discussed in Example 1, the
scaling with T is Õ(T 1/2), but we now compute
a formula for the non-asymptotic query count.
Recall that T = Mh is measured in units of h,
where h ≤ 1/∥A∥. Set

k = k× =
3
2 log

(
8e3M

ϵ

)
+ 1

log
(

1
2 log

(
8e3M

ϵ

)
+ 1

) , (36)

g(k) =
k∑

s=1

s! k∑
j=s

1/j!

2

, (37)
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ξµ(M) :=

(
e2µh(M+2) − e2µh(M + 2) +M + 1

)
(1 − e2µh)2 .

(38)
Theorem 2 then returns the analytical query
count upper bound

Q =
117
50

I0(2)
0.39 − 0.08949ϵ

ϵ+4

{
log

[
451

(ϵ + 4)
ϵ

I0(2) log2

[
2
(√

k + 1 + 2
)√(

ϵ

8
+ 1
)2

I0(2)(g(k) + 1)ξµ(M) + kT/h(I0(2) − 1) + 3

]]
+ 1

}

log2

[
2
(√

k + 1 + 2
)√(

ϵ

8
+ 1
)2

I0(2)(g(k) + 1)ξµ(M) + kM(I0(2) − 1) + 3

]

+
581
250

e

√(√
k + 1 + 2

)2((
ϵ

8
+ 1
)2

I0(2)(g(k) + 1)ξµ(M) + kM(I0(2) − 1)
)

+ 1 4π/25

3

√(√
k+1 +2

)√(
ϵ
8 +1
)2

I0(2)(g(k)+1)ξµ(M) + kM(I0(2)−1)

+
133π

125
log

[
2
(√

k+1 + 2
)√(

ϵ

8
+1
)2

I0(2)(g(k) + 1)ξµ(M) + kM(I0(2)−1) + 3

]
+ 1


+
(√

k + 1 + 2
)

log
[

32(ϵ + 4)I0(2)
ϵ

]√(
ϵ

8
+ 1
)2

I0(2)(g(k) + 1)ξµ(M) + kM(I0(2) − 1),

(39)

as a function of the target error ϵ, simulation
time T , for each choice of the log-norm param-
eter µh ∈ [−1, 0). While clearly unwieldy, the
main point here is to illustrate that Theorem 2
can be used to analytically compute closed, non-
asymptotic query cost upper bounds of ODE
solvers by simple sequential replacements.

In Fig. 1 we set ϵ = 10−10, ∥A∥ = h = 1 and
plot Q as a function of T for all possible µ(A), i.e.
µ(A) ∈ [−1, 0], with µ(A) → 0− corresponding to
the α(A) ≥ 0 case with Cmax = 1. We computed
Q under the assumption that we do not perform
amplitude amplification, but simply repeat until
success. We obtain the shaded region in Fig. 1,
which interpolates from the linear in T scaling to
the best possible

√
T scaling. The upper curve in

Fig. 1 can be upper bounded for T ∈ [106, 1015]
and ϵ = 10−10 as Q ≤ 6133T log(T ). For the
lower curve, Q ≤ 7260

√
T log(T ) with the same

specifications. We see that incorporating knowl-
edge about stability can lead to orders of mag-
nitude improvements in the query counts (up to
5 orders of magnitude at T = 1010). The best
prior algorithm [4] simply inferred Cmax = 1 from
µ < 0 and hence obtained linear in T scaling cor-
responding to the upper curve in Fig. 1. How-
ever, as suggested before, we expect that a simi-
lar analysis to the one we performed here for the

algorithm in Ref. [3] can also be performed for
the algorithm in Ref. [4] to extract an improved
scaling.

3 Outlook

Quantum computers are expected to be a disruptive
technology for the simulation of quantum mechani-
cal problems. We presently do not know if quantum
computing will have a similar impact on important
classes of classical dynamical problems. What we do
know, however, is that there is no scarcity of compu-
tational problems of broad relevance, such as in fluid
dynamics and plasma physics, which are often under-
resolved on today’s largest computers and will re-
main so in the foreseeable future. If we could identify
such use-cases and provide a fully compiled quantum
algorithm with reasonable resource estimates, then
the scientific and technological value of quantum
computers would be substantially increased. If this
development follows a similar line to that for quan-
tum chemistry, increasingly better algorithms and re-
source estimates will be required, likely starting from
very high resource counts and then pushing numbers
down for specific problem instances.

We see the present work as a step in this direction.
In giving the first detailed query count analysis for the
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general problem of solving linear differential equa-
tions on a quantum computer, we hope to set a sign-
post for improved resource estimates in the future,
and also set the stage for a detailed analysis of the
cost of solving nonlinear differential equations. The
fast-forwarding results of Theorem 1, and the results
of the additive error treatment, furthermore, suggest
these algorithms may be significantly less costly than
previously thought in certain regimes. We illustrated
these results presenting polynomial improvements in
the T scaling for the collisional Vlasov-Poisson equa-
tion, systems of damped, forced harmonic oscillators
and dissipative nonlinear systems.

In conclusion, these results will make end-to-end
analysis of specific use-cases considerably simpler,
since given an equation ẋ = Ax + b one can focus
on the construction of the unitary UA encoding the
ODE matrix A, the unitary Ub encoding the forcing
b and the unitary U0 encoding the initial condition
x(0), as well as the circuits required for information
extraction from the solution (6) or history (7) state.
These are questions that can only be analyzed in the
context of specific use-cases. The exact number of
times these unitaries need to be applied, given the
ODE parameters in Table 1, has instead been analyti-
cally computed for general ODE systems in this work
via Theorem 2.
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and Dong An for useful discussions on these topics
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Appendices

A Notation and definitions
For reference, we first state the definitions of key quantities used throughout our analysis.

• The time-interval [0, T ] is uniformly divided up into M subintervals of size h, and we index the endpoints
via t = mh with m = 0, 1, . . . ,M .

• We denote by x(mh) the exact solution under continuous dynamics, at any time t = mh, and denote by
xm the exact solution under the discretized dynamics, obtained by truncating to Taylor order k.

• We define constant upper and lower bounds on the solution norm as

xmin ≤ ∥x(t)∥ ≤ xmax, (40)

for all t ∈ [0, T ]. We also define the quantity xrms as

xrms :=

√√√√ 1
M

M∑
m=0

∥x(mh)∥2, (41)

which is effectively an rms-estimate of the norm of the solution over the time-interval.

• (Discretization error-conditions) For the choice of errors in the time-discretization section we consider
both a multiplicative error condition

∥x(mh) − xm∥ ≤ ϵTD∥x(mh)∥ for all m = 0, 1, . . .M, (42)

as well as an additive error condition

∥x(mh) − xm∥ ≤ ϵTD for all m = 0, 1, . . .M. (43)

In what follows, we will use subscripts of × and + to refer to the multiplicative and additive choice,
respectively.

• We define the following functions for the sufficient Taylor truncation order analysis:

λ×(T ) := max {∥b∥/xmin, T}
λ+(T ) := max {∥b∥, Txmax} , (44)

with × referring to the multiplicative error condition and + the additive error condition.

• We deal with two choices of quantum outputs: a coherent encoding of the solution state x(T ) at the final
time t = T (Eq. (6)), and a coherent encoding of the history state data xH over the M timesteps (Eq. (7)).
Quantities that depend on this choice of output are labelled with subscripts T and H respectively.

• We define

ḡ×(T )2 := 1
M + 1

M∑
m=0

∥x(mh)∥2

∥x(Mh)∥2

ḡ2
+ := 1

M + 1

M∑
m=0

(1 − ϵ′

1 + ϵ′

)2 (∥x(mh)∥ + ϵ′)2

(∥x(Mh)∥ − ϵ′)2 , (45)

where ϵ′ = ϵxrms/8 in the case of the history state output and ϵ′ = ϵ∥x(T )∥/8 in the case of the solution
state output.
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• To quantify errors in normalized quantum state expressions, and their dependence on the choice of addi-
tive/multiplicative time-discretization error and choice of history/solution state we define the quantitites

f×
H := f×

T := 1

f+
H := 1

xrms
, f+

T := 1
∥x(Mh)∥ . (46)

• Subscript and superscript convention: Note that in a number of places we have options of assuming either
the additive error scheme (+) or the multiplicative error scheme (×). Or to output the history state (H) or
solution state (F ). To handle all of these possibilities in tandem we shall use a comma notation to denote
a choice of one or another option. For example,

f+,×
H,T = f+

H or f+
T or f×

H or f×
T . (47)

The purpose of the notation is to streamline the analysis for the different cases that arise.

B Roadmap of the analysis
Before we get into proving technical results, we provide a roadmap of what the analysis will entail.

As discussed above, the recursive equations (15) are encoded into a linear system following Ref. [3]. Specif-
ically, we introduce 3 registers |m, j, n⟩. Register m is a clock degree of freedom, labeling the solution at each
time-step t = mh within [0, T ], plus potentially further idling steps to increase the amplitude of the solution at
time T , if necessary. It takes values m = 0, . . . ,M + p/(k+ 1), where p is a multiple of k+ 1 to be fixed. The
j register is used to compute Taylor sums, j = 0, . . . , k. Finally, n labels the components of the vector x, with
n = 1, . . . , N . We encode data about the solution to the ODE problem into the solution y := L−1c of a linear
system (Appendix E):

Ly = c, (48)
where L = L1 + L2 + L3, and

L1 :=I ⊗ I ⊗ I,

L2 := −
M−1∑
m=0

k∑
j=1

|m, j⟩⟨m, j − 1| ⊗ Ah

j
− θ(p)

M+ p
k+1 −1∑

m=M

k∑
j=1

|m, j⟩⟨m, j − 1| ⊗ I

L3 := −
M−1∑
m=0

k∑
j=0

|m+ 1, 0⟩⟨m, j| ⊗ I, (49)

with the Heaviside function θ(p) = 0 for p = 0 and θ(p) = 1 for p > 0. The term L2 generates Taylor
components, which are summed at each m by L3 to generate a truncated Taylor series that approximates the
dynamics up to m = M . If p ≥ k + 1, from m = M to m = M + p/(k+ 1) − 1 and for all j = 0, . . . , k, so p
steps overall, the term L2 generates ‘idling’, which allows for an increase of the amplitude of the solution state
component. In Eq. (48) we set

c = [
m=0︷ ︸︸ ︷

x0, b,0, . . . ,0︸ ︷︷ ︸
k

, . . . ,

m=M−1︷ ︸︸ ︷
0, b,0, . . . ,0︸ ︷︷ ︸

k

,0, . . . ,0︸ ︷︷ ︸
1+p

]. (50)

It can be shown that the solution to this system can be split up as y = xϵTD
H + xjunk, where

xϵTD
H = (x0,0, . . . ,0︸ ︷︷ ︸

k

,x1,0, . . . ,0︸ ︷︷ ︸
k

,xM , . . . ,xM︸ ︷︷ ︸
1+p

) (51)

and xjunk is an orthogonal ‘junk’ component, that is unwanted, and can be removed by post-selection or am-
plitude amplification (specifically, xjunk is nonzero only where xϵTD

H is zero).
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As we discussed, there are two ways of choosing the truncation scale k. We can either follow Ref. [3] and
choose k such that multiplicative error is achieved

∥xm − x(mh)∥ ≤ ϵTD∥x(mh)∥, m = 0, . . . ,M. (52)
or we can choose it such that additive error is achieved

∥xm − x(mh)∥ ≤ ϵTD, m = 0, . . . ,M. (53)
The problem statement remains the same, i.e., preparing a state ϵ close to the solution (6) or the history state (7).
The multiplicative (labeled by ×) or additive (label by +) choice gives two different algorithms with distinct
query complexities.

When we output the history state, we set p = 0 and xϵTD
H , as a normalized quantum state |xϵTD

H ⟩, provides
a discrete approximation to the exact history state encoded in Eq. (7). Instead, when we output the solution
state, we set p > 0 and target the components xT with amplitude amplification. The time-discretization error
analysis can be found in Appendix D.

Eq. (48) is tackled using both the best available asymptotic [1] and non-asymptotic [2] query complexity
upper bounds for QLSA. The resource estimate depends on three parameters:

(a) The cost of constructing a block-encoding of L from that of A.

(b) An upper bound on the condition number of L, i.e., on κL := ∥L∥∥L−1∥.

(c) The QLSA does not output the ideal solution |y⟩, but a quantum state ρ which is ϵL-close to it in 1−norm.
The cost depends on ϵL.

All three will be determined from the ODE parameters:
(a) Constructing the linear system block-encoding. We prove that ∥L∥ ≤ ωk :=

√
k + 1 + 2. Hence we

define L̃ = L/ωk, c̃ = c/ωk and solve the problem L̃y = c̃. This has ∥L̃∥ ≤ 1, as normally required by
QLSA. The detailed resource estimate of a QLSA is in terms of calls to a unitary block-encoding UL̃ of L̃ and a
state preparation unitary Uc̃ of c̃. These need to be constructed from the available unitaries UA, Ub, U0 (details
in Appendix G). Concerning Uc̃, it can be constructed with a single call to both U0 and Ub. As for UL̃, we
construct an (ωL̃, a+ 6, 0)-block-encoding of L̃ with a single call to UA, where ωL̃ = (1 +

√
k + 1 +ωh)/ωk,

as given in Theorem 2. The QLSA requires 6 further ancilla qubits, as well as ⌈log2[((M + 1)(k+ 1) + p)N ]⌉
qubits to encode L̃.

(b) Condition number bound. Recall that the Lyapunov analysis leads to stability parameters (κP , µP (A)).
In Appendix F we find the upper bound on κL in terms of the stability properties as given in Theorem 2,
inequality (276). The core asymptotic and non-asymptotic savings in the query count of our analysis are due
to this tightened bound, as well as to the flexibility in choosing additive or multiplicative error truncation.

We set p = 0 for the case where we output the history state. For the case where we output the solution state,
we take p = ⌈M1/2/(k + 1)⌉(k + 1) in the case that A is stable, and p = ⌈M/(k + 1)⌉(k + 1) otherwise. For
both final and history state, we then have κL = O(T 1/2k) in the stable case and κL = O(Tk) otherwise (recall
that T = Mh). The better scaling of this bound leads to the improvements in Table 6.

Also note that in Appendices E and F we provide a broader analysis of idling, where we allow varying
amplifications at each discrete time-step, specified by integers {pm : m = 0, 1, . . . ,M}. This allows us to
increase the amplitude of selected terms |x(tm)⟩ in the history state (7), which can be understood as applying
a filter to the dynamical data.

(c) Required precision. To determine the required ϵL, we first need to analyze the output processing, as we
shall now discuss.

We first sketch the analysis assuming we access the idealized linear system solution |y⟩, and then consider
the effect of finite precision.

Idealized analysis. The ideal solution of the linear system encodes ODE data in the sense that we recover a
state close to |xH,T ⟩ by performing a projective measurement {ΠH,T , I − ΠH,T } on the auxiliary/clock regis-
ters. Specifically, if

ΠH = I ⊗ |0⟩⟨0| ⊗ I, ΠT =
M+p/(k+1)∑

m=M

|m⟩⟨m| ⊗ I ⊗ I,
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we have
ΠH |y⟩⟨y| ΠH = PrH |xϵTD

H ⟩⟨xϵTD
H | , (54)

where |xϵTD
H ⟩ approximates |xH⟩ and

TrCA[ΠT |y⟩⟨y| ΠT ] = PrT |xM ⟩⟨xM | , (55)

where the trace discards clock and ancilla qubits and |xM ⟩ approximates |xM ⟩ (Appendix D).
The values PrH,T are success probabilities of the corresponding measurements. For outputting the history

state we obtain the success probability in (277), so the overhead to repeat the measurement until success or
via amplitude amplification is O(1). To output the solution state we have the expressions given in Theorem 2,
which imply

PrT =
{

Ω(ḡ−2
+,×T

−1/2) for A stable,
Ω(ḡ−2

+,×) otherwise.
(56)

Using amplitude amplification we have an overhead of O(1/
√

PrT ) repetitions.
Error analysis. We then consider the effect of the finite precision ϵL of the QLSA and go back to point (c) of

the previous section, i.e. answer the question of what linear solver error ϵL suffices, as well as what discretiza-
tion error ϵTD we need to target, given a total error budget of ϵ. This analysis is performed in Appendix I. The
errors ϵL and ϵTD are then chosen as to ensure total error ϵ in 1-norm. More specifically, the algorithm outputs
a mixed state ϵ-close in 1-norm to the solution or the history state.

