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How well can quantum computers simulate
classical dynamical systems? There is increasing
effort in developing quantum algorithms to ef-
ficiently simulate dynamics beyond Hamiltonian
simulation, but so far exact resource estimates
are not known. In this work, we provide two
significant contributions. First, we give the first
non-asymptotic computation of the cost of en-
coding the solution to general linear ordinary dif-
ferential equations into quantum states — either
the solution at a final time, or an encoding of the
whole history within a time interval. Second, we
show that the stability properties of a large class
of classical dynamics allow their fast-forwarding,
making their quantum simulation much more
time-efficient. From this point of view, quan-
tum Hamiltonian dynamics is a boundary case
that does not allow this form of stability-induced
fast-forwarding. In particular, we find that the
history state can always be output with complex-
ity O(T"'/?) for any stable linear system. We
present a range of asymptotic improvements over
state-of-the-art in various regimes. We illustrate
our results with a family of dynamics including
linearized collisional plasma problems, coupled,
damped, forced harmonic oscillators and dissipa-
tive nonlinear problems. In this case the scaling
is quadratically improved, and leads to signifi-
cant reductions in the query counts after inclu-
sion of all relevant constant prefactors.

Matteo Lostaglio: Lead author, mlostaglio@psiquantum.com

1 Introduction

1.1 Setting the stage

One of the original motivations for quantum comput-
ing was that simulating quantum dynamics efficiently
requires quantum systems. However, a substantial
fraction of today’s high-performance computing re-
sources are used to simulate classical physics, such as
fluid dynamics and high-temperature plasmas, which
may be represented as dynamical systems of coupled
degrees of freedom.” It is then crucial to investigate
to what extent these simulations may be sped up by
quantum computing.

Assessing the potential of quantum computing in
this computational space requires moving from the
current asymptotic counts analysis to detailed re-
source estimates of quantum algorithms for differen-
tial equations. It also requires looking for asymptotic
improvements to make up for the overheads of trans-
forming the ODE into a problem suitable for a quan-
tum computer. This is what we set out to do in this
work, see Fig. 1 for an illustration. We leverage re-
cent non-asymptotic resource estimates for quantum
linear solvers [1, 2] to compute for the first time gen-
eral, rigorous upper bounds on the non-asymptotic
cost of a quantum algorithm for solving dynamical
problems beyond Hamiltonian simulation. By ‘solv-
ing’ here we mean outputting a quantum encoding of
the solution to the dynamical equations. The problem
of loading data about initial and boundary conditions,
and the problem of extracting information from the

!For example, the DOE INCITE 2023 projects allo-
cated over 55 x 10° core-hours over 56 projects, of which
over 40% focused on plasma and fluid-dynamics problems,
see https://www.doeleadershipcomputing.org/awardees/.
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output, need to be carefully assessed on a case-by-
case basis.

What is more, we introduce analysis showing that
the stability properties of a large class of classical dy-
namical systems give rise to costs sublinear (at best,
square-root) in the target simulation time. Our results
are based on the seminal work in Ref. [3]. Its scope
is extended and its scaling improved by a combina-
tion of a new condition number analysis and a range
of algorithmic modifications.

For example, for damped harmonic oscillators with
constant forcing we find in some regimes where the
original analysis in Ref. [3] does not apply, the al-
gorithm in Ref. [4] gives a scaling ~ T°/2 when
the simulation time 7 is sufficiently prior to equi-
libration, our improved analysis of Ref. [3] gives
a scaling ~ T°%/2, and a modification of the algo-
rithm lowers this further to ~ 7/2. In terms of
query counts, we illustrate our improved analysis in
the context of a natural class of classical dynam-
ics, which includes the collisional linearized Vlasov-
Poisson equation describing plasma equilibration as
a special case. The asymptotic scaling with 7" in this
case is quadratically improved compared to state-of-
the-art, and we find orders of magnitude improve-
ment in the query count over best available analysis
due to the sublinear scaling, see Fig. 1.° The cost is
cut by up to 7 orders of magnitude for 7 < 10'?,
depending on the target simulation time and the equi-
libration rate. Hamiltonian dynamics is a boundary
case in our stability analysis, hence preventing this
form of fast-forwarding, in agreement with the no-
fast-forwarding theorem.

We study systems of linear ordinary differential
equations (ODEs). Their main interest is as a com-
ponent of a computational pipeline. Linear ODE
systems are obtained after spatial discretization of
linear partial differential equations (PDEs) — e.g.,
the Schrodinger, heat, Fokker-Planck or linearized
Vlasov equations, among many others. Linear ODEs
are also obtained after applying linear representa-
tion techniques such as Carleman linearization [6],
level-sets [7], Koopman von Neumann/Liouville em-
beddings [8—13], and perturbative homotopy meth-
ods [14] to nonlinear problems.

There are different approaches that could be em-
ployed to encode the solution of an ODE in a quan-

“Note that these are counts needed for a rigorous an-
alytical guarantee o convergence, but numerical evidence
suggests much better performance is possible from the un-
derlying linear solver [5].

u4) =0

u(4) € (=1,0)

1000 10° 107 10°

Figure 1: Query counts for negative log-norm sys-
tems, plotted in log-log scale. We consider homoge-
neous ODE systems & = Ax for which A has a log-norm
f= Amax(A/2 + AT/2) <0, ||A|| = h = 1. We fix the
error tolerance in 1—norm to € = 10710 and set the
block-encoding scaling in Eq. (3) to w = 1. (Main fig-
ure): For all such systems, the number of times Q we
need to query the block-encoding of A to output the
history state in Eq. (7) lies in the shaded region shown,
along a curve that depends on p € [—1,0]. The scaling
in T is sublinear for all 4 < 0, in contrast to prior bounds,
whose scaling is linear. Prior analysis would associate the
upper curve bound to all such systems (in prior analy-
sis [4], u < 0 is only used to infer that Cpax = 1 in
Eq. (13), which corresponds to the upper curve in the
plot). Hence, the shaded area also corresponds to the
maximum query counts saving from the present analy-
sis. Note that at T = 10'° the cost can be cut by up to
90480% by the sublinear behaviour. (Inset): Same fig-
ure for the cost per unit time Q/T, and overlaid curves
for different values u, showcasing the sublinear scaling.
Note that while one can obtain Q/T = O(1) for the top
curve (u = 0), the slight increase is due to us using a
QLSA with complexity 1, log k1, [2]. This is done so as
to provide the smallest query counts once we include all
constant prefactors.

tum computer. For example, one such method is to
find a mapping to a Hamiltonian simulation prob-
lem [15, 16] or to a linear combination of Hamil-
tonian simulation problems [17-21]. Another ap-
proach is to encode the problem into a matrix equa-
tion of the form Ly = ¢, which can be solved with
a quantum linear solver algorithm [3, 4, 15, 22-27].
More recent developments include solving the sys-
tem of equations via a time-marching algorithm [28]
and Trotter methods [20]. Here we shall follow the
most widely-studied approach of embedding the dy-
namical problem into a linear system of equations.
This has been used to analyze the heat equation [25],
the wave equation [15], the linearized Vlasov equa-
tion [29] and nonlinear systems such as the Burgers’

Accepted in {uantum 2024-10-22, click title to verify. Published under CC-BY 4.0. 2



equation [6], the reaction-diffusion equation [30] and
the lattice Boltzmann equation [31], among others.
Only for the wave equation numerical studies of the
non-asymptotic complexity are available [32]. Our
work is significant in that it provides general, ready-
to-use, analytical estimates that can be leveraged to
evaluate the cost for all these use-cases, black-boxing
the common components, with the extra advantage
that our analysis obtains better scaling in the simu-
lation time 7' compared to state-of-the-art in certain
regimes.

1.2 Summary of the main results

The main results that can be found in this manuscript
are as follows:

1. Ref. [4] presented an ODE algorithm improv-
ing over Ref. [3] by (a) extending its scope — it
drops the assumption that the generator of the
dynamics is diagonalizable — and (b) improving
its scaling — in some cases exponential speedups
in the matrix dimension are achieved. We match
and slightly outperform the same improvements
within the original algorithm [3], via a strength-
ened analysis of its performance. As an extra
advantage, note that the original [3] algorithm is
also simpler, as it avoids the nested matrix inver-
sions of Ref. [4].

2. State-of-the-art algorithms for ODEs scale lin-
early with time under some norm promises, bar-
ring exceptional cases. Our strengthened condi-
tion number analysis introduces stability infor-
mation in the estimation of the algorithm com-
plexity, showing that, for all stable dynamics
and under the same norm promises, the scal-
ing is sublinear with time. We present examples
both in the context of linear and nonlinear sys-
tems of ODEs. We expect this stability analysis
can be applied more widely to quantum algo-
rithms for differential equations.

3. We introduce an alternative version of Ref. [3],
whose complexity does not depend on the mini-
mal solution norm if we output a quantum state
encoding the full trajectory between time 0 and
some time 7. This can lead to a polynomial
speedup in ' for dissipative systems. We give
an example of this phenomenon for damped har-
monic oscillators sufficiently prior to equilibra-
tion.

4. We compute non-asymptotic query counts for
the algorithm in Ref. [3] and its variation, un-
der our improved condition number analysis,
for general ODE dynamics. It is the first time
that an algorithm for general ODEs is costed
at this level of detail. We find that the previ-
ously mentioned asymptotic speedups lead to
orders of magnitude improvements over state-
of-the-art even after all constant prefactors are
included. Also, one can readily update our
ODE cost analysis by plugging in further im-
provements to quantum linear solver algorithms
worst-case estimates, as these are introduced.

Let us now present the problem in more detail.

1.3 The problem

We are given a system of ODEs

&(t) = Az(t) + b, withx(0)=2° (1)
where x(t) € CV is the N—dimensional solution
vector, A € CV*V is an N x N time-independent
matrix which generates the dynamics, b € CV is
an N-dimensional vector, also taken to be time-
independent, which can be interpreted as a forc-
ing term, and t € [0,7]. We leave the extension
to the time-dependent case to future work. When
A = —iH, with H Hermitian, and b = 0, the prob-
lem in Eq. (1) reduces to quantum Hamiltonian dy-
namics.

The time ¢ in the interval [0,77] is discretized in
equal steps of size h < 1/||Al|. More precisely, we
consider the sequence of points ¢ = mh with m €
{0,..., M}, and assume that 7" = M h for some in-
teger M.

In what follows we consider quantum states that
encode dynamical vectors in a normalized form. For
example the initial conditions ° € R¥ is associated
with a normalized quantum state as follows

N-
Z (2)

Iwol

and so the classical data is encoded in the computa-
tional basis up to an overall normalization constant.
We adopt a similar notational convention for terms
like |2(t)) (associated to the solution x(¢) to Eq. (1)),
|b) (associated to b), and so on.

We now assume access to:
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O1 A block-encoding of A, meaning a unitary Uz
with

Ul 10 = 2 1) 10 +11), 3)

where [0%) := [0)®%, |¢) is an arbitrary vec-
tor, w is a rescaling factor required to en-
code A into a unitary (we take w > 1), and
(I ®(0%)|L) =0. The values (w,a) deter-
mine the quality of the block-encoding and de-
pend on the specific form of A. Constructions
for sparse and certain dense matrices achieving
w = O(||A]|) can be found in Refs [33-37].

02 A unitary Uy encoding the initial condition x°

as a quantum state when applied to a reference
state |0):
U [0) = [a") . (4)

03 (If b # 0): A unitary Uy encoding the forcing b
up to normalization:

Up |0) = [b) . (5)

Given the above, we distinguish two possible tasks.
We want the algorithm to output a quantum state ¢-
close in 1-norm to either

¢ The solution state
lzr) = |2(T)), (6)

where x(T) is the solution to Eq. (1) at time 7.
This is useful if, for instance, we want to study
steady-state properties.

* The history state, which encodes a superposition
of the solution along the entire trajectory at the
discrete times {0, ...,T}:

1 M
) = Y lle(mh)| [z(mh)) @ m),

el i
(7)

where |z(mh)) is a quantum state proportional
to the solution of Eq. (1) at time ¢ = mh,
{Im)}M_, are clock states that provide clas-
sical labels for the discrete times and xy =
(x(0),...,(T)). This has not been studied in
the same detail as the solution state problem, but
history states are potentially well-suited to time
information analysis, e.g., time series analysis,
spectral analysis, limit cycle analysis, etc.

The cost of obtaining |z7) or |z ) is evaluated via
the query count parameter Q, which gives the number
of times we need to apply the above core unitaries. In
particular we shall find that we require Q calls to the
block-encoding of U4 and 49 calls the state prepa-
ration unitaries. One of the main task of this work is
to obtain stronger bounds on Q as a function of the
properties of the dynamics.

1.4 Incorporating classical Lyapunov theory

The problem under consideration is a wide general-
ization of quantum Hamiltonian simulation. Our aim
is then to distill a few core parameters that allow us
to compute the resource estimates for such quantum
algorithms in this broad setting. We find that stability
analysis is particularly well-suited for this task (see
also Appendix C).

Every ODE system in Eq. (1) can be split accord-
ing to a fundamental dichotomy, depending on the
sign of the spectral abscissa, which is the largest real
part of the eigenvalues \; of A:

a(A) = max Re \;(4). (8)
Dynamical systems satisfying a(A) < 0 are called
stable, because small perturbations of A cannot cause
the norm of the solution of @ = Ax to shoot to infin-
ity. Dynamical systems with «(A) > 0 are instead
called unstable, since they do exactly that for cer-
tain initial conditions, and are sometimes ruled out
on physical grounds.
Stability theory tells us that for stable linear dy-
namics one can always find a positive matrix P > 0
such that the Lyapunov inequality is satisfied

PA+ATP <. (9)

Then the dynamical parameters of interest are the
condition number xp of P and the P-log-norm of A:

kp =Pl P7
(Az,x)p
A) = max Re———, 10
up(A) = e R P (10)

where (x,y) p := ! Py defines a valid inner product
as P > 0. The quantities (kp, up(A)) will be core
parameters in determining the cost of the quantum
algorithm. It can be proven (Theorem 3.35 in [38])
that the following inequality holds for all times ¢ > 0

e < yRperr (. (11)
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It is worth emphasizing that this is not an additional
assumption, but a direct consequence of the assump-
tion of stability. Connecting with the vast literature
on classical stability allows us to include physically
relevant features of the dynamics in the computation
of the resources required to run the quantum algo-
rithm.

For example, in the linearized collisional Vlasov-
Poisson equation in plasma physics one finds that
the Lyapunov inequality is satisfied with P = I, so
kp = 1. Also, up—1(A) coincides with the so-called
Euclidean log-norm of A,

MPZI(A) = ,LL(A) = Amax(A + AT)/2 <0, (12)

where \pax(X) is the largest eigenvalue of X [39].
In fact, u(A) < 0, with the numerical value depend-
ing on the strength of the collision term [29]. So we
have (kp, up(A)) = (1, u(A) < 0).

The case where a(A) > 0 includes systems for
which the solution may grow arbitrarily large as we
increase 7T, but it also contains cases where this does
not occur. Notably, quantum Hamiltonian dynamics
is a boundary case, for which a(A) = a(—iH) = 0.
As in Ref. [4], in the case a(A) > 0 we shall bound
the dynamics with Cpax(T) satisfying

le ]| < Crmax(T), (13)

for all t € [0,T]. Note that Cynax(7") = 1 for quan-
tum Hamiltonian dynamics.

In terms of the mathematical conditions, the
a(A) > 0 case can be understood as the formal limit
pp(A) — 07 and kp — C2,.(T). This allows
for a unified treatment, where we associate to every
equation (1) the two parameters (kp, up(A)), or a
bound thereof, and obtain the classification sketched
in Fig. 2.

1.5 Norm bounds and summary of relevant pa-
rameters

The classification picture we have just given needs
to be augmented by further information due the fact
that, differently from quantum dynamics, the norm
of the solution can change from the initial to the fi-
nal time. Depending on how we run the algorithm
and the output we target, we need a certain set of
norm bounds. The relevant quantities are bounds on
the smallest solution norm, x,i,, or the largest so-
lution norm, Zmax (Tmin < ||2(t)|| < Tmax for all
t € [0,T]), the root mean square of the solution
norm, Tyms, and the ratio quantities g 4 (7°). For

stable “’ unstable

max; Re(4;(4))

Quantum Hamiltonian simulation (boundary)

4 P

Unstable dynamics (formal limit)

Kp = Chaxw (T, up(4) = 0
u/

Linearized Vlasov-Poisson
Kkp=1,up(4) <0

Quantum Hamiltonian
/ Simulation
| 1 kp=1,up(A) =0
i up(4)
-1

Figure 2: Classifying dynamics. (Top): A funda-
mental dichotomy is whether the generator of the dy-
namics A is stable, when the largest real part of its
eigenvalues is negative, or unstable, when it is positive.
Quantum Hamiltonian dynamics is a boundary case be-
tween the two. (Bottom): To each dynamics we as-
sociate a point in the 2-dimensional parameter space
(kp,up(A)), given in Eq. (10). These are fundamental
parameters that will determine the cost of the algorithm.

their definition, and a summary of all potential input
and user parameters, see Table 1.

2 Results

2.1 Sketch of the algorithm

The solution of Eq. (1) can be formally written as
t /
2(t) = M + / dt'e*'p. (14)
0

By discretizing time, we can recursively approximate
the solution at time ¢ = mh advanced from that at
time ¢ = (m — 1)h via a Taylor series truncated at
degree k:

x(mh) ~ ™ := T,(Ah)x™* + Si(AR)b, (15)

where

k

k
Tie(x) =D 27 /5!, Sk(x)=>_a/""/jl. (16)
j=1

Jj=0

Within the algorithm we also extend the dynamics be-
yond time 1" with p steps of trivial ‘idling’ dynam-
ics(the trivial evolution A = 0, b = 0). This is done
so0 as to increase the norm of the solution at the final
time in the output state, as discussed in Ref. [3]. This
will be useful if we are trying to output the solution
state |x(T)).

When we perform the time-discretization within
the algorithm we have two choices of internal error
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Parameter Description
A b, z° A is the generator of the dynamics, b a forcing term, 2° the initial condition.
T Target simulation time, normalized in units of the time-step h < 1/||4].
€ Precision: output is a quantum state e-close in 1-norm to the solution (6) or history (7) state.
w Rescaling factor of the block-encoding of the generator A, Eq. (3).
Kp, p Stability / Lyapunov parameters: the generator A satisfies ||e4?|| < /mpetr (At for ¢ € [0,T].
Crinax(T) Upper bound on ||e?t||, Ciax(T) > maxe(o,7] led?]).

