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Absolutely maximally entangled
(AME) states of k qudits are quantum
states that have maximal entangle-
ment for all possible bipartitions of
the sites/parties, and they can also
be interpreted as perfect tensors. We
consider the problem of whether such
states can be decomposed into a ten-
sor network with a small number of
tensors, such that all physical and all
auxiliary spaces have the same dimen-
sion D. We find that certain AME
states with k = 6 can be decomposed
into a network with only three 4-leg
tensors; we provide concrete solutions
for local dimension D = 5 and higher.
Our result implies that certain AME
states with six parties can be created
with only three two-site unitaries from
a product state of three Bell pairs, or
equivalently, with six two-site unitaries
acting on a product state on six qudits.
We also consider the problem for k = 8,
where we find similar tensor network
decompositions with six 4-leg tensors.

1 Introduction

Tensor networks play an important role in
many branches of theoretical physics [1]. They
were originally developed in the study of quan-
tum many body systems [2, 3], where they can
effectively simulate quantum states and oper-
ators with low entanglement. Ground states
of gapped Hamiltonians have area law entan-
glement, therefore physical properties of such

states can be computed with tensor networks.
In one dimensional systems these tensor net-
works are called Matrix Product States (MPS)
and Matrix Product Operators (MPO).

In this work we investigate a question which
is in a certain sense opposite to the typical
scenario: We ask whether tensor networks can
produce states with maximal entanglement in
certain selected situations. There are a number
of motivations to study this question, which we
explain below.

We are interested in special states of finite
quantum systems, which are called Absolutely
Maximally Entangled states (AME). We con-
sider homogeneous cases, where the physical
system is composed of k sites, and each site (or
spin) is described by a D-dimensional Hilbert
space. A state in the tensor product Hilbert
space is absolutely maximally entangled if it
has maximal entanglement for all possible bi-
partitions [4, 5, 6, 7, 8]. AME’s are intimately
related to quantum error correcting codes [9].
They can be seen as a quantum mechanical
version of Orthogonal Arrays (OA’s) [7, 10, 11]
known from combinatorial design theory in
mathematics [12]. AME’s can also be inter-
preted as “perfect tensors” [13].

There are two central questions regarding
AME’s. First, for which D, k do they exist,
and how many inequivalent states or families
of states can exist for a given D, k? Second,
given a known AME, how can we actually con-
struct it, either in an analogue computer or in
a real world quantum computer?

Regarding the first question only partial re-
sults are known, and they are summarized in
the online Table [14] (see also [15]). A famous
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example is the quantum version of the problem
of Euler’s 36 officers, which concerns finding an
AME with D = 6 and k = 4. This problem has
recently been solved in [16], see also [17]. The
uniqueness of the AME for k = 4 and D ⩾ 3
was investigated recently in [18]. In this work
we do not provide completely new AME’s, but
we contribute to the understanding of their in-
ternal structure, by developing tensor network
decompositions in certain selected cases.

This means that we contribute to the second
question above: we contribute to understand-
ing the structure of certain selected AME’s
by finding tensor network decompositions for
them. These tensor networks can be inter-
preted alternatively as quantum circuits which
create these AME’s from uncorrelated states.
Similar questions were considered in the works
[19, 20, 10]. Very often AME’s are constructed
as “graph states”, and such a construction can
be seen as the action of a quantum circuit
on initial product sates [19]. Our methods are
closely related, but different in certain techni-
cal details. Most importantly, we manage to
create selected AME’s with a small number of
two-site gates. The number of the gates ap-
plied is smaller than in the case of the graphs
states considered in [19, 20].

It is known that in large systems almost all
states are close to maximally entangled [21],
but their actual constructions require an expo-
nentially large number of quantum gates. (see
also [22]). In contrast, we find selected states
in smaller systems, which have maximal en-
tanglement, but which can be created with few
two-site gates.

The idea to use tensor networks to create
larger objects from smaller building blocks
also appeared recently in the study of quan-
tum error correcting codes, see [23] and later
[24, 25]. A few years ago AME’s also appeared
as building blocks of the so-called “holographic
error correcting codes” [26], which can be seen
as discrete models of the AdS/CFT duality
[27, 28]. Our work can contribute to this line of
research, by showing that in certain cases the
fundamental multi-leg tensors in such codes
can actually be decomposed into a network of
smaller tensors.

The idea of such decompositions actually
appeared much earlier, although in a slightly
different context. Instead of an AME one can
also consider states which have maximal en-
tanglement for certain selected bipartitions,
such that the choice for the allowed bipar-
titions is dictated by geometrical principles.
This leads to the so-called planar maximally
entangled states, also known as perfect tan-
gles, or block perfect tensors [29, 30, 31, 32]. If
the number k of constituents is even, then such
states can be interpreted as operators that
act unitarily in multiple directions in a pla-
nar arrangement of the sites. In the simplest
case of k = 4 one obtains the so-called dual
unitary operators [33], which appeared earlier
in pure mathematics as “biunitary operators”
[34, 35], and in the holographic code literature
as “doubly unitary operators” [36, 37]. For a
treatment of bi-unitarity and its applications
to quantum information theory and quantum
combinatorial objects, see [38, 39]. General-
ization of these objects to more constituents
and also higher dimensional lattices have been
treated in multiple works [40, 41, 42, 43, 44].
In certain cases the relevant multi-leg tensors
admit a factorization (tensor network decom-
position) using 4-leg tensors. The main idea
goes back to Jones (see [29]), but it was in-
dependently rediscovered in various different
situations [40, 41, 43]. Our work can be seen
as a further step along this direction, with the
speciality that we consider the decomposition
of actual AME’s.

We should also note the recent work [45],
which considered the entanglement pattern of
a tensor network in the geometry of a dodeca-
hedron. The constituting tensors were AME’s
and a certain local projector, and the result-
ing quantum state has close to maximal en-
tanglement, but it is not an actual AME. In
our work we focus on AME’s, and we do not
investigate states with big, but not maximal
entanglement.

We focus on the cases k = 6 and k = 8.
Our main idea is to use perfect 4-leg tensors
in the decomposition. This immediately guar-
antees maximal entanglement for many bipar-
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titions of the resulting state. Afterwards, re-
quiring maximal entanglement for the remain-
ing bipartitions will pose conditions for the
constituent tensors. In our concrete computa-
tions we will work with tensors related to lin-
ear maps over finite fields. For k = 6 we find
decomposable AME’s for selected local dimen-
sions D ⩾ 5.

2 Definitions
We consider finite Hilbert spaces of k par-

ties (or spins), each of them carrying a Hilbert
space of dimension D ⩾ 2. The full Hilbert
space is thus the tensor product

H(k) = ⊗k
j=1CD.

We will denote the set of sites by S =
{1, 2, . . . , k}.

2.1 Maximal entanglement
For a given pure state |Ψ⟩ ∈ H, the density

matrix is given by ρ = |Ψ⟩⟨Ψ|. For a biparti-
tion S = A ∪ B with B = S \ A, the reduced
density matrix of subsystem A is defined as
the partial trace over subsystem B:

ρA = TrB(ρ).