C Stability and Lyapunov relations

For this discussion we refer to Ref. [38, 46] for further details, but many more sources can be found on the
topic. In what follows we assume all matrices lie in CN×N and all vectors lie in CN , unless otherwise stated.

Consider the dynamics generated by the matrixA, i.e., the homogeneous linear system ẋ(t) = Ax(t), whose
formal solution is x(t) = eAtx(0). A sufficient condition for the norm of x(t) not to blow-up as t → +∞ is that
∥eAt∥ is bounded, since ∥x(t)∥ ≤ ∥eAt∥∥x(0)∥. This motivates the definition α(A) := maxi{Re(λi(A))},
where λi(A) are the eigenvalues of A. If α(A) < 0, then A is said to be stable. We have that

lim
t→∞

∥eAt∥ = 0, (57)

if and only if A is stable. A necessary and sufficient condition for stability is that there is a matrix P > 0
(strictly positive) such that

PA+A†P = −Q, (58)

for someQ > 0. This is known as the Lyapunov equation. This condition is related to the existence of quadratic
Lyapunov functions for the dynamics generated by A. Indeed, it can be shown that for the homogeneous linear
system ẋ(t) = Ax(t), Eq. (58) holds if and only if the quadratic form V (x) := x†Px obeys

d

dt
V (x(t)) = −x†(t)Qx(t) < 0, (59)

along all trajectories x(t). The non-negative quadratic form V (x) can be viewed as a form of energy function,
and from the fact that V̇ (x) = −x†(t)Qx(t) ≤ −cV (x), for some constant c > 0. This condition ensures
stability for the dynamics. Note that the above discussion still holds in the α(A) = 0 case, but the strict
inequality c > 0 is replaced with the non-strict one c ≥ 0, allowing c = 0 and C not constant.

While, asymptotically, for stable systems the norm of eAt decays to zero (Eq. (57)), it can still display
transient increases at finite times. One way to capture this is via the logarithmic norm (or log-norm for short)
of A, denoted µ(A) and defined as the initial growth rate

µ(A) := d

dt+
∥eAt∥t=0 = lim

h→0+

1
h

(∥I +Ah∥ − 1). (60)
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A significant property of the log-norm is that it is the smallest β ∈ R such that ∥eAt∥ ≤ eβt for all t ≥ 0,

∥eAt∥ ≤ eµ(A)t. (61)

In the case of the operator norm, its value can also be calculated from

µ(A) = 1
2λmax(A+A†) = max

∥x∥≠0
Re ⟨Ax,x⟩

⟨x,x⟩
, (62)

where λmax(X) denotes the largest eigenvalue of any Hermitian matrix X . If µ(A) < 0 then the system is
stable, but even if µ(A) > 0 stability can still occur. However, in this case the bound (61) is no longer useful.
To account for this regime one can introduce a family of log-norms that depend on P :

µP (A) = max
∥x∥≠0

Re ⟨PAx,x⟩
⟨Px,x⟩

, (63)

the log-norm with respect to the elliptical norm induced by P . This can be seen as an initial growth rate with
respect to the norm induced by P [Lemma 3.31, Ref. [38]], and it recovers the log-norm bound when P = I .

Note that stability implies µP (A) < 0 for some P > 0. In particular, denote the condition number of P by
κP . One then has [Theorem 3.35, Ref. [38]]

∥eAt∥ ≤
√
κP e

µP (A)t, (64)

which accounts for potential increases of ∥eAt∥ in a transient regime, and recovers Eq. (61) for P = I .
Finally, we note that in the case of Schrödinger evolution underA = −iH for some HamiltonianH , we have

a constant norm for the dynamics, and so the system is not stable in the above sense; in the literature this case is
called “marginally stable”. Quantum dynamics, or any other linear dynamics with A having eigenvalues with
vanishing real parts, are not stable under arbitrarily small perturbations in A, while stable systems do allow
small perturbations while still remaining stable.

D Time discretization error analysis
We now describe the formal solution to the ODE, and the discretized solution that our algorithm will return.
The solution of Eq. (1) can be formally written as

x(t) = eAtx(0) +
∫ t

0
dt′eAt′

b, (65)

for any t ∈ [0, T ].
We proceed by splitting the time interval up into M equal-sized sub-intervals of width h, so that we

can approximate the dynamics at each of these time points. The exact solution data at these points are
x(0),x(h), . . . ,x(mh), . . . ,x(Mh) = x(T ). We shall approximate x(mh) with xm, which is a vector ob-
tained from a discrete sequence of evolutions obtained from a truncated Taylor series for the exponential eAt.
In particular we use

Tk(Ah) :=
k∑

j=0

1
j! (Ah)j

Sk(Ah) :=
k∑

j=1

1
j! (Ah)j−1, (66)

to approximate the exponentials needed to order k. The discretized dynamics is now defined recursively by
x0 := x(0), and

xm := Tk(Ah)xm−1 + Sk(Ah)b, (67)
for all m = 1, . . . ,M . The following result gives the condition on the truncation order k so as to obtain a target
relative error ϵTD.
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Lemma 1 (Time-discretization multiplicative error, Theorem 3 of Ref. [4]). Let xmin ≤ mint∈[0,T ] ∥x(t)∥
and take ∥A∥h ≤ 1 for a time-step h > 0. Let x(t) be the solution to ẋ(t) = Ax(t) + b and xm its
approximation at time t = mh defined in Eq. (67). If we choose the integer k such that

(k + 1)! ≥ Me3

ϵTD

(
1 + Te2 ∥b∥

xmin

)
, (68)

then it follows that the relative time-discretization error obeys

∥x(mh) − xm∥ ≤ ϵTD∥x(mh)∥, (69)

for all m = 0, 1, . . .M .

However there are situations where we might want an additive error of the form

∥x(mh) − xm∥ ≤ ϵTD. (70)

To establish a sufficient Taylor truncation order in this setting we introduce some notation that relate the con-
tinuous time dynamics and the discrete time dynamics.

From Eq. (14), a time-increment of h gives the following recursion relation

x(mh) = eAhx((m− 1)h) +
∫ h

0
dseAsb

= eAhx((m− 1)h) + h
∞∑

j=0

(Ah)j

(j + 1)!b

= T∞(Ah)x((m− 1)h) + hS∞(Ah)b, (71)

for any m = 1, 2, . . .M , where

Tk(Ah) =
k∑

j=0

(Ah)j

j! , Sk(Ah) =
k∑

j=0

(Ah)j

j + 1! . (72)

We shall bound errors obtained by approximating this recursion relation via

xm = Tk(Ah)xm−1 + hSk(Ah)b, (73)

and provide estimates on k such that Tk(Ah) sufficiently approximates T∞(Ah) and Sk(Ah) sufficiently ap-
proximates S∞(Ah).

Now let us look at the integrated relation, giving the solution at time mh from that at time 0. For the exact
solution up to time t = mh

x(mh) = eAmhx(0) +
∫ mh

0
ds eAsb

=
(
eAh

)m
x(0) +

m−1∑
j=0

∫ h

0
dseA(jh+s)b

=
(
eAh

)m
x(0) + h

m−1∑
j=0

(
eAh

)j
S∞(Ah)b

= eAmhx(0) + L∞b, (74)

where

Lk := h
m−1∑
j=0

Tk(Ah)jSk(Ah), (75)
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for any k = 1, 2, . . . ,∞. We shall then approximate x(mh) with xm, where

xm = Tk(Ah)x0 + h
m−1∑
j=0

Tk(Ah)jSk(Ah)b

= Tk(Ah)x0 + Lkb. (76)

Finally, we can derive the following useful relation:

LkA = ALk = Ah
m−1∑
j=0

Tk(Ah)jSk(Ah)

=
m−1∑
j=0

Tk(Ah)j
k−1∑
j=0

(Ah)j+1

(j + 1)!

=
m−1∑
j=0

Tk(Ah)j(Tk(Ah) − I)

=
m−1∑
j=0

(Tk(Ah)j+1 − Tk(Ah)j)

= Tk(Ah)m − I, (77)

for any choice of truncation order k = 1, 2, . . . ,∞.
The following lemma from [4] gives the truncation errors for the relevant operators of the dynamics.

Lemma 2 (From [4]). Assume ∥Ah∥ ≤ 1, and choose any m = 1, 2, . . . ,M . With the definitions in
Eq. (72) and Eq. (75), if k obeys me2/(k + 1)! ≤ 1 it follows that

∥(eAmh − Tk(Ah)m)e−Amh∥ ≤ (e− 1)me2

(k + 1)! , (78)

and also
∥(L∞ − Lk)e−Amh∥ ≤ mTe5

(k + 1)! . (79)

Therefore, the error grows linearly or quadratically in time and decreases exponentially with the truncation
order. We now prove the following discretization error result, which parallels the bounds in [4] for multiplicative
errors.

Lemma 3 (Time-discretization error with additive errors). Let h > 0 be chosen so that ∥A∥h ≤ 1. Let
x(t) be the solution to ẋ(t) = Ax(t)+b and xm its approximation at time t = mh defined in Eq. (67).
Choose ϵ ∈ (0, 1] and let xmax ≥ supt∈[0,T ] ∥x(t)∥. If we choose an integer k such that

(k + 1)! ≥ Me3xmax
ϵ

(
1 + Te2 ∥b∥

xmax

)
, (80)

then it follows that the time-discretization error obeys

∥x(mh) − xm∥ ≤ ϵ, (81)

for all m = 0, 1, . . .M .

Proof. Noting that x(0) = x0, from Eq. (74), (76), as well as the relation in Eq. (77),

∥x(mh) − xm∥ = ∥(eAmh − Tk(Ah)m)x(0) + (L∞ − Lk)b∥
= ∥(L∞ − Lk)Ax(0) + (L∞ − Lk)b∥
= ∥(L∞ − Lk)(Ax(0) + b)∥. (82)
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Using the recursion relation (71) and the useful relation in (77), we see that the vector x̃(mh) :=
Ax(mh) + b evolves homogeneously:

x̃(mh) = Ax(mh) + b = AeAmhx(0) +AL∞b + b

= eAmhAx(0) + (eAmh − I)b + b = eAmh(Ax(0) + b)
= eAmhx̃(0). (83)

Therefore, we have

∥x(mh) − xm∥ = ∥(L∞ − Lk)e−Amh(Ax(mh) + b)∥
≤ ∥(L∞ − Lk)Ae−Amhx(mh)∥ + ∥(L∞ − Lk)e−Amhb∥

=
∥∥∥[eAmh − Tk(Ah)m

]
e−Amhx(mh)

∥∥∥+
∥∥∥(L∞ − Lk)e−Amhb

∥∥∥
≤
∥∥∥[eAmh − Tk(Ah)m

]
e−Amh

∥∥∥ ∥x(mh)∥ +
∥∥∥(L∞ − Lk)e−Amh

∥∥∥ ∥b∥. (84)

We now assume that integer k obeys Me2/(k + 1)! ≤ 1, and we use the operator bounds in Lemma 2
to deduce

∥x(mh) − xm∥ ≤ (e− 1)me2

(k + 1)! ∥x(mh)∥ + mTe5

(k + 1)!∥b∥

≤ (e− 1)Me2

(k + 1)! xmax + MTe5

(k + 1)!∥b∥

≤ Me3

(k + 1)!xmax + MTe5

(k + 1)!∥b∥ (85)

The result follows.

We can provide an explicit upper bound on the k required from the following lemma.

Lemma 4 (Sufficient truncation scale). Under the conditions of Lemma 1 (×) and Lemma 3 (+), we
respectively have that the choice

k+,× =
⌈

3 log(s×,+)/2 + 1
1 + log(log(s×,+)/2e+ 1/e) − 1

⌉
(86)

suffices to ensure multiplicative (×) error, ∥x(mh) − xm∥ ≤ ϵTD∥x(mh)∥, or additive (+) error,
∥x(mh) − xm∥ ≤ ϵTD, over all M = T/h time-steps of the dynamics. Here

s× = Me3

ϵTD

(
1 + Te2 ∥b∥

xmin

)
, s+ = Me3xmax

ϵTD

(
1 + Te2 ∥b∥

xmax

)
(87)

Therefore, to obtain either an additive error or multiplicative error ϵTD it suffices to choose

k+,× = Θ (log λ+,×(T )/ϵTD) , (88)

where λ×(T ) = max
{
T 2∥b∥/xmin, T

}
, λ+(T ) = max

{
T 2∥b∥, Txmax

}
.

Proof. From Lemma 3 we obtain the relevant s+ for additive errors, while for purely multiplicative
errors we use Lemma 1 for s×. In either case, it suffices to take (k + 1)! ≥ s×,+. From the Stirling
approximation we have that

n! ≥
(
n

e

)n

, (89)

so it suffices to take (k+1
e )k+1 ≥ s∗, i.e., k = ⌈f−1(s∗)⌉ − 1 where we define f(s) =

(
s
e

)s. However we
have that for any s > 0

f−1(s) = exp
[
W

( log s
e

)
+ 1

]
, (90)
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where W (s) is the principal branch of the Lambert W-function. We now use the upper bound

eW (s) ≤ s+ y

1 + log y , (91)

which holds for any s > −1/e and any y > 1/e [47].
In our case this reads

eW (log(s)/e) ≤ log(s)/e+ y

1 + log y (92)

We now take y = 1/e+ log(s)/2e, and therefore have that

f−1(s) − 1 ≤ eW (log(s)/e)+1 − 1 ≤ 3 log(s)/2 + 1
1 + log(log(s)/2e+ 1/e) − 1 = O(log(s)). (93)

We now set s = s×,+ and round up to the nearest integer to obtain the result claimed.

This expression shows that the truncation order in either the multiplicative or additive case grows at worst
logarithmically in time, k+,× = O(log(T )), for the homogeneous ODE case (b = 0), while for the inhomoge-
nous case (b ̸= 0) one can generally obtain k+,× = O(T ) if λ+,×(T ) decreases or increases exponentially in
T , as we discuss later.

For homogeneous systems of interest the value of k is quite mild. For example, taking λ×(T ) = 0, M = 106

and ϵTD = 10−9 the bound returns k = 19 (rounding up 18.2). Directly solving numerically the original bound
in Lemma 1 for k gives k = 18, so the analytical bound is relatively tight.

The recursively defined dynamics generates terms such as Tk(Ah)m, which approximate (eAh)m = eAmh

for all m = 0, 1, . . . ,M . For the condition number analysis we need an estimate on how well the truncated
expression Tk(Ah)m approximates the exact exponential eAmh for the continuous dynamics. The next result
determines the relative error for these matrices in the discrete dynamics.

Lemma 5 (Truncation error for dynamics). Let k = k+,× obey the time-discretization condition given
by Eq. (86) with error ϵTD, and let Tk(Ah) be defined as in Eq. (72). Then for all m = 0, 1, . . .M we
have the following relative error for the norm ∥Tk(Ah)m∥ relative to ∥eAhm∥.

∥Tk(Ah)m∥ ≤ ∥eAhm∥(1 + ϵTD), (94)

for multiplicative error, and

∥Tk(Ah)m∥ ≤ ∥eAhm∥
(

1 + ϵTD

xmax

)
. (95)

for additive error.

Proof. We have that

∥Tk(Ah)m∥ ≤ ∥eAmh∥ + ∥Tk(Ah)m − eAmh∥
= ∥eAmh∥ + ∥(Tk(Ah)m − eAmh)e−AmheAmh∥

=
(
1 + ∥(Tk(Ah)m − eAmh)e−Amh∥

)
∥eAmh∥

=
(

1 + (e− 1)me2

(k + 1)!

)
∥eAmh∥

=
(

1 + Me3

(k + 1)!

)
∥eAmh∥. (96)

For multiplicative error, k = k×, Eq. (68) implies

∥Tk(Ah)m∥ ≤ ∥eAhm∥(1 + ϵTD). (97)
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For additive error, k = k+, from Eq. (80) we have

∥Tk(Ah)m∥ ≤ ∥eAhm∥
(

1 + ϵTD

xmax

)
. (98)

This extends a result given for multiplicative error in Ref. [4].
Note that so far we discussed time-discretization errors at the level of unnormalized solution vectors, but

these can be readily translated into errors on the normalized quantum states.

