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A graph-based formalism for surface codes and twists
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Twist defects in surface codes can be used to encode more logical qubits, improve the
code rate, and implement logical gates. In this work we provide a rigorous formalism
for constructing surface codes with twists generalizing the well-defined homological
formalism introduced by Kitaev for describing CSS surface codes. In particular, we
associate a surface code to any graph G embedded on any 2D-manifold, in such a way
that (1) qubits are associated to the vertices of the graph, (2) stabilizers are associated
to faces, (3) twist defects are associated to odd-degree vertices. In this way, we are able
to reproduce the variety of surface codes, with and without twists, in the literature and
produce new examples. We also calculate and bound various code properties such as
the rate and distance in terms of topological graph properties such as genus, systole,
and face-width.
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1 Introduction

Since their introduction [1], surface codes have been an essential tool in the quantum engineer’s fight
against noise, combining a high threshold with relatively simple 2-dimensional qubit connectivity.
These codes also exemplify a surprising connection between quantum error-correction and topology.
In effect, one associates a CSS quantum code to a graph embedded on a 2-dimensional manifold by
assigning qubits to edges and stabilizers to vertices and faces of the graph. The homology of the
surface guarantees that the stabilizers commute and that non-trivial logical operators correspond
to homologically non-trivial cycles in the graph or its dual.

However, the simple 2-dimensional connectivity comes with a drawback. Like all 2-dimensional
stabilizer codes, surface codes are limited by the Bravyi-Poulin-Terhal bound [2], which says that
a code family that uses N qubits to encode K qubits with distance D must satisfy cK D? < N for
some constant ¢. For instance, the rotated surface code [3] achieves ¢ = 1 in the plane, while the
square-lattice toric code [1] achieves ¢ = 1 on the torus.

Motivated in part by improving the constant ¢, twist defects have been introduced to surface codes
[4, 5]. Fundamentally, twist defects are local regions where Pauli errors can create (or destroy)
unpaired excitations of both types, X and Z, say, whereas elsewhere in the code the parities of
these excitations are conserved. However, twist defects appear in several quantitatively different
forms. For example, sometimes weight-five stabilizers are involved [4, 5], sometimes only weight-
four as in the usual surface code [6, 7], and sometimes twists are embodied by a combination of
weight-two and weight-six stabilizers [8]. Qualitatively, these defects behave the same, with M
defects adding (M — 2)/2 logical qubits to the code and with non-trivial logical operators forming
paths between pairs of defects.

Clever placement and implementation of twist defects can lead to savings in qubit count by pro-
ducing codes with N = c¢K D? for relatively small constant c. For instance, in the plane, ¢ = 3/4
[6] and ¢ = 1/2 [9] have been achieved for surface codes, and ¢ = 3/8 for color codes [9]. How-
ever, there is not a rigorous formalism for constructing surface codes with twists comparable to
the well-defined homological formalism introduced by Kitaev for describing CSS surface codes [1].
Such a formalism would be helpful for looking for better surface codes with perhaps even smaller
constants c.

Our main goal in this work is to introduce such a formalism, capable of describing surface codes with
and without twist defects in a unified manner. Again we associate a code to an embedded graph,
but find it most natural to do this in a different way than the homological formalism described
above. Instead of placing qubits on edges, we place them on vertices. Only faces of the graph
support stabilizers in our description, and odd-degree vertices act as the twist defects. Placing
qubits on vertices is not a substantially new idea (for instance, appearing for the degree-4 case in
[3]), but we go beyond prior works in applying the construction to arbitrary embedded graphs,
yielding new codes with improved parameters. We highlight several code families we discuss in
this work in Table 1.

Let us briefly summarize the main results of each section. Section 2 rigorously defines embedded
graphs and related notation used throughout the paper. Our description of choice for an embedded
graph is via a rotation system. Effectively, this is a combinatoric description of the embedded
graph, which abstracts away unnecessary details about how exactly the graph is drawn on the
surface. What remains is just the adjacency of the graph components (e.g. vertices, edges, and
faces). The rotation system description is very similar to the formalisms used for hyperbolic codes
in, for example, [10, 11] but slightly more general as it applies to non-regular graphs. Although
the rotation system description may be overkill for individual codes, for which a picture may
suffice, we believe that creating a more comprehensive theory of surface codes deserves such a
precise framework. Having the rotation system description is also convenient for computer-assisted
searches for codes, as we do for hyperbolic manifolds in Section 5.3. We identify a key property
of embedded graphs called checkerboardability, which means one can two-color faces of the graph
such that adjacent faces are differently colored.

In Section 3, we give our surface code construction. We actually provide two equivalent descrip-
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tions, one using Majoranas to encode qubits and one using qubits to encode qubits. The Majorana
description is similar to that used to describe surface codes in [12, 13, 14]. We place two Majoranas
on each edge and a single Majorana at each odd-degree vertex. Stabilizers, products of Majoranas,
are associated to faces and vertices of the graph. Identifying qubit subspaces at the vertices turns
the Majorana code into a qubit surface code with qubits on the vertices, as we described above. A
significant result in this section is the computation of the number of encoded qubits in Theorem 3.3.
This depends on the genus of the surface, its orientability, the number of odd-degree vertices, and
the checkerboardability of the surface. Finally, we note that, when the graph is checkerboardable,
Kitaev’s homological construction, applied to a different but related graph, can be used to describe
the same code.

Our focus in Section 4 is on finding logical operators and bounding the code distance. A key idea
here is to derive a “decoding” graph from the original embedded graph. Vertices in the decoding
graph represent stabilizers, edges represent Pauli errors, and cycles represent logical operators. In
principle, one can perform perfect matching in the decoding graph to recover from errors, though
for non-checkerboardable codes this may not succeed in achieving the code distance. Like Kitaev’s
homological construction, we wish to associate homologically non-trivial cycles to non-trivial logical
operators. This is easily done in the checkerboardable case of our construction. However, in the
non-checkerboardable case, the decoding graph might not embed in the same manifold as the
original graph. In this case, we instead find a way to embed the decoding graph in a manifold of
potentially higher genus in such a way that this correspondence of homological and logical non-
triviality is maintained. Bounds on the code distance follow in terms of lengths of cycles in the
decoding graph, and we provide efficient algorithms to compute those bounds.

Finally, Section 5, we provide several code families that serve as examples of our construction.
The first family, rotated square-lattice codes on the torus [12], serves as a familiar introduction.
The second family introduces general rotations of the square-lattice on the torus to get codes like
those in [15]. Included in this case is a family of cyclic codes that contains the famous 5-qubit
quantum code as a member. The third family consists of hyperbolic codes defined using regular
tilings of high genus surfaces. Because we are using our qubit-on-vertices definition of surface
codes, this leads to new codes, different from those in, for instance [16, 17]. In these first examples,
we take pains to calculate the code distances formally. A final section of examples consists of a
planar code family generalizing the triangle code [6] and an embedding of stellated codes [9] on
higher genus surfaces. In these cases, we do not formally prove the code distances but provide
conjectures. We believe that stellated codes on higher genus surfaces provide the smallest known
constant ¢, approaching 1/4, for codes with stabilizers that are mostly weight four and vanishingly
many stabilizers of weight five.

’ Code \ Section \ Notes \ References ‘

Majorana surface codes Sec. 3, Fig. 2 Encodes qubits into Majoranas [12, 13, 18]

Rotated toric codes Sec. 5.1, Fig. 15 Encode 1 or 2 qubits on a torus [12]
General rotated toric codes Sec. 5.2, Fig. 6 Contains the [5,1, 3] code [15, 19]

New hyperbolic codes Sec. 5.3, Fig. 18, Tab. 3 | Regular tilings, qubits on vertices -
Circle-packing codes Sec. 5.4, Fig. 19 Planar codes with N ~ K D?/2 -
Stellated codes Fig. 5 Planar codes with N ~ K D?/2 [9]
High-genus stellated codes Sec. 5.4, Fig. 20 N ~ K D?/4 on 2D manifolds -

Table 1: A summary of code families that we discuss in this work, some appearing for the first time here. Except
for the Majorana codes, these are codes that use qubits to protect logical qubits.

2 Preliminaries

In this section, we first provide an introduction to the combinatorial description of graph embed-
dings (also called maps) on closed surfaces. We refer to this description as a rotation system,
following terminology in [20, 21, 22]. We recall that a closed surface is a 2-dimensional, compact,
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and connected topological manifold without boundary (see [23, 24] for an introduction to topologi-
cal manifolds), and henceforth we simply say a manifold to mean a closed surface (unless specified
otherwise). All manifolds admit a unique smooth structure up to diffeomorphisms [25], and by
the closed surface classification theorem [26, 23, 27], each manifold is homeomorphic to a space of
one of three types — (a) Type I: 2, (b) Type II: a connected sum of one or more copies of T?,
(¢) Type III: a connected sum of one or more copies of RP?. This greatly simplifies the picture
when we physically think of “drawing” a graph on a manifold, more formally captured using the
concept of graph embeddings. A rotation system is simply a combinatorial description of any such
graph emdedding. To garner the most intuition, we believe that rotation systems are most clearly
presented by first defining them for the general case of embeddings in orientable and non-orientable
manifolds (Types I, II, III), and then discussing the case of embeddings in orientable manifolds
(Types I, II) as a special case in Appendix A, which is a lot easier to visualize. To a large extent,
the content of this section follows [20, 28, 29]. Graph theoretic terminology appearing in this
section is borrowed from [30, 31].

This section is structured as follows. We begin by discussing graph embeddings in Section 2.1.
General rotation systems are then introduced in Section 2.2. In the remainder of this section, we
introduce a range of definitions and terminologies from topological graph theory, essential for the
subsequent discussions in this paper. In Section 2.3, we introduce the concept of graph checker-
boardability. Next in Section 2.4, we discuss the notion of Fy-homology of a graph embedding,
and in particular introduce the notion of the homological systole. Finally, in Section 2.5 we discuss
covering maps and contractible loops on a manifold.

2.1 Graph embeddings

Let us first cover graphs and their embeddings. A graph G(V, E) is a collection of vertices V' and
edges E. We will mostly deal with finite graphs, i.e. 1 < |V| < 0o, and 1 < |E| < oo, and explicitly
state when this assumption is violated. An edge adjacent to a single vertex is a loop. If an edge is
not a loop, then it is adjacent to exactly two vertices. The degree of a vertex v is denoted deg(v),
and it is the number of edges adjacent to it, with loops counted with multiplicity two. We assume
in this section that G is a connected graph.

A graph embedding requires that we actually draw the graph on a manifold M. There may be
multiple ways to do this even for a single graph and a fixed manifold. Generally, this drawing
procedure is described by a graph embedding map T' : VU E — M that assigns unique points in
M toeach v € V, and arcs in M toeach e € E. If e € F is not a loop adjacent to distinct vertices
v1 and vg, then the arc assigned to it must be the image of a homeomorphism ~ : [0,1] — M,
with endpoints v(0) = T'(v1) and (1) = T'(v2). If e is a loop adjacent to a vertex v, then the
arc assigned to it is the image of a homeomorphism v : S — M, with both endpoints given by
7(0) = T'(v) (here S! is parameterized in polar coordinates). Moreover, two arcs may not intersect
except possibly at their endpoints.

The set F = M \T'(E) is a collection of regions called the faces of the embedding, and two points
p,q € F belong to the same face if and only if there exists a continuous map ' : [0,1] — F
such that 7/(0) = p, and 7/(1) = q. We say that an embedding of G is a 2-cell embedding if and
only if every face is homeomorphic to the open disc B(0,1) = {(x,y) € R? : 22 +9? < 1}. If
the closure of every face is homeomorphic to the closed disc B(0,1), and the set difference of the
closure of the face and the face itself is homeomorphic to the circle S, we say that it is a closed
2-cell embedding or a strong embedding. Every connected graph admits a 2-cell embedding in some
orientable manifold (see Theorem A.16. in [22]), and also in some non-orientable manifold (see
Theorem 3.4.3 in [31]). One can see a graph (a square lattice) embedded in the torus in Fig. 21 in
Appendix A, while a graph embedded in the projective plane is shown in Fig. 1 below.

2.2 General rotation systems

The goal of this section is to establish an equivalence between graphs embedded in manifolds (both
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orientable and non-orientable) and a combinatorial object called a general rotation system. The
description of a graph embedding in the previous section requires a variety of homeomorphisms
whose exact details, topologically speaking, do not matter. The rotation system description dis-
penses with those details by breaking the embedded graph down into a set of flags H, four for
every edge, and describing vertices, edges, and faces of the graph embedding as sets of these flags.
Each edge should be thought of as two half-edges!, and of the four flags per edge, each half-edge
corresponds to exactly two of the flags. The two flags per half-edge effectively introduce an orien-
tation to the half-edge, with the flags corresponding to the two “sides” of the manifold, and it is
this notion that allows us to handle both orientable and non-orientable manifolds simultaneously.
Fig. 1 makes it clear how flags can be visualized in the embedding. The formal definition of a
general rotation system is as follows.

Definition 2.1. A general rotation system is a quadruple R = (H, A, p, 7), where H is a nonempty,
finite set of flags, and A, p, 7 are permutations on H satisfying the properties

(i) A, p, and 7 are fixed-point-free involutions, such that h, Ah, ph and 7h are distinct for every
heH.

(ii) AT = T, or equivalently, A7 is an involution.

(iii) the monodromy group M(R) = (A, p, T) acts transitively on H.

The involutions A, p, 7 permute flags as shown in Fig. 1. We define vertices, edges, and faces as
orbits of {p, 7), (A, T), and (p, \) respectively. From properties (i) and (ii) of Definition 2.1, orbits of
(A, 7) have the form {h, \h,7h,ATh : h € H}, i.e. are exactly of size four, and so |H| =0 (mod 4).
Moreover, one deduces from property (i) that the orbits of (p, \) and (p,7) have even sizes, with
the canonical form of an orbit of size 2n + 4 given by {h, Ah, pAh, \pAh, ..., (Ap)" T Ah : h € H},
and {h,Th, pth,7p7h,...(Tp)""17h : h € H} respectively.

The sets of vertices, edges, and faces, which we denote V', E, and F respectively, define a graph
embedding and satisfy Euler’s formula

x = V|- |E[+|F], (1)

where x is the Euler characteristic of the manifold, i.e. if ¢ is the manifold’s genus (orientable or
non-orientable), then y = 2 — 2g if the manifold is orientable, and xy = 2 — g if it is non-orientable.
Note that property (iii) ensures that G is a connected graph. We will write G(V, E, F') to denote
such an embedded graph, as compared to G(V, E) which only denotes the graph without the
embedding.

The orbits of the free group () are exactly the half-edges, and additionally we define sectors as
the orbits of the free group (p). As 7 and p are fixed-point-free involutions, these orbits are just
two flags each. We denote a half-edge as [h], = {h,Th}, and a sector as [h], = {h, ph}.

Finally, we note that, in Definition 2.1, the requirement of distinctness in property (i) is unlike
prior literature (see e.g. [28]), but conveniently rules out the possibilities of having degree-1 vertices
(because ph # Th), unpaired half-edges (Ah # 7h), and faces bounded by just one edge (ph # Ah),
all of which are unnecessary and distracting for the later definitions of quantum codes.

While Definition 2.1 captures graph embedding on both orientable and non-orientable manifolds,
the particular case of orientable manifolds is much simpler. This is carried out in Appendix A, and
the relevant combinatorial object there is the oriented rotation system, defined in Definition A.1.
However, as mentioned before, this is a special case of the general rotation system, and thus
Definition 2.1 generalizes Definition A.1. Suppose we have an oriented rotation system Ro =
(Ho,v,€). There is a corresponding general rotation system R = (H, A, p,7) where H = Hp X
{1,—1} and for (h,i) € H,

>‘(hﬂ Z) = (Ehv _i)v p(hv 7’) = (Vix’ _i)v T(h’ 7’) = (hv _i)' (2)

lHalf-edges are formally defined for the special case of oriented rotation systems in Appendix A, and Fig. 21
shows an example.
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Figure 1: We show a graph embedded on the projective plane. A general rotation system is defined by a set
of flags (gray triangles) and three permutations: A swaps flags along the same side of an edge, p swaps them
within a face adjacent to a vertex, and 7 swaps them across an edge.

This definition ensures that the general rotation system represents the same embedded graph as
the given oriented rotation system.

A general rotation system (H, A, p, ) describes a graph embedded in an orientable manifold if and
only if H can be partitioned into two sets Hi1 such that A\, p, and 7 each map elements of either
set to elements of the other set. Otherwise, the graph is embedded in a non-orientable manifold.
If the manifold is orientable, there are at least two oriented rotation systems describing the same
graph embedding, on the same set of half-edges. Take Hp = H/7 and let [h|, = {h,7h} € Ho
be a generic half-edge. Define v[h], = [pTh|,, V'[h]; = [rph],, and €[h], = [ATh],;. Then, both
(Ho,v,€) and (Hp, V', €) are oriented rotation systems for the same embedded graph.

Adjacency is an important concept for graphs and their components. Using the general rotation
system description, flags are the primitives, and we say a flag is adjacent to a vertex, edge, or face
xr € VUFEUF, if it is contained in x. We define adjacency matrices in terms of flags. The vertex-
flag adjacency matrix A € IF‘QWXIHl has A,p =1 if and only if h € v. Similarly define an edge-flag
adjacency matrix B € ]Flelx‘m, and a face-flag adjacency matrix C € IF‘2F|X|H|. Although flags are
primitives, we can also define adjacency of the more typical graph components. For example, we
say that a vertex v € V and an edge e € F are adjacent if v Ne # (). Likewise, adjacency of edges
and faces, and of vertices and faces can be defined by non-trivial intersection. Note that each edge
in an embedded graph is adjacent to at least one and at most two faces. The degree of a vertex v
is half the number of flags it is adjacent to, deg(v) = |v|/2, and this definition coincides with the
one in Section 2.1. We also say that two vertices (resp. two faces) are adjacent, if there exists an
edge adjacent to both vertices (resp. both faces).

2.3 Dual graph and checkerboardability

If an embedded graph G(V, E, F') is described by the general rotation system (H, A, p, 7), then the
embedded dual graph G(V,E,F) of G is defined by the general rotation system (H, T, p, \), i.e. by
simply exchanging the permutations A and 7. This implies that G has a vertex (resp. face) for
every face (resp. vertex) of G, while |E| = |E|, and we conclude that the Euler characteristic of G
and G are the same. Note also that the graph G is connected (by properties of a general rotation
system). Moreover G defines an embedding in an orientable manifold if and only if G' does too
— thus the graphs G and G are embedded in the same manifold. The edges of G have a natural
interpretation: for every edge e € E adjacent to faces f, f/ € F, not necessarily distinct, there is an
edge € € E between the vertices of G corresponding to f and f’ (in particular if f = f’ then € is a
loop). The dual of the graph G is isomorphic to the graph G. There are several more modifications
of a graph G that we use in the paper. In Table 2, we list these and the sections where they are
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Name Original | Dual | Medial | Decoding | Doubled | Face-vertex

Notation G G G Gdec G? Gy
Section 2.1 2.3 3.4 4.2 4.3 4.4

Table 2: Embedded graph G and the derived graphs used in this paper. Without loss of generality for con-
structing codes (see the end of Section 3.2), we assume G has no vertices of degree less than three.

defined.

Before proceeding any further, given a graph embedding G(V, E, F'), we define the face-edge adja-
cency matrix ® = %CB Te IE"QF‘ xIEl (with this matrix multiplication followed by division performed
over the integers, and then reduced modulo two), which captures the adjacency of the faces and
edges of G. It is worth pointing out the structure of the matrix ®. First note that each column
of BT contains exactly four non-zeros, as each edge e € E is a set of four flags. Now there are
two cases: (i) the two sides of e belong to distinct faces f, f' € F, and (ii) e is surrounded by a
single face on both sides, i.e. e is a subset of that face. In the former case, ®f. = ®5. = 1 are
the only non-zero entries of the column of ® corresponding to e, while in the latter case ®f. = 0
for all f € F. The face-edge adjacency matrix ® can also be interpreted in homological language
directly, and this is mentioned in Appendix B.

We now discuss an important property of embedded graphs from the perspective of quantum codes,
called checkerboardability.

Definition 2.2. A graph embedding G is checkerboardable if the dual graph G is bipartite.

An equivalent, and a more intuitive way of stating this definition is the following lemma.

Lemma 2.1. A graph embedding G(V, E, F) described by a general rotation system (H, X, p,T), is
checkerboardable if and only if the faces of G can be two-colored, such that for every flagh € H, h
and Th are differently colored.

Proof. One direction of this equivalence is clear. Suppose G is bipartite, and we color the two
disjoint vertex sets of G, corresponding to the bipartition differently. Using the correspondence
between the faces of G and vertices of G, we get a two-coloring of F, and hence of the flags H.
Now pick any flag h € H, and let h € e € E. Then h,7h must belong to distinct faces f, f' € F
respectively, otherwise if e is adjacent to a single face then G will contain a loop (as mentioned
above), and hence cannot be bipartite. Since f and f’ are both adjacent to e, they must be
differently colored. For the converse, suppose we are given a two-coloring of F' (which now induces
a coloring of the vertices of G) such that h, and 7h are differently colored for all h € H. Consider
G(V,E), and partition the vertices as V = V,, U V3, where each disjoint partition contains all
vertices of G of a single color. Assume that G is not bipartite with this bipartition. If G has a
loop then there exists e € E adjacent to a single face. If G has no loop, then either V,, or V is
not an independent set; so there exist distinct faces f, f’ € F of the same color, adjacent to an
edge e € E. In both cases, all four flags of e have the same color which is a contradiction. Thus G
is bipartite. ]

There are numerous other equivalent statements of checkerboardability. We give two more below
that we find useful. Note that the only permutation out of A, p, 7 that moves flags across edges of
the graph is 7. Therefore using Lemma 2.1, we have the following:

Lemma 2.2. A graph embedding G(V, E, F) described by general rotation system R = (H, A\, p, T),
1s checkerboardable if and only if we can partition H into two disjoint sets H,, and Hy such that
(i) X and p map both sets to themselves, and (%) T maps elements of either set to the other set.

Proof. Suppose first that G is checkerboardable. Then there is a two-coloring of the faces of F'
such that for every h € H, h and 7h are differently colored. Defining H,, and H} to be the sets of
flags of each color then shows that these sets have the required properties (i) and (ii), proving the
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only if direction. Now assume that H can be partitioned into disjoint sets H,, and H} satisfying
the two properties. If f € F', by property (i) all flags of f must belong to either H,, or Hy. Let
us color all flags of H,, and Hj black and white respectively, which induces a two-coloring of all
the faces of G. Property (ii) now implies that for every h € H, h and 7h are differently colored,
proving that G is checkerboardable. O

In this paper we adopt the notation that T and 0 are the row vectors of all 1s and all 0s respectively.
The arguments above show that in a checkerboard coloring, each edge is adjacent to exactly one
face of each color (white and black, say). Thus, checkerboardability implies the existence of a
vector x € F|2F| (e.g. xf = 1 if and only if face f is colored white) such that ® = 1. In fact we also
have that (I —2)® = I, and these are the only two vectors with this property. This is summarized
in the following lemma.

Lemma 2.3. Let G(V, E, F) be a graph embedding described by the general rotation system (H, X, p,T),
and let ® be its face-edge adjacency matriz. Then

(a) G is checkerboardable if there exists x € ]Fle‘ such that z® = 1.

(b) If G is checkerboardable then the set {x € ]Fle‘ cx® = 1} has exactly two distinct elements
and z' (different from 0 and 1), which satisfy x + 2’ = 1. Thus the partitioning of the flags
into the two disjoint sets as described in Lemma 2.2 is unique.

Proof. (a) Suppose there exists x such that z® = I, and define F, = {f € F : x5 = 1}, and
F, = F\ Fy. Color the faces in F, and F,, differently. Assume for contradiction that h € H is
a flag such that h and 7h have the same color, and let h € e € E. Since h and Ah belong to the
same face, this implies that all four flags of e have the same color. But this implies ®¢. = 0
for all f € F (by properties of ® discussed above), and so (z®), = 0, which is a contradiction.

(b) Assume G is checkerboardable, which also implies that every column of ® has exactly two
non-zeros (or equivalently each edge e € E is adjacent to two distinct faces), and so 1o = 0.
We already know from the discussion in the paragraph before this lemma that there exists
y € IF‘2F| such that y® = I. Thus we also conclude that (I — y)® = I. Now suppose there is a
vector x € IF‘QF| such that z® = 1, and define a disjoint partition F' = F,, LI F}, of the faces of G,
as in the proof of (a). This induces a disjoint vertex partition V =V, UV}, of the dual graph
G(V,E). Then combining the arguments of the proof of (a), and the proof of the converse
part of Lemma, 2.1 shows that G is bipartite. Since, G is connected, the bipartition is unique,
and so z is equal to either y or T — y. This proves the first part, and the second part follows

from it easily.
O

A consequence of Lemma 2.3(b) is that the checkerboard coloring of a checkerboardable graph
is essentially unique up to a permutation of the colors. One easy way a graph can fail to be
checkerboardable is if it contains an odd-degree vertex v. Then, (p7)%&") would map h € v to
itself, but also because 7 is applied an odd number of times, it would map h from one set, say H,,,
to the other H, (where H,, and Hp are as in Lemma 2.2), a contradiction. If g = 0 (the graph is
planar, i.e. embedded on the 2-sphere S?), we also have have the well known converse: a planar
graph embedding is checkerboardable if all vertices have even degree.

2.4 Homology of graph embeddings

One topological invariant that is important for this paper (and for other quantum codes such
as homological codes) is that of Fo-homology. We introduce this concept briefly here, and refer
the reader to [32] for a more comprehensive treatment of homology. To do this in the context of
embedded graphs, we will first introduce some graph theoretic terminology. We prefer this approach
of presenting homological concepts in graph theoretic language as it places a lighter burden on the
reader than having to know algebraic topology; however, the corresponding connections with known
objects in algebraic topology (specifically chain complexes) are described in Appendix B.
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Recall first that a trail t in a graph is a sequence of vertices and edges,
t = (vo,e1,V1,€2,...,00—1,€0,0p), (3)

where edge e; is adjacent to vertices v;_1 and v;, and each edge is distinct. Trails can be open (if
v # vg) or closed (if vg = vy). Open trails have endpoints vg and vy. Closed trails are also called
cycles. Including the vertices in the specification of a trail is standard but superfluous — a trail
t can be represented by a vector ¢ € IF|2E| such that t; = 1 if and only if the i*" edge of the graph
is in the trail. A path is a trail without repeated vertices, except the first and last if it is a closed
trail. The set of trails generates a group 7 (G) with the group operation the symmetric difference
of the trails or, equivalently, the addition modulo two of the vectors y € ]F|2E| representing the
trails. Because each edge is a trail, 7(G) is isomorphic to the vector space IF‘QEl, and a generating

set of T(G) (or equivalently a basis for ]F‘QEl) can be constructed to consist only of paths.

Now let G(V, E, F') be an embedded graph on a manifold, either orientable or non-orientable. Two
subgroups of 7 (G) are particularly important in the definition of Fa-homology: the subgroup Z(G)
of all the cycles of G, and the subgroup B(G) generated by the cycles of G that are boundaries of
faces of the embedded graph. Formally

Z(G) = (c:cis acycle of G), )
B(G) = (c: cisacycle of G, 3f € F such that Vedges e € ¢, Dy =1).
We call cycles in B(G) homologically trivial and cycles in Z(G) but not in B(G) homologically non-
trival. The homological systole of the graph, hsys (G), is the length of the shortest homologically
non-trivial cycle. The first homology group over Fy is the quotient group (or equivalently as the
quotient vector space)

(G, ) = Z(G)/B(G). ()

It turns out that for two different graphs G, G’ embedded in the same manifold M, H;(G,Fs) =
H,(G',F3). Thus in the rest of the paper, we will simply write Hy(M) for any given graph
embedding G(V, E, F) in M.

2.5 Covering maps and contractible loops

A cycle drawn on a manifold M is contractible if it can be continuously deformed to a point and
non-contractible otherwise. Homological non-triviality implies non-contractibility [33]. However,
the converse is not true — consider for instance a cycle winding twice around a torus, which is
non-contractible but homologically trivial. Similar to the homological case, we let sys(G) denote
the length of the shortest non-contractible cycle in a graph G embedded on M and note hsys (G) >
sys (G). A manifold is simply-connected if all cycles are contractible.

We say a connected manifold M’ is a cover of M if there is a map 7 : M’ — M such that each
open disk U C M has a pre-image 7~ !(U) that is a union of disjoint open disks, each mapped
homeomorphically onto U by m [34]. We say 7 is a covering map. An [-fold cover is one in which
7~ 1(U) is a union of | open disks for all U. It is also acceptable to call a 2-fold cover a double
cover, a 3-fold cover a triple cover, etc.

A universal cover U of a manifold M is a cover that covers all other covers of M. Equivalently, the
universal cover of M is the unique simply-connected cover of M (see for instance Chapter I11.4
of [34]). Compact manifolds are universally covered by either the sphere (if M is the sphere or
projective plane) or the plane (otherwise).

A curve drawn in M’ can be projected down to M by applying 7. Conversely, a curve ~ : [0,1] —
M can be lifted to M’. Roughly one constructs a lift by applying 7! to . However, since 7! is
one-to-many, more precisely a lift of v is defined to be any compact, continuous curve in M’ that
maps to v when applying 7.

An interesting connection presents itself between contractibility and the universal cover. A cycle
in M is contractible if and only if its lift into the universal cover U is also a cycle. Non-contractible
curves, on the other hand, lift to curves with two distinct endpoints [33].
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3 Majorana and qubit surface codes from rotation systems

In this section, we define our framework for constructing qubit surface codes from rotation systems.
Majorana surface codes appear as a useful intermediary in the construction. So, building on the
last section’s introduction to rotation systems, the logical progression of this section is roughly

Rotation system \ graph embedding — Majorana surface code — Qubit surface code
(Section 2) (Section 3.2) (Section 3.3)

Before diving into surface codes, Section 3.1 gives a quick introduction to Majorana fermions and
Majorana fermion codes in general. Afterward, in Section 3.4, we show how our framework for
qubit surface codes generalizes the standard homological definition [1], in which qubits are placed
on edges, while vertices and faces support stabilizers. We assume some familiarity of the reader
with the Pauli group, and Appendix C contains a brief recap.

3.1 Majorana operators and codes

To introduce Majorana operators in this subsection, we largely follow and summarize [35]. For
even integer m, the Majorana operators {79,71,...,Vm—1} are linear Hermitian operators acting
on the fermionic Fock space H,,/» = {|E> b€ F;n/ 2}, or equivalently the m/2-qubit complex
Hilbert space, satisfying

=1, vvj=-7% V0<i<j<m-L (6)

Eq. (6) ensures that each ~; is distinct and different from I. The total number of Majorana
operators is even because two Majoranas correspond to each fermion in the system. We define a
group J,, consisting of finite products of the Majorana operators ~y;, and phase factor i = /—1.
By Eq. (6), this group is finite with size |J,,| = 2™*2. Elements of J,, either commute or
anticommute. We indicate an element of 7, uniquely by 77y, where n € {£1,+i}, a € F3*, and
Yo = 1L a=1 Vi (this product is ordered so that the 7; with smaller indices are on the left, and
the empty product is defined to be equal to I), and the uniqueness of this representation follows
from Eq. (6). We define the support of 1y, to be the set supp (7,) := {¢ : a; = 1}, and its
weight |nYa| := |supp (77a) | = |al|, where |a| is the Hamming weight of a. The commutation of the
elements of 7, is now easily expressed as

Yo = (1)1 F by = (—1)5 0Py, E(ab) = Y [ > ity =1}, (7)
i:b;=1
where it is understood the operations “” and “+” are performed over Fy (the quantity |al|b]

is computed over integers and reduced modulo 2). These vectors are assumed to have context-
appropriate length.

Particular choices of Majorana operators can be made by associating them with appropriately
chosen Pauli operators on m/2 qubits. This can be done in a variety of ways. A particularly
famous example is the Jordan-Wigner transformation, which makes the association

k—1 k—1
IW(yar) = Xi [[ 2 IW(ars1) = Vi [ 25, (8)
=0 =0

for all 0 < k <m/2 — 1, where X,,Y;, Z; are the Paulis acting on qubit . One can check that the
Paulis associated with the Majoranas obey Eq. (6).

Majorana fermion codes (see e.g. [35, 36]) are created by specifying a subgroup & < 7, to be a
stabilizer group. The corresponding codespace is defined as usual to be the +1-eigenspace of all
stabilizers, a subspace of H,, /2. We require the stabilizer group be chosen so that

(i) S does not contain —I.
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(ii) Each v € S has even weight.

The first condition arises because we wish the codespace to be non-empty, and the second condition
is imposed because we want the stabilizer operators to be physical, preserving fermion parity in
the system. In fact, the first condition also implies that S is Abelian and that all elements of
S are Hermitian. We note this fact and a few others in the following lemma, whose proof is in
Appendix D.

Lemma 3.1. Let S be a subgroup of T, and let T C J,, be non-empty, such that elements of
T commute and are Hermitian. Then (I) is Abelian and Hermitian, and moreover the following

holds:

(a) There exists a set I' formed by multiplying each element of I by either 1 or —1, such that
1 ¢ (T).

(b) If =1 ¢ S, then S is Abelian and Hermitian. Conversely, if S is Abelian and Hermitian, then
either —I ¢ S, or S =(S',—I) for some subgroup S’ of S with —1 ¢ S'.

Because of Pauli representations of Majoranas like Eq. (8), it is clear that a Majorana fermion
code on m Majoranas corresponds to a stabilizer code on m/2 qubits. Applying the Jordan-
Wigner transformation, Eq. (8), to S converts it to an Abelian group of Pauli operators on m/2
qubits, which has size upper bounded by 2™/2. Therefore, |S| < 2™/2. Thus, if S is generated
by m/2 — k independent operators, then the code encodes k qubits (or 2k Majoranas). The
centralizer C(S) of S is the subset of J,,, that commutes with all elements of S. The distance d of
the Majorana code is the minimum weight of an element of C(S) that is not (up to factors of 4) in
S,ie. d=min{|y| : vy € C(S)\ ({iI} US)}.

Consider, for example, a simple Majorana code, generated by just one stabilizer:

Seven = <im/270’71 cee 7m—1>~ (9)

The phase i"™/? guarantees this stabilizer squares to I and not —I. This code encodes k = (m/2—1)
qubits into m Majoranas with distance 2, because the centralizer consists of all v, with even weight.
The code Seyven Will play an important role in our converting Majorana codes defined on graphs to
qubit stabilizer codes defined on graphs.

3.2 Majorana surface codes defined on embedded graphs

This subsection defines Majorana surface codes that generalize those in prior works [12, 13, 35, 18]
by starting with an arbitrary embedded graph G given by a rotation system R. We define a
Majorana stabilizer code S(R) (or equivalently S(G)) by placing Majorana operators on each
half-edge and each odd-degree vertex, and associating stabilizers to each vertex and face of the
embedded graph. The formal definition is as follows.