The von Neumann entanglement is then de-
fined as

s = −Tr (ρA log(ρA)) .

The entanglement is symmetric with respect
to the exchange A ↔ B.

The entanglement is zero if |Ψ⟩ is a product
state of the form |ΨA⟩ ⊗ |ΨB⟩, where |ΨA,B⟩
are states of the Hilbert spaces of the two sub-
systems A and B, respectively. Let us assume
that |A| ⩽ |B|. The maximal value of the en-
tanglement is reached when ρA is proportional
to the identity matrix. More concretely

ρA = 1/Da, (2.1)

where a = |A|, leading to the maximal value
s = a log(D). In such a case we say that the
state |Ψ⟩ is maximally entangled for the given
bipartition.

A state |Ψ⟩ is said to be ℓ-uniform, for some
positive integer ℓ, if it has maximal entangle-
ment for all bipartitions with |A| = ℓ. If a state
is ℓ-uniform then it is also ℓ′-uniform for any
0 < ℓ′ < ℓ. A state |Ψ⟩ is absolutely maximally
entangled (AME state), if it is ℓ-uniform with
ℓ = ⌊k/2⌋, where ⌊.⌋ denotes the integer part.

Of particular interest are the cases when k
is even. In such a case the state can be inter-
preted as a “multiunitary matrix” via a state-
operator correspondence [10]. Let us spell out
this connection, by working in a concrete ba-
sis. The tensor components of the vector |Ψ⟩
can be denoted as

Ψa1,a2,...,ak
.

Let us choose a bipartition, where A =
{1, 2, . . . , k/2}. Then we construct a linear op-
erator U acting on the k/2-fold tensor prod-
ucts by assigning the matrix elements as

U
b1,b2,...,bk/2
a1,a2,...,ak/2 = Dk/4Ψa1,a2,...,ak/2,b1,b2,...,bk/2 .

(2.2)
Then it is immediately seen that the condition
(2.1) of maximal entanglement is equivalent to
unitarity of U :

U †U = 1.

Different bipartitions into two equal subsets
lead to different unitary operators, acting from
one half of the system to the other half. How-
ever, all of the different U matrices can be
obtained from each other by reshuffling their
indices, corresponding to the permutation of
sites in the original vector |Ψ⟩.

2.2 4-leg tensors
The smallest non-trivial case with an even

number of tensor legs is k = 4. If a state |Ψ⟩ ∈
H(4) is an AME, then via relations (2.2) one
obtains unitary operators that act on two sites.
It is useful to discuss this case in more detail.

A pictorial representation of such a
state/operator is given in Fig. 1. Here the
numbers stand for the spaces 1-4, which are
arranged in this representation anti-clockwise.

There are 3 different bipartitions of the set
of 4 sites into two equal subsets. A state |Ψ⟩
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1 2

4 3

U

Figure 1: Graphical depiction of a 4-leg tensor. It
can be interpreted as an element of the four-fold
tensor product space H(4), or alternatively, as a
linear operator acting on the product space of two
sites.

is an AME if it has maximal entanglement for
each of these 3 bipartitions. Correspondingly,
one can obtain three unitary two-site opera-
tors using the state-operator correspondence.
First of all, we obtain a two-site operator U
given by the elements

Ua3a4
a1a2 = D|Ψa1a2a3a4⟩.

This operator is seen in the diagram as acting
from the pair of sites (1, 2) to the pair (3, 4),
thus in the vertical direction upwards.

Alternatively, we can also construct the op-
erator U t via the correspondence

(U t)a3a2
a1a4 = D|Ψa1a2a3a4⟩.

This operator is the partial transpose of U
with respect to the second space. The opera-
tor acts from the pair of sites (1, 4) to the pair
of sites (3, 2), which in the diagram is seen as
acting horizontally, from left to right.

Finally, we can construct the operator UR

via
(UR)a2a4

a1a3 = D|Ψa1a2a3a4⟩.

This operator acts from the pair of sites (1, 3)
to the pair of sites (2, 4), thus on the diagram
it is seen to act from one diagonal to the other
diagonal.

The state |Ψ⟩ is an AME, if all three oper-
ators U, U t, UR are unitary. The dual unitary
operators are those where U and U t are uni-
tary, but UR is arbitrary. In such a case we
observe unitary action along directions which
are natural from a geometric point of view,
once the sites are arranged in the plane as the
vertices of a square as in Fig. 1. Dual unitar-
ity is then a very natural condition in mul-
tiple different situations, where such tensors

are arranged in a planar geometry. The two
main example are holographic error correcting
codes [36], and one dimensional quantum cir-
cuits (where the extra dimension is given by
the time coordinate) [33].

3 Tensor network decompositions

A tensor network is a particular way to con-
struct states and operators of larger Hilbert
spaces using states and operators (tensors) of
smaller spaces. The idea is to take a product
of a number of fundamental tensors (each of
them with a small number of indices) and to
contract some of the indices to obtain states
and operators corresponding to the larger
Hilbert space. The contractions can be visual-
ized by the Penrose graphical notation, where
the fundamental tensors are denoted by boxes,
their indices with lines (wires), and contrac-
tion of indices is denoted by joining the lines.
The remaining free lines are then interpreted
as the indices of the final object (state or op-
erator).

In this work we consider tensor network de-
compositions of specific vectors. Our main ex-
amples will be vectors of the six-fold tensor
product H(6), but we also consider vectors
from H(8). Our goal is to develop tensor net-
works where the fundamental tensor is an ele-
ment of H(4). Then the graphical depiction of
the network will take the form of a 4-valent
graph, with 6 or 8 outer legs, respectively.

3.1 Decompositions for k = 6

In the case of k = 6 we are looking for a
decomposition into three fundamental tensors,
in the way that it is depicted in Figure 2. Here
each circle represents a tensor with 4 legs, and
we allow the tensors to be different. Therefore,
they are denoted as A, B, C.

This tensor network can be formalized most
easily once we perform the state-operator cor-
respondence as explained in the previous sec-
tion. Then we obtain the relation

U (123) = C(23)B(13)A(12). (3.1)
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Figure 2: Tensor networks for k = 6.
(a) ▷-decomposition, (b) ◁-decomposition.
Here α, β, γ stand for auxiliary spaces that are of
the same dimension D as the physical spaces.

Now U is a three site-operator, and A, B and
C are two-site operators. The upper indices
show the spaces on which the operators act.
Note that we paired the spaces 4, 5, and 6 of
the original vector with spaces 1, 2, and 3, in
this order. For the graphical interpretation of
this factorization see Fig. 3. We call this the
▷-decomposition, due to the graphical picture
of the resulting tensor network.

Note that in the picture the incoming and
outgoing spaces are attached to “legs” which
are opposite to each other. This is a conven-
tion that we applied also in our previous work
[44]. This convention is convenient, because in
this convention the simple choice U = I with
I being the identity matrix satisfies the con-
straints of dual unitarity and multi-directional
unitarity in various cases [44].