Lemma 6. For any two vectors

|z⟩ = 1
∥z∥

(z1, . . . ,zJ), |z̃⟩ = 1
∥z̃∥

(z̃1, . . . , z̃J), (99)

if the relative error of each component is upper bounded as ∥zj − z̃j∥ ≤ a∥z̃j∥ + b for all j = 1, . . . , J ,
then it follows that for the corresponding normalized vectors we have

∥ |z⟩ − |z̃⟩ ∥ ≤ 2

√√√√a2 + 2ab
∑

j

∥z̃j∥
∥z̃∥2 + J

b2

∥z̃∥2 . (100)

Proof.

∥ |z⟩ − |z̃⟩ ∥ =
∥∥∥∥ z

∥z∥
− z̃

∥z̃∥

∥∥∥∥ ≤
∥∥∥∥ z

∥z∥
− z

∥z̃∥

∥∥∥∥+
∥∥∥∥ z

∥z̃∥
− z̃

∥z̃∥

∥∥∥∥
= |∥z∥ − ∥z̃∥|

∥z̃∥
+ ∥z − z̃∥

∥z̃∥
≤ 2∥z − z̃∥

∥z̃∥
. (101)

∥z − z̃∥ =

∑
j

∥zj − z̃j∥2

1/2

≤

∑
j

(a∥z̃j∥ + b)2

1/2

=
√
a2∥z̃∥2 + 2ab

∑
j

∥z̃j∥ + Jb2, (102)

and therefore,

∥ |z⟩ − |z̃⟩ ∥ ≤ 2

√√√√a2 + 2ab
∑

j

∥z̃j∥
∥z̃∥2 + J

b2

∥z̃∥2 . (103)

Recall the definitions (we set p = 0 for the history state)

xϵTD
H = (x0, 0, . . . , 0,x1, 0, . . . , 0,xM ), (104)

xH = (x(0), 0, . . . , 0,x(h), 0, . . . , 0,x(Mh)), (105)
and recall that we denote by kets the corresponding normalized states. Then, defining the corresponding nor-
malized coherent encodings of these vectors we have the following corollary.

Corollary 7. Let |xH⟩ and |xϵTD
H ⟩ be the normalized states associated to the vectors in Eq. (105) and

Eq. (104), respectively. Assume that ∥x(mh)−xm∥ ≤ ϵTD∥x(mh)∥ for all m = 1, . . . ,M (multiplicative
error). Then we have that

∥ |xϵTD
H ⟩ − |xH⟩ ∥ ≤ 2ϵTD ∥ |xM ⟩ − |x(Mh)⟩ ∥ ≤ 2ϵTD, (106)

Assume that ∥x(mh) − xm∥ ≤ ϵTD for all m = 1, . . . ,M (additive error). Then we have that

∥ |xϵTD
H ⟩ − |xH⟩ ∥ ≤ 2ϵTD

√
M

∥xH∥
= 2ϵTD

1√∑
m ∥x(mh)∥2/M

∥ |xM ⟩ − |x(Mh)⟩ ∥ ≤ 2ϵTD
1

∥x(Mh)∥ . (107)
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Therefore,

∥ |xϵTD
H ⟩ − |xH⟩ ∥ ≤ 2ϵTDf

+,×
H ∥ |xM ⟩ − |x(Mh)⟩ ∥ ≤ 2ϵTDf

+,×
T , (108)

where

f×
H := f×

T := 1, f+
H := 1√∑

m ∥x(mh)∥2/M
, f+

T := 1
∥x(Mh)∥ . (109)

Proof. The result follows by applying Lemma 6 to the time-discretization error Lemmas 1, 3.

We next turn to embedding the ODE system into a linear system of equations.

E Linear system embedding of the dynamics

In what follows we assume tunable idling parameters at each step m = 0, 1, . . . ,M so as to cover both the case
where we want to output the history state, the case where we want to output the solution state, as well as gener-
alized settings, as anticipated in the main text. These idling parameters are specified by integers p0, p1, . . . , pM .
The case pm = 0 except for pM = p corresponds to the solution state output case, while pm = p for all m
corresponds to the history state output case.

The linear system reduction for the ODE protocol in Ref. [3], here in a generalized version, has the form
L = L1 + L2 + L3 where

L1 :=
M−1∑
m=0

pm+k∑
j=0

|m, j⟩⟨m, j| ⊗ I + θ(pM )
pM∑
j=1

|M, j⟩⟨M, j| ⊗ I,

L2 := −
M∑

m=0
θ(pm)

pm∑
j=1

|m, j⟩⟨m, j − 1| ⊗ I −
M−1∑
m=0

k∑
j=1

|m, pm + j⟩⟨m, pm + j − 1| ⊗ Ah

j
,

L3 := −
M−1∑
m=0

k∑
j=0

|m+ 1, 0⟩⟨m, pm + j| ⊗ I. (110)

Here we use the Heaviside function θ(p) = 1 for p > 0 and zero otherwise. The integers {pm} govern the
filtering mentioned, as they amplify the solution vector at specified times. Note by setting pm = 0 for all
m = 0, . . . ,M − 1 and pM = p we recover the simplified form of the matrix L given in Eq. (48), but with a
different indexing. The difference here is that the idling phase is entirely encoded in the j index, whereas in in
Eq. (48) it was more efficiently encoded in all m ≥ M and j = 0, . . . , k indices. This amounts to a simple
relabeling. To compute the condition number bound it is convenient to use the form above, whereas to construct
the block-encodings it is convenient to adopt the form used in the main text.

Accepted in Quantum 2024-10-22, click title to verify. Published under CC-BY 4.0. 28



It can be useful to visualize the matrix L in the computational basis:

L =



I

−I I
. . . . . .

−I I

−Ah I

−Ah
2 I

−Ah
3 I

. . . . . .

−Ah
k I

−I −I −I . . . −I −I I

−I I
. . . . . .

−I I

−Ah I
. . . . . .



. (111)

L hasM repeated blocks. Themth block contains pm repetitions of the −I, I ‘idling’ and k sub-blocks −Ah/j,
j = 1, . . . , k, generating the Taylor series components. Note that A only appears to the first power, and hence
(111) is a relatively simple encoding compared to alternative ones involving matrix exponentiation [26] or
matrix inversion subroutines [4].

A simple extension of Eq. (16)-(24) in Ref. [3] shows that if we consider Ly = c with the vector c given in
terms of the following subvectors

c(0,0) = x0

c(m,pm+1) = hb for all m = 0, . . . ,M − 1
c(m,r) = 0 otherwise, (112)

then we get

y = L−1c = [y(0,0), . . . ,y(0,p0)︸ ︷︷ ︸
p0+1

,y(0,p0+1), . . . ,y(0,p0+k),y(1,0), . . . ,y(1,p1)︸ ︷︷ ︸
p1+1

, . . . ,y(M−1,pM+1+k),y(M,0), . . . ,y(M,pM )︸ ︷︷ ︸
pM +1

],

(113)
where for each m we have y(m,j) = xm for all j = 0, . . . , pm. Here xm are the components of the history
state in the truncated Taylor series approach (Eq. (67)). Instead, y(m,j) for j = pm + 1, . . . , pm + k is, with
the above labeling, junk data that can be removed by a post-selection measurement on the qubits labeling the
indices (m, j), or via amplitude amplification. We show that this form of y is the result of the matrix inversion
in Remark 8. Note that for the choice pm = 0 for all m we recover the history state output for the (m, 0) labels.
For the choice pm = 0 for m < M and pm = p for m = M we obtain a vector that can be post-processed to
output the solution state with bounded probability by amplifying the m = M component of the above state, if
we take p large enough. The exact value of p required will be analyzed in more detail in Sec. H.

F Condition number upper bound of the linear embedding matrix
We next turn to the condition number of the matrix L, which determines the time-complexity of the algorithm.
Previously Ref. [3] presented upper bounds on the condition number of L for a special choice of {pm} and
under several assumptions about A, in particular: that A has α(A) ≤ 0; that A is diagonalizable; and that one
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has a bound on the condition number κV of the matrix V that diagonalizes A. Here we extend the scope of that
analysis and strengthen the bounds. This will give exponential savings in logN for certain classes of matrices
(similarly to Ref. [4], but in the context of a simpler linear embedding), as well as a potential sublinear scaling
with time for the large class of stable dynamics.
Theorem 3 (Condition number bound – General case). Given A ∈ CN×N , let C(t) be an upper bound
to ∥eAt∥. Assume a Taylor truncation scale k = k+,× which gives rise to either a multiplicative or
additive error ϵTD for the norm distance of the discretized dynamics xm to the exact dynamics x(mh).
Choose idling parameters p0, p1, . . . , pM and for convention set p−1 = 0. Then the condition number
of L in Eq. (110) is upper bounded as

κL ≤

[
M∑

m=0

((
1 + ϵTD

c+,×

)2
(pm + I0(2))

m∑
l=0

C(lh)2

(
1 + pl−1

(
1 + ϵTD

c+,×

)2
C(h)2 + g(k)

)
+ pm(pm + 1)

2

)
+

+(
M∑

m=0
pm +Mk)(I0(2) − 1)

]1/2

(
√
k + 1 + 2). (114)

Here I0(2) ≈ 2.2796, with I0(x) the modified Bessel function of order zero, and where g(k) :=∑k
s=1

(
s!∑k

j=s 1/j!
)2

≤ ek, c+ = xmax and c× = 1.
Proof. A general vector will be divided up into sectors as follows

γ = [γ(0,0) γ(0,1) · · · γ(0,p0) γ(0,p0+1) · · · γ(0,p0+k) γ(1,0) γ(1,1) · · · γ(1,p1) · · · γ(1,p1+k) . . .γ(M,pM )], (115)
where we use the idling parameters (p0, p1, . . . , pM ). We can bound ∥L∥ via ∥L∥ ≤ ∥L1∥+∥L2∥+∥L3∥.
Firstly, it is clear that ∥L1∥ = 1. Secondly,

L2L
†
2 =

M∑
m=0

θ(pm)
pm∑
r=1

|m, r⟩⟨m, r| ⊗ I +
M−1∑
m=0

k∑
j=1

|m, pm + j⟩⟨m, pm + j| ⊗ (Ah)2

j2 , (116)

and so ∥L2∥ = max{∥Ah∥, 1} = 1. Similarly (see [3], proof of Lemma 4) we have ∥L3∥ =
√
k + 1.

Therefore, we have ∥L∥ ≤
√
k + 1 + 2.

We next estimate the norm ∥L−1∥ which is obtained from
∥L−1∥ = max

∥β∥=1
∥L−1β∥. (117)

By writing Lγ = β we have that ∥L−1∥ = max∥β∥=1 ∥γ∥, where γ is implicitly a function of β. We
now provide an upper bound on ∥L−1∥ via bounding ∥γ∥. For m obeying 0 ≤ m < M we have the
following system of equations:

γ(0,0) = β(0,0)

−γ(m,0) + γ(m,1) = β(m,1)

−γ(m,1) + γ(m,2) = β(m,2)

...
−γ(m,pm−1) + γ(m,pm) = β(m,pm)

−(Ah)γ(m,pm) + γ(m,pm+1) = β(m,pm+1)

−(Ah)
2 γ(m,pm+1) + γ(m,pm+2) = β(m,pm+2)

−(Ah)
3 γ(m,pm+2) + γ(m,pm+3) = β(m,pm+3)

...

−(Ah)
k

γ(m,pm+k−1) + γ(m,pm+k) = β(m,pm+k)

−γ(m,pm) − γ(m,pm+1) · · · − γ(m,pm+k) + γ(m+1,0) = β(m+1,0). (118)
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While for m = M we only have the pM equations for idling parameters and no Taylor series terms.
We can formally solve for γ in the above system of equations to get

γ(m,1) = β(m,1) + γ(m,0)

γ(m,2) = β(m,2) + β(m,1) + γ(m,0)

...
γ(m,pm) = β(m,pm) + β(m,pm−1) + · · · + β(m,2) + β(m,1) + γ(m,0), (119)

for the idling parts. Thus, for any m = 0, . . . ,M and any r = 1, . . . , pm we have

γ(m,r) = γ(m,0) +
r∑

s=1
β(m,s). (120)

For the Taylor series parts we have

γ(m,pm+1) = β(m,pm+1) + (Ah)γ(m,pm)

γ(m,pm+2) = β(m,pm+2) + (Ah)
2 γ(m,pm+1)

γ(m,pm+3) = β(m,pm+3) + (Ah)
3 γ(m,pm+2)

...

γ(m,pm+k) = β(m,pm+k) + (Ah)
k

γ(m,pm+k−1)

γ(m+1,0) = β(m+1,0) + γ(m,pm) + γ(m,pm+1) + · · · + γ(m,pm+k). (121)

Solving the previous expression in terms of γ(m,pm) gives

γ(m,pm+1) = β(m,pm+1) + (Ah)γ(m,pm)

γ(m,pm+2) = β(m,pm+2) + (Ah)
2 β(m,pm+1) + (Ah)2

2 γ(m,pm)

γ(m,pm+3) = β(m,pm+3) + (Ah)
3 β(m,pm+2) + (Ah)2

3 · 2 β(m,pm+1) + (Ah)3

3 · 2 · 1γ(m,pm)

...

γ(m,pm+k) = β(m,pm+k) + (Ah)
k

β(m,pm+k−1)

+ · · · + (Ah)k−2

k · (k − 1) · · · 3β(m,pm+2) + (Ah)k−1

k · (k − 1) · · · 3 · 2β(m,pm+1) + (Ah)k

k! γ(m,pm). (122)

This implies that for any m = 0, 1, . . . ,M − 1 and any j = 1, . . . , k we have

γ(m,pm+j) = 1
j! (Ah)jγ(m,pm) +

j∑
s=1

s!
j! (Ah)j−sβ(m,pm+s). (123)

We now iteratively solve over the m index as follows. Firstly,

γ(m,0) (121)=
k∑

j=0
γ(m−1,pm−1+j) + β(m,0)

(123)=
k∑

j=0

1
j! (Ah)jγ(m−1,pm−1) +

k∑
j=1

j∑
s=1

s!
j! (Ah)j−sβ(m,pm−1+s) + β(m,0)

(120)= Tk(Ah)γ(m−1,0) +
pm−1∑
r=1

Tk(Ah)β(m−1,r) +
k∑

j=1

j∑
s=1

s!
j! (Ah)j−sβ(m−1,pm−1+s) + β(m,0). (124)
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We define

B(m−1) :=
pm−1∑
r=1

Tk(Ah)β(m−1,r) +
k∑

j=1

j∑
s=1

s!
j! (Ah)j−sβ(m−1,pm−1+s), (125)

so that for any m = 1, 2, . . . ,M we have

γ(m,0) = Tk(Ah)γ(m−1,0) + B(m−1) + β(m,0). (126)

Since we have the condition γ(0,0) = β(0,0) it follows that

γ(1,0) = Tk(Ah)β(0,0) + B(0) + β(1,0)

γ(2,0) = Tk(Ah)(Tk(Ah)β(0,0) + B(0) + β(1,0)) + B(1) + β(2,0)

γ(3,0) = Tk(Ah)[Tk(Ah)(Tk(Ah)β(0,0) + B(0) + β(1,0)) + B(1) + β(2,0)] + B(2) + β(3,0), (127)

and so iterating we find that

γ(m,0) =
m∑

r=0
Tk(Ah)m−r

(
β(r,0) + B(r−1)

)
, (128)

where we set B(−1) = 0 by setting β(−1,r) ≡ 0 for all r.
We now make use of Lemma 5 to estimate the following vector norm.

∥γ(m,0)∥ ≤
m∑

r=0
∥Tk(Ah)m−r∥

(
∥β(r,0)∥ + ∥B(r−1)∥

)
≤ (1 + ϵTD/c+,×)

m∑
r=0

∥eAh(m−r)∥
(
∥β(r,0)∥ + ∥B(r−1)∥

)
≤ (1 + ϵTD/c+,×)

m∑
r=0

C(mh− rh)
(
∥β(r,0)∥ + ∥B(r−1)∥

)
, (129)

where c× = 1, c+ = xmax. Since ∥Ah∥ ≤ 1 we have that

∥γ(m,0)∥ ≤ (1 + ϵTD/c+,×)
m∑

r=0
C(mh− rh)

∥β(r,0)∥ +
k∑

j=1

j∑
s=1

s!
j!∥β(r−1,pr−1+s)∥ +

pr−1∑
w=1

∥Tk(Ah)∥∥β(r−1,w)∥


≤ (1 + ϵTD/c+,×)

m∑
r=0

C(mh− rh)

∥β(r,0)∥ +
k∑

j=1

j∑
s=1

s!
j!∥β(r−1,pr−1+s)∥ + (1 + ϵTD/c+,×)C(h)

pr−1∑
w=1

∥β(r−1,w)∥


(130)

where we used ∥Tk(Ah)∥ ≤ C(h)(1 + ϵTD/c+,×), again from Lemma 5, which holds for either the
multiplicative error or additive error case. Now, k∑

j=1

j∑
s=1

s!
j!∥β(r,pr+s)∥

 =
[ 1∑

s=1

s!
1!∥β(r,pr+s)∥ +

2∑
s=1

s!
2!∥β(r,pr+s)∥ + · · · +

k∑
s=1

s!
k!∥β(r,pr+s)∥

]

=
[
1!
( 1

1! + 1
2! + · · · + 1

k!