Tmax; Lmin

Upper and lower bound constants obeying: Zmin < ||2(t)]] < Zmax for all t € [0, T].

Zrms Lower bound to the root mean square of the solution in [0,T]: Zrms < \/Z%:O |z (mh)||?/M.

gx(T), g+(T) | Average norm ratios:
— M h)|1?
9 (T)? = g oo Ieeil,

_ 1 M (14¢\? (le(mh)|+¢)?
3+(T)? = e Tt (1£2) eyt

with € = €Tyms/8 or € = ¢||x(T)]||/8 for history state or solution state respectively.

Table 1: Summary of the algorithmic parameters and their description. Note that Hamiltonian simulation is
the special case A = —iH, b=0, kp =1, up =0, Crpax = 1, Zmin = Tmax = 1, gx(T) = 1, g+(T) = 1. Here
the subscript x refers to the choice of multiplicative scheme, and the subscript + refers to the choice of the additive

scheme, as described in the main text.

schemes: a multiplicative (relative) error scheme and
an additive error scheme. It turns out that this choice
of internal error scheme can affect the overall com-
plexity of the algorithm depending on the particular
kind of dynamics. Firstly, we choose a multiplica-
tive error condition as in [3, 4], which corresponds to
finding a truncation scale k such that

™ — x(mh)| < ew|lx(mh)|, m=0,..., M.
(17)
We shall label any algorithm parameter that depends
on this multiplicative scheme, rather than the be-
low additive scheme, by a subscript or superscript
x for the multiplicative error scheme. For example,
ky« denotes a Taylor truncation order k that leads to
Eq. (17). For this case, using Theorem 3 in Ref. [4],
we find an exact value for a truncation degree ky
that suffices, see Appendix D. In particular, k. =
O(log(T/(@min€m))-

We also consider an alternative additive error
scheme such that

|le™ — x(mh)|| < €, m=0,...,M. (18)

We shall label any algorithm parameter that depends
on the choice of the additive scheme by a subscript
or superscript +. For example, the Taylor truncation
that is used in Eq. (16) to realize Eq. (18) is denoted
by k4, and we show that a sufficient truncation is
k+ = O(log(TZmax/€m)).

We would like to handle both the multiplicative
and additive schemes throughout. To avoid major
repetition, we shall label a parameter under either of
the error schemes with the subscript or superscript

notation “+, x”. For example, k4  denotes the Tay-
lor truncation order under either the multiplicative
scheme or the additive scheme.

We will set up a quantum algorithm solving a lin-
ear system whose output is a quantum state e-close to
either the solution state (6) or the history state (7).
Hence, setting a multiplicative error (default in pre-
vious quantum algorithms [3, 4]) or an additive error
truncation is an algorithmic choice granting us some
extra flexibility to further lower the final complexity.
It is not a change of the problem statement.

The recursive equations (15) are embedded, fol-
lowing Ref. [3], into a linear system Ly = ¢, where
y = L~ 'cencodes the solution to the dynamical sys-
tem at all times [0,7"]. The blocks of L only con-
tain matrices proportional to A or the identity. This is
convenient, since the block-encoding of L and a uni-
tary preparing the vector of constants ¢ (the base uni-
taries required for QLSA [1, 2]) can be constructed
from the unitaries O1, O2, O3 without large over-
heads, see the schematics in Fig. 3. Note that we may
rescale L — L = AL and ¢ — & = Ac, for any con-
stant A # 0, without changing the solution vector y.
We do this rescaling so that |[L|| < 1, which puts
the linear system into a canonical form for quantum
linear solver algorithms.

With these ingredients the linear system is solved
via QLSA. The number of times the base unitaries
need to be called in the QLSA algorithm is classically
precomputed using the best non-asymptotic counts
upper bounds in Ref. [2]. Ref. [2] gives an explicit
formula upper bounding the query complexity of the
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Figure 3: Algorithm schematics. ODE algorithm
schematics. (Red, dashed): classical precomputations.
(Blue, solid): quantum operations. The algorithm re-
duces the ODE to a linear system of equations. O1, 02,
O3 are the unitaries in Egs. (3)-(5). Our core analysis
consists in determining the properties of the linear sys-
tem (in particular, its condition number) as a function
of the dynamical properties in Table 1. Then the query
count Q of the quantum ODE solver can be computed
from the query cost Qgrsa of the linear solver (given in
Ref. [2]) and the number A of amplitude amplification
rounds, Q@ = AQgrsa.

QLSA, given

 the rescaling prefactor of the linear system
block-encoding, denoted by wj, which is deter-
mined by the construction of the block-encoding
of L and an upper bound on the norm || L||.

e the required QLSA precision €7, which in our
case needs to be chosen so that the overall er-
ror, including the time discretization errors ey,
is below a target €.

¢ the condition number of x;, of L.

The above counts guarantee convergence to the
solution, but numerics suggests the quantum linear
solver may well converge much faster than we can
analytically prove [5].

Finally, the output solution is post-processed via
amplitude amplification as needed, to get either a
quantum state encoding of (an e-approximation of)
the solution state (6) or of the history state (7). We
compute a success probability which determines the
number of amplitude amplification rounds required,
strengthening previous bounds [3].

The main technical contribution of this work is a
novel analysis of the linear system solved by the al-
gorithm of Ref. [3]. The improved analysis shows
that this algorithm can be applied to a wider class
of ODEs than previously known. In fact, similarly

to the more recent algorithm in Ref. [4], in the anal-
ysis of L we will not assume that A is diagonaliz-
able. As described in the next section, we match and
go beyond the improved asymptotics found in [4],
without introducing the more complex encoding of
the new algorithm (involving a matrix inversion). In
other words, we prove that the original algorithm of
Ref. [3] has wider scope and beyond state-of-the-art
performance. These improvements, discussed in the
next section and summarized in Table 2, follow from
our stability-based analysis and the alternative error
scheme. We expect both ideas to be of broader inter-
est, since they can be applied in the context of other
quantum algorithms for differential equations, such
as that of Ref. [4]. This is left to future work.

2.2 Asymptotic  complexity and  fast-

forwarding

In terms of scope, Ref. [3] assumes that A has
a(A) < 0 and is diagonalizable via a matrix V'
whose condition number xy, is known. In this special
case our framework returns (kp, up) = (n%,, 0) and
hence recover these results (first block of Table 6).
Our new analysis however can be deployed to generic
settings (second and third block of Table 6).

In terms of asymptotic improvements, these are
highlighted in bold in Table 6. If we drop the di-
agonalizability assumption and we only have a uni-
form bound as in Eq. (13), we can take (kp, up) =
(C2,.(T),0) (third block of Table 6). This recovers
the results in [4] with slightly improved asymptotics
and within the simpler encoding of Ref. [3], whose
linear system construction does not require matrix in-
version [4] or exponentiation [26].

However, it is for the broad class of stable sys-
tems, a(A) < 0, that we obtain significant improve-
ments to the scaling with the target simulation time
from our new analysis (second block of Table 6). In
this case one has (kp,up < 0), which leads to a
O(T3/%) scaling for the solution state and a O(T"/?)
scaling for the history state, improving over O(T ).
One might expect that simulating ODE systems could
in general be harder than the Schrédinger equation,
since one incurs various overheads in transforming
the problem into a form suitable for a quantum com-
puter. The above sharpens this relation by showing
that quantum dynamics are at the boundary of stable
dynamics, and that for the latter the condition num-
ber of the linear system associated to the ODE scales
sublinearly in the target simulation time 7, leading to
sublinear in T" complexity:
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Ref. | Solution state History state Assumptions
8] | OtmvgTlog L log L) Oy Tlog -2 log 1) a(A) <0
[4] O(ky gT log 32 ﬁ log g;[) O(kyT log?’/2 — log 1) A diag. via V
Here | O(ky§xT log -~ —log 2T O(kyTlog - —log 1) ry=|V|IIV|
[3] beyond scope beyond scope A stable,
[4] O(CmanT log3/? ) O(CmaXTlog 3/2 log ) ie, a(A) <0
Here | O(\/kpgxT3/4 log log %) O(/rpVT log . log ¢ 1)

O(\/ﬁg—l—T “log e||a:(T)|| g_,;T) (\/ﬁ\/_ log f log 6)
[40] | O(la(A) gvTlog? 1) - A<O
3] beyond scope beyond scope A general
(4] O(Cmang 10g3/ P lo g ) O(CmaxT 10g3/2 % log %)
Here O(CmanXTlogex log 2~ ) O(Cax %)

O(Cmaxg+T log ||;(“%*)ﬁe log g1 O(CraxT log @=L 1og 1)

Table 2: Asymptotic query complexities for linear ODEs with optimal quantum linear solvers when ||b|| # 0.
Comparison of asymptotic complexities of the algorithm in Ref. [3], its new analysis (this work) and the recent
improved algorithm in Ref. [4]. The parameter w enters linearly in all the above. Parameters are in Table 1 and
9(T) = maxyepo, 1y [|2(t)]|/l|2(T), so g« (T) < g(T'). Highlighted in bold are the improvements in complexity we
obtained beyond state-of-the-art. The top block shows that we recover the results of [3]. The bottom block proves that
we can apply the algorithm of [3] to the broader setting introduced in [4], and match the corresponding exponential
improvements. The middle block is where our analysis introduces stability-induced fast-forwarding leading to sublinear
scaling in T, and our additive error analysis giving further speedups (see applications in Sec. 2.3). Also note that
for the restricted scenario where A is Hermitian and negative-definite, and we wish to output the solution state,
then depending on the scaling of g the algorithm presented in [40] may be better suited. A tighter, more general
complexity table can be found in Table 6 of Sec. J, from which we obtain the above by using 2ms > ||2(0)|/VT.
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Theorem 1 (Fast-forwarding of stable systems).
Let &(t) = Az(t) + b with t € [0,T], vectors
z(t),b € CV, and A € CN*N an N x N ma-
trixz. Let the parameters Kp, Tmax, Tmin, and
G+.x(T) be defined as in Table 1. Assume that
A is a stable matriz, namely, the largest real part
of its eigenvalues is negative. Then outputting
a state e-close to |xp) in Eq. (6) can be realised
with bounded probability with

0, (u}lﬁ}g/ng(T)T?’/4 log log 1) (19)

Lmin€

or with

wrt/? o T max o !
O< P ox()T Mlog ey >|1ge||w<T>||>’

queries to a unitary block-encoding of A with
scale-factor w, a unitary Uy that prepares the nor-
malized state |2°) and, if b # 0, a unitary U, that
prepares the normalized state |b).

In addition, outputting a state e-close to the
history state |xgr) in Eq. (7) can be realised with
bounded probability with

~ 1
O (wrl/?T1/21 1 ) 21
<WKIP 8 rmine Lmin€ %8 € 21
or with

~ T max 1
0] (w/ﬁszl/z log = Fmax log ) (22)
€ €

queries to these unitaries.

See Appendix J for a precise statement and the
proof. Speedups have been previously obtained for
the case when A = — H?2 for some Hermitian H [40],
or when we access a unitary that diagonalizes A; but
beyond these special cases, the complexity of prior
ODE solvers is at least linear in T". Our speedup ap-
plies instead to all stable dynamics.

We note that stable dynamics tend asymptotically
in time to a fixed point A~'b. Therefore, for any con-
stant error threshold e there is a time 7, beyond which
one does not need to simulate dynamics, but can
simply implement a linear solver algorithm to out-
put A=1|b) that is guaranteed to be within the fixed
error threshold. This would be O(1) in time [41].
The fast forwarding presented here therefore applies
to the regime where T' < T,.. We also highlight that
the choice of € is also crucial to the scaling in time.
For example, we can take Hamiltonian dynamics and
redefine it with a constant exponential damping enve-
lope that gives a stable system. However this clearly

does not give a sublinear complexity in time, violat-
ing the No-Fast Forwarding Theorem, since the re-
quired accuracy must scale exponentially with time.
See Appendix J.2 for further discussion.

2.3 Applications: improved scaling for linear
and nonlinear systems of ODEs

The fast-forwarding regime refers to when we obtain
a sublinear scaling in 7. The general conditions can
be easily worked out from Table 6. Let us present
several examples where this occurs.

Example 1 (Quadratic speedup for plasma sys-
tem). Consider the linearized collisional Vlasov-
Poisson equation, which in Hermite representa-
tion has b = 0, a(A) < 0, specifically it has neg-
ative log-norm [29]. As discussed in Sec. 1.4, this
implies kp = 1. Also, the generator of the dy-
namics is symmetric, so Ky = 1. Then we obtain
the results in Table 3.

Ref. [3] O(T)
Ref. [4] o(T)
This work | O(T"/?)

Table 3: Asymptotic query complexities for the lin-
earized, collisional Vlasov-Poisson equation, for the his-
tory state output.

Improvements can also be obtained when forcing
is present:

Example 2 (‘Quintic speedup’ for damped oscil-
lator system before equilibration). Take a set of
coupled classical harmonic oscillators with damp-
ing and constant forcing. Absorbing masses into
the variables for simplicity, we have that,

=-Wy+Dy+ F, (23)

where F' is a constant force term, such as a uni-
form gravitation field. For a purely oscillatory
system we have that W > 0 and D is a damping
matrix that is taken to have negative log-norm,
which describes the situation of energy being dis-
sipated by friction. Note that when D is diagonal
we obtain the familiar classical damping, but here
we also allow off-diagonal terms, also known as
non-classical damping, which is required in some
structural mechanics applications [42-44]. Let R
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be any matrix such that W = RR'. Let us de-
fine z(t) := [¢(t),iRTy(t)]T. We then obtain the
system of equations
F
- [ ] |
0

Note that A = —iH + diag(D, 0), with H Hermi-
tian. So for D = 0, F' = 0, we recover the setup
in Ref. [16]. Strategies to block-encode H when
W encodes sparse couplings among the oscilla-
tors are discussed in [16]. If D can be efficiently
block-encoded, e.g., it is sparse and locations and
values of the nonzero entries are efficiently com-
putable, then A can be efficiently block-encoded
via LCU of the block-encoding of D and H. We
see that pu(A) = u(D) := pu < 0, so A is a stable
matrix with negative log-norm.

For finite evolution times, we can use Gron-
wall’s lemma to upper bound the solution norm
as

. D —iR
z(t) = Axz(t) +b, A= L’RT 0 ] ,

()] < e |2(0)]| + (1~ 6"““)’:2“- (24)

Suppose that the initial condition satisfies
()] > [[bll/|u] = ||F[|/|x| and that we are in-
terested in times T before ‘equilibration time’,
T <1/|u|. Then, for all t€[0,7] and all
T < 1/|u|, the decay of the solution norm is ap-
proximately exponential, |z(t)|| S e~ "||x(0)].
We assume that we wish to output the his-
tory state for the system. In this regime,
x;iln = 0(e™). Also, Tmax = O(1), Tyms =
O(1/T). From Table 6 we see that prior algo-
rithms scale as O(T°/?) in this regime. With our
stability-based improved condition number and
using the additive error form of the algorithm dis-
cussed in Sec. 2.1, we obtain a scaling O(T"/?):

Ref. [3] beyond scope

Ref. [4] ~ T5/?
This work (x) ~ T3/?
This work (+) ~ T2

Table 4: Query complexities for classical damped har-
monic oscillators with constant forcing, for 7" smaller
than the equilibration time, history state output. The
labels (x) and (+) denote two different versions of the
algorithm.

So far we discussed improvements to algorithms
for linear differential equations. However, as we dis-
cussed in the introduction, a technique often used in
quantum algorithms consists of embedding nonlin-
ear systems into a larger linear problem. This sug-
gests that our results can lead to improvements also in
quantum algorithms for nonlinear differential equa-
tions. The following example shows that this is in-
deed the case.

Example 3 (Sublinear time scaling for nonlinear
ODEs). Consider a system of quadratic ODEs:

ﬁ:F2u®2+F1u—|-F0, (25)

where v and Fy are N-dimensional vectors, F}
a N x N matrix and Fy a N x N2 matrix. The
problem is rescaled so that [|[u(0)|] < 1. We only
assume u(Fy) < 0, i.e., F} has negative log-norm.
This is the setup of Ref. [4].

One defines the Reynold’s-like quantity

1 (IR
B= 1) (uuw)n

Under the condition that R < 1, the above prob-
lem can be well-approximated by [4, 6]

+IFoluol ) (26)

& = Ax + b, (27)

where & = [u, u®? u®3, ... u®Vu], for a trunca-
tion N, that scales logarithmically with the sim-
ulation time and the inverse target error. The
matrix A can be efficiently block-encoded and b
can be efficiently prepared, assuming the same
properties hold for Fy, Fy, Fg and u(0). Further-
more, ((A) < 0 (proof of Lemma 16 in Ref. [4]),
so kp = 1. The state-of-the-art algorithm to ob-
tain the history state from this problem scales
asymptotically as O(T), while the effective scal-
ing before equilibration may be higher, as we
have seen in the previous example. One can prove
that [|u(t)]| < 1 forall t > 0, S0 Tmax = O(1) and
Tms = O(1/T). Using our results in additive
form (Table 6, second block, last row), we find
a scaling to extract the history state of O(T"/?).
We can similarly improve the complexity scal-
ing in the extraction the solution state, which
is linear in prior state-of-the-art (Theorem 8 of
Ref. [4]), while it is O(T3/4) with using our re-
sults in the multiplicative form (Table 6, second
block, second to last row).
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’ Output ‘ History state ‘ Solution state ‘
Ref. [3, 40] | beyond scope | beyond scope
Ref. [4] O(T) O(T)
This work O(T'/?) O(T53/%)

Table 5: Asymptotic time complexities for nonlinear sys-
tems of quadratic ODEs with negative log-norm and
R <1

2.4 Detailed query counts of the ODE-solver

So far we have discussed asymptotics, but in fact
we can compute analytic query complexity upper
bounds. Since the final expression is cumbersome,
we describe it via a sequence of straightforward re-
placements. Recall that +, x refer to two versions
of the algorithm, and one can take the best counts
among the two.

