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Since their first introduction, Quantum Reference
Frame (QRF) transformations have been extensively
discussed, generalising the covariance of physical laws
to the quantum domain. Despite important progress,
a formulation of QRF transformations for Lorentz
symmetry is still lacking. The present work aims to
fill this gap. We first introduce a reformulation of rel-
ativistic quantum mechanics independent of any no-
tion of preferred temporal slicing. Based on this, we
define transformations that switch between the per-
spectives of different relativistic QRFs. We introduce
a notion of “quantum Lorentz transformations” and
“superposition of Lorentz boosts”, acting on the ex-
ternal degrees of freedom of a quantum particle. We
analyse two effects, superposition of time dilations
and superposition of length contractions, that arise
only if the reference frames exhibit both relativistic
and quantum-mechanical features. Finally, we discuss
how the effects could be observed by measuring the
wave-packet extensions from relativistic QRFs.

1 Introduction
The formalism of quantum reference frames (QRFs) has
received significant attention in recent years, both from
the quantum gravity and from the quantum information
and quantum foundations communities [1–33]. The gen-
eral idea behind QRFs is to extend the notion of ref-
erence frame symmetry transformations to the quantum
realm. These transformations can be interpreted either
as a change of description relative to a quantum sys-
tem [16, 17, 19, 20, 30], or more abstractly as symmetry
transformations between different choices of quantum co-
ordinates [23, 25, 31, 32, 34]

Most of the concrete scenarios involving QRF trans-
formations have been studied in the domain of non-
relativistic physics, Newtonian and post-Newtonian grav-
ity. In Ref. [16] a quantum extension of Galilean symme-
try as well as the notion of covariance of physical laws
under these QRF transformations have been introduced.
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Several works have reported extensions of QRFs to rela-
tivistic systems [17, 28, 31]. Ref. [17] introduces a “quan-
tum Wigner rotation” that allows moving to the rest frame
of a particle even if it is moving in a superposition of rel-
ativistic velocities with respect to the laboratory frame.
This was used as a tool to solve the problem of an op-
erational definition of spin in the relativistic regime. How-
ever, it focused only on the transformation of the internal
degrees of freedom. Ref. [31] introduces QRF transforma-
tions for spacetime translation symmetry and applies them
to describe a quantum superposition of special-relativistic
time dilation to second order in (p/mc)2. Despite recent
progress, a relativistic extension of QRF transformations,
in the sense of Lorentz symmetry, is still missing.

In the present work we extend the quantum reference
frame formalism to relativistic quantum systems carrying
Lorentz symmetry. This is challenging because Lorentz
transformations mix space and time, which calls for a
framework that treats both space and time on the same
footing. Hence, we use a spacetime representation of
states with no preferred temporal slicing, which is inspired
by a covariant formulation of quantum mechanics [35, 36].
Using a “coherent twirling” approach [19, 20, 26, 27, 37],
which has been thoroughly discussed for unimodular Lie
groups in ref. [38] as for locally compact ones in ref. [39],
we define maps that transform between different QRFs
for Lorentz symmetry. These maps can be understood as
“quantum Lorentz transformations”, giving rise to novel
phenomena, such as superpositions of special relativistic
time dilations and length contractions. Under a passive
view, our symmetry transformations lead to a definition of
states on superposition of spacetime slices, which man-
ifestly cannot be recovered within the standard Lorentz
transformations, and resonates with recent extensions of
the quantum framework to superpositions of semiclassi-
cal spacetime backgrounds [24, 34]. Our results are ob-
tained without resorting to any sub-relativistic (low speed)
approximation, thereby, exactly complying with the full
Lorentz symmetry. Other work [40, 41] has succeeded in
providing quantum corrections for mass and proper time
measurements, which arise from the quantum nature of
the system under consideration. These proposals involve
a detailed formulation of the POVM, rather than an ex-
tension of Lorentz symmetry to the quantum domain. As
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in ref. [33], where the authors investigated the decay of
an excited particle in a superposition of relativistic ve-
locities. Using the concept of Lorentz boosts for QRFs
introduced in [17], they transformed the corresponding
POVM, initially defined in the particle’s rest frame, back
into the laboratory frame. This approach allowed them
to observe effects ascribable to the quantum superposi-
tion of the probed state at different times. Instead, in
the following paper, a formulation of Lorentz symme-
try is provided for our prescription of relativistic QRFs
(RQRFs), thus making it possible to explore how spatial
coordinates, e.g., clock and rod readings, as well as any
other possible observable, transform between RQRFs, or
in other words between quantum Lorentz observers. We
show that when the spacetime states are localised to geo-
metrical points, these phenomena can be easily obtained
from quantum-controlled (i.e. superpositions of) Lorentz
coordinate transformations. Finally, the spacetime interval
between two arbitrary events is shown to be invariant un-
der quantum Lorentz transformations, extending the well-
known result of Minkowskian geometry to the quantum
domain.

2 Spacetime states and Probability
We formulate relativistic quantum mechanics in a way that
treats space and time symmetrically, in the spirit of the co-
variant formulation of quantum mechanics [35, 36]. For
a recent alternative formulation, based on events rather
than particles, see [42]. For simplicity, we consider
1 + 1-dimensional spacetime (the 3 + 1 case would re-
quire to treat the quantum reference frame for rotations
additionally [43]). We start from the spatial momentum
eigenstates of a relativistic quantum particle with rela-
tivistic normalization, ⟨p′|p⟩ := 2E(p)δ(p′ − p), where
E(p) =

√
p2 +m2 =: p0 is the energy (in units where

ℏ = c = 1). In this basis, the resolution of identity reads
I =

∫
dp

2E(p) |p⟩⟨p|, where the integral sign with unspecified
limits denotes integration over the real line. Thus we can
write the relativistic time evolution operator as

Û(t) := e−iĤt =
∫

dp

2E(p)e
−iE(p)t|p⟩⟨p|. (1)

Consider now the relativistic propagator, restricted to pos-
itive energy only. It can be written as the coordinate rep-
resentation of Eq. (1)

W (t′, x′; t, x) := ⟨x′|U(t′ − t)|x⟩ (2)
=: ⟨t′, x′|t, x⟩ , (3)

where we defined

|t, x⟩ := Û†(t) |x⟩ =
∫

dp

2E(p)e
+iE(p)t−ipx |p⟩ . (4)

From Eq. (3) we see that the inner product of kets in
Eq. (4) results in the relativistic propagator.

We now use linearity to define a quantum spacetime
state

|f⟩ =
∫
dtdxf(t, x) |t, x⟩ , (5)

where f : R2 → C defines the state localization through
its support in spacetime. We are now in the position to
define the notion of relativistic wave function:

⟨t′, x′|f⟩ =
∫
dtdx W (t′, x′; t, x)f(t, x) =: ψf (t′, x′)

(6)

as the coordinate representation of the state in the
Schrödinger picture

|ψf (t′)⟩ =
∫
dx′ψf (t′, x′) |x′⟩ . (7)

Its dynamics is described by the positive square root of
Klein-Gordon equation

i∂t′ |ψf (t′)⟩ =
√
p̂2 +m2 |ψf (t′)⟩ . (8)

From Eqs. (6) and (7) we may interpret f(t, x) as an ex-
tension of the set of initial conditions for a quantum state
to arbitrary spacetime regions. In particular, it enables
to describe state preparations that are not sharp in time.
Therefore, |f⟩ is not exclusively defined on any preferred
spatial slicing, but rather within the spacetime volume of
f ’s support.

We conclude this section showing that inner product of
spacetime states is nothing but the standard Klein-Gordon
inner product at an arbitrary time t0 (see, e.g. Ref. [44]):

⟨f ′|f⟩ =
∫
dt′dx′

∫
dtdxf ′∗(t′, x′)W (t′, x′; t, x)f(t, x)

(9)

= i

∫
dx(ψ∗

f ′(t0, x)∂t0ψf (t0, x) − h.c.) (10)

= ⟨ψf ′(t0)|ψf (t0)⟩ ∀t0 ∈ R. (11)

Eq (10) shows that the inner product of spacetime func-
tions on R2 reduces to the Klein-Gordon product defined
on an arbitrary spatial slicing, here denoted by the time
label t0.