Definition 3.1. Given a rotation system R = (H, A, p,7) and the associated embedded graph
G = (V,E,F) with M odd-degree vertices, associate a single Majorana <), to each half-edge
[h]; = {h,Th} € H/7T and a single Majorana 7, to each odd-degree vertex in v € V. Now to every
vertex v € V, associate a vertex stabilizer S, by

. { jdeg(v)/2 (H[h]Tgv ’Y[h]f) , deg(v) is even (10)
J(deg(v)+1)/2 (ngv WT) Fy, deg(v) is odd
and to every face f € I, a face stabilizer Sy by
Sf — i|{h6f:7'h€f}‘/2 H Vih, - (11)

{hef:Th&f}

The order of Majoranas in these products is important. To clarify this, we give each Majorana
a unique label from {0,1,...,m — 1} satisfying certain rules, where m = 2|F| + M, and then
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the products are sorted by ascending order in these labels. When G is not checkerboardable, the
labeling can be arbitrary as long as it ensures that any two Majoranas on the same edge, e.g. v,
and 7zp],, have successive labels. When G is checkerboardable, the labeling should additionally
ensure that for all 0 < j < m/2 — 1, the Majoranas corresponding to labels 2j + 1 and 2j + 2
(evaluating the labels modulo m) belong to half-edges which are subsets of the same vertex. We
denote the group generated by all S, and Sy as S(R) (or equivalently S(G)). The Majorana code
associated with R (or G) has the stabilizer group S(R).

We note a few easy consequences of this definition. First, notice that the total number of Majoranas
is even since M is, which is true because 2|E| =) _, deg(v). Second, notice that the vertex and
the face stabilizers have even weight, are Hermitian (since they square to I), and commute. The
commutation follows from Eq. (7) since supports of S, and S, do not overlap for distinct v,v’ € V,
supports of Sy and Sy for distinct f, f’ € F overlap if and only if they share adjacent edges and
therefore share an even number of Majoranas, and supports of S, and Sy forv € V and f € F
overlap only if v and f are both adjacent to one or more sectors in which case they share an even
number of Majoranas (note that this holds even if v and f are both adjacent to any edge e such
that e is not adjacent to any other face).

It turns out that the Majorana labeling scheme used in Definition 3.1 ensures that the stabilizer
group S(R) has the property —I ¢ S(R), which is formally proved below in Lemma 3.2(g), and
since each stabilizer has even weight, so does every element of S(R); thus S(R) satisfies the two
properties of a Majorana fermion code. If a different Majorana labeling was used, or if the products
in Eqgs. (10) and (11) were ordered differently then it is not necessarily true that the first property
holds, but in that case by Lemma 3.1(a) one can multiply the stabilizers by either 1 or —1 and
get a new set of stabilizers for which the property would still be true. By Lemma 3.1(b), S(R) is
Abelian and Hermitian. Two examples of Majorana surface code stabilizers are shown in Fig. 2.

We note briefly that a labeling scheme satisfying the demands of Definition 3.1 exists in the
checkerboardable case (the non-checkerboardable case is trivial). If G is checkerboardable it has
no odd-degree vertices, so there exists an Euler cycle (eq,e1,...,€/g—1) that uses all the edges in
E. Majoranas can be labeled in the order they are encountered by following this cycle.

The next lemma is useful to understand the dependence between the stabilizers of the Majorana
surface code. Its proof is in Appendix D.

Lemma 3.2. The stabilizers of the Majorana surface code for the embedded graph G(V,E,F)
satisfy
(a) There is no non-empty subset V' C'V such that [], .\ Sy = £I.

(b) There is no non-empty, proper subset V! C 'V and no subset F' C F such that [],cy/ Sy =
j:erF/ Sy. If there is any odd-degree vertex, then the statement holds for all non-empty
subsets V! C V.

(¢c) If [Ioev So = [l cp Sy for some subset ' C I, then G is checkerboardable. If G is checker-
boardable then l—iuev Sy = erF, Sy = erF\F, Sy for a non-empty proper subset F' C F,
which is determined uniquely up to taking complements.

(d) There is no non-empty, proper subset F' C F such that erF/ Sy =+I.

(e) erFSf:I'
(f) |F| =1 if and only if there is f € F such that Sy = 1I.

(9) —1 ¢ S(G).

A consequence of Lemma 3.2(g) is that since S(R) is Abelian and Hermitian, it implies that a
non-empty subset of the stabilizers is dependent if and only if the product of its elements is I. Let
us determine the number of qubits encoded by this Majorana code. There are |V| + |F| stabilizers
as defined. However, not all these stabilizers are independent. If the total number of independent
stabilizers is |V| 4+ |F| — « for a non-negative integer «, then the number of encoded qubits is

K=QE|+M))2—(|V|+|F|—a)=M/2—x+a, (12)
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Figure 2: (a) An example section of a Majorana surface code. Majorana operators are placed on each half-edge
(blue circles) and at each odd-degree vertex (green circles). The stabilizer associated to an even-degree vertex
is the product of Majoranas around that vertex. The stabilizer associated to an odd-degree vertex is the product
of Majoranas around that vertex and the Majorana located at that vertex. Gray lines cordon off the Majoronas
involved in these stabilizers. The stabilizer associated to the pentagonal face is the product of the ten blue
Majoranas on edges around that face. (b) A Majorana surface code of reference [18]. In our framework, it
arises from a graph triangulating the torus. Here opposite sides of the hexagon are identified (directionally, as
indicated by arrows) along with Majoranas on those edges. A total of 72 Majoranas survive this identification.
All stabilizers associated to both vertices and faces are the product of six Majoranas.

using Eq. (1). The remaining work is in determining « by counting dependencies in the stabilizers,
which can be done easily using Lemma 3.2.

Theorem 3.3. A Majorana surface code encodes

K- 2g , orientable n 0 , checkerboardable (13)
1 g , non-orientable (M —2)/2 | not checkerboardable

qubits, where conditions in brackets are properties of the rotation system (H, \, p,T), or equivalently
the graph embedding, defining the code.

Proof. We will argue that (i) a € {1,2}, and (ii) o = 2 if and only if the graph is checkerboardable.
Once we have done so and because a checkerboardable graph does not contain any odd degree
vertices, we can use Eq. (12) to complete the proof.

To prove (i), let Z = {S, : v € V} U{Sy : f € F} be the set of stabilizers, so (Z) = S(R).
By Lemma 3.2(e), one can always remove a single face stabilizer Sy so that (Z\ S¢) = S(R),
which implies o > 1. If Z\ Sy is not independent, by Lemma 3.2(a,b,d) it must be that [, ., S, =
I rer Sy for some non-empty subset F " C F\ f. If this happens then we remove a vertex stabilizer
S, arbitrarily after which Lemma 3.2(b) guarantees that the set Z\ {S¢, S, } is independent. Thus
a < 2. To prove (ii), by the preceding arguments o = 2 if and only if [ [, ¢y, Sy = [[ ;¢ s S for some
non-empty proper subset F’ C F, and the latter is true if and only if the graph is checkerboardable
by Lemma 3.2(c). O

We also point out that if the graph defining the Majorana surface code has vertices with degree
one or degree two, then there are vertex stabilizers S, that are the product of just two modes.
These two modes and the stabilizer that is their product can be removed from the code without
affecting the number of encoded qubits or code distance. What may be affected is the degree of
protection arising from superselection rules [35], e.g. Kitaev’s 1D chain [37] has many such weight-
two stabilizers. Nevertheless, our main goal is to convert these Majorana surface codes to qubit
codes where superselection is not a relevant protection. Thus, we assume from now on that our
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graphs have no vertices of degree less than three.

3.3 From Majorana surface codes to qubit surface codes

In this subsection we replace Majorana operators with Paulis to make qubit surface codes on
arbitrary graphs, thus slightly generalizing an idea from [12, 13, 14]. First, recognize that at
each even (resp. odd) degree vertex v, because of the vertex stabilizer S,, there is a copy of the
code Seven; Eq. (9), defined on deg(v) (resp. deg(v) + 1) distinct Majorana modes and encoding
(deg(v) —2)/2 (resp. (deg(v) —1)/2) qubits. Therefore, to define the qubit code given an embedded
graph G = (V, E, F), the first step is to place these many qubits at each vertex. We already assumed
the graph has vertices of degree at least three, so there is at least one qubit at each vertex.

Now, consider a single vertex v. By definition, Paulis that act only on the qubits at v can be
associated to logical operators of the code Seven located at v. We are most interested in the Paulis
associated to the sector operators q(p), = iY[n), V|pn), for each flag h € v. That is, g, is the product
of the two Majoranas on half-edges adjacent to the sector. We are interested particularly in g,
because the face stabilizers of the Majorana code can be alternatively written as the product of
these sector operators,

Sp== [ am, (14)

(pl,Cf

Therefore, choosing Paulis gj,;, will also give Sy in terms of Paulis.

Let us list the sector operators {q[h]p,q[mh]p, .. .,q[(.rp)deg(v)—lh}p} starting from some arbitrary
h € v. Notice that these operators have very specific commutation rules, with adjacent (and the
first and last elements also considered adjacent) elements anticommuting with one another, and
all other pairs commuting. This leads us to study the following lists of Paulis.

Definition 3.2. A cyclically anticommuting list (CAL) acting on n qubits is a list of n-qubit Paulis
{po,p1,...,pe—1}, in which for distinct ¢ and j, p; and p; anticommute if and only if i = j £ 1
mod ¢. A CAL of length ¢ > 1 is called extremal if there does not exist a CAL of the same length
acting on fewer qubits.

Clearly, the list of sector operators {q[h]wq[mh]p, .. .7q[(7p)deg<v>71h]p} is a CAL of length deg(v)
acting on (deg(v) —2)/2 qubits if v has even degree or acting on (deg(v) — 1)/2 qubits if v has odd
degree. Let us establish existence of CALs with a construction.

Theorem 3.4. A CAL of length ¢ > 3 acting on n qubits in which the Paulis have weight at most

two exists if and only if
(£—2)/2, (£ even,
nz { (C—1)/2, ¢ odd (15)

Proof. We construct extremal CALs with length ¢ acting on n qubits saturating the lower bound
in Eq. (15). To get non-extremal CALs, more qubits can always be added by acting on them with
identity, or just Pauli Z, for instance, so long as the commutation relations are unaffected. We
note that extremal CALs of length three and four, acting on a single qubit, are {X,Y,Z} and
{X,Z,X,Z}. To construct extremal CALs of longer length, we define a composition operation o
that takes a CAL of length ¢ (even) and a CAL of length ¢’ (either even or odd) to a CAL of length
L+ 0 —2:

{p()a ) 7p571}o{p65 s 7p2’71} = {p07 v ap[/2727p€/271p(/)7p117pl27 v 7p2’727p2’71p2/2ap€/2+1 . 'p[71}7

(16)
where the p;s and p;-s represent Paulis that act on n and n’ qubits, respectively. Thus the CAL on
the right acts on n+n’ qubits. Repeated application of this composition suffices to make CALs of
any length out of the length three and four CALs given above. Composition preserves extremality
— if n and n’ are minimal qubit counts for CALs of lengths £ and ¢, then

, | U+ —4)/2, { even,
ntn { L+ 0 —3)/2, ¢ o0dd (17)
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Figure 3: One way to create a CAL of length ¢ is to compose CALs of lengths three or four together. In (a),
we compose three CALs with length four (right) to make a CAL with length eight (left) acting on three qubits
(red circles). In (b), we use a similar composition of two length-four CALs and one length-three CAL to make
a length-seven CAL. In both parts, to go from right to left, shrink the interior, light edges until all three qubits
occupy the central vertex. Outgoing dark edges are meant to be identified in cyclical fashion between left and
right, which in turn determines the identification of Paulis on the left and right. In terms of surface codes
defined on graphs, this composition operation means that we can always decompose higher degree vertices into
vertices with degrees just three or four. Still, we generally will include higher degree vertices in our drawings to
highlight symmetries when possible.

is the minimum number of qubits needed for a length £+ ¢ —2 CAL. A graphical depiction of this
composition operation is shown in Fig. 3. It should be clear that the construction results in CALs
consisting of Paulis of weight just one or two.

There are no CALs of length ¢ acting on fewer qubits than in Eq. (15). Suppose, by way of
contradiction, that a CAL {pg,p1,...,pe—1} acting on n qubits has length £ > 2n+ 2. Then, there

is a set of Paulis _
J
{aijk:je{o,L...,ez}} (18)

k=0

with size > 2n + 1 in which all Paulis anticommute with one another. However, this contradicts
known results on the maximum size of such anticommuting sets [38]. O

CALs can be thoroughly studied in their own right. The interested reader can find much more
discussion of CALs in Appendix C. For instance, we show some structural properties of extremal
CALs, such as the following lemmas which we find useful (see Corollary C.10 and Corollary C.11).

Lemma 3.5. If {po,p1,...,pe—1} is an extremal CAL of length £ > 3 acting on n qubits, then
taking products of the p; generates the entire n-qubit Pauli group (up to global phases).

Lemma 3.6. Suppose {po,p1,...,pe—1} is an extremal CAL of length ¢ > 3. Then Hj;(l)pj o« I

and, if { is even, Hffo_lpzj x I and Hﬁfo_1p2j+1 x I. Moreover, these are the only products that
are proportional to identity.

These lemmas lead to the following simple corollary.
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Corollary 3.7. Let C = {po,p1,...,pe—1} be an extremal CAL of length ¢ > 3 acting on n qubits.
For any Pauli q acting on n qubits, define the (row) vector C, € F5 whose j™ element is 1 if
and only if ¢ and p; anticommute. If € is odd define MT =(11..11) € IE‘%XZ and if £ is even
MT = (11 11y € F2%0 Then C,M = 0. Moreover, if x € TS satisfies M = 0, then there

exists a (unique, up to phase) Pauli g such that x = Cy. Finally, Cy = 0 if and only if ¢ o< I.

Proof. Lemma 3.6 implies that the last one (two) Paulis of a CAL are not independent from the
others if £ is odd (even) and that these are the only dependencies. These dependencies result in
CyM = 0. Lemma 3.5 implies that the first £ — 1 (¢ — 2) independent Paulis of the CAL generate
the entire n-qubit Pauli group. Therefore, we are guaranteed the existence of a (unique, up to
phase) Pauli ¢ satisfying the commutation relations expressed by the first £ —1 (¢ —2) bits of z and,
since M = 0, the final one (two) bits of 2 must be consistent with those commutations. Finally,
Cy = 0 implies ¢ commutes with the entire Pauli group, which is possible if and only if ¢ & I. [

With CALs forming the basis for the logical space of the Majorana code Seyen, We can complete
our construction of qubit surface codes.

Definition 3.3. Suppose we have an embedded graph G described by some rotation system R =
(H, X\, p, 7) and the vertices of G are at least degree three. At vertex v, place N, = [(deg(v) —2)/2]
qubits, and associate a Hermitian Pauli g5, to each sector [h], around that vertex. These Paulis
{4, Qrphl,s - - ,q[(Tp)dcg(v)flh]p} should form an extremal CAL of length deg(v) acting on the
N, qubits at v. To every face f of the graph we associate a stabilizer, the product of all Paulis
associated to sectors [h], C f.

By the discussion starting this subsection, this definition ensures the codespaces of the Majorana
code associated to G (Definition 3.1) and the qubit surface code associated to G (Definition 3.3)
are the same, both encoding K qubits from Theorem 3.3, leading to the following corollary, which
is formally proved in Appendix E.

Corollary 3.8. A qubit surface code encodes

K{ 2g , orientable , checkerboardable } (19)

0
g , non-orientable }+{ (M —2)/2 , not checkerboardable

qubits, where conditions in brackets are properties of the rotation system (H, X, p, T), or equivalently
the graph embedding, defining the code.

Fig. 4, the qubit versions of the Majorana codes from Fig. 2, should help in understanding the
correspondence of Majorana and qubit surface codes. Further examples of qubit surface codes
fitting our definition and appearing in prior literature are shown in Fig. 5.

Notice that while a Majorana surface code has stabilizers associated to both vertices and faces,
a qubit surface code only has stabilizers associated to faces. This is because we introduced just
the right number of qubits at each vertex to automatically enforce the vertex stabilizers of the
Majorana surface code. Alternatively, we introduced just enough physical qubits to span the
codespaces of the Majorana codes Seven that exist at each vertex. This fact can also be illustrated
with a simple qubit count — with one qubit for every two Majoranas (e.g. using the Jordan-Wigner
transformation, Eq. (8)) we would have (2|E|+ M)/2 = |E|+ M/2 qubits (recall M is the number
of odd-degree vertices), but instead we have used

N=> N,=M/2+ (deg(v) —2)/2=|E|— V] + M/2 (20)
veV veV

qubits. Each of the |V| “missing” qubits is a degree of freedom eliminated by enforcing a stabilizer
Sy

For stabilizer code with stabilizer group S, the logical operators are the elements of the centralizer
C(S), i.e. the group of all Pauli operators that commute with all elements of S. The centralizer
includes the stabilizer group itself, and so we refer to elements of S as trivial logical operators as
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Figure 4: Qubit versions of the Majorana codes in Fig. 2. Place a single qubit on vertices with degrees three or
four and a pair of qubits on vertices with degrees five or six. Around each vertex write a cyclically anticommuting
list of Paulis (acting on qubits at that vertex). Each face represents a stabilizer defined as the product of all
Paulis written within that face. Note that (b) depicts a toric code with X®* and Z®* stabilizers but on a lattice
different from Kitaev's square lattice [1]. In this case, the code is [24,2,4]. The number of encoded qubits is
clear by Corollary 3.8 as this graph embedding is checkerboardable.

(2) (b) 2 xgfax o (o)
X X|z ZzZ\|\X X|z Z
Z|\X X|\z Z|X X|zZz Z
X|\zZ Z|X X|zZ Z|X X|Z
zZ Z|X X|z Z|X X|Z
Z|\X X|z Z|X X|z Z
Z|\X X|z Z|X X|zZ Z|X
X|\Z Z|X X|Z Z|X X|Z
zZ Z\|\X X|z Z|X X
Y X /X X zJyY

Figure 5: (a) The triangular surface code [6], (b) the rotated surface code [3] and (c) a stellated surface code
[9] with even greater symmetry. Each code fits in our framework — in this case, by Definition 3.3 applied to
these planar graphs. In (b), we show explicitly the assignment of CALs that gives the familiar rotated surface
code. Notice that the outer face also gets assigned a stabilizer. Because of Lemma 3.2(e), the product of
stabilizers on all non-outer faces is proportional to the stabilizer on the outer face.

they apply the logical identity to encoded qubits. The code distance D of a stabilizer code is the
minimum weight of an element of C(S) \ ({iI} US). We use the notation [N, K, D] to concisely
present the code parameters of a stabilizer code.

To further demonstrate Definition 3.3, in Fig. 6 we show a family of topological codes that includes
the well-known [5, 1, 3] code as its smallest member. Also included as a subset are the cyclic codes
given in Example 11 and Figure 3 of [19]. The general construction gives cyclic codes defined on
the torus. Consider the typical fundamental square for the torus, i.e. a unit square with opposite
sides identified, and draw the lines y = bx/a and y = —axz/b, where we assume b > a > 1 are
integers and ged(a, b) = 1. These two lines intersect at N = a? + b? points within the fundamental
square, including the single point at (0,0) = (0,1) = (1,0) = (1,1). Interpret these intersections
as vertices of a 4-regular graph with edges the line segments between them. With correct choice of
CALs, so that each face stabilizer has two Xs and two Zs (see Fig. 6 for the convention we use),
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@ (a,b)=(1,2) ) (a,0) =(1,3) ©  (a,b)=(1,4)
(d  (a,0) =(2,5) e  (a,b) =(3,5) ®  (a,b) =(4,5)

Figure 6: (a) The smallest error-correcting quantum code, the [5,1,3] code, is a surface code defined by an
embedding of the 5-vertex complete graph K5 in the torus. There are different embeddings of K5 in the
torus, but no other gives a 5-qubit code with distance more than two. Parts (b-f) show members of the cyclic
toric code family with more qubits. See Theorem 3.9 and the paragraph above it for the code definition and
parameters. A demonstrative CAL is written around one vertex in each graph. The codes are cyclic when this
same CAL is orientated similarly around each vertex.

and with qubits labeled in a sequence along the line y = bz /a (moving outwards from the origin in
the direction of increasing x), the surface code defined by this graph and Definition 3.3 is cyclic —
an overcomplete generating set of the stabilizer group consists of Z@ X @ I®* @ X @ Z @ IN 574
and its cyclic permutations, where s = [Nt/b] — 2 and ¢ is the minimal positive integer such that
(ta +1)/b is an integer.” We have the following parameters for these codes.

Theorem 3.9. The cyclic toric code with integer parameters a and b, where without loss of gen-
erality ged(a,b) =1 and b > a > 1, is a [N = a® +b?, K, D] code, with

(a) If N is odd, K =1 and D = a + b,
(b) If N is even, K =2 and D = b.

The odd and even cases differ in the number of encoded qubits because of checkerboardability (the
latter case being checkerboardable and the former not). Note that a consequence of the theorem
is that the code distance D is always odd. The codes in Example 11 and Figure 3 of [19] are cyclic
toric codes with a =b — 1.

We delay the proof of this theorem, in particular the code distances, until Section 5.2, after we
have developed sufficient tools in Section 4. We point out that in two situations, the cyclic toric
codes achieve N = 1KD? + O(D) — when a = b—1 = (D — 1)/2 and when b = D is odd with
a = 1. Moreover, 1/2 is the best constant achievable for the cyclic toric codes.

2The extended Euclidean algorithm on (a,b) can be used to determine t. A Bézout pair (x,y) of (a,b) is a pair
of integers such that za + yb = ged(a, b). In particular, (z,y) = (—t, (ta + 1)/b) is the unique Bézout pair of (a,b)
in which —b <z < 0.
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To conclude this section, we point out a corollary on the structure of qubit surface codes that
follows from the proof of Theorem 3.4, and in particular the vertex decomposition demonstrated
in Fig. 3. We use this corollary later to justify considering only graphs of low degree.

Corollary 3.10. For any graph G, there is a choice of CALs such that the surface code associated
with G is the same as the code associated with another graph G’ that only has vertices with degrees
three and four.

3.4 Relation to homological surface codes

Finally, we want to point out the relation of Definition 3.3 with the well-known homological con-
struction of surface codes [1, 39, 40]. In the homological construction, a single qubit is placed on
each edge of a graph embedding G = (V, E, F'). Stabilizers correspond to each vertex v € V and

face f € F:
S, =1]%e. S;=]]%: (21)

e€v ecf

where e € v and e € f are shorthand for saying edge e is adjacent to the vertex v or face f, and
of course X., Z. are Paulis on the qubit on that edge.

The medial graph G of an embedded graph G = (V, E, F) has a vertex for each edge of G and
connects them with edges such that vertices and faces of G form faces of G. See some examples
in Fig. 7. It should be clear that the homological surface code defined on graph G is exactly the
same code as our surface code, Definition 3.3, defined on the medial graph G. Thus, Definition 3.3
includes all homological codes.

We can formally define the medial graph using rotation systems.

Definition 3.4. The medial rotation system R= (}NI, X, 0, T) of a rotation system R = (H, A\ p,T)is
defined by setting H = H x {1, —1} and for (h,j) € H letting 7(h, j) = (h, —j), A(h,j) = (p(h), 7),

and
i) ={ s tr @

Some facts about medial graphs become apparent (we prove these in Appendix G). First, the
medial graph embeds into the same manifold as the original graph. Second, medial graphs are also
always 4-valent (every vertex is degree four). Third, medial graphs are always checkerboardable —
e.g. a natural way to color faces in G is to color black faces that correspond to vertices of G and
color white faces corresponding to faces of G. In fact, an embedded graph is the medial graph of
another embedded graph if and only if it is 4-valent and checkerboardable. As a result, there are
codes resulting from Definition 3.3 that cannot be described as homological codes.

The reader may also refer to [3] where checkerboardable, 4-valent graphs (i.e. medial graphs)
are used to define homological surface codes directly and to [41] where this connection between
homological codes and medial graphs is also pointed out.

Of course, forays have already been made beyond the strict homological surface code construction.
We have already seen some examples in the forms of the triangular, rotated, and stellated codes
in Fig. 5. Our goal however is a more rigorous framework that generalizes these specific instances.

One way in which the homological surface code construction can be rigorously generalized to
produce more general planar codes is described by Freedman and Meyer [40]. Let us describe this
construction using the language of medial graphs. Start with a homological surface code defined on
an improper embedding of a graph in orientable surface of genus g. By an improper embedding, we
mean one face is not an open disk but instead a g-punctured disk, e.g. if g = 1 the g-punctured face
is a cylinder. Now, form the medial graph of this improperly embedded graph®. The medial graph
will also be improperly embedded, but it is still 4-valent and checkerboardable. Because of the

3We defined the medial graph of an embedded graph. In this case, the graph is not properly embedded. When
we construct the medial graph here, we do so by drawing proper, disk-like faces around each vertex.
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Figure 7: Graphs (gray edges with small, black vertices) on the torus (a) and projective plane, (b) and (c), are
drawn with their medial graphs (black edges and large, red vertices). In (a), we get a [8,2,2] toric code. In
(b), we get Shor's [9,1, 3] code [42] with the gray graph coming from [40]. In (c), we show another [9, 1, 3]
code from [40].

redundancy in stabilizers (see proof of Theorem 3.3), we can delete, i.e. remove from the stabilizer
group, any single black as well any single white face without changing the code. Thus, delete the
face that is g-punctured (say it is colored white), a black face sharing an adjacent edge, and any
edges shared between them. The result is a planar graph with some degree-3 vertices (because of
the deletion of edges). Examples producing the rotated surface code and the Bravyi-Kitaev planar
code [39] are shown in Fig. 8.

Notably, this improper embedding procedure does not produce non-checkerboardable graph embed-
dings in surface of larger genus g > 0, so it does not produce the cyclic toric codes in Fig. 6(a,c,d,f)
for instance. We have also not found a way to produce stellated codes with odd symmetry, e.g. parts
(a) and (c) of Fig. 5, using the improper embedding technique, the apparent obstacle being the
presence of an odd degree vertex in the center of the planar graph, i.e. not adjacent to the outer
face. This appears an obstacle because the outer face and the odd degree vertices are effectively
created by deleting faces and their shared adjacent edges from the improper embedding, with
the result being that any odd degree vertices are adjacent to the outer face. Hence, we find this
construction involving improper embeddings and face deletions to be more complicated than our
construction while also producing fewer codes.

4 Locating logical operators

In this section, we discuss the structure of logical operators of the qubit surface codes of Defini-
tion 3.3. One of our main findings is that logical operators are exactly the homologically non-trivial
cycles in a related graph called the decoding graph. This is probably not a huge surprise to someone
familiar with homological codes, but there are some technical hurdles to overcome in proving it in
our generalized setting. This includes the fact that the decoding graph for non-checkerboardable
codes is not guaranteed to embed in the same manifold M as the original graph. Without a graph
embedding, there is no notion of homology, so finding an appropriate embedding of the decoding
graph is essential to the proof.

In Section 4.1 we generalize checkerboardability to include defects, useful in the subsequent sections.
In Section 4.2 we define the decoding graph, show that cycles in the decoding graph correspond to
logical operators of the code (both trivial and non-trivial), and prove that it embeds in M in the
checkerboardable case. In Section 4.3, we define a manifold which is generally of higher genus than
M, in which we can embed the decoding graph, and prove that homological non-triviality in this
new manifold is equivalent to logical non-triviality. Finally, in Section 4.5, we discuss how some
logical operators, including all trivial ones, can be represented by paths in the original graph.
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Figure 8: Improper embeddings of graphs (gray), and their medial graphs (black), on the torus. In both pictures,
the face (of the medial graph embedding) intersecting the top and bottom frames is not an open disk but instead
a cylinder. Deleting this face, the face intersecting the left and right frames, and their shared adjacent edges
(highlighted) results in familiar planar codes. In (a) we find the [9, 1, 3] rotated surface code and in (b) Bravyi
and Kitaev's planar code [39], in this instance [18,1, 3].

4.1 Checkerboardability with defects

In Definition 2.2 we defined what it means for a graph embedding to be checkerboardable. In this
section, we generalize this notion to include defects. Informally put, a defect is a set of edges that
can be deleted from the graph embedding to make it checkerboardable. Defects have a few uses
in finding or identifying logical operators in surface codes which are covered in the subsequent
subsections.

To define checkerboardability with defects more rigorously, we use the matrix ® € FLF‘X‘El from
Section 2.3, which encodes the edges belonging to each face of the embedding.

Definition 4.1. We say a graph embedding G = (V, E, F') is checkerboardable with defect § € IE‘|2E|
if there is a vector x € ]F‘QF‘ such that 2® = T 4 4.

Clearly, being checkerboardable according to Definition 2.2 is equivalent to being checkerboardable
with the trivial defect § = 0. The analogous lemma to Lemma 2.2 is as follows.

Lemma 4.1. G, described by rotation system R = (H,\, p,T), is checkerboardable with a defect
if and only if we can partition H into two sets H, and Hy such that X and p map both sets to
themselves, while T maps elements of either set to the other set, except when those flags are part
of an edge in the defect.

A given embedded graph does not have a unique defect. However, different choices of defect are
related by the addition of rows of ®. That is, by simple application of the definition, the following
is true.

Lemma 4.2. Suppose a graph embedding G = (V, E, F') is checkerboardable with defect 61. Then,
G is checkerboardable with defect §o as well if and only if there exists x© such that x® = §; + ds.

Moreover, it is an interesting fact that a defect cannot be just any subset of edges. In fact, a defect
must be a sum of certain trails in the graph. Recall that T(G) = IF‘QE‘ is the group of all trails in
the graph. A subgroup of 7(G) is generated by just the closed trails and trails whose endpoints
are odd-degree vertices. We call this subgroup 7o(G).
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Lemma 4.3. Suppose the graph embedding G = (V, E, F') is checkerboardable with defect § € IF‘QEl.

Then, 6 € To(G). Let ay, = )5, e evaluated over Fy indicate the parity of the number of edges
that are adjacent to v € V and in the defect. Then, a, =1 if and only if deg(v) is odd.

Proof. The way that ¢ can fail to be in 7o(G) is if a,, = 1 for some even-degree vertex v. However,
if this were the case, it would imply that G is not checkerboardable with defect § because it fails
to be so locally around vertex v. We would need to two-color faces around v such that faces on
opposite sides of an edge e > v are different colors if §o = 0 and the same color if . = 1. This is
impossible for an even-degree vertex with a, = 1. This shows ¢ € 79(G). The remaining claim,
that a, = 1 for odd-degree vertices v follows from a similar argument of colorability in the local
neighborhood of v. O

Finally, we point out that for any graph embedding G it is efficient (polynomial time in graph size)
to perform two related tasks: (1) determine some § € IF|2E| such that G is checkerboardable with

defect 6 and (2) given a candidate ¢ € ]F|2E| determine whether G is checkerboardable with defect
6. We present an algorithm in Algorithm 1 that can perform both tasks via a greedy strategy.
The inputs are, first, a representation of the faces in the graph embedding (to be concrete, we use
the binary vectors ¢; € IE‘IQE‘, 1 =1,2...,|F|, that are the rows of ®) and, second, a candidate
defect 0. The outputs are a list of faces colored black, a list of those colored white, and a defect.
The algorithm starts by arbitrarily coloring one face and continues by coloring faces that neighbor
colored faces appropriately (the same color if they neighbor across a defect edge and differently
otherwise). If ever a face cannot be colored either color without contradiction, edges are added or
removed from the defect to make it work.

It is clear this algorithm solves task (1). To solve (2), we note the algorithm guarantees that the
output defect «y is the same as the input ¢ if and only if ¢ is a defect. This solves (2). In the course
of the algorithm, each edge is considered at most once in the while loop, the body of which takes
O(max; |¢;]) time using appropriate data structures,” leading to a total time complexity of just
O(|E|max; |¢;]) for both tasks (1) and (2).

Algorithm 1 Returns checkerboard colors for each face and a list of edges in the defect
|F

|
1: procedure CHECKERBOARD ({¢1, $2,...,¢p|} € (FQEI) ,0 € ]F‘QEl)
2: Set B < {1}, W« 0  # Sets of faces colored black and white

3: Set v <0  # This is a record of the defect edges (vector in IF‘QEl)
4: Set b« ¢ # This is a list of “boundary” edges of the faces already colored (vector in

E
F,”)

5: For any edge e that is internal to a face (same face on both sides), set v, < 1.
6: While b is not 0:

7 Let e be the first edge such that b, = 1

8: If e is adjacent to a face f € BUW and a face g € BUW:

9: If g € W and 7, = 0, append f to B.

10: If g € B and 7. = 1, append f to B.

11: If f € B, append f to W.

12: Set ber = 1 for any ¢’ that borders both f and a face f/ ¢ BUW.

13: else:

14: If the two faces adjacent to e are both in B or both in W set . + 1. Else, set 7, + 0.
15: Set b, =0

16: Return B, W, ~

4In particular, one needs adjacency oracles that take a part of the graph embedding (e.g. a face) and return other
adjacent parts (e.g. the adjacent edges). These oracles or similar are standard in the field of computational graph
theory — for instance, the “doubly-connected edge list” data structure used in [43].
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Figure 9: The decoding graph (red/blue) pictured locally around vertices of degrees 3 through 6. In odd-degree
cases, all vertices in the surrounding faces connect to the central vertex. In the even-degree cases, there are
two distinct central vertices, red and blue (not shown), and faces connect to these in alternating fashion.

4.2 Characterizing logical operators as cycles in the decoding graph

Recall that C(S) is the group of logical operators of the stabilizer code with stabilizer S. We
characterize C(S) for our surface codes as the cycles in a related graph, referred to here as the
decoding graph.

Definition 4.2. Given an embedded graph G = (V, E, F'), an associated decoding graph Ggec is
a (unembedded) graph with vertices Vg of three types: (1) a vertex uy associated to each face of
G, (2) a vertex wi® associated to each odd-degree vertex of G, and (3) two vertices wi and wi™
associated to each even-degree vertex of G. For each sector [h], of G, there is an edge e, I Gaec-
Choose v € V and f € F such that h € v and h € f. If v is odd-degree, e[, connects vertices

(0) (4)

wy© and uyg. If v is even-degree, e[, connects vertices uy to wy'’ where j is such that the edges

associated to the adjacent sectors, i.e. e[,p,], and e[, p],, are incident to wg DAl decoding graphs

of G are equivalent up to relabeling vertices wgl) and wq(, 1), so we just speak of the decoding graph

of G.

In Fig. 9, we draw the decoding graph locally around vertices of small degree. Our definition is
slightly different from the decoding graphs commonly used decode surface codes (e.g. [44]) in that
we introduce vertices at the vertices of G as well as the faces. One reason we do this is so we can
make precise statements about embedding the decoding graph or its connected components into
various manifolds. A consequence of this decision however is that the decoding graph’s systole is
doubled compared to a definition not including vertices at the vertices of G. The reader knowl-
edgeable in topological quantum error correction should not be concerned by the appearance of a
factor of 1/2 when we calculate the code distance in terms of this systole.