)
∥β(r,pr+1)∥

+2!
( 1

2! + · · · + 1
k!

)
∥β(r,pr+2)∥ + · · · + k! 1

k!∥β(r,pr+k)∥
]

=
k∑

s=1
s!

k∑
j=s

1
j!∥β(r,pr+s)∥

=
k∑

s=1
f(s, k)∥β(r,pr+s)∥, (131)
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where we define

f(s, k) := s!
k∑

j=s

1
j! =

k∑
j=s

1
j(j − 1) · · · (s+ 1) . (132)

Thus, we have

∥γ(m,0)∥
(1 + ϵTD/c+,×) ≤

m∑
r=0

C(mh− rh)
[

∥β(r,0)∥ +
k∑

s=1
f(s, k)∥β(r−1,pr−1+s)∥ + (1 + ϵTD/c+,×)C(h)

pr−1∑
w=1

∥β(r−1,w)∥

]
.

(133)

The RHS of this is in the form of an inner product V (m) · W (m), between vectors with components,

V (m) :=
(
⊕m

r=0∥β(r,0)∥ ⊕m
r=0 ⊕pr−1

w=1∥β(r−1,w)∥ ⊕m
r=0 ⊕k

s=1∥β(r−1,pr−1+s)∥
)

W (m) :=
(

⊕m
r=0C(mh− rh) ⊕m

r=0 ⊕pr−1
w=1(1 + ϵTD

c+,×
)C(mh− rh)C(h) ⊕m

r=0 ⊕k
s=1 [C(mh− rh)f(s, k)]

)
,

(134)

where we set p−1 = 0, and use direct sum notation so that, for example, (⊕3
r=0zr) = (z0, z1, z2, z3).

Since ∥β∥ = 1 it follows that ∥V (m)∥ ≤ 1 for any m = 1, . . . ,M . We now use Cauchy-Schwarz on
V (m) · W (m) and get that for any m = 1, 2, . . . ,M

∥γ(m,0)∥2 ≤
(

1 + ϵTD

c+,×

)2 m∑
r=0

C(rh)2

1 + pr−1

(
1 + ϵTD

c+,×

)2

C(h)2 + g(k)

 (135)

where

g(k) =
k∑

s=1
f(s, k)2 =

k∑
s=1

s! k∑
j=s

1/j!

2

. (136)

For m = 0 we have that γ(0,0) = β(0,0) and so ∥γ(0,0)∥ ≤ 1. If we define p−1 = 0 then we can
alternatively use the bound given in (135) with m = 0, which is slightly weaker. Note that since
f(s, k) ≤ e one has g(k) ≤ ek, but this upper bound overestimates g(k) by almost a factor of 2, so we
shall not use it.

We next bound ∥γ(m,r)∥ for r = 1, . . . , pm and also ∥γ(m,pm+j)∥ for j = 1, . . . , k.
Firstly, from Eq. (120),

∥γ(m,r)∥ ≤ ∥γ(m,0)∥ +
r∑

s=1
∥β(m,s)∥, (137)

for r = 1, 2, . . . , pm. We follow a similar line to before, and have from Eq. (130):

∥γ(m,r)∥ ≤ (1 + ϵTD

c+,×
)

m∑
l=0

C(mh− lh)
[

∥β(l,0)∥ +
k∑

s=1
f(s, k)∥β(l−1,pl−1+s)∥ + (1 + ϵTD

c+,×
)C(h)

pl−1∑
w=1

∥β(l−1,w)∥

]

+
r∑

s=1
∥β(m,s)∥, (138)

and using Cauchy-Schwarz in an analogous way to Eq. (135) we have

∥γ(m,r)∥2 ≤ (1 + ϵTD

c+,×
)2

m∑
l=0

C(lh)2
(
1 + pl−1(1 + ϵTD)2C(h)2 + g(k)

)
+ r, (139)
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for any r = 0, 1, 2, . . . , pm. Finally, using Eq. (123) and Eq. (120),

∥γ(m,pm+j)∥ ≤ 1
j!∥γ(m,pm)∥ +

j∑
s=1

s!
j!∥β(m,pm+s)∥

≤ 1
j! (∥γ(m,0)∥ +

pm∑
r=1

∥β(m,r)∥) +
j∑

s=1

s!
j!∥β(m,pm+s)∥. (140)

Again using Cauchy-Schwarz we have

∥γ(m,pm+j)∥2 ≤ (1 + ϵTD/c+,×)2

j!2
m∑

l=0
C(lh)2

(
1 + pl−1(1 + ϵTD/c+,×)2C(h)2 + g(k)

)
+ pm

j!2 +
j∑

s=1

(
s!
j!

)2
.

(141)

We now have that

∥γ∥2 =
M−1∑
m=0

 pm∑
r=0

∥γ(m,r)∥2 +
k∑

j=1
∥γ(m,pm+j)∥2

+
pM∑
r=0

∥γ(M,r)∥2. (142)

Using the above bounds in Eq. (139) and Eq. (141) we have that

∥γ∥2 ≤
M∑

m=0

((
1 + ϵTD

c+,×

)2 pm∑
r=0

m∑
l=0

C(lh)2

(
1 + pl−1

(
1 + ϵTD

c+,×

)2
C(h)2 + g(k)

)
+

pm∑
r=0

r

)

+
M∑

m=0

k∑
j=1


(

1 + ϵTD
c+,×

)2

j!2
m∑

l=0
C(lh)2

(
1 + pl−1

(
1 + ϵTD

c+,×

)2
C(h)2 + g(k)

)
+ pm

j!2 +
j∑

s=1

(
s!
j!

)2


≤
M∑

m=0

((
1 + ϵTD

c+,×

)2
(pm + 1)

m∑
l=0

C(lh)2

(
1 + pl−1

(
1 + ϵTD

c+,×

)2
C(h)2 + g(k)

)
+ pm(pm + 1)

2

)

+
M∑

m=0

((
1 + ϵTD

c+,×

)2
(I0(2) − 1)

m∑
l=0

C(lh)2

(
1 + pl−1

(
1 + ϵTD

c+,×

)2
C(h)2 + g(k)

))
+
(

M∑
m=0

pm +Mk

)
(I0(2)−1)

≤
M∑

m=0

((
1 + ϵTD

c+,×

)2
(pm + I0(2))

m∑
l=0

C(lh)2

(
1 + pl−1

(
1 + ϵTD

c+,×

)2
C(h)2 + g(k)

)
+ pm(pm + 1)

2

)

+
(

M∑
m=0

pm +Mk

)
(I0(2) − 1), (143)

where we used that

k∑
j=1

1
(j!)2 ≤

∞∑
j=1

1
(j!)2 = I0(2) − 1, (144)

where I0(x) is the order-zero modified Bessel function of the first kind, and also that

k∑
j=1

j∑
s=1

(
s!
j!

)2
=

k∑
j=1

j∑
s=1

( 1
(j − s)!

)2
≤

k∑
j=1

j∑
w=1

1
(w!)2 ≤ k(I0(2) − 1). (145)

From numerical tests, we find the latter inequalities cannot be substantially improved. This completes
the proof.
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Remark 8. Using the expressions found in the previous proof we can show that Eq. (113) holds, i.e.,
that the ideal inversion of L on the claimed form for c gives the claimed output. Specifically, we
choose β = c via the conditions (refer to Eq. (112))

β(0,0) = x0

β(m,pm+1) = hb for all m = 0, . . . ,M − 1
β(m,r) = 0 otherwise. (146)

The idling terms will produce copies of data with this choice of input. More precisely, from Eq. (120)
we have that

γ(m,r) = γ(m,0), (147)

for r = 0, . . . pm since β(m,s) = 0 for all m and all s = 1, . . . , pm.
The conditions β(m,pm+1) = hb and β(m,r) = 0 on other indices, imply that we have (Eq. (125))

B(m−1) :=
pm−1∑
r=1

Tk(Ah)β(m−1,r) +
k∑

j=1

j∑
s=1

s!
j! (Ah)j−sβ(m−1,pm−1+s)

=
k∑

j=1

1!
j! (Ah)j−1β(m−1,pm−1+1) = Sk(Ah)hb. (148)

Therefore, Eq. (126) implies that

γ(m,0) = Tk(Ah)γ(m−1,0) + Sk(Ah)hb, (149)

for m = 1, . . . ,M and the initial condition γ(0,0) = x0. This recursion relation coincides with the one
for the discrete dynamics and therefore γ(m,0) = xm for all m = 0, . . . ,M , as required. Moreover, idling
implies γ(m,r) = xm for all m = 0, . . . ,M and all r = 0, . . . , pm. The remaining indices correspond to
junk data. This shows that L−1c returns the claimed form of discrete solution.

We can now specialize the above theorem to idling only at the end (or not at all), and consider both the stable
α(A) < 0 case and the case α(A) ≥ 0 separately.

Theorem 4 (Condition number bounds: stability cases). Consider a complex matrix A ∈ CN×N , a
Taylor truncation order k = k+,× associated to a discretization error ϵTD, and the associated embedding
of A into a matrix L defined by Eq. (111), for discretized dynamics from t = 0 up to t = T = Mh,
via M + 1 uniform steps of size h. Consider the case of idling parameters given by pm = 0 for all
0 ≤ m < M and pM = p. Let I0(x) be the modified Bessel function of order zero, and g(k) :=∑k

s=1

(
s!∑k

j=s 1/j!
)2

≤ ek. Also, c+ = xmax and c× = 1. Then the following upper bounds on the
matrix L hold:

• (A is a stable matrix). For the case where A is a stable matrix, let P and Q be any two positive
Hermitian matrices that satisfy the Lyapunov equation PA + A†P = −Q. Denote by µP (A) the
log-norm of A with respect to the elliptical norm induced by P and denote by κP the condition
number of P . Then we have that

κL ≤

[(
1 + ϵTD

c+,×

)2

(1 + g(k)) κP

(
p

1 − e2MµP (A)h+2µP (A)h

1 − e2µP (A)h
+ I0(2)e2µP (A)(M+2)h + M + 1 − e2µP (A)h(2 + M)

(1 − e2hµP (A))2

)

+p(p + 1)
2 + (p + Mk)(I0(2) − 1)

]1/2

(
√

k + 1 + 2), (150)

and therefore we obtain the asymptotic complexity κL = O(k
√
κPT + p2).
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• (A is not a stable matrix). If A is not stable, then consider any uniform bound ∥eAt∥ ≤ Cmax for
all t ∈ [0, T ]. Then we have that

κL ≤ (
√

k + 1 + 2)

√
C2

max

(
1 +

ϵTD
c+,×

)2

(1 + g(k)) (M + 1)[p + I0(2)(M/2 + 1)] +
p(p + 1)

2
+ (p + Mk)(I0(2) − 1), (151)

and therefore we obtain the asymptotic complexity κL = O(k
√
C2

maxT
2 + p2).

Note that for all stable matrices we have that the condition number is O(
√
Tk), and so unless k scales poly-

nomially with T (which happens only if λ+,×(T ) grows exponentially, i.e. the ODE solution norm decays or
grows exponentially), we have a quadratic improvement in the condition number dependence with T compared
to previously known results, which scale as O(Tpoly(k)) [3, 4, 26]. A related quadratic speedup [40] was
obtained for the case of A = −H2 for Hermitian H .

Proof of Theorem 4. From the proof of Theorem 3, setting pm = 0 for m = 0, . . . ,M − 1 and pM = p,
we have that

∥γ∥2 ≤
M∑

m=0

((
1 + ϵTD

c+,×

)2
(pδm,M + I0(2))

m∑
l=0

C(lh)2 (1 + g(k))
)

+ p(p+ 1)
2 + (p+Mk)(I0(2) − 1)

=
(

1 + ϵTD

c+,×

)2
(1 + g(k))

(
p

M∑
l=0

C(lh)2 + I0(2)
M∑

m=0

m∑
l=0

C(lh)2

)
+ p(p+ 1)

2 + (p+Mk)(I0(2) − 1).

(152)

Now consider the different subcases for A.

• (A is a stable matrix) We use ∥eAt∥ ≤ √
κP e

µP (A)t for all t ≥ 0 to obtain geometric sums in the
previous inequality. This implies that

M∑
l=0

C(lh)2 = κP
1 − e2MµP (A)h+2µP (A)h

1 − e2µP (A)h ≤ M + 1 = O(M)

M∑
m=0

m∑
l=0

C(lh)2 = κP
e2µP (A)(M+2)h +M + 1 − e2µP (A)h(2 +M)

(1 − e2hµP (A))2 ≤ (M + 1)(M/2 + 1) = O(M2),

(153)

where in the limit µP (A) → 0−, the sums saturate the upper bounds M+1 and (M+1)(1+M/2),
respectively. This limit corresponds to the α(A) ≥ 0 bound upon replacing κP with C2

max. For
µP (A) < c < 0 for some constant c independent of N we instead get that the first expression
scales in time as O(1), whereas the second scales as O(M).

∥γ∥2 ≤
(

1 +
ϵTD
c+,×

)2

(1 + g(k))

(
p

M∑
l=0

C(lh)2 + I0(2)
M∑

m=0

m∑
l=0

C(lh)2

)
+

p(p + 1)
2

+ (p + Mk)(I0(2) − 1)

=
(

1 +
ϵTD
c+,×

)2

(1 + g(k)) κP

(
p

1 − e2MµP (A)h+2µP (A)h

1 − e2µP (A)h
+ I0(2)

e2µP (A)(M+2)h + M + 1 − e2µP (A)h(2 + M)
(1 − e2hµP (A))2

)
+

p(p + 1)
2

+ (p + Mk)(I0(2) − 1) (154)

and so

κL ≤

[(
1 +

ϵTD
c+,×

)2

(1 + g(k)) κP

(
p

1 − e2MµP (A)h+2µP (A)h

1 − e2µP (A)h
+ I0(2)

e2µP (A)(M+2)h + M + 1 − e2µP (A)h(2 + M)
(1 − e2hµP (A))2

)
+

p(p + 1)
2

+ (p + Mk)(I0(2) − 1)
]1/2

(
√

k + 1 + 2) (155)

By inspection, we see that κL = O(k
√
κPT + p2).
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• (A is not a stable matrix) For this case we use that C(t) ≤ Cmax for all t ∈ [0, T ]. Then

∥γ∥2 ≤ C2
max

(
1 + ϵTD

c+,×

)2
(1 + g(k)) (M + 1)[p+ I0(2)(M/2 + 1)] + p(p+ 1)

2 + (p+Mk)(I0(2) − 1).

(156)

This implies the following condition number upper bound,

κL ≤ (
√

k + 1 + 2)

√
C2

max

(
1 + ϵTD

c+,×

)2

(1 + g(k)) (M + 1)[p + I0(2)(M/2 + 1)] + p(p + 1)
2 + (p + Mk)(I0(2) − 1).

(157)
For this we have κL = O(k

√
C2

maxT
2 + p2). We note that the previous bound can also be obtained

by taking κP = C2
max and µP → 0− in the expression for stable A.

Note that when outputting the history state the above result will be used setting p = 0, whereas when
outputting the solution state we will set p = Θ(

√
T ), as we shall see. In both cases, κL = O(k

√
κPT ) for the

case of A being stable.
To relate this result to prior works we make use of the following lemma.

Lemma 9. Let A ∈ CN×N be a stable, complex matrix, and let P > 0 be a Hermitian matrix that obeys
the Lyapunov condition PA+A†P < 0. Let κP denote the condition number of P and µP (A) denote
the log-norm of A with respect to the ellipsoidal norm defined by P . Then the following special cases
hold:

• If A is diagonalizable via V −1AV = D, a diagonal matrix, then we may take P = V †V and so
κP = κ2

V (with κV the condition number of V ) and µP (A) = α(A). In particular, if A is a normal
matrix then κP = 1 and µP (A) = α(A).