We also consider the same type of decom-
position, but with a different ordering of the

=

1 2 3

3 2 1

1 2 3

3 2 1

U

C

A

B

Figure 3: Decomposition of unitary operators,
which corresponds to the ▷-decomposition from
Figure 2. It is understood that the operator U acts
from the bottom to the top. We identified the out-
going spaces 1, 2, 3 of the unitary operator U with
the sites 4, 5, 6 of the state |Ψ⟩, in the given order.

tensors, corresponding to the factorization

U (123) = A(12)B(13)C(23).

We call this the ◁-decomposition. Clearly,
such a decomposition can be obtained from
(3.1) simply by a permutation of the sites
1 ↔ 3, which can be seen in the graphical
representation as a space reflection combined
with a time reflection. However, it is useful
to keep both definitions at the same time. A
given unitary U (123) might be factorizable only
in one way, or perhaps both ways.

If a factorization is possible both ways, then
the two-site operators are typically different.
In those cases when the factorization is possi-
ble both ways, with the same two-site opera-
tors, one obtains the celebrated Yang-Baxter
relation with discrete parameters:

A(12)B(13)C(23) = C(23)B(13)A(12). (3.2)

This equation is the central algebraic ingredi-
ent in the theory of integrable models, with
connections to multiple areas of pure mathe-
matics.

In this work we are interested in AME’s.
It is then very natural to ask, whether (3.2)
has solutions which are perfect tensors. To our
knowledge, this question has not yet been in-
vestigated in the literature. On the other hand,
it is well known that there are dual-unitary so-
lutions (see for example [46], with relations to
Yang-Baxter maps). In Example 3 below, we
give a solution of (3.2) with perfect tensors,
such that the product is also a perfect tensor.
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3.2 Decompositions with perfect tensors

So far we did not pose any constraints for
the three tensors A, B, C. However, it is a very
natural idea (though, as we will see later, not
absolutely necessary) that they should be cho-
sen as perfect tensors, in order to reach per-
fection of the composite object.

In this subsection we show that if A, B, C
are perfect tensors, then this guarantees maxi-
mal entanglement of the six site state for some,
but not all, bipartitions. Then in the remain-
der of the work we will focus on specific choices
for A, B, C such that the remaining conditions
of maximal entanglement can also be satisfied.

For six sites there are 10 bipartitions, and
each of them has to be treated. We proceed
by selecting the bipartitions based on a geo-
metric arrangement according to Figure 2: we
associate the six sites with vertices of a regular
hexagon. We say that a quantum state on six
sites (more precisely, the corresponding oper-
ator U) is hexagonal unitary or tri-unitary, if
the state is such that it has maximal entan-
glement for the three bipartitions that are ob-
tained by cutting the hexagon into two pieces
with those symmetry axes that are disjunct
from the vertices [40, 44].

Theorem 1. If A, B, C are dual unitary oper-
ators, then the resulting six-site state is hexag-
onal unitary1. This holds for both the ▷- and
the ◁-decomposition.

Proof 1. Instead of a formal proof we provide
a “graphical argument”, using Figure 2. It is
enough to check that one obtains a unitary op-
erator when acting from the triplet (1, 2, 3) to
(4, 5, 6), and similarly from (2, 3, 4) to (5, 6, 1)
and also from (6, 1, 2) to (3, 4, 5). Note that in
each case the resulting three site operator can
be written as a product of three two-site oper-
ators. Depending on the choice of the triplets
one needs to work with the original operators

1This theorem is a special case of a general state-
ment about similar planar arrangements, first pub-
lished in [29]. It is claimed in that article that the
idea stems from Vaughan Jones. Concrete cases ap-
peared in many works afterwards, often independently
discovered, see for example [43].

A, B, C or their reshuffled versions At, Bt, Ct.
Dual unitarity means that all six operators are
unitary. This implies unitarity of the compos-
ite operator for all three choices.

Let us now consider the case when A, B, C
are all perfect tensors. In this case it is guar-
anteed that we find maximal entanglement for
three more bipartitions. In the remainder of
this section we focus on the ▷-decomposition;
the ◁-decomposition can be treated analo-
gously.

Theorem 2. Consider the ▷-decomposition.
If A, B, C are all perfect tensors, then the re-
sulting six site state has maximal entangle-
ment for the following three bipartitions:

(1, 2, 4) ∪ (3, 5, 6),
(1, 2, 5) ∪ (3, 4, 6),
(2, 5, 6) ∪ (1, 3, 4).

Proof 2. Each one of these bipartitions is
such that it can be transformed into the pre-
vious case by permuting one of the pairs
(1, 2), (3, 4) or (5, 6). For example, the bi-
partition (1, 2, 4) ∪ (3, 5, 6) can be transformed
into (1, 2, 3) ∪ (4, 5, 6) by exchanging the pair
of sites (3, 4). If A, B, C are all perfect ten-
sors, then after such a permutation they re-
main dual unitary, therefore we can apply the
previous theorem to establish the unitarity of
the resulting composite operators.

An alternative proof can be given by con-
sidering a composition of operations, acting
from one subset of the sites to the complemen-
tary set. It can be seen that there is always a
sequence of operations where we take prod-
ucts of two-site unitary operators, given that
A, B, C are perfect.

With this we established that perfection of
the constituent tensors guarantees maximal
entanglement for 6 out of the 10 bipartitions
of the state |Ψ⟩ on 6 sites. The remaining 4
bipartitions are those where we select exactly
one site from each pair (1, 2), (3, 4), (5, 6) into
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one part. To be concrete, the bipartitions are

(1, 3, 5) ∪ (2, 4, 6),
(1, 4, 5) ∪ (2, 3, 6),
(1, 3, 6) ∪ (2, 4, 5),
(1, 4, 6) ∪ (2, 3, 5).

(3.3)

In this case there is no way to express the oper-
ator acting from one subset of the sites to the
other subset of sites as a product of three two-
site operators. Therefore, perfection of A, B, C
does not guarantee that |Ψ⟩ is an AME. The
unitarity conditions for the bipartitions (3.3)
need to be checked.

As it was explained above, in this work we
usually consider decompositions into perfect
tensors. In Section 7 we will see that other
decompositions are sometimes possible. How-
ever, in Section 5 we will find that in the linear
case when k = 6 that the only possible decom-
positions are those into perfect tensors.

At the same time, we point out that such a
simple decomposition of AME states are un-
likely to exist for local dimensions D = 2
and D = 3. In dimension D = 2 there is no
perfect tensor with four legs, and for D = 3
there is only one perfect tensor up to local uni-
tary transformations [18]. In accordance with
these simple observation, our methods find de-
compositions only for bigger local dimension,
starting from D = 5.

3.3 Creating AME states
Here we show that the tensor network de-

compositions introduced above can be used
to create the AME’s from simple initial
states. For simplicity we focus on the ▷-
decomposition.