Upon the additional requirement of normalizability for
the states in Eq. (7), we characterise set of allowed space-
time functions f as

E = {f : R2 → C such that ψf (t, x) ∈ L2(R)}, (12)

namely, physically admissible spacetime functions are
those for which ψf (t0, x) := ⟨t0, x|f⟩ is normalizable
with respect to the Klein-Gordon scalar product. The set
E , endowed of the inner product (10), is dense in the
Hilbert space of states satisfying the positive square root
of Klein-Gordon equation. Hence, the normalized quan-
tum state corresponding to f ∈ E is written as

|fn⟩ =
∫
dtdtf(t, x) |t, x⟩

⟨f |f⟩
1
2

. (13)
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2.1 Probability
Next we consider a complete observation test {Pk}k∈I ,
where each Pk identifies a POVM element, labelled by the
corresponding outcome k contained in the set I of pos-
sible outcomes. We define the probability of outcome k
occurring given the spacetime state |fn⟩ as

p(k|fn) = ⟨fn| Pk |fn⟩ , (14)

such that ∀k ∈ I and ∀fn ∈ E we have p(k|fn) ≤ 1.
The completeness for any observation test

∑
k∈I Pk = I

is ensured by the resolution of identity. That is∑
k∈I

⟨fn| Pk |fn⟩ = ⟨fn| I |fn⟩ = ⟨fn|fn⟩ = 1. (15)

Eqs. (14) and (15) show that probabilities are well defined.
A straightforward example can be obtained by setting

k = p, so that

Pp = |p⟩⟨p|
2E(p) , (16)

having then ∫
dpPp = I. (17)

As another example, consider a function h ∈ E . We can
construct a complete test, by first defining a POVM ele-
ment as

Ph := |hn⟩⟨hn|, (18)
corresponding to the detection of the system in the space-
time region identified by the support of h(t, x), with |hn⟩
defined as (13). The corresponding probability is then

p(h|f) = ⟨fn| Ph |fn⟩ = | ⟨h|fn⟩ |2 (19)

=
|
∫
dt′dx′ ∫

dtdxh∗(t′, x′) ⟨x′| Û(t′ − t) |x⟩ f(t, x)|2

⟨h|h⟩
1
2 ⟨f |f⟩

1
2

.

According to the Cauchy-Schwarz inequality, we have
p(h|f) ≤ 1 ∀h, f ∈ E . The complementary POVM el-
ement can be written as

Ph̄ := I − Ph, (20)

so that the completion to the identity follows directly.
As we will see in the next section, the scalar product is
Lorentz invariant (see Eq. (27)), and hence the invariance
of the probabilities is straightforwardly understood. De-
spite being Lorentz invariant, unfortunately the probability
formula in Eq. (19) suffers form the well-known problem
of relativistic quantum theories based on particles [36, 45–
48]. Namely, the probability p(h|f) for a particle to propa-
gate from a spacetime region corresponding to f to a space
time region corresponding to h does not vanish for space-
like separated regions. To resolve this problem, we need
to extend our framework to quantum field theory. In this
paper we focus on formulating Lorentz symmetry trans-
formations for quantum reference frames, and leave the
field-theoretic extension for future work.

2.2 State transformation under Lorentz boost
In this section we explore the transformation of spacetime
states under the Lorentz group in 1+1 dimensions – the one
parameter group of relativistic boosts. The descriptions of
two inertial observers who move with speed v relative to
each other are related by the relativistic boost Λα, speci-
fied by the rapidity α = tanh−1(v) as

Λα =
(

coshα − sinhα
− sinhα coshα

)
. (21)

We denote by U(Λα) the unitary representation of the
boost. Letting U(Λα) act on the spacetime state (5) we
obtain

U(Λα) |f⟩ =
∫
dtdx U(Λα) |t, x⟩ f(t, x)

=
∫
dtdx |Λα(t, x)⊤⟩ f(t, x) (22)

=
∫
dt̃dx̃ |t̃, x̃⟩ fα(t̃, x̃) =: |fα⟩ ,

where we used the invariance of the volume element dtdx
and defined

(t̃, x̃) := Λα(t, x)⊤ :=
(

coshα − sinhα
− sinhα coshα

) (
t
x

)
,

fα(t̃, x̃) := [f ◦ Λ−α] (t̃, x̃). (23)

To simplify notation, we henceforth omit the symbol of
transposition, simply writing Λα(t, x). A pictorial repre-
sentation of a boosted spacetime state is shown in Fig. 1.

Consider a state defined on a spatial slice Σt, identified
by a function of the form f(t′, x) = δ(t− t′)ϕ(x),

|f⟩ =
∫
dt′dx |t′, x⟩ δ(t− t′)ϕ(x). (24)

The corresponding Lorentz transformed state is

U(Λα) |f⟩ =
∫
dt̃′dx̃ δ(t− Λ0

−α(t̃′, x̃)) |t̃′, x̃⟩ϕα(x̃),
(25)

where ϕα(t̃′, x̃) := [ϕ ◦ Λ1
−α](t̃′, x̃) and Λ0

α(t, x),
Λ1

α(t, x) stand for the time and space component of the
Lorentz boosted coordinates, respectively. Since t′ =
Λ0

−α(t̃′, x̃) = coshαt̃′ + sinhαx̃, we obtain

U(Λα) |f⟩ =
∫

dx̃

coshα |t̃′(α, t, x̃), x̃⟩ϕα(x̃), (26)

where

t̃′(α, t, x̃) = (cosh−1 αt− tanhαx̃),

dt̃′dx̃ δ(t− Λ0
−α(t̃′, x̃)) = dx̃dt̃′

coshαδ(t̃
′ − t̃′(α, t, x̃)).

The last expression corresponds to the volume element of
the transformed hypersurface Λα(Σt). A graphical repre-
sentation of the spacetime state both before and after the
Lorentz boost is given in Fig. 2.
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Figure 1: Relativistic boost of a moon-shaped spacetime region: (Left) A support of the spacetime state in form of the moon-
shaped region as observed from the point of view of the observer “sitting on the ground”. (Right) The same moon-shaped
region as described from the point of view of the observer “sitting on top of the spaceship” moving with a constant relative
velocity with respect to the first observer.

Figure 2: Relativistic boost of a simultaneity surface: (Left) The observer sitting at the ground, denoted as C in the text,
describes a state given on the simultaneity surface as illustrated with a plane of synchronised clocks. (Right) The observer
on the top of the spaceship, labelled by A, moving with a relativistic speed, describes the state lying on a tilted spacetime
hypersurface.

We conclude this section by showing that the invariance
of the scalar product under Lorentz boost follows directly
from the relativistic propagator (2), which is manifestly
Lorentz invariant.

⟨fα|f ′
α⟩

=
∫
dtdx

∫
dt′dx′f∗

α(t′, x′) ⟨x′|U(t′ − t) |x⟩ f ′
α(t, x)

=
∫
dt̃dx̃

∫
dt̃′dx̃′f∗(t̃′, x̃′) ⟨x̃′|U(t̃′ − t̃) |x̃⟩ f ′(t̃, x̃)

= ⟨f |f ′⟩ . (27)

This implies that all the inertial observes agree on the tran-
sition amplitudes, as given by the scalar product of the
states, and their normalization.

3 Relativistic Quantum Reference
Frame Transformations

Next we derive the transformation rules between RQRFs.
For simplicity let us consider three physical systems, two
of which serve as RQRFs and the remaning one as a probe

system. We start with a generic state

|ψ⟩ext =
∫
dαdβdγ |Λ1

αkA⟩ |Λ1
βkB⟩ |Λ1

γkC⟩ψ(α, β, γ).