Consider now the problem of relating cycles in G4ec to elements of C(S). Notice that the decoding
graph is bipartite, with vertices associated to faces of G (type 1 in the Definition) on one side and
vertices associated to vertices of G (types 2 and 3) on the other. Therefore, any cycle in Ggec is
even-length and can be broken into paths of consecutive edges (e[h]p, e[k]p), where h, k are flags
in the same vertex v but not in the same sector. We let To(Gaec) < T (Ggec) denote the group
generated by two-edge paths of Gec.

Define a map o : T2(Ggec) — C(S) that translates each two-edge path (e, , ejx],) to a Pauli acting
on qubits at the vertex v. This Pauli is chosen to anti-commute with only two elements, g5, and
qix],> of the CAL associated with v that defines the surface code on G (see Definition 3.3). This
Pauli exists and is unique (up to phase) by Corollary 3.7.

Now we state some consequences of Corollary 3.7 for o. First, if we ignore phases on the Paulis, o is
actually surjective — every Pauli up to phase is represented by some collection of two-edge paths in
Gaec — and, second, o is a homomorphism — for all ¢1,to € T2(Gec), we have o(t1+t2) = o(t1)o(t2).
Finally, o(t) o< I if and only if ¢ is the empty set.

By surjectivity of o, if we have a logical operator [ € C(S), then it can be represented by a set
of edges E; C FEge in the decoding graph. Because the logical operator must commute with all
stabilizers Sy, the number of edges from E; incident to any vertex uy of the decoding graph (i.e. a
face in the original graph) must be even. Therefore, E; is a sum of cycles in the decoding graph.
The converse is also clearly true — any cycle ¢ in the decoding graph maps to a logical operator
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Figure 10: Example cycles in a decoding graph. The original graph has black edges, and stitched edges are
part of a (particular choice of) defect. Faces are checkerboardable with this defect (the outer face should be
colored black but is not shown). The entire decoding graph is not shown, but cycles labeled (a), (b), (¢c), (d),
(e), and (f) illustrate some of it. Cycles (a), (b), (c) in green represent trivial logical operators (i.e. stabilizers),
while cycles (d) and (e) in red and cycle (f) in blue represent non-trivial logical operators. We know they are
non-trivial because (d) and (e) anticommute with (f). Cycles (a), (e), and (f) connect to the vertex in the
outer face (not shown) via their dangling edges.

o(c) € C(S). Thus, we have a characterization of the logical operators of our codes.

Theorem 4.4. Let G = (V, E, F) be an embedded graph. Cycles in the decoding graph of G (Defin-
tion 4.2) represent all logical operators of the qubit surface code corresponding to G (Definition 3.3)
via the map o.

See Fig. 10 for some examples of cycles in a decoding graph and their correspondence with logical
operators.

In checkerboardable codes, we can say even more about locating nontrivial logical operators by
relating them to the homology of the surface. For this to work, we must embed the decoding graph
of the checkerboardable code into the same surface.

Lemma 4.5. Suppose G is a checkerboardable graph embedded in a 2-manifold M. Then the
decoding graph G 4e. consists of exactly two connected components, each of which can be embedded
in the manifold M.

Proof. Suppose G is described by the rotation system (H, A, p, 7) and, because it is checkerboard-
able, there is a partition H = H,, L H}, as in Lemma 2.2. Of course, each vertex of GG is necessarily
even-degree. It should be clear from Fig. 9 that the decoding graph G4ec has two connected com-
ponents, one corresponding to faces that are subsets of H,, and another corresponding to faces
that are subsets of Hy.

Let Ggecw and Ggec,y be the connected components of Ggec. These are described by rotation
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SyStemS Rdec,w = (Hw X {il}a )‘dempdec,Tdec) and Rdec,b = (Hb X {:t]-}7 )\decapdecaTdec)7 where

Adec(hvj) = (ha 7]')7 (23)
pacth ) = { (b =T ey
Tdec(haj) = (p(h)vj) (25)

This provides an explicit embedding of the components of G gec.

We do still need to show that they are indeed embedded in the manifold M and not some other
one. Suppose G has sets of vertices, edges, faces V|, E, F = F,, U F}, (with this partition due to
checkerboardability) and Ggec,w has sets Viec, Edec, and Fgec. One can check from the rotation
system, Eqs. (23-25), that |Vaec| = |Fu| + |V, |Bace| = 3 3 ey deg(v) = |E|, and [Fae| = |Fp|.
This implies the Euler characteristics of R and Rgec,. are the same.

We also need to show that Rgec,. is orientable if and only if R is. Note R being orientable means
one can partition H into two sets Hyj such that A, p, 7 applied to an element of one set maps it
to an element of the other set. Define H,; C H' := H,, x {£1} such that (h,j) € Hgec if and
only if h € Hjj,. These sets clearly partition H "and Adec, Pdec, and Tgee all map either set to the
other. So Rgec is orientable. The other direction — if Ry is orientable, then R is — follows a very
similar argument that we leave for the reader. O

Here we comment on the case where a checkerboardable graph G has only degree-4 vertices. In
this case, the decoding graph has degree-2 vertices associated to the vertices of G. Suppose we
remove these vertices, joining the edges incident to them into one edge. It is not hard to see that
this vertex removal makes the connected components of Gge. into graphs @ and @ (duals of one
another) where the medial graph @ is equal to G. Therefore, in this checkerboardable and 4-valent
case, the operation of building the decoding graph essentially inverts the operation of building the
medial graph. Then @ is a graph that defines a homological code (see Section 3.4) equivalent to
the code we have defined on G. For an illustration, refer back to Fig. 7: in each part of that figure,
the gray edged graph is one connected component of the decoding graph of the black edged graph.

With the decoding graph embedded, we can relate homological and logical nontriviality in the
checkerboardable case.

Theorem 4.6. For checkerboardable graph G, a cycle ¢ in G jec is homologically nontrivial if and
only if o(c) is a nontrivial logical operator of the surface code associated with G.

Proof. The key fact to use is that a Pauli p is a stabilizer generator associated to a face in G if and
only if p o o(c) for some facial cycle ¢ in Ggec. In Fig. 11, we show this correspondence explicitly.
We use this fact to complete the proof.

Let ¢ be a homologically trivial cycle in Ggee. We need to show o(c) is a stabilizer. Since Ggec
has two connected components, ¢ = ¢, + ¢, where ¢, is a cycle in Ggecy and ¢, a cycle in
Gec,p- Since o(c) = o(cw)o(cp), we just show o(cy) is a stabilizer with an analogous argument
for o(cp). Since ¢, is homologically trivial it is a sum of facial cycles ¢,, = ¢1 + ca + -+ + ¢; and
o(cw) =0o(c1)o(ca)...o(c). By the fact in the previous paragraph, o(c) is indeed a stabilizer.

Likewise, if Pauli p is a stabilizer, then it is the product of stabilizer generators associated to faces
of G, or p = pipa...pi. By fact (1), there are facial cycles ¢1, ¢, . . ., ¢ in Ggec such that o(c;) = p;
and therefore a homologically trivial cycle ¢ =¢; + ¢3 + - -+ 4 ¢ so that o(c) = p. O

In a slight abuse of notation, we let hsys (Ggec) be the smaller of the homological systoles of the
two connected components of (Ggo. embedded as in Lemma 4.5.

Corollary 4.7. Suppose G is a checkerboardable, embedded graph and D is the code distance of
the surface code defined by G. Then, $hsys (Gaec) < D and if G is 4-valent, $hsys (Ggec) = D.

Proof. For the proof of the bound, note that any non-trivial logical operator with weight D is
represented by a homologically non-trivial cycle ¢ confined to a single connected component of
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Figure 11: Picturing the correspondence between a face f of checkerboardable graph G (thick, black edges)
and a face f’ of a connected component of its decoding graph Guec (blue edges). Notation comes from the
proof of Lemma 4.5. Flags of G and Ggec are outlined by thin lines. Flags of G making up f include h, ph,
Aph, and pAph. These each relate to two flags in the corresponding face f’. For instance, h € f becomes
(th,£1) € f'. If f is colored black in G, then f’ is a face of Gdec,w-

the decoding graph Ggec. Suppose c visits n < D vertices of Ggec that are associated to vertices
of G. There is a homologically non-trivial sub-cycle of ¢, call it ¢/, that visits each of the n
vertices at most once and so has at most 2n edges. Since hsys (Ggec) lower bounds the length of
¢, hsys (Ggec) < 2n < 2D.

Now suppose G is 4-valent. The shortest homologically non-trivial cycle ¢ in Ggec is confined to
just one connected component. By 4-valency, there is only one qubit at each vertex and each
two-edge sub-path in ¢ is mapped to single-qubit Pauli by o. Since ¢ has length hsys (Gqec), the
weight of the non-trivial logical Pauli it represents is at most %hsys (Ggec), which therefore is an
upper bound on D. O

The equality statement in this corollary does not hold for graphs with higher degree vertices
because, in that case, two-edge paths in the decoding graph may represent Paulis of weight greater
than one. However, if one uses the CAL construction in Theorem 3.4 to assign Paulis to sectors, one
can effectively decompose these higher-degree vertices into degree-4 vertices (see Corollary 3.10)
and apply Corollary 4.7 to the resulting 4-valent graph.

4.3 Doubled graphs

Our goal in this section is to find some manifold to embed Ggec into when the original graph G is
not checkerboardable. In general, this is a manifold with genus larger than the original surface. In
particular, for any non-checkerboardable graph G embedded on a manifold M, we show that there
is a checkerboardable graph G2, referred to as a doubled graph, embedded on manifold M? such
that Ggec is isomorphic to any one of the two connected components of G?icc. A similar doubled
construction is given by Barkeshli and Freedman [45] in the context of topological phases.

Informally, the doubled manifold M? is created by taking two copies of M, cutting along the edges
of a defect of the embedded graph G, and gluing the two copies together. This gluing is done in
such a way that in crossing from one copy of M to the other, a path ends up at the same place
in the destination manifold as it would have in the original manifold if it were still intact. This
means, for instance, that a defect trail between two odd degree vertices is cut open into a disk
and glued with its corresponding disk on the other copy. In contrast, cycles in the defect that are
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Figure 12: A doubled graph for the rotated surface code of Fig. 5(b) is embedded in the torus (six-sided blue
border).

Figure 13: A doubled graph for the triangle code of Fig. 5(a) is embedded in the torus (six-sided blue border).
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homologically non-trivial result in the handles or cross-caps of the surface being cut apart before
they are glued with their copies. We provide a formal construction of the doubled graph in terms
of rotation systems and a construction of the doubled manifold subsequently. We comment that
the doubled graph G? depends on the choice of defect, but the topology of M? does not.

Definition 4.3. The doubled rotation system R? = (H’,),p',7') of a rotation system R =
(H, )\, p,7) with defect ¢ is defined by setting H' = H x {1,—1} and for (h,j) € H’ letting
N(h,7) = (A(h), ), p'(h.§) = (p(h), j), and

i oo | ((h),—j), Jecdst. hee
7(h.j) = { (t(h),j),  otherwise ’ (26)
One can study orbits of (X, p’) to relate faces of G? with faces of G. Since neither A’ nor p’ acting
on (h,j) € H' flips the sign of j, there are two faces in G2 for every face of G, one made up of
flags with j = 1 and one with flags j = —1. It turns out we can also checkerboard G2 such that
these two faces are oppositely colored.

Lemma 4.8. For any embedded graph G, the doubled graph G? is checkerboardable.

Proof. Let ¢ be the defect used to define G? from G, and let R = (H, A, p, 7) be the rotation system
of G. As G is checkerboardable with defect ¢, there is a partition of H = H,, Ll H, where X\ and p
map either set to itself and 7 maps an element h from either set to the other except when h is in
an edge belonging to the defect (Lemma 4.1).

Now we can partition H' = H x {1,—1}, the set of flags for the doubled rotation system R? =
(H', N, p',7"), into two sets

H) ={(h,j):h€ Hy,j=1lor he Hy,j=—1}, (27)
H. = {(h,j):heHyj=1orhe Hyj=—1}. (28)

One can check that )\ and p’ map either set to itself and 7/ maps between the sets. Thus, G2 is
checkerboardable. O

Just as there are two faces in G? for every face in G, it follows from Definition 4.3 that G? has two
edges for every edge of G, two degree-deg(v) vertices for every even-degree vertex v of G, and one
degree-2deg(v) vertex for every odd-degree vertex v of G. This counting allows us to establish the
genus of G2.

Theorem 4.9. Let G be a non-checkerboardable graph containing M odd-degree vertices.

(a) If G embeds into a genus g, orientable manifold, then G? embeds into a genus 2g+ (M —2)/2,
orientable manifold.

(b) Suppose G embeds into a genus g, non-orientable manifold.

(i) If G* embeds into an orientable manifold, its genus is g + (M — 2)/2.
(ii) If G* embeds into a mon-orientable manifold, its genus is 2 (g + (M — 2)/2).

Proof. Part of this theorem that is implicit is that if G is orientable, then G? is orientable. Repre-
sent G and G? with rotation systems as in Definition 4.3. Then, G being orientable means there is
a partition of H = H ;U H_; such that A, p, and 7 all map elements of either set H1; to elements
of the other. Clearly, H" = H! ;LU H’ | can also be partitioned so that (h,j) € Hj, if and only if
h € Hy. As required for orientability, N, p’, and 7" all map elements of either set H' ; to elements
of the other.

The genus of G2 can be obtained by counting. As discussed previously, the doubled graph has
|F'| = 2|F| faces, |E’'| = 2|E| edges, and |V'| = 2|V | — M vertices where |F|, |E|, and |V| are the
face, edge, and vertex counts of G. The conclusions follow. O

Because G? is checkerboardable, its decoding graph Gflec has two connected components, each
embedding in the same manifold as G?2.
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Theorem 4.10. Either connected component of Gflec is isomorphic to Gge.. Moreover, homo-

logically non-trivial cycles in G?iec correspond to non-trivial logical operators of the surface code
associated to G. If that code has distance D, then %hsys (Giec) <D< %hsys (G?iec).

Proof. We describe the isomorphism by describing how vertices of Ggec and Gﬁeaw (one of the two
connected components of GZ..) are mapped to each other. There are three maps that should be
composed in the right way, the map from G to Ggec, the map from G to G2, and the map from
G? to G2

dec,w*

First, note Gﬁec’w
G?lec’w has a single vertex for each vertex of G?. Next, recall Ggec has a vertex for each face of
G, two vertices for each even-degree vertex of G, and one vertex for each odd-degree vertex of G.
Finally, G? has two (differently colored) faces for each face of G, two vertices for each even-degree
vertex of G, and one vertex for each odd-degree vertex of G. With the vertices of Gqec and G, ,,

associated to one another by the implied map, vertex adjacency is also preserved, showing the
isomorphism.

has a single vertex for each white face of G2 (which is checkerboardable). Also,

We argued in Lemma 4.8 that every face of G corresponds to two oppositely colored faces of G2.
Since G(Qjec’w has faces corresponding to black faces of G2, these actually represent all the faces of
G. Therefore, a cycle in Ggec’w is homologically non-trivial if and only if it is a non-trivial logical

operator of the code. The upper bound on the code distance follows immediately.

The lower bound is a result of two vertices in G? representing each even-degree vertex of G. If a
homologically non-trivial cycle in Gﬁec’w crosses both of these vertices, it may represent only one
qubit of support in the corresponding logical operator. Thus, we have an additional factor of 1/2
compared to the upper bound. O

With the theory above, we have seen how the doubled manifold effectively describes the homology
of nontrivial logical operators in a higher genus surface. One consequence for surface codes is that
for every non-checkerboardable code defined by graph G with parameters [N, K, D], there is a
checkerboardable code defined by graph G? with parameters [2N, 2K, D'] where D < D' < 2D.
The checkerboardable code has the same rate and at least as good a code distance, but with
potentially higher weight stabilizers and larger genus. Thus, non-checkerboardable codes can offer
improvements over checkerboardable codes given that stabilizer weight and genus are relevant
parameters for practical implementations.

4.4 Face-width as a lower-bound on code distance

The face-width fw(G) of an embedded graph G (with genus g > 0) is the minimum number of
times any non-contractible cycle drawn on the manifold intersects the graph [33]. This can also
be defined as the length of the shortest non-contractible cycle in a related graph, the face-vertex
graph Gy, .

Definition 4.4. The face-vertex graph Gy of an embedded graph G is an embedded graph pos-
sessing a vertex w, for each vertex v of G and a vertex uy for each face f of G. An edge is drawn
between w, and uy if and only if v and f are adjacent in G. To specify the embedding, if G
has rotation system (H, A, p, 7), the face-vertex graph has rotation system (Hey, Ay, ptv, T6v), Where
Hy, = H x {1,—1} and

j=-1

Afv(hmj) = (hv *j)a ,ofv(haj) = { E;EZ%:';)): ] =1 ) va(haj) = (P(h),j) (29)

We point out some easily-proved facts about the face-vertex graph. First, it is bipartite since
vertices of type w, are only ever connected to vertices of type uy. Second, the face-vertex graph is

the dual of the medial graph (Definition 3.4), G = Gg,. Third, the face-vertex graph is embedded in
the same manifold as G. Fourth, if we recall that a graph G and its dual G have isomorphic medial
graphs, we also find that G and G have isomorphic face-vertex graphs. Finally, the face-vertex
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graph is the decoding graph (see Def. 4.2) with the vertices wl(,il) merged at each even-degree

vertex v.

Because Gy, is bipartite, sys (Gy,) is even. Any cycle drawn on the manifold is homeomorphic to
a cycle in the face-vertex graph. Hence, it is easy to see that fw(G) = %Sys (Gty). This is the most
convenient definition of face-width for our purposes.

The rest of this subsection is devoted to proving the following.

Theorem 4.11. Suppose G is an embedded graph with only even-degree vertices and genus g > 0.
Let D be the code distance of the surface code associated to G. Then fw(G) < D.

To prove this theorem, we need a simple lemma, which we prove separately.

Lemma 4.12. Suppose G is a non-checkerboardable graph with only even-degree vertices embedded
in manifold M with genus g > 0. Then the doubled graph G* is embedded in a manifold M? that
is a double cover of M.

Proof. To create the manifold M? from the rotation system description in Def. 4.3 (whose notation
we import here), we glue the flags together according to A, p/, 7. Suppose we map flags in
H' = H x {1,—1} to flags in H, i.e. II(h,j) = h for h € H and j = +1. This map extends to a
map 7 : M? — M by simply mapping points in the flag (h, j) to points in flag h in homeomorphic
fashion, i.e. if both (h,j) and h are viewed as identically-sized triangular patches of surface with
boundaries associated to the A, p, and 7 involutions, then map the former to latter point-by-point.
Note that ITo X = AoIl, ITop = poll, and ITo 7" = 7 o II. This establishes that if two flags are

glued together in M?2, their images are glued together in M.

We should check that for all open disks U, 7~1(U) is the union of two open disks, thus proving it
is a double cover. This is clearly true for open disks contained entirely within a single flag h. We
also look at open disks that straddle two flags (across a flag’s edge) and open disks that straddle
more than two flags (because they contain a flag’s corner).

Suppose an open disk straddles two flags h, \h € H. Applying II™! to this pair of flags, we get
either (h,1) and \'(h,1) = (A, 1) or (h,—1) and N (h,—1) = (Ah,—1). Thus, 7! gives two open
disks, each straddling one of these pairs of flags in M?2.

The same argument holds for flags h, ph. Slightly more interesting is the case of flags h, 7h. In this
case, if the edge of the graph G containing h is in the defect, II~! gives either (h, 1) and (7h, —1) or
(h,—1) and (7h,1). If the edge is not in the defect, then the result is (h,1) and (7h,1) or (h, —1)
and (7h,—1).

Finally, corners of the flags correspond to vertices, edges, and faces of the graphs. An open disk at
the corner {h, ph, Ah, pAh}, a face of the graph, is the most straightforward case since no defect is
involved. Here I~ maps the face of G to two faces of G2, namely {(h, 1), (ph, 1), (Ah, 1), (pAh, 1)}
and {(h, —1), (ph, —1), (Ah, —1), (pAh, —1)}. Likewise, it is not hard to see that an edge (containing
h) in G maps to two edges (the one containing (k, 1) and the one containing (h, —1)) in G2, whether
or not that edge is part of the defect. For the case of a vertex v in G, one must recall the fact
that an even number of edges incident to v are part of the defect, Lemma 4.3. This is the only
place where we are using that G has only even-degree vertices. Suppose h € v. The vertices in G2
that map to v under II are the one containing (h, 1) and the one containing (h, —1), and these are
distinct because of the aforementioned fact. O

Proof of Theorem 4.11. If G is checkerboardable, then notice that fw(G) = %sys(Gf\,) < %sys(GdeC)
1hsys(Gaec) = D, with the final equality following from Corollary 4.7.

Thus, we are left with the non-checkerboardable case. Lemma 4.12 says the doubled manifold M?
is a double cover of the manifold M on which G is embedded. This means that the universal cover
of M (which is the plane U = R?) is also the universal cover of M?2. This implies the existence of
three covering maps, the projections 7o : M2 = M, 7yo : U — M2, and 7y : U — M such that
Ty1 = T21Ty2-

Now, choose a logical operator represented by some homologically non-trivial cycle ¢o (in the
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decoding graph Gﬁec) drawn on M?2. Any lift ’/TE; (c2) is necessarily a non-closed curve in U. We
also see that ¢; = ma1(c2), which is easily seen to be homeomorphic to a cycle in Gy, also lifts to
775% (co) = 775%7@1(02), and therefore c; is non-contractible.

Finally, there must be some simple sub-cycle of ¢, call it ¢}, that is also non-contractible. It
visits exactly %len(c’l) vertices and so this is at least the Pauli weight w of the logical operator it
represents, w > %len(c’l) > fw(G). Since our arguments apply to all choices of co (representing all
non-trivial logical operators), the distance of the code is also lower bounded by fw(G). O

4.5 Logical operators from trails in the original graph

In this section, we provide another upper bound on the code distance of surface codes, comple-
menting the bounds in Theorem 4.10. This bound comes from identifying logical operators with
certain trails in the graph G that defines the surface code. Conveniently, we do not have to work
with any derived graph, such as the decoding graph, to obtain these logical operators.

Recall that 75(G) is the subgroup of 7(G) that is generated by closed trails and open trails
whose endpoints are odd-degree vertices. To each trail in To(G) we assign a logical operator, or
equivalently an element of C(S). We define a homomorphism w : 7o(G) — C(S). It is easy to
define w using the Majorana code picture from Section 3.2. Let ¢ € To(G). If ¢ is a closed trail,
then we define w(t) to be the product of all Majoranas on the edges in ¢. If ¢ is an open trail,
its endpoints are at odd degree vertices by definition, and we define w(t) to be the product of all
Majoranas on the edges in ¢ and the two Majoranas at the odd-degree endpoints. By the arguments
in Section 3.3, these products of Majoranas are equivalent to Paulis in the qubit surface code. We
do not concern ourselves with the sign of the Pauli, and so the products can be taken in arbitrary
order. Moreover, the Pauli w(t) commutes with all stabilizers by construction and so is in C(S).

What is the weight of the Pauli w(¢)? If ¢ does not visit a vertex, clearly w(t) is not supported
on qubits at that vertex. Alternatively, if ¢ traverses all edges adjacent to a vertex, then w(t) is
also not supported on qubits at that vertex. These are the only vertices lacking support — w(t) is
supported on qubits at all other vertices. If the underlying graph has only degree 3 or 4 vertices
(higher degree vertices may be decomposed with Corollary 3.10), then the weight of w(t) is equal
to the number of vertices visited exactly once by ¢t. Paths by definition visit vertices at most once,
so that for a path p € To(G), the weight of w(p) is exactly the number of vertices visited by p.
From this discussion, we can find the kernel of w (for our usual assumption of a connected graph
Q).

kerw ={be To(G) :w(b) =1} = {6, 1}. (30)

This means the map w is 2-to-1, ignoring phases on Paulis in C(S).

When is w(t) a non-trivial logical operator? It turns out we can efficiently check this using the
notion of checkerboardability and Algorithm 1. With some abuse of notation, we call ¢ non-trivial
if w(t) is non-trivial.

Theorem 4.13. Lett € To(G). Thenw(t) € C(S) is a stabilizer if and only if G is checkerboardable
with defect t or with defect T+ t.

Proof. We start with the reverse direction. We are assured the existence of x € F‘ZFl such that
x® = 1+t or such that z® = ¢t. Let ®; denote the i** row of ®. Because w is a homomorphism
and w(l) = I, we have

w(t) =w(@d?) =w ( Z <I>i> = H w (D), (31)

;=1 ;=1
which is a stabilizer because each w(®;) is the stabilizer S; in Eq. (11) associated to the i*® face.

For the forward direction of the theorem, we start with w(t) = [[;.,,_; w(®;) for some z € ]Fle‘7
since the faces generate the stabilizer group by definition. By Eq. (31) once again, we get w(t) =
w(z®). This implies t = 2® + b where b € kerw. By Eq. (30), we have T+t = 2® or t = z® or,
equivalently, G is checkerboardable with defect ¢ or with defect T + ¢. O
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To summarize the above, for any graph G embedded in a 2-manifold defining surface code with
stabilizer S, we have shown

S <w(To(@)) < C(S). (32)
We now point out a strengthening of this result when G is planar (i.e. g = 0).

Theorem 4.14. Let G be a planar graph and S be the stabilizer of the surface code defined on G
according to Definition 3.3. Then S < w(To(G)) = C(S) (ignoring Pauli’s phases).

Proof. If G contains no odd-degree vertices, then K = 0 by Theorem 3.3 and so S = C(S) =
7(To(S5))-

Otherwise, G contains an even number of odd-degree vertices M > 2. Construct a spanning tree
of G rooted at one of these odd-degree vertices v. There is a path p,, from v to any other odd-
degree vertex w contained within the spanning tree, and w(p,) € C(S). Notice that for w # w’,
w(pyw) anticommutes with w(p,,), because, written as products of Majoranas, p,, and p,, have odd
overlap — they share edges, two Majoranas each, as well as the Majorana located at odd-degree
vertex v. Thus, we have a set of M — 1 logical Paulis B = {w(p,,) : odd-degree vertex w # v}
that mutually anticommute. This implies, because the maximum size of an anticommuting set of
K-qubit Paulis is 2K + 1 [38], that K > (M — 2)/2. However, K = (M — 2)/2 is exactly the
number of encoded qubits by Theorem 3.3, meaning B is a basis of all logical operators. In turn,
this implies C(S) = SB < w(7o(G)), which completes the proof. O

The rest of this section concerns the actual calculation of an element of To(G) that visits the fewest
number of vertices. First, note that there are bases of To(G) that consist only of trails that do not
visit any vertex more than once, i.e. bases of paths. Let the length of a path be the number of
vertices it visits. The total length of a path basis is the sum of lengths of all trails in the basis.
This implies the existence of a path basis that minimizes the total length of the basis, called a
minimum path basis. Such a minimum path basis must also contain the shortest non-trivial path
(with non-triviality determined by Theorem 4.13). If it did not, we could replace some element of
the basis with this shortest non-trivial path, obtaining another path basis with lower total weight.

This discussion of minimum path bases is mirrored for bases of Z(G), the cycle space of the graph.
Likewise, there is a minimum simple cycle basis that consists of simple cycles (cycles without
repeated vertices) and minimizes their combined length. Polynomial time algorithms for finding
a minimum simple cycle basis have been known since Horton’s algorithm [46], which has time
complexity O(|E|?|V|) for a general graph G = (V, E). Better algorithms now exist, including a
O(|E|®) time Monte-Carlo algorithm [47] (where € is the exponent of matrix multiplication) and
O (|E|?|V]) [48] and O (|E|*|V|/log |V |+ |E||V|?) [49] deterministic algorithms. We can use these
algorithms to also find a minimum path basis and efficiently place an upper bound on the code
distance.

Theorem 4.15. For embedded graph G, let J be the number of vertices in a non-trivial path
p € To(G) wvisiting the fewest vertices. Then the surface code defined by graph G has distance
D < J and J can be calculated in polynomial time in the size of graph G.

Proof. Since w(p) is a non-trivial logical operator with weight J, clearly J upper bounds the code
distance.

It remains to show J is efficient to calculate. Construct a graph G’ from G by adding edges
between all pairs of odd-degree vertices, a total of M (M — 1)/2 new edges if there are M odd-
degree vertices. Call the set of new edges F,. Find the minimum cycle basis B of G’ using one of
the efficient algorithms referenced above, e.g. [46]. Each cycle b € B that traverses an edge outside
E, corresponds to a path g € To(G). In particular, ¢ is formed from b by removing all edges from
E,. The length of b is the number of vertices visited by ¢. Thus, by replacing b with ¢ we can turn
the minimum simple cycle basis B into a minimum path basis By. To calculate J, we just need
to determine whether each path in By is non-trivial using Theorem 4.13 and take the one visiting
the fewest vertices. O

Finally, we point out that the upper bound from Theorem 4.15 and the bounds from Theorem 4.10
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Figure 14: An example graph G in which the bounds in Theorems 4.10 and 4.15 are not saturated. The graph
is largely a square lattice on the torus, but with obstructions along one row that force minimum weight logical
operators to go around. We checkerboard the graph with stitched edges indicating the defect. The code encodes
one logical qubit. The shortest non-trivial cycles in the decoding graph Ggec have length L = 8; an example is
shown in blue (and purple where it overlaps the red cycle). The shortest non-trivial cycles in the original graph
G also visit J = 8 vertices. Thus, Theorem 4.15 proves 4 < D < 8. However, the distance of the code actually
satisfies D < 7, as demonstrated by the red cycle in the decoding graph (which has length 10). Also, D > 5
follows from Lemma 5.1 and arguments similar to those in Section 5.1.

are not saturated in general. An example is shown in Fig. 14.

5 Code examples

In this section, we present five example code families. In the first three subsections we consider
square lattice toric codes, rotated toric codes (with a subfamily of cylic toric codes first mentioned
in Section 3.3), and hyperbolic codes. For these codes we make some rigorous arguments about
code parameters (especially the code distance) using the theorems from Section 4. In the final
subsection, we present two more code families that generalize stellated codes [9].

5.1 Rotated toric codes

As the name suggests, this family of codes is created from simple square lattices on the torus. Up to
local Cliffords, these are the codes defined by Wen [12]. Because of checkerboardability properties,
the dimensions of the lattice are relevant to K as well as D. We let the lattice be m x n, i.e. it
takes m steps to traverse the torus in one direction and n to traverse the other direction. See
Fig. 15, for two examples.

Note that a rotated toric code is only checkerboardable if both m and n are even. Therefore, by
Corollary 3.8

(33)

K= 2, m,n are even,
1, otherwise.

Since they are checkerboardable and four-valent, the K = 2 codes can also be described by the
homological code model (see Section 3.4), while the K = 1 codes cannot.

What is the code distance of a m x n rotated toric code? It will surprise few to learn that it is

D = min(m,n). (34)
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Figure 15: Three examples of rotated toric codes. (a) An evenxeven code can be checkerboarded and encodes
two logical qubits. We show two cycles, red and blue, in the decoding graph representing two commuting, non-
trivial logical operators, e.g. X1 and Z,. (b) An oddxodd code can be checkerboarded with a defect (stitched
edges) and encodes one logical qubit. We show two cycles, red and blue (with purple edges and vertices where
they overlap), representing two anti-commuting logical operators, e.g. X and Z. (c) An odd xeven code is also
checkerboardable with a defect and encodes one logical qubit.

However, we would like to prove this. We divide the proof into cases — evenxeven, oddxeven,
odd xodd — though the proof is similar for each case. The general idea is to assume that there is a
logical operator [ that has weight less than min(m,n), then show that [ commutes with all logical
operators of the code, so it must be trivial (i.e. in the center of the group, i.e. a stabilizer). Thus,
D is at least min(m,n). Separately, we can show there is some non-trivial logical operator with
that weight.

The oddxeven case is slightly simpler so we start there. Say m (number of rows) is odd and n
(number of columns) is even. There is one logical qubit. Any column ¢ is a cycle, so w(c) is a
logical operator. Theorem 4.13 tells us w(c) is a non-trivial logical operator, but we can also see
this a different way. Let r be any row and ' be any cycle in the decoding graph such that the
support of the logical operator o(r’) is only within row r. Then o(r’) and w(c) anticommute and
so are both non-trivial logical operators. Also, w(c), o(r’), and the stabilizers generate the entire
group of logical operators, since there is only one encoded qubit. Fig. 15(c) shows an example of
these two logical operators for m = 3, n = 6. Note, we can find such anticommuting pairs for any
column ¢ and row 7. Therefore, if logical operator | has weight less than min(m,n), there is both
a column ¢ and a row r where it is not supported. Thus, it commutes with the entire logical group
and must be trivial.

In the evenxeven case, the only complication is that there are two logical qubits. Non-trivial logical
operators can still be confined to a single column ¢ and a single row r. There are two different
cycles ¢ and ¢” in the decoding graph such that support of o(¢’) and o(¢”) lie within column ec.
Likewise, there are two different cycles v and r”. See Fig. 15(a). By their commutation relations,
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we note that o(c’),o(c"),o(r"),o(r"), and stabilizers generate the entire group of logical operators.
Thus, as before, a logical operator [ with weight less than min(m,n) will not have support in one
column and row, thus commutes with all logical operators, and so must be trivial.

Finally, in the oddxodd case, there is one logical qubit. Any column c¢; is a closed trail and w(ey)
a non-trivial logical operator. However, the complementary logical operator is not confined to a
single row. Instead, given any row r and column cs, there is a cycle z in the decoding graph such
that o(z) has support only in r and ¢5. Moreover, w(c;) and o(z) anticommute no matter the row
and columns chosen. Set ¢; = ca = ¢. See Fig. 15(b). Now the same argument from before can
be applied: if logical operator [ has weight less than min(m,n), then it is not supported in some
column ¢ and some row r, but then it commutes with all logical operators and is trivial.

The preceding proof technique can be summarized in a lemma that is potentially useful for lower
bounding the code distance of any stabilizer code. If [ is a logical Pauli operator of stabilizer code
with stabilizer group S, we let D(I) be the minimum weight of an element of the coset [S.

Lemma 5.1. Let ! be a logical Pauli operator for stabilizer code S on N qubits and suppose there
exists positive integer i and collections Cy,Ca,...,C,, C P({0,1,...,N—1}) (where P(S) denotes
the power set of S) such that

1. For all C; and all distinct c,c’ € C;, cNc =0,

2. For all choices of ¢; € C;, there exists ly € IS, with supp (lo) € UL, ¢
Then, for all logical Paulis I that anticommute with [, D(I') > min, |C;].