The task here is to start with an initial state
|Ψ0⟩ with very simple spatial structure, and
then to apply a small number of two-site uni-
tary operators on it, in order to produce our
selected AME states. To this end, let us start
with the case k = 6 and a simple product state

|Ψ0⟩ = |v⟩ ⊗ |v⟩ ⊗ |v⟩ ⊗ |v⟩ ⊗ |v⟩ ⊗ |v⟩,

where |v⟩ is any selected one-site state in the
local Hilbert spaces of dimension D. As a first

step we create a state consisting of three Bell
pairs. Let K be the two-site operator that acts
as

K(|v⟩ ⊗ |v⟩) = 1√
D

∑
a

|a⟩ ⊗ |a⟩,

where now a = 1, . . . , D labels the states in
our computational basis. We create three Bell
pairs as 2

K(14)K(25)K(36)|Ψ0⟩.

Afterwards we act with the right hand side of
the factorization (3.1), and obtain

|Ψ⟩ = C(23)B(13)A(12)K(14)K(25)K(36)|Ψ0⟩.
(3.4)

This means that if we find a desired tensor
network decomposition, then the AME can
be created from a state of three Bell pairs
with only three two-site unitary operators, and
from a product state with only six two-site uni-
tary operators.

Later, in Section 7, we also consider AME
states with k = 8 parties. In that case we find
tensor network decompositions with 6 four-
leg tensors. In that case we need 4 additional
gates to create 4 Bell pairs, therefore in total
we need 10 two-site gates to create the AME
states from product states.

It is known that AME states can also be
created using the so-called “graph state” con-
struction, which is reviewed in Appendix B.
There we show that the minimal number of
gates required to create the AME states is big-
ger in the case of the graph states, than with
our methods using the tensor network decom-
position.

4 States from classical maps
In this work we consider a specific subset of

states/operators, namely those that can be ob-
tained from classical maps. Consider the case

2The creation of the Bell pairs can be seen as a
special case of the so-called “graph state” construction,
if the operator K is chosen as the so-called controlled
Z-gate (see Appendix B). Our final formula (3.4) is
also related to the construction of the graph states, but
it involves fewer number of gates, because we do not
decompose the gates A, B and C into the controlled Z
and Fourier gates. For more details see Appendix B.
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of an AME with a given k and local dimen-
sion D. As explained above, for any biparti-
tion of the sites into two equal subsets we ob-
tain a unitary operator which acts from one
subset of the sites to the other subset. We
say that the AME is associated with a clas-
sical map if these unitary operators are per-
mutation matrices in a selected basis. To be
more concrete, let us fix a basis for the lo-
cal Hilbert spaces, and consider the bipartition
S = (1, 2, . . . , k/2)∪(k/2+1, . . . , k). The basis
states of the k/2-fold tensor product space can
be labeled by tuplets (a1, a2, . . . , ak/2), where
aj ∈ X, with X = {0, 1, 2, . . . , D}. We con-
sider bijective maps u : Xk/2 → Xk/2, and use
the notation

u(a1, a2, . . . , ak/2) = (b1, b2, . . . , bk/2). (4.1)

We say that a state |Ψ⟩ ∈ H(k) is associated
with the classical map u if it can be written as

|Ψ⟩ = 1
Dk/4

∑
a1,...,ak/2

∣∣∣a1, . . . , ak/2, b1, . . . , bk/2
〉
,

where it is understood that the b-variables are
obtained from (4.1).

According to (2.2), the action of the unitary
operator U acting between the two subsystems
is then given by

U
∣∣∣a1, a2, . . . , ak/2

〉
=
∣∣∣b1, b2, . . . , bk/2

〉
.

Therefore, it is indeed a permutation matrix
on a set of size Dk/2.

The state |Ψ⟩ has Dk/2 components in the
given basis. It can be seen that this is the mini-
mum number of non-zero components in order
to fulfil the unitarity condition. Therefore we
say that the state has minimal support.

The connection between the state |Ψ⟩ and
the unitary matrices has to hold for all bi-
partitions, and this leads us to the concept
of orthogonal arrays (OA). Consider an ar-
ray of size r × c consisting of symbols taken
from X. Consider a subset of n columns and
the resulting subarray. We say that this sub-
array consists of orthogonal columns if every
n-tuple (c1, c2, . . . , cn) ∈ Xn appears exactly
once among the rows of the subarray. This no-
tion of combinatorial orthogonality has some

similarities with that from linear algebra, but
it is a different concept.

An orthogonal array of strength s on D sym-
bols is an array with c columns and Ds rows,
such that every subset of s columns is orthog-
onal in the above sense. An example of an OA
can be seen in Table 1.

a1 a2 b1 b2

0 0 0 0
0 1 1 2
0 2 2 1
1 0 1 1
1 1 2 0
1 2 0 2
2 0 2 2
2 1 0 1
2 2 1 0

Table 1: An example of an orthogonal array. Here,
X = {0, 1, 2}, and the array is of strength 2.
This means that within every pair of columns each
ordered pair of symbols is present exactly once.
The OA is described by a linear map (b1, b2) =
(a1 + a2, a1 − a2) over Z3.

In the case of an AME related to classical
maps, we can compile an array with Dk/2 rows
and k columns, such that each row is given by

(a1, a2, . . . , ak/2, b1, b2, . . . , bk/2)

with some (a1, a2, . . . , ak/2) ∈ Xk/2, and the b-
variables are obtained according to (4.1). This
way we obtain an OA of strength k/2. It is
known that from every OA of strength k/2 and
k columns one can construct an AME [7, 10,
11].

Let us now discuss the tensor network de-
composition for the states obtained from OA’s.
Focusing again on the case of k = 6, we con-
sider an AME of the form

|Ψ⟩ = 1
D3/2

∑
a1,a2,a3

|a1, a2, a3, b1, b2, b3⟩,

where aj , bj ∈ {0, 1, 2, . . . , D − 1}, and the b-
variables are given by the function u : X3 →
X3 as

(b1, b2, b3) = u(a1, a2, a3).
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Then we intend to find a factorization analo-
gous to (3.1):

u(123) = C(23)B(13)A(12), (4.2)

where now A, B, C are classical functions act-
ing from X2 to X2. Similar to the factoriza-
tion into unitary operators, we expect that
these functions will typically correspond to
AME’s, and therefore describe orthogonal ar-
rays themselves. These smaller OA’s will be
of size D2 × 4, and strength 2. To our knowl-
edge, this type of decomposition of OA’s into
smaller OA’s has not yet been considered in
the mathematical literature.

Similar to the arguments presented in Sub-
section 3.2, we can establish that if we con-
struct an array via the function u : X3 → X3

as given by the product in (4.2), such that the
functions A, B, C describe orthogonal arrays,
then in the resulting array the orthogonality
condition will hold for 12 out of the 20 subsets
of size 3.

4.1 Linear maps
Often it is convenient to work with linear

maps over finite fields. To this end, let us as-
sume that the set X is identified with a finite
field F of order D. Then for general k the func-
tion u : Xk/2 → Xk/2 can be represented by
a matrix G of size k/2 × k/2 over F. For the
matrix elements we will use the standard no-
tation

G =

 g11 g12 g13
g21 g22 g23
g31 g32 g33


and it is understood that the mapping u :
X3 → X3 is performed asb1

b2
b3

 = G

a1
a2
a3

 .