Theorem 2 (Explicit query counts for ODE-
solver). Consider any N-dimensional ODE sys-
tem of the form

&=Ax+b, =x(0)=2" (28)

specified by a complex matriz A € CN*N | yectors

b,z ¢ CN and t € [0,T]. Choose a timestep
h such that |Al|h < 1 and Mh =T for integer
M. Let (kp, up(A), Tmax, Tmin, Trms) be the asso-
ctated ODFE parameters, as defined in Table 1.
We assume that we have oracle access to a
unitary Ua, which is an (w,a,0) block-encoding
of A, a unitary Uy that prepares the normalized
state |2°) and, if b # 0, a unitary Uy, that pre-
pares the normalized state |b). Then a quan-
tum state e-close in 1-norm to the solution state
|y = |z(T)), or to the history state |xg) in
Eq. (7), can be outputted with bounded probabil-
ity of success, using an expected number Qpr
queries to Ux and 4Qp 1 queries to Uy. In the
case where we have b # 0 then 4Qg T queries
to Uy are also made. The query count parame-
ter is Qpr = ming Q}}’; with a minimization
over the choice of either the + scheme or the X
scheme. The values of QE’; are given as follows:

[1] Set the time discretization error €, =
+7
e/(8fH7;), where fpp = 1, =X,

Trms

+_ 1
Jr = T
[2] Compute the Taylor truncation order:

| 3log(syx)/2+1
Toa[1 + 0g(s+.)/]

B ~1f, (29

with

M 3
5, SME <1+T62bll>

€TD Tmin
M 3 max b
4 ZL (1+T€2HH) , (30)
€rp Tmax

[3] In the case of the history state output, set
p = 0. In the case of the solution state out-
put and A being stable, set

P = [VM/(ky s+ 1)](ks x +1)

and otherwise

pi,x = [M/(ksx + D](k+x +1), (31)
in the case when A is not stable.

[4] Compute the scaling parameter w; =
14+/ky x+1+wh
Ty +1+2

[5] Compute the upper bound on the condition
number of L:

1 — 2Trp(A)+2hup(A)

B €TD \2
k=14 )" (1+g(k)) kP (p 1 — e2hup(A)

Ct,x

+10(2)

e2uP(A)T+2h) 4 Ar g e2hup(A>(2 + M)
(1 — e2hrp(A))2

ES
2

+ (p+ ME)(Io(2) — 1)} (VE+1+2)
(32)

p(p+1)
2

with k = ki x, p = p+,x and where g(k) =

(st 1/0) < ek, Io(2) ~ 2.2796
Zs:l (S'ijs /-7) > €k, 0( ) ~ 4
(Iy is the order-zero modified Bessel function
of the first kind), cx =1, ¢4 = Tmax-

[6] Fiz K = (3—e¢)? for the inhomogeneous case
(b #0) and K = 1 for the homogeneous case
(b = 0). For outpulting the history state
compute the success probability

S K S 29/500 b+#0
(2) ~ |219/500 b =0,
(33)

and for outputting the solution state compute

1

+,X
Prp” >

2
Ip(2)—1 Io(2)=1 [ 1+e _
(1= Gror) + M+ 1) oar (keiﬁ) g,

(34)

with p = p4 x.

[7] Compute the error parameter e;, =
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[8] Compute

Qorsa = Qqrsa(wy, KL, €L), (35)

using the best available query counts for
QLSA given the parameters wj, K, €f.
In this work we use the closed formula
for Qqrsa from Ref. [2], Qqrsa =
Q*/(0.39 — 0.204€r,), where Q*(wj,krL,€L)
equals

133

58lwye 3
1 -
250 VLT ( 125 " 55x1/3

117 451 log?(2 3
AT 20, +3) <log <<>g<m+>> N 1)

:| mwlog(2ky, +3) + 1)

€L

32
+wjikg log —.
€r

[9] Compute A(Pr}}ﬁ), the query counts for
amplitude amplification from success prob-
ability Pruyr (see, e.g., Ref. [45]), or
A(Prz’;)) = l/PrE::XF) if we sample till suc-
cess.

[10] Finally, the query count parameter for any
choice of + versus x, or H versus T, is given

by Qi 7 = AQqrLsaA.

The total logical qubit count for the algorithm is
a+ 13+ [logo[((M + 1)(k4+ x + 1) +p)N]].

This result gives the first detailed counts for solv-
ing ODEs on a quantum computer, a crucial step to
determining what problems of interest could be run
on early generations of fault-tolerant quantum com-
puters. These results also provide explicit targets for
future work to improve on.

The flow of dependencies for computing Q is
shown explicitly in Fig. 4.

4] 5

~

p &} \

K

- e (s]'- |/[8<f?

€
P i N e

ot

Figure 4: Flow-chart for computing the query-count for
a given set of ODE parameters.

[10]

(3]

‘T, A A(T),9<T>|

The intermediary parameters that arise in this flow-
chart play the following roles within the algorithm:

* The parameter e, is the target error associated
to the time discretization of the dynamics via a

finite Taylor truncation order. This parameter
can be chosen to ensure additive errors (labeled
by +) or multiplicative errors (labeled by x).
As we discussed in Sec. 2.1, this does not affect
the output of the quantum algorithm. We make
the choice that minimizes the overall query com-
plexity of the quantum algorithm.

* The parameter k is the Taylor truncation order.

* The parameter p is an ‘idling’ parameter re-
quired to magnify the success probability of the
algorithm we when want to output the solution
state.

e The parameter wjy is a block-encoding scale fac-
tor for the linear-solver component, where the
dynamics is encoded into a matrix L, rescaled
to L such that ||L| < 1.

* The parameter 7, is the condition number of the
linear-solver matrix L.

* The parameter €7 is the target error for the
linear-solver step.

» The parameter A is the overhead in repeating-
till-success, or using amplitude amplification,
that arises due to the finite success probability.

Example 4 (Query counts for history state of ho-
mogeneous ODEs). To illustrate the result, we
apply Theorem 2 to analytically evaluate the
non-asymptotic cost of outputting the history
state for a homogeneous system of ODEs with
negative (Euclidean) log-norm, an example being
the collisional linearized Vlasov-Poisson equation

discussed in Sec. 2.3.
Choosing the multiplicative error scheme, we
have

b=0, kp =1, pp(A) = u(A) <0, Pryy > Io(2)".

We shall set the block-encoding scale factor w = 1
(the total cost will be increased by about a factor
of wif w > 1). As discussed in Example 1, the
scaling with T is O(T"/?), but we now compute
a formula for the non-asymptotic query count.
Recall that T = Mh is measured in units of h,
where h < 1/||AJ|. Set
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(2 MH2) — 20 (M +2) + M +1)

(1 _ e2,uh)2

5#(M) =

(38)
Theorem 2 then returns the analytical query
count upper bound

2
Q= %ﬁ {log[%l&tél)lo@)log? [2 (\/ k414 2) \/(; + 1) I0(2)(g(k) + 1) (M) + kT /h(Io(2) — 1) + 3H+ 1}
2
log2 [2 (, /k+1+ 2) \/<8 + 1) I0(2)(g(k) + 1), (M) + kM(Io(2) — 1) + 3]

581 2/ (e 2
N e N (O I I

47 /25 133w e 2
+oe los |f (1 [k+1+ 2)\/(8 +1) Io(2)(g(k) + 1)€u (M) + kM (Ip(2)—1) + 3‘| +1

S\/(WH +2)\/(g+1)210<2><g<k>+1)s,‘,<M> + kM (Ip(2)—1)

- 2
+ <\/k 14 2) log [w} \/(8 + 1) To(2)(g(k) + Déu (M) + kM(Io(2) — 1),

as a function of the target error €, simulation
time 7T, for each choice of the log-norm param-
eter ph € [—1,0). While clearly unwieldy, the
main point here is to illustrate that Theorem 2
can be used to analytically compute closed, non-
asymptotic query cost upper bounds of ODE
solvers by simple sequential replacements.

In Fig. 1 we set e = 1071 ||A|| = h =1 and
plot Q as a function of T for all possible u(A), i.e.
pu(A) € [-1,0], with u(A) — 0~ corresponding to
the a(A) > 0 case with Cpax = 1. We computed
Q under the assumption that we do not perform
amplitude amplification, but simply repeat until
success. We obtain the shaded region in Fig. 1,
which interpolates from the linear in 7" scaling to
the best possible v/T scaling. The upper curve in
Fig. 1 can be upper bounded for T' € [10°,10'9
and € =107 as Q < 6133T log(T). For the
lower curve, @ < 7260\/Tlog(T) with the same
specifications. We see that incorporating knowl-
edge about stability can lead to orders of mag-
nitude improvements in the query counts (up to
5 orders of magnitude at 7' = 10'°). The best
prior algorithm [4] simply inferred Cipax = 1 from
1 < 0 and hence obtained linear in 7" scaling cor-
responding to the upper curve in Fig. 1. How-
ever, as suggested before, we expect that a simi-
lar analysis to the one we performed here for the

(39)

algorithm in Ref. [3] can also be performed for
the algorithm in Ref. [4] to extract an improved
scaling.

3 Outlook

Quantum computers are expected to be a disruptive
technology for the simulation of quantum mechani-
cal problems. We presently do not know if quantum
computing will have a similar impact on important
classes of classical dynamical problems. What we do
know, however, is that there is no scarcity of compu-
tational problems of broad relevance, such as in fluid
dynamics and plasma physics, which are often under-
resolved on today’s largest computers and will re-
main so in the foreseeable future. If we could identify
such use-cases and provide a fully compiled quantum
algorithm with reasonable resource estimates, then
the scientific and technological value of quantum
computers would be substantially increased. If this
development follows a similar line to that for quan-
tum chemistry, increasingly better algorithms and re-
source estimates will be required, likely starting from
very high resource counts and then pushing numbers
down for specific problem instances.

We see the present work as a step in this direction.
In giving the first detailed query count analysis for the
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general problem of solving linear differential equa-
tions on a quantum computer, we hope to set a sign-
post for improved resource estimates in the future,
and also set the stage for a detailed analysis of the
cost of solving nonlinear differential equations. The
fast-forwarding results of Theorem 1, and the results
of the additive error treatment, furthermore, suggest
these algorithms may be significantly less costly than
previously thought in certain regimes. We illustrated
these results presenting polynomial improvements in
the " scaling for the collisional Vlasov-Poisson equa-
tion, systems of damped, forced harmonic oscillators
and dissipative nonlinear systems.

In conclusion, these results will make end-to-end
analysis of specific use-cases considerably simpler,
since given an equation & = Ax + b one can focus
on the construction of the unitary U4 encoding the
ODE matrix A, the unitary U, encoding the forcing
b and the unitary Uy encoding the initial condition
x(0), as well as the circuits required for information
extraction from the solution (6) or history (7) state.
These are questions that can only be analyzed in the
context of specific use-cases. The exact number of
times these unitaries need to be applied, given the
ODE parameters in Table 1, has instead been analyti-
cally computed for general ODE systems in this work
via Theorem 2.
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Appendices

A Notation and definitions

For reference, we first state the definitions of key quantities used throughout our analysis.

* The time-interval [0, T'] is uniformly divided up into M subintervals of size h, and we index the endpoints
viat = mhwithm =0,1,..., M.

» We denote by x(mh) the exact solution under continuous dynamics, at any time ¢ = mh, and denote by
x™ the exact solution under the discretized dynamics, obtained by truncating to Taylor order k.

* We define constant upper and lower bounds on the solution norm as
Tmin < ||m(t)H < Tmax, (40)

for all t € [0, T]. We also define the quantity x5 as

1 M
o 2
Lrms -— \J M m§:0 ||ac(mh)\| ) (41)

which is effectively an rms-estimate of the norm of the solution over the time-interval.

¢ (Discretization error-conditions) For the choice of errors in the time-discretization section we consider
both a multiplicative error condition

|le(mh) — ™| < emp|lx(mh)] forallm =0,1,... M, (42)
as well as an additive error condition
le(mh) — ™| < e forallm =0,1,... M. (43)

In what follows, we will use subscripts of x and + to refer to the multiplicative and additive choice,
respectively.

* We define the following functions for the sufficient Taylor truncation order analysis:

Ax(T) = max {]|b]l /i, T}
Ao (T) = max {][b]l, T} (44)

with X referring to the multiplicative error condition and 4 the additive error condition.

* We deal with two choices of quantum outputs: a coherent encoding of the solution state «(7") at the final
time ¢ = T' (Eq. (6)), and a coherent encoding of the history state data 7 over the M timesteps (Eq. (7)).
Quantities that depend on this choice of output are labelled with subscripts 7" and H respectively.

e We define
_ 1 & a(mh)|?
TV .=
(0= 3T 2 e P
2. ] §<1_> (lz(mh)|| + )’ (45)
BT M1 2 \1+ ) (|a(Mh)][— )2

where € = ex,,5/8 in the case of the history state output and € = ¢||z(7T")||/8 in the case of the solution
state output.
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* To quantify errors in normalized quantum state expressions, and their dependence on the choice of addi-
tive/multiplicative time-discretization error and choice of history/solution state we define the quantitites

fh=1rf =1
1, 1

Ti= o= I amy (46)

* Subscript and superscript convention: Note that in a number of places we have options of assuming either
the additive error scheme (+) or the multiplicative error scheme (x ). Or to output the history state (H ) or
solution state (F). To handle all of these possibilities in tandem we shall use a comma notation to denote
a choice of one or another option. For example,

= I or fi or £ or £ (47)

The purpose of the notation is to streamline the analysis for the different cases that arise.

B Roadmap of the analysis

Before we get into proving technical results, we provide a roadmap of what the analysis will entail.

As discussed above, the recursive equations (15) are encoded into a linear system following Ref. [3]. Specif-
ically, we introduce 3 registers |m, j, n). Register m is a clock degree of freedom, labeling the solution at each
time-step ¢ = mh within [0, T'], plus potentially further idling steps to increase the amplitude of the solution at
time 7', if necessary. It takes values m = 0, ..., M +p/(k + 1), where p is a multiple of k£ + 1 to be fixed. The

j register is used to compute Taylor sums, 5 = 0, ..., k. Finally, n labels the components of the vector x, with
n=1,...,N. We encode data about the solution to the ODE problem into the solution y := L~'¢ of a linear
system (Appendix E):
Ly =c, (48)
where L = L1 + Lo + L3, and
L =I®IxI,
M-1 k m Mtghs—1
Ly:== > Y |Imjfmj—1l@——0(p) Y > |Imj}mj-1]aIl
m=0 j=1 J m=M j=1
M-1 k
Ly:=— Y _ > |m+1,0)m,j|®I, (49)
m=0 j=0

with the Heaviside function §(p) = 0 for p = 0 and #(p) = 1 for p > 0. The term Lo generates Taylor
components, which are summed at each m by L3 to generate a truncated Taylor series that approximates the
dynamicsuptom = M. If p > k+ 1,fromm = Mtom =M +p/(k+1) —1andforall j =0,...,k,sop
steps overall, the term Lo generates ‘idling’, which allows for an increase of the amplitude of the solution state
component. In Eq. (48) we set

m=0 m=M-1
[0
c¢=[z"b,0,...,0,...,0,b,0,...,0,0,...,0]. (50)
k k 1+p

It can be shown that the solution to this system can be split up as y = x> + Tjunk, Where

0 1 M M
3’ = («",0,...,0,2",0,...,0,z™, ... ™) (51)
—_——— —_——— — o —
k k 1+p

and xj,nx 1s an orthogonal ‘junk’ component, that is unwanted, and can be removed by post-selection or am-

plitude amplification (specifically, junk is nonzero only where x}" is zero).
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As we discussed, there are two ways of choosing the truncation scale k. We can either follow Ref. [3] and
choose k such that multiplicative error is achieved

|le™ — x(mh)|| < epl|lx(mh)]], m=0,..., M. (52)
or we can choose it such that additive error is achieved
|le™ — x(mh)| < €, m=0,..., M. (53)

The problem statement remains the same, i.e., preparing a state € close to the solution (6) or the history state (7).
The multiplicative (labeled by x) or additive (label by +) choice gives two different algorithms with distinct
query complexities.

When we output the history state, we set p = 0 and x}}°, as a normalized quantum state |z%}"), provides
a discrete approximation to the exact history state encoded in Eq. (7). Instead, when we output the solution
state, we set p > 0 and target the components &’ with amplitude amplification. The time-discretization error
analysis can be found in Appendix D.

Eq. (48) is tackled using both the best available asymptotic [1] and non-asymptotic [2] query complexity
upper bounds for QLSA. The resource estimate depends on three parameters:

€TD >

(a) The cost of constructing a block-encoding of L from that of A.

(b) An upper bound on the condition number of L, i.e., on xy, := || L||[|L7!].
(c) The QLSA does not output the ideal solution |y), but a quantum state p which is ez,-close to it in 1—norm.
The cost depends on ;..

All three will be determined from the ODE parameters:

(a) Constructing the linear system block-encoding. We prove that ||L|| < wy := vk +1+2. Hence we
define L = L/wy, & = ¢/wy, and solve the problem Ly = & This has ||L|| < 1, as normally required by
QLSA. The detailed resource estimate of a QLSA is in terms of calls to a unitary block-encoding U; of Landa
state preparation unitary Uz of ¢. These need to be constructed from the available unitaries U4, Uy, Uy (details
in Appendix G). Concerning Uz, it can be constructed with a single call to both Uy and Uy,. As for Uz, we
construct an (w; , a + 6, 0)-block-encoding of L with a single call to Uy, where w; = (1 + /& + 1 +wh)/wg,
as given in Theorem 2. The QLSA requires 6 further ancilla qubits, as well as [log2 (M +1)(k+1)+p)N]|
qubits to encode L.

(b) Condition number bound. Recall that the Lyapunov analysis leads to stability parameters (kp, up(A)).
In Appendix F we find the upper bound on sy, in terms of the stability properties as given in Theorem 2,
inequality (276). The core asymptotic and non-asymptotic savings in the query count of our analysis are due
to this tightened bound, as well as to the flexibility in choosing additive or multiplicative error truncation.

We set p = 0 for the case where we output the history state. For the case where we output the solution state,
we take p = [M1/2/(k 4+ 1)](k + 1) in the case that A is stable, and p = [M/(k + 1)](k + 1) otherwise. For
both final and history state, we then have x, = O(T"'/?k) in the stable case and x1, = O(T'k) otherwise (recall
that T" = M h). The better scaling of this bound leads to the improvements in Table 6.