Proof. Since logical operators [ and I’ anticommute, every element of [S anticommutes with every
element of I'S. Suppose, by way of contradiction, there is [{, € I''S with weight |I{,| < min, |C;|. For
all 7, because the sets in each C; are disjoint, there must be a set ¢; € C; such that supp (Ij)Ne; = 0.
However, some Iy € IS exists such that supp (ly) € 5, ¢;. Therefore, supp (ly) N supp (1) = 0.
So lp and I, do not anticommute, a contradiction. O

The total distance of the code is D = minjec(sy\s D(I). To lower bound the code distance it is

sufficient to fix a basis of logical operators for a code, e.g. {X;, Z;}, and find appropriate collections
satisfying the conditions of the lemma for each element of the basis.

For any rotated toric code, we need only two collections, C; the set of all columns and Cs the set of
all rows. With these collections, every non-trivial logical operator of the code satisfies the second
condition of the lemma (see the constructions of these operators in Fig. 15), and we immediately
get the lower bound D > min(m, n).

One thing to note when applying the lemma, is that because of the conditions on the collections Cj,
N must be at least D?/u. Thus, the lemma is unlikely to be useful for codes with N scaling better
than a constant times D?. Luckily, our codes must scale this way due to the Bravyi-Poulin-Terhal
bound [2]. For instance, symmetric rotated toric codes with m = n = D satisfy N = KD? if D
is odd and N = %KD2 if D is even. Because of the factor of 1/2, the latter family has twice the
code rate of the rotated surface code, Fig. 5(b).

5.2 General rotated toric codes

In this subsection we focus on a generalization of toric codes introduced by Kovalev and Pryadko
[15] and prove Theorem 3.9. These codes are defined by two vectors, L1 = (a1, b1) and Ly = (ag, ba),
where a;, b; are integers. Consider the infinite square lattice, and equate points z,y € R? if

r—yE S(Ll,LQ) = {mlLl +mgoLo : my,mg € Z} (35)

The vertices and edges of the infinite square lattice now map, using this equivalence, to vertices
and edges of a finite graph G(L1, L) embedded on the torus. With single qubits at each vertex
and stabilizers associated to faces, G(L1, L) defines a surface code via Def. 3.3. For instance, if

Accepted in {Yuantum 2024-07-11, click title to verify. Published under CC-BY 4.0. 36



b1 = 0 and as = 0, these codes are just the square lattice toric codes discussed in the previous
section. Referring back to Section 2.5, the infinite square lattice is acting as the universal cover
of the graph G(L1, Ls) on the torus, with the covering map described by equating points as in
Eq. (35).

Some of these rotated toric codes are equivalent despite being defined by different vectors L; and
Ls. The sets S(L1, Ly) and S(L}, L}) are equal if and only if L; = ¢;1 L1 + g2 Lo for some integer-
valued matrix g with det(g) = £1 [15]. In these cases, the codes associated to graphs G(L1, Ls)
and G(L}, L}) are also equivalent.

Code parameters N and K are relatively obvious given our general framework. First, N can be
calculated as the area of the parallelogram with sides Ly and Lo, or [15]

N = ‘Ll X LQ‘ = |a1b2 — blag‘. (36)

As also pointed out in [15], checkerboardability of the graph G(Li, Ls) depends on the parities of
IL1]l1 = a1 + b1 and ||Lz||y = a2 + ba2. A checkerboard coloring of the infinite square lattice can
be mapped to a checkerboard coloring of the finite graph G(Ly, Ls) if and only if, for all points
P € R?, the faces at points P, P + L, and P + Lo are colored the same. Moreover, those points
are colored the same if and only if || L||; and ||Ls||; are both even integers. Thus, we have

_J L |[Laflx or || L2]l1 is odd,
K= { 2, ||L1|lx and ||Lz]]1 are even. (37)
With regards to distance D, we first relate the (non)-triviality of logical operators to the topological
(non)-triviality of cycles in the decoding graph. To do this for non-checkerboardable codes, we need
to use the doubled graph of Section 4.3. Even the doubled graph does not resolve the issue that
cycle length in the non-checkerboardable code’s decoding graph is not necessarily the Pauli weight
(reflected in the gap in the upper and lower bounds of Theorem 4.10), and the next step is to
resolve this.

Consider first the checkerboardable rotated toric codes as also considered in [15]. In this case,
the faces of G(L1, Ly) are two-colorable, black and white. The decoding graph resolves into two
connected components which are duals of one another: the black component has vertices associated
to only black faces and the white component has vertices associated to only white faces. As both
these connected components embed naturally onto the torus, with qubits associated to edges and
stabilizers to vertices and faces, the homological description of toric codes applies [1]. We conclude
that a cycle in the decoding graph is non-trivial if and only if it is homologically non-trivial, or
equivalently, when mapped back to the infinite square lattice, it connects a point P with the point
P +my Ly + moLs where at least one of my or my is odd. Edges in the decoding graph follow the
vectors (1,1), (1,—1), (—1,1), or (—1,—1). Therefore, to get from P to P + mjL; + moLo takes
|lmi1L1 + maLs| e steps in the decoding graph. We conclude the code distance is [15]

D = min ||m1L1 + m2L2||DQ. (38)

m1,ma €L
(m1,m2)#(0,0)

We divide the non-checkerboardable case into two sub-cases. For now, assume ||L;]|; is odd but
IL2]|2 is even. We claim that the decoding graph of G(Lq, Ls), call it Ggec is isomorphic to either
connected component of the decoding graph of the doubled graph G(2L4, Ls), a checkerboardable
code. If one believes that G(2Lq, L) is legitimately a doubled graph of G(L1,Ls), then this
isomorphism follows from Theorem 4.10. However, we can be more explicit in the argument for
this example.

Therefore, let us show that Ggec and the black component G/ of the decoding graph of G(2L4, L2)
are isomorphic. Showing it for the white component is analogous. To establish some coordinates,
we imagine that graph G(L1, Lo) lies within the parallelogram P with corners (0,0), L1, L1 + Lo,
and L. Similarly, the graph G(2Lq, L) lies within the parallelogram P’ with corners (0,0), 2L,
2Ly + Lo, and Ly. See Fig. 16(a).

Consider the graphs G4ec and G, as a sets of points making up their edges and vertices. The idea
is that any point p in G/, that is also in the parallelogram P’ \ P should be mapped to p — L;.
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Figure 16: Regular tessellations of the infinite square lattice. Inside a single cell of a tessellation, the subgraph
of the infinite square lattice defines a toric code. In fact, both images show two tessellations, one outlined
in blue and one outlined in yellow. The blue tessellations have periodicity vectors Li and Ly and define non-
checkerboardable rotated toric codes. As argued in the text, the decoding graphs of these non-checkerboardable
codes are isomorphic to a connected component of the decoding graphs of the corresponding checkerboardable
codes defined by the yellow tessellations. Some paths (blue and red, purple where they overlap) in the yellow
codes' decoding graphs are shown, which, when mapped to a single cell of the blue tessellation, are anticom-
muting logical operators.

This places it within P. It is easily seen that this map takes the points of G/, to the points of
Gdec in one-to-one fashion and is a graph isomorphism.

The other crucial property of the map is that any cycle in Gge. that corresponds to single face
stabilizer maps to a cycle in G/ corresponding to a single face stabilizer, and vice versa. In this
way, we know that all trivial (both topologically and logically) cycles in G, map to (logically)
trivial cycles in Ggec. The cycle space of GY.. is generated by these trivial cycles as well as two
non-trivial cycles (because it is embedded on a torus). When mapped to Ggec, these two non-trivial

cycles must be anticommuting logical operators of the code.

Now, we start the other sub-case of non-checkerboardable codes. Say both ||L1]|; and || Ls||; are
odd. To come up with a related checkerboardable code, we have to alter the rotated toric code
construction slightly. Let G (L1, L) be the graph defined by equating points x,y € R? in the
infinite square lattice such that

x—y € Sg(Ly,La) :={m1Ly + maLs : my,ma € Z, my + ma is even}. (39)

This corresponds to tiling the plane with offset parallelograms, or hexagons with opposite sides
identified, see Fig. 16(b). Clearly, Gg(L}, L}) is always a checkerboardable code for any L} and
L,,. We claim that either connected component of the decoding graph of Gg(L1, Lz) is isomorphic
to the decoding graph of G(Ly, Ls).

Again, let Ggec be the decoding graph of G(L1, L) and G, be the black connected component
of the decoding graph of Gg(L1,L2). As before, we can imagine G(Ly, Ls) lying within the
parallelogram P and Gg(L1, L2) lying within the parallelogram P’. The isomorphism is also the
same map. Each point p in P’ \ P and in G, gets mapped to a point p — L; in P. Once again
this maps trivial cycles to trivial cycles. The two remaining generators of the cycle space of G,

when mapped to Gyec, are the anticommuting logical operators of the non-checkerboardable code.

With this setup, we finish the proof of Theorem 3.9.
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Proof of Theorem 3.9. The nontrivial part of Theorem 3.9 that remains is the proof of the distance.
Here, in the special case of cyclic codes L1 = (a,b) and Ly = (—b,a) with b > a > 0 and
ged(a,b) = 1. For checkerboardable codes, those in part (b) of the theorem, Eq. (38) applies and
simplifies to D = max(a,b) = b, as claimed.

The non-checkerboardable case, in which both || Ly ||; and || Lz|[; are odd, makes up the bulk of this
proof. Above, we characterized the nontrivial logical operators as topologically nontrivial cycles in
the decoding graph of a related checkerboardable code. We will take this a step further and change
coordinates to align with the decoding graph itself. This amounts to rotating and re-scaling L
and Lg.

Lfeczé( ! })le (;(b—i—a),;(b—a)), (40)
Ldee — % ( o )Lg - (—;(b—a), ;(b—&-a)) . (41)

Again, points z,y € R? are equated if x —y € Sg(L{, L3). It is now the decoding graph, rather
than the doubled graph, that is represented by applying this equivalence to the square lattice.

We look at topologically nontrivial paths in the decoding graph. By symmetry, we just consider
two cases: (1) paths from the origin O = (0,0) to 2L{*® and (2) paths from O to L{*® + L3¢, The
shortest path from point A € R? to B € R? clearly has length equal to ||B — A||;. The complica-
tion is that, due to the graph isomorphism between non-checkerboardable and checkerboardable
decoding graphs, edges located at points ey, es € R? act on the same qubit (one acts with Pauli X
say, and the other with Pauli Z) if

e — ey € T(LC, L3%) := {m1 L + my L3 : my, my € Z,my + my is odd}. (42)

Thus, the Pauli weight of a path is at most ||B — Al|; but may be less. Eq. (42) implies that if e;
is horizontal then es is vertical and vice-versa. So if a path has, say, more horizontal edges than
vertical edges, at most each vertical edge may be acting on the same qubit as a horizontal edge,
and thus the Pauli weight is at least ||B — A||oo. In summary, if we let |P(A4, B)| denote the Pauli
weight of a minimum weight path from A to B, we have shown

1B = Alloe < [P(A, B)| < [|B — All1. (43)

Moreover, because adding an edge to a path never decreases the Pauli weight, there is a path with
minimum Pauli weight that also has minimum length, namely, length ||B — A]|;.

For case (1), we argue that the path with lowest Pauli weight has weight | P(O, 2L{¢°)| = ||2L{*°|| o, =
a + b, matching the lower bound. We need only demonstrate an explicit path from O to 2L =
(a,b) with this weight. We can describe this with a string of symbols N and E representing moving
north and east, respectively. So, for instance, NENE = (NE)? would mean moving north, then
east, then north, then east. The path with minimum Pauli weight is then

(NE):0-e"DUNE*(EN): =D EE". (44)

Edges of opposite orientation act on the same qubit if they are separated in this sequence by
i(b4+a—1) E edges and 3(b—a — 1) N edges. For instance, the red edges in the sequence (44)
act on the same b — a qubits as the blue edges. Thus, while the sequence’s length is 2b, its Pauli
weight is 2b — (b — a) = a + b, as claimed. See Fig. 17 for an example.

For case (2), we argue that the path with lowest Pauli weight has weight |P(O, L{¢ + L$e°)| =
|L{e¢ + Lde¢||; = a + b, matching the upper bound on path weight. Therefore, we must reason
that, in going from O to L{*°+ L3*® = (a,b) one can take no advantage of edges acting on the same
qubit. According to the comment just below Eq. (43), we can restrict our investigation to minimum
length paths. We argue that, for any ¢ € T/(L{®, L3*°) and any edge e, no minimum length path
contains both e and e + ¢t. If we show this claim for ¢, it implies the claim for —¢. So assume
t = mlL‘fec + mngec = (ts,ty) and that, without loss of generality, m; > msy. Note, because ¢
associates edges of opposite orientation, both ¢, and t, are half-integers and so necessarily nonzero.
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Figure 17: lllustrating the proof of Theorem 3.9 with a specific example. We show a path from O to O + 2L%*
consisting of red, black, and blue edges. Each red edge can be paired with a blue edge that is located a vector
L% away and acts on the same qubit. The dashed lines show a path from O to O + L3 + L3 with minimal
Pauli weight in which no two edges act on the same qubit. The logical operators represented by the solid and
dashed paths anticommute.

We introduce three easily-verified conditions that preclude any shortest path from containing both
edge e and e+t. If (A) |t;| > a or (B) t5t, < 0or (C) [t,| > b, then the shortest paths are restricted
in this way and the shortest path’s length equals its Pauli weight. We show all ¢ € T(L{e¢, Lge°)
fall into one of these two cases.

First, assume m; > 0. Then, because my; > mo and b > a > 0, t, > mia > a. This falls
into case (A). Next, assume mg < m; < 0. We find ¢, < —a/2 < 0. If t; > 0, case (B)
applies and we are done. So, suppose t, < 0. Then (m; + mz) < —(m1 — m2)b/a, which implies
|ty|/b > (m1 —ma2)(a® + b*)/2ab > 1, and we have case (C). O

5.3 New hyperbolic codes

In this section, we discuss how one can construct hyperbolic quantum codes using Definition 3.3.
We restrict to regular tilings of hyperbolic space, and as a result the set of codes we create here is
incomparable with the set of regular homological codes created in, for instance, [11, 16, 17]. Codes
in our set that are not in the regular homological set include non-checkerboardable codes, as well as
some checkerboardable codes defined on graphs with even vertex degrees larger than four. Codes
in the homological set not included in our set include those with face (e.g. Z-type) and vertex
(e.g. X-type) stabilizers of different weight. In principle, using our code construction on irregular
tilings would reproduce all homological hyperbolic codes and more, but irregular graphs are more
difficult to study systematically than regular graphs, and so we do not consider them here.

The automorphism group Aut(R) of a rotation system R = (H, A, p,7) is the group of all permu-
tations of H that commute with A, p, and 7 [28]. Because of the transitivity of the monodromy
group M (R) on H, knowing where £ € Aut(R) sends a single flag h € H is enough to fix the action
of k on all of H. Therefore, the largest the automorphism group can be is |H|. If [Aut(R)| = |H|,
then the rotation system is regular, and it represents a regular graph, i.e. all vertices have the same
degree, say n, and all faces have the same number of adjacent edges, say m. These graphs are
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Tiling | N | K | D Generators Orientable?
(5,4) |20 5 | 4 (pTpN)3, (pAT)° No
6 | 3] 2 (pAT)3 No
(4,6) 1516 | 2 (pTpA)3, (pAT)? No
’ 2419 [ 3 [ (pA1pN)3, (pTpA)%, (pAT)8 No
3011 ] 3 (pTpA)3 Yes

Table 3: Some very small hyperbolic codes on non-checkerboardable graphs. The (5,4) example in particular
uses fewer qubits than any distance four hyperbolic code in [17].

called (m,n)-regular. A simple calculation and Eq. (1) shows

= (5 +1-3) 18 (45)

7+77
m n 2

All flags in regular rotation systems are equivalent up to automorphism. Therefore, it is sensible
that there is a description without an explicit set of flags H. This description is realized by first
specifying a free group along with identity relations on its generators:

F=MprN =0 =72 = (3)* = (W)™ = (pr)" = 1). (46)

However, only if x > 0, or equivalently, 1/m + 1/n > 1/2, is the group F finite. Additional
identities are necessary to compactify infinite graphs. Compactified regular graphs are in one-to-
one correspondence with normal subgroups of F with finite index, and moreover these take the
form of free groups with additional identities r; imposed on the generators, e.g.

Fe=p, N =p> =72 = (A7) = (\p)™ = (pr)" = 1 and r;(\, p, 7) = 1,Vi). (47)

To find normal subgroups of F., one can use a computer algebra package such as GAP [50, 51].
Appendix H gives an example of using GAP for this purpose. We tabulate some small examples
of non-checkerboardable hyperbolic codes in Table 3 and draw some explicit examples in Fig. 18.

Of course, non-checkerboardable codes like those in Table 3 and Fig. 18(a) are not equivalent to
homological hyperbolic codes. What is less obvious is that even some checkerboardable codes, like
the [32,10,4] code shown in Fig. 18(b), are not equivalent to homological hyperbolic codes on
reqular tilings (though they are equivalent to a homological code on some irregular tiling). To
see this, suppose we define a surface code in our framework on a (m,n)-regular tiling with m > 4
being even. Since m > 4 this is not a medial graph of any other embedded graph. However, we
should also show that even after we decompose vertices into degree-four vertices using Fig. 3 the
graph is still not a medial graph. Suppose it is, so that after the vertex decomposition we have
a (m',4)-regular tiling. If before the decomposition we have V vertices and F faces, after the
decomposition there are V! =V + (n — 4)V/2 = (n — 2)V/2 vertices and F faces. By regularity
of the tilings, F' = nV/m = 4V’/m’. This implies m’ = (2n — 4)m/n, which must be an integer.
When (2n — 4)m/n is not an integer, it is not possible to end up with a medial graph after the
vertex decomposition. An example is when n =4 and m = 6, as for the code in Fig. 18(b).

Finally, we point out that the face-width lower bound on code distance, Theorem 4.11, is applicable
to the hyperbolic codes in this section. Using it and explicitly finding logical operators with that
weight, we can verify the distances of the non-checkerboardable codes in Table 3. The [32,10,4]
code in Fig. 18(b), being checkerboardable, has distance lower bounded by the shortest homologi-
cally non-trivial cycle in its decoding graph, Corollary 4.7. This gives 3 < D, or, in other words,
any non-trivial logical operator acts on qubits at three different vertices. However, we argue it
must act on both qubits at at least one of these vertices, and thus be at least weight four. Focus
on the X-type logical operators; the Z-type are analogous. Note each vertex is surrounded by
three Z-type faces, IZ, Z1I, and ZZ. Thus, the homologically non-trivial cycle with length three
must visit a face of each type. At the vertex where it passes from the IZ to the ZI type face, it is
supported on both qubits, namely as X X. Therefore, the minimum weight logical operator is at
least weight four, and it is easy enough to find one with this weight.
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Figure 18: (a) A [20,5,4] hyperbolic code from a (5,4)-regular tiling of a genus six non-orientable manifold.
(b) A 32,10, 4] hyperbolic code from a (4,6)-regular tiling of a genus ten non-orientable manifold using the
relations (A7p7p)® = (tpAp)* = (pA7)® = 1. As indicated by letters, edges are identified to compactify
the tilings. Non-primed lettered edges are matched orientably, i.e. one edge is directed clockwise, the other
counterclockwise. Primed lettered edges are matched non-orientably, i.e. both edges directed clockwise. In (a),
example actions of the generator permutations are shown as well. In (b), because the code distance depends
on the choice and orientation of the CALs, we label each face with the Pauli that should act on each vertex of
the face.
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Figure 19: Circle-packing codes encoding K = 1,2,3, and 4 qubits in order of size. The packed circles in the
background act as a coordinate system, and are not part of the graphs or codes. In the top left, we show the
triangle code and the entire square lattices of qubits making it up. In other drawings, the lattice interiors are
abstracted away. Odd-degree vertices, or twist defects, are shown as yellow circles. One can continue attaching
square patches, following the pattern established in these first four examples, to grow the code down and to
the right and obtain a family where N = (2K + 1)D”. Therefore, ¢ = (2K + 1)/4K approaches 1/2 as K
increases.

5.4 Two more ways to generalize the triangle code

In [6], the authors presented the family of triangle codes; the distance 5 version is pictured here in
Fig. 5(a). This family has been generalized by Kesselring et al. to the stellated codes [9]. Stellated
codes feature an improved constant in the relation N = ¢K D? namely ¢ = s/(2s — 2) for odd
integers s specifying the degree of symmetry (s = 3 for the triangle code, s = 5 for the code in
Fig. 5(c), etc.), and so ¢ approaches 1/2 as s — oo.

One curiosity in the stellated codes is that the qubit density in the center becomes large as s grows.
One might wonder if there is a family of planar codes for which ¢ approaches 1/2 that does not
have this singularity. There is indeed such a family of codes, provided one accepts a conjecture on
its code distance.

We begin the construction of this family by imagining “gluing” square surface code patches, like
that pictured in Fig. 5(b), together. For instance, one can glue three distance D = 3 square
surface code patches together to obtain the D = 5 triangle code, Fig. 5(a), and five distance D = 3
patches to obtain the code in Fig. 5(c). To ensure that the qubit density is bounded by a constant
throughout the resulting graph, we should not glue too many patches together around a single
vertex. We glue at most four patches around a vertex, and the maximum vertex degree in the
graph is six, leading to at most two qubits at a vertex.

Twist defects, the odd-degree vertices in the resulting graph, should be spaced apart by graph
distance D — 1 to get a distance D code. Therefore, we imagine each square patch is (D + 1)/2-
by-(D + 1)/2 qubits in size, and that the only odd-degree vertices are located at two corners of
the patch, diagonally opposite one another. If we glue the patches together accordingly, we get
codes as in Fig. 19. We refer to this family as circle-packing codes, because of the way in which
odd-degree vertices are closely packed. Because the addition of a square patch of roughly D?/4
qubits adds one additional twist, and two additional twists are required to add a logical qubit, we
have N — K D?/2 for these codes as K gets large.

A seemingly strange feature of the circle-packing codes is how they do not fill a 2-D area but
are rather grown outward in one direction. However, one can easily see that filling a 2-D area
with the same pattern of square patches results in a worse constant c¢. Suppose we have glued F
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Figure 20: Two examples of stellated codes embedded in higher genus surfaces, (a) a [13, 2, 4] code with s = 3
and t = 2 and (b) a [23,4, 4] code with s =5 and t = 2. They are drawn within a 2s-gon with opposite sides
identified. The [13,2,4] code actually has optimal distance for a quantum code with N =13 and K = 2 [52].

square patches together, filling a large 2-D area, so that the perimeter is much smaller than the
volume. Then, because we can neglect the perimeter, there are 2F/3 odd-degree vertices, implying
K ~2F/6 and N ~ F(D/2)? = 3KD?/4.

We note explicitly that we did not prove that the distance of the circle-packing codes is actually
D, unlike the more exaggerated proofs in Secs. 5.1 and 5.2. We expect this is the code distance due
to comparison with the similar codes in [6] and [9] and the confidence with which those authors
state the code distances (though one might say they are also lacking rigorous proofs).

A second way we can generalize the stellated codes is by embedding them in higher genus (g > 0)
surfaces. By Corollary 3.8, a larger genus can lead to more encoded qubits, assuming any reduction
in the number of odd-degree vertices does not outweigh the effect. Our higher genus embeddings
double the number of encoded qubits with small reductions in both N and D.

The idea of the higher genus embedding is to draw the stellated code with odd symmetry parameter
s into a polygon with 2s sides and identify opposite sides of the polygon to make an orientable
manifold. In fact, this manifold is a torus with g = (s — 1)/2 holes. This embedding results in two
odd-degree vertices with degree s, a single vertex with degree 2s, and all other vertices having degree
four. Suppose the graph distance from the code’s center to the boundary is ¢. Then, N = st?4s5—2,
K = s—1, and we conjecture D = 2t. Thisleads to N = +(K+1)D*+K—1= 1KD?*+0(D*+K),
so that if both K and D are large, we have ¢ = 1/4.

We believe the code distance is 2t because the code distance of a stellated code in the plane is
2t + 1, the length of some logical operators that cross the code from one boundary to another.
In the higher genus case, the qubits on the boundary are identified, reducing the weight of such
operators by one. It is easy to see that 2t is indeed an upper bound on D by finding a logical
operator (one crossing the code, as described) with that weight.

6 Open problems

In this work, we took a rigorous look at qubit surface codes defined from embedded graphs. We
related them to Majorana surface codes, calculated the number of encoded qubits, and bounded
the code distance in general with more specific cases worked out exactly.

There remain some interesting questions, however. First, it would be very nice to be able to
calculate (efficiently) the code distance of an arbitrary surface code defined by Definition 3.3. We
illustrated a prickly example in Fig. 14 and the codes in Section 5.4 lack rigorous distance proofs, for
instance. If the distance cannot be efficiently calculated exactly, can a multiplicative approximation
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be found better than the factor 1/2 approximation of Theorem 4.107 Inapproximability (see
e.g. [53]) in complexity theory might be applicable if indeed the exact distance calculation is NP-
hard. We note that existing algorithms for exact distance calculation in the literature are limited
to CSS surface codes [16] or require exponential time for some of the codes in our formalism [54].

A second interesting problem is to create a graph-based formalism for color code twists as described
by Kesselring et al. [9]. By this we mean that one should be able to define twisted color codes
on arbitrary embedded graphs, where the variety of twists correspond to (local) features of the
graph, just as we found that surface code twists arise at odd-degree vertices. For instance, while
untwisted color codes are defined from graphs with 3-colorable, even-degree faces, a twist may arise
in a more general graph where a face has odd-degree.

A third direction would be to literally add a third direction: can a lattice-based formalism be
used to describe the variety of surface codes and twist defects in 3-dimensions and beyond? Here
things may in general get messy due to the lack of classification theorems like those for 1D and 2D
codes [55, 56]. Still, we do not need to demand that the framework describe every 3D code by a 3D
lattice, just that every 3D lattice gives rise to some 3D code. We probably would want some known
family, like the toric code, to arise from the construction on the cubic lattice, and that something
interesting (better code parameters, fractal logical operators, etc.) happen for other lattices.

Finally, probably the most practical open problem is to find lower bounds on the constant ¢ in
the relation N = cK D? [2] that holds for 2-dimensional codes. Note that ¢(w, M) may depend on
both the maximum stabilizer weight w and the manifold M. Therefore, a concrete question is, for
instance, limited to stabilizers of at most weight five in the plane R2, what is the smallest possible
value of ¢(5,R?)? We believe the best known is ¢(5,R?) approaching 1/2, see Figure 19. If one
allows weight-six stabilizers, as in the color codes of [9], then ¢(6,R?) can approach 1/4. One can
generally concatenate two 2-dimensional codes (e.g. surface codes) with the [4,2,2] code to get a
color code with N' = 4N, K/ = 2K, D' = 2D, and w’ = 2w [57]. Therefore ¢(2w, M) < ¢(w, M)/2
for any w and M.
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Appendices

A Graph embeddings from oriented rotation systems

The goal of this appendix is to establish an equivalence between graphs embedded in orientable
manifolds and a combinatorial object called an oriented rotation system. It is easier to see this
equivalence in one direction — start with an embedded graph in an orientable manifold and develop
the oriented rotation system description. We do this first below, and sketch a more formal argument
for the converse direction after that.

As was already mentioned before in Section 2.2, the oriented rotation system is a special case of the
general rotation system. Since the manifold is orientable, one can unambiguously define a “side”
of the manifold, and thus one does not need to maintain a flag for each half-edge (defined below in
Defintion A.1), one for each side of the manifold. Thus one can simply work with the half-edges,
two for every edge of the graph. As in the case of general rotations systems, the vertices, edges,
and faces of the graph embedding will be sets of these half-edges.

Definition A.1. An oriented rotation system is a triple Ro = (Hp, v, €), where Hop is a finite set
of half-edges (sometimes called darts), and two permutations v : Ho — Hp and € : Ho — Hp
satisfying the additional properties

(i) € is a fixed-point-free involution, meaning €2 = Id, and eh # h for all h € Ho.

(ii) The free group (v, e€) generated by v and e, acts transitively on Hp. This means that for all
h,h' € Hp, one can find k € (v,€) such that kh = h'.

We now define the three sets

V ={v C Hp : v is an orbit of the free group (v)},
E ={e C Hop : e is an orbit of the free group (¢)}, (48)
F={f C Hp: fis an orbit of the free group (ve)}.

We call elements of these sets the vertices, edges, and faces of the oriented rotation system, respec-
tively. So, condition (i) ensures edges are sets of exactly two half-edges, and thus |Hp| is even,
while condition (ii) ensures the graph is connected.

Thus given an embedded graph G(V, E) in an oriented manifold M, to get the oriented rotation
system (Hop,v,€) corresponding to it, we first create a set of half-edges Hp with each edge in
E contributing two half-edges. Let e € E with corresponding half-edges h.,h. € Hp. The
permutation € is defined so that eh, = h., and eh], = h, for every e € E, and note that property (i)
of Definition A.1 is satisfied. If e is adjacent to vertices v,v" € V (v =1’ if e is a loop), we assign
he and h., to v and v’ respectively. Thus each vertex v gets assigned exactly deg(v) half-edges,
and conversely each half-edge in Hp is assigned to exactly one vertex in V. This partitions Hp
into disjoint subsets indexed by the vertices. Now choose a continuously varying outward normal
on M, which is possible since it is orientable, fix a vertex v € V, and let (Hp), be the half-edges
assigned to it. We can enumerate the edges adjacent to v in counterclockwise order with respect
to the outward normal, where an edge appears twice successively in this enumeration if it is a
loop. Then replacing each edge in this ordering by the corresponding half-edge that it contributes
to v, gives a counterclockwise ordering of (Hp),. The permutation v for (Hp), is defined to be
the cyclic permutation given by this counterclockwise ordering, and repeating this at every vertex
completely specifies v. It follows easily that property (ii) of Definition A.1 is satisfied if G is
connected. This completes the construction of the oriented rotation system (Hp,v,€). See Fig. 21
for an example. However, the description we just provided fails to capture graph embeddings in
non-orientable manifolds, because in that case we cannot choose a continuously varying outward
normal.

Next, we show how to get a graph embedding on an orientable manifold starting from an oriented
rotation system Rop = (Hop,v,€). Recall that the rotation system gives rise to a set of vertices V,
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Figure 21: A graph embedded onto the torus and its oriented rotation system. An orbit of (v), an orbit of (e},
and two orbits of (ve) are shown. These correspond to an edge, a vertex, and two faces of the graph embedding.

edges E, and faces F, which are orbits of (v), (¢) and (ve) respectively. The graph specified by
Ro, consists of vertices and edges labeled by the elements of V' and E respectively (in a bijective
fashion), so we can use the notation G(V, E) to denote the graph without any ambiguity. A vertex
v € V and edge e € E are adjacent if v Ne # (. One notes that property (ii) of Definition A.1
guarantees that G is connected.

In addition to specifying the graph connectivity, Ro also specifies an embedding of GG, where the
faces of the graph embedding are in bijection with the elements of F' — this justifies the use of the
notation G(V, E, F) to denote the graph embedding. We will now briefly sketch how to obtain this
embedding starting from Ro. For this we establish some additional notation: for every half-edge
h € Hp, let [h], € V be the unique vertex that contains h and, likewise, let [h]. € E be the
unique edge that contains h. Adjacency of vertices, edges and faces for oriented rotation systems
are defined by non-trivial intersection (just as for general rotation systems), so for e.g. a vertex v
and a face f are adjacent if and only if v N f # 0.

The construction starts by assigning an open disc B7(0,1) C R? to each face f € F of Rp. For a
face f, let us order the half-edges in it as {ho, ..., hjs—1}, where h; = (ve)ih for any h € f chosen

arbitrarily. Now for the closed disc B(0,1), first let S} denote the boundary circle parameterized
in polar coordinates, and place |f| distinct points 0 = 6y < --- < 05—y < 27 on S’ch. Let
wWo, - - -, w|f|—1 denote the open segments that result defined as w; = (6;,0;41) for 0 < i < |f] -2,
and wjf|—1 = (0|§—1,27), and then define a marking function My : Ulii‘gl{(‘)i,wi} —VUHp as

o= {4278

The combined effect of the marking functions for all the faces is that each half-edge h gets associated
with exactly one open segment of a boundary circle S}c for some face f, while each vertex v gets
associated with exactly |v| points in different boundary circles. Finally, we take the disjoint union
space | | feF B(0,1) and define an identification rule ~ for points on the boundary circles as follows:

(i) For every half-edge h € Hp, if (0,,65) and (¢, 6;) are the open segments associated with h
and eh respectively, identify these segments using the map (6,,0,) > « — x(0;, — 6.,)/(0, —
) + (8u, — 008,)/ (0 — 01 € (81,6},

(ii) If points 0,6’ are associated with vertices v, v’ respectively, then they are identified if and
only if v = '

The quotient space M = | |, Bf(0,1)/ ~ that results under this identification is an orientable

manifold (we omit the topological details), and G(V, E) is 2-cell embedded in it. The graph em-

bedding map I is obtained as follows: (a) if a vertex v € V' is associated with points {01,...,0),},
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then I'(v) equals the equivalence class of these points under ~, (b) if a half-edge h is associated
with an open segment (6, 60;) then for the corresponding edge e = {h, eh}, T'(e) equals the closure
in M of the equivalence class of (6, 6,) under ~.

B Chain complexes

In this appendix, we translate the discussion of Section 2.4 into the language of chain complexes.
Any graph embedding G(V, E, F') can be associated with a chain complez, consisting of O-chains, 1-
chains, and 2-chains. A 2-chain is a formal linear combination of the faces of the graph embedding
with coefficients in Fo, that is an expression of the form

> cpf, cf €Fy, (50)

feF

and the set of all 2-chains form an Fa-vector space of dimension |F|, which we will denote as
C5(G). Similarly, 1-chains and 0-chains are defined to be formal linear combinations of edges and
vertices of the graph respectively, with coefficients in F5. The set of all 1-chains, which we will
denote C}(G), and the set of all 0-chains, which we will denote Cy(G), form Fa-vector spaces of
dimensions |E| and |V| respectively. It is clear that the set of faces, edges, and vertices form a
basis for C»(G), C1(G), and Cy(G) respectively.