(28)

Since we assume that there is no external reference frame
for global Lorentz transformations, the state (28) contains
redundant information. The redundancy is encoded in the
degrees of freedom that transform under the global action
of the Lorentz group. We refer to these degrees of freedom
as gauge. We will remove the redundancy via a group av-
eraging technique [19, 20, 26, 27, 31, 37]. Operationally,
the lack of an external reference frame leads to the invari-
ance of the density martix ρ under the action of the group,
instead of the more stringent invariance of the state vec-
tor. In the former case, one uses the incoherent G-twirl
instead of the standard group averaging, and obtains more
general QRF transformations [30]. For the purpose of this
work, however, we impose invariance of the state vector. It
consists in projecting the state space into the subspace in-
variant under the action of the group, which in the present
case is the 1+1 dimensional Lorentz group. The group-
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averaged state (28) is defined as

GLor
(
|ψ⟩ext

)
:=

∫
dω

⊗
i∈{A,B,C}

U i(Λω) |ψ⟩ext := |ψ⟩rel .

(29)

We refer to the expression (29) as “perspective-neutral”,
or relational state [19, 20, 26–29] since it is invariant under
arbitrary global Lorentz boosts, that is,⊗

i∈{A,B,C}

U i(Λβ) |ψ⟩rel = |ψ⟩rel , (30)

as can be checked by direct calculation. Condition (30)
can be rephrased as (K̂A + K̂B + K̂C) |ψ⟩rel = 0, where
K̂i = tip̂

0
i + xip̂

1
i , i ∈ {A,B,C} correspond to the gen-

erators of relativistic boosts. Accordingly, the averaging
procedure, showed in Eq. (29), projects into the kernel of
the global boost generator (center of global momentum).
This procedure leads to a relational description of the co-
variant degrees of freedom, independent of any external
Lorentzian observer. Consequently the only viable frames
of reference are internal physical systems, and the remain-
ing degrees of freedom are the relational ones. Strictly
speaking, our group-averaged states (29) do not form a
subspace of the Hilbert space and the averaging operator
is not a projector. This is because the Lorentz group is not
compact. Standardly, this problem is solved by defining
the group averaging operator as a map to a different Hilbert
space, i.e. the perspective-neutral state space, with a suit-
ably defined inner product (see, for example Ref. [29]),
which in the current case corresponds to

⟨ψ|ψ′⟩rel : = ⟨ψ|
∫
dω

⊗
i∈{A,B,C}

U i(Λω) |ψ′⟩ext (31)

= ⟨ψ| δ(K̂A + K̂B + K̂C)) |ψ′⟩ext (32)

where δ(K̂A+K̂B+K̂C) constrains the states to the kernel
of K̂A + K̂B + K̂C .

3.1 Internal perspectives and quantum refer-
ence frame transformations

Our goal is to explore how physics looks from the per-
spective of an internal RQRF. Formally, we are looking
for a definition of “QRF perspective”, which describes the
physics of all systems external to the QRF in question,
and a transformation law, which we can use to change be-
tween different QRF perspectives. After their introduc-
tion in Ref. [16], QRF transformations have been studied
through the perspective neutral approach [19, 20, 26–29].
In the present case, we adapt the formalism of Ref. [19] to
“jump” from |ψ⟩rel into the perspective of a given RQRF,
say C. To this end, we apply a Lorentz boost controlled
by the momentum of the chosen RQRF. More concretely,

the operator that maps |ψ⟩rel to C’s perspective is

V̂C =
∫

dp1
C

2E(p1
C) |p1

C⟩⟨p1
C | ⊗ UB†(Λβ(pC )) ⊗ UA†(Λβ(pC ))

(33)

=
∫

dp1
C

2E(p1
C) |p1

C⟩⟨p1
C | ⊗ UB(Λ−β(pC)) ⊗ UA(Λ−β(pC))

=
∫
dα|Λ1

αkC⟩⟨Λ1
αkC | ⊗ UB(Λ−α) ⊗ UA(Λ−α).

Here the two-vector momentum is expressed as pC :=
(p0

C , p
1
C), where p0

C refers to the relativistic energy of the
particle C, while β(pC) := tanh−1( p1

C

p0
C

) refers to the

rapidity. The presence of a minus sign in U†(Λβ) =
U(Λ−β) stems from the fact that to move the origin of
the frame of reference on C, the remaining particles must
undergo a boost with the opposite velocity to that of C.
We can further simplify the notation by expressing pC =
Λα(kC), where kC := (mC , 0) is the energy-momentum
of C in the co-moving frame. Here, dα = dp1

C

2E(p1
C

) .
The state of particles B and A as seen from RQRF C is

then defined as (see appendix B for details)

|ψ⟩(C) := V̂C |ψ⟩rel = |Ω⟩C ⊗ |ψ⟩BA . (34)

Crucial is the factorization of the resulting state, whereby
the system C, left in the state |Ω⟩ :=

∫ dp1
C

2E(pC ) |pC⟩, is
a complete uniform superposition of momenta, i.e. the
Lorentz boost invariant state, factorized out from the re-
maining systems. Furthermore, we notice Consequently,
it contains no information about the degrees of freedom
relative to C and hence can be discarded. Thus, the state
|ψ⟩BA contains all the information about systems B and
A “as seen” by C.

We can change the perspective toA’s reference frame as
well. All it takes is to define the operator V̂A, analogously
to V̂C . We have now all the elements to define a RQRF
transformation from C to A. The key observation is that
V̂C is invertible, so we can start from C’s perspective, then
transform to the state of Eq. (29), and finally take the per-
spective of B’s frame. This procedure leads to the map
ŜC→A : HB ⊗ HA 7→ HB ⊗ HC , defined by

ŜC→A : = ⟨0|A ◦ V̂A ◦ V̂†
C ◦ |Ω⟩C (35)

=
∫
dα|Λ1

−αkC⟩⟨Λ1
αkA| ⊗ UB(Λ−α), (36)

where ⟨0|A is arbitrarily chosen. In general, the expres-
sion (35) represents a Lorentz frame transformation be-
tween two RQRFs related through quantum relativistic
boosts.

To the best of our knowledge, the relational ap-
proach [19, 20, 26–29] has been applied to those cases in
which the group averaging technique and the global evo-
lution for the systems A, B and C as seen from the “ex-
ternal” point of view commute with each other. In other
words, the group of transformations is a symmetry of the
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dynamics of the global system. In the present case averag-
ing with respect to the Lorentz group does not commute
with the unitary evolution of free dynamics (1), hence
transformation (33) is not a symmetry of the dynamics.
In order to circumvent this, we apply map (35) directly on
a perspectival physical scenario, always called C, which is
described within the framework of section 2, leading to a
specific RQRF’s perspective. Therefore, it is only observer
C who describes the dynamics as two free particles. In
particular, the “external” observer describes three interact-
ing particles. Nevertheless, by construction, the dynamics
according to this observer is invariant under boosts.

We next consider specific physical situations that give
rise to novel phenomenology.