Also note that in Appendices E and F we provide a broader analysis of idling, where we allow varying
amplifications at each discrete time-step, specified by integers {p,, : m = 0,1,..., M}. This allows us to
increase the amplitude of selected terms |z(,,)) in the history state (7), which can be understood as applying
a filter to the dynamical data.

(c) Required precision. To determine the required ey, we first need to analyze the output processing, as we
shall now discuss.

We first sketch the analysis assuming we access the idealized linear system solution |y), and then consider
the effect of finite precision.

Idealized analysis. The ideal solution of the linear system encodes ODE data in the sense that we recover a
state close to |z ) by performing a projective measurement {Ilz 7, I — Il 7} on the auxiliary/clock regis-

ters. Specifically, if
M+p/(k+1)

Oy =I1@[0X0|®@1, Ip= > |m}ml@I®I,
m=M
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we have
Oy lyXy| O = Pryg |25P Xz 5P|, (54)

where |z%}°) approximates |z ) and

Trealr [y)Xy| 7] = Prp [ )], (55)

where the trace discards clock and ancilla qubits and |2*') approximates |237) (Appendix D).

The values Pry  are success probabilities of the corresponding measurements. For outputting the history
state we obtain the success probability in (277), so the overhead to repeat the measurement until success or
via amplitude amplification is O(1). To output the solution state we have the expressions given in Theorem 2,
which imply

Prp — {Q@IQX T-1/2) for A stable, (56)

Q g;?x ) otherwise.

Using amplitude amplification we have an overhead of O(1/+/Prr) repetitions.

Error analysis. We then consider the effect of the finite precision €7, of the QLSA and go back to point (c) of
the previous section, i.e. answer the question of what linear solver error €, suffices, as well as what discretiza-
tion error e, we need to target, given a total error budget of €. This analysis is performed in Appendix I. The
errors €7, and erp are then chosen as to ensure total error € in 1-norm. More specifically, the algorithm outputs
a mixed state e-close in 1-norm to the solution or the history state.

C Stability and Lyapunov relations

For this discussion we refer to Ref. [38, 46] for further details, but many more sources can be found on the
topic. In what follows we assume all matrices lie in CV*¥ and all vectors lie in CV, unless otherwise stated.
Consider the dynamics generated by the matrix A, i.e., the homogeneous linear system &(t) = Ax(t), whose
formal solution is x(¢) = e4*x(0). A sufficient condition for the norm of () not to blow-up as t — o0 is that
le?|| is bounded, since ||z (t)| < ||e?||||(0)||. This motivates the definition a(A4) := max;{Re(\;(A4))},

where \;(A) are the eigenvalues of A. If a(A) < 0, then A is said to be stable. We have that
: At
Jim [le”] =0, (57)

if and only if A is stable. A necessary and sufficient condition for stability is that there is a matrix P > 0
(strictly positive) such that
PA+ ATP = —Q, (58)

for some () > 0. This is known as the Lyapunov equation. This condition is related to the existence of quadratic
Lyapunov functions for the dynamics generated by A. Indeed, it can be shown that for the homogeneous linear
system &(t) = Az(t), Eq. (58) holds if and only if the quadratic form V() := 2 Px obeys
d v Ly
gV (@) = —2'(t)Qz(t) <0, (59)
along all trajectories x(t). The non-negative quadratic form V' (x) can be viewed as a form of energy function,
and from the fact that V (z) = —af(¢)Qx(t) < —cV (), for some constant ¢ > 0. This condition ensures
stability for the dynamics. Note that the above discussion still holds in the a(A4) = 0 case, but the strict
inequality ¢ > 0 is replaced with the non-strict one ¢ > 0, allowing ¢ = 0 and C not constant.
While, asymptotically, for stable systems the norm of e decays to zero (Eq. (57)), it can still display
transient increases at finite times. One way to capture this is via the logarithmic norm (or log-norm for short)
of A, denoted (A) and defined as the initial growth rate

1
. At — 4 _
plA) = e = lim o (1 + AR = D). (60)
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A significant property of the log-norm is that it is the smallest 3 € R such that ||e|| < €% forall t > 0,
et < encr (61)
In the case of the operator norm, its value can also be calculated from
1

_ 1 H (Ax, )
1) = oA 440 = g e

; (62)

where A\pax(X) denotes the largest eigenvalue of any Hermitian matrix X. If u(A) < 0 then the system is
stable, but even if p(A) > 0 stability can still occur. However, in this case the bound (61) is no longer useful.
To account for this regime one can introduce a family of log-norms that depend on P:

ip(4) = m (PAx, x)

ax Re —————, 63
lef#0  (Px,x) (63)

the log-norm with respect to the elliptical norm induced by P. This can be seen as an initial growth rate with
respect to the norm induced by P [Lemma 3.31, Ref. [38]], and it recovers the log-norm bound when P = I.

Note that stability implies pp(A) < 0 for some P > 0. In particular, denote the condition number of P by
kp. One then has [Theorem 3.35, Ref. [38]]

4] < /Rperr A, (64)

which accounts for potential increases of ||e“?|| in a transient regime, and recovers Eq. (61) for P = I.

Finally, we note that in the case of Schrodinger evolution under A = —iH for some Hamiltonian H, we have
a constant norm for the dynamics, and so the system is not stable in the above sense; in the literature this case is
called “marginally stable”. Quantum dynamics, or any other linear dynamics with A having eigenvalues with
vanishing real parts, are not stable under arbitrarily small perturbations in A, while stable systems do allow
small perturbations while still remaining stable.

D Time discretization error analysis

We now describe the formal solution to the ODE, and the discretized solution that our algorithm will return.
The solution of Eq. (1) can be formally written as

t !
() = eMa(0) + / dt'eMp, (65)
0

for any ¢ € [0, 7.

We proceed by splitting the time interval up into M equal-sized sub-intervals of width h, so that we
can approximate the dynamics at each of these time points. The exact solution data at these points are
x(0),z(h),...,x(mh),...,£(Mh) = x(T). We shall approximate x(mh) with =", which is a vector ob-
tained from a discrete sequence of evolutions obtained from a truncated Taylor series for the exponential e,
In particular we use

k
Ti(Ah) = 3"~ (Ah)
=07
Sam) = 3" S any (66)
=17

to approximate the exponentials needed to order k. The discretized dynamics is now defined recursively by
z" := z(0), and
™ = Tp(Ah)x™ ' + Sy (Ah)b, (67)

forallm = 1,..., M. The following result gives the condition on the truncation order k so as to obtain a target
relative error erp.
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Lemma 1 (Time-discretization multiplicative error, Theorem 3 of Ref. [4]). Let zmin < minyepo 1 || (t)]|

and take ||A||h < 1 for a time-step h > 0. Let x(t) be the solution to &(t) = Ax(t) + b and ™ its
approximation at time t = mh defined in Eq. (67). If we choose the integer k such that

(k+1)! > Me? (1—|—T62HbH>, (68)

€rp Zmin

then it follows that the relative time-discretization error obeys
lx(mh) —x™| < erpllz(mh)|], (69)
forallm=0,1,... M.
However there are situations where we might want an additive error of the form
[(mh) —x™|| < em. (70)

To establish a sufficient Taylor truncation order in this setting we introduce some notation that relate the con-
tinuous time dynamics and the discrete time dynamics.
From Eq. (14), a time-increment of h gives the following recursion relation

h
=eMx((m— seds
x(mh) = (( 1)h) —i—/o dse”°b

_ o~ _(Ah)’
= e ((m —1)h) + h;) Gt 1)!b
= Too(AR)x((m — 1)h) + hSoo(AR)b, (71)

forany m = 1,2,... M, where

k ; k j
(Ah)’ (Ah)?
Tiw(Ah) = Ah) = . 2
i (Ah) 2_: i Sk(Ah) Z:jJrl! (72)
j=0 j=0
We shall bound errors obtained by approximating this recursion relation via
x™ = Tp(AR)x™ ! + hSi(Ah)b, (73)

and provide estimates on k such that Ty (Ah) sufficiently approximates 7., (Ah) and Si(Ah) sufficiently ap-
proximates S (Ah).

Now let us look at the integrated relation, giving the solution at time mh from that at time 0. For the exact
solution up to time t = mh

x(mh) = 2™z (0) + ds e*b
0

m m=l h .
= (eAh> x(0) + Z / dsetUh+s)p
=0 "9

_ (eAn mm(0)~|—hm_1 A S (AR)b
e 15 (o)

=A™ g (0) 4 Loob, (74)
where
m—1 ]
L :=hY_ Ti(Ah) Sp(Ah), (75)
7=0
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forany k = 1,2,...,00. We shall then approximate (mh) with ™, where

m—1
= Ty(Ah)x” + h Y Ti,(Ah)’ Si(AR)b
7=0
= Tp(Ah)x" + Lyb. (76)
Finally, we can derive the following useful relation:
m—1
LyA= AL, = Ah Y Tp(Ah) Sp(Ah)
7=0
m—1 — 1
( Ah)it
= Ty (Ah)’ -—
— k(Ah) Z_: (Jj+ 1)
J_ =
m—1 )
= " Ti(ARY (Tu(AR) — 1)
7=0
m—1

(Ti(AR)T*! — Ty (AR))

for any choice of truncation order k = 1,2, ..., cc.
The following lemma from [4] gives the truncation errors for the relevant operators of the dynamics.

Lemma 2 (From [4]). Assume ||ARh| < 1, and choose any m = 1,2,..., M. With the definitions in
Eq. (72) and Eq. (75), if k obeys me?/(k + 1)! < 1 it follows that

e — m€2
e = Tanymye i < e (79

and also

mTe’
(E+ 1)U
Therefore, the error grows linearly or quadratically in time and decreases exponentially with the truncation

order. We now prove the following discretization error result, which parallels the bounds in [4] for multiplicative
errors.

I(Loo — Li)e™ ™| <

(79)

Lemma 3 (Time-discretization error with additive errors). Let h > 0 be chosen so that ||A||h < 1. Let
x(t) be the solution to &(t) = Az (t)+b and ™ its approximation at time t = mh defined in Eq. (67).
Choose € € (0,1] and let Tmax > supsepoq) |2(t)[|. If we choose an integer k such that

3
(k+1)!2Mexmax<

€

b
1+ T62M> , (80)

Tmax

then it follows that the time-discretization error obeys
[z(mh) —x™| <e, (81)
forallm=0,1,... M.

Proof. Noting that x(0) = x°, from Eq. (74), (76), as well as the relation in Eq. (77),

= ||(Loo — L) Az(0) + (Loo — L)b||

(
lz(mh) — 2™ = [|(e*™" = Ti,(Ah)™)2(0) + (Loo — Lt)b|
(
= [(Loo — L) (Az(0) + b)||. (82)

Accepted in {uantum 2024-10-22, click title to verify. Published under CC-BY 4.0. 24



Using the recursion relation (71) and the useful relation in (77), we see that the vector &(mh) :=
Ax(mh) + b evolves homogeneously:

&(mh) = Az(mh) + b= Ae™"2(0) + ALoob+ b
= M Az (0) + (2™ — I)b + b = 2™ (Ax(0) + b)
= Mg 0). (83)

Therefore, we have

l@(mh) = 2™ = |[(Loo = Li)e™ ™" (Az(mh) + b)|
< (Lo = L) Ae™ ™ a(mh)|| + [[(Loo — L)e™*™"d]
= ||[e = T(AR)™] e A mb) | + [ (Lo — Li)e 4|
< |[[erm = mcany] et | lz(mb)| + | (Lo = Li)e ™ [ 6l (84)

We now assume that integer k obeys Me?/(k +1)! < 1, and we use the operator bounds in Lemma 2
to deduce

m (e — 1)me?
() | < 2 ) + (k+ b
< (e —1)Me? L MTe MT H ||
7 17 Lmax
- (E+1)! (k+ 1)
Me? MTe®

L —

=~ (k+1>'l'max (k?+1) ||bH (85)
The result follows. O

We can provide an explicit upper bound on the k required from the following lemma.

Lemma 4 (Sufficient truncation scale). Under the conditions of Lemma 1 (x) and Lemma 3 (4), we
respectively have that the choice

- { 3log(sx.+)/2+1 B 1—‘ (86)

1+ log(log(sx,+)/2e+1/e)
suffices to ensure multiplicative (x) error, ||@(mh) — ™| < erpl|l@(mh)||, or additive (+) error,
le(mh) — ™| < e€rp, over all M = T /h time-steps of the dynamics. Here

M M e Trax
o M (B, M (I )

€rp Lmin €rp Tmax

Therefore, to obtain either an additive error or multiplicative error ey it suffices to choose
kyx =06 (log At x (T')/erp) (88)
where Ay (T) = max {T?||b||/Zwmin, T}, A+ (T) = max {T?||b||, TZmax }

Proof. From Lemma 3 we obtain the relevant s, for additive errors, while for purely multiplicative
errors we use Lemma 1 for sy. In either case, it suffices to take (k + 1)! > sy ;. From the Stirling

approximation we have that
n n
nl > <> , (89)
e

so it suffices to take (EEL)M+1 > % e k= [f71(s,)] — 1 where we define f(s) = (£)". However we

have that for any s > 0
1
FY(s) = exp {W ( °§S> + 1] , (90)
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where W (s) is the principal branch of the Lambert W-function. We now use the upper bound

W) « _STY 1
c ~ 1+logy’ (91)
which holds for any s > —1/e and any y > 1/e [47].
In our case this reads
oW tostoye) < B/t y (92)
1+ logy
We now take y = 1/e + log(s)/2e, and therefore have that
- 3log(s)/2+1
1 N W (log(s)/e)+1 N -
1< 1=0( .
frle-lse = 1+ log(log(s)/2¢ + 1/¢) Ollog(s)) (93)
We now set s = s« 1 and round up to the nearest integer to obtain the result claimed. O

This expression shows that the truncation order in either the multiplicative or additive case grows at worst
logarithmically in time, k4 x = O(log(T")), for the homogeneous ODE case (b = 0), while for the inhomoge-
nous case (b # 0) one can generally obtain ky , = O(T) if Ay «(T") decreases or increases exponentially in
T, as we discuss later.

For homogeneous systems of interest the value of k is quite mild. For example, taking A\ (7)) = 0, M = 106
and erp = 107 the bound returns k& = 19 (rounding up 18.2). Directly solving numerically the original bound
in Lemma 1 for k gives k = 18, so the analytical bound is relatively tight.

The recursively defined dynamics generates terms such as T} (Ah)™, which approximate (e4?)™ = eAmh
for all m = 0,1,..., M. For the condition number analysis we need an estimate on how well the truncated
expression T}, (Ah)™ approximates the exact exponential eA”* for the continuous dynamics. The next result
determines the relative error for these matrices in the discrete dynamics.

Lemma 5 (Truncation error for dynamics). Let k = ky » obey the time-discretization condition given
by Eq. (86) with error e;p, and let Ty,(Ah) be defined as in Eq. (72). Then for allm =0,1,... M we
have the following relative error for the norm ||Tx(AR)™| relative to ||eA"™|].

IT(AR)™ || < [|e™ |1+ €xp), (94)
for multiplicative error, and
m m €
Ty < et (1422 ). (95)

for additive error.

Proof. We have that

ITu(AR)™ | < [l + | T(AR)™ — ™|
— ||€Amh|| + H(Tk(Ah)m - 6Amh)efAmheAmh||

1+ ||<Tk<Ah> — eAmhyemAmh ) |[Amh|

2
_ Amh
—( = )H H

- (1+ - )u A (96)

For multiplicative error, k = kx, Eq. (68) implies

ITe(AR)™ | < [[e™™ (1 + exp). (97)
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For additive error, k = k4, from Eq. (80) we have

Ty < et (142 ). (98)

max

This extends a result given for multiplicative error in Ref. [4].
Note that so far we discussed time-discretization errors at the level of unnormalized solution vectors, but
these can be readily translated into errors on the normalized quantum states.

Lemma 6. For any two vectors
1
|2) =

) )= ”Z}”(zl,...,zﬂ, (99)

if the relative error of each component is upper bounded as ||z — 27| < a||Z?||+b forallj =1,...,J,
then it follows that for the corresponding normalized vectors we have

HV>\>H<2J%+@@§I#$ I (100)

Proof.
z z z z z
=121 = 2 - ] < - |+ | - |
[EIRE lzll  |Z] Izl 12|
B (T T EE TN L o
1zl 1zl 2]l

1/2 1/2
Iz — 2| = (Z 127 — 2”12) < (Z(a\lij\l + 6)2) = \/a212\2 +2ab) |27 + b2, (102)
J J J
and therefore,

Hv>\@u<zdw+aw§jw”' iy (103)

1Z1* H
O
Recall the definitions (we set p = 0 for the history state)
P = (20,0,...,0,2',0,...,0,2™), (104)
xg = (2(0),0,...,0,z(h),0,...,0,2(Mh)), (105)

and recall that we denote by kets the corresponding normalized states. Then, defining the corresponding nor-
malized coherent encodings of these vectors we have the following corollary.

Corollary 7. Let |xg) and |z%") be the normalized states associated to the vectors in Eq. (105) and
Eq. (104), respectively. Assume that ||@(mh)—x™| < erpllx(mh)|| for allm =1,..., M (multiplicative
error). Then we have that

a3y = lem) | < 260 |[2™) = |2(MR)) || < 2, (106)
Assume that ||x(mh) — x™|| < erp for allm =1,..., M (additive error). Then we have that

- Vi1 1

[NEs |h) || < 2€mpi——0 = 2€
Pleul =/, Te(mh)[?/M

| |33M> — |z(Mh)) || < 2erp (107)

I
[ (MR

Accepted in {uantum 2024-10-22, click title to verify. Published under CC-BY 4.0. 27



Therefore,

Ha%™) = lem) | < 2eanfry™ ™) = l2(MA) || < 2ernf77, (108)

where

P e fh 1 £ ! (109)

H=Jr =4 Jg*- T *
VS [e(mh) 2/ RS
Proof. The result follows by applying Lemma 6 to the time-discretization error Lemmas 1, 3. O
We next turn to embedding the ODE system into a linear system of equations.