Associated to these vector spaces are two linear maps, called boundary maps d, and 9;. To define
these maps, we need the face-edge adjacency matrix ® defined in Section 2.3, and also need the
edge-vertex adjacency matrix de ]F|2E|X‘V‘, which we define to be ® = %BA—r (recall that A, B are
defined in Section 2.2), with the result reduced modulo 2. Note that |e Nv| = 0,2, or 4, with the
case |e Nv| = 4 corresponding to the case when both the endpoints of e are incident on v. Thus

given an edge e and a vertex v, we have that &;ev =0if [eNnwv| =0 or 4, and (f)ev =1liflenv| =2.
The maps 01 and 0y are now defined by their action on the basis elements of their domains as
follows, with the convention that an empty sum is the zero vector:

0y: Co(G) = C1(G), Oa(f):== Y. e VfEF,
{e:Pp.=1}
01: C1(GQ) = Co(@), 01(e) := Z v, Ye € E,

{0:PBey=1}

(51)

and these maps are extended uniquely by linearity to the whole domain. This also shows that
the matrices ® and ® " are the matrix representations of the linear maps 9; and d respectively.
With these boundary maps defined, we have the chain complex given by the diagram

Co(G) 22 01(G) 25 Co(@). (52)

The first homology group over Fy can now be equivalently defined to be the quotient vector space

kernel(0;)
H(G,Fy) = —————=. 53
1(G,F2) range(ds) (53)
This definition makes sense because 0y o do = 0, which can be verified directly by showing

Y e Pe®ey = 0 modulo two for all f € F, v € V. Calculate

Y Vo= Y Dey= % > BepAyn mod 2 (54)

eckE e:Pr.=1 e:®r.=1 heH
= Z [{[h]; € H/T : [h]: Ce,v}| mod 2 (55)
e:dPro=1
= |{[h]; € H/7 : [h]: Cuv,|[h]l- N f|=1}] mod 2 (56)
={heH:hev, f}| mod2=0. (57)
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Going from Eq. (54) to Eq. (55) involves noticing that if Bep Ayp = 1 then Be rp Ay rn =1, Bep, = 1,
and Ay, = 1. If Ay, = 1, then [h]; = {h,7h} C v by definition of vertex-flag adjacency matrix
A. Likewise, if B, = 1, then [h]; C e by definition of edge-flag adjacency matrix B. To show
Eq. (56) use the definition of ® to conclude that any edge e = {h,Th, Ah, TAh} for which ®;. =1
shares exactly one of h and 7h with f. Because we evaluate the set size modulo 2, we can count
flags shared between v and f directly as in Eq. (57). We conclude the number of shared flags is
even by noting that for every flag h € v, f, there is another flag ph € v, f.

One should also note the following. Let us decompose the set of edges F into disjoint sets E’ and
E" where B' ={ec E: ®;. =0 Vf e F},and £ = E\ E’. Then defining the subspaces C{(G)
(resp. CY(G)) to be formal linear combinations of edges in E’ (resp. E’) with coefficients in Fo,
we see that C1(G) can be written as a direct sum C1(G) = C1(G) & CY(G). From the definition
of 95 in Eq. 51, it is then clear that range(d2) C C7{(G).

Since trails are elements of ]F‘QEl, we now see that they are 1-chains. However, not every 1-chain
is a trail. On the other hand, every edge is a trail and an 1-chain, and thus the group 7(G) can
be canonically identified with the Fo-vector space C1(G), such that trails are identified with their
corresponding 1-chains, and the identification is a group isomorphism. Once this identification is
made, we can trace through the definitions of Z(G) and B(G) in Eq. (4), and that of 9, and 95 in
Eq. (51), to conclude that Z(G) is identified with kernel(d; ), and B(G) is identified with range(9s).
Thus cycles of G are elements of kernel(9;) and boundaries of faces of G are elements of range(ds).
This proves the equivalence of the two definitions of Hy(G,F3) in Eq. (5) and Eq. (53).

C Paulis with arbitrary commutation patterns and CALs

In this appendix we first do a very brief review of the Pauli group and recall some of its basic
properties. We then analyze the problem of finding a list of Paulis given a desired commutation
pattern. As a special case, we study the case of cyclically anticommuting list of Paulis in some
detail, which is a key tool in the construction of the qubit surface codes of Section 3.3.

C.1 Basic definitions

A multiset M is a set with repeated elements. The multiplicity v(m) of an element m € M is
defined as the number of occurrences of m in M. For a set A, if m € M implies m € A, then we
say M C A. If M’ is another multiset, then we say M’ C M if and only if the following condition
holds: for each m € M’ with multiplicity v/(m), it must hold that m € M and v'(m) < v(m). If
M’ C M and M’ # M then we write M’ C M. An ordered multiset is a list.

The Pauli group P; on one qubit is the 16 element group consisting of the 2 x 2 identity matrix
15, and the Pauli matrices

X[(l) é] Y[? 61 andZLl) _OJ, (58)

together with all possible phase factors of +1 and +i. The n-Pauli group P,, on n qubits (n > 1),
with qubits numbered 0, ...,n — 1, is now defined to be the group

Pn = {77 (O’Q Qe ®O’n,1) ne {:l:].,:l:i},O'j S {IQ,X,Y,Z} v‘]}, (59)

where ® denotes the Kronecker product of matrices. The support of a Paulip =7 (69®- - -®0,—1) €
P, which we define as supp (p) := {0 < j <n —1:0; # I1}, indicates all those qubits where it
acts by either X, Y or Z. For brevity we will often simply list the Pauli matrices acting on the
support of a Pauli, with a subscript per matrix indicating the qubit where it acts. For example,
p = 1XoY2Z3 indicates that p acts on qubits 0, 2 and 3 with X, Y and Z respectively, and with
Iy on all remaining qubits. Another equivalent notation for representing p (frequently used in
Appendix F) is to drop the ® symbol, which gives a string of length n with a phase factor in
front. This is called the string representation of Paulis. In a string representation, since there is
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never any chance for confusion, I, is replaced by I to simplify the notation. For example if n = 5,
the Pauli 1XqY>Z3 has the string representation +X1Y ZI. Moreover one can optionally combine
alphabets appearing consecutively in a string representation, for which we give an example: for
n = 5, if XXIIZ is the string representation of a Pauli, then it is also equivalently written in
compressed form as X®21®27. We define the abelian group P, to be the quotient group P, /(il),
i.e. if p € Py, then it is an equivalence class of the form p = {p, —p,ip,—ip} = (iI,p) for some
p € Pp, where [ is the identity element of P,,, the 2™ x 2" identity matrix. In this appendix and
also in the next, if p € P, then [p] will refer to the equivalence class of p in P,,, and the support
of [p] is defined to be the support of p. The weight of any element of P, or P, is defined to be the
number of qubits in its support. For any [p] € P,,, where p =7 (60 ® - ®0u_1) € Pp, we define
the restriction of p (resp. [p]) to qubit j for any 0 < j < n — 1, to be a; € Py (vesp. [o;] € Py).
An element p € P, (resp. p € 75n) is called X-type if and only if the restriction of p (resp. p) to
qubit j is either I or X (resp. [Is] or [X]), for all 0 < j < n — 1. We similarly define Y-type and
Z-type elements of P,, and P,,.

P,, is a non-Abelian group of size 4" *!, and each element of P,, is traceless, while we have |75n| = 4",
Any two elements p, ¢ € P, either commute or anticommute, and we will use the notations [p,q] =0
and {p,q} = 0, to denote these two cases respectively. Note that {p,q} can also refer to the set
containing the elements p and ¢, but this difference will either be clear from context, or we will
explain the usage whenever there is a chance for confusion. For convenience, we define a function
Com : P,, x P,, — Fs, that will be useful in some places, as

Com(p, q) = % (1—"Tr (pgp'q') /2), (60)

which satisfies Com(p, ¢) = 0 if and only if [p,q] = 0. Thus Com is a symmetric function of its
arguments. Two elements p,§ € P,, will be said to commute (resp. anticommute)® if and only if
for any chosen representatives p € p and ¢ € ¢, p and ¢ commute (resp. anticommute), and we will
use the same notation as above to express commutativity. For any non-empty, ordered multiset
H={p1,...,pe} C P,, such that |H| = ¢, we define following [38], the commutativity map with
respect to H, to be the function Comy : P, — 4,

A

(Comy(q))i = Com(q, pi), where ¢ ={[q], pi = [ps], V1<i<l{, (61)

and we say that q € P, generates the commutativity pattern Comgy (§) with respect to H.

Commutativity of Paulis can also be represented in yet another equivalent form. Since the phase
factors of two Paulis p,q € P, do not influence their commutativity, it is often convenient to
represent a Pauli p =17 (09 ® - - - ® 0,,—1) in symplectic notation [58] ignoring the phase factor 7,
that is as a binary (row) vector v, € F3" such that for 0 < i < n —1, (v,); = 1 if and only if
o, € {X,Y}, and for n <i <2n —1, (vp); = 1 if and only if 0;_,, € {Y, Z}. As binary vectors,
Paulis p and ¢ commute if and only if vav;r = 0 where A = (I(i I(;‘ ) € Fg"“" written using n X n
blocks [58], I, is the n X n identity matrix, and all operations are performed over Fs.

Alist H = {po,...,pe—1} C Py is called anticommuting (resp. commuting) if and only if {p;, p;} =
0, for all 4 # j (resp. [ps;,p;] = 0 for all 4,7). Recall from Definition 3.2 that a CAL on n qubits
is a list C = {po,...,pe—1} C Pp, with the property that for distinct ¢ and j, {p;,p;} = 0 if and
only if j = (¢ £ 1) mod £. Singleton lists and the empty list are considered to be anticommuting
lists and CALs by convention. Similarly we also say that a list H C P, is anticommuting (resp.
commuting) if the resulting list of P,, obtained by replacing each element in H by exactly one of its
representatives (which can be chosen arbitrarily) is anticommuting (resp. commuting). We define
a CAL of P, analogously to be a list C C P,., such that the list obtained by replacing each element
of C by a representative is a CAL in P,, and it is called extremal if it has length £ > 1, and there
is no CAL of same length on fewer qubits.

We will define the product of all elements in a liss H C P, to be [[H := [],c4 p, (this product
is ordered). Product of multisets of P, is defined in a similar fashion, except the ordering does

5This notion of commutativity of elements of P, is different from that due to the group operation on P
Elements of P,, always commute under the group operation on Py,.
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not matter as all elements of P, commute under the group operation. By convention the product
of the empty set is defined to be the identity element I € P,, (resp. [I] € P,). Given a multiset
H ={po,...,pe—1} C Py, the symplectic representation of Paulis allows us to define its dimension.
Writing each Pauli in the symplectic notation gives a matrix H € Fg“” whose each row is a Pauli
in H, and we define dim(H) := rank (H). In words, dim(H) is the size of the smallest subset
of H that generates all its elements up to phase factors — thus it satisfies dim(#H) = min{|H’| :
H CH,(H,il) = (H,il)}. We say H is independent if and only if dim(H) = |#|. Dimension
and independence of multisets of P,, are now analogously defined in terms of the dimension and
independence of the multiset of P,,, obtained by choosing representatives. Finally, if p € 737“ and
qe 75"“ the Kronecker product of p and g, is defined as p@ § = [p®q| € 75n+m, where p € p, and
q€q.

C.2  Constructing a list of Paulis given desired commutation relations

Suppose C' € nge is a matrix specifying the commutation relations for an unknown list of Paulis
{po,...,pe—1} C P, (not necessarily all distinct), that is C;; = Com(p;,p;). Hence, C' must be
symmetric and must have zero diagonal (i.e. C;; = 0 for all 7). In this subsection, we answer the
following questions:

(i) From C alone, can we find Paulis p; that obey the specified commutation relations?

(ii) What is the minimum number of qubits n required to achieve C?

The key idea to answering these questions is to simultaneously row and column reduce the matrix
C. We start by analyzing a symmetric rank-revealing factorization algorithm, which is important
in the sequel. We make use of the elementary row operations E(*) ¢ ]Féxe, defined by Ei(jh’k) =1
if and only if i = j, or (i,j) = (h, k). If h # k, when a matrix is multiplied by E("*) on the left,
its ' row is added to its h** row, while when multiplied by (E (h”“))—r on the right, its £*" column
is added to its h'" column. We will refer to the latter as elementary column operations. Note also
that E(%) is self-inverse. If h = k, E") equals the identity matrix. Now consider Algorithm 2,
where all operations occur over the field Fo (note that Algorithm 2 may be of independent interest

elsewhere).

Algorithm 2

1: procedure LBLDECOMPOSE(C) >C € nge is symmetric with zero diagonal
2 Set B« Cand L+ I

3 Fori=1to/—1:

4 Find the smallest index j; such that B;;, = 1. If none exists, set j; < i.

5: While there exists k > ¢ such that By;, = 1:

6 B« E®)B (BkD)" > Set Byj, = Bj, =0
7 L < LE®Y
8 Return B and L

Lemma C.1. Let C € Féxe with £ > 1, such that C = CT and Cy = 0 for all i, and consider
Algorithm 2. Let B = C, and for i > 1, let B®) denote the matriz B after the end of iteration
i of the for-loop. For i > 0, let B"¥) denote the upper-left k x k block of B, i.e. all rows and
columns numbered 1 to k. Then for all1 <i</{—1

(a) B s symmetric, has zero diagonal, and B®HY = B+ for qll » > i. Moreover the
upper-left i x i block of BU~Y is unchanged during for-loop iteration i.
(b) If ji # i, then B\, = B = 0 and B}) = B{') = 1 for all v > i — 1 and s < j;. If j; =1,

thent):Bg):0forallrzi—1 and 1 < s < /.
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(c) If j; # i, then Bg? =B = 0, for all T > i and s > 1.

Jis
(d) If ijs’i) =1, then it is the only non-zero element of the r' and s™ rows and columns of B®.

(e) Each row and column of BV contains at most a single 1.
(f) jj. =i

The output of the algorithm L, B € Féxz satisfy C = LBLT, where L is an invertible lower-
triangular matriz, B is symmetric and has zero diagonal, and each row and column of B contains
at most a single 1. The algorithm runs in O(¢3) time.

Proof. Note that by construction, throughout the algorithm we have that L is lower triangular
and invertible (since the E(**) matrix inside the while loop is lower triangular and invertible), and
also that C' = LBLT. The claims about the output B of the algorithm follow as B = B*~1) and
from (a) and (e). Also it is clear that the worst case run time of the algorithm is O(¢3), where we
must use the sparsity of E*%) while performing the matrix multiplication inside the while loop
(otherwise we will get a O(£°) algorithm). Note also that the symmetry of B¢—1 dictates that in
the case j; = 1, the while loop will exit immediately.

We now prove (a)-(f).

(a) Let lldenote the matrix L after the end of for-loop iteration ¢ of Algorithm 2. Then C =
LBWLT and so B® is symmetric, for all 1 < < ¢ — 1. B® has zero diagonal because for all
1<r</?

<y

B =3 "L} Coyly) = L/ Cow+ > L L (Cay + Cya) = 0. (62)

Now note that during any for-loop iteration 4, in each iteration of the while loop, multiplying
E®:) on the left does not change any row of B with index 1 to ¢, while multiplying by (E*-)) i
on the right does not change any column of E*") B with index 1 to . It immediately follows
that the upper-left i x i block of B(~1) is unchanged during for-loop iteration i. We also easily
deduce from this that B+ = Bit1) for gl r > 4.

(b) First notice that from the beginning of for-loop iteration ¢, all rows numbered 1 to ¢ are
unaffected by elementary row operations alone. If j; = 4, it means that at the start of for-loop

iteration 4, the i*" row of B~ is zero. Any elementary column operations will not change this

(i-1) _

@5

row subsequently. If instead j; # i, then at the start of for-loop iteration i we have B
for all s < j;, and Bi(;i_l) = 1. In this case, any subsequent elementary column operations will

not change columns 1 to j; of the i*® row. The conclusion now follows by symmetry using (a).

For parts (c)-(f), we will first prove a claim. We claim that for all 1 <4 < £ — 1, Algorithm 2
maintains the following invariants after for-loop iteration ¢:

(i) Forall 1<k <, B{) =B =0, forall s > k.
(ii) For every 1 <r,s < ¢ such that Bﬁ? =1, the only non-zero element of the r*" and s*" rows

and columns of B are Bﬁ? = Bgi) = 1. If in addition r = 4, then the " row and column
of B~ do not change during the iteration, while if 1 < r, s < 4, then the r** row and the
st column of B¢~ do not change during iteration i.

Proof of claim. It is helpful to make an observation about what happens during for-loop iteration
i, assuming j; # i. One then easily checks that in an iteration of the while loop, the effect of the
update B «+ E(*YB (E(k’i))T on the jgh column of B is to set the (k, j;) entry to zero without
affecting any other entries, for some k > i. By symmetry the only effect on the j* row of B is to

Accepted in { Xuantum 2024-07-11, click title to verify. Published under CC-BY 4.0. 55



set the (j;, k) entry to zero. Thus at the end of for-loop iteration i, the ji' column of B gsatisfies
BY) =0 for all s >, and B} =1

Returning to the proof of the claim, notice that for ¢ = 1 (i)-(iii) are clearly true: if j; # 1 then
(i) holds by the observation in the previous paragraph, and if j; = 1 then it is true by (b), (ii) is
Vacuous as Bﬁ’l) =0 by (a), and for (iii) note that j; <1 implies j; = 1, thus j;, = j; = 1. Now
for the inductive hypothesis, assume that the invariants are true after for-loop iteration ¢ — 1, for
some 1 < ¢ < £ — 1, and we want to show that they are also true after iteration ¢. We do this
separately in three steps.

Step 1: Let us first show that (iii) holds. If j; = 4 then it clearly holds, so assume j; < i — 1. Now

at the start of for-loop iteration ¢ we have by symmetry Bj(fi_l) = 1. Assume for contradiction that
Jj. # 1, and consider the situation during for-loop iteration j;. If j;, > 4, then by (b) we would

get B(z D = 0, so it must be the case that j;, < i. But then we get B( = 1, again by (b).

Thus the § row of BU~Y contains two non-zero elements, which contradlcts (ii) of the inductive
hypothesis.

Step 2: We now show that (ii) holds after for-loop iteration 4, first in the limited setting 1 < r, s < i.
By symmetry, it suffices to prove that whenever B,(»s) = 1, it is the only non-zero element of the r*"

row of BU~1) which does not change during the iteration, since one can repeat the same argument
for the element Bgi) =1 in the s row. Assuming such an element Bﬁ? = 1 exists, we have from
(a) that B =1, and by (ii) of the inductive hypothesis it is the only non-zero element of the
rth row of BU—1. Now for every while loop iteration within for-loop iteration i, the r* row of
BU=1 is not modified by elementary row operations alone, by the same argument as in the proof
of (b), or by elementary column operations as B(l Y=o (this continues to be true by (a) during
the iteration). Thus the 7" row of B(=1) g unchanged proving this case.

It remains to prove that (ii) also holds for any non-zero element in the i** row or column of B,
For this consider the i*" row of B, If j; > 4, then we are again done using (b) as the i*h row
and column of B(") is zero, so suppose j; < i. We will show that in this case the only non-zero
element of the i" row and j¥ column of B ig B(Z) =1, and the i*" row of B¢~ is unchanged
during the for-loop, and then we are done by symmetry We now have a series of consequences. By
invariant (iii), which we have already proved above to hold after for-loop iteration ¢, we have j;, = 1.

1)

Applying (i) of the inductive hypothesis then gives Bii =0 for all s > j;, and using symmetry

of BU—1) we conclude that the only non-zero element of the it" row of B~ ig B(Z D = 1. Next
using exactly the same argument as in the last paragraph (for the case 1 <r,s < z) we conclude
that the i*" row of BU~1) is unchanged during for-loop iteration i. Now consider the ji column

of BU=1). By (ii) of the inductive hypothesis and (a) we first have Bg.:l) = Bi;) =0 for all s <1,
and by the observation stated above we also have B, (i) =0 for all s > ¢. This proves that the only

non-zero element in the ]th column of B is B( ) = 1

Step 3: Finally we show that (i) holds. If k = i, then the case j; # i is already true by the
observation made above, while the case j; = i is true by (b). So fix some 1 < k < 4. If ji <4 then

by (b) we have B,(;zk = 1, so we are done because invariant (ii) holds after iteration . If j; = 1,
then BG—1 = B and we are done using (i) of the inductive hypothesis. So the interesting case
is when j; # i and ji > i. Now there are two subcases j; > k and j; < k which need to be handled

separately (note that the case j; = k is ruled out by (b)). First suppose j; > k, and consider
the ji column of B=1_ Since by (i) of the inductive hypothesis we have B(Z D — Bj(jjkl) 0,
elementary row operations in the while loops during for-loop iteration ¢ do not change this column

this uses B;; (l - 0), while elementary column operations never act on the column as B (=1 —
Jkdi

(this uses symmetry and BJ( e D 0). Thus the j,tch columns are the same for both B~ and B(®,
and this case is proved. Finally consider the case j; < k. Notice that since j; < k < ¢ and we have

proved that (iii) holds after for-loop iteration ¢, we have j;, = 4, and then by (i) of the induction

(i—=1)

hypothesis we get B,, ’ = 0 for all s > j;. Moreover since we also proved that (ii) holds, we know
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that the i*" column of B~ does not change during the for-loop. Now again consider the j,tch
column of BU~1) | focusing only on the rows numbered k to £. As before, this part of the column is
unchanged by elementary row operations during for-loop iteration i, so we only need to argue that
elementary column operations also do not affect it. But this immediately follows from the pattern
of zeros in the i™ column of BU~1 which finishes the proof of the claim.

We now finish up the proof of the lemma.

(¢) This follows directly from (i) of the above claim.
(d) This is a sub-part of invariant (ii) of the claim.

(e) Suppose this is not true, and let & = i+ 1. Then by (ii) of the claim and symmetry of B®), we
must have at least two non-zero elements in the k™ row of B("*) one of which must be B,(fj’f),
and let the other non-zero element be B,(j,;k), and note that ji < h < k (by definition of jy).
But by invariant (iii) applied to the k*® for-loop, we also have j;, = k. Since jj < i, we can
now apply (i) of the claim, but this gives a contradiction as B}(j,;k) = 1 by symmetry.

(f) If j; <, then this is just the statement of (iii) of the claim. So let j; > ¢, and suppose j;, # 1.
Then after for-loop iteration j;, we have Bj(il;b =1= Bgf), by (b) and (i) of the claim. But
this contradicts invariant (ii).

O

From the properties of B in the above lemma, we deduce the following additional simple lemma.

Lemma C.2. Let B € F§X£ be a symmetric matriz with zero diagonal and at most a single 1
in each row and column. Let |B| = >, B;; be the total number of ones. Then |B| is even and
rank (B) = |B|. In particular rank (C') = |B| is even.

Proof. 1t is clear that |B] is even due to symmetry of B and it having zero diagonal. Since each
row has at most a single 1, B has exactly | B| non-zero rows, all of which are independent since
each column of B has at most a single 1. This shows rank (B) = |B|. Finally, since C = LBL"
and L is invertible, rank (C) = rank (B). O

Let us apply this linear algebra to our study of Paulis. Let P € ngzn be the matrix representing
the list of Paulis {po,p1,...,pe—1} (which we are looking for) in symplectic notation. Therefore,
{po,p1,---,pe—1} satisfies the commutation relations specified by C' if and only if PAPT = C. If
C =0, it suffices to just use 1 qubit and we can take pyp = --- = py_1 = I3. So let us assume that
C # 0. Let us suppose that we decompose C = LBL'" as in Lemma C.1. As we now explain,
we can easily create a list of Paulis {qo,q1,...,q¢—1} with commutation relations given by B, or
equivalently a matrix Q € ]Fg“” such that QAQT = B. For each pair (i, ) such that i < j and
Bij = 1, we introduce a qubit (call it qubit (4,7)), and let ¢; = X(; ;) and q; = Z(; ;) act on that
qubit. For all zero rows i of B, we set ¢; = Io. We have thus used n = rank (B) /2 = rank (C) /2
qubits to make the Paulis {qo,q1,...,qr—1}, and one easily verifies that this list of Paulis satisfy
the commutation relations specified by B. Now QAQ " = B implies (LQ)A(LQ)" = LBL" = C,
so P = LQ represents a list of Paulis satisfying the commutation relations specified by C. It is
also easy to check that rank (P) = rank (LQ) = rank (Q) = 2n = rank (C). This discussion leads
to the following theorem.

Theorem C.3. Let C € Fg” be symmetric with zero diagonal. A list of n-qubit Paulis C =
{po,p1,...,pe—} C Py, such that C;j = Com(p;,p;) for all0 < i,j < £—1, exists if and only if n >
max(1,rank (C) /2). Moreover, when C ezists, dim(C) > rank (C), with equality if n = rank (C') /2.

Proof. If C' = 0, then as argued above n = 1 is the minimum number of needed qubits to achieve
the commutation relations specified by C; thus the first statement is true. So assume C # 0,
which implies rank (C) > 2 by Lemma C.2. The discussion in the previous paragraph shows the
construction of C when n = rank (C') /2, and this clearly suffices as if n > rank (C') /2, then one
can simply act by Iy on the extra qubits. We argue the converse, i.e. for the minimality of n,
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by contradiction. Let P € F5*?" be the matrix such that PAPT = C with n < rank (C) /2. Let
C = LBL" from Lemma C.1. Then L~'P represents a list of Paulis with commutation relations
given by B. But by the structure of B, this implies rank (B) /2 = rank (C') /2 anticommuting pairs
of Paulis (i.e. the Paulis can be grouped in pairs that anticommute with each other but commute
with all other Paulis in the list), which is known to be impossible on fewer than rank (C') /2 qubits.®

Now suppose C C P,, exists satisfying the commutation relations specified by C, where we already
know n > max(1,rank (C) /2). Representing the Paulis in C by a matrix P € F5**" again gives
PAPT = C. Thus rank (C) < rank (P) = dim(C). If in addition 2n = rank (C), then rank (P) <
min (¢, rank (C)) < rank (C), which implies dim C = rank (C). O

We demonstrate the use of Theorem C.3 with a couple of examples, the first of which is well known,
and the second one concerns CALs, which will be discussed much more thoroughly in the next
subsection.

Example 1. Suppose

01 1 1
10 1 1

c=|110 L[ erit, v>2, (63)
111 ... 0

so that we are looking for a list of anticommuting Paulis. It is well known that

(6—1)/2, ¢ odd

rank (C) /2 = { 0/2, 0 even (64)

Then, the construction from Theorem C.3 with n = rank (C) /2, returns the Jordan- Wigner [59]
list — i.e. for h € {0,1,...,2¢/2] — 1},

Xh/2 H?:/?l Y;, h even
Ph = (h—3)/2 ) (65)
Zin-1y2liZo™" " Yi, h odd
and, if £ is odd, the final Pauli pp_q = H?:_J Y;.
Example 2. Suppose
01 0 1
1 0 1 0
c=|010 0 1 eFX, >3, (66)
1 0 0 ... O
so that we are looking for a cyclically anticommuting list of Paulis. We note that the rank of C
satisfies
] (¢=1)/2, £ odd
rank (C) /2 = { (0—2)/2. € even (67)
The construction from Theorem C.3, again with n = rank (C) /2 qubits, now gives the list
n—2
{Xo, Zo, XoX1, Z1, ooy XpnoXn_1, Zno1, Ynou HZi}7 t odd,
- (68)
{Xo, Zo, XoX1, Z1, ..y, Xn2Xn-1, Zn-1, Xn_1, HZi}> { even.
i=0

By Theorem C.3, dim(C) = 2n in the preceding examples, so it ensures that (C,iI) = P,. However,
we can even generalize the construction to include dim(C) as an input parameter.

SNotice that, ignoring phases, the size of the group generated by n anticommuting pairs of Paulis is 4™, since
every paired Pauli is necessarily independent. Therefore, the Paulis must act on at least n qubits.
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Theorem C.4. Suppose C' € IE"%XZ is symmetric and has zero diagonal, and let k € Z such that
rank (C') < k < (. A list of Paulis C = {po,p1,...,pi—1} C Py satisfying (a) Ci; = Com(p;, p;) for
all0 <4, <l—1, and (b) dim(C) = k exists if and only if n > max(1, k — rank (C) /2).

Proof. First consider the case C' = 0, then as argued in Theorem C.3 we need n > 1. But it is
well known that on n qubits, the maximum size of an independent commuting list of Paulis is n,
so k < m, and this also proves the converse for this case. For the rest of the proof assume C # 0,
which implies rank (C') > 2 by Lemma C.2. Let [¢] = {0,1,...,¢ — 1}. We begin the same way as
Theorem C.3, decomposing C = LBLT and creating a set of Paulis ¢; = Xig), 45 = Zi,5) for all
pairs (7,7) such that ¢ < j and B;; = 1. Let Z C [{] be the indices of the rows in B that are all
zero, and partition Z into two sets Z; and Zs such that |Z;| = k —rank (C). For each element ¢ € 7;
we introduce a qubit (labeled by ) and set ¢; = Z;. We now have n = k — rank (C') /2 qubits. We
form @Q € Fg“” representing the Pauli list {qo,q1,...,q¢,—1} as symplectic vectors and calculate
P = LQ representing the desired list C = {po,p1,...,pr—1}. Note QAQT = B by construction
and so PAPT = LBLT = C. Also note that since dim({qo,q1,...,q_1}) = rank (Q) = k by
construction and L is invertible, dim(C) = rank (P) = k. This shows the existence of C when
n = k — rank (C') /2, and also covers the case n > k — rank (C) /2, since one can act on the extra
qubits by identity.

It remains to prove the converse. This argument by contradiction is analogous to that in The-
orem C.3. If P € ]Fg“”l represents the list of Paulis on n’ < n qubits satisfying PAPT = C
and rank (P) = k > rank (C), then Q = L~!P represents the list of n/-qubit Paulis such that
QAQ" = B and rank (Q) = k. However, the structure of B implies that there is an independent
and fully commuting subset of {qo, q1, - .., qe—1} with size k — rank (C') /2 which is again known to
be impossible on n’ < k — rank (C') /2 qubits [38]. O

C.3 Properties of cyclically anticommuting lists of Paulis

We will work exclusively in this subsection with the group 7571, to not have to keep track of the

phase factors of the Paulis. CALs of P,, were introduced in Definition 3.2, and CALs of ’ﬁn were

defined in Section C.1. Here we present some more properties of CALs of 75n7 that we know of

currently. Translating these results to CALs of P,, is obvious. We recall the commutation relations

that a CAL satisfies: if C = {po, P1,.--,Pk-1} C P,, is a CAL, then for distinct i and j

{{ﬁi,ﬁj}:o, if i=j*1 mod k& (69)
[pi, Pj] =0, otherwise.

This subsection is organized as follows: Lemma C.5 - Lemma C.6 points out the relationship
between CALs and anticommuting lists, and shows that all elements of a CAL must be unique if
the CAL has length greater than four, Theorem C.8 - Corollary C.11 addresses the question of
dimension and independence of a CAL, and finally Lemma C.13 - Theorem C.15 looks at whether
it is possible to create a CAL, where the representative of each element of the CAL is a Kronecker
product of only X and Z Pauli matrices, and possibly the 2 x 2 identity matrix Is.

Recall from the proof of Theorem 3.4, that on n = 1 qubits, C = {[X],[Z],[X],[Z]} is a CAL.
Clearly this has repeating elements. A natural question is whether it is possible to have CALs of
longer length with repeating elements. The next lemma completely addresses this question.

Lemma C.5. Let C C P, be a CAL, for n > 1. If C has repeating elements, then C has one of
the following forms

q} with {p, ¢} =0,
C=q1{p.4,p,5} with {p,q} = {p, s} = 14,
5,4} with {p, 4} = {4, 5} = [p,

>

]
]

0, (70)
0,

>

where P, §,5 € 75n, and distinct. The last two cases can only happen if n > 1.
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Proof. First notice that if C has any of the forms in Eq. (70), then the commutation relations
imply that C is indeed a CAL. Now we claim that if C has at least one repeating element, then
|C| = 4. We first prove this claim. If |C| < 1, then there can obviously be no repeating element. If
2 < |C] < 3, then C is an anticommuting list, and so again there can be no repeating element. Now
suppose that |C| > 5, and C = {po, ..., Pr—1} with repeating elements Py = Py, for 0 < £ < ¢/ < k.
Notice first that ¢/ ¢ {£+ 1, (¢ — 1) mod k}, because that would imply that p, anticommutes
with itself. Then there must exist an element p,, € C, m € {{+ 1, ({ —1) mod k}, such that
{Pe;,Pm} = 0, and [Py, pm] = 0. The existence of p,, follows from the fact that C is a CAL, and
|C] > 5. But this is a contradiction because it implies that p,, commutes and anticommutes with
the same element, and therefore |C| < 5. This proves the claim.

Using the claim, we can suppose that C = {p, ¢, 7, §}, for p,q,7,§ € P,., where all of them may
not be distinct, and satisfies the CAL commutation relations in Eq. (69). We already know that
p#4q,q#7 7 #S8 and § # p, because otherwise Eq. (69) is violated. Now there are two cases:
(i) p =7, and (ii) p # 7. Assuming the first case p = 7, we have two subcases: either § = § which
gives that C = {p, §,p,}, or § # § which gives C = {p, ¢, p, §}, and both are thus of the forms in
Eq. (70). Next assume the second case p # #, and thus all p, §, and 7 are distinct. Since there is at
least one repeating element in C, this means that § equals either p, §, or 7. But we already argued
above that p # § and 7 # §, and so in fact § = §. This gives that C = {p, 4, #, ¢}, which is the third
form in Eq. (70). The proof is finished by noting that when n = 1, only the first case in Eq. (70)
can happen. O

The next lemma concerns the maximum possible length of a CAL on n qubits. The arguments in
the proof of parts (b) and (e) of the lemma already appear in the proof of Theorem 3.4, when the
length of the CAL is at least three. We record the lemma here for completeness, as it covers the case
when the length is less than three. Also part (c) shows how to get a CAL from an anticommuting
list of P,,.

Lemma C.6. Let C = {po,...,pe—1} C Pn be a CAL, and |C| > 1.

(a) The list C" = {py,...,p,_,} defined as p; = p; with j = (i+r) mod ¢, is also a CAL for all
translations r € Z.

(b) If |IC| = 1, let A = 0, otherwise let A = {Go,...,Ge—2} defined as §; = H;:M%ﬁ for all
0<i<{€—2. Then A is an anticommuting list. Thus an anticommuting list exists of size
IC| — 1.

A

(c) Let A = {do,-..,dk—1} C Pn be an anticommuting list, and |A| > 2. If we define D =
{do,...,di} by do = do, di = Gk—1, and diy1 = GiGi+1 for all 0 < i <k —2, then D is a CAL.

(d) |C| <2n+ 2. Thus there exists a CAL on n qubits of every length 0 < ¢/ < 2n + 2.
(e) The minimum number n of qubits needed to create a CAL of length €' is
1 if 0 <2,

n=4¢W-1)/2 ifl >2 and odd, (71)
(0'—=2)/2  if ¢ > 2 and even.

(f) C =A{[I]} if and only if [I] € C.

Proof. (a) This is easily checked and follows from the commutation relations of the elements of C.

(b) If |C] = 1, A = 0 is anticommuting by convention. Otherwise take any two distinct elements
gi,4; € A, and without loss of generality assume that i < j, and thus ¢; = §; Hi:i—i—lﬁk'
From the commutation relations of CAL, we have that {p;,p;+1} = 0, [P, Prr] = 0 for all
i+1 <k < j,and [pg,prr] = 0 for all 0 < k < 4, and i +1 < k' < j. Then §;4; =
Gi(ds Hi:iﬂ Pr) = — (G Hi:iﬂ Pr)di = —@;d;. Thus A is an anticommuting list of size |C| — 1.
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(¢) As in (b), one easily checks that the elements of D satisfy the CAL commutation relations of
Eq. 69.