• If A has negative Euclidean log-norm µ(A) < 0, then we may take P = I and so κP = 1 and
µP (A) = µ(A).

The proof of this lemma is as follows.

Proof. If A is diagonalizable and A = V −1DV for some diagonal D, then we may take P = V †V > 0.
In fact,

PA+A†P = V †V A+A†V †V = V †(D +D†)V.

However, since A cannot have any eigenvalues with nonnegative real parts, it follows that V †(D +
D†)V = −Q for some Hermitan operator Q > 0. We then have that κP = ∥V †V ∥∥V −1(V −1)†∥ = κ2

V ,
since ∥X†X∥ = ∥X∥2 for any X (in the particular case of A normal, the operator is diagonalizable
via a unitary V for which κV = 1, so κP = 1). To show that µP (A) = α(A) note that

max
∥x∥≠0

Re ⟨PAx,x⟩
⟨Px,x⟩

= max
∥x∦=0

Re ⟨V Ax, V x⟩
⟨V x, V x⟩

= max
∥x∥≠0

Re ⟨V AV −1V x, V x⟩
⟨V x, V x⟩

= max
∥x′∦=0

Re ⟨Dx′,x′⟩
⟨x′,x′⟩

= α(A),

(158)
where we replace x′ = V x.

Suppose now that we choose P = I and have that PA + A†P = A + A† has strictly negative
eigenvalues. This occurs if and only if A has negative log-norm with respect to operator norm. In this
case we have κP = 1 and µP (A) = µ(A).

The previous Lemma, together with Theorem 4 immediately imply the following corollary.

Corollary 10. Suppose A ∈ CN×N is a stable, complex matrix. Let L be the associated embedding of
the discretized dynamics induced by A with Taylor truncation order k for a time interval [0, T ] and
idling parameter p, as given in Eq. (111). Then the following special cases hold:
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• If A is diagonalizable via V −1AV = D, a diagonal matrix, then κL = O
(
κV k

√
T + p2/κ2

V

)
,

where κV is the condition number of V .

• If A has a negative log-norm µ(A) < 0, then κL = O(k
√
T + p2).

The first result in Corollary 10 gives a quadratic improvement in T over [3], which had κL = O(κV kT ), in
the regime α(A) < 0. The second result in Corollary 10 gives a similar improvement over [4], which had a
complexity O(k3/2T ). In fact, for A having a negative log-norm we improve both the dependence on k and T
for the condition number3 over Ref. [4]. We provide more detailed analysis for the case of negative log-norm
in the next section.

Special case: A with negative log-norm

We can analyse the behaviour of these bounds in some more detail for the case where P = I , which corresponds
to the case ofA having negative log-norm. Firstly, the transition from theO(

√
M) scaling to theO(M) scaling

is determined by the square root of

e2µ(A)(M+2)h +M + 1 − e2µ(A)h(2 +M)
(1 − e2hµ(A))2 . (159)

In the regime µ < 0 the scaling is O(M), but one can wonder how small the constant prefactor can be. We
can in fact derive a lower bound for it. Note that for any matrix A we have −∥A∥ ≤ µ(A) ≤ ∥A∥, and since
stability requires ∥A∥h ≤ 1 this implies that e−1 ≤ eµh ≤ 1. The expression in Eq. (159) is equal to the double
sum

∑M
m=0

∑m
r=0(eµh)r. Letting x = eµh this sum can be written as

M∑
m=0

m∑
r=0

(eµh)r =
M∑

s=0
csx

s, (160)

where cs > 0. A sum of strictly positive monomials csx
s with cs > 0, is monotone increasing for x > 0, and

therefore on the interval [e−1, 1] the sum attains its minimum when x = eµh = e−1. Replacing in Eq. (159),
we get (

e4(M + 1) − e2(M + 2) + e−2M
)

(e2 − 1)2 = e4 − 2e2 + e−2M

(e2 − 1)2 + e2

e2 − 1M. (161)

The smallest value the double sum can take among all systems with negative log-norm is hence smaller than

1 + e2

e2 − 1M. (162)

Overall we have that in this best-case scenario

κL ≤

√√√√(1 + ϵTD

c+,×

)2

(1 + g(k)) I0(2)
(
e4 − 2e2 + e−2M

(e2 − 1)2 + e2

e2 − 1M
)

+ k(I0(2) − 1)M (163)

≈

√√√√(1 + ϵTD

c+,×

)2

(1 + g(k)) I0(2) e2

e2 − 1 + k(I0(2) − 1) ×
√
M. (164)

For example, for small ϵTD, k = 19 and c+,× = 1, the pre-factor constant before
√
M is approximately 9.8.

This optimal case occurs when µ(A) = −∥A∥, which in turn occurs if

max
∥x∥=1

Re(x†Ax) = − max
∥x∥=1

∥Ax∥. (165)

We can show this optimal bound occurs if and only if A = −∥A∥I in the case of negative log-norm.

3Note that an extra factor of k must be included to account for the implicit matrix inversion required in Ref. [4] so
the effective scaling is O(T k3/2).
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Lemma 11. Under the conditions of Corollary 10, assume that A has a negative log-norm. The optimal
linear scaling Me2/(e2 − 1) in ∑M

m=0
∑m

l=0C(lh)2 occurs if and only if A = −∥A∥I.
Proof. The ‘if’ direction is clear. Suppose conversely that µ(A) = −∥A∥. Let λi(X) denote the i’th
largest eigenvalue of the Hermitian matrix X. Consider µi := λi(Re(A)) := λi((A + A†)/2), and let
vi be a corresponding unit eigenvector for this eigenvalue, with the eigenvalues sorted in decreasing
order. By definition of log-norm, µ(A) = µ1. Furthermore, µN ≤ · · · ≤ µ2 ≤ µ1 < 0 and so

|µN | ≥ · · · ≥ |µ1|. (166)

Also,

|µi| =
∣∣∣∣∣λi

(
A+A†

2

)∣∣∣∣∣ ≤ ∥A∥ + ∥A†∥
2 = ∥A∥ (167)

Hence, we have the following chain of inequalities for all i = 1, . . . , N

∥A∥ ≥ |µi| = |λi(Re(A))| = |v†
iRe(A)vi| = |Re(v†

iAvi)|

≤ |v†
iAvi| =

√
v†

i (A†A)vi ≤ ∥A∥. (168)

These inequalities must be saturated. The equality |Re(v†
iAvi)| = |v†

iAvi| implies v†
iIm(A)vi = 0 for

all i. Since (A+A†)/2 is a Hermitian matrix, it follows that the vectors vi form a complete basis, and
so we find that (A − A†)/2 = 0. The equality |µi| = ∥A∥ implies Re(A)vi = −∥A∥vi for all i, since
we are given that µi < 0. Since vi are a basis, this implies (A+A†)/2 = −∥A∥I. Hence

A = A+A†

2 + A−A†

2 = −∥A∥I, (169)

which completes the proof.

This lemma implies that the bounds are near-optimal when A has a relatively uniform spectrum with small
imaginary components.

G Block-encoding of the linear system matrix
For quantum linear solver algorithms it is typically assumed that the defining matrix has operator norm
bounded above by 1. As shown in the previous section, for a Taylor truncation order k = k+,× we have
that ∥L∥ ≤

√
k + 1 + 2, and therefore we rescale the matrix to put it into a canonical form. We therefore

define

L̃ := 1√
k + 1 + 2

L (170)

c̃ := 1√
k + 1 + 2

c, (171)

and solve the rescaled problem L̃y = c̃, which has ∥L̃∥ ≤ 1, as normally required. Note that the coherent
solution |y⟩ to this system coincides with the coherent solution of the original system. Moreover, the condition
number κL̃ of the matrix L̃ equals κL since the expression ∥L∥∥L−1∥ is invariant under rescaling.

For the linear-solver algorithm we require both a unitary Uc̃ that prepares the normalized state |c̃⟩ as well as
UL̃, a block-encoding of L̃. For the former we note that |c̃⟩ = |c⟩, since the rescaling is removed under the
normalization of the state. It is readily seen that Uc̃ can be constructed via a single call to U0 and a single call
to Ub.

For UL̃, we recall that an (ωX , aX , ϵX) block-encoding of a matrix X is defined as a unitary UX such that

∥(⟨0aX | ⊗ I)UX(|0aX ⟩ ⊗ I) −X/ωX∥ ≤ ϵX . (172)

Here we denote by |0a⟩ the state |0⟩⊗a, for any integer a. We assume oracle access to A via an (ω, a, 0) block-
encoding of A. From this we need to construct a block-encoding UL̃ of the matrix L̃. The following result
shows this can be readily done.
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Theorem 5. Let L̃ := 1√
k+1+2L, where L is defined in Eq. (110). Take ωh ≥ 1. Given a Taylor

truncation scale k = k+,× we can construct an (ω̃, a+ 6, 0)-block-encoding UL̃ of L̃ via a single call to
an (ω, a, 0) block-encoding UA of the matrix A, with

ω̃ = ωh+ 1 +
√
k + 1

2 +
√
k + 1

= O

(
1 + ωh√

k

)
, (173)

being the rescaling factor of the block-encoding for L̃.

Proof. We construct a block-encoding for L = L1 +L2 +L3, which in turn provides a block-encoding
for the rescaled matrix L̃. We consider the problem separately for L1, L2 and L3 and then combine
them with linear combination of unitaries.

First, L1: this is just the identity matrix, hence the block-encoding is trivial – we have a (1, 0, 0)-
block-encoding of L1.

Second, L2:

L2 := −
M−1∑
m=0

k∑
j=1

|m, j⟩⟨m, j − 1| ⊗ Ah

j
− θ(p)

M+ p
k+1 −1∑

m=M

k∑
j=1

|m, j⟩⟨m, j − 1| ⊗ I, (174)

which we rewrite as

L2 = ωhL′
2L

′′
2L

′′′
2 , (175)

where

L′
2 := −

M−1∑
m=0

|m⟩⟨m| ⊗ I ⊗ A

ω
+

M+ p
k+1∑

m=M

|m⟩⟨m| ⊗ I ⊗ I

 (176)

L′′
2 =

−
M−1∑
m=0

k∑
j=1

|m, j⟩⟨m, j| ⊗ I

j
− θ(p)

M+ p
k+1 −1∑

m=M

k∑
j=1

|m, j⟩⟨m, j| ⊗ I

ωh

 (177)

L′′′
2 = I ⊗ ∆† ⊗ I, ∆† =

k−1∑
j=0

|j + 1⟩⟨j| . (178)

L′
2 can be (1, a, 0)-block-encoded by UL′

2
, where

UL′
2

=
M−1∑
m=0

|m⟩⟨m| ⊗ I ⊗ UA +
M+p/(k+1)∑

m=M

|m⟩⟨m| ⊗ I ⊗ I (179)

L′′
2 can be (1, 1, 0)-block-encoded as

UL′′
2

|0⟩ |mj⟩ =


(
−1

j |0⟩ +
√

1 − 1
j2 |1⟩

)
|mj⟩ if (m < M and j > 0),(

− 1
ωh |0⟩ +

√
1 − 1

ω2h2 |1⟩
)

|mj⟩ if (m ≥ M and j > 0),
|1⟩ |mj⟩ if j = 0,

(180)

where we assumed that ωh ≥ 1. This gives a (1, 1, 0)-block-encoding of L′
2. Finally, L′′′

2 can be block-
encoded as UL′′′

2
= I ⊗ U∆† ⊗ I, where U∆† acts on the space where ∆† acts augmented by an extra

qubit ancilla:
U∆† = ∆† ⊗ |0⟩⟨0| + ∆ ⊗ |1⟩⟨1| + |0⟩⟨0| ⊗ |0⟩⟨1| . (181)
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Using ∆†∆ = I − |0⟩⟨0| and ∆∆† = I, one can check that U∆† is unitary. Hence, we have a (1, 1, 0)-
block-encoding of I ⊗ ∆† ⊗ I.

Overall, we set UL2 := UL′
2
UL′′

2
UL′′′

2
, where each one of the three block-encoding unitaries has implicit

identity operators on the auxiliary qubits of the other block-encodings. This gives an (ωh, a + 2, 0)-
block-encoding of L2 involving a single query to UA.

Third, L3: we rewrite

L3 = −
√
k + 1(∆̃† ⊗ I ⊗ I)(I ⊗ |0⟩⟨0| ⊗ I)(I ⊗ U †

USP ⊗ I), (182)

where ∆̃† = ∑M−1
m=0 |m+ 1⟩⟨m|,

UUSP |0⟩ = |+k⟩ (183)
and |+k⟩ = 1√

k+1
∑k

j=0 |j⟩. Here UUSP is a uniform state preparation circuit [48] (if k is a power of
2, this is just the tensor product of log2 k Hadamards). Furthermore, the projector onto |0⟩⟨0| can be
decomposed as

|0⟩⟨0| = 1
2I + i

2e
iπZ/2, (184)

and so one can obtain a (1, 1, 0)-block-encoding of I ⊗ |0⟩⟨0| ⊗ I via Linear Combination of Unitaries
(LCU) [33]. Finally, we can construct a (1, 1, 0)-block-encoding of ∆̃† exactly in the same way as
we constructed one for ∆† above. Overall, we obtain a (

√
k + 1, 2, 0)-block-encoding of L3. Finally,

consider
1

1 + ωh+
√

1 + k
L = 1

1 + ωh+
√

1 + k

[
L1 + ωh

(
L2
ωh

)
+

√
1 + k

(
L3√
1 + k

)]
. (185)

This can be realized by the LCU
1

1 + ωh+
√

1 + k
(UL1 + ωhUL2 +

√
1 + kUL3) (186)

using 2 extra qubits. We hence constructed a (1 + ωh+
√

1 + k, a+ 6, 0)-block-encoding of UL using
a single call to UA. This implies that

(⟨0a+6| ⊗ I)UL(|0a+6⟩ ⊗ I) = 1
ωh+ 1 +

√
1 + k

L = 2 +
√
k + 1

ωh+ 1 +
√

1 + k
L̃ =: 1

ω̃
L̃, (187)

as claimed.

Therefore, we have all the ingredients needed for the linear-solver component. The optimal asymptotic
query complexity of the quantum linear solver algorithm [1] invokes the oracles UL̃ and Uc̃ for a target error ϵL
a number of times

O
(
ω̃κL̃ log(1/ϵL)

)
= O((κL + ωhκL/

√
k) log(1/ϵL)). (188)

Since these oracles are in turn constructed from single calls to UA, U0 and Ub the above expression also gives
the query complexity to the defining oracles of the linear ODE problem.

We next turn to post-processing of the state that is output from the linear solver subroutine.

H Success probabilities for post-selection
Recall that we denote by |y⟩ a quantum state proportional to the solution to the linear system problem,
y = L−1c. Furthermore, |xϵTD

H ⟩ and |xT ⟩ are proportional to

xϵTD
H = [x0, 0, . . . , 0,x1, 0, . . . , 0,xM ] (189)

and
xT = [0, . . . , 0,xM ], (190)

respectively. We then have,
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Theorem 6 (Success probability of ODE-solver – history state). Let h > 0 be such that ∥A∥h ≤ 1. Let
|y⟩ be the normalized solution to the linear system Ly = c with pm = 0 for all m and

c = [
m=0︷ ︸︸ ︷

x0, b, 0, . . . , 0︸ ︷︷ ︸
k

, . . . ,

m=M−1︷ ︸︸ ︷
0, b, 0, . . . , 0︸ ︷︷ ︸

k

, 0]. (191)

We define |xϵTD
H ⟩ as the state obtained by successful post-selection on the first outcome of the pro-

jective measurement {ΠH , I − ΠH} on the auxiliary register:

ΠH = I ⊗ |0⟩⟨0| ⊗ I, |xϵTD
H ⟩ := ΠH |y⟩

∥ΠH |y⟩ ∥
. (192)

For the case of multiplicative errors ∥x(mh)−xm∥ ≤ ϵTD∥x(mh)∥, we have that the success probability
is lower bounded as

PrH ≥ max


(

1 +
(

1 + λ×(T )
(1 − ϵTD)∥A∥

)2
(I0(2) − 1)

)−1

,

(
1 + (I0(2) − 1)

K

)−1
 (193)

where K = (3 − e)2 if b ̸= 0 and K = 1 for b = 0 and λ×(T ) = max{maxt∈[0,T ] ∥b∥/∥x(t)∥, T}.
For the case of additive errors ∥x(mh) − xm∥ ≤ ϵTD, we have PrH ≥

(
1 + (I0(2)−1)

K

)−1
. Therefore,

PrH = Ω(1) in all cases.