Matrices over finite fields for which all mi-
nors are non-vanishing are called superregu-
lar (or in some references, full superregular)
[47, 48]. It is well known that such matrices
are directly related to linear MDS codes, and
they generate orthogonal arrays [47, 48]. One

family of superregular matrices are the Cauchy
matrices. For a finite field F they are given by

gij = 1
xi − yj

, (4.3)

where xi, yj ∈ F, for 1 ⩽ i ⩽ k and 1 ⩽ j ⩽ k,
such that all variables are distinct. The deter-
minant of the Cauchy matrix (4.3) is

det(G) =
∏

i<j(xi − xj)(yj − yi)∏
i,j(xi − yj) .

It follows that the determinant is non-zero.
Every submatrix is also a Cauchy matrix,
therefore all minors are non-zero, and G is
indeed superregular. A Cauchy matrix of size
k/2×k/2 requires a total number of k distinct
elements, therefore this type of superregular
matrix can exist only if D ⩾ k.

One can argue that if we keep k fixed, and
then increase D, then the probability that a
given matrix is superregular is increased, such
that in the D → ∞ limit this probability be-
comes 1. From the well known formula for the
order of the general linear group, we can de-
duce that the probability of any given c × c
minor of a random matrix being zero is

1 −
c∏

i=1
(1 − D−i),

which is of order 1/D. For fixed k we have
a fixed number of minors that need to be
checked. So, by the union bound, the prob-
ability that at least one of them is zero is still
of order 1/D. Thus the probability of a ran-
dom matrix being superregular tends to 1. For
small values of D they are comparatively rare.

4.2 Factorization with linear maps

Let us now consider the factorization prob-
lem for k = 6. We assume that both the func-
tion u : X3 → X3 and also the functions
A, B, C : X2 → X2 are linear. Therefore, they
can be represented by matrices of size 3 × 3
and 2 × 2, respectively.
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Starting with the functions A, B, C, we rep-
resent them as

A =
[

a11 a12
a21 a22

]

B =
[

b11 b12
b21 b22

]

C =
[

c11 c12
c21 c22

]
.

They can be embedded into maps acting on
X3 simply as

Ã =

 a11 a12 0
a21 a22 0
0 0 1



B̃ =

 b11 0 b12
0 1 0

b21 0 b22



C̃ =

 1 0 0
0 c11 c12
0 c21 c22

 .

(4.4)

Finally, the factorization on the level of 3×3
matrices is performed as

G = C̃B̃Ã, and G = ÃB̃C̃ (4.5)

for ▷-decomposition and ◁-decomposition, re-
spectively.

Then the remaining task is to find matrices
G, A, B, C, such that one of the decomposi-
tions in (4.5) holds, and that all the minors of
G are invertible.

It is important that the factorizations in
(4.5) are never unique: there is some gauge
freedom in the choice of the factors. Consider
the diagonal matrices

E1 =

e1 0 0
0 1 0
0 0 1

 , E3 =

1 0 0
0 1 0
0 0 e3

 ,

where e1, e3 ∈ F are nonzero. Then we can
write, for example,

G = C̃E3(E3)−1B̃E1(E1)−1Ã,

which yields the gauge transformations

C̃ → C̃E3, B̃ → (E3)−1B̃E1, Ã → (E1)−1Ã,
such that the specific form of the matrices
given in (4.4) is retained.

The factorization (4.5) is very natural for
matrices over the complex numbers. One can
argue that in GL(3,C) almost all matrices G
can be factorized this way: it is easiest to see
this when every matrix is close to the identity
matrix, in which case we can immediately read
off the leading terms in the matrices A, B, C
(up to the gauge freedom). However, in the
case of finite fields it happens with nonvanish-
ing probability that such a factorization is not
possible. In the next section we compute the
necessary conditions for the factorization for
the case of k = 6. Finally, in Section 6 we pro-
vide a number of examples, with a factorizable
G that also leads to an AME.

5 Conditions of factorizability
There are two possible strategies for finding

solutions to our problem. One can start with
the matrices A, B, C, requiring that they are
superregular, and afterwards requiring that
the product matrix G is also superregular. Al-
ternatively, one can start with a superregular
G, and investigate whether it can be factorized
in the way we require. We choose this second
path, and we find that whenever the factoriza-
tion is possible, the factors are perfect in each
case.

We start with a ▷-decomposition of
a gate G into the product (4.5). We
assume that A, B, C all correspond to
dual unitary gates. Hence each element of
{a11, a22, b11, b22, c11, c22} must be nonzero in
F. Then, by gauge transformation we may as-
sume a11 = a22 = b22 = 1. After some al-
gebraic manipulations (see Appendix A), this
leads to the following general solution:
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a11 = 1 (5.1)

a12 = g12
g11

(5.2)

a21 = g21g33 − g23g31
g22g33 − g23g32

(5.3)

a22 = 1 (5.4)
b11 = g11 (5.5)
b12 = g13 (5.6)

b21 = g31 − c21a21
g33

= g11(g22g31 − g21g32)
g11g22g33 + g12g23g31 − g11g23g32 − g12g21g33

(5.7)

b22 = 1 (5.8)

c11 = g22 − a12g21
1 − a12a21

= (g11g22 − g12g21)(g22g33 − g23g32)
g11g22g33 + g12g23g31 − g11g23g32 − g12g21g33

(5.9)

c12 = g23 (5.10)

c21 = g32 − a12g31
1 − a12a21

= (g11g32 − g12g31)(g22g33 − g23g32)
g11g22g33 + g12g23g31 − g11g23g32 − g12g21g33

(5.11)

c22 = g33. (5.12)

If G has a ▷-decomposition then it must be
given by this general solution. Moreover, it is
easy to check that this solution will work when

g11g22g33+g12g23g31−g11g23g32−g12g21g33 ̸= 0
(5.13)

in F, and not otherwise. Another notable fea-
ture of the solution is that all variables in it
are necessarily nonzero (assuming G is super-
regular and (5.13) holds) and that A, B, C will
be nonsingular. In other words, if G represents
a linear perfect tensor with 6 legs, and it has

a ▷-decomposition into linear tensors with 4
legs, then those factors will themselves be per-
fect. It is an open question whether this state-
ment is true in the nonlinear case for k = 6.

Applying the space reflection and inter-
changing A with C, we find that the necessary
and sufficient condition for the gate G to have
a ◁-decomposition is that

g11g22g33+g13g21g32−g11g23g32−g12g21g33 ̸= 0

in F. If G has a decomposition G = ÃB̃C̃ then
it will be given by
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a11 = (g22g33 − g23g32)(g11g22 − g12g21)
g11g22g33 + g13g21g32 − g12g21g33 − g11g23g32

a12 = g21

a21 = (g12g33 − g13g32)(g11g22 − g12g21)
g11g22g33 + g13g21g32 − g12g21g33 − g11g23g32

a22 = g11

b11 = g33

b12 = g31

b21 = g33(g13g22 − g12g23)
g11g22g33 + g13g21g32 − g12g21g33 − g11g23g32

b22 = 1
c11 = 1

c12 = g32
g33

c21 = g11g23 − g13g21
g11g22 − g12g21

c22 = 1.