(d) For the sake of contradiction, assume that |C| > 2n + 3. Then by (b) there exists an anticom-
muting list A of size at least 2n + 2. But it is a well-known fact that the largest size of an
anticommuting list of P, is 2n 4 1 (see for example [38] and Proposition 9 in [60]), which is
a contradiction. For the last part, if £/ < 2, then choose any anticommuting list of size ¢'. If
¢ > 2, choose an anticommuting list of size ¢’ — 1, and then apply (c).

(e) The case ¢/ > 3 follows from (d) (and has been proved previously). For the case ¢/ < 2, note
that the set {[X]} is a CAL of length 1, and the set {[X],[Y]} is a CAL of length 2.

(f) Suppose [I] € C and C # {[I]}. Then C must contain an element p that anticommutes with [I]

which is impossible. -

It is clear from the above lemma that extremal CALs of length ¢ > 3 correspond precisely to the
last two cases of Eq. (71), while extremal CALs of length 1 < ¢ < 2 correspond to the first case.
We now turn to the question of the dimension of a CAL. For the next few proofs, it will be useful
to have the following result, that is proved in Section 4 of [38]. It uses the notion of commutativity
maps in parts (e)-(g), that we defined in Section C.1.

Lemma C.7. Let A = {po,...,pe—1} C P, be an anticommuting list, and let Comy denote the
commutativity map with respect to A. Then

(a) TI.A # [I] implies A is an independent generator of the subgroup (A) of order 2°.
(b) For any non-empty list H C A, we have [[H # [I], so H is independent.
(c) T A= [I] implies ¢ is odd.

(d) Suppose A is non-empty, independent and { is even. Then for every v € F5, there erists a
unique element p € (A) such that Coma(p) = v.

(e) Suppose A is independent, A # {[I|}, and ¢ is odd. Then for every v € F containing an odd
number of zeros, there exists exactly two elements p, 4 € (A) such that Comy(p) = Coma(§) =
v.

(f) Suppose A is independent, A # {[I]}, and ¢ is odd. Then each coset H of (A) in P, has the
property that either for all § € H, Comu(q) has an odd number of zeros, or for all § € H,
Com(q) has an even number of zeros. Moreover the number of cosets of each type are equal.

We now give the answer to the question of the dimension of a CAL. The next two theorems
cover the cases when the CAL has lengths odd and even respectively, and the corollary after that
specializes these results to the case of an extremal CAL. It is important to remember for the next
proofs that by Lemma C.6(f), whenever [I] € C C P,,, the dimension of a CAL C is the minimum
number of elements of C that generates (C).

Theorem C.8. Let C C P, be a CAL, and suppose IC| is odd.
(a) The dimension of C satisfies

€| if T1C # [1,

()= {C| 1 IIe-n.

(b) If |C| > 3, it holds that C \ {p} is independent for every p € C.

(c¢) For all non-empty multisets H C C, we have [[ H # [I].
Proof. In this proof let C = {po,...,Par} where k > 0, so |C| = 2k + 1. The case C = {[I]} is

true for part (a) as dim({[I]}) = 0, and also obvious for parts (b)-(c). So for the rest of the proof
assume that C # {[I]}.
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(a)

Since dim(C) < |C|, it is easily seen that proving Eq. (72), is equivalent to proving the following
two conditions:

(i) dim(C) > [c] - 1,
(if) dim(C) =|C| — 1 if and only if [[C = [I].

If |C| = 1, then dim(C) = 1, and [[C # [I], and so (i) and (ii) are satisfied. Now assume
k > 1. Construct the anticommuting list A = {qo, ..., §ox—1} similarly as in Lemma C.6(b).
Notice that because |A] is even, it follows from Lemma C.7(c) that [[.A # [I], and so A is an
independent generator of (A) by Lemma C.7(a). We also have (C \ {p2r}) = (A), which then
implies that C \ {pax} is independent, because |C \ {par }| = 2k and |(C \ {p2x })| = [(A)| = 22F.
It follows that dim(C) > |C| — 1, finishing the proof of (i).

For the proof of (ii), first assume that [[C = [I]. But this implies that dim(C) < |C|, and hence
combining with (i) this gives us that dim(C) = |C| — 1. To prove the converse, for contradiction
assume that [[C # [I], which is equivalent to the assumption that paog, # [[(C\{p2x}) = Gor—1-
We have already proved in the previous paragraph that A is an independent list, and it can
also be checked that {pog,§;} = 0, for all 0 < i < 2k — 2, and [pok, Gor—1] = 0. Since |A|
is even, it follows from Lemma C.7(d) that gox—1 is the unique element in (A) generating
the commutativity pattern Com4(pox) with respect to A. But por # dok—1 by assumption,
implying that pay ¢ (A) = (C\ {P2x}). So C is an independent list, because we also proved in
the previous paragraph that C \ {pax} is independent, and it follows that dim(C) = |C|, which
is a contradiction.

We have already proved in (a) that C \ {p2} is independent. The fact that C \ {p;} is also
independent for all p; € C then follows by translating the elements of C to get a relabeling of
the CAL C = {pg, ..., Py, by Lemma C.6(a), where p; = p;y;—2 and indices are evaluated
modulo 2k + 1.

If |C| = 1, there is nothing to prove. So let H C C be a non-empty multiset, and |C| > 3. Then
there exists C > p ¢ H. So by (b), C\ {p} is an independent multiset. Since H C C \ {p},

[TH # (1)
O

Theorem C.9. Let C = {p,:0 < <2k —1} C P, be a non-empty CAL, with |C| even.
(a) Define the lists Cogq = {Pact1 : 0 < € < k —1}, and Cepen = {P2¢ : 0 < £ < k —1}. The

dimension of C satisfies

‘C| Zf Hcodd ?A [I] 7£ Hcevana CL’de Hcodd # Hceven,

‘C| -1 Zf Hcodd 7& [I] 7é Hcevena and Hcodd = HCG’UETH

IC] —1 if either 1] Coad = [I] # [ Cevens 07 [[Codd # [I] =[] Ceven,
‘C| -2 Zf Hcodd = Hceven = [I}

In particular, if |C| = 2, then dim(C) = 2, while if |C| = 2n > 4, then dim(C) < 2n.

dim(C) = (73)

(b) For all non-empty multisets H C C such that H # Codd and H # Ceyen, we have [[H # [1].

(c) If |C| > 4, it holds that C \ {p, } is an independent multiset for all p € Coaq, and § € Cepen.-

Proof. (a) If |C| = 2, then C is an anticommuting list of two elements, and hence by Lemma C.7(a)

and (d), we have that C is independent. Thus dim(C) = 2, [[Codd # [I] # I Ceven, and also
11Coda # []Ceven, which proves the statement for |C| = 2. For the rest of the proof assume
IC] > 4. Construct the anticommuting list A = {qo, ..., §2x—2} similarly as in Lemma C.6(b).
Then A\ {gox—2} is independent by Lemma C.7(c), and since it is easily checked that (A \
{@2k72}> = <C \ {]52]@,2,]32]@,1}% we have that dlm(C) Z |C| — 2.

First suppose that [[Codd = []Ceven = [I]. This implies that dim(Coaqq) < |Coad| — 1, and
dim(Ceven) < |Ceven| — 1, and so dim(C) < |C| — 2. This proves that dim(C) = |C| — 2 in this
case.
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Next suppose that either [[Coad = [I] # [[Cevens or [[Coda # [I] = [] Ceven. In the former
case we have that dim(Cogq) < |Coad| — 1, while in the latter case we have that dim(Ceyen) <
|Coven| — 1, and so in both cases dim(C) < |C| —1. Let us now assume without loss of generality
that [[Coda = [I] # []Ceven, because the other case reduces to this one by translating C by
one element, and relabeling the elements as in the proof of Theorem C.8(b). Then a simple
computation shows that [[.A = [] Ceven, and so [] A # [I] by assumption, which implies that
A is an independent list by Lemma C.7(a). But as (A) = (C \ {P2x—1}), this implies that
dim(C) > |C| — 1, and so in fact dim(C) = |C| — 1.

Now assume that [[Coadq # [I] # [ Ceven, and [[Codd = [ Ceven- Because []Ceven # [I], the
reasoning in the previous paragraph gives us that dim(C) > |C| — 1 because A is independent,

while we also have that [[C = ([] Coda)(I] Ceven) = [I] and thus dim(C) < |C| — 1, which means
that dim(C) = |C| — 1.

Finally assume that [[Coad # [I] # [ Ceven, and [[Coda # [ Ceven- As in the last paragraph,
we still have that A is an independent anticommuting list. One can now verify that pog_1,
Gok—2 and (A \ gor—2) generate the same commutativity pattern with respect to A, i.e.
if p is either Pog—_1, Gok—2, or [[(A \ dar—2), then [p,dor—2] = 0, and {p,§;} = 0, for all
0 < i < 2k — 3. Now notice that pog_1dak—2 = [[C # [I] as [[Codd # []Ceven, and also
Pok—1 [ [(A\ dor—2) = [[Coda # [I] by assumption, and so an application of Lemma C.7(e)
implies that par_1 ¢ (A). This implies that in this case dim(C) = |C]|.

It remains to show that if |C| = 2n > 4, then dim(C) < 2n. From what has already been proved
above, it suffices to show that the conditions []Coaa # [I] # []Ceven, and []Codd # [] Ceven
cannot both be true. However, for contradiction assume that they in fact both hold. Then
the discussion in the last paragraph applies, and so pa,—1 ¢ (A), and dim(A) = 2n — 1. This
also implies that there are exactly two cosets of (A) in 75n7 and so Po,_1 must be in the coset
different from (A). But this is a contradiction by an application of Lemma C.7(f), which rules
out any element in the other coset, that generate the same commutativity pattern as pog_1,
with respect to the elements of A.

(b) The statement is vacuous for [C| = 2 as there are no non-empty proper multisets satisfying the
conditions; so assume |C| > 4. We will prove this using contradiction. So suppose H C C is a
non-empty multiset, Coyen # H # Codd, and [[H = [I]. This means [[H commutes with all
elements of C. Now there are two cases: (i) po € H, and (ii) pp ¢ H. Since [[H commutes
with pi1, it must be that in the first case po € H, and in the second case po ¢ H. Continuing
this argument iteratively for ps, ..., par—3 then shows that (i) and (ii) are equivalent to the
conditions Coven € H and Ceyen N'H = () respectively. Similarly, since [[ H commutes with all
elements of Ceyen, One again concludes that exactly one of the two cases is true: either Coqq € H
or CogqaNH = 0. Combining we have four cases: (i) Coad UCeven € H, (ii) (Codqa UCeven) NVH = 0,
(iii) H = Coaq, and (iv) H = Ceven, all of which are impossible by assumption.

(c) For contradiction assume that C \ {p,§} is not independent. Then there exists a multiset

H C C\ {p,§} such that [[H = [I]. But this is a contradiction by (b). -

Corollary C.10. Let C C P, be an extremal CAL of length |C| > 3. Then the dimension of C
satisifies
IC] —1 if |C| odd,

74
IC| —2 if |C| even. (74)

dim(C) = {

Thus C generates the group Py

Proof. First assume that |C| is odd. Then from Theorem C.8 we have dim(C) > |C|—1. But because
C is an extremal CAL we also have that dim(C) < |C| — 1, because the number of qubits used is
(IC] — 1)/2. Now assume that |C| is even. In this case Theorem C.9 gives that dim(C) > |C| — 2,
while again as C is an extremal CAL, it must also be true that dim(C) < |C| — 2. In both cases

A

dim(C) = n, and so {C) = P,,. This proves the lemma. O
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As a consequence of the previous lemmas, we get the next corollary that states which multisets of
an extremal CAL of length at least three, can possibly multiply to the identity.

Corollary C.11. LetC C P,, be an extremal CAL of length |C| > 3. Then the following statements
are true.

(a) Let |C| be odd. If H C C is a non-empty multiset, then [[H = [I] if and only if H =C.

(b) Let |C| be even. If H C C is a non-empty multiset, then [[H = [I] if and only if H = Coqq or
H = Cepen, where Coqq and Ceyepn are defined as in Theorem C.9.

Proof. (a) As C is an extremal CAL, it is not independent by Corollary C.10. The result then
follows directly from Theorem C.8(a),(c).

(b) As C is an extremal CAL, dim(C) = |C| — 2 by Corollary C.10. The result follows by Theo-

rem C.9(a),(b). -

In the final part of this subsection, we turn to the question of whether it is possible to create CALs
of P,,, such that the representatives of each element in the CAL are Kronecker products of I, and
the Pauli matrices X and Z only, and not of Y. To motivate this section, note that on n = 1 qubit,
one has the CALs of lengths ¢ = 1, 2, and 4 given by {[X]}, {[X],[Z]}, and {[X],[Z], [X],[Z]}
respectively, satisfying this property. But there is no CAL of length ¢ = 3 with this property. Also
notice that if the CAL has length ¢ > 2, then it is not possible that all its element representatives
are Kronecker products of I3 and just one other Pauli matrix, for example X. This is because all
elements of the CAL constructed this way will commute with one another. So we definitely need
to use at least two of the Pauli matrices, for example X and Z.

For what follows, we need a couple of simple lemmas. The next result is well-known (see for
instance Chapter 5 in [61]).

Lemma C.12. For anyv € Fb, let Ham(v) = Zj vj denote its Hamming weight. Then if u,v € F)
have even Hamming weight, so does w = u + v (where the addition is over Fy). Thus any binary
sum of even Hamming weight vectors also has even Hamming weight.

Proof. Let J, C {0,...,p — 1} be the set of indices such that u; = 1 if and only if j € J,, and
similarly let J, € {0,...,p — 1} be the set of indices such that v; = 1 if and only if j € J,. Since
addition is over Fy, this implies that w; = 1 if and only if j € J, = (J, U Jy) \ (Ju N Jy). But
|Jw| = |Jul + |Jo| — 2|Ju N Jy|, and we also have that |J,,| = Ham(u), and |J,| = Ham(v), which
are even by assumption. So |J,| is even, and since |J,,| = Ham(w), this proves the first part of
the lemma. The last part now follows by induction. O

We also give a construction that allows us to take a CAL and create a CAL of smaller length on
the same number of qubits, or a longer CAL on more qubits, as given in the lemma below. The
first part of this construction will be used later.

Lemma C.13. Let C = {po,...,pr—1} C Pn be a CAL of length k > 2, and define the lists
Codd = {P2e+1 : 0 < €< |k/2] — 1} and Copen, = {P2¢ : 0 < € < [k/2] — 1}. Consider the following
constructions:

(i) CAL expansion — If k is odd, let # = [Z], § = [X], and if k is even, let 7 = [X], § =
[Z]. Define the list C' = {pg, .., Dy} € Png1 by Dy = Do @ [L2] for all 0 < € < k — 3,
Doy = D2 @7, Py = I @5, pf, = [[] @7, and P, = pr—1 ® 3, where [I] € P,
is the identity element of P,. Also define the lists C' ,; = {Physq 0 <€ < |K/2]} and
C;ven = {p% :0 < ¢ < |7<3/2]}

(ii) CAL contraction — Let a > 0 be any integer such that § := k — 2a > 2. Define the list
C = {déa"'aqdﬁfl} g P’n by qu = ﬁe fOT all 0 S~ L S ﬁ - 3) qu372 = H?:Qﬁﬂ—?-‘r?b and
(j'ﬂ_l = [T/—¢Ps—1+2¢, and also define the lists Cogq = {Goey1 : 0 < € < |B/2] — 1} and
Ceven = {szz :0 < 14 < |—ﬂ/2~| - 1}
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Then we have the following:

(a) HCodd = [[Couad ® [I2], [1CLver, = 1 Ceven ® [I2], and [[C’ = [IC ® [I2]. If all elements of
Codd (Tesp. Ceven) are of Z-type (resp. X -type), then so are all elements of C, ;; (resp. Chyer)-

(b) If k > 3, then C' is a CAL of length k + 2, and dim(C") = dim(C).

(¢) T1Codd = I1Codds [1Ceven = [1Ceven, and []C =T C. If all elements of Codq (resp. Ceven) are
of Z-type (resp. X-type), then so are all elements of Coqq (Tesp. Ceven)-

(d) If B >3, then C is a CAL of length (3, and dim(C) = dim(C).

Proof. (a) Tt is easy to verify that by construction, if all elements of Coqq are Z-type, then the same
is true for C. 44, and if all elements of Ceven are X-type, then the same holds for all elements

of Coyen- Now [[Clyq = WQJ Dopry = ( zWQJ % Por1 ® [12]) (P21k/2)—3 @ [2]) (I @ [2]) =
ék/oQJ ! ﬁ2£+1) ® [I2], which shows [[C. 44 = [1Coda ® [I2]. A similar calculation also shows
that [T Clyen = [ Ceven ® [I2], and from both these we also conclude that [[C' = [ C ® [I2].

even

(b) Tt is straightforward to verify that when k > 3, and since C is a CAL, the elements of C’ satisfy
the CAL commutation relations (Eq. (69)). Now by (a), we have that []C’ = [I] € P, if and
only if [JC = [I] € Py. So when k is odd, we have from Theorem C.8(a) that dim(C’) = dim(C).
When £k is even, it follows similarly using (a) the following: (i) [[Coaa = [I] if and only if
[1Cqqa = [1], (ii) I Ceven = [I] if and only if [[Cl, ., = [{], and (iii) []Coad = [] Ceven if and
only if [TC! 44 = [ Clyen- Theorem C.9 now implies that dim(C’) = dim(C).

(c) This also follows by construction: we have Héodd = ( LB{) = 2]524“) (H?:o Do m/gJ,Hgg) =

1 Coad, and [] Coven = ( (/3/21 213%) (ITy—o P2rs/21-2+2¢) = I1Ceven, and multiplying them
together gives [[C =[] C. The last part is a simple observation.

(d) If § > 3, then one easily verifies that C is a CAL. The proof of the last part is similar to (b),

after noting that (c) implies (i) [ Coaq = HCOdd, and (ii) [ Ceven = HCeven .

We are now in a position to discuss the case of odd-length CALs, which is more interesting than the
even-length case. It turns out that one must always use all the three Pauli matrices to construct
an odd-length CAL of length at least three, if the CAL is not an independent set; otherwise it is
possible to not use the Pauli matrix Y. This is proved in the next theorem.

Theorem C.14. For alln > 1, and 1 < k <2n+ 1 such that k is odd, we have the following:

(a) If 3 < k < 2n+ 1, then it is not possible to construct a CAL C C P,, with |C| = k, and
1IC = [I], such that the representatives of each element of C are Kronecker products not
involving the Pauli matriz Y. If k =1, then C = {[I]} is a CAL whose element representatives
are Kronecker products not involving any Pauli matrix.

(b) If 1 < k < 2n — 1, then it is always possible to construct a CAL C C P,., with IC| = k,
and [[C # [I], such that the representatives of each element of C are Kronecker products not
involving the Pauli matriz'Y .

Proof. (a) The case k =1 is obvious, so fix n > 1,3 < k < 2n+ 1, such that k is odd. The proof
is by contradiction. Suppose there exists a CAL C = {po,...,pr—1} C P, satisfying |C| = k,
and []C = [I], such that the representatives of each element of C are Kronecker products not

involving Y. Let p( denote the restriction of P, to qubit j, and let us also define the lists
cW,...ctm C Py by CO) = {pf :0< 0 <k-—1} forall 0 < j <n—1. We observe that
[1C = [I] implies [JCY) = [I] for all j (here the latter [I] denotes the identity element of Py ).

Now by assumption we have that [Y] ¢ C), and so [X] and [Z] must occur an even number
of times in each CY9). Define the matrices M, M© ... M»=1 ¢ F;Xk as
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My {0 Brp]=0
’ 1 if {ﬁraps} =0

; o it =0
(4) - ’
MY (r,s) = {1 if (p p9Y = 0

forall 0 <r7,s <k—1,and 0 < j <n — 1. These matrices have the following properties:

(i) M, M© . . M@= are symmetric, and have zeros on the diagonal.

(ii) The matrices satisfy the identity M = Z;L;Ol M) where addition is performed over Fs.
This is because p, and ps commute if and only if their restrictions ]35-] ) and ﬁgj ) for qubits
0 < j <n—1, anticommute an even number of times.

(iii) The upper triangular part of M contains exactly k non-zeros. This is simply a conse-
quence of the commutation relations Eq. (69).

(iv) For all 0 < j < n — 1, since the multiset C%) contains an even number of [X] and [Z], it
follows from Eq. (75) that the number of non-zeros in M) is a multiple of 8. As M)
is symmetric with zeros on the diagonal by property (i), we have that the number of
non-zeros in the upper triangular part of M) is a multiple of 4.

By an application of Lemma C.12, property (iv) above implies that the number of non-zeros
in the upper triangular part of Z;:OI MU) is even, but this is a contradiction to property (iii)
which states that the number of non-zeros in the upper triangular part of M is k, which is odd

by assumption. This gives the desired contradiction.

(b) First notice that if there exists a CAL C = {p; : 0 < £ < k—1} C P,, of odd length k and []C #
I, then it must necessarily satisfy 1 < k < 2n — 1, by Lemma C.6(d) and Corollary C.11(a),
and this also implies the existence of a CAL of length k with the required properties on n’ > n
qubits, because one can simply form the new CAL C' = {p, ® [I] : 0 < ¢ < k — 1}, where
[I] € 75,1/,” is the identity element on n’ — n qubits. Thus for each odd k > 1, it suffices to
find a CAL Cy, of length k, with the required properties on (k 4+ 1)/2 qubits. If &k = 1, then
C1 = {[X]} is such a CAL. If k = 3, then C3 = {[X]| ® [[2],[Z] ® [Z],[Z] ® [X]} is a CAL
with the desired properties. One can now iteratively use the CAL expansion construction in
Lemma C.13, to obtain Cg4o from Cy for all odd & > 3. The construction ensures that if the
restriction of each element of Ci, to qubit j is not [Y], for all 0 < j < (k —1)/2, then the same

is true for each element of Cyyo for all qubit indices 0 < j < (k+1)/2. -

The final theorem of this section shows that for CALs of even-length, it always suffices to not use
the Pauli matrix Y.

Theorem C.15. For alln > 1, and for all integers k satisfying 2 < 2k < 2n+2, there exists a CAL
C C 75n, with |C| = 2k, such that the representatives of each element of C are Kronecker products
not involving the Pauli matriz Y. Moreover defining Coqq and Ceyen according to Theorem C.9,
one can choose C to satisfy any of the cases

(1) 11Codd # 1] # 1 Ceven, and [[Coda # [1Ceven
(i) 11Coda # [I] # [[Ceven and [ Coada = [ Ceven
(iti) [1Coaqa = [I] # [ Ceven

(v) 1Coda # [I] = [1Ceven

(v) 11Coad = [1Ceven = [1]

if the case is allowed by Theorem C.9(a). Except for case (ii), one can also choose all elements of
Codq to be of Z-type, and all elements of Ceyen, to be of X -type.
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Proof. As in the proof of Theorem C.14(b), notice that if we prove this theorem for any fixed values
of k and n, then we have also proved the theorem for the same fixed k and for all n’ > n. First
consider CALs of length 2k = 2. Then by Theorem C.9(a) and its proof, we know that only case (i)
is possible. In this case the CAL C = {[X],[Z]} has the required properties for n = 1, so this proves
the case 2k = 2. For the rest of the proof, assume 2k > 4. Also notice that the last statement is
true because if it were possible to choose all elements of Coqq and Ceyen to be of Z-type and X-type
respectively, then the only way to have [ Coad = [ [ Ceven is to have [[Codda = [] Ceven = [I], which
is a contradiction.

We now adopt the notation Cop ,, C 75n to denote a CAL of length 2k. Note that the minimum
value of n for which Ca, can exist for cases (i)-(v) satisfying the properties of the theorem is
given by n > nog, where ng, = k + 1 for case (i), nep = k for cases (ii)-(iv), and ngp = k — 1
for case (v), all following from Lemma C.6(d) and Theorem C.9(a). We first exhibit examples of
CALs Cy,p, existing for each case — these are (i) Cq 3 = {[X1X2], [Z2], [X2X3], [Z1Z5]}, (ii) Ca2 =
{[X1], [21], [ X1 Xs), [Z1 Xo]}, (i) Ca o = {[Xa], [Z1], [Xa X5, [Z1]}, (iv) Cap = {[X0], [Z1], [X4), [Z1 Z2]},
and (v) Cs1 = {[X],[Z], [X],[Z]}, for the cases (i)-(v) respectively. Now for each case we use the
CAL expansion construction of Lemma C.13(i) to iteratively construct the CALs Caj p,, for all k >
2, starting from C4 ,,. These CALs have the required properties in each case by Lemma C.13(a),
since C4,,, has them as well. The theorem is then proved by the first sentence of the previous
paragraph. O

D Majorana surface code lemmas and proofs

This section contains proofs of Lemmas 3.1 and 3.2, which establish properties of Majorana sub-
groups and Majorana surface codes. We also restate the Lemmas here.

Lemma 3.1. Let S be a subgroup of J,,,, and let Z C 7,,, be non-empty, such that elements of
7T commute and are Hermitian. Then (Z) is Abelian and Hermitian, and moreover the following
holds:

(a) There exists a set Z’ formed by multiplying each element of Z by either 1 or —1, such that
_1¢(T).

(b) If —I ¢ S, then S is Abelian and Hermitian. Conversely, if S is Abelian and Hermitian, then
either —1 ¢ S, or § = (§’, —1I) for some subgroup &’ of S with —I ¢ &’.

Proof. In this proof n,n',n" € {£1, £i}, and a,a’,b € F5*. We also note some useful facts for this
proof which follow easily from Egs. (6,7): if z € J,,, then (i) 271 = 2T, (ii)  is either Hermitian or
skew-Hermitian, and (iii) 2 € {I, —I}, with 2% = I if and only if # = zf. Also note that for any
non-empty J C J,,, whose elements commute and are Hermitian, if x € J, then by (i) and (iii)
z =z = 271, so all elements in () are products of elements of J. That (Z) is Abelian is clear
since any element of (Z) is a product of the elements in Z. To see that (Z) is Hermitian, note that
if (Z) >« = [],eq y for some ' C Z, then 2* =[], .7, y* = I, and we conclude using (iii).

(a) Let |Z| = k > 1. We prove the result by induction on |Z|. If Z = {z} we choose Z' = {z} if
x # —I, else T = {I}, proving the base case. Now suppose the result is true for all Z such
that 1 < |Z| <r < k. If |Z| =r + 1, pick any z € Z and let Z; = Z \ {z}. By the inductive
hypothesis, there exists Z] formed by multiplying every element of Z; by either 1 or —1, such
that —I & (Z}). If x € (Z}) (vesp. —x € (Z})), choose T’ = Z1 U{z} (resp. Z' = I U{—=z}) and
we are done. If x, —x & (Z}), choose ' = Z; U {z}. Now for contradiction, assume —I € (7'},
so we have —I = zx for some z € (Z7), using properties of Z (commuting and Hermitian) and
(iii). Letting z = 174, and 2 = /74 then gives —I = nn/(—=1)8@a)~ .. using Eq. (7), and
so a = a’. Combining with 22 = 22 = I now gives 7 = —7/, or equivalently z = —z which is a
contradiction.

(b) First suppose —I ¢ S. Note that if x € S is not Hermitian, then S > 22 = —1I by (iii). Now
suppose S is non-Abelian. Then there exists 177,, 7've € S, such that y,ve = —YarVa. But
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this implies that +£n"v, € S, where 1y, = 7'Va7Var, and so both £(n”)?42 € S. But one of
these must be —1I, as 'yg = 4], giving a contradiction. For the converse assume that —I € S
for Hermitian and Abelian S. Consider the cosets of (—I) in S, and let Z be the set formed by
picking exactly one element from each coset. By (a), then there exists Z' such that —I & (Z'),
and S = ((Z'), —1I).

O

For the next Lemma, refer to the definition of Majorana surface codes, Definition 3.1 for the
notation.

Lemma 3.2. The stabilizers of the Majorana surface code for the embedded graph G(V, E, F)
satisfy

(a) There is no non-empty subset V' C V' such that [], .., Sy = £1.

(b) There is no non-empty, proper subset V' C V' and no subset F' C F' such that [[ ./ S, =
+]1 Fer Sy. If there is any odd-degree vertex, then the statement holds for all non-empty
subsets V' C V.

(¢) If [, ey Sv =II;ecp Sy for some subset F' C F, then G is checkerboardable. If G is checker-
boardable then IL['UGV Sy =Iljep S¢ = Hj’eF\F’ Sy for a non-empty proper subset F’' C F,
which is determined uniquely up to taking complements.

(d)

() Ijer Sy =1
)
)

There is no non-empty, proper subset F’' C F such that erp, Sy =4I

(f) |F| =1 if and only if there is f € F' such that Sy = I.

(g) —1¢S(G).

Proof. We start with an observation that is needed for proofs of (c) and (g). For any subset ' C F’
and any Majorana associated to a half-edge v, , the product erF, Sy either contains both 7,
and 7[ap),, or neither of them. Thus the Majoranas appearing in the product erF, Sy can be
grouped in pairs labeled by edges, which allows us to identify the product with a vector y € IF‘2E‘,
with y. = 1 for e = {h, \h, 7h, ATh} € E, if and only if both 7). and 7[5, appear in the product.

It follows that y = x®, where we recall that ® € FIQFMEI is the face-edge adjacency matrix of the

graph embedding, and x € ]F|2F‘ satisfying xy = 1 if and only if f € F’. We now return to the
proof.

(a) This follows because all the vertex stabilizers are independent from each other, as they have
disjoint supports.

(b) First assume that V’/ C V is a non-empty proper subset. We find an edge e € FE with one
endpoint in V/ and one in V' \ V' (we use connectivity of G here), and notice that since face
stabilizers either include or exclude both Majoranas on an edge together, there is no way to
take a product of face stabilizers to include only one Majorana out of the two on edge e. This
proves the first part. Now assume that there is at least one odd-degree vertex v, and suppose
[Toev Sv = erF, Sy for some non-empty subset V' C V and some subset F/ C F. Then
by the first part, V/ =V, so the Majorana 7, is present in the product [], . S,, which is a
contradiction since no face stabilizer contains %,,.

(c) Suppose [[,cy So = erF, Sy for some subset F’ C F. This cannot happen if there is any
odd-degree vertex, as the product [] Fer Sy cannot contain any Majorana associated to an
odd-degree vertex. On the other hand, ], ., S, contains every Majorana associated to a

half-edge, and so we can identify erp/ Sy with Te ]F|2E|. Thus we have ® = 1 where

T € IF‘QFI satisfying xy = 1 if and only if f € F”, so by Lemma 2.3(a) we conclude that G is
checkerboardable. Now suppose that G is checkerboardable. So G has no odd-degree vertices,
and by Lemma 2.3(b) there exist exactly two distinct vectors z,z’ € IF‘2F| (different from 0 and
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1) such that 2® = 2'® = 1, and  + 2’ = 1. Taking F' = {f € F: 2y = 1} we obtain a non-
empty proper subset for which these properties imply [, ¢ So =7 erF, Sp=n erF\F, Sy
where 7,7’ € {£1,+i}. Now 1,7’ # +i as S(G) is Hermitian by Lemma 3.1, so it remains to
show that n,n’ # —1. We defer this remaining part to the proof of (g).

(d) This is similar to (b), but for the dual graph embedding G. Find a face f’ € F’ that shares
an adjacent edge e € F with a face f ¢ F’ (this uses connectivity of the dual graph), and
notice that the Majoranas on edge e appear just once in the product, which can therefore not
be identity.

(e) Note that each Majorana ~y), is included in either two face stabilizers (if h and 7h are in
different faces) or none (if h and 7h are in the same face). Moreover, Majoranas associated to
odd-degree vertices are not included in any face stabilizer. Also note that for any flag h € H,
iY[n), YAk, commutes with all Majoranas different from ;) and 4z, , and squares to I.
Using these facts, a straightforward calculation shows that [ feF Sy=1.

(f) This follows directly from (d) and (e).

(g) Suppose this is false. Then —I =[],y Su erF, Sy for some non-empty proper subset F’ C
F, as all other cases are ruled out by (a), (b), (d), (e), or equivalently [ ],y So = —[[;cp Sy
By the same identification argument used in (c), we conclude that G is checkerboardable. We
will now show that in fact J[, oy S» = [] Fer Sy, which will complete the proof. Note that
this also finishes the remaining part of the proof of (c), because if either n = —1 or ' = —1,
then —1I € S(G).

Since G is checkerboardable, it has no odd-degree vertices, and each edge in E is adjacent
to exactly one face in F’. Thus let us identify the Majoranas by their labels: so define
Yj = V), if vy, has label j. Let © € V be the vertex that contains the Majoranas vy and
Y2|p|—1 in its vertex stabilizer. Then for each v € V' \ 7, one has S, = [];c; (i72j+1725+2),

and S; = (i) (Hje[,; i72j+1’ygj+2) Y2|E|-1, Where for every v € V, I, C {0,...,|E| — 2}
contains those integers j such that ~;41 is associated to a half-edge that is a subset of v.
Noticing that (iy2j+172j+2) commutes with all Majoranas different from o541 and 72542, we
immediately get [[,cy So = il Blygyy .. -Y2|E|—1- Similarly, each face stabilizer can be written
as Sy = Hjelf i72;72j+1 where Iy C {0,...,|E| — 1} contains those integers j for which 7s;
belongs to an edge adjacent to f. It follows that erF, Sy = ilElyomy . -Y2|E|-1, completing
the proof.

O

E Equivalence of Majorana and qubit surface codes

The goal of this section is to prove the equivalence between the Majorana surface code, defined
on m = M + 2|E| Majoranas (where m is even), and the qubit surface code, defined on N =
M/2 + |E| — |V| qubits, as explained in Section 3.3 (the quantities M, |E|,|V| are defined in
Section 3.2). The proof relies on some general facts that we also present here. We will use some of
the notations and definitions introduced in Section C.1. Recall from Section 3.1 that the Jordan-
Wigner transformation identifies the Pauli group Py, /2 with the Majorana group J,,, in a way that
preserves commutation relations. To remain consistent with the notation used for Paulis, define
Com : Jm X Jm — Fa as Com(vy,y") = Com(JW(y),JW(v')), where 7,7 € T, and JW(-) is
the Jordan-Wigner map (the phase factors of the elements of 7, have been absorbed into ,~’
and we continue to do so for the rest of this section”). Due to the Jordan-Wigner identification,
Lemma 3.1 is also valid for the Pauli group. To simplify notation, let us define r := m/2.