Proof. The desired data is given by

xϵTD
H = [y(0,0), 0, . . . , 0,y(1,0), 0, · · · , 0,y(M,0)] (194)

which is obtained by post-selecting success (first outcome) in the projective measurement {ΠH , I−ΠH}
(as it follows from the expression for y, Eq. (113)). Moreover the success probability is given by
PrH = ∥xϵTD

H ∥2/∥y∥2.
From Eq. (111) with pm ≡ 0,

y(m,j) = (Ah)j−1

j! y(m,1),

y(m,1) = Ahy(m,0) + hb,

y(m+1,0) =
k∑

j=1

(Ah)j−1

j! y(m,1). (195)

We first show that PrH ≥
(
1 + (I0(2)−1)

K

)−1
.

We compute

∥y∥2 =
M∑

m=0
∥y(m,0)∥2 +

M−1∑
m=0

k∑
j=1

∥y(m,j)∥2 := ∥xϵTD
H ∥2 +

M−1∑
m=0

k∑
j=1

∥y(m,j)∥2. (196)

We start with the simple case where b = 0. Then

M−1∑
m=0

k∑
j=1

∥y(m,j)∥2 =
M−1∑
m=0

k∑
j=1

∥∥∥∥∥(Ah)j−1

j! y(m,0)
∥∥∥∥∥

2

≤
M−1∑
m=0

k∑
j=1

1
j!2 ∥y(m,0)∥2

≤ (I0(2) − 1)
M∑

m=0
∥y(m,0)∥2 = (I0(2) − 1)∥xϵTD

H ∥2.
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Hence, ∥y∥ ≤ I0(2)∥xϵTD
H ∥2 and the result follows.

We next consider the case b ̸= 0. Using ∥A∥h ≤ 1 we have that

∥y(m+1,0)∥ ≥ ∥y(m,1)∥ −

∥∥∥∥∥∥
k∑

j=2

(Ah)j

j! y(m,1)

∥∥∥∥∥∥ ≥ ∥y(m,1)∥ −
k∑

j=2

1
j!
∥∥∥y(m,1)

∥∥∥ (197)

=

1 −
k∑

j=2

1
j!

 ∥y(m,1)∥ ≥ (3 − e)∥y(m,1)∥. (198)

So, ∑M
m=1 ∥y(m,0)∥2 ≥ (3 − e)2∑M−1

m=0 ∥y(m,1)∥2. From that and ∥y(m,j)∥ ≤ 1
j!∥y(m,1)∥, we get

M−1∑
m=0

k∑
j=1

∥y(m,j)∥2 ≤
M−1∑
m=0

k∑
j=1

( 1
j!

)2
∥y(m,1)∥2 ≤ (I0(2) − 1)

M−1∑
m=0

∥y(m,1)∥2 (199)

≤ I0(2) − 1
(3 − e)2

M∑
m=1

∥y(m,0)∥2 ≤ I0(2) − 1
(3 − e)2 ∥xϵTD

H ∥2. (200)

We conclude that
∥y∥2 ≤

(
1 + I0(2) − 1

(3 − e)2

)
∥xϵTD

H ∥2, (201)

and hence,

PrH ≥
(

1 + I0(2) − 1
(3 − e)2

)−1
, (202)

which holds for both additive and multiplicative error conditions. We next show that for the multi-

plicative error case PrH ≥
(

1 +
(
1 + λ×(T )

(1−ϵTD)∥A∥

)2
(I0(2) − 1)

)−1
.

We choose a function ζ(t) such that

∥b∥ ≤ ζ(mh)∥A∥∥xm∥, (203)

for all m = 0, 1, 2, . . . ,M , and define a constant ζ∗ to be an upper bound on ζ(mh) for all m, which
we specify shortly. Then,

∥y(m,1)∥ ≤ ∥Ahy(m,0)∥ + ∥hb∥ ≤ ∥y(m,0)∥ + ζ(mh)∥xm∥ = (1 + ζ(mh))∥xm∥. (204)

It follows that
M−1∑
m=0

k∑
j=1

∥y(m,j)∥2 ≤
M−1∑
m=0

k∑
j=1

1
(j!)2 ∥y(m,1)∥2

≤ (I0(2) − 1)
M∑

m=0
∥y(m,1)∥2

≤ (I0(2) − 1)(1 + ζ∗)2
M∑

m=0
∥xm∥2 = (I0(2) − 1)(1 + ζ∗)2∥xϵTD

H ∥2. (205)

This upper bounds the norm of the unwanted part of y. The probability of success is hence lower
bounded as

PrH ≥ 1
1 + (I0(2) − 1)(1 + ζ∗)2 . (206)

Now recall that λ×(T ) is required to obey

λ×(T ) ≥ ∥b∥
∥x(t)∥ , (207)
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for all t ∈ [0, T ]. We also have that ∥x(mh) − xm∥ ≤ ϵTD∥x(mh)∥ for all m by (reverse) triangle
inequality. This implies that ∥xm∥ ≥ (1 − ϵTD)∥x(mh)∥ for all m. Therefore,

1
(1 − ϵTD)

λ×(T )
∥A∥

≥ 1
(1 − ϵTD)

∥b∥
∥A∥∥x(mh)∥ ≥ 1

∥A∥
∥b∥

∥xm∥
(208)

for all m = 0, 1, . . . ,M . Therefore we can take

ζ∗ = 1
(1 − ϵTD)

λ×(T )
∥A∥

. (209)

This implies,

PrH ≥
(

1 +
(

1 + λ×(T )
(1 − ϵTD)∥A∥

)2
(I0(2) − 1)

)−1

, (210)

which completes the proof.

A comment about the above bounds. Recall that we have

x(t) = eAtx(0) +
∫ t

0
dt′eAt′

b, (211)

and so for non-zero b we can have x(t) = 0 whenever

x(0) = −
∫ t

0
dt′eA(t′−t)b. (212)

Therefore, in the case of multiplicative errors, λ×(T ) is unbounded from above, and depends on the relations
between b,x(0) andA. Despite this, it can be shown that we can still bound the success probability above 0.05,
which in fact holds for both additive and multiplicative errors.

We now turn to the solution state problem:

Theorem 7 (Success probability of ODE-solver – solution state). Let h > 0 be such that ∥A∥h ≤ 1.
Let |y⟩ be the normalized solution to the linear system Ly = c with L as in Eq. (110), pm = 0 for
all m < M , k = k+,× an integer that gives a multiplicative or additive error ϵTD, pM = p a positive
multiple of k + 1 and

c = [
m=0︷ ︸︸ ︷

x0, b, 0, . . . , 0︸ ︷︷ ︸
k

, . . . ,

m=M︷ ︸︸ ︷
0, 0, . . . , 0︸ ︷︷ ︸

k+1

, . . . ,

m=M+ p
k+1︷ ︸︸ ︷

0, 0, . . . , 0︸ ︷︷ ︸
k+1︸ ︷︷ ︸

1+p

]. (213)

We define |xϵTD
T ⟩ as the state obtained by successful post-selection on the first outcome of the pro-

jective measurement {ΠT , I − ΠT } on the clock register:

ΠT =
M+p/(k+1)∑

m=M

|m⟩⟨m| ⊗ I ⊗ I, |yϵTD
T ⟩ := ΠT |y⟩

∥ΠT |y⟩ ∥
= |xϵTD

T ⟩ ⊗ 1
√
p

M+ p
k+1∑

m=M

k∑
j=0

|mj⟩ . (214)

The success probability is lower bounded as

PrT ≥ 1

(1 − I0(2)−1
(p+1)K ) + (M + 1) I0(2)−1

(p+1)K

(
1+ϵTD
1−ϵTD

)2
ḡ2

+,×

. (215)

where

ḡ×(T )2 = 1
M + 1

M∑
m=0

∥x(mh)∥2

∥x(Mh)∥2 , (216)

with K = 1 in the homogeneous case, K = (3 − e)2 in the general case. Therefore, PrT = Ω( p
T ḡ2

+,×
)

in all cases.
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Proof. The equality |yϵTD
T ⟩ = |xϵTD

T ⟩ ⊗ 1√
p

∑M+ p
k+1

m=M

∑k
j=0 |mj⟩ follows from the expression for y

(Eq. (113)), together with the form of the projector in Eq. (214).
The rest of the proof is similar to the previous theorem. First,

∥y∥2 =
M+p/(k+1)∑

m=M

k∑
j=0

∥y(m,j)∥2 +
M−1∑
m=0

k∑
j=1

∥y(m,j)∥2 = (p+ 1)∥y(M,0)∥2 +
M−1∑
m=0

k∑
j=1

∥y(m,j)∥2. (217)

For the unwanted part (the second piece), using the same bound as in the previous theorem we get

M−1∑
m=0

k∑
j=1

∥y(m,j)∥2 ≤ I0(2) − 1
K

M∑
m=1

∥y(m,0)∥2 (218)

with K = (3 − e)2 for the inhomogeneous case and K = 1 if b = 0.
For the multiplicative case (×), the success probability is then lower bounded as in the general case

as

PrT = (p+ 1)∥y(M,0)∥2

∥y∥2 = (p+ 1)∥y(M,0)∥2

(p+ 1)∥y(M,0)∥2 + I0(2)−1
K

∑M
m=1 ∥y(m,0)∥2

(219)

= 1
(1 − I0(2)−1

K(p+1)) + I0(2)−1
K(p+1)

∑M
m=0

∥y(m,0)∥2

∥y(M,0)∥2

(220)

≥ 1

(1 − I0(2)−1
K(p+1)) + I0(2)−1

K(p+1)

(
1+ϵTD
1−ϵTD

)2∑M
m=0

∥x(mh)∥2

∥x(Mh)∥2

(221)

= 1

(1 − I0(2)−1
K(p+1)) + (M + 1) I0(2)−1

K(p+1)

(
1+ϵTD
1−ϵTD

)2
ḡ2

×

. (222)

Note that the inequality in the above sequence follows from the time-discretization lemma
(Lemma 1):

∥y(m,0)∥2

∥y(M,0)∥2 = ∥xm∥2

∥xM ∥2 ≤ (∥x(mh)∥ + ∥xm − x(mh)∥)2

(∥x(Mh)∥ − ∥xM − x(Mh)∥)2 ≤ (∥x(mh)∥ + ϵTD∥x(mh)∥)2

(∥x(Mh)∥ − ϵTD∥x(Mh)∥)2 (223)

=
(1 + ϵTD

1 − ϵTD

)2 ∥x(mh)∥2

∥x(Mh)∥2 . (224)

The result then follows. For additive errors Lemma 3 ensures that ∥x(mh) − xm∥ ≤ ϵTD, so the only
difference is that

∥xm∥2

∥xM ∥2 ≤
[ ∥x(mh)∥ + ϵTD

∥x(Mh)∥ − ϵTD

]2
. (225)

We can analogously define:

ḡ2
+ = 1

M + 1

M∑
m=0

(1 − ϵTD

1 + ϵTD

)2 [ ∥x(mh)∥ + ϵTD

∥x(Mh)∥ − ϵTD

]2
. (226)

and obtain the same result with the replacement ḡ+ 7→ ḡ×.

Note that the success probability for the history state behaves quite differently from that of the solution state
output. One way to understand this is in terms of the changes in norm of the solution. For the solution state
output we have that if x(t) gets very close to zero then we have a much lower success probability. But this does
not affect the history state in the same way: it simply means that the amplitudes within the history state decay,
but the norm of the history state does not – in particular we have that ∥xH∥ ≥ ∥x(0)∥.
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As we discuss below, we do not want the choice of p that we make to affect the scaling of κ with time.
Therefore if A is stable we have a complexity κ = O(

√
M), otherwise we have κ = O(M). Since κ = O(p)

we can choose either p =
√
M or p = M , respectively, without affecting the time complexity of κ.

If we set p = M1/2,

PrT ≥ 1(
1 − I0(2)−1

M1/2K

)
+ (M+1)

M1/2
I0(2)−1

K

(
1+ϵTD
1−ϵTD

)2
ḡ2

+,×

. (227)

With amplitude amplification, we need O(1/
√

PrT ) queries to the whole ODE linear solver protocol to obtain
success probability O(1). This number is O(ḡ+,×M

1/4).
Instead, if we set p = M

PrT ≥ 1(
1 − I0(2)−1

K(M+1)

)
+ I0(2)−1

K

(
1+ϵTD
1−ϵTD

)2
ḡ2

+,×

. (228)

With amplitude amplification, we need O(ḡ+,×) queries to the whole ODE linear solver protocol to obtain
success probability O(1). The same considerations apply if we run the algorithm with additive errors per
time-step. The same relations apply with the replacement ḡ× 7→ ḡ+.

I Error propagation
The quantum linear solver applied to L returns a mixed quantum state ρ such that

∥ρ− |y⟩⟨y| ∥1 ≤ ϵL, (229)

where ϵL is the linear solver error, |y⟩ = y/∥y∥ and y = L−1c. The solution of the linear system is then
projectively measured. Upon success the target (history or final) state is returned. The success probability in
the ideal case has been analyzed in Sec. H.

In the non-ideal case, however, both the success probability and the post-measurement state are perturbed
due to the finite precision of the QLSA. This is quantified by the following continuity statement with respect to
the ℓ1 norm.

Lemma 12 (Continuity of success probability and post-selected state). Let Π be a Hermitian projector,
ρ ≥ 0, ρ̃ ≥ 0 with ∥ρ̃− ρ∥1 ≤ ϵ and tr(Πρ) > ϵ. Then∥∥∥∥ ΠρΠ

tr(ρΠ) − Πρ̃Π
tr(ρ̃Π)

∥∥∥∥
1

≤ 2ϵ
tr(ρΠ) − ϵ

(230)

and tr(ρ̃Π) ≥ tr(ρΠ) − ϵ > 0.
Proof. First note that

∥Π(ρ− ρ̃)Π∥1 ≤ ∥Π∥2∥ρ− ρ̃∥1 ≤ ϵ, (231)
and

|tr(ρΠ) − tr(ρ̃Π)| = |tr((ρ− ρ̃)Π)| ≤ ∥ρ− ρ̃∥1∥Π∥ ≤ ϵ. (232)
It follows that

tr(ρ̃Π) ≥ tr(ρΠ) − ϵ. (233)
Note that ∥ΠρΠ∥1 = tr(Πρ). Then,∥∥∥∥ ΠρΠ

tr(Πρ) − Πρ̃Π
tr(Πρ̃)

∥∥∥∥
1

≤
∥∥∥∥ ΠρΠ

tr(Πρ) − ΠρΠ
tr(P ρ̃)

∥∥∥∥
1

+
∥∥∥∥ ΠρΠ

tr(Πρ̃) − Πρ̃Π
tr(Πρ̃)

∥∥∥∥
1

(234)

= ∥ΠρΠ∥1
|tr(Πρ) − tr(Πρ̃)|

tr(Πρ)tr(Πρ̃) + ∥Π(ρ− ρ̃)Π∥1
tr(Πρ̃) (235)

≤ ϵ

tr(Πρ̃) + ϵ

tr(Πρ̃) ≤ 2ϵ
tr(Πρ) − ϵ

. (236)

Accepted in Quantum 2024-10-22, click title to verify. Published under CC-BY 4.0. 46



Applied to our setting this implies the following result:

Lemma 13. Assume we run a QLSA algorithm returning ρ with ∥ρ − |y⟩⟨y| ∥1 ≤ ϵL, with |y⟩ the
normalized solution of Ly = c. Moreover, assume that ϵL is chosen sufficiently small so that PrH,T >
ϵL. Then denote by

σH := ΠHρΠH

tr(ΠHρ) , |xϵTD
H ⟩⟨xϵTD

H | := ΠH |y⟩⟨y| ΠH

tr(ΠH |y⟩⟨y|) . (237)

σT := trCA
ΠTρΠT

tr(ΠTρ) , |xϵTD
T ⟩⟨xϵTD

T | := trCA
ΠT |y⟩⟨y| ΠT

tr(ΠT |y⟩⟨y|) = |xM ⟩⟨xM | , (238)

where the trace is over the clock {|m⟩} and ancillary {|j⟩} registers. Then,

∥σH,T − |xϵTD
H,T ⟩⟨xϵTD

H,T | ∥1 ≤ 2ϵL
PrH,T − ϵL

, (239)

where PrH,T = tr(ΠH,T |y⟩⟨y| ΠH,T ).