E Linear system embedding of the dynamics
In what follows we assume tunable idling parameters at each step m = 0,1, ..., M so as to cover both the case
where we want to output the history state, the case where we want to output the solution state, as well as gener-
alized settings, as anticipated in the main text. These idling parameters are specified by integers pg, p1, - - - , P -

The case p,,, = 0 except for py; = p corresponds to the solution state output case, while p,, = p for all m
corresponds to the history state output case.

The linear system reduction for the ODE protocol in Ref. [3], here in a generalized version, has the form
L = L1+ Ly + Lg where

M—1pm+k PM
Li:=Y N |myj)m, jl @ T+ 0(pa) > |M,jXM. j| @ 1,
m=0 ;=0 j=1
M Pm M-1 k Ah
Ly :=— Zepm)2|m’] ]_1|®I_ZZ|mpm+j><mpm ‘7_1|®7
m=0 ; m=0 j=1
M—1 k
Lyi=— 3 jm+1,0)(m,pm +j| ® I. (110)
m=0 j=0

Here we use the Heaviside function §(p) = 1 for p > 0 and zero otherwise. The integers {p;,,} govern the
filtering mentioned, as they amplify the solution vector at specified times. Note by setting p,, = 0 for all
m =0,...,M — 1and py; = p we recover the simplified form of the matrix L given in Eq. (48), but with a
different indexing. The difference here is that the idling phase is entirely encoded in the j index, whereas in in
Eq. (48) it was more efficiently encoded in all m > M and j = 0,. ..,k indices. This amounts to a simple
relabeling. To compute the condition number bound it is convenient to use the form above, whereas to construct
the block-encodings it is convenient to adopt the form used in the main text.
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It can be useful to visualize the matrix L in the computational basis:

I
I I
-1 I
—Ah I
Ah
—Ah
-5 1
I — . (111)
Ah
U
I I I ... —I —I I
I I
-1 I
—Ah I

L has M repeated blocks. The m!" block contains p,, repetitions of the —1I, I “idling” and k sub-blocks —Ah /3,
j =1,..., k, generating the Taylor series components. Note that A only appears to the first power, and hence
(111) is a relatively simple encoding compared to alternative ones involving matrix exponentiation [26] or
matrix inversion subroutines [4].

A simple extension of Eq. (16)-(24) in Ref. [3] shows that if we consider Ly = ¢ with the vector ¢ given in
terms of the following subvectors

(0,0 0

=
cmPmtl) — ppforallm =0,...,M — 1
™™ = 0 otherwise, (112)
then we get
y = Lilc = [y(O’O)’ A 7y(0’p0)’ y(o’pOJ’»l)? A ’y(o’p0+k)5 y(1’0)7 s 7y(1’p1)7 A 7y(M71’pAI+l+k)7 y(M~O)7 A 5y(M’pAl)j|5
po+1 p1t+1 pv+1
(113)
where for each m we have y(md) =" forall j = 0,...,p,. Here ™ are the components of the history

state in the truncated Taylor series approach (Eq. (67)). Instead, y™3) for j = pp 4+ 1,...,pm + k is, with
the above labeling, junk data that can be removed by a post-selection measurement on the qubits labeling the
indices (m, j), or via amplitude amplification. We show that this form of y is the result of the matrix inversion
in Remark 8. Note that for the choice p,,, = 0 for all m we recover the history state output for the (m, 0) labels.
For the choice p,, = 0 for m < M and p,,, = p for m = M we obtain a vector that can be post-processed to
output the solution state with bounded probability by amplifying the m = M component of the above state, if
we take p large enough. The exact value of p required will be analyzed in more detail in Sec. H.

F  Condition number upper bound of the linear embedding matrix

We next turn to the condition number of the matrix L, which determines the time-complexity of the algorithm.
Previously Ref. [3] presented upper bounds on the condition number of L for a special choice of {p,,} and
under several assumptions about A, in particular: that A has «(A) < 0; that A is diagonalizable; and that one
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has a bound on the condition number xy- of the matrix V' that diagonalizes A. Here we extend the scope of that
analysis and strengthen the bounds. This will give exponential savings in log N for certain classes of matrices
(similarly to Ref. [4], but in the context of a simpler linear embedding), as well as a potential sublinear scaling
with time for the large class of stable dynamics.

Theorem 3 (Condition number bound — General case). Given A € CN*N | let C(t) be an upper bound
to ||eAt||. Assume a Taylor truncation scale k = ki x which gives rise to either a multiplicative or
additive error erp for the norm distance of the discretized dynamics ™ to the exact dynamics x(mh).

Choose idling parameters po, pi,-..,prm and for convention set p—1 = 0. Then the condition number
of L in Eq. (110) is upper bounded as

M 2 m )

m=0 Gty x =0 +%
M 1/2

O b+ M2 1) (VEFT+2). (114)
m=0

Here Iy(2) ~ 2.2796, with Iy(z) the modified Bessel function of order zero, and where g(k) :=
2

215:1 (s! Z;?:S 1/j!> <ek, ¢ = Tmax and cx = 1.

Proof. A general vector will be divided up into sectors as follows

v = [7(070) 7(0’1) ce 7(0’170) 7(0:p0+1) e ,Y(O,p0+k) 7(1»0) 7(1’1) e fy(l’pl) e 7(1,p1+k‘) . ’Y(M’pM)], (115)

where we use the idling parameters (po, p1, - - ., par). We can bound ||L|| via ||L|| < || L1 ||+ || L2||+ || L3]|-
Firstly, it is clear that ||L;|| = 1. Secondly,

LoLy =Y 0(pm) > Im,r¥m,r[ @ T+ > > |m,pm + j)Xm, pm + j| © o (116)
m=0 r=1 m=0 j=1

and so || Lg|| = max{||Ah||,1} = 1. Similarly (see [3], proof of Lemma 4) we have || Ls| = vk + 1.
Therefore, we have ||L|| < Vk + 1+ 2.
We next estimate the norm || L~!|| which is obtained from

LY = max ||[L718]. 117
1L~ ”ﬂ”:lll | (117)

By writing Ly = B we have that ||[L7!|| = max| g|—1 |||, where ~ is implicitly a function of 8. We
now provide an upper bound on ||L~!|| via bounding ||7||. For m obeying 0 < m < M we have the
following system of equations:

7(0»0) — B(Ovo)
_Fy(m71) + Fy(m72) — B(m72)

7,7(m7pm—1) + ,7(m,pm) — B(m’pm)
_(Ah)ﬂy(mvpm) + 7(m7pm+1) — B(mvpm+1)

Ah
Ah
Ah
_( k ),y(m,pm-i-k—l) _|_,Y(m7p7n+k) — B(m7p7n+k)

_7(m’pm) _ »-7(m7pm+1) e — ,.Y(m,perk) + 7(m+1»0) — B(m+170)' (118)
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While for m = M we only have the pys equations for idling parameters and no Taylor series terms.
We can formally solve for « in the above system of equations to get

7(m’1) — /B(m71) + »7(m70)

,Y(m,pm) — /B(mmm) + ﬂ(m’pmfl) + o+ ﬁ(m72) + ﬂ(mvl) + 7(m’0)7 (119)

for the idling parts. Thus, for any m =0,..., M and any r = 1,..., p,, we have
T

For the Taylor series parts we have

,Y(mvpm+1) — ﬁ(m,perl) + (Ah),-y(mapm)

Ah
7(m7pm+2) = ﬂ(mapm+2) + ( 5 ),-),(mﬁl?m‘f'l)
Ah

7(m,pm+k) — 5( mpm+k) | (/ZL) (m,pm+k—1)
Solving the previous expression in terms of 4("Pm) gives

7(m7pm+1) — ﬁ(mvpmﬂ) + (Ah),y(m,pm)
(AR

Ah
fy(mvp'm""z) — B(mypm"!‘z) + ( 5 )IB(mﬁDm-i‘l) + ( 5 ~ mypm)
2 3
(mom+3) — gompmt3) | (A0 gompny2) | (AR gonpiny | (AR,
K P tgh N 321
A mpnt) _ glnpnth) | : (AR) gompm+i-1)
(Ah)*™ (m,pm+2) (An)* (m,pm+1) (Ah)* (m.pm)
NPT S A— L 20 m,pm R A 122
+ +k-(k—1)---3ﬂ T Go1)3.2" T Y (122)
This implies that for any m =0,1,..., M — 1 and any j =1,...,k we have
(P +3) — i (Ah (m.pm) +Z Ah d=s gmpm+s) (123)
We now iteratively solve over the m index as follows. Firstly,
k
(m0) (2D §™ (i +) . g(m0)
§=0
(13)k1 jmlpl P j—s g(m,pm—1+s) (m,0)
= z%ﬁ(Ah) P ZZ Ah plmpm—1ts) gl
]: : :
(120) (m—1,0) & (m—1,r) b ! j—5 g(m—1,pm—1+s) (m,0)
2T AR 4 3 T(ARB ) 4 33 ARy e g g (1)
r= j=1s=
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We define

Pm—1 k J |
(m—1) ._ (m—1,r) st j—s g(m—1,pm— +s)
B = Y Ti(Ah)B 3y jl (Ah)i—=p! ! (125)
r=1 ]:1 s=1
so that for any m =1,2,..., M we have
,Y(m,O) _ Tk(Ah)’)/(m_l’O) + B(m—l) + IB(m,O). (126)

Since we have the condition 4(%0) = B9 it follows that

7(1,0) —_ Tk(Ah)B(O ,0) + B +B (1,0)
¥ 20 =T (AR)(Ti(AR)BCY + BO + g00)) + B + g0
30 = T3 (AR) [T (AR) (T (AR) B + BO) 4 g0y 4 B(D 4 g(20)) L B() 4 g(3.0), (127)

and so iterating we find that

(m0) ZTk(Ah)m—r (B(T’O) + B(T—l)) 7 (128)
r=0

where we set B! =0 by setting B(_l”") =0 for all r.
We now make use of Lemma 5 to estimate the following vector norm.

IO < ST (AR (18T + [ BUD])
r=0

< (Ut emfeq ) 3o 1m0 (800 + | BCD)

r=0
< (14 exn/ey ) Y Clmh = rh) (|87 +|BCV])) (129)
r=0

where c¢x =1, ¢y = Tpmax. Since ||Ah|| < 1 we have that

m I Pr—1
™00 < (1+ern/es <) Y Clmh —rh) IIﬂ(TO’IHZZ IIB(T adl B Z 1T (AR)|[18~ 1“’)II}

r=0 ]181

m I J Pr—1
T s! r— 1+s r—1,w
< (Utexp/esx) Y Clmh —rh) | |18 ’O’IHZZEIIB( B (Ut exn fes x)O() Y 18T >|]

r=0 j=1s=1"" w=1

(130)

where we used [|Ty(Ah)|| < C(h)(1 + €rp/c+ x), again from Lemma 5, which holds for either the
multiplicative error or additive error case. Now,

§ § : + k)
ﬁ B\"P E pr+ S

[ ” (T,pr s)”] [Z H (r, T,4»5)” Hﬂ(r’ - s)“ E k"ﬂ(r,l’r‘i’S)”‘|
s=1""

j=1ls= 1 s=1
N T T R B (r,pr+1)
= {1(1!*21+ +k!)”’3 |

1 1 1
49! ( NI k') 18P || 4+ k!g||ﬂ<r’p’"+k)\|

2!
k k )
= | mprts
;s > J,Ilﬂ [
k
=" f(s, k)BT, (131)
s=1
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where we define

1
fls k) =8y = =3 - (132)
(&) jz::sﬂ Jz::sJ(J—l)' (s+1)
Thus, we have
M<§j Clomh— i) |89+ 3 1G5, DIBT 7] (1 + exper)C) 3 18
(1+€TD/C+>< - s=1 o w=1
(133)

The RHS of this is in the form of an inner product V™ . W (™) between vectors with components,

VO = (el 80| ey el 80| @ ok, 8¢ 1))

wim = (@ZILOC(mh —rh) &)Ly i (1+ :D )C(mh —rh)C(h) 7L &5_; [C(mh —rh) f(s, k)]) :

(134)
where we set p_1 = 0, and use direct sum notation so that, for example, (@?ZOZT) = (20, 21, 22, 23).

Since ||8]| = 1 it follows that |V ™| < 1 for any m = 1,..., M. We now use Cauchy-Schwarz on
v wm) and get that forany m =1,2,..., M

2
Hv“”‘”llk( 6“’) > Clrh)? (1 +proi <1+ 6TD> C(h)2+g<k)) (135)

Ct,x C+,x

where

s=1

k k k 2
g(k) =3 fls. k)= (s! > 1/j!) . (136)
s=1

For m = 0 we have that y(0 = g09 and so [|[4(®9| < 1. If we define p_; = 0 then we can
alternatively use the bound given in (135) with m = 0, which is slightly weaker. Note that since
f(s,k) < e one has g(k) < ek, but this upper bound overestimates g(k) by almost a factor of 2, so we
shall not use it.

We next bound ||y(™")| for » = 1,...,p,, and also ||y("™Pm*)| for j =1,..., k.

Firstly, from Eq. (120),

IO N < O+ D 18 (137)
s=1

forr=1,2,...,pm. We follow a similar line to before, and have from Eq. (130):

s=1 w=1

m Pr—1
[y ()| I )N Cmh — 1h) [ﬂ”o |+Zf (s, k)| B4 1P 1+§)II+(1+ e Y 8¢ “”)Il
X =0
+ Z 18], (138)
s=1

and using Cauchy-Schwarz in an analogous way to Eq. (135) we have

[ym)? < (1 + —2)2 f:C’(lh)2 (1 +p—1(1 + exp)?C(h)? + 9(@) +r, (139)
X 1=0
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for any r =0,1,2,...,py. Finally, using Eq. (123) and Eq. (120),

[yt < ”‘Y mpm)| 4 Z IIﬁ (mopm )
(Hv(mo)ll +Z 18e™7)) +Z Hﬁ mopms)|| (140)
r=1

Again using Cauchy-Schwarz we have

m ; 1+ erm/cix)? — m = s\ 2
a2 < LERO TS cng (1 a1+ eanferPOW? + o) + 2 43 (5
’ =0

‘We now have that

m=0 \r=0

) M-1 ) . PM M, )
v =" le’ym’")ll +Zlh mopm )| +ZH’Y( 2. (142)

Using the above bounds in Eq. (139) and Eq. (141) we have that

P < i} ((1 érp >2§:i0 hy? <1 iy <1+ :‘1)20(11)2 +g(k)> +§r>

r=0 [=0

2
ks (1+CE+TDx) - ? 2 Pm 7L /512
(S e (v () o) + B35 (5)
3 M <1+ €rp )2( +1)i0(lh)2 . <1+ eTD>2C(h) o +w
= ) 1=0 e C,x g 2
+ ;} ((1 + cﬂ) (In(2) = 1) lzgc (1h) (1 +pi-1 (1 + CH) C(h) +g(k)>> + (WLZOpm +Mk> (Io(2)—1)
M 2 m ,
o €D Pm(pm + 1)
sz_:o<<1+c+,x) (pm + To(2 ;C <1+Pl—1 (1+ +7X> C(h)2+9(k)> +2>
M
T (me—"_Mk) (10(2)—1), (143)
m=0
where we used that
ii<i : =1o(2) — 1 (144)
(1)~ = ()3 ’

S () =03 (1) <X 3 e < k) -1 (115)

]—S

From numerical tests, we find the latter inequalities cannot be substantially improved. This completes
the proof. 0
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Remark 8. Using the expressions found in the previous proof we can show that Eq. (113) holds, i.e.,
that the ideal inversion of L on the claimed form for ¢ gives the claimed output. Specifically, we
choose B = ¢ via the conditions (refer to Eq. (112))

B(O,O) — :I}O
B(m’pmﬂ) =hbforallm=0,..., M —1
ﬂ(mﬂ“) = 0 otherwise. (146)

The idling terms will produce copies of data with this choice of input. More precisely, from Eq. (120)
we have that

A7) — o (m0) (147)

for r =0,...py, since B™%) =0 for all m and all s =1,..., pm.
The conditions Bt = hb and B™") = 0 on other indices, imply that we have (Eq. (125))

Pm—1 k J
_ Z Tk(Ah) (m— 1r)+ZZ Ah] slgm 1,pm—1+s)
r=1 j=1s= 1
k
= J'(Ah)J 1gm=1pm—1+1) — G (AR)hb. (148)
J=1

Therefore, Eq. (126) implies that
A0 = Ty (AR)y™=10) Sy (AR)hb, (149)

for m =1,..., M and the initial condition v(*9) = 29, This recursion relation coincides with the one
for the discrete dynamics and therefore 40 = ™ for allm = 0, ..., M, as required. Moreover, idling
implies v(™7) = &™ for all m =0,...,M and all r = 0,...,py,. The remaining indices correspond to
junk data. This shows that L~ 'c returns the claimed form of discrete solution.

We can now specialize the above theorem to idling only at the end (or not at all), and consider both the stable
a(A) < 0 case and the case a(A) > 0 separately.

Theorem 4 (Condition number bounds: stability cases). Consider a complex matriz A € CN*N, o
Taylor truncation order k = kL x associated to a discretization error erp, and the associated embedding
of A into a matriz L defined by Eq. (111), for discretized dynamics fromt =0 up tot =T = Mh,
via M + 1 uniform steps of size h. Consider the case of idling parameters given by p,, = 0 for all
0 <m < M and pyy = p. Let Ip(x) be the modified Bessel function of order zero, and g(k) :=

2
212:1 (3!22‘-”:5 l/j!) < ek. Also, cy = xmax and cx = 1. Then the following upper bounds on the
matriz L hold:

e (A is a stable matrix). For the case where A is a stable matriz, let P and Q be any two positive

Hermitian matrices that satisfy the Lyapunov equation PA 4+ AP = —Q. Denote by up(A) the
log-norm of A with respect to the elliptical norm induced by P and denote by xkp the condition
number of P. Then we have that

2
1 — e2Mup(A)h+2up(A)h 2rP(AMADR 4 ar 4 1 2ep(Mhig L Ay
an[<1+€“>)<1+gw»np(p ¢ +10(2) 2+4)

Crox 1— e2np(Ah (1 — e2hur(A))2

5+ MR -~ 1| (VETT+2), (150)

and therefore we obtain the asymptotic complezity ki, = O(k\/kpT + p?).
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e (A is not a stable matrix). If A is not stable, then consider any uniform bound |e| < Ciax for
all t € [0,T]. Then we have that

2
KL < (\/k+1+2)\/012nax( 1+ efD> (1 + g(k)) (M+1)[p+10(2)(M/2+1)}+”(p2+1) 1 (p+ ME)(Io(2) — 1), (151)

and therefore we obtain the asymptotic complexity ki = O(k\/C2,.T? + p?)