3.1.1 Superposition of boosts

We consider the following physical scenario described by
observer C: two free systems are prepared in state

|ψ⟩AB =
∫
dtAdxA

∫
dtBdxB |fA(tA, xA)⟩ ⊗ |fB(tB , xB)⟩

:= |fA⟩ ⊗ |fB⟩ , (37)

whose time evolution is governed byUA(tA)⊗UB(tB), as
defined by Eq. (1). Here |f(t, x)⟩ := |t, x⟩ f(t, x). Let us
assume that A has been prepared in a superposition of two
sharp values of momenta pi := Λωi

kA with i = 1, 2. For
simplicity, we chose a spacetime function fA in Eq. (37)
such that its Fourier transform for variable p1 is (ignoring
normalisation)

f̃A(t, p1) = gA(t)E(p1)(δ(p1 − p1
1) + δ(p1 − p1

2)),
(38)

for some function gA(t). Then we move toA’s perspective
applying transformation (35) to the state (37), i.e.

|ψ⟩BC := ŜC→A |ψ⟩AB . (39)

The state of B and C relative to A has the following form
(see appendix C for a detailed derivation):

|ψ⟩BC = g̃C(Λ0
ω1
kC) |Λ1

−ω1
kC⟩ ⊗ |fB

−ω1
⟩ + g̃C(Λ0

ω2
kC) |Λ1

−ω2
kC⟩ ⊗ |fB

−ω2
⟩ (40)

=
∫
dtBdxB

(
g̃C(Λ0

ω1
kC) |Λ1

−ω1
kC⟩ ⊗ |Λ1

−ω1
(tB , xB)⟩ + g̃C(Λ0

ω2
kC) |Λ1

−ω2
kC⟩ ⊗ |Λ1

−ω2
(tB , xB)⟩

)
fB(tB , xB)

(41)

=
∫
dt̃Bdx̃B |t̃B , x̃B⟩ ⊗

(
g̃C(Λ0

ω1
kC) |Λ1

−ω1
kC⟩ fB(Λω1(t̃B , x̃B)) + g̃C(Λ0

ω1
kC) |Λ1

−ω2
kC⟩ fB(Λω2(t̃B , x̃B))

)
,

(42)

where we defined (t̃, x̃) := Λ−ω(t, x), tC := mA

mC
tA

and gC(tC) := mC

mA
gA( mC

mA
tA), whose Fourier transform

is g̃C(Λ−ωikC). Note that |ψ⟩BC cannot be obtained
from |ψ⟩AB by means of a classical Lorentz boost. In-
deed, particle B undergoes a quantum superposition of
two different boosts, labelled by ωi with i = 1, 2, which
are quantum-controlled by the momenta of RQRF C, as
Eq. (40) shows. A pictorial representation of such sce-
nario is displayed in Fig. 3. Eqs. (41) and (42) correspond,
respectively, to the passive and active point of view of the
coordinate transformation of B, as illustrated in Fig. 4.
The passive transformation is depicted in left panel of the

figure: two fixed spacetime volumes are described from
the perspective of a QRF in a superposition of two dif-
ferent Minkowskian spacetime frames. The right panel
shows, instead, the active point of view, where one keeps
fixed a single spacetime frame and transforms actively the
state to the one entangled in the two volumes. The state
in Eq. (40) manifestly displays correlations in spacetime.
Such correlations (i.e. in a single basis) can always be
reproduced by a separable (classically correlated) state in
space-time. However, state (40) additionally exhibits a
correlation in the energy-momentum basis, which cannot
be reproduced by the separable state. Indeed we have

|ψ⟩BC =
∫
dβ

(
g̃C(Λ0

ω1
kC) |Λ1

−ω1
kC⟩ ⊗ |Λ1

−ω1+βkB⟩ + g̃C(Λ0
−ω2

kC) |Λ−ω2kC⟩ ⊗ |Λ1
−ω2+βkB⟩

)
f̃B(ΛβkB), (43)

and f̃B(ΛβkB) :=
∫
dtBdxBe

iΛ0
βkBtB+Λ1

βkBxBfB(tB , xB)
is the Fourier transform of the spacetime function B.

The evolution operator, governing the dynamics of the
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Figure 3: Superposition of relativistic boosts (Left) The space-time supports of the states of two particles with the shapes
of the moon and the atom in the laboratory reference frame. (Right) The two particles are entangled in the new reference
frame of the spaceship moving in superposition of Lorentz velocities. The effect of the change of perspective becomes visible
through (a) the change in shape of the supports of the spacetime states and (b) the entanglement between the two particles,
which is illustrated by the supports correlated in colour.

Figure 4: Active and passive transformation of the state under a superposition of Lorentz boosts: The transformed state can
either be understood as given within a fixed spacetime support expressed in a superposition of two coordinates of two Lorentz
frames (passive transformation, left) or as an entangled state in a pair of spacetime supports expressed in the coordinates of
a single Lorentz frame (active transformation, right).

composed system BC relative to A’s perspective, can be
recovered from the time operator relative to C as

U (A) := ŜC→AU
A(tA) ⊗ UB(tB)Ŝ†

C→A (44)

=
∫
dα|Λ1

−αkC⟩⟨Λ1
−αkC |eiΛ0

αkAtA ⊗ UB(Λ−α(tB , 0)).

We note that the time operator in QRF C is an entan-
gling operator and therefore does not describe evolution
of two free particles, although such an evolution was
assumed from A’s point of view. In other words, the
free Hamiltonian is not invariant under quantum Lorentz
boosts as introduced here. This is reminiscent of the situa-
tion in the theory of non-relativistic QRFs, where the free
Hamiltonian is not invariant under quantum space transla-
tions [16].

3.1.2 Superposition of spacetime slices

In the Schrödinger picture of standard quantum mechan-
ics, a state is defined at a spacelike hypersurface. This
hypersurface corresponds to a fixed time t relative to an
observer’s reference frame, which we denote here by C,

and it is called C’s simultaneity surface. Consider now a
second observer, with a reference frame A, moving with
velocity v with respect to C. According to special relativ-
ity, C’s hypersurface does not correspond to a simultane-
ity surface for A. Instead, it is a tilted hypersurface along
which both space and time coordinates change. Consider
now the case in which A moves in a superposition of ve-
locities. How does the description of physics change be-
tween QRFs? How does the quantum state and the result-
ing spacetime volume transform with the change of per-
spective from one observer to another?

To answer these questions, we start from the perspective
of C and the state

|ψAB⟩ = |fA⟩ ⊗ |fB⟩ ,

where the support of B’s spacetime function is the simul-
taneity surface ΣtB

(in C’s reference frame), defined by a
spacetime function fB

|fB⟩ =
∫
dtdx |t, x⟩ δ(t− tB)ϕB(x), (45)

with ϕ(x)B ∈ L2(R). The state of RQRF A is assumed to
be a superposition of around two sharp values of momenta,

7



Figure 5: Simultaneity surface in a superposition of relativistic boosts: (Left) A plane of synchronised clocks and a space
ship in a superposition of velocities are displayed in the reference frame of the observer (C) on the ground . (Right) In the
reference frame of the observer (A) in the spaceship the previous simultaneity surface transforms into in a superposition of
tilted hypersurfaces, identified by the planes of blue and yellow clocks.

similarly to the scenario in 3.1.1. Hence,

|fA⟩ =
∫
dtdx |t, x⟩ δ(t− tA)ϕA(x), (46)

where the Fourier transformed of the space function ϕA(x)
satisfies the condition Eq. (38). We next move toA’s point
of view acting with ŜC→A, namely (see appendix D for
derivation)

|ψBC⟩ = ŜC→A |ψAB⟩ = |Λ1
−ω1

kC⟩ eiΛ0
ω1 kC tC ⊗ |fB

−ω1
⟩ + |Λ1

−ω2
kC⟩ eiΛ0

ω2 kCtC ⊗ |fB
−ω2

⟩ = |C1⟩ ⊗ |fB
−ω1

⟩ + |C2⟩ ⊗ |fB
−ω2

⟩ ,
(47)

where we denoted |Ci⟩ := |Λ1
−ωi

kC⟩ eiΛ0
ωi

kC tC for sim-
plicity of notation. We see that, relative to A, the state of
particle C lies in a spatial slice labelled by tC := mA

mC
tA

in both branches with momentum Λ1
−ωi

kC , i = 1, 2. The
kets |fB

−ωi⟩, i = 1, 2, are of the form of Eqs. (25) and (26).
From A’s reference frame, |ψBC⟩ describes an entangled
state of B and C, such that the state of B is correlated
with the state of sharp velocity of C. Most importantly,
the state of B, previously corresponding to a single simul-
taneity surface of C, now lies on a superposition of tilted
hypersurfaces relative RQRF A. For a pictorial represen-
tation of such state, we refer to Fig. 5.