Recall that a stabilizer group S on r-qubits is a subgroup of P, satisfying —I ¢ S, which implies
that p> = I for all p € S, and S is a commuting subgroup. Let C(S) be the centralizer of S. If

7This is in contrast to the notation in Section 3.1 where the phase factors were made explicit.
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dim(S) = k, for some 0 < k < r, then dim(C(S)) = 2r —k. Let S’ be another stabilizer group of P,
such that S C &'. Then by the definition of the centralizer we have S’ C C(S). Now suppose that
k: C(S8) — Py is a homomorphism. Notice that +il & k(S’), because if otherwise x(p) = +il for
some p € &', then it implies k(1) = k(p?) = (k(p))? = —I. We say that s is commutation preserving
if Com(p, q) = Com(k(p), k(q)) for all p,q € C(S). Let 7 : Py — Px be the projection map taking
each element of Py to its equivalence class in Py. It is easily checked that 7 is a surjective
homomorphism, so x descends to a homomorphism & := 7ok : C(S) — Py. The homomorphism
7 is commutation preserving in the sense that for all p, ¢ € Py, Com(p, ¢) = Com([p], [¢]). Thus if
Kk is commutation preserving also, then so is &, as for all p, g € C(S), Com(p, q) = Com(%(p), #(q)).
Morover, if k is surjective, it follows by surjectivity of 7 that & is surjective. Below in Lemma E.1,
we prove a result addressing the converse direction.

Lemma E.1. Let § be a stabilizer subgroup of P, and let u : C(S) — Py be a surjective,
commutation preserving homomorphism. Then there exists a surjective homomorphism  : C(S) —
Pn such that & = p, and k(S) is a stabilizer subgroup of Pn. Moreover, for any such k, if S’ is a
stabilizer subgroup of P, satisfying S C S’, the following holds:

(a) Kk is commutation preserving.

(b) k(p) & (iI) for allp € C(S)\ (il,S).
(c) The kernel of k is S, and k(il) = +il.
(d) k(S') is a stabilizer subgroup of P .

(¢) K(C(S")) = C(K(S"))-

(f) T/S = k(T), and dim(k(T)) = dim(7) —dim(S), where T is either 8" or C(S’). The stabilizer
codes given by the stabilizer groups 8" in Py, and k(S’) in Py encode the same number of logical
qubits.

Proof. For the proof, we first note some useful facts. Since p is surjective and commutation
preserving, we have p(iI) = [I]. This follows because if p(iI) # [I], then by surjectivity there
exists p € C(S) such that Com(u(p), u(iI)) = 1, while Com(p,il) = 0 giving a contradiction. Also
recall that for any p € C(S) \ (iI,S), there exists ¢ € C(S) \ (iI,S) such that Com(p,q) = 1.
Now let dim(S) = k > 0. Then there exists an independent list G = {p1,...,pr, Py, - - - 7p/2r72k}
of commuting, Hermitian elements of P,, such that S = (p1,...,pk), and C(S) = (iI,G). Thus
every element p € C(S) can be uniquely represented in the form p = (iI)®» Hyer y, where o €
{0,1,2,3}, and H,, C G are uniquely determined by p. The elements in this product representation
appear in the same order as in the list G, with the convention that the product of the empty subset
is 1.

We first show the existence of k. Let us define a map v : G — Py by letting () be any
arbitrarily chosen Hermitian element in the equivalence class p(z) for each € G, and consider
the list 7 = {¢(p1),...,%(px)}. Since S is a commuting subgroup and p is a homomorphism, it
follows that (7) is a commuting subgroup. If k¥ > 1, then 7 is non-empty, and so by Lemma 3.1
we conclude (7') is Hermitian, and the elements of 7 can be multiplied by +1 to obtain a new list
T ={¥(1),...,¥(px)} such that —T & (T). Next define the map x : GU {i]} — Py as follows

’l/j(l') if T =P1y---,DPk

K(z) = § () if 2=py,....Pg_op (76)
il if x=1il,

and we claim that x extends uniquely to a homomorphism « : C(S) — Px. For any such extension,
if & = (i)™ [[,en, v € C(S), then r(x) = (iI)* [], 4, #(y), showing uniqueness. To prove ex-
istence, for any @ = (iI)** [] s, y € C(S), define r(z) := (k(il))* [[,cqy, £(y). This definition
satisfies Eq. (76), so we need to verify that  is a homomorphism. Let =, 2’ € C(S) be given by © =

(i) TTyen, v and @’ = (i) Ty, y- Thena” = za’ = (D™ [yep, v) (G0 Tyen, v) =
(@) [yen,, v, where Hon = (Ho UHar) \ (Ha N Haor), and agr = (0 + g + 2t) mod 4,
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with ¢ determined by the commutativity of the elements of H, and H,,. Now from the defini-
tion of k, we get k(xz’) = (i) [[,c9 , #(y). We also observe that since p is commutation
preserving, Eq. (76) implies Com(x1,x2) = Com(k(x1), k(x2)), for all z1,20 € G U {il}. This

gives k(@)n(@) = (D™ [yen, #0)) (D™ [yen, () = D% Tl e, £(y), where in

the last equality we have used that all elements of x(G) square to I (as they are Hermitian by
choice). This shows k(za’) = k(z)k(z’) proving the claim. Next observe that by construction
#(S) = (T), and so k(S) is a stabilizer subgroup of Py. We moreover have & = p, because for any
v = (1) [Lyen, ¥ € CS), we have i(z) = [Lep. (5) = yen () = m(Tyen, ) = 1(x)
where the last equality uses p(iI) = [I]. Finally the condition x(¢/) = I in Eq. (76), together with
the fact that p is surjective, and & = p, imply that & is surjective.

We now prove parts (a)-(f) of the lemma, assuming the existence of x.

(a) For any two elements p,q € C(S), since # = p and both p and 7 are commutation preserving
homomorphisms, we have Com(p, ¢) = Com(&(p), k(q)) = Com(k(p), k(q)).

(b) If p € C(S) \ (iI,S), then there exists ¢ € C(S) \ (¢I,S) such that Com(p,q) = 1. As &k
is commutation preserving by (a), we also have Com(k(p),k(¢)) = 1, which is impossible if

k(p) € (iI).

(¢) The center of C(S) is (i1, S), and the center of Py is (iI). Since & is a surjective homomorphism,
this implies «({iI,S)) C (il). Now fix any p € S. We have already argued in the paragraph
preceding the lemma that x(p) # +il. Since x(S) is a stabilizer group, we also have x(p) # —I.
This shows x(S) = (I) (equivalently S is in the kernel of k). Now by the surjectivity of x and
(b), it follows that k((iI,S)) = (i), and since u(il) = [I], we also have (i) € (iI). If
k(i) = 1, then k((:I,S)) = (—I), which is a contradiction. This proves x(il) = +il. In
each of these two possible cases, since k(S) = {I}, we have for any p € (iI,S)\ S, k(p) # I,
and this proves that the kernel of & is exactly S.

(d) It suffices to show that —I ¢ x(S’), as then Lemma 3.1(b) implies x(S’) is also commuting
and Hermitian. If &’ = S then x(S") = I by (c). Now assume S’ # S, and for contradiction,
assume there exists p € &’ such that k(p) = —I. Then by (¢), p € &'\ S, and since §’ is a
stabilizer group it must also hold that p & (i1, S). But this contradicts (b).

(e) As k is a homomorphism, we have x(C(S")) C C(k(S")). We want to show C(x(S")) C k(C(S)).
Pick any p € C(k(S")). By surjectivity of k, there exists ¢ € C(S) such that x(¢) = p. Then for
all z € &, since k is commutation preserving, we have Com(q,z) = Com(p, k(z)) = 0, which
implies g € C(S’).

(f) Since S € &', we have S C S’ C C(S') CC(S). Let T be either S’ or C(S'), and let k7 : T —
k(T) be the restriction of x to 7. Then k7 is surjective, and the kernel of k7 is S. Thus we
have the isomorphism 7 /S = x(7 ), which implies dim(x(7)) = dim(7/S) = dim(7) —dim(S).
Using this, we easily obtain the equality dim(x(C(S’))) — dim(x(S’)) = dim(C(S’)) — dim(S’),
where the left (resp. right) hand side of the equation denotes twice the number of encoded
qubits by the stabilizer code specified by x(S’) (resp. S').

O

Similarly, a homomorphism p: G — Pn, where G is a subgroup of Jp,, is called commutation pre-
serving if for all v,+" € G, Com(u(v), u(v")) = Com(~,~’). A simple fact is the following: if T C G
such that (7) = G, and p: G — Py is a homomorphism such that Com(y,~’) = Com(u(v), u(y'))
for all 7,7 € T, then p is commutation preserving on G. To see this, if 7,7 € G, there exists

k k..
Viseoos Vhys Vis- - - ,7,’%, € T such that v = [[.2; s, and v = [[.2; - Then Com(u(y), u(v')) =

k k. k k. k k.
Com(J T2y p(vs), [T 2y n(ve)) = D262y D 2p 2y Com(p(ys), (1)) = Doy 242y Com(vs, ) = Com(y,7'),
where the first equality is true since p is a homomorphism, and the sums are evaluated over Fs.

Let us discuss a consequence of Majorana and qubit partitioning on 7, and Pw, respectively. For
m,N >{>1,let Ji,...,Jp (vesp. Ji,...,J;) be a partition of m Majoranas (resp. N qubits), and
denote by Jpm,s. (resp. 73]\[”]’2) the subgroup of 7, (resp. Px) formed by those elements of 7,
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(resp. Py) whose support is contained in J; (resp. J;). We then have Jo = (Tm.srs- - » Tmode)
and the direct sum Py = @i:l 75]\[“],’6. Recall that a stabilizer group S of J,, satisfies —I ¢ S such
that all elements of S have even weight. Now suppose we are given stabilizer groups Sy, ...,S; of
Jm, such that for each k, Sy C T4, , and moreover S = (S,...,Sy) is a stabilizer group. Then
the centralizer of S satisfies C(S) = (C(S1) N Tm,gys - - -, C(Se) N T, g, ). To prove this, note that for
any fixed k, if v € C(Sk) N T, .., then from the support of v we deduce using Eq. (7) that v € C(S),
showing (C(S81) N Tm,g1s-- - C(Se) VT, 7,) € C(S). Next let v € C(S). As «y is an element of J,,,
we have a decomposition v = Hi:l Yk, where for each k& we have v, € 7, ;.. Fixing a k, we note
that for all v/ € S, Com(y,7’) = 0 implies Com(vg,7") = 0 (this uses Com(yx/,v") = 0 for all
k' # k from support conditions), and this shows C(S) C (C(S1) N Tm.sys---,C(Se) N T, g,). This
discussion is useful in proving the following lemmas:

Lemma E.2. Suppose we are given

(i) m,N>4£>1, Ji,...,J¢ is a partition of m Majoranas, and Ji,...,J; is a partition of N
qubits.

(it) Si,...,Se are stabilizer groups of T, satisfying Sk C Tm, g, for all k, and S = (S1,...,Sp)
s a stabilizer group.

(iii) For all k, and for all v € C(Sk) N\ Tm, g, ¥ has even weight.

(iv) p:C(S) — Pn is a map with the properties: (a) p(C(Sk) N Tm.s.) C 75N7JI; for each k, and
(b) if vy = Hi:l i with each v, € C(Sk) N T, i, then p(y) = Hi:l w(ve).
Denote by uy, the restriction of p to C(Sk) N Im..,- Then the following hold:

(a) Two distinct i cannot give rise to the same family {pxto_, .

(b) If £ > 1, then for each k, we have ux(il) = [I], and pr(y) = pr(y') whenever v,v" € C(Sk) N
Tm.J,» and v, are equivalent up to phase factors. Moreover, if we are given a family of maps
pr 2 C(Sk) N T, g — 751\/”];c for 1 < k </, satisfying these two conditions, then there exists a
corresponding p satisfying (iv), and it is unique.

(¢) w is a surjective, commutation preserving homomorphism if and only if px : C(Sk) N Tm, g, —
751\/“];C is a surjective, commutation preserving homomorphism, for each k.

Proof. (a) Since C(S) = (C(S1) N Tm,ays---,C(Se) N Tim,g,), it implies that if v € C(S), then
v = Hi:1 v, with each v, € C(Sk) N Jim,y.- Then by property (b) of (iv), we get p(vy) =
Hf;zl pk (%) showing that distinct p cannot give rise to the same family {guy}é_;.

(b) If there exists k such that g (i) # [I], then property (a) of (iv) does not hold. Now suppose
there exists k and ,7;, € C(Sk) N Tm,J,, such that 7,7, are distinct and equivalent up
to phase, and pg(vk) # pr(7;). Consider any v € C(S) given by v = Hﬁzl ~s, where for
all s # k, 75 € C(Ss) N JTm,s. are chosen arbitrarily. By adjusting the phases, one also has
v = Hﬁzl ~. with ~vs,7. equivalent up to phase for all s. Then by property (b) of (iv) we
get Hizl ws(ys) = H§:1 ws(74), and the support conditions imply pr(vk) = pw(7,) giving
a contradiction. To prove the second part, assume we are given a family {u}{_, satisfying
the two conditions of the first part. Take any v € C(S), and suppose 7 = Hizl ~r and
v = H£=1 v, are two different representations of v, where v, v, € C(Sk) N T, for all k.
From support conditions, we conclude that ~,; are equivalent up to phase for each k. Thus

Hf;:l pr(vE) = Hf;:l pi (), and so we can define p(y) = Hi:1 15 (7)) unambiguously. This
definition of p satisfies (iv), and it is unique by (a).

(c) First assume that p is a surjective, commutation preserving homomorphism, and fix any k.
Then if 7,7 € C(Sk) N T, .., we have Com(pup(7), pi(7')) = Com(u(v), u(v)) = Com(v,7"),

and also p(vy') = p(vY') = p(MNu(y') = w(y)(y'), showing that py is a commutation
preserving homomorphism. Next let [¢] € Py, ;. By surjectivity of i, we have v € C(S) such
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that p(y) = [g]. Since we can write v = Hi:l s with 75 € C(Ss) N T, s, for each s, it implies
u(y) = H£:1 wu(vs) = [g]. But from property (a) of (iv), it must be that u(ys) = [I] for all
s # k, and so pu(7y) = [g] showing that ju, is surjective. For the converse direction, suppose pu :
C(Sk) N Tm,1. — Ph, J; 18 a surjective, commutation preserving homomorphism for all k. Take
v,v" € C(S), and we can write v = Hf;:l Vi, and ' = Hi:l Yer With v, 7, € C(Sk) N Tm, i,
for each k, and thus vy = inizl Y5 It follows that u(vy') = pu(£mv1) Hi:z w(vevy) =
Hi:l e (YY) = Hizl () i (77,), where the first equality is by property (b) of (iv), and
the second equality uses that uq (i) = [I] as pq is a surjective, commutation preserving homo-
morphism (see the first paragraph of the proof of Lemma E.1 for a similar reasoning). Similarly,
¢ ¢ .
1(v) =TTz (k) and p(y') ” [Tz #r(7;), from which we get (') = p(ry'). We
also have Com(p(7), (7)) = > 5=y Com(p(x), i (v3,)) = 2251 Com(yx, v;) = Com(v,7'),
where the last equality is by (iii). This shows that p is a commutation preserving homomor-
phism. To prove p is surjective, let [q] € Py. Then by the direct sum representation of Py,

one can write [q] = Hi:l[%] with [gx] € ﬁNvJL for all k. By surjectivity of py, we have that
for all k, there exists v € C(Sk) N T, s, satistying (k) = [gx]. Defining v = Hi:l Vi, gives

() = Tiems 1 (96) = Tz lan] = la)- .

Using the lemmas and facts presented above in this section, it is now easy to show that the
Majorana and the qubit surface codes of Section 3.2 and Section 3.3 respectively, encode the same
number of qubits. Recall that the Majorana code is defined by the stabilizer group S(G) C T,
generated by the vertex stabilizers S, and the face stabilizers S¢, for all v € V and f € F), as
defined by Eqgs. (10), (11). We partition the Majoranas into |V| subsets {J, }yecv, with each subset
indexed by a vertex v € V. If v is an even degree vertex, then J, = {3, : [h]r C v}, and if v is
an odd degree vertex, then J, = {yp), : [h]; C v}U{¥,}. Similarly, we also partition the N qubits
into |V subsets {J! },cv, where J! consists of the N,, qubits placed at v for the qubit surface code
(see Definition 3.3). Using this, we complete the proof of Corollary 3.8 below.

Proof of Corollary 3.8. Let S, be the stabilizer group generated by S,, and note that S, C .. 1,
for all v. Let Smaj = ({Sy : v € V'}), and it is a stabilizer group as Smaj € S(G). Define m,, = |.J,|
and note that m, is even. If v € C(S,) N Ty, s, then |supp () | is even, as v must commute with S,,.
Thus conditions (i)-(iii) of Lemma E.2 are satisfied (with £ = |V]). Our goal is to define a family of
surjective, commutation preserving homomorphisms i, : C(Sy) N Tim.g, — 751\/7 g, for each vertex
v. Fixing a v € V, note that any such p, must satisfy p,(iI) = [I] (one argues similarly as for
in the proof of the converse part of Lemma E.2(c)), and this ensures p, (y) = 1, (7") whenever v,~’
are equivalent up to phase. Thus the two conditions in Lemma E.2(b) are satisfied by ., so given
such a family {y,},ev one concludes that there exists a unique map p : C(Spaj) — Py that gives
rise to {iy fvey. This ensures p satisfies condition (iv) of Lemma E.2, and then Lemma E.2(c)
allows us to conclude that u is a surjective, commutation preserving homomorphism.

Starting with any half-edge h € v, assign the Majoranas ¥iu),, Yirph], » - - - s V(rp)des—1p, 0 Jy the
labels 1, ..., deg(v) respectively, and if v is an odd-degree vertex, assign the Majorana 7, the label
deg(v) + 1 (note that this is independent of the labeling scheme discussed in Section 3.2). Also
consider the list of sector operators T, = {q[n],, qlrph],:- - -+ Q((rp)tesr-1n], } € C(Sp) N T, s, and
let xo : Ty — ﬁ]\/”.]{) be the map that assigns each sector operator to an extremal CAL on N, qubits

PERE

(as discussed in Section 3.3). Let E, € ngeg(v)ﬂ)xm” be the matrix whose last row is all ones, and
the top deg(v) rows are defined by (Z,);; = 1 if and only if the sector operator gj(,,)i-15), contains
the Majorana with label j. Let V,, denote the row space of =, and since all rows of =, are binary
vectors of even Hamming weight, Lemma C.12 implies that V, C {z € F5" : Ham(x) is even}.

Also define N, = {y € F3E ™ . y2, = § e Fv ).

We want to construct u, as an extension of x,. Since elements of C(S,) N Jy,s, which are

equivalent up to phase, must get mapped to the same element of ’ﬁN, Jr, We may represent any

v € C(Sy) N T, g, by a row vector x € F5™ of even Hamming weight, where x; = 1 if and only if y

contains the Majorana with label j. Given any such z, let y € Fgeg(u)ﬂ be a solution of z = y=,,.
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Then for any v represented by x we define

IT xo(@emi-in,). (77)

Jiy;=1

To show that p, is a well defined map, we need to check (i) for all z € F3™ of even Hamming
weight, the equation x = y=, has a solution gy, and (ii) if multiple solutions exist for the same
x, then Eq. (77) does not depend on the solution y picked. Observe that rank (£,) = deg(v) — 1
if deg(v) is even, and rank (2,) = deg(v) if deg(v) is odd. Thus rank (2,) = m, — 1 in both
cases, and we conclude that |V,| = 2m*~! = |{z € F}" : Ham(x) is even}|. This proves (i). To
prove (ii), let Te ]F;ieg(”) be the all-ones row vector, and we consider the deg(v) odd or even cases
separately. First suppose deg(v) is odd. Then N, = span{[T 0]}, and thus if y # y’ satisy
r=y=, =y'=,, theny —y' = [T 0]. Since Hdeg v) Xo(q((rp)i-1h),) = [I] by Corollary C.11(a),
it follows that Eq. (77) gives the same g, (7) whether we choose y or y'. Next suppose deg(v)
is even. Then N, = span{ [T 0], [z 1]}, where z € Fd °2(") satisfies zj = 1 if and only if j

is even. In this case, both Hd g(v) Xo(Q((rp)i-11),) = [I] and Hdeg(v 2o ( q|(rp)2~ 1n),) = [] by
Corollary C.11(b), and so again Eq (77) is well defined. We also see that p, is an extension of .
For any fixed j, consider the sector operator gj(;,)i-1p], and let x be its representation. Then a
solution to x = y=, is given by y satisfying y;; = 1 if and only if ' = j, and thus by Eq. (77) we
get 1y (q[(rpyi-1n),) = Xo(q((rp)i-1n],)-

We now show that the map pu, is a surjective, commutation preserving homomorphism. Let
v, € C(Sy) N Tpm,s, be represented by x,z’ € Fy™ respectively, and suppose y,y’ satisfy = =
Y=y, ¥ = y'Z,. Then we have (z + 2') = (y + v')=,, and v’ is represented by = + 2’. From
Eq. (77) we conclude p,(vy') = pw(7)te(y’) proving u, is a homomorphism. Since the CAL
{xo (a1, )y - -+ s Xo(q)(rp)aesr—14],) } generates 73N’L]1'} by Corollary C.10, p, being a homomorphism
also implies it is surjective. Next note that the fact + = y=, always has a solution for any
x € Fy"™ of even Hamming weight, implies C(S,) N Tz, = (i1, 8o, qp,s - - - 5 q[(Tp)deg<v>_1h]p>, and
from Eq. (77) we have p,(iI) = py(Sy) = [I]. Thus we see that u, is commutation preserving on
a generating set of C(Sy) N I, s, , and by the same argument as in the paragraph below the proof
of Lemma E.1 we conclude that p, is commutation preserving.

As mentioned in the first paragraph of the proof, this finishes the construction of u whose restric-
tion to C(Sy)NTim, s, is pio for each v. Now after identifying 7, with P, ;o using the Jordan-Wigner
map (which is a commutation preserving isomorphism), we can apply Lemma E.1 and conclude the
existence of a surjective homomorphsim & : C(Smaj) — Pn such that & = p, and by Lemma E.1(f)
we conclude that the stabilizer codes S(G) and k(S(G)) encode the same number of logical qubits.
It remains to show that u(S(G)) equals the stabilizer group of the qubit surface code. By Def-
inition 3.3 and Eq. 14, for each f € F there is a stabilizer of the qubit surface code given by
H[h]pgf Xo([hl,)(4[n), ), Where for each sector [h],, v([h],) is the unique vertex containing the sector.

But by Eq. (77) this is equal to p(Sy), and the conclusion follows as u(S,) = [I] for allv € V. O

F A more general family of cyclic qubit stabilizer codes

In this section we show that the cyclic toric code introduced in Section 3.3 are part of a much
larger 2-parameter code family of cyclic qubit stabilizer codes, which in turn are special cases of a
4-parameter cyclic code family. We will prove a few facts about these code families. The results
here also provide a completely different proof for the number of encoded qubits for the cyclic toric
code (see Theorem 3.9).

F.1 A four parameter cyclic code family

We begin by choosing integers N, p, ¢, r satisfying the conditions (i) p,q,r > 1, (ii) r,q,p + r all
distinct, and (iii) max{g,p + r} + 1 < N, which ensures N > 4. We will always assume in this
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section that N, p, q, r satisfies these conditions. Now consider a Pauli string aga; ...anx_1 of length
N such that
Z it ke{0,q},
ap =4 X ifke{rp+r} (78)

I,  otherwise.

Let S; denote the Pauli string in Eq. (78) cyclically shifted by 4 indices to the right. Thus Sy is
the unshifted Pauli string. Let S = {S; : 0 < i < N — 1} denote the set of all cyclically shifted
Pauli strings, and (S) be the subgroup generated by S. It will be convenient to associate subsets
of N := {0,...,N — 1} with subsets of S, so we introduce the map I' : 2V — 25 defined as
D(X) ={S, :z € X}, forall X € 2V,

If all the cyclic shifts of this Pauli string commute with one another, they can be used to define
a stabilizer group with each shifted Pauli string defining a stabilizer up to a phase factor of 1 or
—1 (see Lemma 3.1(a) for the equivalent statement about the Majorana group, which also applies
for the Pauli group due to identification of the two groups via the Jordan-Wigner transform). The
quantum stabilizer code that results will be called a 4-parameter (N, p, ¢, ) cyclic code. Depending
on the values of r,¢q, and p 4+ r, there are three distinct subfamilies of these codes. The explicit
form of the Pauli string Sy corresponding to these three subfamilies are given below:

ZI®r—1 X [®e—r—1 7 [®ptr—q—1 x [ON—p—r—1 ifr<g<p+r, (subfamily A)
So = { ZI®T—1 X [®P—1 X [®a-p—r—17[ON—q-1 ifr<p+r<gq,  (subfamily B)
ZI®9—1 Z[@r—a=1 X [®p—1 X [®N—p—r—1 ifg<r<p+r (subfamily C)

(79)

We would like to understand the conditions on the values of N, p, g, under which all cyclic shifts
of Sy for each subfamily in Eq. (79) commute with one another, which is necessary to define a valid
stabilizer group. The following lemma is important towards achieving this goal.

Lemma F.1. For any Pauli string defined in Eq. (78), (S) is a commuting subgroup if and only
if the set {So, Sq, Sr, Sp+r} is pairwise commuting.

Proof. In this proof all qubit indices will be evaluated modulo N. If (S) is a commuting subgroup,
the set {So,S¢,Sr, Sptr} is pairwise commuting because it is a subset of (S). For the other
direction, assume that {Sp, Sy, Sr, Sp4r} is a pairwise commuting set. To show that (S) is a
commuting subgroup, it suffices to show that S is pairwise commuting, which is in turn equivalent
to showing that Sy commutes with each element in S, because of cyclicity. For contradiction,
assume that this is not true, so there exists Sy € S that anticommutes with Sy. This is only
possible if there exists a qubit index 0 < n < N — 1, such that both Sy and S; contain a Pauli
different from I (not necessarily the same) at that qubit, and so this implies ¢ € {£p, £q, £r, =(p+
r), £(¢g—7), £(p+r—q)}. Now for any index ¢, it follows using cyclicity that Sy commutes with Sy
if and only if Sy commutes with S_;, because the relative shifts in both cases are the same. Also by
assumption .Sy commutes with each of Sy, S,, and Sp4,. Thus we deduce that £ € {p, g—r, p+r—g}.
Using cyclicity again, it also follows by the same reasoning that (i) So and S, are commuting if
and only if S, and Sp4, are commuting, (ii) So and S,_, are commuting if and only if S, and 5,
are commuting, and (iii) Sp and Sp4,_, are commuting if and only if S, and Sp4, are commuting.
But this is a contradiction as Sy, S, and Sy, are pairwise commuting by assumption. O

Because of Lemma F.1, given any values of N, p, ¢, r, one only needs to check whether all six pairs
{S0,S¢}s {S0,5r}, {S0, Sp+r}s {Sq, Sr}, {Sqs Sp+r} and {S;, Sp4r} are commuting or not. Each of
these checks has complexity O(1), independent of N, because each Pauli string in {So, Sy, Sy, Sp+r }
has bounded support, and so determining whether (S) is a commuting subgroup or not also has
complexity O(1) for any input values of N,p,q,r. We will say that a quadruple (N,p,q,r) is
consistent if and only if (S) is a commuting subgroup. For example, the following special case is
of particular interest.

Lemma F.2. A quadruple (N,p,q,r) satisfying r < p+r < q is consistent if ¢ = p + 2r, and
corresponds to a cyclic code of subfamily B.
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Proof. In this proof all qubit indices will be implicitly assumed to be modulo N. If we prove that
the quadruple is consistent then we know from Eq. (79) that the cyclic code belongs to subfamily
B. First note that the Pauli string Sy has the form ZI®"—1X[®p-1X [®r—17[ON=p=2r=1 [t
[a b] be the symplectic representation of Sy and |a’ b’] be the symplectic representation of
Sm, for some 0 < m < N — 1, where a,a’,b,b' € Fy'. Then Sy and S,, commute if and only if
(a-b'+a’-b) =0, where the left hand side is evaluated over Fo. Now note that a; = 1 if and only if
ati € {r,p+r}, b;=1ifand only if i € {0,p+2r}, a, =1ifand only if at i € {m+r,m+p+r},
and b, = 1 if and only if ¢ € {m,m + p + 2r}. Then

a-b' +a b= (0rm+ Ormiptar + Optrm + Optrmiprar)
+ (5m+'r,0 + 5m+r,p+2r + 6m+p+r,0 + 5m+p+r,p+2'r)
= T7 K K ) ) ). b b
(5 m + 60 m+p+r + 5p+r m + 50 m—H’) + (5m+r 0 + 5m p+r + 6m+p+r 0 + 5m r)

- (57',7n + 6771,7') + (60,m+p+7' + 67n+p+7',0) + (6p+7',m + 57n,p+7') + (60,m+7' + 6m+7‘,0)
0.

(80)

Since m is arbitrary this proves that Sy and S, commute for all 0 < m < N —1, and using cyclicity
we then conclude that (N, p, q,r) is consistent. O

Given a consistent quadruple (N, p, q,7), we would like to know the number of qubits encoded by
the corresponding cyclic code. The answer to this question is completely provided by the next
theorem, which we state below.

Theorem F.3. For any 4-parameter (N, p, q,r) cyclic code, the number of encoded qubits satisfies
_ ged(p, N) ged(g, N)
ged(lem(p, q), N)

(81)
and is independent of r.

The proof of this theorem is delayed to first present a few general facts, on which the proof depends
on. Below we start by proving Lemma F.4, which is then used to prove Lemma F.5, the latter
being the most important result that we will need. We then prove Lemma F.6, which is a structure
lemma that tells us exactly which subsets of the stabilizers of the 4-parameter (N, p,q,r) cyclic
code are independent. Combined with Lemma F.5, this immediately proves Theorem F.3. In the
proofs of Lemma F.6 and Theorem F.3, we use the notation introduced in the paragraph below
Eq. (78), that associates subsets of {0,..., N — 1} to subsets of stabilizers for the 4-parameter
(N, p,q,r) cyclic code.

Lemma F.4. Let a,b,m > 1 be positive integers, and a, 3,7 be real numbers. Then
(a)
min(y — min(q, ),y — min(8,v)) = v — min(y, a« + 5 — min(a, 3)), (82)

(b)

ged (gcd(a,m)’ ged(b, m)> - ged(lem(a, b), m)’ (83)

Proof. (a) Without loss of generality assume that o > 5. Then a + 8 — min(a, 8) = «, so
the expression on the right-hand side of Eq. (82) simplifies to v — min(v, «). First consider
the case v < a. We have v — min(y,«a) = 0, while min(y — min(«,7),y — min(3,v)) =
min(0,y — min(8,v)) = 0, since v — min(3,~y) > 0. Next consider the case ¥ > « > 8. Then
v — min(y, @) = v — «, and min(y — min(a, ),y — min(8,7v)) = min(y — o,y — ) = v — a.
This proves Eq. (82) in both cases.

(b) Let {p;}i>1 be the enumeration of all the primes in ascending order. Then there exists an n
such that a,b, m have the following unique representations

n n n
asz?ﬂszp?",m:szi, (84)
i=1 i=1 i=1

Accepted in {Yuantum 2024-07-11, click title to verify. Published under CC-BY 4.0. 76



where «;, 8;,7; € {0,1,2,...} for all 1 < i < n. Using Eq. (84) it then easily follows that

n m = - s—min(aq,v;) - s—min(B;,7i)
ged <gcd(a,m)’ ged(b, m)) = ged (sz ’sz' )

i=1 i=1

(85)

7

n
_ min(y; —min(e,v; ),y —min(Bi,vi))
1=1

and no_
[I ;"
i=1

m _ _ - i —min(v;,0;+8; —min(ay,5;))
= Hpi s

ged(lem(a, b), m) sed <1—[ p?i‘f‘ﬁi—nlin(ahﬂi), 1T pii) i1
i=1 =1

2

(86)

and thus by (a) these two expressions are equal. -

Lemma F.5. Let a,b,m > 1 be positive integers, and let “+” denote addition modulo m. Then
the set of integers G = {k1a + kab : k1, ko € Z} is a cyclic subgroup of (Z/mZ,+), under +. The
order of G satisfies

mged(lem(a, b), m)

191 = aed(a,m) ged(b,m)

(87)
The smallest positive integer that generates G is ged(a, m) ged(b, m)/ ged(lem(a, b), m).

Proof. G is closed under 4+, and for every z € G, —r mod m € G, and so each element has an
additive inverse. Thus G is a subgroup of (Z/mZ,+) since G C Z/mZ, and because (Z/mZ,+) is
a cyclic group, it follows that G is cyclic.

We now derive the expression for |G| in Eq. (87), which we break up into a few steps.

(i) Step 1: We first construct two subsets of G: G, = {kjamodm : k; € Z}, and G, =
{kob mod m : ko € Z}. Using the same argument as for G, we have that G, and G are cyclic
subgroups of G under +, hence also of (Z/mZ,+). Since lem(a,m) is the smallest positive
multiple of a divisible by m, and noting that lem(a,m)/a = m/ged(a,m), it follows that
Go = {kiamodm : 0 < ky < m/ged(a,m) — 1}. Moreover for any two distinct integers
0 < k1,kl < m/ged(a,m) — 1, we have kia #Z kja (mod m) because otherwise |k; — ki|a
is a positive multiple of a strictly smaller than lem(a,m) that is also divisible by m. Thus
|Ga| = m/ ged(a, m), and similarly |G| = m/ ged(b, m).

(ii) Step 2: Our next goal is to show that G, = {k; gcd(a,m) : 0 < k; < m/ged(a,m) — 1}. If
ged(a,m) = m then the result is clearly true, so assume that ged(a,m) < m. By Bézout’s
identity ged(a,m) = za + ym for some integers x,y, i.e. ged(a,m) = za (mod m), and so
ged(a,m) € G,. But this implies that {kj ged(a,m) : 0 < k1 < m/ged(a,m) — 1} C G,
since G, forms a group under +. But all the elements in this subset are distinct and the
number of elements in it equal m/ ged(a,m), which is the order of G,, and so we have
in fact proved that G, = {kigcd(a,m) : 0 < ky < m/ged(a,m) — 1}, and analogously
Gy = {kaged(b,m) : 0 < ko < m/ged(b,m) — 1}. This also shows that ged(a,m) and
ged(b, m) are the smallest positive integers that cyclically generate G, and G, respectively.

(iii) Step 3: We now want to locate the smallest non-zero integer p in G, that is also in G,. For
this we consider two subsets: G, N G, and G’ := {k3lcm(a,b) mod m : k3 € Z}. First note
that G, N G, forms a subgroup of both G, and G, under 4, because it is the intersection of
two subgroups; hence Lagrange’s theorem implies |G, N G| < ged(|Gal, |Gs|). Also since each
element in G, NG, is a multiple of both @ and b modulo m, it follows that G’ C G, NGy, and so
|GaNGp| > |G'|. Next, reasoning similarly as in Steps 1 and 2 for G, and G, we conclude that G’
is a cyclic group under +, G’ = {k3 ged(lem(a, b),m) : 0 < k3 < m/ ged(lem(a,b), m)—1}, and
|G| = m/ged(lem(a, b),m). But applying Lemma F.4(b) gives that m/ged(lem(a,b), m) =
ged(m/ ged(a, m),m/ ged(b,m)) = ged(|Gal, |Gs]). We have thus proved that G’ = G, N Gy,
and it follows that p = ged(lem(a, b), m).