Note that for all stable matrices we have that the condition number is O(v/Tk), and so unless % scales poly-
nomially with 7" (which happens only if A, . (7") grows exponentially, i.e. the ODE solution norm decays or
grows exponentially), we have a quadratic improvement in the condition number dependence with 1" compared
to previously known results, which scale as O(T'poly(k)) [3, 4, 26]. A related quadratic speedup [40] was
obtained for the case of A = —H? for Hermitian H.

Proof of Theorem 4. From the proof of Theorem 3, setting p,,, =0 for m =0,..., M — 1 and py; = p,
we have that

||7|2<Z<< 1) piar + @) 3 CURY (14 >>>+p<p;1>+<p+m><fo<2>1>
=0

e ) - 2 A 2 p(p+1)
— <1+ CH) (1+ g(k)) (pZC(lh) +10(2) Y cC(n) ) + = 0+ ME)(Ih(2) - 1),

=0 m=0 [=0
(152)

Now consider the different subcases for A.

e (A is a stable matriz) We use ||e?t|| < \/rpetP (Dt for all t > 0 to obtain geometric sums in the
previous inequality. This implies that

M ) 1 — e2Mpp(A)h+2up(A)h
> C(lh)? = kp T <M+1=0(M)
=0
M m 2017 (A)(M+2)h _ 2up(A)h
e +M+1-—e 24+ M
Z C(lh)2 = Rp (1 — €2hﬂP(A))2 ( ) S (M + 1)(M/2 + 1) = O(M2)7
m=0[=0

(153)

where in the limit up(A) — 07, the sums saturate the upper bounds M +1 and (M+1)(1+M/2),
respectively. This limit corresponds to the a(A) > 0 bound upon replacing kp with C2, .. For
up(A) < ¢ < 0 for some constant ¢ independent of N we instead get that the first expression

scales in time as O(1), whereas the second scales as O(M).

2 M M m
I < (1+ f’) (14 g(k)) (z:Z cn? + 10 Y chf) + P2ED 4 Mk (2) - 1)

=0 m=0 1=0

2
B €rD 1 — e2Mpp(A)h+2pp(A)h e2up(A)(M+2)h 4 pr 41 — 52NP<A)h(2 + M)
= <l+ C+,><> (14 g(k))kp <p [ ozin (A + In(2) (1 Zhir (M2
1
+ A 4 Mk o(2) - 1) (154

and so

2
1 — e2Mpp(A)h+2pp(A)h 2pp(A)(M+2)h 4 A 1] — e20P(Ah(2 1 M
KL < [(l + 1D ) (1+g(k)) kp (p = +10(2)5 - ( )

ctx 1_ e2up(A)h (1 — e2hup(A))2

p(p+1)

/
n +(p+Mk)(Io(2)—1)T C AT 142) (155)

By inspection, we see that k;, = O(k\/kpT + p?).
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o (A is not a stable matriz) For this case we use that C(t) < Cpax for all t € [0, T]. Then

+ (p+ ME)(Ig(2) — 1).
(156)

1> < Chx (1 o ) (14 g() (M + Dlp + () (M2 + 1)) + 22D

Ct,x

This implies the following condition number upper bound,

ki g(ﬁﬂwm\/csm (1+ 6TD> (1 4+ 9(k) (M + 1)p+ ()72 + 1] + P2 4 4 by (o 2) - ).

Ct . x

(157)
For this we have kj, = O(k\/C2,.T? + p?). We note that the previous bound can also be obtained
by taking kp = C2_ . and pup — 0~ in the expression for stable A.

max

O]

Note that when outputting the history state the above result will be used setting p = 0, whereas when
outputting the solution state we will set p = ©(+/T'), as we shall see. In both cases, x;, = O(ky/kpT) for the
case of A being stable.

To relate this result to prior works we make use of the following lemma.

Lemma 9. Let A € CN*N be q stable, complex matriz, and let P > 0 be a Hermitian matriz that obeys
the Lyapunov condition PA+ ATP < 0. Let kp denote the condition number of P and pup(A) denote

the log-norm of A with respect to the ellipsoidal norm defined by P. Then the following special cases
hold:

e If A is diagonalizable via V-YAV = D, a diagonal matriz, then we may take P = VIV and so
kp = kY (with ky the condition number of V) and up(A) = a(A). In particular, if A is a normal
matriz then kp = 1 and pp(A) = a(A).

e If A has negative Euclidean log-norm pu(A) < 0, then we may take P = I and so kp = 1 and
up(4) = (A).

The proof of this lemma is as follows.

Proof. If A is diagonalizable and A = V1DV for some diagonal D, then we may take P = VIV > 0.
In fact,

PA+ATP=VIVA+ AVIV =VI(D+ DNV

However, since A cannot have any eigenvalues with nonnegative real parts, it follows that V(D +
DNV = —Q for some Hermitan operator QQ > 0. We then have that kp = |VIV |||V (VY| = k2,
since | XTX| = || X|? for any X (in the particular case of A normal, the operator is diagonalizable
via a unitary V for which ky =1, so kp = 1). To show that up(A) = a(A) note that

(PAx, x) (VAz, V) (VAV-Vz, V) (D', 2)
—— = max Re———-" = max Re = max Re —++
(Pz,z)  all#0  (Vz,Vx)  |al#0 (Va, V) 2’0 (@', @’)

(158)

max Re
[0

where we replace ' = V.

Suppose now that we choose P = I and have that PA 4+ ATP = A + AT has strictly negative
eigenvalues. This occurs if and only if A has negative log-norm with respect to operator norm. In this
case we have kp = 1 and pup(A4) = u(A). O

The previous Lemma, together with Theorem 4 immediately imply the following corollary.

Corollary 10. Suppose A € CN*N s a stable, complex matriz. Let L be the associated embedding of

the discretized dynamics induced by A with Taylor truncation order k for a time interval [0,T] and
idling parameter p, as given in Eq. (111). Then the following special cases hold:
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e If A is diagonalizable via VYAV = D, a diagonal matriz, then k;, = O (K,V}{M/T—i-pz/ﬂ%/),
where Ky is the condition number of V.

e If A has a negative log-norm pu(A) < 0, then kg, = O(kv/T + p?).

The first result in Corollary 10 gives a quadratic improvement in 7" over [3], which had k7, = O(kykT), in
the regime «(A) < 0. The second result in Corollary 10 gives a similar improvement over [4], which had a
complexity O(k3/ 2T'). In fact, for A having a negative log-norm we improve both the dependence on k and T
for the condition number? over Ref. [4]. We provide more detailed analysis for the case of negative log-norm
in the next section.

Special case: A with negative log-norm

We can analyse the behaviour of these bounds in some more detail for the case where P = I, which corresponds
to the case of A having negative log-norm. Firstly, the transition from the O(+/ M) scaling to the O(M ) scaling
is determined by the square root of

e2,u(A)(M+2)h +M+1-— eZ,u(A)h(z + M)

e (159)

In the regime p < 0 the scaling is O(M ), but one can wonder how small the constant prefactor can be. We
can in fact derive a lower bound for it. Note that for any matrix A we have —||A|| < u(A) < ||A]|, and since
stability requires || A||h < 1 this implies that e=* < e#" < 1. The expression in Eq. (159) is equal to the double
sum S M_ 5™ (e Letting & = e#* this sum can be written as

M m M
Yod ()T =) e, (160)
s=0

m=0r=0

where ¢ > 0. A sum of strictly positive monomials cs2® with ¢s > 0, is monotone increasing for x > 0, and
therefore on the interval [e~!, 1] the sum attains its minimum when 2 = e#" = ¢~!. Replacing in Eq. (159),
we get

(64(M +1) —e?(M +2) + esz) et — 2e2 4 e 2M e2

(2 — 1) = @oe te it (161)

The smallest value the double sum can take among all systems with negative log-norm is hence smaller than

o2
1+62_1M. (162)
Overall we have that in this best-case scenario
2
L < (1 + +> (1900 1) (5 + S M) + R - DM (163)
2 2
~ (1 + cji) (1+9(R) 1o(2) 5 — + k(Io(2) — 1) % VM. (164)

For example, for small e, & = 19 and ¢4 x = 1, the pre-factor constant before v/ M is approximately 9.8.

This optimal case occurs when p(A) = —|| A||, which in turn occurs if
max Re(z!Axz) = — max ||Az||. (165)
[[][=1 [[([=1

We can show this optimal bound occurs if and only if A = —||A||] in the case of negative log-norm.

"Note that an extra factor of k must be included to account for the implicit matrix inversion required in Ref. [4] so
the effective scaling is O(Tk%/?).
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Lemma 11. Under the conditions of Corollary 10, assume that A has a negative log-norm. The optimal
linear scaling Me?/(e? — 1) in SSM_S2m  C(1h)? occurs if and only if A = —| A||1.

Proof. The ‘if’ direction is clear. Suppose conversely that u(A) = —||Al|. Let \;(X) denote the i’th
largest eigenvalue of the Hermitian matrix X. Consider u; := A\;(Re(A)) := \((A + AT)/2), and let
v; be a corresponding unit eigenvector for this eigenvalue, with the eigenvalues sorted in decreasing
order. By definition of log-norm, p(A) = py. Furthermore, py < -+ < po < p; < 0 and so

lun| = = . (166)
Also,
At AT [A]| + [JAT]
il = | A < = [l A] (167)
2 2
Hence, we have the following chain of inequalities for all i =1,..., N

IA]| > |l = [Xi(Re(A))| = [v] Re(A)v;| = |Re(v] Av;)|

< vl Av| = /ol (AT A)w; < || Al (168)

These inequalities must be saturated. The equality \Re(vZAvi)\ = \U}LAQJZ-] implies UII m(A)v; = 0 for
all i. Since (A+ A")/2 is a Hermitian matrix, it follows that the vectors v; form a complete basis, and

so we find that (A — A")/2 = 0. The equality |u;| = ||A|| implies Re(A)v; = —||Aljv; for all i, since
we are given that p; < 0. Since v; are a basis, this implies (A + A")/2 = —||A||I. Hence
A+ AT A-AT
A= + =—||A|l1, (169)
2 2
which completes the proof. O

This lemma implies that the bounds are near-optimal when A has a relatively uniform spectrum with small
imaginary components.

G Block-encoding of the linear system matrix

For quantum linear solver algorithms it is typically assumed that the defining matrix has operator norm
bounded above by 1. As shown in the previous section, for a Taylor truncation order & = ki » we have
that ||L|| < vk + 1+ 2, and therefore we rescale the matrix to put it into a canonical form. We therefore
define

~ 1

L:=—L
Vk+1+2
1

¢ = \/m+20, (171)
and solve the rescaled problem Ly = &, which has ||L|| < 1, as normally required. Note that the coherent
solution |y) to this system coincides with the coherent solution of the original system. Moreover, the condition
number r; of the matrix L equals #, since the expression || L||||L ™| is invariant under rescaling.

For the linear-solver algorithm we require both a unitary Uy that prepares the normalized state |¢) as well as
Uj; ., a block-encoding of L. For the former we note that |¢) = |¢), since the rescaling is removed under the
normalization of the state. It is readily seen that U; can be constructed via a single call to Uy and a single call
to Up.

For Uj, we recall that an (wx,ax, ex) block-encoding of a matrix X is defined as a unitary Ux such that

1({0*¥] © DU (|0%X) @ I) = X/wx| < ex. (172)

(170)

Here we denote by |0%) the state |0)®“, for any integer a. We assume oracle access to Aviaan (w, a, 0) block-
encoding of A. From this we need to construct a block-encoding U; of the matrix L. The following result
shows this can be readily done.
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Theorem 5. Let L := \/WJrZL where L is defined in Eq. (110). Take wh > 1. Given a Taylor

truncation scale k = k4 x we can construct an (&, a + 6,0)-block-encoding Uz of L via a single call to
an (w,a,0) block-encoding Ua of the matriz A, with

@:wh+1+\/k+120(1+wh)7 (173)
2+ VE+1 vk

being the rescaling factor of the block-encoding for L.

Proof. We construct a block-encoding for L = L; + Lo + L3, which in turn provides a block-encoding
for the rescaled matrix L. We consider the problem separately for L, Ly and Ls and then combine
them with linear combination of unitaries.

First, Ly: this is just the identity matrix, hence the block-encoding is trivial — we have a (1,0, 0)-
block-encoding of L.

Second, Lo:
M-1 k Ah Mgi-1 g
Ly:=— Y3 |m,j)m,j— 1| ® — — 0(p) Yo lmig)m,j -1 @1, (174)
m=0 j=1 J m=M  j=1

which we rewrite as

Ly = whIyL4LY (175)
where
M-—1 A M+kL<h
Lb = — m)m|@I® =+ Y |m}ml @Il (176)
m=0 w m=M
M—-1 k I ol ok I
Ly=|=> > Im,j)Xm,jl®=—0(p ) Z Z Jxm, jl ® —- (177)
m=0 j=1 J m=M j=1 wh
k—1
Ly =ToATel,  AT=Y"1|j+1)j|. (178)
=0

LY can be (1,a,0)-block-encoded by UL'27 where

M-1 M+p/(k+1)
Up, =Y Imml@IloUa+ > |miml@lel (179)
m=0 m=M

LY can be (1,1, 0)-block-encoded as

(=310) + /1= % 1)) Imj) i (m < M and j > 0),
Usg 10) md) = 3 (~ 5 10) + /T~ iz (1)) [mj) £ (m > M and j > 0), (180)
1) [mg) it j =0,
where we assumed that wh > 1. This gives a (1,1, 0)-block-encoding of L. Finally, L5’ can be block-
encoded as U Ly = I ® Upt+ ® I, where Unt acts on the space where AT acts augmented by an extra

qubit ancilla:
Uni = AT@]0X0] + A @ |1X1] + [0)0| ® 0)(1]. (181)
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Using ATA = T —|0X0| and AAT = I, one can check that U, is unitary. Hence, we have a (1,1,0)-
block-encoding of I @ AT @ I.

Overall, we set Ur,, := U L, U Ly UL'Q", where each one of the three block-encoding unitaries has implicit
identity operators on the auxiliary qubits of the other block-encodings. This gives an (wh,a + 2,0)-
block-encoding of Ls involving a single query to U4.

Third, L3: we rewrite

Ly = —VE+1(AT@ Ta (I @ [0)0| @ (I Uligp @ 1), (182)

where AT = M= 4 1)(m,
Uvsp [0) = [+k) (183)
and |+g) = \/W Z _olj). Here Uygp is a uniform state preparation circuit [48] (if k is a power of

2, this is just the tensor product of log, k Hadamards). Furthermore, the projector onto [0X0| can be
decomposed as

l0X0| = 71+ 5 L einZ/2 (184)

and so one can obtain a (1, 1,0)-block-encoding of I ® |0)}0| ® I via Linear Combination of Unitaries
(LCU) [33]. Finally, we can construct a (1,1,0)-block-encoding of A' exactly in the same way as
we constructed one for At above. Overall, we obtain a (v/k + 1,2, 0)-block-encoding of Ls. Finally,
consider

1 1
L= + h( >+\/1+ ( )} 185
1 +wh+ itk 1+wh+\/1+k:[1 . itk (185)
This can be realized by the LCU
1
(UL1 +whUr, + V1+ kUL3) (186)

14+wh+V14+Ek

using 2 extra qubits. We hence constructed a (1 + wh + /1 + k,a + 6,0)-block-encoding of Uy, using
a single call to U4. This implies that

! o 2rvkrl z:;lz, (187)

Wh+1+V1+k  wh+1+V1+k @

as claimed. O

(0@ NUL(0*) @ 1) =

Therefore, we have all the ingredients needed for the linear-solver component. The optimal asymptotic
query complexity of the quantum linear solver algorithm [1] invokes the oracles U; and Uz for a target error €/,
a number of times

O (kg log(1/er)) = O((kr + whep/VE)log(1/er)). (188)

Since these oracles are in turn constructed from single calls to U 4, Uy and Uy, the above expression also gives
the query complexity to the defining oracles of the linear ODE problem.
We next turn to post-processing of the state that is output from the linear solver subroutine.

H Success probabilities for post-selection

Recall that we denote by |y) a quantum state proportional to the solution to the linear system problem,
y = L~!c. Furthermore, |2%P) and |z7) are proportional to

i =[2°,0,...,0,2',0,...,0,z"] (189)

and
My (190)

respectively. We then have,
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Theorem 6 (Success probability of ODE-solver — history state). Let h > 0 be such that |A||h < 1. Let
ly) be the normalized solution to the linear system Ly = ¢ with py, =0 for all m and

m=0 m=M-1
_ [0
c=[zb,0,...,0,...,0,b,0,...,0,0]. (191)
k k

We define |x%") as the state obtained by successful post-selection on the first outcome of the pro-
jective measurement {Ily, I — g} on the auziliary register:

€ Iy |y>

For the case of multiplicative errors ||x(mh) —x™|| < erp||lx(mh)||, we have that the success probability
is lower bounded as

2 o L
Prg > max { (1 + (1 + (1_)\:7“(3;)||A||> (Ip(2) — 1)) , (1 + (IO(2I)(1)> } (193)

where K = (3—€)? if b # 0 and K =1 for b = 0 and Ay (T) = max{maxc(o 1) [[bll/|lx(t)], T}.

-1
For the case of additive errors ||x(mh) — ™| < €rp, we have Pry > (1 + %) . Therefore,
Pryg = Q(1) in all cases.

-1

Proof. The desired data is given by
m;}D = [y((]’O)v 07 e 707 y(l’O)v 07 T 70a y(M70)] (194)

which is obtained by post-selecting success (first outcome) in the projective measurement {IIz, I -1l }
(as it follows from the expression for y, Eq. (113)). Moreover the success probability is given by
Pry — a5 |2/ Ilyll>.