In the next sections we analyse some of the distinctive
special-relativistic phenomena, such as dilation of time in-
tervals and contraction of spatial lengths, in the case when
RQRFs are in states of superposed momenta, using the for-
malism we have developed so far.

3.2 Superposition of special-relativistic time
dilations
Special relativity predicts that for an observer in an inertial
frame, a clock moving relative to her will tick slower than
a clock at rest in her frame of reference. This is known as
special-relativistic time dilation. We consider the quantum
generalisation of this phenomenon.

In our framework, we identify an “event” with the out-
come of measuring the space-time position of a particle
or with a preparation of a well-localised spacetime state.
For example, a measurement of the spacetime location of

a particle by a POVM (18) corresponding to the detection
of the particle in a highly localised spacetime region corre-
sponds to an event located at the spacetime point where the
particle is found. To analyse time dilation effects we con-
sider two events happening at the same point in space but
at two different instances of time, according to observer
C. A state describing such pair of events is given by

|ψ⟩(C) = |fB1⟩ ⊗ |fB2⟩ ⊗ |fA⟩ , (48)

with particles B1 and B2 defined by the following space-
time functions

fB1(t, x) ≈ δ(t− t1)δ(x− x0), (49)
fB2(t, x) ≈ δ(t− t2)δ(x− x0). (50)

Hence, we identify the two events with the detections of
particle B1 at (t1, x0) and particle B2 at (t2, x0). In addi-
tion, we assume that particle A is again prepared in a su-
perposition of two sharp values of momenta, as described
by state (38).

We next move into the frame of reference of A via the
map ŜC→A, obtaining

|ψ⟩(A) = |fB1
−ω1

⟩⊗|fB2
−ω1

⟩⊗|fC
−ω1

⟩+|fB1
−ω2

⟩⊗|fB2
−ω2

⟩⊗|fC
−ω2

⟩ ,
(51)

where, for example

|fB1
−ω1

⟩ =
∫
dt̃dx̃ |t̃1, x̃⟩ δ(Λ0

ω1
(t̃1, x̃)−t1)δ(Λ1

ω1
(t̃1, x̃)−x0)

(52)
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Figure 6: Superposition of special-relativistic time dilation: (Left) A time interval is given by the gray shadowed wedge of the
clock for the observer (C) sitting at the ground. (Right) The observer moving in the spaceship (A) describes that time on the
clock (i.e. the clock hand) to be in a superposition of dilated time intervals.

with t = Λ0
ω1

(t̃1, x̃), x = Λ1
ω1

(t̃1, x̃) and

δ(Λ0
ω1

(t̃, x̃) − t1) = δ(t̃1 − tanhω1x̃− cosh−1 ω1t1)
coshω1

(53)

δ(Λ1
ω1

(t̃1, x̃) − x0) = δ(x̃− tanhω1t̃1 − cosh−1 ω1x0)
coshω1

(54)
and likewise for ω2. The same computations hold for
B2. Solving for t̃1 and t̃2 in Eqs. (53) and (54), we
find t̃1 = coshω1(tanhω1x0 − t1) for B1 and t̃2 =
coshω1(tanhω1x0 − t2) for B2. Now we can compute
the time intervals in the perspective of A,

∆t̃i = t̃2 − t̃1 = coshωi(t2 − t1) = γ(ωi)∆t (55)
for each branch i = 1, 2 of the superposition, and with
the time interval ∆t = t2 − t1 measured in C’s reference
frame.

We conclude that, Eq. (51) describes two particles lo-
cated in spacetime such that their temporal separation is in
a superposition of two time intervals. The two intervals
that result from a special-relativistic dilation of a given
time interval ∆t in the rest frame for two values of the
Lorentz boost. A graphical illustration of this scenario is
shown in Fig. 6.

3.3 Superposition of special-relativistic length
contractions
We next consider a quantum superposition of relativistic
length contractions. Consider an observer C and a rigid
rod in a state of relative motion with respect to C. C de-
termines the rod’s length ∆xC by measuring the position
of its ends at the same time, i.e. ∆tC = 0. According to
special relativity, a second observer A, who is co-moving
with the rod, measures a length ∆xA = γ(v)∆xC . In
other words, the length measured by the moving observer,
relative to the one measured by the observer at rest, is con-
tracted: ∆xC = 1

γ(v) ∆xA. Using relativistic QRF trans-
formations, we now extend this landmark result to situ-
ations where observers are moving in a superposition of
velocities with respect to each other.

Let us consider two well localised particles prepared
in the reference frame of C, such that particle B1 lies at
spacetime point (tB1 , x1), while B2 at (tB2 , x2). Their
spatial and temporal separations are ∆x = x2 − x1 and
∆tB = tB2 − tB1 , respectively. Again, a second pair of
particles, D1 and D2, are prepared in the same space lo-
cations at different times, namely (tD1 , x1) and (tD2 , x2)
so that the space separation is the same as for B1 and B2,
while ∆tD = tD2 − tD1 . Finally, we include RQRF A,
which is in a superposition of two sharp values of veloci-
ties vb = ∆tB

∆x and vd = ∆tD

∆x as in Eq. (38). The state as
seen from RQRF C is given by

|ψ⟩(C) = |fB1⟩ ⊗ |fB2⟩ ⊗ |fD1⟩ ⊗ |fD2⟩ ⊗ |fA⟩ .
(56)

We now move to A’s frame of reference by means of
ŜC→A, obtaining

|ψ⟩(A) =
∑

i=b,d

⊗
j=1,2

|fBj

−ω(vi)⟩ ⊗ |fDj

−ω(vi)⟩ ⊗ |fC
−ω(vi)⟩ ,

(57)

where the rapidity is expressed as a function of the veloc-
ity via the relation ω(v) = tanh−1(v). The spacetime
states are illustrated in Fig. 7. We chose the two pairs
of events, (B1, B2) and (D1, D2), such that one pair of
events lies on a simultaneity surface of A in each branch
of state (57). More precisely, the pair of events (B1, B2)
lies on the simultaneity surface defined by the boost by vb,
and similarly the pair (D1, D2) lies on the simultaneity
surface defined by the boost by vd. This is the case when
∆tB = vb∆x and ∆tD = vd∆x.

In the first branch of the superposition (57), the events
represented by fB1

−ω(vb) and fB2
−ω(vb) are simultaneous,

so that their spatial separation can be considered as the
“length of the rod”. The new time coordinates are given
by t′B1

= cosh(ω(vb))tB1 − sinh(ω(vb))x1, and t′B2
=

cosh(ω(vb))tB2 − sinh(ω(vb))x2 which we chose to be
the same, t′B1

= t′B2
, with a suitable choice of vb.

Hence, one has ∆tB = tanh(ω(vb))∆x that, together
with x′

1 = cosh(ω(vB))x1 − sinh(ω(vb))tB1 and x′
2 =

cosh(ω(vb))x2 − sinh(ω(vB))tB2 , lead to ∆x′ = x′
2 −

9
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B2

Figure 7: Superposition of special-relativistic space contractions (Left) The observer C on the ground measures, with his rod,
the length separating the moon-shaped and atom-shaped spacetime events. (Right) Upon jumping on the spaceship A, moving
in a superposition of velocities, the observer uses the new “spaceship rod” for probing the space separation of the resulted
superposition of pars of simultaneous events: in the yellow branch of the superposition they measures the spatial distance
between the moon-shaped spacetime events, while in the blue one, the distance between the atom-shaped spacetime events.

x′
1 = γ(vb)−1∆x which is exactly the special-relativistic

length contraction of the C’s rod (∆x), measured by A’s
rod (∆x′).