Accepted in { Xuantum 2024-07-11, click title to verify. Published under CC-BY 4.0. 77



(iv) Step 4: We now give an equivalent characterization of G that will help us count the number
of elements in it. Let ¢ = p/ gcd(a, m), where p is from Step 3, and notice that ¢ is an integer
because

a b m
ged(lem(a, b), m) = ged (ng(a’ m) ged(a, m) ged(a, b)’ zed(a, m)ng(W>

= ged(a, m) ged a4 b m
- ge,mg ged(a,m) ged(a, b))’ ged(a,m) )’

(83)

and moreover m is a multiple of ¢, because p divides m. Now construct the set

G" = O (k1 ged(a,m) + Gyp) - (89)

k1=0

We want to prove that G” = G. Clearly we have that G” C G, so we only need to show that
G C G". If r € G then there exists ki, ks € Z, such that r = kja + kob. But kia + kob =
(k1a mod m) 4+ (k2b mod m), and so r = x 4y, for some z € G, and y € G;. Note that any
element x € G, can be expressed as x = 2’ + z for some z € G, NG, and 2’ € {ky ged(a,m) :
0 < k; < q—1}, and thus we have r = 2’ + y+ z = 2’ 4+ ¢/ for some y’ € Gy, since both
Y,z € Gp. This proves G C G”.

(v) Step 5: We now want to show that the union appearing in Eq. (89) is a disjoint union. Note
that this would imply |G| = ZZ:O |k1 ged(a,m) + Gp| = Zzl_:lo |Gv| = q|Gb| by Step 4, thus
proving Eq. (87). So for the sake of contradiction, assume that there exists distinct integers
0 < k1 <k} < ¢—1such that (k1 ged(a, m) + Gp) N (k] ged(a, m) + Gp) # 0. Then there exists
b,b" € Gy, such that ky ged(a, m) +b = kf ged(a,m)+ b, and so (k] — k1) ged(a,m) = (b— V')
(mod m) which implies (k] — k1) ged(a, m) € Gp. But kj — k1 < g and so (k] — k1) ged(a,m) <
p, and since p is the smallest non-zero element in G, N G, by Step 3, this implies k] = k;
which is a contradiction.

For the last part, let s be the smallest non-zero integer in G; so {ks: 0 < k < [m/s] -1} C G
because G is a group. Then s divides m because otherwise ¢t = s[m/s] modm € G, 0 £t < s.
Suppose u € G and u ¢ {ks: 0 <k <m/s—1}. Then 0 # u — s|u/s] € G and u — s|u/s| < s
which is a contradiction. This proves that G = {ks : 0 < k < m/s — 1}, and so m/s = |G|, or
equivalently s = ged(a, m) ged(b, m)/ ged(lem(a, b), m). Thus s is the smallest positive integer that
cyclically generates G. O

Lemma F.6. Let “4+” denote addition modulo N, G = {kip+ kaq : k1,ke € Z}, G, = {kp+ 0 :

kelZ}, and Gy ={kq+0: ke Z}. If ACN and s € Z, denote A+ s :={zx+s:z € A}.

Then for any quadruple (N, p,q,7) (not necessarily consistent), and for any non-empty H C N,

the following holds:

(a) T(H) multiplies to a X-type Pauli string if and only if H is a union of the cosets of G, in
(Z/NZ,+).

(b) T(H) multiplies to a Z-type Pauli string if and only if H is a union of the cosets of G, in
(Z/NZ,+).

(¢) T'(H) multiplies to I (up to phase factors) if and only if H is a union of the cosets of G in
(Z/NZ,+).

Proof. In this proof all qubit indices and cyclic shifts will be implicitly assumed to be modulo N,
and products of Pauli strings in S will be considered modulo phase factors. Note that we have
already proved G, G,, and G, are subgroups of (Z/NZ,+) under 4+ by Lemma F.5, so cosets of G,
Gp, and G, are well-defined. It will also be useful to remember the following fact: if 7 C S, and T’
is obtained by cyclically shifting each Pauli string in 7 by some integer k, then [[7" is obtained
by cyclically shifting [ 7 by k.

We next make the following claims, which we prove at the end of the proof: (i) [[I'(G,) is a X-type
Pauli string, and [[T'(G,) is a Z-type Pauli string, (ii) if [[T'(H’) is a X-type Pauli string for any
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H' C N such that © € H’', then G, + « C H’, (iii) if [[T'(H’') is a Z-type Pauli string for any
H' C N such that € H/, then G, + 2 C H’, and (iv) if [[T'(H) equals I (up to phase factors)
for any H' C N such that z € H', then G+ 2 C H'.

(a) Suppose H is a union of the cosets of G, in (Z/NZ,+). By claim (i) and the fact mentioned at
the beginning of the proof, if H#' is a coset of G, in (Z/NZ,+), then [[T'(H') is a X-type Pauli
string, since H' = G, + s for some s € N. Thus [[T'(H) is also a X-type Pauli string. For the
converse, suppose for contradiction that H is non-empty, [[T'(#) is a X-type Pauli string, and
‘H is not a union of the cosets of G,. Then there exists an integer = belonging to some coset
H' of G, such that x € H and H' € H. So H' = G, + x, which gives a contradiction by claim
(ii).

(b) This follows from (a) by performing Clifford transformations on every qubit interchanging X
and Z, and using cyclicity.

(c) Assume H is a union of the cosets of G in (Z/NZ,+). Since G, (resp. G,) is a subgroup of
G, it implies G is a union of the cosets of G, (resp. Gp) in (Z/NZ,+). Thus by (a) and (b),
JIT(#H) is both a X-type and Z-type Pauli string, and so it must equal I up to phase factors.
To prove the converse, suppose for contradiction that H is non-empty, [[T'(H) equals I (up
to phase factors), and H is not a union of the cosets of G. Then similar to the proof of the
converse in (a), there exists an integer = belonging to some coset H’ of G such that x € H and
H' ¢ H. This implies H' = G + x, but this contradicts claim (iv).

We now prove the claims made above.

(i) We observe that for any qubit index n € N, there are exactly two Pauli strings S,, and
Sp—q containing Z at index n, exactly two other Pauli strings S,,—, and S,,—,—, containing
X at index n, while all others have I at index n (note that Sp, Sn—q, Sn—r, and Sp_p_r
are distinct by assumptions on p, ¢, ). Since the relative shift of S, and S, is ¢, and the
relative shift of S, _, and S,,_,_, is p, it follows from the group structure of G, and G, that
S, € T'(G,) if and only if S,,—, € ['(G,), and S,,—, € I'(G,) if and only if S,_,_, € T'(Gp).
Thus [[T'(G,) has either X or I, at index n, and [[T'(G,) has either Z or I, at index n.

(ii) By cyclicity, it suffices to prove this for the special case z = 0. So suppose 0 € H' C N,
[IT(H') is a X-type Pauli string, and for contradiction also assume G, ¢ H'. Noting that
Gy ={kgmod N : 0 < k < N/gcd(¢q, N) — 1}, then there exists 0 < k¥’ < N/ged(q,N) — 1,
such that ¥'q mod N ¢ H' and kg mod N € H’ for all 0 < k” < k’. Thus the Pauli string
S—1)q € T'(H'), which contains Z at qubit index £’q. The only other Pauli string that
has Z at the same index is Sk/q, but Sgq ¢ T'(H'). Thus [[T(#H') is not X-type, giving a
contradiction.

(iii) This follows from claim (ii) by cyclicity, i.e. cyclically shifting every element of S by r units
to the left, and then performing Clifford transformations on every qubit swapping X and Z.

(iv) Let H' be as in the claim. Since [[T'(H’') is a X-type Pauli string, we conclude by claim
(ii) that G, C H’. Next fix any ¢’ € G,, and consider the set G, +¢ = {kp+¢ : 0 <k <
N/ ged(p, N)—1}. Since [[T'(#H') is a Z-type Pauli string, by claim (iii) we have G,+¢ C H'.
As ¢ is arbitrary, this proves G = Uq'egq Gp+q) CH.
O

Proof of Theorem F.3. Let G be defined as in Lemma F.6. For each coset H of G in (Z/NZ, +),
we can then remove exactly one stabilizer from I'(#) and take the union of the resulting sets, to
get a set of stabilizers H' that still generates (S) by Lemma F.6(c). Since the number of cosets
of G is N/|G|, it follows by Lemma F.5 that |H'| = N — ged(p, N) ged(q, N)/ ged(lem(p, ¢), N).
Moreover I'(H') is independent as it has no subset that multiplies to I, again by Lemma F.6(c),
and so the number of independent generators of (S) equals |H’|. The proof is complete noting that
K=N—-|H. O

Combining the results of Lemma F.5, Lemma F.6(c), and Theorem F.3 we also have the following
corollary, which allows us to extract an independent subset of stabilizers that generate (S) from
the knowledge of N and K alone.
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Corollary F.7. If a 4-parameter (N, p,q,r) cyclic code encodes K qubits, then K > 1 and divides
N. Moreover a non-empty subset of S multiplies to I (up to phase factors) if and only if it
is a non-empty union of the subsets of S corresponding to the cosets of G in (Z/NZ,+), where
G={kK:0<k<N/K-1}.

Proof. The second part is a mere restatement of Lemma F.6(c), combining the result proved in the
last paragraph of the proof of Lemma F.5, and the expression of K in Theorem F.3. That K > 1
and K divides N follows because ged(p, N) ged(q, N)/ ged(lem(p, ¢), N) divides N, the proof of
which is already contained in the proof of Lemma F.5. O

As the final result of this subsection, we prove in Lemma F.9 an interesting property of the
subgroup (S) for any quadruple (N, p, q,r), which finds use in the next subsection. The lemma
studies the membership of the Pauli strings X®V and Z®¥ in (S), where membership is decided
up to phase factors. Thus we will say for instance that X®¥ belongs to the subgroup (S) if and
only if {£X®N 4iX®N1 N (S) #£ (). For the proof, we need the following fact (Lemma F.8) that
we first prove. Lemma F.9 is stated and proved after that.

Lemma F.8. Let1<ameZ M={x€Z:0<z<m-—1}, and “4+” denote addition modulo
m. For any A C M, denote A+a ={zx+a:x € A}. A partition M = M7 U My satisfying
Mo = My + a ezists, if and only if m/ged(a,m) = lem(a,m)/a =0 (mod 2).

Proof. Let G, = {ka+0 : k € Z} denote an orbit of the function that adds ¢ modulo m, i.e. f(z) =
x + a. Each orbit G, + x has size lem(a,m)/a, and for x = 0,1,...,gcd(a,m) — 1 they are all

disjoint. We may write M = | [F@™ =1 (G 4 1),

Suppose lem(a,m)/a = 0 (mod 2) so the orbits have even size. Create the sets M; and My as
follows. For each G, + x, place x + ka in M, if k is even and z + ka in My if k is odd. Because
the orbits have even size, M7 and My thus defined are disjoint. Moreover, My = M; + a.

Now suppose M = My U My where My = M+ a. If x € My, then x + ka is in My if k is even
and in My if k is odd. Notice z = z + (lem(a,m)/a)a (mod m). If lem(a, m)/a were odd then x
would be in both M; and Ma, a contradiction with those sets being disjoint. So lem(a,m)/a is
even. O

Lemma F.9. For any quadruple (N, p,q,r), the following holds:

(a) Z®N belongs to (S) if and only if ged(p, N)/ ged(q, ged(p, N)) = 0 (mod 2).

0
(b) XN belongs to (S) if and only if ged(q, N)/ ged(p, ged(q, N)) =0 (mod 2).

Proof. We only prove (a), as (b) follows from (a) by cyclicity, i.e. cyclically shifting every element
of § by r units to the left, and then performing Clifford transformations on every qubit swapping
X and Z. For the proof, we introduce some notation. Let m = ged(p,N), M ={zx € Z :0 <
x < m— 1}, “+ denote addition modulo N, and “+,,” denote addition modulo m. For any A C Z
and a € Z, denote A+, a={z+,a:2 € A} and A+a={x+a:z € A}. To prove (a), it
suffices to show Z®V belongs to (S) if and only if there exists a partition M = M; LU My with
My = My +,, q, because by Lemma F.8 the latter is true if and only if m/ ged(g,m) =0 (mod 2).
In the proof, we consider two Pauli strings equal if and only if they are the same up to phase
factors. Let G = {kip+ kaq : k1, ke € Z}, G, = {kp+ 0 : k € Z}, and recall that G, has m distinct
cosets {G, + 2} Notice when ¢ = 0 (mod m), we have ¢ € G, (since m € G, by Step 2 of the
proof of Lemma F.5) implying G = G,,.

Let x € M. Observe that + = z +,, ¢ if and only if ¢ = 0 (mod m), so the cosets G, + = and
Gp + (@ 4+, q) are different if and only if ¢ # 0 (mod m). We claim [[I'(G, + z) is a Z-type Pauli
string with Z only at qubit indices (G, +2)U(Gp+ (2 +1,q)) if ¢ # 0 (mod m), and [[T(Gp+x) =1
if g =0 (mod m). The case ¢ =0 (mod m) follows by Lemma F.6(c) as G = G,. So now assume
g # 0 (mod m). Lemma F.6(b) implies [[T'(G, + ) is a Z-type Pauli string. For each y € G, + =,
the qubit indices where the Pauli string S, contributes Z are y and y+¢, where y+q € Gp+(z+mq).
Thus we conclude using the disjointness of G, + = and G, + (z +, ¢), that [[T'(G, + «) has Z at
qubit indices {y:y € G+ 2} U{y+q:y € Gy+z} = (G, +2) U (Gp+ (T +m q))-
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Assume that there exists a partition M = M; U My such that My = My +,, ¢. Lemma F.8
implies that m/ged(g,m) =0 (mod 2), and so ¢ Z0 (mod m). Let H = | | ¢ s, (Gp + 7). By the
claim, if x € My, then [[T'(G, + x) has Z at qubit indices (G, + z) U (G, + (x +m q)). Moreover
for distinct x, 2’ € My, the conditions on the partitions My, Ms imply the cosets G, + z, G, + 2/,
Gp+ (z+m ¢) and G, + (2’ +, ¢) are distinct. This means that there is no cancellation in the Pauli
Zs of [[T(Gp + ) and [[T'(G, + 2’). Since M = M U My, we conclude [[T'(H) has Z at qubit
indices | |, v ((Gp+2) =N

Now assume Z®V belongs to (S). By Lemma F.6(b), Z®N = [[T(H), where H = | |,c vy, (Gp+ )
with @ # My € M. Then g # 0 (mod m) by claim above, because otherwise [[T'(G, + z) = I
for each x € My, contradicting [[T'(H) = Z®V. Define My := My +,, ¢ € M. The claim also
implies that the qubit indices where [[I'(H) contains Z is a subset of | |, c 4, jaq, (Gp+2). Thus we
already have M = M; U My using [[T(H) = Z%N. We want to show M; and M, are disjoint.
For contradiction, suppose there exists x € M1 N Ms. Then there exists ' € M satisfying
z' +,, ¢ = . The Pauli string [[T'(G, + 2’) has Z at qubit indices (G, + z') U (G, + (z' +m q)),
while [[T'(G, + x) has Z at qubit indices (G, + =) U (G, + (z +, q)). Thus there is cancellation of
Pauli Zs at the qubit indices in the coset G, +  in the product [[T'(#). This is a contradiction to
Z®N =T[T'(H), so we have proved M = M; LI M. O

F.2 A two parameter cyclic code family

Choose two non-negative integers s,t > 0. Settingr =1, p=s+1,¢=s+3,and N=s+t+4
in the 4-parameter (V,p,q,r) cyclic code family of the last subsection gives rise to a 2-parameter
(s,t) cyclic code family whose stabilizers are cyclic shifts of ZXT1®*XZI®t up to phase factors.
Notice that in this case ¢ = p+ 2r, and r < p+r < ¢, and so by Lemma F.2 the quadruple
(N,p,q,r) is consistent. We have computed the [N, K, D] values for this 2-parameter family for
all 0 < s,t <9, which we provide in Table 4.

(s o [ 1 [ 2 [ 3 [ 4 | 5 [ 6 [ 7 [ 8 | 9 |
0 412513612 7.1,3 | 81,3 | 9,1,3 | 10,1,3 | 11,1,3 | 12,1,3 | 13,1,3

T | — [622]713] 822 | 91,3 | 1023 | 11,1,3 | 12,23 | 13,1,3 | 14,23
2 [ — [ — [812] 913 |101,2] 11,1,3 | 12,1,3 | 13,1,3 | 14,14 | 15,1,3
31— [ — | — [1022 11,13 ] 12,22 | 13,15 | 14,23 | 15,1,3 | 16,2,3
1| = [ =1 = — [ 1212|1313 | 1412 | 151,3 | 16,1,4 | 17,1,3
5 | — | — | — — — 1422 [ 15,1,3 | 162,2 | 17,15 | 18,2,3
6 | — | — | — - — — [16,1,2 | 17,1,3 | 18,1,2 | 19,1,5
T — | — | — — — — — 18,22 ] 19,1,3 | 20,2,2
8 [ — [ — | — — — - - — [20,1,2 [ 21,1,3
9 [ — [ — | — — — — — — — 2222

Table 4: The code parameters [N, K, D] of cyclic quantum codes with stabilizer group generated by
ZXI®XZI® and its cyclic shifts. Interchanging s and ¢ does not change the code parameters (see
Lemma F.10), so we show just the cases t > s.

One should note that Table 4 is symmetric about the diagonal — so interchanging s and ¢ does not
change the code parameters [N, K, D]. This is proved in the next lemma.

Lemma F.10. For any 2-parameter (s,t) cyclic code, the [N, K, D] code parameters are invariant
upon interchange of s and t.

Proof. The cyclic code generated by cyclic shifts of ZXT1®*X ZI®? is the same as that generated
by cyclic shifts of XZI®*ZXI®*., Now we perform a Clifford transformation on every qubit
that interchanges X and Z (note that Clifford transformations do not change commutativity of
Pauli strings). This results in a new cyclic code generated by cyclic shifts of ZXI®*XZI®s.
Clifford transformations are group isomorphisms of the Pauli group, thus N and K are unchanged.
Moreover single qubit Clifford transformations don’t change the distance of the code, and hence
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the same is true for their compositions. Thus D is also unchanged under interchange of s and
t. O

The number of encoded qubits for the (s, t) cyclic code family is explained by the following theorem.

Theorem F.11. For any 2-parameter (s,t) cyclic code, the number of encoded qubits satisfies

K- {2 if s and t are odd, (90)

1 otherwise.

If K = 1, the only subset of S that multiplies to I up to phase factors is S. If K = 2, there
are two disjoint subsets Sepen and S\ Seven 0f S that multiplies to I up to phase factors, where
Seven = {920, : 0<n < N/2 -1},

Proof. In this proof we will use the fact that for any integers a,b,c > 1, if ged(a,b) = 1 then
ged(ab, ¢) = ged(a, ¢) ged(b, ¢), which easily follows by considering the prime factorizations of a, b, c.
Also the variables x and y appearing in this proof are always non-negative integers. We start by
noting that when s+1 is odd, ged(s+1, s+3) = 1 which implies that lem(s+1, s+3) = (s+1)(s+3),
while if s+ 1 is even, then gcd(s+1,s+3) =2 and so lem(s+1,5+3) = (s+1)(s+3)/2. Applying
Theorem F.3 then gives

ged(s+1,N) ged(s+3,N)/ged((s +1)(s+3),N) if s+ 1 is odd,

= 91
{gcd(s +1,N) ged(s +3,N)/ged (W, N) otherwise. O1)
In the first case (s + 1 odd), by the fact mentioned above, we have ged((s + 1)(s + 3),N) =
ged(s + 1, N) ged(s + 3, N), and so K = 1. Now assume that s + 1 = 2z, i.e. is even, and so
(s+1)(s+3)/2 =2x(x + 1). Then there are two subcases which we consider separately below.

(i) t is odd: In this case N = s+t + 4 is even, and so suppose that N = 2y. Then we have
ged(s + 1, N) = ged(2x, 2y) = 2ged(z,y), ged(s + 3, N) = ged(2z + 2,2y) = 2ged(z + 1,y),
and ged((s+1)(s+3)/2, N) = ged(2z(z + 1),2y) = 2ged(z(x +1),y). But ged(z,z+1) =1
and so ged(xz(z 4+ 1),y) = ged(z, y) ged((xz + 1), y). Plugging these into Eq. (91) gives K = 2.

(ii) ¢ is even: In this case N is odd, and so ged(2x, N) = ged(z, N), ged(2(x 4+ 1), N) = ged(z +
1,N), and ged(2z(z + 1), N) = ged(z(z + 1), N) = ged(z, N) ged(z + 1, N). Eq. (91) then
gives K = 1.

We have thus proved Eq. (90). The last part of the theorem now follows directly from Corollary F.7.
O

Theorem F.11 suggests that the case when s and t are both odd is special. We note another curious
property that is also true for this case in the next lemma, which will find an use in the proof of
Theorem F.13.

Lemma F.12. For any 2-parameter (s,t) cyclic code with both s and t odd, let Seyen = {San : 0 <
n < N/2—1} and Soqgqa = S\ Seven- Fiz any qubit index 0 <n < N — 1. Then

(a) If n is even, Sepen contains both stabilizers that contain Z at index n, and S,qq contains both
stabilizers that contain X at index n.

(b) If n is odd, Seyen contains both stabilizers that contain X at index n, and Syqq contains both
stabilizers that contain Z at index n.

(c) For all subsets 8" C Seyen and 8" C Soqa, the products [[ S’ and [[S” do not contain Y at
any qubit inder.

Proof. All qubit indexes will be assumed to be modulo N in this proof. Since s,t are odd, first note
that N = s+t +4 is even, s+ 3 is even, and s+ 2 is odd. Now for any qubit index 0 <n < N —1,
the two stabilizers containing Z at index n are S, and S,,_s_3, and the two stabilizers containing
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X at index n are S,—1 and S,,_s_o (note that these four stabilizers are distinct). If n is even, we
have (n —s —3) mod N is even, (n — 1) mod N is odd, and (n — s —2) mod N is odd; while if n
is odd, we have (n — s — 3) mod N is odd, (n — 1) mod N is even, and (n — s — 2) mod N is even.
We have thus proved (a) and (b). For (c), notice that in order to obtain Y at any fixed qubit
index n, one needs to at least multiply a stabilizer containing X at index n, and another stabilizer
containing Z at index n. But by (a) and (b) this is impossible for subsets of Seyen Or Soda- O

The next theorem states the conditions that determine the membership of the Pauli strings X ®¥,
YN and Z®V in the stabilizer group (S) for the (s,t) cyclic code family. As with Lemma F.9,
we will only determine membership upto phase factors.

Theorem F.13. For any 2-parameter (s,t) cyclic code, we have the following:
(a) Z®N belongs to (S) if and only if s =3 (mod 4) and t =1 (mod 4).

(b) XN belongs to (S) if and only if s=1 (mod 4) and t =3 (mod 4).
(c) At most one of XON  YEN or ZON can belong to (S).

(d) YN belongs to (S) if and only if s =0 (mod 2) and t =0 (mod 2).

Proof. (a) Define @ = (s+3) mod ged(s+1, N). Note that ged(s+3, ged(s+1, N)) = ged(a, ged(s+
1, N)), and its useful to also observe that ged(s+ 1, N)/ged(s+3,gcd(s+1,N)) =0 (mod 2)
implies a # 0. By Lemma F.9(a), then Z®" belongs to (S) if and only if ged(s+1, N)/ ged(a, ged(s+
1,N)) =0 (mod 2). We proceed to check the various cases. The variables z and y appearing
in this proof are always non-negative integers.

(i) At least one of s or t is even: First assume that both s,t are even. Then N is even, while
s+ 1is odd, and so ged(s + 1, N) is odd. Now assume exactly one of s,t is even. Then
N is odd, so again ged(s+ 1, N) is odd. Now if ged(s+1, N) = 1 we have a = 0, while if
ged(s+ 1, N) > 3 then a = 2. In the latter case this implies that ged(a, ged(s+ 1, N)) =
ged(2,ged(s+1,N)) =1, and so ged(s+1, N)/ ged(a, ged(s+ 1, N)) = ged(s+1,N) =1
(mod 2). Thus Z®¥ does not belong to (S) in these cases.

(ii) s, = 1 (mod 4); s,t = 3 (mod4); s = 1 (mod 4) and ¢t = 3 (mod 4): We handle
these three cases together. So assume that s = 4x + 1,¢ = 4y + 1 in the first case,
s =4x + 3,t = 4y + 3 in the second, and s = 4x 4+ 1,t = 4y + 3 in the third. The values
of N are 4z + 4y + 6, 4z + 4y + 10, and 4z + 4y + 8 for the three cases respectively. It
then follows that

2gcd(2x + 1,2y +2) if s=4de+1,t=4y+1,
ged(s+1,N) = ¢ 2ged(2z + 2,2y +3)  if s=4x+3,t =4y + 3, (92)
2gcd(2z + 1,2y +3) if s=4x+1,t=4y+ 3.

In each of the above cases ged(s+1, N) is twice an odd number, so either ged(s+1, N) = 2
or ged(s+1,N) > 6. If ged(s+1, N) = 2 we have a = (s+3) mod 2 = 0, since s+3 is even
in all three cases; so Z®" does not belong to (S). If ged(s+ 1, N) > 6, then first we have
a = (s+3) mod ged(s+1, N) = 2, and so ged(a, ged(s+1, N)) = ged(2, ged(s+1, N)) =2
in all three cases. It follows that ged(s+1, N)/ ged (o, ged(s+1, N)) = ged(s+1,N)/2 =1
(mod 2) in each case, and Z®V does not belong to (S).

(iii) s =3 (mod 4) and t =1 (mod 4): Finally suppose that s = 4z + 3,t =4y + 1; s0 N =
4(x+y+2) and ged(s+1,N) = ged(do+4, 4z + 4y +8) = ged(dw+4,4y+4) = 4 ged(z +
1,y 4+ 1) is a multiple of 4. This first implies that o = 2, and so ged(a, ged(s + 1, N)) =
ged(2,4ged(x + 1,y + 1)) = 2. This in turn implies that ged(s + 1, N)/ ged(a, ged(s +
I,N)) =4ged(x + 1,y +1)/2 =2ged(z + 1,5y + 1) =0 (mod 2). Thus Z®V belongs to
(S).

(b) Let &’ be the set of stabilizers obtained by performing the Clifford transformation that inter-
changes X and Z at every qubit, for each stabilizer in S. Thus it suffices to show that Z®
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belongs to (S’ if and only if s =1 (mod 4) and ¢t = 3 (mod 4). Now the stabilizers in S’ are
generated by cyclic shifts of the Pauli string ZXI®*X ZI®%. The result then follows from (a).

(c) For the sake of contradiction assume that any two of X®N Y®N or Z®N belong to (S).
Then their product also belongs to (S), and so in fact all three X®V | Y@V and Z®N belong
to (S). But by (a) and (b) X®V and Z®V cannot belong to (S) simultaneously, which is a
contradiction.

(d) We analyze the different cases separately.

(i) s,t are even: In this case N = s+t + 4 is even. Then for the subset Seyen = {S25, : 0 <
n < N/2 — 1} it is easily calculated that []Seven = [](S \ Seven) = YV up to phase
factors.

(ii) Exactly one of s,¢ is even: In this case N = s+t + 4 is odd, and so the Pauli strings
XON yON and Z®N are pairwise anticommuting. Noticing that each stabilizer in S
also commutes with each of X®V Y®N and Z®V, we then conclude that none of the
Pauli strings X®V  Y®N or Z®N belong to (S).

(iii) s,t are odd: If s =3 (mod 4) and t =1 (mod 4), then Z®" belongs to (S) by (a); while
if s =1 (mod 4) and t = 3 (mod 4), then X®V belongs to (S) by (b). In both cases
Y®N does not belong to (S) by (c). We are now left with two cases: either s,t = 1
(mod 4), or s,t = 3 (mod 4), both satisfying N = s+t +4 = 2 (mod 4). We handle
these cases together and show below that Y®V does not belong to (S).

The proof is by contradiction, so let us suppose that Y® belongs to (S), and [[S’ =
Y®N up to phase factors, for some subset S’ C S. Since both s and ¢ are odd, consider
the subsets Seven and Spqq defined in Lemma F.12, and let S;V n = &' N Seyen, and
S qq = S' N Soqa. It must then be true that the products []S..e, and [[S.qq have
the property that for any fixed qubit index n, exactly one of them contains X and the
other one contains Z at index n (this follows from Lemma F.12(c) because otherwise
one cannot get Y at index n). Thus both [[S.ie, and [[S,4q don’t contain I at any
qubit index. Moreover any two distinct Pauli strings S;,S; € S ven

supports, because otherwise by Lemma F.12(a),(b) the product [[S.,., will contain I

at every qubit index in the intersection of the supports of S; and S;. Since each stabilizer

is supported at exactly four qubit indices this implies that N = 0 (mod 4), which is a

contradiction.

must have disjoint

O

Finally, we can find the distance of the two-parameter cyclic toric codes when s is close to t, the
first three diagonals of Table 4.

Theorem F.14. Consider a two-parameter (s,t) cyclic toric code. Ift = s ort = s+ 2, its code
distance is two. Ift = s+ 1, then its code distance is three.

Proof. Letting D indicate the code distance, in all cases D > 1 because no Pauli with weight one
commutes with all stabilizers.

In the t = s case, we note that both ZI®s+t1 X [®5+! and Y®s+2]®5+2 commute with all stabilizers.
They also anticommute with each other. Thus, they are nontrivial logical operators and D = 2.

In the t = s + 1 case, we note YI®+t1 X XT®+1 and X®N are nontrivial logical operators and
therefore D < 3. We must also show there is no weight-two Pauli commuting with all stabilizers.
A weight-two Pauli has the form T = PI®*QI®N~9=2 for single-qubit Paulis P,Q € {X,Y, Z}. If
a<st+lorN—a—2=2s—a+3 < s+1, then T clearly must anticommute with some stabilizer.
This leaves two cases a = s + 1 and a = s + 2. In the former case, commuting with all stabilizers
requires that Q = X and also that P ® Q commutes with Z ® Z and with Z ® X, which is clearly
impossible. In the latter case, the analogous argument shows P = X and P ® ) commutes with
Z ® Z and with X ® Z, again a contradiction.

In the t = s+2 case, we note that X I®s+2X [®5+2 and YOs+2 7 X [®5+2 are a pair of anticommuting
logical operators, implying D = 2. O
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G Embedding of the medial graph

The goal here is to prove some properties of medial graphs claimed in Section 3.4. See Definition 3.4
for the definition of a medial rotation system and, by extension, a medial graph.

Lemma G.1. The rotation system R = (H, A\, p,T) and its medial rotation system R= (f[, X, 0, T)
embed in the same manifold.

Proof. We show that both rotation systems have the same orientability and the same genus.

For orientability, we show R is orientable if and only if R is. Start by assuming R is orientable.
Therefore, we can partition H into two sets Hij such that A\, p, 7 applied to any element of Hy
takes it to an element of H_j. Define two sets Hy; C H = H x {-=1,1} such that (h,j) € H,
if and only if h € Hj,. These two sets clearly partition H. By definition, if (h,j) € H;, then
F(h,j) = (h,—j) € H_j. Also, by using the orientability of R, A(h,j) = (p(h),j) € H_j and
p(h, j) is either (A(h), ) or (7(h),j) both of which are in H_j. We conclude that R is orientable.
The other direction — if R is orientable, then so is R — follows the same argument in reverse.

The genus question boils down to counting the numbers of vertices, edges, and faces. Let V, E, F'
and V, E, F be the sets of vertices, edges, faces for R and R. Then, we note

V| =B, (93)
|| = deg(v) = 2|E], (94)
veV
|| = V] +|F|. (95)
Therefore, Y = |V| — |E| + |F| = x and thus the genuses are the same. O

Lemma G.2. Let R' = (H',N,p', ™) be a rotation system. Then, R’ = R is the medial rotation
system of some rotation system R = (H,\, p,7) if and only if R’ is checkerboardable and 4-valent.

Proof. We begin by showing a medial rotation system is 4-valent and checkerboardable. The degree
of a vertex is the size of an orbit of p7. Clearly, any orbit must have even size L because p7 applied
to (h,j) € H = H x {—1,1} flips the sign of j. Applying (p7)* to (h,j) gives ((TA)E/2h,j)if j =1
and ((A7)L/2h, ) if j = —1. By definition, (A7) has order two, so L = 4 is the size of any orbit of
p7 and the degree of any vertex in the medial graph.

Checkerboardability demands that there is a partition of H into two sets H +1 such that 7 applied
to any element (h,j) € Hj gives an element of H_j and that applying p or A to (h,j) gives an
element of Hy. This clearly achieved by putting (h, j) for any h into the set H;.

Now we must show the other direction, that a 4-valent, checkerboardable rotation system R’ is
the medial graph of another rotation system. Because R’ is checkerboardable there is a partition
H' = H' ;U H| where 7" moves elements from Hj, to H', while X and p’ preserve the sets. We
let H = {(h,7'(h)): h € H{} and define permutations of H called p, A, 7 so that

Ah, 7' () = (7'p'7' (h), p'7' (), (96)
p(h,7'(h)) = (N'(h),7'N'(h)), (97)
7(h, 7' (h)) = (¢'(h), 7' p' (). (98)

Each of these are clearly involutions. To be a legitimate rotation system, A and 7 must also
commute. They do so because R’ is 4-valent, i.e. (p'7/)* = 1.

We claim the medial rotation system of R = (H,\, p,7) is R'. We must therefore establish a

one-to-one map ¢ : H = H x{—1,1} — H’. We do this by defining, for all h € H' and j € {-1, 1},
/ N ji=1

ot mni={ By A2

1 ((h,7'(h)),1), heHj
¢ (h):{ (~'(h),h).—1), heH (100)

: (99)
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Then one can easily show ¢(A(¢~1(h))) = N (h) for all h and likewise for A replaced with p or .
This completes the proof. O

H Using GAP to find normal subgroups

To elucidate the process of finding hyperbolic codes, we give an example of finding low-index
normal subgroups in GAP. In particular, we use the LINS package [51], version 0.5. For the sake
of illustration, we focus on the index 160 normal subgroup S that defines the [20,5,4] code in
Fig. 18(a) and the first entry of Table 3.

LoadPackage(“LINS”); ;

F := FreeGroup(“l”, “r”, “t”);; J/l=XNr=pt=r
AssignGeneratorVariables(F); ; //makes [, r,t into variable names
G = F/[I2, 72,42, (1), (I xt)2, (r x t)4];; //quotient group, face-degree 5, vertex-degree 4
H := LowIndexNormalSubgroupsSearchForAll(G, 200); //LINS graph of normal subgroups, index < 200
L := List(H); //convert LINS graph into a list of LINS nodes
S := Grp(L[9));; //S happens to be the 9th entry in the list
IsNormal(G, S); //check it is a normal subgroup; returns true
GeneratorsOfGroup(S); //display (overcomplete) relations of the group

Reducing overcomplete generating sets to independent ones was done by hand and verified by
drawing the codes as those in Fig. 18 are drawn.
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