From Eq. (111) with p,, =0,

—1
() = APy
;!
yml) = Ahy(m’o) + hb,

Y

)

1
ymH10) — Z Ah ), (195)
We first show that Pry > (1 + (o(2 ) ))
We compute
M-1 k M-1 k ’
lyl? = Z [l R S S el g (2l e N W A (196)
m=0 j=1 m=0 j=1
We start with the simple case where b = 0. Then
M-1 k M-1 k -1 2 M-1k 1
oDy = Z y(™0) Z Z—ZHy(’"’”"O’H2
m=0 j=1 m=0 j=1 m=0 j=1

M
2) = 1) > lly"™|* = (Io(2) — ) |=5"|.
m=0
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Hence, ||y|| < In(2)||z%P||* and the result follows.
We next consider the case b # 0. Using ||A||h < 1 we have that

k k
N > [ly™ D = Hy gl (197)
J=2 Jj= 2
k
1 m m
( Zj> D)= @ =)y (198)
So, Yty [y ™02 > (3 = )2 H=3 [y 2. From that and [ly¢™9)]| < 4[|y, we get
M-1 k ) M-1 k M—-1
> Sl X3 (5) WP S (o2 -1 X W s
m=0 j=1 m=0 j=1 m=0
Io(2) ~ 1§~ moypz < 202 =1 cppo
< s < D 2
<G op mE;llly I*< 57 e (200)
We conclude that L)
i < (14 ) Il (20)
and hence,
Ip(2) — 1\ !
Pry > <1+ (03(26)2> , (202)

which holds for both additive and multiplicative error conditions. We next show that for the multi-
2 71
plicative error case Pry > (1 + (1 + #}%) (Io(2) — 1)> .
We choose a function ((¢) such that
[B] < ¢(mh)||Allfl="], (203)

for all m = 0,1,2,..., M, and define a constant ¢, to be an upper bound on {(mh) for all m, which
we specify shortly. Then,

ly™ DI < ([ ARy O]+ [|kb]| < [ly"™ V| + ¢(mh) 2™ | = (14 ¢(mh)) |z (204)

It follows that

M-1 k M—-1

> lly™ )P < Z::

m=0 j=1

k
Z m,l)HZ

0j=1

2) - 1) Z ly™) 2

L
(41

< (Io(2) = 1)(1 +¢)? Z le™* = (Io(2) = 1)(1 + ¢)* = . (205)

This upper bounds the norm of the unwanted part of y. The probability of success is hence lower

bounded as 1
@ - D+ 6 209

Now recall that Ay (7) is required to obey

o]
M2 g

(207)
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for all ¢ € [0,7]. We also have that ||z(mh) — ™| < epp|x(mh)| for all m by (reverse) triangle
inequality. This implies that ||| > (1 — ep)||(mh)|| for all m. Therefore,

LA Bl o 1 bl

2 > (208)
(I =€) [[Al — (1 —ern) [|A[llJ(mh)]| — [[A]l [z
for all m=0,1,..., M. Therefore we can take
1 (D)
G = . (209)
(1—erp) [[A]
This implies,
-1
M)
Pry > 1+(1+> Ip(2) -1 ) 210
which completes the proof. O
A comment about the above bounds. Recall that we have
t /
2(t) = ez (0) + / dt' e b, (211)
0
and so for non-zero b we can have x(¢) = 0 whenever
t /
=— / dt' e p, (212)
0

Therefore, in the case of multiplicative errors, Ay (7) is unbounded from above, and depends on the relations
between b, (0) and A. Despite this, it can be shown that we can still bound the success probability above 0.05,
which in fact holds for both additive and multiplicative errors.

We now turn to the solution state problem:

Theorem 7 (Success probability of ODE-solver — solution state). Let h > 0 be such that ||Al|h < 1.
Let |y) be the normalized solution to the linear system Ly = ¢ with L as in Eq. (110), py,, = 0 for
allm < M, k = ki « an integer that gives a multiplicative or additive error erp, ppr = p a positive
multiple of k + 1 and

m=0 m=M m:M—I—ﬁ_l
c=[z"b,0,...,0,...,0,0,...,0,...,0,0,...,0]. (213)
k k+1 k+1
1+p

We define |x5'P) as the state obtained by successful post-selection on the first outcome of the pro-
jective measurement {Ilp, I — I} on the clock register:

M+p/(k+1) HT|y> M+k+1 k
Or= Y [mm|@I®l, yf"):= Tl |~ ) ® — Z > Imj) . (214)
m=M Ty m=M j=0
The success probability is lower bounded as
1
Prp > e T — (215)
1+e€ —
(1= ) + (M + D (F22) 6
where
_ Hm ||2
21
with K =1 in the homogeneous case, K = (3 — e) in the general case. Therefore, Prp = Q(#)
+,X

in all cases.
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€TD >

Proof. The equality |y7™°) = |27°) ® WZ +’““ ?:0 |mj) follows from the expression for y

(Eq. (113)), together with the form of the pI‘OJGCtOI‘ in Eq. (214).
The rest of the proof is similar to the previous theorem. First,

, M+p/(k+1) ) M-1 k ) 10 2 M-1 k ,
lyl> = > ZHy(’”J P4+ >0 > Iy ™12 = o+ Dlly™ 012+ 30 3 g2 (217)
m=M  j=0 m=0 j=1 m=0 j=1

For the unwanted part (the second piece), using the same bound as in the previous theorem we get

M-1 k

Yo Iy < Z Iyt (218)

m=0 j=1

with K = (3 — e)? for the inhomogeneous case and K =1 if b = 0.
For the multiplicative case (), the success probability is then lower bounded as in the general case
as

Prp — (p+1)]y0 H2 (p+ 1)y M) 2 (219)
Iyl (p+ 1)[lyM0)||2 - DEZL Mgy (m,0)]]2
1
— 220)
In(2)—1 In(2)—1 M (m,0)||2 (
(1- I?Ep)ﬂ)) + fggp)ﬂ) m=0 M
= I(2)-1\ , Io(2)-1 11 2 M [lz(mi)]? (221)
0 — +e€ xT(m
(1 = Rprn) + Koo (1—53) m=0 |z (MR)|[?
1
= . (222)

I erp )\ =
(= sitpe) + M+ DGy (55) 7

Note that the inequality in the above sequence follows from the time-discretization lemma
(Lemma 1):

Iy O Q=™ (l(mh)| + [lz™ — 2mb)D?* _ (lz(mh)]] + ex||z(mh)|)?

@2 = 22 = (2 (Mh)] & — 2 (MR = (Jz(MR)] - erpleim)E )
_(Ltew)? Ja(mh)®
-() ETDIR (224)

The result then follows. For additive errors Lemma 3 ensures that ||z(mh) — ™| < erp, so the only
difference is that

Jl™ {Ilw(mh)ll +€TD]2
< 225
2717 = LlaIh)[ — cro 229
We can analogously define:
9 1 X 1= e \2 [ |lz(mh)| + exp 1°
9= . (226)
M+1~=\1+em le(Mh)|| — eérp
and obtain the same result with the replacement g — g«. O

Note that the success probability for the history state behaves quite differently from that of the solution state
output. One way to understand this is in terms of the changes in norm of the solution. For the solution state
output we have that if (t) gets very close to zero then we have a much lower success probability. But this does
not affect the history state in the same way: it simply means that the amplitudes within the history state decay,
but the norm of the history state does not — in particular we have that ||z || > ||z(0)]].
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As we discuss below, we do not want the choice of p that we make to affect the scaling of x with time.
Therefore if A is stable we have a complexity x = O(v/M), otherwise we have x = O(M). Since k = O(p)
we can choose either p = /M or p = M, respectively, without affecting the time complexity of &.

If we set p = M1/2,

1

Lo(2)-1Y | (M+1) Io(2)=1 (1terp)? -2
(1_ 1\041/2K)+ TR (1—23) 9%, x

PI‘T Z (227)

With amplitude amplification, we need O(1/+/Prr) queries to the whole ODE linear solver protocol to obtain
success probability O(1). This number is O(g4 x M/*).
Instead, if we set p = M

1
Prp > . (228)

Io(2)=1Y | lo(2)=1 (1l+em)? 22
(1 - KO(M+1)) + % (1—23) 93 %
With amplitude amplification, we need O(g ») queries to the whole ODE linear solver protocol to obtain

success probability O(1). The same considerations apply if we run the algorithm with additive errors per
time-step. The same relations apply with the replacement gx +— g..

| Error propagation

The quantum linear solver applied to L returns a mixed quantum state p such that

o= lyXyl [l < e, (229)

where ¢, is the linear solver error, |y) = y/|ly|| and y = L~'c. The solution of the linear system is then
projectively measured. Upon success the target (history or final) state is returned. The success probability in
the ideal case has been analyzed in Sec. H.

In the non-ideal case, however, both the success probability and the post-measurement state are perturbed
due to the finite precision of the QLSA. This is quantified by the following continuity statement with respect to
the /1 norm.

Lemma 12 (Continuity of success probability and post-selected state). Let II be a Hermitian projector,
p>0,p>0 with ||p— plli <€ and tr(Ilp) > €. Then

1IpIl 1IpII 2
P P |l < ‘ (230)
tr(pll)  tr(pIl)fl; = tr(pll) — e
and tr(pll) > tr(pll) — e > 0.
Proof. First note that
(o — A < IT[lp — Al < e, (231)
and
2(pT) — (AT = [tx((p — A)TD)] < llp — A1 T < e (232)
It follows that
tr(pIl) > tr(pll) — e. (233)
Note that ||TIpIl||; = tr(IIp). Then,
Mpll  TIHI Tpll  Tipll Tpll  TIHI
- || < - - ~ — . (234)
tr(llp)  tr(Ip)ll, = ller(p)  tr(Pp)ll,  [ltr(llp)  tr(IIp) I,
[tr(Ilp) — tr(Ip)| | [[TL(p — AT},
= |[IIplL 235
1oty tr(IIp)tr(I1p) tr(I1p) (235)
€ € 2e
< < . 2
= w@) T amp) = w(p) —. (236)
O
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Applied to our setting this implies the following result:

Lemma 13. Assume we run a QLSA algorithm returning p with ||p — |yXy| |1 < en, with |y) the
normalized solution of Ly = c. Moreover, assume that €r, is chosen sufficiently small so that Pryr >
€r,. Then denote by

I pll II 11
_ Hp Hj 25T 2577 | = H [yXyl H (237)
tr(Izp) tr(Ia [y)yl)
rplly € € Ir ‘yxy‘ Uy My, M
— troa—L | IPW | = troa—mt DT D g My M (238)
gy 1 el )~
where the trace is over the clock {|m)} and ancillary {|j)} registers. Then,
loar — |25 5Xed 5] 1 __ % (239)
HTN\YHT = PrH,T — GL’

where Pry = tT(HH,T ly )Xyl HH,T)'

Proof. The statement for the history state follows from Lemma 12 with p = |y)y|. The statement
for the solution state instead follows using the contractivity of the trace-norm under partial trace,
followed by an application of Lemma 12 with g = |y)y|. O

Now we analyze the total error in terms of the 1-norm distance between the output state (after QLSA, mea-
surement and discarding ancillas) and the ideal target.

Theorem 8 (Total error bound). Let L be the matriz encoding of the discretized dynamics within the
linear system L |y) = |c), where L is defined in Eq. (110), and c in Eq. (112). We take the truncation
k = ki x to be an integer that gives a multiplicative or additive error erp in the time-discretization.
Assume we run a QLSA algorithm returning a normalized quantum state p with ||p — lyXy| |1 < eL.
Denote by Py 1 the success probabilities defined in Theorems 6 and 7, respectively, and |x g ) the ideal
history and solution state defined as in Eq. (6), (7). Finally, assume that €, is chosen sufficiently
small so that Pry T > €r,. Then we have that

2eg,

+derpfirg (240)
— €], ’

lowr — [rar)Xrar| | < Pryy

-, fT = Hw( Ik and where we define

M
Trms = J Z |lx(mh)||?/M. (241)

m=0

Hence, for the multiplicative (x) case, if e, = O(ePrgr) and erp = O(€) then
loar = |z el = Oe). (242)

For the additive (+) case, to obtain the latter error bound, we instead require e, = O(ePrg ), and
erp = O(e||lx(T)||) in the case of the solution state output and €rp, = O(€exyms) in the case of the history
state output.

Proof. To show the claimed error bound, we first bound the vector norm error between the discrete
and continuous dynamics. Recall that from Corollary 7, with the notation |#5F°) := |z)

Ha3%) —lemr) | < 2exn fr7, (243)
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where we introduce the factors f;; so as to handle together the four cases additive/multiplicative,

history /final state. We have f I?T = 1 for the case of multiplicative errors, and in the case of additive
errors these factors are given by

o 1 1
H — -
VAo lw(mh)|2/M - s
1 1
f = _ , (244)
T eI e
Now we have that
lonr — lear)ear! v < lopr — 257 Xeg I+ e g e Xeg !l = learXenr] |- (245)
We can bound the first term using Eq. (239).
For the second term, we first note that
2
g Xz g — lzar)Xenr| | = 2\/1 - ( x?’%\iﬁH,ﬂ‘ (246)
Now,
112573 = lemr) |2 = 2(1 = Re (2373 |zmr)) > 2 (1 - (573 n1)]) (247)
Hence,
2
<1 - (@3 len) ) = (1 |@gplens)|) (1+ @5 lens)) (248)
< ) — lena) 12 (14| @len o)) (249)
< | =55 — lemr) [ (250)

We conclude

+7
| e Xe 55 — learXenl < 2/ 235) — lzmr) |12 = 20l 235 — |zmr) | < demfif. (251)

Putting the two bounds together we get the claimed result. Moreover, if we set €;, = ePry r then the
first fractional term becomes

2e€r,
—  — 2= ) 252
Prir—c1 e =0(e) (252)
and therefore choosing €7, = O(ePry 1) and erp = O(e) gives the claimed O(e) scaling. O

J  Fast-Forwarding, No Fast-Forwarding, and relation to linear solvers

We now discuss our results in relation to asymptotic complexities and the relation between our ODE solver and
both the problem of Hamiltonian simulation and quantum linear solvers.

J.1 Fast-Forwarding of stable systems

The ODE solver presented in this work relies upon a quantum linear solver algorithm (QLSA). The best query
complexity is O(xlog(1/€)), which we use to establish the claimed fast-forwarding result. For the explicit
application to a concrete system we will however use the recent explicit query counts upper bounds given
in [2].

We now establish the asymptotic fast-forwarding of stable systems, claimed in the main text.
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Theorem 9 (Fast-forwarding of stable systems). Let A € CN*Y be an N x N matriz, and b € CV.
Choose a timestep h such that ||A||h < 1. Consider the following linear ODE system,

&(t) = Ax(t) + b, x(0) =z, (253)

where t € [0,T], T = Mh and the ° € CV specifying the initial conditions. The four parameters
A x(T) and g+ < (T) are defined as follows:

M — N2 (|x(m €?
e, 37 gt £ (5 B
m=0
Mz (mh)]|?
e (I 1), g g SR
min m:()

The terms kp and pp(A) are stability parameters satisfying
et < VEpe"?@Wt  for all t € [0,T). (256)

The matriz A is said to be stable precisely when such a pup(A) exists satisfying the previous condition
with T — oo, and where pp(A) < 0. If A is not stable, then we assume a constant upper bound
e < Crax for all t € [0,T].

Assume we have oracle access to an (w,a,0) block-encoding Ua of the matriz A, a unitary Uy that
prepares the normalized state |b), and a unitary Uy that prepares the normalized state |z°). Then a
density operator p. that is e-close in 1-norm to either the history state |xg) or to the solution state
|zT) can be output, with constant success probability, with query complexity to the oracles Ua, Uy and
Uy as summarized by the following table of complexities:

Case Solution State History State

Stable A, (x) O (wy/Fpgx (T)T3/*log[Ax (T) /€] log(Tgx /€)) O (wy/RPVT log[Ax (T) /€] log(1/e))
Stable A, (+) O (wy/mpg+ (T)T?/ 4 log\ 1 (T)/(|2(T)|0)] 10g(TG+/€)) | O (wy/EpVT logA+(T)/(zrmse)) log(1/e))
Not stable A, (X) O (wgx (T)CrmaxT log[Ax (T') /€] log(gx /€)) O (wCmaxT log[Ax (T') /€] log(1/€))
Not stable A, (+) O (wg+(T)CrmaxT log[A+ (T)/(l2(T)le)] log(g+ /€)) O (wCrmaxTlog[A1 (T)/(zrmse)] log(1/€))

In the above, (x) denotes the choice of multiplicative error scheme, and (+) denotes the choice of
additive error scheme.

Proof. We proceed as in the main text, and produce a solution by first embedding the dynamical
problem into a linear system of equations Ly = ¢ and then solving this with a quantum linear solver.
Recall that to solve Ly = ¢ we first rescale by a global constant to Ly = & so that || L|| < 1. This puts
the problem in a canonical form for a quantum linear solver algorithm to solve L |y) = |¢). This was
detailed in Appendix G, and it was shown that we may obtain a state preparation unitary Uz that
prepares |¢) via a single call to U, and a single call to Uy. We also showed that we may obtain an
(@,a + 6,0) unitary block-encoding U; for L with a scaling factor @ = O(1 + wh/Vk), with a single
query to the (w,a,0) block-encoding Ua for A. Given access to Uj and Ug, this linear system can
therefore be solved to error ey, by an asymptotically optimal quantum linear solver such as in [1] with
a query complexity

O (r; log(1/c1)) = O ((1 4 “’h) o1 log(1 /eL)) , (257)

VEk

to the oracles Uy, Uy and Uy. This outputs the coherent encoding solution |y) with bounded proba-
bility. We continue the proof, by splitting up the case when A is stable and when A is not stable.