Now we do the same for the second branch of (57),
where “the rod” is identified by two simultaneous events,
fD1

−ω(vd) and fD2
−ω(vb) with the spacetime coordinates

(t′D1
, x′

D1
) and (t′D2

, x′
D2

), respectively. Hence, we find
the same relation

∆x′
D = x′

D2
− x′

D1
= γ(vd)−1∆x, (58)

which, as before, represents the contraction of C’s rod ex-
perienced by A. We therefore conclude that Eq. (57) de-
scribes a superposition of different length contractions of
the same rod. In Appendix A we show that the same ef-
fect of superposition of length contractions is behind the
phenomenon of superposition of wave-packet widths.

3.4 Quantum relativistic coordinate transfor-
mations
In this section we develop a quantum generalization of
special relativistic coordinate transformations, where the
inertial observers can be in a superposition of velocities.
To this end, we first give a kinematical prescription of
spacetime states, simply removing the relativistic time
evolution from definition (4), and then restrict them only
to have point-wise supports. They correspond to space-
time “events” as defined in this work. Let

|event⟩C := |t⟩ ⊗ |x⟩ = |(t, x)⟩E =: |x̄⟩E , (59)

be a “coordinate state” for observer C, where |x̄⟩ has no
dynamical content, but only represents the coordinates of
the geometrical point in spacetime that label the event.
The (t, x) labels can be viewed as readings of quantum
systems, concerned as clock and rod respectively, whose
dynamical is ignored.

Consider now a new laboratory frame, A, moving in a
superposition of velocities with respect to C:

|labA⟩C = |v1⟩A + |v2⟩A . (60)

While the event is identify by the readings of a quantum
clock and rod, the reference frame, i.e. the laboratory, is
rather identified by a state of velocity. This is related to
the momentum of a quantum system via p = vγm, from
which v = p/m√

1+ p2
m2c2

. Eventually, the corresponding

Hamiltonian is irrelevant for the following discussion. The
joint state describing both the laboratory and two space-
time events, relative to C, is given by

|ψ⟩C = |labA⟩C ⊗ |event1⟩C ⊗ |event2⟩C (61)
= (|v1⟩A + |v2⟩A) |x̄1⟩E1

|x̄2⟩E2
. (62)

The coordinate transformation that switches from the de-
scription of observer C to the that of A, can be obtained by
straightforwardly adjusting the map in Eq. (35) as follows

SCA := PCA ◦ Λ̂−v̂A , (63)

where PC,A acts on |labA⟩C as the parity-swap opera-
tor [16, 17], returning the state of laboratory C with re-
spect to A as

PCA |labA⟩C = |−v1⟩C + |−v2⟩C =: |labC⟩A
. (64)

The transformation Λ̂−v̂A :=
∫
dv|v⟩⟨v|A ⊗ Λ̂−v is a

quantum-controlled Lorentz coordinate transformation

Λ̂−v :=
∫
dx̄ |Λ−vx̄⟩ ⟨x̄| , (65)

with Λ−vx̄ = Λ−v(t, x) = (t coshα(−v) −
x sinhα(−v), x coshα(−v)t sinhα(−v)). That is the ac-
tion of Λ−v (see Eq. (21)) on x̄ gives the coordinates in
the new frame of reference. The operator Λ̂−v̂ transforms
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coherently the event’s coordinate state |x̄⟩ to |Λ−vx̄⟩, de-
pending on the velocity of the laboratory.

Let us now transform the state in Eq. (62), written in the
QRF of C, to the QRF of A. Using Eq. (63), we obtain

SCA |ψ⟩C = |−v1⟩C |Λ−v1 x̄1⟩E1
|Λ−v1 x̄2⟩E2

+ |−v2⟩C |Λ−v2 x̄1⟩E1
|Λ−v2 x̄2⟩E2

= |ψ⟩A
. (66)

Now we show that the spacetime distance between events
defined in Eq. (59) is invariant under transformation (63).
Let us introduce the “spacetime distance” operator

D̂C : = IlabA
⊗ D̂E1E2 (67)

= IlabA
⊗

∫
dx̄1dx̄2 ∆(x̄1, x̄2)|x̄1⟩⟨x̄1|E1 ⊗ |x̄2⟩⟨x̄2|E2 ,

(68)

where ∆(x̄1, x̄2) :=
√

(t2 − t1)2 − (x2 − x1)2. Accord-
ingly, D̂E1E2 provides the corresponding spacetime dis-
tance between two coordinate states, i.e. ∆(x̄1, x̄2). Let us
now transform (67), using the map introduced in Eq. (63)

ŜCAD̂C Ŝ†
CA =

∫
dvPCA|v⟩⟨v|APCA ⊗ Λ̂−vD̂Λ̂v (69)

=
∫
dv| − v⟩⟨−v|C ⊗ D̂E1E2 (70)

= IlabC ⊗ D̂E1E2 = D̂A, (71)

where Λ̂−vD̂E1E2Λ̂−v = D̂E1E2 stems directly from the
invariance of ∆(x̄1, x̄2) and dx̄. The spacetime distance
operator is left untouched by the map (63), hence each
“quantum inertial observer” measures the same spacetime
distance of the considered pair of events.

The same transformation can straightforwardly be ap-
plied to the events parametrized by energy-momentum
pair of coordinates. This proposal extends the notion of
Lorentz covariance to inertial observes in a quantum su-
perposition of velocities. Besides, upon enlarging the sym-
metry group of the spacetime, we can expect that a similar
treatment, extended to general coordinate transformations
beyond Minkowski spacetime applies.

4 Conclusions
The extension of the reference frame symmetry transfor-
mations to the quantum realm has been thoroughly dis-
cussed for the case of Galilean symmetry group [16]. De-
spite important developments towards relativistic formula-
tion of QRFs [17, 31], a formulation of Lorentz symmetry
for QRFs was lacking. In this paper, we develop the notion
of Lorentz covariance for QRFs and discuss new phenom-
ena of superpositions of time dilation and length contrac-
tion that can only be explained if the reference frames are
both relativistic and quantum mechanical.

We worked in a 1 + 1-spacetime, where the Lorentz
group reduces to the abelian group of one dimensional
boosts. In section 2, following the proposal for a covariant

formulation of quantum mechanics [35, 36], we formu-
lated quantum mechanics that treat time and space sym-
metrically. In the formulation, the quantum mechanical
state is given independently of any notion of a preferred
or spatial division of spacetime. It describes the system
in arbitrary regions of spacetime and hence generalises the
standard picture in which the quantum state is specified
at a given time. It is shown that such a quantum space-
time state transforms covariantly under the action of the
Lorentz symmetry group. In contrast to Page and Woot-
ters mechanism [49–51], we do not introduce a clock by
adding a quantum degree of freedom to the rest of the sys-
tems and dynamically constraining them. However, as we
have shown, the dynamics with respect to the second ob-
server, A, is no longer free. It would be interesting to in-
vestigate under which conditions, if at all, both observers
A and C observe (approximately) free dynamics. In sec-
tion 3 we constructed a map that switches between the de-
scriptions given from different RQRFs. We started from an
“external view” in which a quantum state for all systems is
given. Since it is assumed that no external reference frame
for the Lorentz group is given, we averaged the state with
respect to the symmetry group and arrive at a perspective-
neutral state. By choosing a specific RQRFs, we defined a
unitary Lorentz transformation, controlled by the momen-
tum of the RQRF, which leads to one perspectival space.
Finally, by suitably composing the transformations, we de-
rived the map that transform between all the perspectival
states.

The above procedure follows the one of Refs. [19], but
the cases considered there differ from the present one. In
that work, the group averaging operator commutes with
the Hamiltonian of the global system, i.e. the group of
QRF transformations is a symmetry with respect to the
perspectiveless dynamics. This is not the case if one as-
sumes the perspectiveless dynamics to be relativistic free
evolution and the averaging is taken with respect to the
Lorentz group. In order to circumvent this problem, we
started here already from a perspectival view of a certain
RQRF, C, in which the dynamics of the system external
to the frame are assumed to be free as given in Sec. 2.
This could be advantageous from an experimental point of
view, since all our observations are already made from a
perspectival point of view, namely from the frame of our
(macroscopic) laboratories. With respect to this frame, the
dynamics of the (non-interacting) relativistic particles is
free.