Similar to the question of superregularity,
we can give a probabilistic argument that
shows that for large D almost all superreg-
ular matrices can be factorized. In this simple
case, if we keep k = 3 and increase D, then
the probability of not finding a factorization
decreases as 1/D.

6 Examples
6.1 D = 2 and D = 3

For the finite fields Z2 and Z3 there are no
superregular matrices of size 3 × 3. Indeed,
there are no orthogonal arrays of strength 3 on
6 columns for D ⩽ 3, since they do not satisfy
the Bush bound [49]. Therefore, our methods
are not applicable in these cases.

6.2 D = 4
In the case of D = 4 we have the finite field

GF (4), which is given by the four elements
{0, 1, ω, ω2}, together with the algebraic rela-
tions

ω + ω = ω2 + ω2 = 0, ω2 = ω + 1.

It is well known [49] that the following Van-
dermonde matrix is superregular:

G =

 1 1 1
1 ω ω2

1 ω2 ω

 (6.1)

and hence produces an orthogonal array with 6
columns, 4 symbols, and strength 3. Therefore,
it leads to an AME with D = 4 and k = 6. It
is known [48] that up to equivalence relations
this is the only superregular matrix for D = 4
and k = 6.

However, this G does not have a ▷-
decomposition since

g11g22g33 + g12g23g31 − g11g23g32 − g12g21g33

= 2ω2 − 2ω = 0.

It also does not have a ◁-decomposition since

g11g22g33 + g13g21g32 − g11g23g32 − g12g21g33

= 2ω2 − 2ω = 0.

6.3 D ⩾ 5
Now we find examples for all finite fields

with dimension D ⩾ 5.
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Example 1. Consider using the matrix (6.1)
over some field, with some choice of ω. Pro-
vided ω /∈ {0, ±1, −2}, the result will be su-
perregular. This can be seen by considering its
minors and its determinant; the determinant
is

det(G) = −ω(ω − 1)2(ω + 2).

Furthermore, we find

g11g22g33 + g12g23g31 − g11g23g32 − g12g21g33

=g11g22g33 + g13g21g32 − g11g23g32 − g12g21g33

=2ω2 − ω4 − ω = ω(1 − ω)(ω2 + ω − 1).

In any field of order strictly larger than 5,
there will be a choice of ω such that this quan-
tity is nonzero. In that case we will have a
▷-decomposition and a ◁-decomposition of a
perfect tensor.

Example 2. Let

G =

 1 1 1
1 2 −2
1 −2 −1

 .

Then G is a perfect tensor with a ▷-
decomposition over fields of characteristic 5,
because

g11g22g33 + g12g23g31 − g11g23g32 − g12g21g33

= −2 − 2 − 4 + 1 = −7.

It also has a ◁-decomposition because

g11g22g33 + g13g21g32 − g11g23g32 − g12g21g33

= −7.

Therefore we obtain solutions for any D = 5n

with n ⩾ 1. This fills the gap left by the previ-
ous example.

Example 3. It is easy to write down con-
ditions under which we can factorize a per-
fect tensor into factors that satisfy the Yang-
Baxter equation (3.2). Using (4.4) and equat-
ing coefficients we find that necessary and suf-

ficient conditions for ÃB̃C̃ = C̃B̃Ã are that

a12c11 + a11b12c21 = b11a12

a12c12 + a11b12c22 = b12

a21b11 = a21c11 + a11b21c12

a21b12c21 = a12b21c12

a22c12 + a21b12c22 = b22c12

b21 = a21c21 + a11b21c22

b22c21 = a22c21 + a12b21c22.

If we assume that a21 and c12 are nonzero
(which is true when A, B, C are perfect), then
this system of equations is equivalent to

a12 = b12
c12

(1 − a11c22)

c21 = b21
a21

(1 − a11c22)

a22 = b22 − a21b12c22
c12

c11 = b11 − a11b21c12
a21

,

with a11, a21, b11, b12, b21, b22, c12, c22 arbitrary.
Adding a requirement for A, B, C and G =
ABC to be perfect adds restrictions that all
minors are nonzero. But these conditions are
possible to satisfy simultaneously. As a con-
crete example, consider again D = 5 and the
superregular matrix

G =

2 1 1
2 2 3
1 4 2

 .

This can be factorized in both ways, with the
2 × 2 matrices given by

A =
[
3 4
3 1

]
, B =

[
4 1
1 3

]
, C =

[
3 1
3 4

]
.

7 Extension to k = 8
In this Section we extend the previous re-

sults to AME states with 8 parties. In this case
the AME is equivalent to unitary operators U
that act on H(4). We are looking for a ten-
sor network decomposition of the AME using
4-leg tensors, which is equivalent to a factor-
ization of the operator U into two-site unitary
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Figure 4: Tensor network for an AME with k = 8
parties. The labeling of the four-leg tensors A(ab)

with 1 ⩽ a < b ⩽ 4 follows from the operator/state
correspondence described in the text, see eq. (7.1).

operators. There are multiple ways to perform
such a factorization. Given a selected ordering
of sites, we focus on the factorization

U = A(34)A(24)A(23)A(14)A(13)A(12), (7.1)

where now the operators A(jk) act only on sites
j and k. This factorization, which is illustrated
in Fig. 4, includes one two-site operator for
each pair (j, k) of sites.

Once again we only consider those AME
which are related to orthogonal arrays ob-
tained from linear maps. Similar to the case of
k = 6, this means that eventually we will be
dealing with matrices of small sizes over finite
fields. To be more concrete, the 4-site unitary
operator U will be described by a 4×4 matrix
G. Then we are looking for a factorization of
the form

G = Ã(34)Ã(24)Ã(23)Ã(14)Ã(13)Ã(12), (7.2)

where now Ã(j,k) are matrices of size 4 × 4,
such that they are equal to the identity ma-
trix except for the rows and columns j and k,
where they are given by the elements of a 2×2
matrix A(j,k).

Direct computation and using the gauge
freedom solves the factorization as follows.
Matrix elements of the factors will be denoted
as A

(jk)
lm , where the pairs of indices (jk) stand

for the choice of the matrix, and lm stand for
the row and column indices with l, m = 1, 2.
We find

A
(12)
12 = g12/g11, A

(12)
21 = m12/m11,

A
(13)
12 = g13/g11, A

(13)
21 = m13g11

M12 − M11
,

A
(14)
11 = g11, A

(14)
12 = g14,

A
(14)
21 = g11m14/(M24 − M34 + M44),

A
(23)
12 = (M11 − M12)(g23(M24 − M34 + M44) − g13g24m14)

N12(M24 − M34 + M44)m11
,

A
(23)
21 = m11(g11g32g44 − g12g31g44 + g12g34g41 − g11g34g42)

N34(M11 − M12) ,

A
(24)
11 = m11N12/(M11 − M12), A

(24)
12 = g24,

A
(24)
21 = −m11m24N12

(M11 − M12)(M44 − M34) ,

A
(34)
11 = N34m44/(M44 − M34), A

(34)
12 = g34,

A
(34)
21 = N34m34/(M44 − M34), A

(34)
22 = g44.
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Here G = [gij ] is the final matrix, Nij =
det G[i, j|i, j] is the determinant of the sub-
matrix induced by rows and columns i and j,
and mij = det G(i, j) is the determinant of
the 3 × 3 submatrix of G with row i and col-
umn j deleted, and Mij = gijmij . Every single
matrix element that is not included in the list
above was set to unity by gauge freedom. The
conditions which are needed to prevent divi-
sion by zero are:
M11 ̸= M12, M34 ̸= M44, M24−M34+M44 ̸= 0,
N12 ̸= 0, N34 ̸= 0, m11 ̸= 0.
The last three of these conditions are automat-
ically satisfied when G is superregular.