(A is a stable matriz). From Theorem 4, we have that for both the multiplicative error assumption
and the additive error assumption that rz, = O(ky x+/kpT + p?), and we choose p = O(v/T) so
that kK, = O(k4+ xvkpT). From Lemma 4 we find that to obtain a discretization error erp, we take
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ki x = O(log(A x(T')/erp)), where +, x refer to the choice of setting additive or multiplicative
errors per step. This implies that,

Qqrsa = O (VEPVT (log[hs (T)/exn) +whlog![\s x (T) /exp] ) log(1/e1) )
= O (VrpwVTlog[hs x(T) /exp)log(1/e1)) (258)

suffices to output the required approximation p to |y) with probability of success bounded from
below by a constant. We next perform the 2-outcome projective measurement {Ilg 7, I — g1}
on p, where H and F' denote whether we want to realize the history state or solution state
respectively. This gives rise to the normalized quantum state oy that approximates the exact,
continuous dynamics solution |zg 7). We assume that e, < Pryr, and so from Theorem 8, we

have that
2€r,

loar — learXzur| | < I derp frrm. (259)
THT — €L ’

To make the trace-distance O(e), it suffices to take e, = O(ePrg 1) and exp = O(e/ f7;7) from
Theorem 8. This also implies, from Lemma 12, that the success probability on the appfoximate
state p is ©(Pry ). Therefore, to obtain an e-approximation to the exact solution with prob-
ability O(1), it suffices to use amplitude amplification with Q(1/\/Prg 1) queries to the circuit.
From Theorem 7 we have that Prp = Q(p/(T93 ) = Q(l/(ﬁgix)) in the stable case where
we choose p = O(v/T). Also, from Theorem 6 we have that Pry = Q(1) in all cases. Thus, in
the case of a stable system we have O(T'/4g, ) and O(1) calls to the circuit within amplitude
amplification for the solution state/history state cases respectively. This implies that for the case
where A is a stable matrix and we have a target error € for the exact dynamics, we have an overall
query complexity

O (g1 (D)v/ipw(T)*  log[\y (1) £ ] log(VT g1 < /€)) , (260)

in the case of outputting the solution state |x7) = |z(T)), and

O (VipwvTlogl\y,« (T) [ /el log(1/e)) (261)

in the case of outputting the history state |xp). This establishes the claimed fast-forwarding for
stable systems.

o (A is not a stable matriz). From Theorem 4, we have that k;, = O(ky «x/Ch. T? + p?), where
Cinax is an upper bound on ||e4?|| over the interval t € [0,T]. In the case of outputting the
solution state we can choose the idling parameter to be p = O(T') which implies firstly that
kL = O(Crmaxky xT), and secondly that Prr = Q(p/(T33 ) = (g3 «). The choice of Taylor
truncation order k4 y is as in the case of A being stable, and we again choose e¢;, = O(ePrpy,r)

and epp = O(e/ f;}’;) This implies

Qqrsa = O (wChmaxTlog[\ s x 177 (T) /e 10g(g1x /) , (262)

queries for outputting with bounded probability an e, approximation to |y). For outputting the
solution state, we then require O(g4 x) rounds within amplitude amplification to obtain, with
bounded probability, the state o within O(e) trace-norm distance from the exact solution |z7),
while for the history state it suffices to repeat O(1) times to obtain an O(e) approximation to
|xr). Therefore, we have an overall query complexity

O (Wit x Conax T 0g [Ny 177 (T) /€] log(VT Gy [€)) (263)

in the case of outputting the solution state |x7) = |z(7T)), and
O (wCimaxTlog[\s < (T) 717 /] log(1/€) ), (264)

in the case of outputting the history state |xf).
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Ref. | Solution state History state Assumptions
3] O(kvgT log[L rnax{%7 T} log g) O(ky T log[% max{ x”nl:‘”n T} log 1) a(A) <0
[4] O(kygT log?’/z[% max{%, T}]log %) O(ﬁleog?’/Q[% max{%, T} log 1) A diag. via V
Here | O(kygxT log[+ max{x“ﬂn,T}] log %) O(kyT log[2 max{%7T}] log 1) ry=|V |||V
[3] beyond scope beyond scope A stable,
[4] | O(CrnaxgT'log??[L max{L8L 7}]10g 2T) ) O(CrmaxT'log??[L max{L2L 7}]10g 1) ie., a(A) <0
Here | O(y/kpgxT3/* log[% max{m”nl:!ln,T}] log %) O(,/npﬁlog[% max{jﬂ%,T}] log %)
— max »Tmax g+ T max »Tmax

O(\/rpgyT3/* log% log #+=) O(‘/mpﬁlogW log 1)

[=°T+[b]l/[o(D)] VT 1 Tlog(1/(a(A)e) | _
[40] [T (A 198 (] 198~ Ta(4)l A<0
[3] beyond scope beyond scope A general
4] | O(CumaxgT log™* [ max{ 7, T}]log %) O(CruaxT log* [ L max{ 370 T} log })
Here | O(Cmaxgx Tlog[% max{ x”i”ﬂ ,T}]log %) O(CraxT log[% max{%7 T} log %)

O(Crmaxg+ T log[ M2l Smex}T] 10g 91T O(CrmaxT log[ ™2 [Vl:tmax}T o 1)

Table 6: Asymptotic query complexities for linear ODEs with optimal quantum linear solvers for general b.
Comparison of asymptotic complexities of the algorithm in Ref. [3], its new analysis (this work) and the recent
improved algorithm in Ref. [4]. A simplified table (Table 2) was presented in the main text. Note that the parameter
w enters linearly in all algorithmic complexities in the table above.

This completes the proof. ]

The table of complexities 6 is obtained by expanding the definitions of A\, (7") and A (7"). With this we can
use Lemma 9 for the special cases for kp, to obtain the following corollary.

Corollary 14. Let A € CN*N be qa stable, complex matriz, and b € CV. Consider the following linear
ODE system,
&(t) = Az(t)+ b, z(0) =z, (265)

where t € [0,T], and the 2° € CN specifying the initial conditions and the parameters G+.x(T) and
At x (T) defined as in the previous theorem. Assume we have oracle access to an (w,a,0) block-encoding
Uy of the matrixz A, a unitary Uy that prepares the normalized state |b), and a unitary Uy that prepares
the normalized state |z°). Then the following special cases hold:

e If A is diagonalizable as V"YAV = D for some diagonal matriz D, then we may output an
e—approximation to the final state |xr) = |x(T)) using

O (whvgs, « (DT og[A i x (T) f17 /€] 108(VT G /€)) (266)

queries to the oracles. Moreover, we may output an e—approximation to the history state |xpr)
using

O (wrv VT log[As, «(T) 777 /el log(1/e) ), (267)
queries to the oracles.

o If A has negative log-norm, then we may output an e—approzimation to the final state |xr) = |x(T))
using

O (wgy (1) T* M og[As (1) 17 /] 10g(VT gy x [€)) (268)
queries to the oracles. Moreover, we may output an e—approximation to the history state |xp)
using

O (wVTlog[\y < (T) /] log(1/e)) (269)

queries to the oracles.
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These complexities improve on prior results, as detailed and summarized in Table 6.

J.2 The No Fast-Forwarding theorem and quantum linear solvers

It should be noted that we may recast any linear ODE into another that is stable with the solutions of each
simply related. More precisely, given € = Ax + b we may choose z € R such that (A —zI) = u(A)—z < 0.
In particular z = || A|| 4 0 suffices for any ¢ > 0. Then defining A’ = A — 21 we have that

/ t /
z(t) = e*eVta(0) + /ds eV'sep
0
’ t /
= e (eA tx(0) + /ds e Sez(s_t)b) : (270)
0

In the homogeneous case the solution to the original ODE can be obtained from & = A’x by rescaling by a
scalar, while in the inhomogeneous case b # 0 this generates an effective time-dependent driving term, and to
account for this we can realize the integrated scaling e ~*! term if in the algorithm we increment b by a factor
e~*M at each time-step. In particular, we can consider A = —iH, for Hermitian H, and transform into an ODE
with negative log-norm. Given negative log-norm systems have O(\/T ) complexity, this would seem to conflict
with No Fast-Forwarding, which requires that simulation of general quantum dynamics has complexity Q(7").
However, the error constraint on the & = A’z system is exponential in T since we require ¢/, = e *Leyp,
where €/, is the error in the system with negative log-norm. This restores the 2(7") complexity.

Finally, we note that since stable systems have HeAt || upper bounded by an exponentially decreasing function
in t we can extend the results of [40] in a straightforward manner to obtain a query complexity lower bound
for the dynamics in terms of the associated complexity of inverting the stable matrix A. More, precisely, as
observed in [40] the asymptotic dynamics of the inhomogeneous system & = Ax — b tends to an equilibrium
for which Az — b = 0. This implies that () ~ A~!b for ¢ large and therefore constitutes a linear solver
algorithm. This leads to the following complexity lower bound for simulating the dynamics of stable systems.

Theorem 10 (Extended from [40], Proposition 19.). Consider & = Ax—b, and assume that A is stable.
Any quantum algorithm outputting the normalized solution state |xr) up to error € must have worst-
case complexity Q(min(log”(1/€),T7)) assuming the worst-case query complexity for a linear-solver
for the equation Ax = b has complezity Q(log”(1/¢)).

The proof of this is identical to the one presented in [40] with the Euclidean log-norm replaced with the more
general log-norm that arises from the Lyapunov analysis.

We also note that in the context of Hamiltonian simulation, various fast-forwarding results are known, see
for example Ref. [49] and references therein. As we mentioned before, stability analysis cannot help fast-
forwarding Hamiltonian simulation, as this is only marginally stable. However, conversely, one could analyse
for what class of stable dynamical systems the stability-induced fast-forwarding can be combined with other
fast-forwarding techniques inspired by Hamiltonian simulation to give rise to even faster simulations. We leave
this as an interesting line for future investigation.

K Cost of quantum linear system solver

All the methods analyzed in this work rely on a quantum linear solver algorithm as a subroutine. The best query
count upper bounds are currently those presented in Ref. [2], which read as follows

Theorem 11 (Theorem 1 [2]). Consider a system of linear equations Ly = ¢, with L an N x N matriz,
and assume L and ¢ have been scaled so that the singular values of L lie in [1/k,1]. Denote by |c)
the normalized state that is proportional to Y, ¢; i), and |L~'c) the normalized state proportional to
A~Ye). Assume access to

1. A unitary Up, that encodes the matriz L/wy, in its top-left block, for some constant wy, > 1, using
a number of qubits equal to a,
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2. An oracle U, preparing |c).

Then there is a quantum algorithm that outputs a quantum state e-close in 1-norm to |A~1c), using
an expected Qg4 calls to Uy, or Uz and 4Q; g4 calls to Ue or Ul, where

Qorsa < {5821;;6 Vi +1 (HTS? + L] mlog(2k + 3) + 1)

25k1/3
11 451 log?(2 2
+7710g2(2ﬁ+3) log M +1 -‘erHlOgi ,
50 €r €L

for any e, < 0.2 and k > /12. The success probability is lower bounded by 0.39 — 0.201er,. If the
block-encoding of the N x N dimensional matrix L requires a-auxiliary qubits, then the full QLSA
requires a + 7 + [logy N'| logical qubits.

The expected query complexity including the failure probability is

Qqrsa = Qor.s4/(0.39 — 0.204¢y,). (271)

L Explicit query counts for ODE-solver

. We now present the proof of Theorem 2, stated in the main text, and repeated here for convenience.

Theorem 12 (Explicit query counts for ODE-solver). Consider any N-dimensional ODE system of
the form
&=Ax+b, x(0)=2a" (272)

specified by a complex matriz A € CN*N | vectors b, € CN and t € [0,T]. Choose a timestep h such
that [|A|lh < 1 and Mh =T for some integer M. Let (kp, up(A), Tmax, Tmin, Trms) b€ the associated
ODE parameters, as defined in Table 1.

We assume that we have oracle access to a unitary Uya, which is an (w,a,0) block-encoding of A,
a unitary Uy that prepares the normalized state |2°) and, if b # 0, a unitary Uy that prepares the
normalized state |b). Then a quantum state e-close in 1-norm to the solution state |xr) = |z(T)),
or to the history state |xp) in Eq. (7), can be outputted with bounded probability of success, using an
expected number Q1 queries to Us and 4Qx 1 queries to Uy. In the case where we have b # 0 then
49 1 queries to Uy are also made. The query count parameter Qg s given as follows:

(1) Set the time discretization error ezp = ¢/(8f37), where f3i =1, fif = 2=, fif = WlT)H

Zrms

(2) Compute the Taylor truncation order:

| 3log(s4x)/2+1 _
Px = Log[l +log(s+,x)/2] 1-‘ ’ (273)

with

3
Sx ZMie <1 + T€2”b”>

€1D Tmin

M 3 max b
5y > ¢ Tmax (1 + T62”H> : (274)

€rD Tmax

(8) In the case of the history state output, set p = 0. In the case of the solution state output and A
being stable, compute M = A/h and set

p=1VM/(kix+1)](kyx+1)
and otherwise
p=[M/(kyx+1)](ksx +1), (275)

in the case when A is not stable.
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: 1+/k I4+wh
(4) Compute the scaling parameter w; = @
ki x+1+2

(5) Compute the upper bound on the condition number of L:

1 — 2Trp(A)+2hup(A)

1 — c2hup(A)

KL= {(1 +ern)? (1 + g(kyx)) kp <p

2up (A)(T+2h) _ 2hup(A)
+Io(2)e +M+1-e 2+ M)
(1 — e2hur ()2
1
1 2
ks )+<p+Mk+,x><Io<2>—1>} (VErr 1142) (276)

2

2
where g(ky x) = Zfi’f (SIZ;?;X 1/j!> <eky x, In(2) = 2.2796.

(6) Fizr K = (3 —e)? for the inhomogeneous case (b # 0) and K = 1 for the homogeneous case
(b =0). For outputting the history state compute the success probability

K 29/500 b#0
Prp > —— > / 7 (277)
K —1+1y(2) 219/500 b =0,
and for outputting the solution state compute
1
Pri* > O AEWE 5 ) (278)
— —_— + —
(1= Gipr) + M+ D5ox (1_§§§) 9%
Pr+,><
(7) Compute the error parameter e, = e~
(8) Compute
Qqrsa = Qqrsa(wi, kL, €L), (279)

the best available query counts for QLSA given the parameters w;y, k1, €. In this work we use

the closed formula for Qqrsa from Ref. [2], Qqrsa = Q*/(0.39 — 0.204¢r,), where Q*(wj, ki, €L)
equals

581wre 133 4 17 4511og?(2k1, + 3) 32
{ 550 VKL +1 <[125 + 3} mlog(2kr, + 3) + 1) + EIOg (261 +3) (IOg ( +1 ) +wrkylog el

1/
25K/ €L

(9) Compute A(Prg’;), the query counts for amplitude amplification from success probability Pry 7
(see, e.g., Ref. [45]), or .A(Pr;};)) = 1/PrE:;) if we sample till success.

10) Finally, the query count parameter is given as Qg = ming « (AQorsa), with the minimization
Y Y g ; +, Q
taken over the choice of either + or x for the discretization error scheme.

The total logical qubit count for the algorithm is a + 13 + [logy[(M + 1)(k4+ x + 1) + p)N]].
The proof of this is as follows.

Proof. To obtain an explicit query count for the ODE system we make use of the QLSA query count
given in Theorem 11. We now provide the analysis for each of the steps in the theorem.

Steps (1) and (7): The error parameters set in step (1) and step (7) follow from Theorem 8.
Explicitly, the output oz 1 of the quantum algorithm satisfies

2€r,
loar — learXear| i < JEr— +dern i (280)
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In particular, requiring each term on the right-hand side to be equal to €/2 implies that

X,
PHTe

o = SR =

(281)

and the trace-distance to the ideal state is bounded by e.

Step (2): The sufficient Taylor truncation order so as to achieve erp is given by Lemma 4.

Steps (3) and (9): The idling parameter p is set to zero for the history state output case. For the
solution state output, and when A is a stable matrix we see from Theorem 4 that setting p to scale as
VT does not change the O(v/T) complexity of k7. Similarly, setting p to scale linearly in 7' does not
change the complexity of k7 in the case when A is not stable. We choose the idling parameter such
that the complexity of the condition number does not change. Requiring it to be an integer-valued
multiple of k4 x + 1 means that it suffices to choose p as stated in step (3), for the two cases of A
being stable or not. From Theorem 7 we have that Pri = Q(p/(T 93 «) In particular, if in the case
of stable A we set p = M1/2,

+,x 1
Prp” > : (282)

= In(2)—1 (M+1) Io(2)—1 [ 1+ 2 4
(1_ ]\041/2;() +9nE R (1—23) 9%,

In the case of A not being stable, we set p = M to obtain
T2 ) t ) 2o
Io(2 Io(2)—1 (1+e —9
(1 - (M+1)) +7r (1-%3) 9%, x

Irrespective of how Prr scales with time, with amplitude amplification, we need O(1/4/Pr;™) queries
to the whole ODE linear solver protocol to obtain success probability O(1). We denote the exact
number by A(Pr;’x), alternatively, repeating until sucess requires an expected number 1/ PI‘;’X of
rounds.

Step (4): The stated block-encoding scaling parameter @y, is obtain from Theorem 5.

Step (5): The stated upper bound on the condition number of the linear system is obtained from
Theorem 4.

Step (6): The stated lower bounds on the success probability for outputting either the history state
or the solution state is obtained from Theorem 6 and Theorem 7.

Steps (8) and (10): The expected query count for the quantum linear-solver component is obtained
from Theorem 11. The inputs to this are the block-encoding scale factor w; from step (4), the
condition number upper bound kj, from step (5) and the target error parameter e; for the linear
solver, given in step (7). This gives the query count to the block-encoding of the linear system matrix,
and from Theorem 5 this equals the number of queries to the block-encoding Uy for the ODE matrix
A. However, the post-processing of the output from the QLSA has a finite success of probability,
and so using amplitude amplification or repeating until success requires A rounds of the QLSA before
the desired output is obtained. We then minimize the product AQgrsa over the two choices of
discretization error conditions, namely the multiplicative case x and the additive case +. This gives
a total expected query count to Us of Qp 1 as stated in step (10). As stated in Section G, the
block-encodings Uy and Uy, are called once each in order to realize the QLSA vector |c), and so from
Theorem 11 we call them 4 times as often as Uy, which implies 4Qp 7 times in total.

To see that the total logical qubit count is a + 12 + [logo[((M +1)(k4,x + 1) +p)N]] note that the
QLSA uses a total of a+7-+ [logz N logical qubits, where @ is the number of auxiliary qubits needed for
the matrix block-encoding of L and N is the dimension of L. From Theorem 5 we have that @ = a+ 6.
The dimension of L is obtained from the dimension of A times the total number of time-steps involved,
including idling. This involves (M +1) (k4 x +1)+p) time-steps, and so N = (M +1) (k4 x +1)+p)N.
These parameters imply we require a+ 13+ [logy [((M +1)(k+ x + 1) +p)N]] logical qubits in total for
the ODE-solver, where the choice of ky x is determined from the earlier minimization over 4, x. [

Pr. (283)
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