In section 3, we explore the phenomenological conse-
quences resulting from moving to the description of a ref-
erence frame in a superposition of momenta. In particu-
lar, we analyse quantum superposition of genuine special-
relativistic effects, such as time dilations, length contrac-
tions and the invariance of spatiotemporal distance be-
tween two events. In its original classical relativistic con-
text, these effects resulted from Einstein’s operational ap-
proach to spacetime, which is based on how clock’s tick-
ing rates and rod lengths transforms between inertial ob-
servers. Our work can be seen as extending this opera-
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tional approach to the quantum domain.
The present approach has limits of applicability. This

limitation, however, is purely inherited from the known
difficulties in formulating relativistic (single-particle)
quantum mechanics, and is known to be overcame by ex-
tending the formalism to quantum fields: Initially local-
ized particles on compact supports can propagate super-
luminally enabling signalling between spacelike separated
agents. Nevertheless, relativistic causality is restored by
taking a suitable limit, so that we can provide a physically
testable scenario.

Our work can be placed in a broader research program
aimed to analyse a (semiclassical) regime of a quantum
spacetime [15, 24, 31, 34]. From this perspective it is im-
portant to extend the notion of general covariance to QRFs,
i.e. to apply the full diffeomorphism symmetry group to
QRFs. Although here we worked only with Lorentz boosts
in a fixed background, they constitute a distinctive sub-
group of diffeomorphisms. A natural continuation of our
work would be extending the notion of covariance for the
entire Poincaré group for QRFs.
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Belenchia, and Časlav Brukner. Quantum clocks
and the temporal localisability of events in the
presence of gravitating quantum systems. Na-
ture communications, 11(1):1–12, 2020. DOI:
https://doi.org/10.1038/s41467-020-16013-1.

[23] Flaminia Giacomini and Časlav Brukner. Einstein’s
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A Superposition of the wave packet
extensions
In this appendix we describe a wave packet with super-
posed extensions as a result of the superposition of Lorentz
length contractions.

Consider the situation where, from C’s perspective, one
prepares a superposition of two Gaussian wavepackets f1
and f2, each of which lies on a different simultaneity sur-
face, so that the two surfaces are tilted with respect to each
other (see Fig. 8). Each simultaneity surface is geometri-
cally defined by ti(x) = αix, for i = 1, 2. The gradients
αi are given by the hyperbolic rotations, αi = − tanhωi,
where ωi are the angles (rapidity) of the hyperbolic rota-
tions.

The joint state of system B and RQRF A from C’s per-
spective is given by

|ψ⟩(C) = |fB
1 ⟩ ⊗ |ϕA

1 ⟩ + |fB
2 ⟩ ⊗ |ϕA

1 ⟩ , (72)

where the two Gaussian states, defined on the tilted hyper-
surfaces, have the following form

|fB
i ⟩ = 1√

2πσ

∫
dtdx |t, x⟩ δ(t−αix)e−x2/4σ2

, i = 1, 2

and |ϕA
i ⟩ are sharply peaked around ωi. The variance σ2

characterises the width of the wave packet.
To change to A’s perspective we apply the map ŜC→A

and obtain

|ψ⟩(A) : = ŜC→A |ψ⟩(C)

= |fB
1ω1

⟩ ⊗ |ϕC
1 ⟩ + |fB

2ω2
⟩ ⊗ |ϕC

2 ⟩ . (73)

Here

|fB
iωi

⟩ = 1√
2πσ

∫
dtdx |Λ−ωi

(t, x)⟩ δ(t+ ti)e− x2
4σ2

= 1√
2πσ

∫
dtdx |t, x⟩ δ(Λ0

ωi
(t, x) + ti(Λ1

ωi
(t, x)))

e−
Λ1

ωi
(t,x)2

4σ2 ,
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Figure 8: Superposition of Gaussian states with special-relativistic contracted widths: (Left) A superposition of two identical
Gaussian states lying on two tilted hypersurfaces from the point of view of the observer (C) at the ground. (Right) For
an observer who moves with the space ship A the superposition of Gaussian states lies on two simultaneity surfaces. The
special-relativistic length contraction is witnessed by the contracted widths of the Gaussians.

and the delta function can be simplified as follows

δ(t coshω(1 − tanhω2)) = δ(t cosh−1 ω) = | coshω|δ(t),

which results in

|fB
iωi

⟩ = 1
√

2π
(

σ
cosh ωi

) ∫
dx |0, x⟩ e

− x2

4
(

σ
cosh ωi

)2

= 1√
2πσi

∫
dx |0, x⟩ e

− x2
4σ2

i .

Finally, one notices that, in A’s perspective, the Gaussian
states lie on a single simultaneity surface, corresponding
to t = 0. Second, the widths of the Gaussians in the two
branches of the transformed state are given by

σi = σ

coshωi
=

√
1 − tanhωiσ = σ

γ(ωi)
,

with i = 1, 2, i.e. they are contracted by an amount of
γ(ωi)−1 < 1. We conclude that the state with a def-
inite wave-packet width in C’s reference frame, trans-
forms into a superposition of states each with Lorentz
contracted wave packet width in A’s RQRF. In that sense
state (73) is an example of a quantum superposition of
special-relativistic space contractions (see Fig. 8 for an il-
lustration of the state).

A.0.1 Probing superposition in the non-relativistic
regime

We next consider a single Gaussian wave packet in space.
We want to think of this wave packet as describing the
amplitudes for position measurements on a quantum sys-
tem in space. However, it is well known that the posi-
tion operator in relativistic quantum mechanics is not well
defined [45–48]. For this reason, we consider the non-
relativistic limit of our transformations, and explore rel-
ativistic corrections up to the second order in ωi to the
position measurements. Furthermore, we assume that the
Gaussian state is prepared within a finite time interval,
which for the sake of simplicity is again described by a
Gaussian distribution.

Relative to A’s perspective, the state of B and the refer-
ence frame C is given by

|ψ⟩(C) = |fB⟩ ⊗ |ϕA⟩ , (74)

where

|fB⟩ = 1
2πσ2

xσ
2
t

∫
dxdt |t, x⟩ e−(x−x0)2/4σ2

xe−(t−t0)2/4σ2
t

(75)

= C
∫
dxdt |t, x⟩ e−(x−x0)2/4σ2

xe−(t−t0)2/4σ2
t ,

(76)

where C is a normalisation constant, and σx and σt are the
standard deviations describing spatial and temporal exten-
sions of the wave packet, respectively. As usual the state
reference frame A is taken to be in a superposition of ve-
locities as in Eq. (38).

Now we adopt A’s point of view by means of the map
ŜC→A, obtaining

|ψ⟩(A) : = ŜC→A |ψ⟩(C)

= |fB
−ω1

⟩ ⊗ |ϕC
1 ⟩ + |fB

−ω2
⟩ ⊗ |ϕC

2 ⟩ .

where

|fB
−ωi

⟩ =
∫
dxdt |Λ−ωi

(t, x)⟩ e−(x−x0)2/4σ2
xe−(t−t0)2/4σ2

t

=
∫
dtdx |t, x⟩ e−(Λ1

ωi
(t,x)−x0)2/4σ2

xe−(Λ0
ωi

(t,x)−t0)2/4σ2
t .

(77)

We next take the non-relativistic limit of Eq. (77), that is,
we assume |ωi| ≪ 1 for i = 1, 2. This justifies the fol-
lowing expansion

Λω =
(

cosh(ωi) − sinh(ωi)
− sinh(ωi) cosh(ωi)

)
≈

(
1 + ω2

i /2 −ωi

−ωi 1 + ω2
i /2

)
.