7.1 Examples

By the Bush bound [49] there are no or-
thogonal arrays on 8 columns with strength
4 unless D ⩾ 6. Famously, there is no orthog-
onal array on 4 columns with strength 2 with
D = 6 symbols (since that would provide a
pair of orthogonal Latin squares of order 6).
It follows that for D = 6 there is also no or-
thogonal array of strength 3 on 6 columns or
of strength 4 on 8 columns. Hence the smallest
D for which a 4×4 superregular matrix might
occur is D = 7. Our first two examples meets
this bound.

Example 4. We take F = GF (7) and let G
be the superregular matrix

1 1 1 1
1 2 3 5
1 3 2 6
1 6 5 4

 .

By our solution it factorizes with

A(12) =
[

1 1
6 1

]
A(13) =

[
1 1
6 1

]

A(14) =
[

1 1
5 1

]
A(23) =

[
1 5
4 1

]

A(24) =
[

4 5
3 1

]
A(34) =

[
1 6
2 4

]
.

Example 5. We take F = GF (7) and let G
be the superregular matrix

1 1 1 1
1 3 4 5
1 4 5 3
1 5 3 4

 .

By our solution it factorizes with

A(12) =
[

1 1
3 1

]
A(13) =

[
1 1
2 1

]

A(14) =
[

1 1
5 1

]
A(23) =

[
1 0
0 1

]

A(24) =
[

6 5
3 1

]
A(34) =

[
4 3
4 4

]
.

Notably, A(23) is not perfect in this case, even
though G is superregular. Such behaviour was
impossible in the k = 6 case. In fact, since
A(23) is the identity matrix, we see that this
particular G can be factorized using just five
4-leg tensors.

Our next example is for D = 8. A local state
of dimension 8 can be understood as the tensor
product space of three qubits, therefore such
a solution could be interesting quantum com-
putation based on qubits.

Example 6. Let F = GF (8) be the field of
order 8. It can be understood as Z2[x]/⟨x3 +
x+1⟩, or more formally as the algebra defined
by the basis elements 1, x, x2 with coefficients
in Z2 and the additional relation x3 = x + 1.
Now let us take G to be

x x2 x2 + x x2 + 1
x2 + x 1 x x2 + x + 1

x2 + x + 1 x + 1 x2 + 1 x2 + x

1 x2 + x x2 x + 1

 .

This matrix is a Cauchy matrix with
(x1, x2, x3, x4) = (0, x2 + x, 1, x2) and
(y1, y2, y3, y4) = (x2 +1, x2 +x+1, x+1, x) in
(4.3), therefore all of its minors are nonzero,
so we have a perfect tensor. Also, by our so-
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lution above it factorizes with

A(12) =
[

1 x

x + 1 1

]

A(13) =
[

1 x + 1
x2 + 1 1

]

A(14) =
[

x x2 + 1
x2 + 1 1

]

A(23) =
[

1 x2 + x

x2 + x 1

]

A(24) =
[

x2 + 1 x2 + x + 1
x2 + 1 1

]

A(34) =
[

1 x2 + x

x2 + x x + 1

]
.

Example 7. We take F = GF (11) and let G
be the superregular matrix

1 1 1 1
1 2 3 4
1 3 2 9
1 7 8 5

 .

By our solution it factorizes with

A(12) =
[

1 1
8 1

]
A(13) =

[
1 1
10 1

]

A(14) =
[

1 1
3 1

]
A(23) =

[
1 8
0 1

]

A(24) =
[

3 4
8 1

]
A(34) =

[
4 9
3 5

]
.

Again, A(23) is not perfect, although in this
example it is not the identity. Note that by
inspecting the general solution we can see that
A(23) is the only one of the 6 factors which
might contain a zero entry.

Permuting the rows of G we get another su-
perregular matrix

G′ =


1 7 8 5
1 1 1 1
1 2 3 4
1 3 2 9

 .

For this G′ there is no decomposition of the
form (7.2), since it satisfies M34 = M44 = 10.

8 Discussion

In this work we obtained tensor network de-
compositions for selected AME states. Our re-
sults are based on the classical linear maps.
A drawback of our method is that we could
obtain solutions only for relatively large lo-
cal Hilbert spaces. For k = 6 we found so-
lutions starting from D ⩾ 5, and for k = 8
our smallest solution is for D = 7. It would
be interesting to develop alternative methods
that could settle the problem for smaller local
dimension. It would be interesting to establish
decomposability or perhaps indecomposability
of selected known AME’s with D = 2, 3, 4.

Interestingly, we find that for large D it be-
comes easier to satisfy the conditions of fac-
torizability. We gave a probabilistic argument
that keeping k fixed and letting D → ∞ we
will find that almost all perfect tensors built
from linear maps can be factorized. This is
parallel to the statement that keeping k fixed
and letting D → ∞ it is always possible to
find an AME [6], and that in larger and larger
Hilbert spaces almost all states are close to
maximally entangled [21].

Returning to small local dimensions, we re-
mark that there are no perfect 4-leg tensors
for D = 2 [50]. Therefore we conjectured that
AME states with qubits cannot be decom-
posed in the way that we formulated here. It is
known that for qubits all AME states are es-
sentially graph states, which means that they
can be obtained by the action of a larger num-
ber of two-site unitary operators on product
states, but not with the small number of gates
that we find for higher dimensions (see the dis-
cussion in Appendix B).

Alternatively, one can also consider a weaker
set of constraints, by requiring maximal en-
tanglement only for a selected set of bipar-
titions. As was mentioned in the Introduc-
tion, for such cases decompositions were al-
ready presented in the literature in multiple
independent works [29, 40, 41, 43]. It would
be useful to develop a general theory for such
decompositions/factorizations.
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A Details of the decomposition for
N = 6

Here we give the derivation of (5.1)–(5.12).
Equating coefficients in G = C̃B̃Ã we get

g11 = b11 (A.1)
g12 = b11a12 (A.2)
g13 = b12 (A.3)
g21 = c11a21 + c12b21 (A.4)
g22 = c11 + c12b21a12 (A.5)
g23 = c12 (A.6)
g31 = c21a21 + c22b21 (A.7)
g32 = c21 + c22b21a12 (A.8)
g33 = c22. (A.9)

Since b11 ̸= 0, we see from (A.1) and (A.2)
that

a12 = g12
g11

. (A.10)

Substituting (A.5) and (A.6) into (A.4) gives

g21 = (g22 − g23b21a12)a21 + g23b21. (A.11)

Similarly, substituting (A.8) and (A.9) into
(A.7) gives

g31 = (g32 − g33b21a12)a21 + g33b21. (A.12)

Multiplying (A.11) by g33 and subtracting g23
times (A.12), we find that

g33g21 − g23g31 = (g33g22 − g23g32)a21.