Proof. The statement for the history state follows from Lemma 12 with ρ̃ = |y⟩⟨y|. The statement
for the solution state instead follows using the contractivity of the trace-norm under partial trace,
followed by an application of Lemma 12 with ρ̃ = |y⟩⟨y|.

Now we analyze the total error in terms of the 1-norm distance between the output state (after QLSA, mea-
surement and discarding ancillas) and the ideal target.

Theorem 8 (Total error bound). Let L be the matrix encoding of the discretized dynamics within the
linear system L |y⟩ = |c⟩, where L is defined in Eq. (110), and c in Eq. (112). We take the truncation
k = k+,× to be an integer that gives a multiplicative or additive error ϵTD in the time-discretization.
Assume we run a QLSA algorithm returning a normalized quantum state ρ with ∥ρ − |y⟩⟨y| ∥1 ≤ ϵL.
Denote by PH,T the success probabilities defined in Theorems 6 and 7, respectively, and |xH,T ⟩ the ideal
history and solution state defined as in Eq. (6), (7). Finally, assume that ϵL is chosen sufficiently
small so that PrH,T > ϵL. Then we have that

∥σH,T − |xH,T ⟩⟨xH,T | ∥1 ≤ 2ϵL
PrH,T − ϵL

+ 4ϵTDf
×,+
H,T , (240)

where f×
H := f×

T := 1, f+
H := 1

xrms
, f+

T := 1
∥x(T )∥ , and where we define

xrms :=

√√√√ M∑
m=0

∥x(mh)∥2/M. (241)

Hence, for the multiplicative (×) case, if ϵL = O(ϵPrH,T ) and ϵTD = O(ϵ) then

∥σH,T − |xH,T ⟩⟨xH,T | ∥1 = O(ϵ). (242)

For the additive (+) case, to obtain the latter error bound, we instead require ϵL = O(ϵPrH,T ), and
ϵTD = O(ϵ∥x(T )∥) in the case of the solution state output and ϵTD = O(ϵxrms) in the case of the history
state output.

Proof. To show the claimed error bound, we first bound the vector norm error between the discrete
and continuous dynamics. Recall that from Corollary 7, with the notation |xϵTD

T ⟩ := |xM ⟩

∥ |xϵTD
H,T ⟩ − |xH,T ⟩ ∥ ≤ 2ϵTDf

+,×
H,T , (243)
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where we introduce the factors f+,×
H,T so as to handle together the four cases additive/multiplicative,

history/final state. We have f×
H,T = 1 for the case of multiplicative errors, and in the case of additive

errors these factors are given by

f+
H := 1√∑M

m=0 ∥x(mh))∥2/M
= 1
xrms

f+
T := 1

∥x(T )∥ = 1
∥xT ∥

. (244)

Now we have that

∥σH,T − |xH,T ⟩⟨xH,T | ∥1 ≤ ∥σH,T − |xϵTD
H,T ⟩⟨xϵTD

H,T | ∥1 + ∥ |xϵTD
H,T ⟩⟨xϵTD

H,T | − |xH,T ⟩⟨xH,T | ∥1. (245)

We can bound the first term using Eq. (239).
For the second term, we first note that

∥ |xϵTD
H,T ⟩⟨xϵTD

H,T | − |xH,T ⟩⟨xH,T | ∥1 = 2
√

1 −
∣∣∣⟨xϵTD

H,T |xH,T ⟩
∣∣∣2. (246)

Now,
∥ |xϵTD

H,T ⟩ − |xH,T ⟩ ∥2 = 2(1 − Re ⟨xϵTD
H,T |xH,T ⟩) ≥ 2

(
1 −

∣∣∣⟨xϵTD
H,T |xH,T ⟩

∣∣∣) (247)

Hence, (
1 −

∣∣∣⟨xϵTD
H,T |xH,T ⟩

∣∣∣2) =
(
1 −

∣∣∣⟨xϵTD
H,T |xH,T ⟩

∣∣∣) (1 +
∣∣∣⟨xϵTD

H,T |xH,T ⟩
∣∣∣) (248)

≤ 1
2∥ |xϵTD

H,T ⟩ − |xH,T ⟩ ∥2
(
1 +

∣∣∣⟨xϵTD
H,T |xH,T ⟩

∣∣∣) (249)

≤ ∥ |xϵTD
H,T ⟩ − |xH,T ⟩ ∥2. (250)

We conclude

∥ |xϵTD
H,T ⟩⟨xϵTD

H,T | − |xH,T ⟩⟨xH,T | ∥1 ≤ 2
√

∥ |xϵTD
H,T ⟩ − |xH,T ⟩ ∥2 = 2∥ |xϵTD

H,T ⟩ − |xH,T ⟩ ∥ ≤ 4ϵTDf
+,×
H,T . (251)

Putting the two bounds together we get the claimed result. Moreover, if we set ϵL = ϵPrH,T then the
first fractional term becomes

2ϵL
PrH,T − ϵL

= 2ϵ = O(ϵ). (252)

and therefore choosing ϵL = O(ϵPrH,T ) and ϵTD = O(ϵ) gives the claimed O(ϵ) scaling.

J Fast-Forwarding, No Fast-Forwarding, and relation to linear solvers

We now discuss our results in relation to asymptotic complexities and the relation between our ODE solver and
both the problem of Hamiltonian simulation and quantum linear solvers.

J.1 Fast-Forwarding of stable systems

The ODE solver presented in this work relies upon a quantum linear solver algorithm (QLSA). The best query
complexity is O(κ log(1/ϵ)), which we use to establish the claimed fast-forwarding result. For the explicit
application to a concrete system we will however use the recent explicit query counts upper bounds given
in [2].

We now establish the asymptotic fast-forwarding of stable systems, claimed in the main text.
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Theorem 9 (Fast-forwarding of stable systems). Let A ∈ CN×N be an N × N matrix, and b ∈ CN .
Choose a timestep h such that ∥A∥h ≤ 1. Consider the following linear ODE system,

ẋ(t) = Ax(t) + b, x(0) = x0, (253)

where t ∈ [0, T ], T = Mh and the x0 ∈ CN specifying the initial conditions. The four parameters
λ+,×(T ) and ḡ+,×(T ) are defined as follows:

λ+(T ) = max
{

∥b∥T 2, xmaxT
}
, ḡ+(T )2 = 1

M + 1

M∑
m=0

(1 − ϵ′

1 + ϵ′

)2 (∥x(mh)∥ + ϵ′)2

(∥x(Mh)∥ − ϵ′)2 , (254)

λ×(T ) = max
{
T 2 ∥b∥
xmin

, T

}
, ḡ×(T )2 = 1

M + 1

M∑
m=0

∥x(mh)∥2

∥x(Mh)∥2 . (255)

The terms κP and µP (A) are stability parameters satisfying

∥eAt∥ ≤
√
κP e

µP (A)t for all t ∈ [0, T ]. (256)

The matrix A is said to be stable precisely when such a µP (A) exists satisfying the previous condition
with T → ∞, and where µP (A) < 0. If A is not stable, then we assume a constant upper bound
∥eAt∥ ≤ Cmax for all t ∈ [0, T ].

Assume we have oracle access to an (ω, a, 0) block-encoding UA of the matrix A, a unitary Ub that
prepares the normalized state |b⟩, and a unitary U0 that prepares the normalized state |x0⟩. Then a
density operator ρϵ that is ϵ-close in 1-norm to either the history state |xH⟩ or to the solution state
|xT ⟩ can be output, with constant success probability, with query complexity to the oracles UA, U0 and
Ub as summarized by the following table of complexities:

Case Solution State History State
Stable A, (×) O

(
ω

√
κP ḡ×(T )T 3/4 log[λ×(T )/ϵ] log(T ḡ×/ϵ)

)
O
(

ω
√

κP

√
T log[λ×(T )/ϵ] log(1/ϵ)

)
Stable A, (+) O

(
ω

√
κP ḡ+(T )T 3/4 log[λ+(T )/(∥x(T )∥ϵ)] log(T ḡ+/ϵ)

)
O
(

ω
√

κP

√
T log[λ+(T )/(xrmsϵ)] log(1/ϵ)

)
Not stable A, (×) O (ωḡ×(T )CmaxT log[λ×(T )/ϵ] log(ḡ×/ϵ)) O (ωCmaxT log[λ×(T )/ϵ] log(1/ϵ))
Not stable A, (+) O (ωḡ+(T )CmaxT log[λ+(T )/(∥x(T )∥ϵ)] log(ḡ+/ϵ)) O (ωCmaxT log[λ+(T )/(xrmsϵ)] log(1/ϵ))

In the above, (×) denotes the choice of multiplicative error scheme, and (+) denotes the choice of
additive error scheme.

Proof. We proceed as in the main text, and produce a solution by first embedding the dynamical
problem into a linear system of equations Ly = c and then solving this with a quantum linear solver.
Recall that to solve Ly = c we first rescale by a global constant to L̃y = c̃ so that ∥L̃∥ ≤ 1. This puts
the problem in a canonical form for a quantum linear solver algorithm to solve L̃ |y⟩ = |c̃⟩. This was
detailed in Appendix G, and it was shown that we may obtain a state preparation unitary Uc̃ that
prepares |c̃⟩ via a single call to Ub and a single call to U0. We also showed that we may obtain an
(ω̃, a + 6, 0) unitary block-encoding UL̃ for L̃ with a scaling factor ω̃ = O(1 + ωh/

√
k), with a single

query to the (ω, a, 0) block-encoding UA for A. Given access to UL̃ and Uc̃, this linear system can
therefore be solved to error ϵL by an asymptotically optimal quantum linear solver such as in [1] with
a query complexity

O
(
ω̃κL̃ log(1/ϵL)

)
= O

((
1 + ωh√

k

)
κL log(1/ϵL)

)
, (257)

to the oracles UA, Ub and U0. This outputs the coherent encoding solution |y⟩ with bounded proba-
bility. We continue the proof, by splitting up the case when A is stable and when A is not stable.

• (A is a stable matrix). From Theorem 4, we have that for both the multiplicative error assumption
and the additive error assumption that κL = O(k+,×

√
κPT + p2), and we choose p = Θ(

√
T ) so

that κL = O(k+,×
√
κPT ). From Lemma 4 we find that to obtain a discretization error ϵTD we take
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k+,× = Θ(log(λ+,×(T )/ϵTD)), where +,× refer to the choice of setting additive or multiplicative
errors per step. This implies that,

QQLSA = O
(√

κP

√
T
(
log[λ+,×(T )/ϵTD] + ωh log1/2[λ+,×(T )/ϵTD]

)
log(1/ϵL)

)
= O

(√
κPω

√
T log[λ+,×(T )/ϵTD] log(1/ϵL)

)
, (258)

suffices to output the required approximation ρ̃ to |y⟩ with probability of success bounded from
below by a constant. We next perform the 2–outcome projective measurement {ΠH,T , I − ΠH,T }
on ρ̃, where H and F denote whether we want to realize the history state or solution state
respectively. This gives rise to the normalized quantum state σH,T that approximates the exact,
continuous dynamics solution |xH,T ⟩. We assume that ϵL < PrH,T , and so from Theorem 8, we
have that

∥σH,T − |xH,T ⟩⟨xH,T | ∥1 ≤ 2ϵL
PrH,T − ϵL

+ 4ϵTDf
+,×
H,T . (259)

To make the trace-distance O(ϵ), it suffices to take ϵL = O(ϵPrH,T ) and ϵTD = O(ϵ/f+,×
H,T ) from

Theorem 8. This also implies, from Lemma 12, that the success probability on the approximate
state ρ̃ is Θ(PrH,T ). Therefore, to obtain an ϵ–approximation to the exact solution with prob-
ability O(1), it suffices to use amplitude amplification with Ω(1/

√
PrH,T ) queries to the circuit.

From Theorem 7 we have that PrT = Ω(p/(T ḡ2
+,×)) = Ω(1/(

√
T ḡ2

+,×)) in the stable case where
we choose p = Θ(

√
T ). Also, from Theorem 6 we have that PrH = Ω(1) in all cases. Thus, in

the case of a stable system we have O(T 1/4ḡ+,×) and O(1) calls to the circuit within amplitude
amplification for the solution state/history state cases respectively. This implies that for the case
where A is a stable matrix and we have a target error ϵ for the exact dynamics, we have an overall
query complexity

O
(
ḡ+,×(T )√κPω(T )3/4 log[λ+,×(T )f+,×

T /ϵ] log(
√
T ḡ+,×/ϵ)

)
, (260)

in the case of outputting the solution state |xT ⟩ = |x(T )⟩, and

O
(√

κPω
√
T log[λ+,×(T )f+,×

H /ϵ] log(1/ϵ)
)
, (261)

in the case of outputting the history state |xH⟩. This establishes the claimed fast-forwarding for
stable systems.

• (A is not a stable matrix). From Theorem 4, we have that κL = O(k+,×
√
C2

maxT
2 + p2), where

Cmax is an upper bound on ∥eAt∥ over the interval t ∈ [0, T ]. In the case of outputting the
solution state we can choose the idling parameter to be p = Θ(T ) which implies firstly that
κL = O(Cmaxk+,×T ), and secondly that PrT = Ω(p/(T ḡ2

+,×)) = Ω(ḡ2
+,×). The choice of Taylor

truncation order k+,× is as in the case of A being stable, and we again choose ϵL = O(ϵPrH,T )
and ϵTD = O(ϵ/f+,×

H,T ). This implies

QQLSA = O
(
ωCmaxT log[λ+,×f

+,×
H,T (T )/ϵ] log(ḡ+,×/ϵ)

)
, (262)

queries for outputting with bounded probability an ϵL approximation to |y⟩. For outputting the
solution state, we then require O(ḡ+,×) rounds within amplitude amplification to obtain, with
bounded probability, the state σT within O(ϵ) trace-norm distance from the exact solution |xT ⟩,
while for the history state it suffices to repeat O(1) times to obtain an O(ϵ) approximation to
|xH⟩. Therefore, we have an overall query complexity

O
(
ωḡ+,×CmaxT log[λ+,×f

+,×
T (T )/ϵ] log(

√
T ḡ+,×/ϵ)

)
, (263)

in the case of outputting the solution state |xT ⟩ = |x(T )⟩, and

O
(
ωCmaxT log[λ+,×(T )f+,×

H /ϵ] log(1/ϵ)
)
, (264)

in the case of outputting the history state |xH⟩.
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Ref. Solution state History state Assumptions
[3] Õ(κV gT log[1

ϵ max{ ∥b∥
xmin

, T}] log gT
ϵ ) Õ(κV T log[1

ϵ max{ ∥b∥
xmin

, T}] log 1
ϵ ) α(A) ≤ 0

[4] Õ(κV gT log3/2[1
ϵ max{ ∥b∥

xmin
, T}] log gT

ϵ ) Õ(κV T log3/2[1
ϵ max{ ∥b∥

xmin
, T}] log 1

ϵ ) A diag. via V
Here O(κV ḡ×T log[1

ϵ max{ ∥b∥
xmin

, T}] log ḡ×T
ϵ ) O(κV T log[1

ϵ max{ ∥b∥
xmin

, T}] log 1
ϵ ) κV =∥V ∥∥V −1∥

[3] beyond scope beyond scope A stable,
[4] Õ(CmaxgT log3/2[1

ϵ max{ ∥b∥
xmin

, T}] log gT
ϵ ) Õ(CmaxT log3/2[1

ϵ max{ ∥b∥
xmin

, T}] log 1
ϵ ) i.e., α(A) < 0

Here O(√κP ḡ×T 3/4 log[1
ϵ

max{ ∥b∥
xmin

, T }] log ḡ×T
ϵ

) O(√κP

√
T log[1

ϵ
max{ ∥b∥

xmin
, T }] log 1

ϵ
)

O(√κP ḡ+T 3/4 log max{∥b∥,xmax}T
ϵ∥x(T )∥ log ḡ+T

ϵ
) O(√κP

√
T log max{∥b∥,xmax}T

ϵ xrms
log 1

ϵ
)

[40] ∥x0∥+∥b∥/|α(A)|
∥x(T )∥

√
T

|α(A)| log 1
|α(A)|ϵ log T log(1/(|α(A)|ϵ))

|α(A)|ϵ - A < 0

[3] beyond scope beyond scope A general
[4] Õ(CmaxgT log3/2[1

ϵ max{ ∥b∥
xmin

, T}] log gT
ϵ ) Õ(CmaxT log3/2[1

ϵ max{ ∥b∥
xmin

, T}] log 1
ϵ )

Here O(Cmaxḡ×T log[1
ϵ max{ ∥b∥

xmin
, T}] log ḡ×T

ϵ ) O(CmaxT log[1
ϵ max{ ∥b∥

xmin
, T}] log 1

ϵ )

O(Cmaxḡ+T log[max{∥b∥,xmax}T
∥x(T )∥ϵ

] log ḡ+T
ϵ

) O(CmaxT log[max{∥b∥,xmax}T
ϵ xrms

] log 1
ϵ
)

Table 6: Asymptotic query complexities for linear ODEs with optimal quantum linear solvers for general b.
Comparison of asymptotic complexities of the algorithm in Ref. [3], its new analysis (this work) and the recent
improved algorithm in Ref. [4]. A simplified table (Table 2) was presented in the main text. Note that the parameter
ω enters linearly in all algorithmic complexities in the table above.