Finally, the state in Eq. (77) assumes the form:

|fB
−ωi

⟩ =
∫
dtdx |t, x⟩ e

−((1+
ω2

i
2 )x−ωit−x0)2

4σ2
x e

−((1+
ω2

i
2 )t−ωix−t0)2

4σ2
t

=
∫
dtdx |t, x⟩ϕt0,x0

ωi
(t, x)

where the |t, x⟩ has here the following form

|t, x⟩ =
∫
dpei p2

2m t−ipx |p⟩ . (78)
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We will next measure the spacetime location of parti-
cleB conditional a postselected measurement result on C.
For the measurement of B we will consider the POVM
element TB

(t′,x′) := |t′, x′⟩⟨t′, x′|, with the non-relativistic

spacetime kets, as given in Eq. (78).

B Perspectival states
We show the intermediate steps in the derivation of per-
spectival states from Eq. (29) to Eq. (34).

|ψ⟩(A) = V̂A

∫
dω |ψω⟩ABC = V̂A

∫
dαdβdγ |Λ1

ω+αkA⟩ |Λ1
ω+βkB⟩ |Λ1

ω+γkC⟩ψ(α, β, γ) (79)

=
∫
dα

∫
dλ

∫
dω |Λ1

λkA⟩ ⟨Λ1
λkA|Λ1

ω+αkA⟩ ⊗ UBC(Λ−λ) |ϕω(ΛαkA)⟩BC (80)

=
∫
dα

∫
dω |Λ1

α+ωkA⟩ ⊗ |ϕ−α(ΛαkA)⟩BC (81)

=
∫
dω |Λ1

ωkA⟩ ⊗
∫
dα |ϕ−α(ΛαkA)⟩BC (82)

= |Ω⟩ ⊗ |ψ⟩BC , (83)

where f̃α(ΛβkA) :=
∫
dtdxeiΛ0

βkAt−iΛ1
βkAxfα(t, x)

and |ϕω(ΛαkA)⟩BC :=∫
dβdγ |Λ1

ω+βkB⟩ |Λ1
ω+γkC⟩ψ(α, β, γ).

C Superposition of boosts
In this appendix we give the full derivation of the state in
Eq. (39), under the conditions expressed in Eqs. (37) and
(38). We have

|ψ⟩BC := ŜC→A |ψ⟩AB =
∫
dα |Λ1

−αkC⟩ ⟨Λ1
αkA|fA

α ⟩ ⊗ UB(Λ−α) |fB(tB , xB)⟩ (84)

=
∫
dαdα′

∫
dtAdxA |Λ1

−αkC⟩ ⟨Λ1
αkA|Λα′kA⟩︸ ︷︷ ︸

δ(α−α′)

eiΛ0
α′ kAt+iΛ1

α′ kAxAfA(t, xA) ⊗ |fB
−α⟩ (85)

=
∫
dα

∫
dtA |Λ1

−αkC⟩ eiΛ0
αkAtgA(t)(δ(α− ω1) + δ(α− ω2)) ⊗ |fB

−α⟩ (86)

= g̃C(Λ0
ω1
kC) |Λ1

−ω1
kC⟩ ⊗ |fB

−ω1
⟩ + g̃C(Λ0

ω2
kC) |Λ1

−ω2
kC⟩ ⊗ |fB

−ω2
⟩ (87)

=
∫
dtC

mC

mA
gA(mC

mA
tC)︸ ︷︷ ︸

:=gC(tC )

(
|Λ1

−ω1
kC⟩ eiΛ0

ω1 kCtC ⊗ |fB
−ω1

⟩ + |Λ1
−ω2

kC⟩ eiΛ0
ω2 kCtC ⊗ |fB

−ω2
⟩
)

(88)

=
∫
dtCdxC

∫
dα |Λ1

−αkC⟩ eiΛ0
αkC tC +iΛ1

αkCxC (gC(tC)ϕ1
C(xC)︸ ︷︷ ︸

:=fC
1 (tC ,xC)

|fB
−ω1

⟩ + gC(tC)ϕ2
C(xC)︸ ︷︷ ︸

:=fC
2 (tC ,xC )

|fB
−ω2

⟩) (89)

=
∫
dtCdxC

∫
dα |Λ−αkC⟩ eiΛ0

αkC tC +iΛ1
αkCxC (fC

1 (tC , xC) |fB
−ω1

⟩ + fC
2 (tC , xC) |fB

−ω2
⟩), (90)

where we defined g̃C(Λ0
ω1
kC) :=

∫
tAe

iΛ0
αkAtgA(t),

kA = kC
mA

mC
and tC = mA

mC
tA. We also identified

the spacetime function of RQRF C as fC
i (tC , xC) :=

gC(tC)ϕC
i (xC), with ϕC

i (xC) such that its Fourier trans-
form is a delta function centered in ωi, for i = 1, 2.

D Superposition of simultaneity sur-
faces
In this appendix we give the detailed derivation of
Eq. (47), where the states for A and B are given in
Eqs. (45) and (46). We obtain
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|ψ⟩BC := ŜC→A |ψ⟩AB =
∫
dα |Λ1

−αkC⟩ ⟨Λ1
αkA|fA

α ⟩ ⊗ UB(Λ−α) |fB⟩

=
∫
dα

∫
dα′

∫
dtdxA |Λ1

−αkC⟩ ⟨Λ1
αkA|Λ1

α′kA⟩ eiΛ0
α′ kAt−iΛ1

α′ kAxAfA(t, xA) ⊗ |fB
−α⟩

=
∫
dα

∫
dtdxA |Λ1

−αkC⟩ eiΛ0
αkAt−iΛ1

αkAxAδ(t− tA)ϕA(xA) ⊗ |fB
−α⟩

=
∫
dα

∫
dt |Λ1

−αkC⟩ eiΛ0
αkAtδ(t− tA)(δ(α− ω1) + δ(α− ω2)) ⊗ |fB

−α⟩

=
∫
dt

(
|Λ1

−ω1
kC⟩ eiΛ0

ω1 kAtδ(t− tA) ⊗ |fB
−ω1

⟩ + |Λ1
−ω2

kC⟩ eiΛ0
ω2 kAtδ(t− tA) ⊗ |fB

−ω2
⟩
)

=
∫
dt

∫
dxC

∫
dαδ(t− tA)eiΛ0

αkAt−iΛ1
αkC xC

(
|Λ1

−αkC⟩ϕC
1 (xC) ⊗ |fB

−ω1
⟩ + |Λ1

−αkC⟩ϕC
2 (xC) ⊗ |fB

−ω2
⟩
)

=
∫
dt

∫
dxC

∫
dαδ(tC − t′C)eiΛ0

αkCtC−iΛ1
αkCxC

(
|Λ1

−αkC⟩ϕC
1 (xC) ⊗ |fB

−ω1
⟩ + |Λ1

−αkC⟩ϕC
2 (xC) ⊗ |fB

−ω2
⟩
)

=
∫
dt

∫
dxC

∫
dα

(
|Λ1

−αkC⟩ eiΛ0
αkCtC−iΛ1

αkC xCfC
1 (tC , xC) ⊗ |fB

−ω1
⟩ + |Λ1

−αkC⟩ eiΛ0
αkC tC −iΛ1

αkCxCfC
2 (tC , xC) ⊗ |fB

−ω2
⟩
)

= |Λ1
−ω1

kC⟩ eiΛ0
ω1 kC tC ⊗ |fB

−ω1
⟩ + |Λ1

−ω2
kC⟩ eiΛ0

ω2 kCtC ⊗ |fB
−ω2

⟩ ,

where we have defined t′C := mA

mC
tA, and tC := mA

mC
t

which determine either a time dilation or a contraction,
depending on the ratio of masses. Furthermore we de-
noted the spacetime functions fC

i (tC , xC) := δ(tC −
t′C)ϕC

i (xC), which describes a relativistic particle with
momentum ΛωikC , located in the simultaneity surface la-
belled by tC .
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