Now G is superregular, so its order 2 minor
g33g22 − g23g32 is nonzero in F. Hence

a21 = g33g21 − g23g31
g33g22 − g23g32

.

Next, substituting (A.4) into (A.5) we find
that

g22 = c11(1 − a12a21) + a12g21.

From this we conclude that either a12a21 = 1
and g22 = a12g21, or a12a21 ̸= 1 and

c11 = g22 − a12g21
1 − a12a21

. (A.13)

Suppose that the former situation occurs.
Then, by (A.10) we get that g12g21 = g11g22.
This says that the leading 2 × 2 minor of G is
0, contradicting superregularity. Hence, (A.13)
must hold.

Applying similar reasoning, we find that

c21 = g32 − a12g31
1 − a12a21

.

Then from (A.7) and the fact that c22 ̸= 0 we
find that

b21 = g31 − c21a21
g33

.

Equations (5.1)–(5.12) now follow.

B Comparison with graph states

It is known that the so-called graph states
can be used to obtain AME’s for various values
of the number of sites k and local dimension D
[51]. Here we review this construction, and we
consider selected examples. We compare this
construction of AME’s with our results. We
assume again that k is even, and for simplicity
we consider the case when D is a prime [51];
for D being a prime power, see [19].

Let us choose a basis in the local spaces,
denoted by |a⟩, a = 0, . . . , D − 1 and let us
introduce the so-called controlled Z-operator,
acting on the tensor product CD ⊗ CD as

Z =
D−1∑

m,n=0
ωmn(|m⟩⟨m| ⊗ |n⟩⟨n|),

where
ω = e2πi/D.

We extend this operator to the two-site oper-
ators Zi,j that act on the N -fold tensor prod-
uct of the local spaces CD, such that Zi,j acts
on the site i and j non-trivially. Note the ex-
change symmetry i ↔ j.
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Graph states can be constructed as follows.
We define an “initial state”, which is a tensor
product of identical local states:

|Ψ0⟩ = ⊗N
j=1

(
1√
D

D−1∑
a=0

|a⟩
)

.

To each pair of non-identical sites (j, k) we as-
sociate an integer ℓ = 0, 1, . . . , D. The graph
states are then created as

|Ψ⟩ =
∏
i<j

(Zi,j)ℓi,j |Ψ0⟩.

The Zi,j operators commute with each other,
because they are all diagonal in the selected
basis. Therefore, the ordering of the operator
product is irrelevant. Such states are uniquely
characterized by the numbers ℓi,j with i < j.
These numbers encode a weighted graph on N
vertices, hence the name “graph states”. In the
following we denote by L the matrix of size
N × N obtained via Li,j = Lj,i = ℓi,j for any
i < j and Lj,j = 0 for any j.

The total number of Z gates applied for a
selected state is ∑

i<j

ℓi,j .

However, for any ℓi,j ̸= 0 one could count the
operator power (Zi,j)ℓi,j as a single two-site
gate. Then the number of the two-site gates
applied is seen as the number of non-zero ℓi,j .

If one starts from the product state |Ψ0⟩,
then the application of a two-site gate Zi,j will
create “one unit of entanglement” (a Bell pair)
in the state between sites i and j. However, it
is not obvious what is the entanglement pat-
tern in the final state, once many gates are
applied. This problem was solved in the work
[51]. It was shown that the final state is an
AME if the symmetric matrix L satisfies the
following property:

Property 1: For any bipartition of the num-
bers (1, 2, . . . , k) into two equal sized subsets
A and B, the minor of size k/2×k/2 of L cor-
responding to the rows taken from subset A
and columns from subset B is non-zero in the
finite field F.

AME(4, 3) AME(6, 2)

AME(6, 2) AME(6, 2)

Figure 5: Examples for weighted graphs for
AME(k, D) with different values of the number
of parties k and local dimension D. The number
of single lines stands for the weight ℓi,j between
sites i and j. The number of two-site gates needed
to create these AME using the controlled Z-gates
is 4, 9, 10 and 12, respectively.

Examples for graphs for which the graph
states are AME are shown in Fig 5.

It is important that a selected AME can
have multiple representations as a graph state.
The different representations can be trans-
formed into each other via local unitary op-
erations, which can be represented also on the
graphs themselves. This problem was investi-
gated, for example, in [52, 53].

We next argue that the minimal number of
gates required to create an AME via its graph
state representation is (k/2)2. The equivalent
mathematical problem is to find a symmet-
ric matrix L over the finite field F, satisfying
Property 1, such that the number of non-zero
elements is minimal. In any column i of L there
cannot be k/2 zeros in rows other than row i.
If there were, then choosing those rows to form
A would result in a submatrix with a column
of zeros, leading to a minor that is zero. Thus
at most k/2 entries in column i are zero. As
this is true for all k columns, there are at most
k2/2 zeros in L, corresponding to k2/4 gates
in the AME. Equation (B.2) below shows one
way to achieve this many zeros.

Now we show that the states that we treated
in Section 4, which are obtained from classical
linear maps, are in fact equivalent to graph
states of a special form. Let us start with the
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formula for this type of states

|Ψ⟩ = 1
Dk/4

D∑
a1,...,ak/2=1

∣∣∣a1, . . . , ak/2, b1, . . . , bk/2
〉
,

(B.1)
where it is now understood that for each tuplet
(a1, a2, . . . , ak/2) we have


b1
b2
...

bk/2

 = G


a1
a2
...

ak/2

 ,

where G is a matrix with size k/2 × k/2 over

F.
Let F be the Fourier matrix of size D × D

with its matrix elements given by

Fab = 1√
D

ωab.

Let us now act with the Fourier transform on
the last k/2 spaces. Formally, we write

∣∣Ψ′〉 = (1 ⊗ 1 ⊗ · · · ⊗ 1 ⊗ F ⊗ F ⊗ · · · ⊗ F )|Ψ⟩,

where |Ψ⟩ is a state of the form (B.1). We get

∣∣Ψ′〉 = 1
Dk/2

D∑
am,cn=1

ω
∑k/2

j,m=1 Gjmcjam
∣∣∣a1, a2, . . . , ak/2, c1, c2, . . . , ck/2

〉
.

This is a graph state with an incidence ma-
trix of size k × k given by the block matrix

L =
(

0 GT

G 0

)
, (B.2)

where each block is of size k/2 × k/2. If G is
super-regular, then L satisfies Property 1.

The special graph states of the above form
are created with a total number of (k/2)2 gates
from the product states |Ψ0⟩. In the cases of
k = 6 and k = 8 this means a total number
of 9 and 16 gates. As was shown above, this is
the minimal number of gates with the graph
state construction.

This is to be contrasted with our construc-
tion for the tensor network decompositions,
where we create the same states with a to-
tal number of 6 and 10 gates, respectively (see
Section 3.3).
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