This completes the proof.

The table of complexities 6 is obtained by expanding the definitions of λ+(T ) and λ×(T ). With this we can
use Lemma 9 for the special cases for κP , to obtain the following corollary.

Corollary 14. Let A ∈ CN×N be a stable, complex matrix, and b ∈ CN . Consider the following linear
ODE system,

ẋ(t) = Ax(t) + b, x(0) = x0, (265)
where t ∈ [0, T ], and the x0 ∈ CN specifying the initial conditions and the parameters ḡ+,×(T ) and
λ+,×(T ) defined as in the previous theorem. Assume we have oracle access to an (ω, a, 0) block-encoding
UA of the matrix A, a unitary Ub that prepares the normalized state |b⟩, and a unitary U0 that prepares
the normalized state |x0⟩. Then the following special cases hold:

• If A is diagonalizable as V −1AV = D for some diagonal matrix D, then we may output an
ϵ–approximation to the final state |xT ⟩ = |x(T )⟩ using

O
(
ωκV ḡ+,×(T )T 3/4 log[λ+,×(T )f+,×

H,T /ϵ] log(
√
T ḡ+,×/ϵ)

)
, (266)

queries to the oracles. Moreover, we may output an ϵ–approximation to the history state |xH⟩
using

O
(
ωκV

√
T log[λ+,×(T )f+,×

H,T /ϵ] log(1/ϵ)
)
, (267)

queries to the oracles.

• If A has negative log-norm, then we may output an ϵ–approximation to the final state |xT ⟩ = |x(T )⟩
using

O
(
ωḡ+,×(T )T 3/4 log[λ+,×(T )f+,×

H,T /ϵ] log(
√
T ḡ+,×/ϵ)

)
, (268)

queries to the oracles. Moreover, we may output an ϵ–approximation to the history state |xH⟩
using

O
(
ω

√
T log[λ+,×(T )/ϵ] log(1/ϵ)

)
, (269)

queries to the oracles.
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These complexities improve on prior results, as detailed and summarized in Table 6.

J.2 The No Fast-Forwarding theorem and quantum linear solvers

It should be noted that we may recast any linear ODE into another that is stable with the solutions of each
simply related. More precisely, given ẋ = Ax+b we may choose z ∈ R such that µ(A−zI) = µ(A)−z < 0.
In particular z = ∥A∥ + δ suffices for any δ > 0. Then defining A′ = A− zI we have that

x(t) = ezteA′tx(0) +
∫ t

0
ds eA′sezsb

= ezt
(
eA′tx(0) +

∫ t

0
ds eA′sez(s−t)b

)
. (270)

In the homogeneous case the solution to the original ODE can be obtained from ẋ = A′x by rescaling by a
scalar, while in the inhomogeneous case b ̸= 0 this generates an effective time-dependent driving term, and to
account for this we can realize the integrated scaling e−zt term if in the algorithm we increment b by a factor
e−zh at each time-step. In particular, we can consider A = −iH , for Hermitian H , and transform into an ODE
with negative log-norm. Given negative log-norm systems haveO(

√
T ) complexity, this would seem to conflict

with No Fast-Forwarding, which requires that simulation of general quantum dynamics has complexity Ω(T ).
However, the error constraint on the ẋ = A′x system is exponential in T since we require ϵ′TD = e−zT ϵTD,
where ϵ′TD is the error in the system with negative log-norm. This restores the Ω(T ) complexity.

Finally, we note that since stable systems have ∥eAt∥ upper bounded by an exponentially decreasing function
in t we can extend the results of [40] in a straightforward manner to obtain a query complexity lower bound
for the dynamics in terms of the associated complexity of inverting the stable matrix A. More, precisely, as
observed in [40] the asymptotic dynamics of the inhomogeneous system ẋ = Ax − b tends to an equilibrium
for which Ax − b = 0. This implies that x(t) ≈ A−1b for t large and therefore constitutes a linear solver
algorithm. This leads to the following complexity lower bound for simulating the dynamics of stable systems.

Theorem 10 (Extended from [40], Proposition 19.). Consider ẋ = Ax−b, and assume that A is stable.
Any quantum algorithm outputting the normalized solution state |xT ⟩ up to error ϵ must have worst-
case complexity Ω(min(logγ(1/ϵ), T γ)) assuming the worst-case query complexity for a linear-solver
for the equation Ax = b has complexity Ω(logγ(1/ϵ)).

The proof of this is identical to the one presented in [40] with the Euclidean log-norm replaced with the more
general log-norm that arises from the Lyapunov analysis.

We also note that in the context of Hamiltonian simulation, various fast-forwarding results are known, see
for example Ref. [49] and references therein. As we mentioned before, stability analysis cannot help fast-
forwarding Hamiltonian simulation, as this is only marginally stable. However, conversely, one could analyse
for what class of stable dynamical systems the stability-induced fast-forwarding can be combined with other
fast-forwarding techniques inspired by Hamiltonian simulation to give rise to even faster simulations. We leave
this as an interesting line for future investigation.

K Cost of quantum linear system solver
All the methods analyzed in this work rely on a quantum linear solver algorithm as a subroutine. The best query
count upper bounds are currently those presented in Ref. [2], which read as follows

Theorem 11 (Theorem 1 [2]). Consider a system of linear equations Ly = c, with L an N ×N matrix,
and assume L and c have been scaled so that the singular values of L lie in [1/κ, 1]. Denote by |c⟩
the normalized state that is proportional to ∑i ci |i⟩, and |L−1c⟩ the normalized state proportional to
A−1 |c⟩. Assume access to

1. A unitary UL that encodes the matrix L/ωL in its top-left block, for some constant ωL ≥ 1, using
a number of qubits equal to a,
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2. An oracle Uc preparing |c⟩.
Then there is a quantum algorithm that outputs a quantum state ϵ-close in 1–norm to |A−1c⟩, using
an expected Q∗

QLSA calls to UL or U †
L and 4Q∗

QLSA calls to Uc or U †
c , where

Q∗
QLSA ≤

{581ωLe

250
√

κ2 + 1
([133

125 + 4
25κ1/3

]
π log(2κ + 3) + 1

)
+117

50 log2(2κ + 3)
(

log
(

451 log2(2κ + 3)
ϵL

)
+ 1
)

+ ωLκ log 32
ϵL

}
,

for any ϵL ≤ 0.2 and κ ≥
√

12. The success probability is lower bounded by 0.39 − 0.201ϵL. If the
block-encoding of the N × N dimensional matrix L requires a-auxiliary qubits, then the full QLSA
requires a+ 7 + ⌈log2N⌉ logical qubits.

The expected query complexity including the failure probability is

QQLSA = Q∗
QLSA/(0.39 − 0.204ϵL). (271)

L Explicit query counts for ODE-solver
. We now present the proof of Theorem 2, stated in the main text, and repeated here for convenience.

Theorem 12 (Explicit query counts for ODE-solver). Consider any N–dimensional ODE system of
the form

ẋ = Ax + b, x(0) = x0, (272)
specified by a complex matrix A ∈ CN×N , vectors b,x0 ∈ CN and t ∈ [0, T ]. Choose a timestep h such
that ∥A∥h ≤ 1 and Mh = T for some integer M . Let (κP , µP (A), xmax, xmin, xrms) be the associated
ODE parameters, as defined in Table 1.

We assume that we have oracle access to a unitary UA, which is an (ω, a, 0) block-encoding of A,
a unitary U0 that prepares the normalized state |x0⟩ and, if b ̸= 0, a unitary Ub that prepares the
normalized state |b⟩. Then a quantum state ϵ-close in 1-norm to the solution state |xT ⟩ = |x(T )⟩,
or to the history state |xH⟩ in Eq. (7), can be outputted with bounded probability of success, using an
expected number QH,T queries to UA and 4QH,T queries to U0. In the case where we have b ̸= 0 then
4QH,T queries to Ub are also made. The query count parameter QH,T is given as follows:

(1) Set the time discretization error ϵTD = ϵ/(8f+,×
H,T ), where f×

H,T = 1, f+
H = 1

xrms
, f+

T = 1
∥x(T )∥ .

(2) Compute the Taylor truncation order:

k+,× =
⌈

3 log(s+,×)/2 + 1
log[1 + log(s+,×)/2] − 1

⌉
, (273)

with

s× ≥Me3

ϵTD

(
1 + Te2 ∥b∥

xmin

)
s+ ≥Me3xmax

ϵTD

(
1 + Te2 ∥b∥

xmax

)
, (274)

(3) In the case of the history state output, set p = 0. In the case of the solution state output and A
being stable, compute M = A/h and set

p = ⌈
√
M/(k+,× + 1)⌉(k+,× + 1)

and otherwise

p = ⌈M/(k+,× + 1)⌉(k+,× + 1), (275)

in the case when A is not stable.
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(4) Compute the scaling parameter ωL̃ = 1+
√

k+,×+1+ωh√
k+,×+1+2

.

(5) Compute the upper bound on the condition number of L:

κL =
[

(1 + ϵTD)2 (1 + g(k+,×)) κP

(
p

1 − e2T µP (A)+2hµP (A)

1 − e2hµP (A)

+I0(2)e2µP (A)(T +2h) + M + 1 − e2hµP (A)(2 + M)
(1 − e2hµP (A))2

)
+p(p + 1)

2 + (p + Mk+,×)(I0(2) − 1)
] 1

2

(
√

k+,× + 1 + 2) (276)

where g(k+,×) = ∑k+,×
s=1

(
s!∑k+,×

j=s 1/j!
)2

≤ ek+,×, I0(2) ≈ 2.2796.

(6) Fix K = (3 − e)2 for the inhomogeneous case (b ̸= 0) and K = 1 for the homogeneous case
(b = 0). For outputting the history state compute the success probability

Pr+,×
H ≥ K

K − 1 + I0(2) ≥
{

29/500 b ̸= 0
219/500 b = 0,

(277)

and for outputting the solution state compute

Pr+,×
T ≥ 1

(1 − I0(2)−1
(p+1)K ) + (M + 1) I0(2)−1

(p+1)K

(
1+ϵTD
1−ϵTD

)2
ḡ2

+,×

. (278)

(7) Compute the error parameter ϵL = ϵ
Pr+,×

H,T

4+ϵ .

(8) Compute

QQLSA = QQLSA(ωL̃, κL, ϵL), (279)

the best available query counts for QLSA given the parameters ωL̃, κL, ϵL. In this work we use
the closed formula for QQLSA from Ref. [2], QQLSA = Q∗/(0.39 − 0.204ϵL), where Q∗(ωL̃, κL, ϵL)
equals{

581ωLe

250

√
κ2

L + 1
([

133
125

+
4

25κ
1/3
L

]
π log(2κL + 3) + 1

)
+

117
50

log2(2κL + 3)
(

log
(

451 log2(2κL + 3)
ϵL

)
+ 1
)

+ ωLκL log
32
ϵL

}
,

(9) Compute A(Pr+,×
H,T ), the query counts for amplitude amplification from success probability PrH,T

(see, e.g., Ref. [45]), or A(Pr+,×
H,T )) = 1/Pr+,×

H,T ) if we sample till success.

(10) Finally, the query count parameter is given as QH,T = min+,×(AQQLSA), with the minimization
taken over the choice of either + or × for the discretization error scheme.

The total logical qubit count for the algorithm is a+ 13 + ⌈log2[((M + 1)(k+,× + 1) + p)N ]⌉.

The proof of this is as follows.

Proof. To obtain an explicit query count for the ODE system we make use of the QLSA query count
given in Theorem 11. We now provide the analysis for each of the steps in the theorem.

Steps (1) and (7): The error parameters set in step (1) and step (7) follow from Theorem 8.
Explicitly, the output σH,T of the quantum algorithm satisfies

∥σH,T − |xH,T ⟩⟨xH,T | ∥1 ≤ 2ϵL
PrH,T − ϵL

+ 4ϵTDf
+,×
H,T . (280)
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In particular, requiring each term on the right-hand side to be equal to ϵ/2 implies that

ϵTD = ϵf+,×
H,T /8, ϵL =

Pr×,+
H,T ϵ

4 + ϵ
, (281)

and the trace-distance to the ideal state is bounded by ϵ.
Step (2): The sufficient Taylor truncation order so as to achieve ϵTD is given by Lemma 4.
Steps (3) and (9): The idling parameter p is set to zero for the history state output case. For the

solution state output, and when A is a stable matrix we see from Theorem 4 that setting p to scale as√
T does not change the O(

√
T ) complexity of κL. Similarly, setting p to scale linearly in T does not

change the complexity of κL in the case when A is not stable. We choose the idling parameter such
that the complexity of the condition number does not change. Requiring it to be an integer-valued
multiple of k+,× + 1 means that it suffices to choose p as stated in step (3), for the two cases of A
being stable or not. From Theorem 7 we have that Pr+,×

T = Ω(p/(T ḡ2
+,×) In particular, if in the case

of stable A we set p = M1/2,

Pr+,×
T ≥ 1(

1 − I0(2)−1
M1/2K

)
+ (M+1)

M1/2
I0(2)−1

K

(
1+ϵTD
1−ϵTD

)2
ḡ2

+,×

. (282)

In the case of A not being stable, we set p = M to obtain

Pr+,×
T ≥ 1(

1 − I0(2)−1
K(M+1)

)
+ I0(2)−1

K

(
1+ϵTD
1−ϵTD

)2
ḡ2

+,×

. (283)

Irrespective of how PrT scales with time, with amplitude amplification, we need O(1/
√

Pr+,×
T ) queries

to the whole ODE linear solver protocol to obtain success probability O(1). We denote the exact
number by A(Pr+,×

T ), alternatively, repeating until sucess requires an expected number 1/Pr+,×
T of

rounds.
Step (4): The stated block-encoding scaling parameter ω̃L is obtain from Theorem 5.
Step (5): The stated upper bound on the condition number of the linear system is obtained from

Theorem 4.
Step (6): The stated lower bounds on the success probability for outputting either the history state

or the solution state is obtained from Theorem 6 and Theorem 7.
Steps (8) and (10): The expected query count for the quantum linear-solver component is obtained

from Theorem 11. The inputs to this are the block-encoding scale factor ωL̃ from step (4), the
condition number upper bound κL from step (5) and the target error parameter ϵL for the linear
solver, given in step (7). This gives the query count to the block-encoding of the linear system matrix,
and from Theorem 5 this equals the number of queries to the block-encoding UA for the ODE matrix
A. However, the post-processing of the output from the QLSA has a finite success of probability,
and so using amplitude amplification or repeating until success requires A rounds of the QLSA before
the desired output is obtained. We then minimize the product AQQLSA over the two choices of
discretization error conditions, namely the multiplicative case × and the additive case +. This gives
a total expected query count to UA of QH,T as stated in step (10). As stated in Section G, the
block-encodings U0 and Ub are called once each in order to realize the QLSA vector |c⟩, and so from
Theorem 11 we call them 4 times as often as UA, which implies 4QH,T times in total.

To see that the total logical qubit count is a+ 12 + ⌈log2[((M + 1)(k+,× + 1) + p)N ]⌉ note that the
QLSA uses a total of ã+7+⌈log2 Ñ⌉ logical qubits, where ã is the number of auxiliary qubits needed for
the matrix block-encoding of L̃ and Ñ is the dimension of L̃. From Theorem 5 we have that ã = a+6.
The dimension of L̃ is obtained from the dimension of A times the total number of time-steps involved,
including idling. This involves (M+1)(k+,× +1)+p) time-steps, and so Ñ = ((M+1)(k+,× +1)+p)N .
These parameters imply we require a+13+⌈log2[((M +1)(k+,× +1)+p)N ]⌉ logical qubits in total for
the ODE-solver, where the choice of k+,× is determined from the earlier minimization over +,×.
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